n b
Electr® 8biljty

Electron. J. Probab. 17 (2012), no. 69, 1-23.
ISSN: 1083-6489 DOI: 10.1214/EJP.v17-2267

Penalizing null recurrent diffusions
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Abstract

We present some limit theorems for the normalized laws (with respect to functionals
involving last passage times at a given level a up to time ¢) of a large class of null
recurrent diffusions. Our results rely on hypotheses on the Lévy measure of the dif-
fusion inverse local time at 0. As a special case, we recover some of the penalization
results obtained by Najnudel, Roynette and Yor in the (reflected) Brownian setting.
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1 Introduction

1.1 A few notation

We consider a linear regular null recurrent diffusion (X;,¢ > 0) taking values in
R™, with 0 an instantaneously reflecting boundary and +oco a natural boundary. Let
P, and IE, denote, respectively, the probability measure and the expectation associated
with X when started from = > 0. We assume that X is defined on the canonical space
Q:=C(R*" — R") and we denote by (F;,t > 0) its natural filtration, with F, := \/ F;.

t>0
We denote by s its scale function, with the normalization s(0) = 0, and by m(dx) its
speed measure, which is assumed to have no atoms. It is known that (X;,¢ > 0) admits a
transition density ¢(t, z, y) with respect to m, which is jointly continuous and symmetric
in z and y, that is: ¢(¢,z,y) = q(¢,y, z). This allows us to define, for A > 0, the resolvent
kernel of X by:

uA(x,y):/O 67)‘tq(t,x,y)dt. (1.1)

We also introduce, for every a € R™, (L¢,t > 0) the local time of X at a, with the
normalization:

1 t
L¢=lim— [ 1 X.)d
¢ 8%1 m([a,a+5[)/0 fa,0-+<((Xo)ds

and (Tl(a),l > 0) the right-continuous inverse of (L{,¢ > 0):

Tl("’) =inf{t > 0; L > I}.
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Penalizing null recurrent diffusions

As is well-known, when X, = a, (Tl(“),l > 0) is a subordinator, and we denote by (@) its

Lévy measure. To simplify the notation, we shall write in the sequel 7; for Tl(o) and v for
v(®). We shall also denote sometimes by 7i(t) = u([t, +-00|) the tail of the measure p.

1.2 Motivations

Our aim in this paper is to establish some penalization results involving null recur-
rent diffusions. Let us start by giving a definition of penalization:

Definition 1.1. Let (I';,t > 0) be a measurable process taking positive values, and such
that 0 < E,[I';] < co for anyt > 0 and every x > 0. We say that the process (I';,t > 0)
satisfies the penalization principle if there exists a probability measure Qg) defined on
(Q, F) such that:

E,.[1A.T
Vs >0, VA, € Fs, i Eella. T

— M
Jim SEet = Q)

This problem has been widely studied by Roynette, Vallois and Yor when P, is the
Wiener measure or the law of a Bessel process (see [21] for a synthesis and further ref-
erences). They showed in particular that Brownian motion may be penalized by a great
number of functionals involving local times, supremums, additive functionals, numbers
of downcrossings on an interval... Most of these results were then unified by Najnudel,
Roynette and Yor (see [15]) in a general penalization theorem, whose proof relies on
the construction of a remarkable measure W.

Later on, Salminen and Vallois managed in [28] to extend the class of diffusions for
which penalization results hold. They proved in particular that under the assumption
that the (restriction of the) Lévy measure myl[lﬁw[ of the subordinator (7,1 > 0)
is subexponential, the penalization principle holds for the functional (T'; = h(L?),t > 0)
with h a non-negative and non-increasing function with compact support.

Let us recall that a probability measure u is said to be subexponential (14 belongs to
class S) if, for every t > 0,
Rt ool)
t—+00 M([t7 +OOD

)

where ;1*? denotes the convolution of y with itself. The main examples of subexponential
distributions are given by measures having a regularly varying tail (see Chistyakov [4]
or Embrechts, Goldie and Veraverbek [6]):

(. +oo) v 1D

where 5 > 0 and 7 is a slowly varying function. When g €]0, 1[, we shall say that such a
measure belongs to class R. Let us also remark that a subexponential measure always
satisfies the following property:

VzeR, lim w -1
t=+oo p([t, +00])

The set of such measures shall be denoted by £, hence:
RcCScCL.
Now, following Salminen and Vallois, one may reasonably wonder what kind of penal-

ization results may be obtained for diffusions whose normalized Lévy measure belongs
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to classes R or L. This is the main purpose of this paper, i.e. we shall prove that the
results of Najnudel, Roynette and Yor remain true for diffusions whose normalized Lévy
measure belongs to R, and we shall give an “integrated version” when it belongs to £!.

1.3 Statement of the main results
Leta > 0, g((f) := sup{u < t; X;, = a} and (F;,t > 0) be a positive and predictable

process such that
—+oo
0 < E; {/ FudLZ} < 00.
0

Theorem 1.2.

1. Ifv belongs to class L, then

t——+oo

Va > 0, /Oy(a)([s,—i—oo[)ds ~ /OV([S,—i—oo[)ds

and

E, { /0 thgs>ds] o (EI[FO](s(x)s(a))++Ez { /O - FudLgD /O (s, +o0])ds.

2. Ifv belongs to class R:
(a) ~
Va > 0, ([t +o0l) . v([t, +o0[)

and if F' is decreasing:

Ga

e [F0] e (Bl —stan + B [ [ Razg] ) (e oo

Remark 1.3. Point 2. does not hold for every v € L. Indeed, otherwise, taking a = 0
and Fy = 1yp0<4 with ¢ > 0, one would obtain:

Po(L} <) =Po(re > 1)  ~ ([t +o0]),

o0

a relation which is known to hold if and only ifv € S, see [6] or [27, p.164].

Remark 1.4. If (X,,t > 0) is a positively recurrent diffusion, then f;oo v([s, +oo|)ds =
m(IR*) (see Remark 3.2 below) and the limit in Point 1. equals:

t 400 +o00
lim IE, |:/ Fg(s)d8:| =E, |: Fg(s)d8:| = E,[Fo|E; [To] + E, [/ FudL3:| m(R+)
o 7 0 “ 0

t——+oo

In the following penalization result, we shall choose the weighting functional I" accord-
ing to v:

Theorem 1.5. Assume that:

t
a) either v belongs to class £, and Ty = / Fg@)ds,
0 a

'In the remainder of the paper, we shall make a slight abuse of notation and say that the measure v
belongs to £ or R instead of m”l[l»%@[ belongs to £ or R. This is of no importance since the fact that
a probability measure belongs to classes £ or R only involves the behavior of its tail at +oc.
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b) orv belongs to class R and I'; = Fgm with I’ decreasing.

Then, the penalization principle is satisfied by the functional (T';,¢ > 0), i.e. there exists
a probability measure QéF) on (2, Fw ), which is the same in both cases, such that,

. EI [1A Ft]
Vs >0, VA, € F,, lim —=ltAad
s20 VA €5 Im =5y

= Q;F) (AS)-
Furthermore:

1. The measure QéF) is weakly absolutely continuous with respect to P, :

My (Fy,)
E,[Fo)(s(z) — s(a))* + E, { e FudLg}

(F) _
Qz|]-'t - ']PI\J:t

where the martingale (M;(F,,),t > 0) is given by:

ME,) = Fy X0 = sty + B, | [ Rzl

2. Define g, :=sup{s > 0, X; = a}. Then, under QECF):

i) g, is finite a.s.,

ii) conditionally to g,, the processes (X¢,t < g,) and (X, 1+,t > 0) are indepen-
dent,

iii) the process (X, ., u > 0) is transient, goes towards +oco and its law does not
depend on the functional F'.

We shall give in Theorem 5.1 a precise description of Q;F) through an integral repre-
sentation.

Remark 1.6. The main example of diffusion satisfying Theorems 1.2 and 1.5 is of
course the Bessel process with dimension 0 €]0,2[ reflected at 0. Indeed, setting
b=1-— % €]0, 1], the tail of its Lévy measure at 0 equals:

21-8 1

I'(p)t?

i.e. v € R. This may be obtained by integrating Formula (3.28) of [28] (where the
computations are made via Bessel processes killed at 0), or by inverting the Laplace

v([t,+o0o[) =

B
transform of Lemma 3.1 below with u)(0,0) = (i) 21{5% see [2, p.133].
Remark 1.7. Let us also mention that this kind of results no longer holds for positively
recurrent diffusions. Indeed, it is shown in [16] that if (X;,t > 0) is a recurrent diffusion
reflected on an interval, then, under mild assumptions, the penalization principle is
satisfied by the functional (T'; = e*O‘L?, t > 0) with o € R, but unlike in Theorem 1.5, the
penalized process so obtained remains a positively recurrent diffusion.

Example 1.8. Assume that v € R and let h be a positive and decreasing function with
compact support on RT.
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e Let us take (F;,t > 0) = (h(L¥),t > 0).
+oo +oo
Then Eg [/ h(Lg‘)dLg} = h(£)dl¢ < co and, since L‘;(t) =Lg,
0 0 @

“+ o0
Eq [1(L2)] ([t, +oo]) / h(e)r,

t—;;oo
and the martingale (M;(L; ),t > 0) is an Azéma-Yor type martingale:
+oo

Mi(I5,) = HED(X) = st@) + [ hoye.

e Let us take (Fi,t > 0) = (h(t),

t

+o0 +
Then {/ h(u)dLZ] :/
0 0

fore:

>0).

—+o0
hwmwm:/ h(u)q(u, 0, a)du < oo and there-
0

E, [h(gét))} e v([t, +oo]) /O+oo h(u)q(u, 0, a)du,

and the martingale (M;(g,),t > 0) is given by:
“+oo
Mi(ga) = hgl)(s(X0) = s(@)* + [ hlo -+ (v, Xs,a)do,
0

e One may also take for instance (F;,t > 0) = (h(S),t > 0) where S; := sup X; or
s<t

(Fy,t >0)=h (fot f(XS)ds) where f : R™ — R™ is a Borel function. These were the
first kind of weights studied by Roynette, Vallois and Yor, see [19] and [20].

1.4 Organization

The remainder of the paper is organized as follows:

e In Section 2, we introduce some notation and recall a few known results that we shall
use in the sequel. They are mainly taken from [26] and [29].

e Section 3 is devoted to the proof of Theorem 1.2. The two Points 1. and 2. are dealt
with separately: when v € R, the asymptotic is obtained via a Laplace transform and
a Tauberien theorem, while in the case v € £, we shall use a basic result on integrated
convolution products.

e Section 4 gives the proof of Point 1. of Theorem 1.5, which essentially relies on a
meta-theorem, see [21].

e In Section 5, we derive a integral representation for the penalized measure QgF)
which implies Point 2. of Theorem 1.5.

e Finally, we shall use several times in the paper the fact that, with our normalizations,
the process (Nt(“) = (s(Xy¢) — s(a))t — L&, ¢t > 0) is a martingale. The proof of this
result is postponed to Section 6.

2 Preliminaries

In this section, we essentially recall some known results that we shall need in the sequel.
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e Let T, := inf{u > 0; X, = a} be the first passage time of X to level a. Its Laplace
transform is given by
E, [e ] = u(a,z) (2.1)
ux(a,a)

Since (X4, 2/9) is assumed to be null recurrent, we have for z > a, E,[T,] = +o0.
e We define (X;,t > 0) as the diffusion (X;,¢ > 0) killed at a:

= Xy t<T,
Xt — t < g,
0 t>1T,.

where 0 is a cemetary point. We denote by q(¢, z,y) its transition density with respect
to m:

P, (X; € dy) = q(t, z,y)m(dy) = P, (X, € dy;t < T,).

e We also introduce (X;*,¢ > 0) the diffusion (X;,t > 0) conditionned not to touch
a, following the construction in [29]. For x > a and F} a positive, bounded and F;-
measurable r.v.:

v
s(x) — s(a)

By taking F; = f(X;), we deduce in particular that, for =,y > a:

El* [F) = E, [Fi(s(Xs) = s(a)1q<r,y] -

q(t,z,y)

(s(z) = s(a))(s(y) = s(a))

Letting « tend towards a, we obtain:

¢ (t,x,y) = and  m™(dy) = (s(y) — s(a))*m(dy).

Ny,a(t)

s(y) — s(a)
e We finally define (X**¥ u < t) the bridge of X of length ¢ going from z to y. Its law
may be obtained as a h-transform, for v < t¢:

t—u, Xy,
Ety [Fu] =, MFH . (2.2)

q(t,z,y)

" (t,a,y) = where P (T, € dt) =: ny q(t)dt.

With these notation, we may state the two following Propositions which are essen-
tially due to Salminen.

Proposition 2.1 ([26]).

1. The law Ofg((lt) := sup{u < t; X,, = a} is given by:

P, (gt € du) = P, (T, > t)do(du) + q(u, z, a)v' D ([t — u, 4+00[)du. (2.3)

2. On the event {X; > a}, the density of the couple (g,(f)7 X}) reads :

q(u,z,a)

Ta ”
s(y) . s(a) IPLL (Xt—u S dy)d

(2.4)

a

P, (g§t> € du, X, € dy) — P, (T, > t, X; € dy)do(du)+

Remark 2.2. From the definitions of ¢'* and m'®, Equation (2.4) may be rewritten:
P, (gt(f) € du, X; € dy) =P, (Ta > t, X; € dy)do(du)+q(u, z,a)ny o(t—u)m(dy) 1{ocu<sydu,
(2.5)
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and this last expression is actually valid for every y > 0, see [26]. Observe now that we
may deduce Point 1. of Proposition 2.1 from this relation as follow. First, integrating
(2.5) with respect to dy, we obtain:

+oo
P (95 € du) = Po(T, > t)do(du) + q(u, z,a) ( / ny.a(t — U)m(dy)) Lio<ussydu,
0

so it remains to show that, for 0 < u < t:

+oo
| ruate = ymia) = v~ w,+o0).

To this end, let us take the Laplace transform of the left hand side:

+oo +o0
/ e*/\t/ Ny.o(t — uw)ym(dy)dt
u 0
“+oo +oo
:/ e_m/ ey o (v)dvm(dy)
0 0

+oo
= e*A“/ E, [eiATa} m(dy)
0

efAu

= — (from (2.1), (1.1) and Fubini’s theorem)
Auy(a,a)

+o00
= / e Mt @[y, foo[)dv  (from Lemma 3.1 below)
0

“+oo
- / =My @) ([t — y, +oo])dt,

and (2.3) follows from the injectivity of the Laplace transform. We also refer to [29,
Section 2] where some similar relationships between hitting times and Lévy measures
are discussed via It6 excursion measure.

We now study the pre- and post- g((f)—process:
Proposition 2.3. Under PP, :

i) Conditionnally to g((f), the process (X, s < ggt)) and (Xngrs, s<t-— gt(f)) are inde-

pendent.

1) Conditionnally to gff) =u,

(Xs,s <) (faw) (XPw s <u).

ii1) Conditionnally to gff) =wuand X; =y > a,

) 8 (xtaat-uy —
uUT+Ssy - ) — *
(Xuys,s <t—u) = (X] s<t—u)

Proof. i) Point (i) follows from Proposition 5.5 of [14] applied to the diffusion

x(® . X, s<t
8 0 s>t

so that € := inf{s > 0; X{” ¢ RT} =1¢.
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i1) Point (i¢) is taken from [26].
i41) As for Point (i¢3), still from [26], conditionnally to ¢ = wand X, =y > a, we have:
(Xyrs, s <t —u) (aw) ()A(;l’tfu’y,s <t- u) .
But the bridges of X et X' have the same law. Indeed, for Y, x > a:
P4 (X, € dxy,..., X, € day)

~ [qit —tn, X, ,
= Ez |:q(tny)1{Xf1 cdxq,... thedxn}:| (from (22))

q(t,z,y)
[0 = (@)™ (¢~ tn, Xe,.1) 1
’ (s(z) = s(a))g™(t, 2, y) {Xoy Edore Xy, €dan} H{tn <Tu}
Ta t— tna X ) cre
= El° {q (qTa(t - yt) y)1{thedxlthnedm} (by definition of P1%)

=Pr=by (X, €dry,..., X, €dr,).

and the result follows by letting = tend toward a.

3 Study of asymptotics

The aim of this section is to prove Theorem 1.2. We start with the case v € R.

3.1 Proof of Theorem 1.2 when v € R

Let (F;,t > 0) be a decreasing, positive and predictable process such that

+oo
0<E, U FudLZ} < 0.
0

Our approach in this section is based on the study of the Laplace transform of

t — [, [Fgm]. Indeed, from Propositions 2.1 and 2.3, we may write, applying Fu-
bini’s Theorem:

“+oo
/ eiAtEx {F (t):| dt
0 Ga

“+o0 t
= / e_’\t/ E, [Fu\gl(lt) = u} P9V € du)dt
0 0
—+o0 —+o0 t
=E, [Fo]/ e MP (T, > t)dt +/ e_’\t/ B, [Fu| Xy = a] q(u, z, a)v' D ([t — u, +oo|)du dt
0 0 0

1 - E, [eiATa} oo —Atpz,t e —\t. (a)
= E; [Fo] — + e MPTNY(Fy)q(t, x, a)dt x e M\ ([t, +ool)dt
0 0
(3.1)
We shall now study the asymptotic (when A — 0) of each term separately. To this end,
we state and prove two Lemmas.

3.1.1 The Laplace transform of ¢ — v(% ([t, +o0])

Lemma 3.1. The following formula holds:

1

+oo
_ =Xt (a)
7)\u>\(a, ) /0 e~ MY ([t o0[)dt
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Proof. Since 7 is a subordinator and m has no atoms, from the Lévy-Khintchine formula:

E, [e*’\”a)} = exp (—l/0+oo(1 — e’\t)y(“)(dt)> .

Then, from the classic relation (see [18] for instance):
|: 7>\T(a):| —1/ux(a,a)
E,|le " | =e A

we deduce that

[ _ oAy (@)
_ /0 (1 )9 (dt).

ux(a,a)
Now, lete > 0:

/ OO(1 —e @@ = [(e = DD ([t,+oo])] T + / h e M@ ([t +o0)dt

53

= (1—e ) (e, +oo]) +/°° e MU ([t +-o00[)dt

g

Since both terms are positive, we may let ¢ — 0 to obtain:

1

— < =t (a)
SRR /0 e=My{0) ([t, +ool)dt + £,

where ( := 1in(1) ev([e, +o0[), and it remains to prove that ¢ = 0. Assume that ¢ > 0. Then:
e—
4
V@ ([e, +00]) ~ - and :
e—=0¢

1

1
[ = [~ )+ [ o

£ £
1

= (e, 1))+ [ v9([t,1))dt

€

— +00,
e—0
. . (a) I () . .
since, from our hypothesis, v'* (]t, 1])tNO ;o e t — v\%([t,1]) is not integrable at 0.
—

This contradicts the fact that »() is the Lévy measure of a subordinator, hence ¢ = 0
and the proof is completed.
O

Remark 3.2. Since we assume that (X;,t > 0) is a null recurrent diffusion, we have
m(R*) = 400 and from Salminen [24]:

1
m(R+)

lim Auy(a,a) = =0. (3.2)
A—0

Thus, from the monotone convergence theorem, the function t — v(®([t,+oc[) is not
integrable at +o0o. On the other hand, if (X;,¢ > 0) is positively recurrent, we obtain:

/+OO VD ([t, +o00])dt = m(RT) < +o0.
0

We now study the asymptotic of the first hitting time of X to level a.

Lemma 3.3. Let z > a and assume that v belongs to class R. Then:
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i) The tails of v and v*) are equivalent:

V[t +ool) |~ w(ft +00]).

11) The survival function of T, satisfies the following property:

P.(T, > 1)

(s(2) = s(a))v([t, +oo])- (3.3)

~Y
t—+oo

Proof. We shall use the following Tauberian theorem (see Feller [7, Chap. XIIIL.5, p.446]
or[1, Section 1.7]):

Let f be a positive and decreasing function, 5 €]0,1[ and n a slowly varying function.

then 0 1-8)
n(t) * g o TO=8) (1
f@) — /o ft)de TI( ) (3.4)

tﬁfioo s A—0 =8 A

In particular, with f(¢) = v([t, +o0]) (since v € R), we obtain:

© 1 ra-p (1
/0 et Hooldt = 5y e A 77</\)'

Now, from Krein’s Spectral Theory (see for instance [5, Chap.5], [10], [12] or [9]),
ux(z,y) admits the representation, for x < y:

u,\(x,y) = @(l‘,)\) (u)\(0,0)@(y,)\) - \I'(y, )‘)) (3.5)

where the eigenfunctions ® and ¥ are solutions of:

O(z,\) =1+ )\/OI s'(dy) /Oy O(z, \)m(dz),
U(z,\) = s(x) + )\/O s'(dy) /Oy U(z, \)m(dz),

We deduce then, since lim ®(z,\) =1, )1\in% U(xz,\) = s(x) and )l\in% ux(0,0) = 400 that:
— —

A—0

ux(a,a)

u,\(07 0)

s P(a,\)¥(a,N)

1.
U)\(0,0) A—0

= ®(a, )

Therefore, from the Tauberien theorem (3.4) with f(t) = v(*)(]t, +-00]), we obtain:

n(t)

(a) ~ Y
([t +ool) t—+oo tB

i.e. Point (i) of Lemma 3.3.
To prove Point (i), let us compute the Laplace transform of P, (7, > t), using (2.1):

1-E, [e -] ux(z,a)  ux(a,a) —ux(z,a)

1
A T uy(a,a) Auy(a,a) (56)

+oo
/ e MNP (T, > t)dt =
0

Now, for x > a, we get from (3.5):

ux(a,a) —ux(a,z) = ®(a, \)(ur(0,0)P(a, \) — ¥(a, \)) — D(a, A)(ur(0,0)P(z, \) — U(x,\))
= ®(a, \)ux(0,0) (®(a,A) — ®(z,\)) + ®(a,\) (¥(x,\) — U(a,\))

— (a, \)ux(0,0) (A | sy / "oz, A)m(dz)) B0 N) (B, N) — (a, ).
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and, letting A tend toward 0 and using (3.2):
lim (uy(a,a) — ur(a,x)) = s(z) — s(a).
A—0

Therefore,

too : s(z) — s(a) I'(1-7) 1
/0 e MNP (T, > t)dt o W o (s(z) — s(a)))\li_ﬁn (/\>

and Point (i7) follows once again from the Tauberian theorem (3.4).

3.1.2 Proof of Point 2. of Theorem 1.2

We now let A tend toward O in (3.1). Observe first that, from our hypothesis on (F,, u >
0):

+o0 oo -
/ P (Fy)q(u, , a)du = / Eq [Ful Xu = a] Bo[dLy] = E, {/ FudLZ} =
0 0 '

Then, from Lemmas 3.1 and 3.3, we obtain

o ifxr <a,
+o0 1 too
/ e ME, [F m] dt ~ —F, / F.dL®
0 9a A—=0 Auy(a,a) 0
“+o00
; : At _
since lim / e NP, (T, > t)dt = E, [T,] < 400,
A—=0 Jo

o ifx >a,

/O T N, [Fo]dt ~ m (Ex[Fo}(s(x) ~ s(a) + B, { Om FudLZD .

Therefore, for every x > 0:

/0+<><> e ME, {ng)} dt ~ (Ex[Fo}(s(x) —s(a))t + E, [/O+°° FudLZD ;(Qn C\)

and Point 2. follows from the Tauberian theorem (3.4) since t — I, [Fgm} is decreas-
ing.

O

3.2 Proof of Theorem 1.2 when v € L
Let (F;, t > 0) be a positive and predictable process such that

—+o0

0<E, [ FudL,,‘j} < 0.

0

From Propositions 2.1 and 2.3 we have the decomposition:

t t s
/ E, [F @)} ds :/ / E, [Fu|g((f) = u} P(gl®) € du)ds
0 Jo 0 Jo

t t S
— B[R] [ PuTu> st [ [ BRI = a0, a)® (s - u oo duds,
0 0 0
(3.7)
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But, inverting the Laplace transform (3.6), we deduce that:

PAn>w%—47amm@—qwﬂw»w%b—m+wmm

hence, we may rewrite:

¢ ¢
/ E, [Fgm} ds = / f *?(a)(s)ds
0 “ 0

with f(u) = E,[Fo](q(u, a,a) —q(u, a, z)) + P& F,)q(u, z,a) and 7 (u) = (¥ ([u, +ocl).
As in the previous section, the study of the asymptotic (when ¢t — +o00) will rely on a
few Lemmas.

3.2.1 Asymptotic of an integrated convolution product

Lemma 3.4. Let u be a measure whose tail fi(t) = p([t,+oo[) satisfies the following

property:

t——+oo

t—u t
for every u > 0, / n(s)ds ~ / 7i(s)ds,
0 0

and let f : R™ — R be a continuous function such that f0+oo f(u)du < +o0. Then,

/ JT(s)ds | o /O " fluydu /0 ' (s)ds.

“+o0
Proof. Lete > 0. There exists A > 0 such that, for every ¢t > A, / f(u)du| < e. From
Fubini’s Theorem, we may write: '
t
/f*/l, ds-/f du/ (s —u)ds
=/fww/ fi(s)ds
0 0
A t—u t t—u
— [ e [ asyis+ [ g [ ats)ds
0 0 A 0
Using this decomposition, we obtain
+o0 t (s)d
[ o gz
0 Jo (
A t— uf t uf +00
< / f(w) (1 L ) — du| + / f(u)du
0 fo fo A
A I ds
g/ \f(u )|<1— “( )du—l—/f () Jo PV gl e (3.8)
0 fo A(s)d fo

Then, applying the second mean value theorem, there exists ¢ €]A4, t[ such that

t Yo )ds fotiA n(s)ds [©
du = u)du
RS IR ﬁmmséﬂ)

_ fot_ Ai(s)ds /A f(u)du_/;oo flu)du| <

fo Ai(s)d
EJP 17 (2012), paper 69. ejp.ejpecp.org
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and, letting ¢ tend to +oco in (3.8), we finally obtain:

/+°° fw)du — M < 3e.
0

lim sup <
Jo mis)ds

t—+o00

Remark 3.5. Assume thatv € L. Then v satisfies the hypothesis of Lemma 3.4. Indeed
foru >0, sincev(s —u) ~ U(s)and7V is not integrable at +oco (see Remark 3.2), we

s—+

t t t t—u
/Oﬁ(s)ds t_xroo/uﬁ(s)ds t_}rioc/uﬁ(s—u)ds:/o 7(s)ds.

Lemma 3.6. The following formula holds, for x > a:

have:

+oo
/0 (q(u,a,a) — q(u,a,x))du = s(x) — s(a).

Proof. We set f(t) = fot(q(u,a,a) — q(u,a,z))du. From Borodin-Salminen [2, p.21], we
have:

f(t) =E, [L(tl] - E, [Ltl] :

Since (Nt(“) = (s(X;) — s(a))™ — L§, ¢t > 0) is a martingale (see Lemma 6.1), this relation
may be rewritten:

F(t) = Ea [(s(Xe) — s(a)) "] = Ea [(s(X) — s(2)) "]
= (s(z) = 5(a))Pa(X; > @) + Ba [(s(Xs) = 5(a)) 1 {a<x,<a3] -

Then
[f(t) = (s(2) = s(a))| < (s(2) = s(a))Pa(Xe < ) + Eq [(s(Xe) = 5(a))1{a<x,<a}]
< (s(z) = s(a) (Po (Xt < ) + Pyla < Xy <))
< 2(s(z) — s(a))P,(X; < )
< 2(s(z) — s(a))Po(X; < ) PR 0
from [17, Chap.8, p.226], since (X;,t > 0) is null recurrent. O

Lemma 3.7. Assume that v belongs to class L. Then:

Ya > 0, /0 V@ ([s, +00|)ds /0 v([s, +o0[)ds

~Y
t—+o00

Proof. Let us define the function:
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We claim that . 1121 fa(t) = 1. Indeed, let us decompose f, as follows, with ¢ > 0:
—+o00

fat) = /0 (¢(u,0,0) — q(u,0, a))y(a)([t — u, +o0[)du + Po (T, <)
— [ a00.0) ~ 0.0 (e - .+

+ [ (al:0,0) = gfu,0.0)p(t ~ u. +oc)du+ Po(T, < 1),

+oo
- /0 (q(u,0,0) — q(u,0, a))l{ugt,e}u(“)([t — u, +oo|)du
+ /Oe(q(t —1,0,0) — q(t — u,0,a))'Y ([u, +00])du + Po(T, < t).

From [17, Chap.8, p.224], we know that for every w > 0 the function z — ¢(u,0, 2) is
decreasing, hence the function

u+— q(u,0,0) — q(u,0,a)

is a positive and integrable function from Lemma 3.6. Therefore, from the dominated
convergence theorem, the first integral tends toward 0 as ¢ — 4o00. Moreover, it is
known from Salminen [25] that for every x,y > 0,

1
lim q(t,z,y) =

t—Fo0 m@n) ~

which proves, still from the dominated convergence theorem, that the second integral
also tends toward 0 as t — +oco. Finally, we deduce that , ligrn fa(t) =Po(T, < 4+00) = 1.
—+o0

Observe now that, since 7 ¢(t fo [u, +o0[)q(t — u,0,0)du = 1, we have from Fubini-
Tonelli:

t
/ U (s, +00)ds = 1+ PO (8) = (7 % g) x PO () = 7 % fa(t) / Fa(s)0 ([t — 5, +o0)ds.
0
Let € > 0. There exists A > 0 such that, for every s > A:
l—e< fals)<1l+e.

Integrating this relation, we deduce that, for ¢t > A:

t

(1—5)/ (t—s) ds</ fa(8)T(t —8)ds < (1 +6)/P(t—s)ds.

A
Therefore:
t t—A
/ fa(s)D(t — s)ds — / (t—s)ds — / fa(8)T(t — s)ds| < / v(t—s)ds = 5/ v(s)ds,
A 0
and it only remains to divide both terms by fo s)ds and let ¢ tend toward +oo to
conclude, thanks to Remark 3.5, that:
t ) (g)d
v S)as
lim sup M -1/ <e¢
t=too | [ T(s)ds
O
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3.2.2 Proof of Point 1. of Theorem 1.2

Going back to (3.7), we have, with f(u) = P%%%(F,)q(u, z,a) and 7? (u) = v(*)([u, +00]):

/Ot B [Fgﬁ,'”} ds = <Ex [£o] /Ot P.(T, > s)ds + /Ot f *y<a>(5)d5> ,

From Lemmas 3.4 and 3.6, we deduce that:
1 t
lim 7/ P, (T, > s)ds = (s(z) — s(a))™
t—=+oo fot v(s)ds Jo ( ) (s(=)
“+o0
since, for x < a, / P.(T, > s)ds = E, [T,] < +oo. Then, Point 1. of Theorem 1.2

0
follows from Lemmas 3.4 and 3.7 and the fact that:

—+oo

+oo “+o0
/ f(u)du = / P*%%(F,)q(u,z,a)du = T, [ FudLZ} < +o00.
0 0 0

4 The penalization principle

4.1 Preliminaries: a meta-theorem and some notations

To prove Theorem 1.5, we shall apply a meta-theorem, whose proof relies mainly on
Scheffé’s Lemma (see Meyer [13, p.37]):

Theorem 4.1 ([21]). Let (T';,t > 0) be a positive stochastic process satisfying for every
t>0,0< E[l'] < +oo. Assume that, for every s > 0:

E[Ft|]:s]

A TEry M
exists a.s., and that,
E[M] = 1.
Then,
i) forevery s > 0 and A, € Fy:
lim M = E[M,14,].

t—+oo  IE[Ty]
ii) there exists a probability measure Q on (2, F.,) such that for every s > 0:

Q(AS) = E[MslAs]'

In the following, we shall use Biane-Yor’s notations [3]. We denote by ), the set of
continuous functions w taking values in R* and defined on an interval [0, £ (w)] C [0, +o0].
Let P and Q be two probability measures, such that P({ = +00) = 0. We denote by PoQ
the image measure P ® Q by the concatenation application :

o: e X oe  — Qioc
(w1, w2) — W] O Wy
defined by {(w1 ow2) = &{(w1) + {(w2), and
wl(t) if OSth(wl)
wi(§(wr)) +wa(t —&(wr)) —w2(0) if E(wr1) <t < E(wr) + §(w2)-

To simplify the notations, we define the following measure, which was first intro-
duced by Najnudel, Roynette and Yor [15]:

(o ow)() = {
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Definition 4.2. Let Wg(;a) be the measure defined by:
“+o00
Wl = / du q(u, z, a)P*"® o P1e 4 (s(x) — s(a))TPI®
0

Wg(ca) is a sigma-finite measure with infinite mass.

This measure enjoys many remarkable properties, and was the main ingredient in
the proof of the penalization results they obtained for Brownian motion. A similar con-

struction was made by Yano, Yano and Yor for symmetric stable Lévy processes, see
[30].

With this new notation, we shall now write:

+oo
W) =B, | [ Rt + EFRI6@) - sa)*
-e. [ +°° R + L {Fills(2) - s(a) "

4.2 Proof of Point i) of Theorem 1.5

Let 0 < u < t. Using Biane-Yor’s notation, we write:
(X5, <t) = (X5, <u)o(Xepu,0< s <t —u)

hence, from the Markov property, denoting Fg(t) = F(Xs,s <1t):

BalF(Xo5 < O1guen B = B, [F((Xors <100 (£0,0 <5 <t =) 1puzy]

Let us assume first that v € R and that (F},¢ > 0) is decreasing. Then, from Theorem
1.2 with Ft = Fg(t):

Ex, [F((Xs,s <u)o(Xs0<s<t— u))1{u5t}}
lim
T ([t o]
= Ex, [F((X,5 < u)o Ko)| (s(X.) = s() " + Ex, [/ F((Xys<u)o(X,,0<s<v— u))dLg]

+oo

= F(X,,5 <u)(s(Xy) —s(a)t + E, [/ F(Xs,s<u)o(X;,0<s<wv— u))dLﬂ]-'u]

+oo
= Fgm) (s(Xy) — s(a))" + E, [/ Fggv)dL,‘ﬂ]:u}

a

+oo
= Fg<u>(s(Xu) - s(a))+ +E, [/ Fude,|]-'u} ,
hence,
B Bl ] Mu(F,)

lim =

t—=+400 Ez [Fg(t)} “(:a) (Fga,) .

On the other hand, if v € Land I'; = fot Fg(s)ds, a similar computation gives:

fot IAE)Xu {F((Xs, s<u)o ()/(\'5,0 <s<wv-— u))l{u<t}} dv
lim -
t—+00 fot v([s, +oo|)ds

—+o0
— Fq(u)(s(Xu) —s(a))" + E, { deLﬂ]-"u] ,

)
u
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and
t
B [l 7] wy(r,)

lim

t=Foo | {fot Fgf)ds} Wa(ﬂa)(an,)
Therefore, to apply Theorem 4.1, it remains to prove that:

Vt Z 07 ]Em [Mt(Fga)} = W(a) (Fga)'

x

We shall make a direct computation, applying Proposition 2.1:

eifr > a,
E, [My(F,,)] =E, [ng) (s(X3) — s(a))t + I, [/t+°° FudLZ|.7:t”
= [ BRI = 0T > 060~ s@)PT > 1%, € )
+ /Ot /(;OO ]Pm’u’a(Fu)q(u,a,z)IPZ(Xt_u € dy)du + /t+°° P*"*(F,)q(u, a,z)du
=E,[Fo(s(Xy) — S(Q))l{t<Ta}] + /0+°° P*%*(F,)q(u,a, z)du
= BRI @)+ [ PR a0, = W E),

e if x < @, then, fory > a, P, (T, > t, X; € dy) = 0 since X has continuous paths, and
the same computation leads to:

+oo
Ew [Mt(Fga)] = / Px7u7a(Fu)q<ua a, m)du = Wzga) (Fga)'
0

My(Fy,)

@ =1, and the proof is completed.
W (Fy,)

Therefore, for every « > 0, IE,.

O
Remark 4.3. Consider the martingale (Nt(a) = (s(X;) — s(a))T — L, t > 0). We apply
the balayage formula to the semimartingale ((s(X;) — s(a))*,t > 0):

Fy (s(3) = (@) = Fifo(a) = s@)* + [ Fgod(s(X,) = s@)*

t t
= Fy(s(z) — s(a))™ + / F wdN{ + / F wdLj
0 “ 0 “

t t
= Fy(s(z) — s(a))*t —|—/ Fg<u>dN1(f) —|—/ F,dL.
o ¢ 0

Therefore, the martingale (M,(Fy,),t > 0) may be rewritten:

t +oo
My(Fy,) = Fo(s(x) — s(a))* + / F o dN(® + B, [/ Fde3|ft] '
0 @ 0

5 An integral representation of QSCF“)

Finally, Point 2. of Theorem 1.5 is a direct consequence of the following result:
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Theorem 5.1. ( Foa) admits the following integral representation:

1 tee
Q) = —— </ q(u, z,a)F, P™“ o PI* + (s(z) — s(a)) T Fy IPJTCQ)
WE(F,.) \Jo

Ga

Proof. Let G, H and ¢ be three bounded Borel functionals, with H depending only on
the trajectory up to a finite time. We write:

W (5, )0 (G < ool H(X o, s <t = gl1)

= I, [G Xs,8 < 9 ) (g((lt))H(Xg((lt)+S7S St- gét))Mt(Fga)}

=E, [G (Xs, s < 9P)elyg ((lt))H(Xg(t)+8,s <t—g®) <Fg(t)(S(Xt) —s(a))T +E, {

t)+[2 )

“+oo
)

t

On the one hand,

+oo
B(0) = B, [6(Xs < a0 ol H o s <t -al?) [ Ruant] 0
o t

t——+o0

from the dominated convergence theorem.
On the other hand, from Propositions 2.1 and 2.3:

—+o0
/ / t)eduXtEdy)x

B, [G(X0 s < w)p()H (Xursrs < 0= w)Fu(s(y) — () gl = u, X, = y]

+oo
/ / g € du, X, € dy) x

PP (G(X ey s < u)F) 9(u)(s(y) = 5(a) By [H(Xupars St =w)lgl) = u, X, =y

We now separate the two cases g(t) =0 and g(t) > 0 as in relation (2.4).

e First, when g(t) = 0and z < q, this term is null. Indeed, forz < a <y, P, (T, > t,X; € dy) =
0 since X has continuous paths. Next, for x > a:

+o0
/ P, (Ta > t, X, € dy) G(2)Eu[Folp(0)(s(y) — s(a) By [H(Xs, s < DT, > t, X, = y]
= G(2)Es[Folp(0)E; [(s(X:) = s(a) " H(Xs, s < )11, 50
= G(2)Ey[Fo]p(0)(s(x) — s(a))EL" [H(X,,s < 1)]
o G@)EL[Folp(0)(s(x) — s(a) "B} [H(X, 5 > 0)].
EJP 17 (2012), paper 69. ejp.ejpecp.org
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e Second, when g((f) > 0:

" aluaa) b, )
/a /O s(y) — S(a)]Pa (Xi—y € dy)du x

PEwa (G(XS, s < U)Fu) gp(u)(s(y) _ S(G))Ex H(Xu+57 s<t— u)|g((1t) = u, X, = y:|

—+o0 t
:/ / q(u, z,a)PI*(X,_, € dy)du x
a 0

Prwa (G(Xs, s < U)Fu) @(U)Ela [H(XS, s<t— ’LL)|Xt7u = y]

t
— [ duatu . 7 (G(Xe s < WF) pla)EY [H(Xys < - )
0
+oo
o [ dual e P (G < wE) B [H(Xs 2 0)].
—+00 0

O

Remark 5.2. From Theorem 5.1, QSEF”“)(ga < 4+00) = 1 and we deduce that, condition-

ally to g,,

1. on the event g, > 0, the law of the process (X, +.,u > 0) under Q) is the same
as the law of (X,,u > 0) under P!,

2. on the event g, = 0, the law of the process (X,,u > 0) under QzF““) is the same as
the law of (X,,u > 0) under P]¢.

Observe that the process (F,,u > 0) plays no role in these results.

Example 5.3. Let h be a positive and decreasing function on R*.
+oo
e Let us take (Fy,t > 0) = (h(L§),t > 0) and assume that/ h(€)dt = 1:
0

a o0
((Jh(Lga)) _ / duq(u,O,a)h(Lﬁ)IPO’"’a ° ]Pla.
0

Now, if G and ¢ are two bounded Borel functionals, we may write

(h(Lg,))

+o00
Qo (G(X1,t < ga)p(LS)) = /0 du q(u,0,a)P""* (G(X¢, t < u)p(Ly)h(Ly))

+oo

B0 | [ G0Nt < wplEnEr

— K, U:+OO G(Xy,t < Téa))gp(é)h(f)df} ,

which leads to:

+o0
(h(Lg,)) a (MLg,)) ra
0 (G(Xe,t < ga)| LS, = £)2(0)Qq (L € db)
0
+oo
- / Bo [G(X0t < )] e(Oh(E).
0
Thus, taking G = 1, we deduce that, under Qéh(L;“)), the rv. L% is a.s. finite and

admits ¢ — h(¢) as its density function. Furthermore, conditionally to L% = { the

process (X;,t < g,) has the same law as (X;,t < Tg(a)) under Py.
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+oo
e Let us take (Fy,t > 0) = (h(t),t > 0) and assume that/ h(u)q(u,0,a)du = 1:
0

“+o0
Qéh(ga)) _ / du q(u, 0, a)h(u)PO,u,a o IPZ"’.
0

Then, under IPE)h(g“)), the rv. g, admits as density function v — h(u)q(u,0,a) and,

conditionally to g, = u the process (X;,t < g,) has the same law as (X;,t < u) under
IPO,u,a.

6 Appendix

Let @ > 0 and define (Nt(a) = (s(Xy) — s(a))™ — L, ¢ > 0). The aim of this section is
to prove the following lemma:

Lemma 6.1. The process (Nt(a), t > 0) is a martingale in the filtration (F;,t > 0).

Proof. Applying the Markov property to the diffusion (X;,¢ > 0) we deduce that:
Eo [N{IFS| = Bx, [(s(X0) = sta)*]| - L¢ — B, [ L],
We set x = X, so we need to prove that for every x > 0:
(s(z) = s(a))" = Eq [(s(X) = s(a))*] - Ea [LF],

or rather:

t

+oo
/ (s(y) — s(a)Ta(t, z,y)m(dy) =/ q(u, 2, a)du + (s(z) — s(a))™.
0 0
Let us take the Laplace transform of this last relation (applying Fubini-Tonelli):

[0 = st sy = 2 CEZSOE

Our aim now is to prove (6.1). To this end, we shall use the following representation of
the resolvent kernel uy(z,y) (see [2, p.19]):

un(@,y) = wy Ya(@)ealy) x<y
where 9, and ¢, are the fundamental solutions of the generalized differential equation

d2
dm ds

U= \u (6.2)

such that ¢, is increasing (resp. ¢, is decreasing) and the Wronskian w) is given, for
all z > 0 by:
_ dix dpx
WX = SDA(Z)K(Z) Qﬁ/\(z)ﬂ(«z)-

Note that since m has no atoms, the meaning of (6.2) is as follows:

Y du du du . ulz+h)—u(z)
vy > A dz) = —(y) — — h AUy = lim AT .
y="5 /x u(z)m(dz) ds () ds (@) where ds (z) hli% s(x+ h) — s(x)
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e Assume first that z < a.

+oo
/ (5(y) — 5(a))us (2, y)m(dy)

L[t/ v
— [ ([ as)) m@ertmmean)
() [T e : - , .
= ds(z) ex(y)m(dy) (applying Fubini-Tonelli’s theorem since ¢, > 0)

A a z
oo d d

= 711))\)\7(?) /a ds(z)%(z) <since ygrfoo %(y) =0 as +oc is a natural boundary)
_ (=) . . B ,
=2 px(a) |[since lim ¢,(2) =0 as +oois a natural boundary

)\OJ)\ z—++00
_ux(z,a)
N A

which gives (6.1) for z < a.
e Now, let us suppose that x > a. We have, with the same computation:

“+oo
/ (s(y) — 5(a))ux(x, y)m(dy)
¢ x 400
- / (s(y) — s(a))un (. y)m(dy) + / (5(0) — 5(a))us (&, y)m(dy)

=1 + L.

On the one hand:

n= 2 [ty [Coswmiay

WX

=2 [as) (0 - G2 0)

= %D)z\u(j) ((s(m) - s(a))d;é/\ (z) — (Ya(x) — %(a))>

_ S(CU))\;/\S(G,) QDA(I’)%(JJ) B u)\(iax) + u)\(i'va)'

On the other hand:
+oo

400
B= [ (s) - st@)us(ogmidy) + (s(2) ~ s(@) [ ur(z.pymidy)

_ uy(x, ) n s(x) — s(a)

+oo
Ua(x) / ox(y)m(dy) (from the previous computations)

A w)
un(z,z)  s(x) — s(a) dox
TN e Qﬁx(x)g(x)

Finally, gathering both terms, we obtain for x > a:
Foo s(x) — s(a) dipy, doy ux(z,a)
[ 6 = st gpmian) = *E2 D (0@ D2 @) - @) 22 ) + G,

s(z) —s(a)  ux(z,a)
A A

which is the desired result (6.1) from the definition of the Wronskian.
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