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The convergence of the empirical distribution of
canonical correlation coefficients
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Abstract

Suppose that {X;x,j = 1,---,p1;k = 1,--- ,n} are independent and identically
distributed (i.i.d) real random variables with £EX;; = 0 and EX? = 1, and that
{Yjk,j =1,--- ,p2;k = 1,--- ,n} are i.i.d real random variables with EY;; = 0 and
EY? =1, and that {X,3,j = 1,---,p1;k = 1,--- ,n} are independent of {Yjx,j =
1,---,p2;k =1,--- ,n}. This paper investigates the canonical correlation coefficients
T >1re > -+ > 1p,, Whose squares \; = 2 =73, yApy = rﬁl are the eigenval-
ues of the matrix
Sey = AL 'Auy AL AL

where

Ar= 3l Ay = S vl An = 03
and
Xk = (Xlkv"' 7XP11€)T7 yie = (Yig, - »szk)Tv k=1,---,n.
When p; — oo, p2 = oo and n — oo with 22 — ¢;, 22 — ¢9, c1,¢2 € (0,1), it

is proved that the empirical distribution of ry, 72, -+ , 7, converges, with probability
one, to a fixed distribution under the finite second moment condition.
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1 Introduction

Canonical correlation analysis(CCA) deals with the relationship between two ran-
dom variable sets. Suppose that there are two random variable sets: x = {z1,..., 2}, },
v = {v1,...,yp,}, where p; < p,. Assume that there are n observations for each of the
p1 + po variables and they are grouped into p; x n random matrix X = (X;;)p, x» and
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The convergence of the empirical distribution of canonical correlation coefficients

p2 x n random matrix Y = (Y;;),,xn respectively. CCA seeks the linear combinations
a’x and ¢’y that are most highly correlated, that is to maximize
T
a’ Yyyc
r = Corr(a’x, cly) = s , (1.1)
ValYay/cTS, ¢

where Y., Yy, are population covariance matrices for x, y respectively; X,y is the
population covariance matrix between x and y.

After finding the maximal correlation r; and associated combination vectors ai, cq,
CCA considers seeking a second linear combination alx, c¢ly that has the maximal
correlation among all linear combinations uncorrelated with alx, c¢{y. This proce-

dure can be iterated and successive canonical correlation coefficients r¢,...,r, can be
found. Substituting population covariance matrices with sample covariance matrices,
r1,...,7p, Ccan be recast as the roots of the determinant equation

det(Agy A, 'AL —r?AL) =0, (1.2)
where

1 1 1
A, =-XX" A, =-YY" A, =-XYT.
n n n

About this point, one may refer to page 284 of [10]. The roots of the determinant equa-
tion above go under many names, because they figure equally in discriminant analysis,
canonical correlation analysis, and invariant tests of linear hypotheses in the multi-
variate analysis of variance. These are standard techniques in multivariate statistical
analysis. Section 4 of [14] described how to transform these statistical settings to the
determinant equation form. [8] also gave its applications in these aspects in multivari-
ate statistical analysis.

The empirical distribution of the canonical correlation coefficients ry,r2,--- ,7,
defined as

| is

F(x) = i#{z cr; <zl (1.3)
p1

where #{- - - } denotes the cardinality of the set {-- - }. When the two variable sets x and
y are independent and each set consists of i.i.d Gaussian random variables, [14] proved
that the empirical distribution of 7y,79,---,7,, converges in probability and obtained
an explicit expression for the limit of the empirical distribution when p;,p2 and n are
all approaching infinity. From the determinant equation (1.2), it can be seen that A\; =
r, X2 = 13,...,\p, = 12 are eigenvalues of the matrix S,,, = A;*A,,A, 'AZ . Hence
the analysis of the empirical distribution of 71,79, ,7,, is equivalent to analyzing the
ESD of the matrix S,,. Here for any p X p matrix A with real eigenvalues z; < x3 <

... < x,, its ESD is defined as
A L
FA(z) = —=#{i: x; < z}. (1.4)
p

The aim of this paper is to prove that the result in [14] remains true when the entries
of X and Y have finite second moments but not necessarily Gaussian distribution.

Theorem 1. Assume that

(a) X = (Xij)lgigpl,lgjgn where Xij,l <1< p,1 < ] < n, are i.i.d real random
variables with EX,; = 0 and E|X;]? = 1.

(0) Y = (Yij)i<i<ps,1<j<n WhereY;;, 1 <i < py,1 < j <n are iid real random variables
with EY}; = 0 and E[Y},]? = 1.

(c) p1 = p1(n) and py = pa(n) with 22 — ¢y and 22 — ¢y, ¢1,¢0 € (0,1), as n — oo.
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(d) Szy = A;lAmyAq;lAfy where A, = %XXT, A, = %YYT and A, = }LXYT.
() X and Y are independent.
Then as n — oo the empirical distribution of the matrix r,r2,--- ,7p, converges

almost surely to a fixed distribution function whose density is
p(r) = ((r — L)(r + L)(H — r)(H + 7)) /[rerr(1 = 7)(1 + 1)), 7 € [L, H], (1.5)

; and atoms

where L = ‘(CQ — 0261)% — (Cl — 6102)%| and H = |(CQ — 6201)% + (Cl — 0102)%
of size maxz(0,1 — co/c1) at zero and size maxz (0,1 — (1 — ¢3)/c1) at unity.

Remark 1. The inverse of a matrix, such as A, ! and Ay_l, is the moore-penrose pseu-
doinverse, i.e. in the spectral decomposition of the initial matrix, replace each nonzero
eigenvalue by its reciprocal and leave the zero eigenvalues alone. This is because under
the finite second moment condition, the matrices A, and A, may be not invertible un-
der the classical inverse matrix definition. However, with the additional assumption that
EX?}, < oo and EY}4 < oo, we have the conclusion that the smallest eigenvalues of the
sample matrices A, and A, converge to (1—,/c1)? and (1— ,/c3)? respectively[Theorem
5.11 of [3]], which are not zero since ci,c2 € (0,1). So A, and A, are invertible with
probability one under the finite fourth moment condition.

As stated previously, it is sufficient to analyze the limiting spectral distribution(LSD)
of the matrix S;,, where LSD denotes the limit of the empirical spectral distribution as
n — oQ.

The strategy of the proof of Theorem 1 is as follows. Since the matrix S, is not
symmetric, it is difficult to work on it directly. Instead we consider the n x n symmetric
matrix

pP,pP,P, (1.6)

where
P, =XT"(XX")"'X, P, =Y (YY")"Y.

Note that P, and P, are projection matrices. It is easy to see that the eigenvalues
of the matrix P,P,P, are the same as those of the matrix S;, other than n — p; zero
eigenvalues, i.e.

n—Dp

FPvP=Py(y) = %FSW(I) n T 400 (). (1.7)
By (1.7) and the result in [14], one can easily obtain the limit of FP+FP+Pv(z) when
the entries of X and Y are Gaussian distributed. To move from the Gaussian case
to non-Gaussian case, we mainly use Lindeberg’s method (see [11] and [6]) and the
Stieltjes transform. The Stieltjes transform for any probability distribution function
G(z) is defined as

mg(z):/ ! dG(z), zeCt={z€C, v="Sz>0}. (1.8)

r—z

An additional key technique is to introduce a perturbation matrix in order to deal
with the random matrix (XX7)~! under the finite second moment condition.

2 Proof of Theorem 1

We divide the proof of Theorem 1 into 4 parts:
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2.1 Step 1: Introducing a perturbation matrix

Let
A=P,P,P,.

In view of (1.7) it is enough to investigate F* to prove Theorem 1. In order to deal with
the matrix (XX7)~!, we make a perturbation of the matrix A and obtain a new matrix

B=P,P,P,

where P;, = 1XT(1XX” 411, )7'X, t > 0 is a small constant number and I, is the
identity matrix of the size p;.

We claim that, with probability one,

lim lim L(FA,FB) —0. 2.1)

t—0n—o0

where L(F4, F'B) is Levy distance between two distribution functions F4()\) and FB()).
By Lemma 6 in the Appendix,

1 1
L3(FA FB) < —tr(A—B)? < —tr(P, — Py,)?

n n

1 1 1 1 2
= Ztr(=XXT[(=XXT)"' - (=XXT +¢1, )7t

nr(n [(n ) (n +tL,,) 7))
< ﬁtr(lx:»(Tthl )2 (2.2)
-~ n 'n LS ’

where the second inequality uses the fact that ||P,|| = 1 with the norm being the spec-
tral norm and the last inequality uses the spectral decomposition of the matrix %XXT,
ie.

1 1 1
SXXT(=XXTY T (2XXT 441, ) 7!
- [(n ) (n +tIp,) ]

t
H1 p1(p1+1)
t
- yTr Hm uu? B ¥ U
0 Tt
0 _1
t
t
p1+t
t
- yT Hm+t U (2.3)
0
0
with that u4, ..., u,, are the nonzero eigenvalues of the matrix %XXT and the columns

of UT are the eigenvectors of the matrix 2 XX7,
Given t > 0, by Theorem 3.6 in [3] (or see [9] and [12]) and the Helly-Bray theorem,
we have with probability one

L1 —2 M 1 b
Ztr(=XXT + 11 2= [ —dF, (\) — ———dF,. (A
nr(n + 1) nJ (A+1)? n (Y cl/a (A +1)2 e (M)
EJP 17 (2012), paper 64. ejp.ejpecp.org
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V=N —a) V=N ~a)
/ (A +t)227A dr = / A327 dr < M,

where F), is the ESD of the sample matrix }LXXT, F., is the Marcenko-Pastur Law,
b= (1+ \F) and a = (1 — \/c1)?. Here and in what follows M stands for a positive
constant number and it may be different from line to line. This, together with (2.2),
implies (2.1), as claimed.

Let B and A, respectively, denote analogues of the matrices B and A with the el-
ements of X replaced by i.i.d. Gaussian distributed random variables, independent of
the entries of Y. By (2.1) and the fact that, for any A € R,

[FA) — FAN| < [FAN) — FBO)| + [FB(A) — FBO)| +|FB()) — FA(V),
in order to prove that, for any fixed ¢ > 0, with probability one,

lim |FA(\) — FA(\)| =0, (2.4)

n—oo

it suffices to prove with probability one,

lim |FB(\) — FB()\)| = 0. (2.5)

n—oo

If we have (2.4), then for any A € R, with probability one,
lim [FP=Pv(\) — FF2Py(\)| = 0. (2.6)

n—oo
Since P, and P, stand symmetric positions in the matrix P,P,, as in (2.4) and (2.6),
one can similarly prove that for any A € R, with probability one,

lim [FP2Pv(\) — FELPI(\)| =0, (2.7)

n—oo

where P is obtained from the matrix P, with all the entries of Y replaced by i.i.d
Gaussian distributed random variables, independent of PJ. Then (2.6) and (2.7) imply
that for any A\ € R, with probability one,

lim |FP=Fv(\) — FPIPI()\)| = 0. (2.8)

n—oo

With the theorem obtained in [14] and (2.8), our theorem is easily derived.
Hence the subsequent parts are devoted to proving (2.5).

2.2 Step 2: Truncation, Centralization, Rescaling and Tightness of F'B

With (1.8) of [2] and the arguments above and below, we can choose ¢, > 0 such
that &, — 0, n'/%e,, — 0o as n — oo, and P(|X;;| > n'/?%e,) < <. Define

Xij = Xl (|1Xi5] <n'ep), Xij = Xij — EXuy,
1or, 1 5 lor gy
P,, — —XT(fXXT + tIpl)*lx, P = —XT( xxT +ﬂ:p1) X,
n n n
N leor 1oy o 5 s »
P, = fXT(—XXT +1tI,,)"'X, B=P,P,P,, B=P,P,P,,

where X = (X;)1<i<pii1<j<n and X = (Xij)1<i<p 1<jcn-
Let n;; = 1 — I(|Xy;| < n'/?¢,,). We then get by Lemma 4 in the appendix

- 1 . 1 3
sup |[FB(\) — FB())| < ﬁrank(PmePy -P,P,P,) < ﬁmnk(Pm - P.)
A

1 - - - 4
< = EXT - X BXXT — XX”* EX —-XT)< =
<~ [rank( ) + rank( ) + rank( N< =D m

i=1 j=1
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Denote ¢ = P(n;; = 1) = P(|X;;| > n'/?¢,). We conclude from Lemma 5 that for any
>0,

Plsup [FB() ~ B[ 2 §) < P2 > > 0y 2 6)

i=1 j=1

P n (5
=P nij—npig = npr(— —q))

‘1 i Y4

=1 j5=1

n?pi (2 —q)°

2np1g + np1 (X —q)
for some positive h. It follows from Borel-Cantelli’s lemma that

< Qemp( - ) < 2exp(—nh),

sup |[FB(\) — FB()\)| —0, a.s. asn— oo.
A
Next, we prove that
sup|FB()\) fFB()\)| —0, a.s. asn— oo. (2.9)
A

Again by Lemma 4 we have

3 _ 1 . 1 . .
sup |FB(\) — FB()\)| < —rank(B — B) < —rank [Pm - Ptx}
A n n

1 log/ 1oq 1o _
< —mnk[—xT ((fXXT +1L,) " - (=XXT + tIpl)*l)x}
n n n n

1 1o 1o 1 1 om 1os _
+=rank [—XT(—XXT + tlm)*lEX} + ~rank [f(EXT)(fXXT + tIpl)*lx}
n n n n n n
1

1 1 - . )
+=rank [f(EXT)(fXXT 11, )‘1EX} .
n n n

Since all elements of EX are identical, rank (EX) = 1. Moreover, from (2.11)

145 1.2
(EXXT + tIPl)il - (EXXT + tIPl)il

1o 1o lowr leos
= (EXXT + tlpl)*l(;XXT - ﬁXXT)(gXXT +tL,,) 7"
1,12 _ S S —orv 1o _
= E(HXXT +tI,,) H(—EXEXT + XEXT + (EX)XT)(ﬁXXT +t1,,) "
Hence

: ; M
sup |[FB(\) — FB())| < - 0.
A

Let 62 = E(]X;;]?) and B = -1, X7 (1, XX” +1,,)"'X. Then by Lemma 6, we have

ng2 ng?
L(F, F®) < ~ir(B - B)?

_ (62 *n1)2t2 tT(%XXT(%XXT + &%Ipl)*l(%XXT + tIpl)*l)2

_ (@ *nl)th tr((%xxT + 62T, — A%Ipl)(%XXT + &2751,,1)’1(%)5@ + ﬂpl)’l)z

= (XK 11,7 - KT 4 o1, XK 11,7

< & _nl)ztzpl XK 4 11,,) 7|+ 02| (-XXT 4+ 6%1,) - [(CXXT 4 41,,) 7))’

~2 242

< @ _nl) ! Pl% -0,
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because 62 — 1 and p;/n — ¢, as n — oo; where the first equality uses the formula

(2.11); the second inequality uses the matrix inequality that
tr(C) < p|ICJ|,

holding for any p; X p; normal matrix C; and the last inequality uses the fact that

145 . _ 1
IGXXT + 521,,) )| <

14 _
< = IGXXT +11,) 7 <

~+ | =

In view of the truncation, centralization and rescaling steps above, in the sequel, we
shall assume that the underlying variables satisfy

| Xij| <n''?e,, EX;;=0, EXZ =1, (2.10)

and for simplicity we shall still use notation X;; instead of X;.
We now turn to investigating the tightness of F'B. For any constant number K > 0,

1 11
dF® < — [ MdF® = — —tr[P,P,,P
/\>K *K/ Knr[yt y]
Since the largest eigenvalue of P, is 1 and P, is a nonnegative matrix we obtain
t?"[PyPtIPy] = tT[PyPtm}

1 1
< tr[Pyy] = tr[ XX (=XXT +¢1,,) 7] < n.
n n
The last inequality has used the facts that ¢ > 0 and that all the eigenvalues of 2 XX (1 XX+
t1,,)~! are less than 1.
It follows that FB is tight.

2.3 Step 3: Convergence of the random part

The aim in this section is to prove that
1 _1 1 1
—trB™(2) —E—-trB™ () - 0 a.s.asn — oo.
n n

To this end we introduce some notation. Let x; denote the kth column of X and
er the column vector of the size of p; with the kth element being 1 and otherwise 0.
Moreover, define X, to be the matrix obtained from X by replacing the elements of the
kth column of X with 0.

Fix v = ¥z > 0. Define F; to be the o-field generated by xi,---,x;. Let Ex(-)
denote the conditional expectation with respect to F; and E, denote expectation. That
is, Ex(-) = E(:|F;) and Eo(-) = E(-). Let

B~ '(2) = (PP, P, —I)"!, B, =P, PP, B, '(z) = (P,P"P, — 21)7},

where Py, = 1XT(IXXT +¢1,)7'X, Pi* = LXT(1X, XT + I, ) ' X,.

Define H; ' = (X, X} +I,,) ' and H™! = (2XXT +11,,)L.
Note that X = X, + xke{, that the elements of X e are all zero and hence that

XXT - X XT = x;xT.

This implies that

1 1 1
-1 -1 -1 Tyy—1 -1 Tyy—1
Hy -H = H xx. H, :mgﬂk xpxp Hy
n"k Tk ;
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where we make use of the formula

AT' AT = AN A, - ADATY (2.11)
holding for any two invertible matrices A; and Ay;
and
U lu
Ty—1, _

holding for any invertible matrices U and (U + uv”), vectors u and v. We then write

By — B =P,(P{* —P.,)P, = P,(Cy + Cy + C3 + C4)P,, (2.13)
where
- 1X{H; 11xkka Xy, C, = 1 XTH, 'xpef
n 1—|—1X H, lxp ’ 711—|—%X£H,;1xk7
=L oXiH X o Leoi M, e (2.14)
nl—i— XHIX]@ nl—i— XfH Xk
Now write
ltrB_l(z) - EltrB_l(z) _ 1 i[E trB1(2) — Ex_1trB71(2)]
- - n 2 k k—1
1 -
==Y (Bx — Ex_1)(trB7'(2) — trB; ' (2))
"=
1
ZEk—Ekl[Ztr( 2)P,C;P,B" ())},
where the last step uses (2.11) and (2.13). Let ||- || denote the spectral norm of matrices

or the Euclidean norm of vectors. It is observed that

BNy IBR@I< . IPI< —oB <y @15
and since x} H; 'x;, > 0 we have
; <1 (2.16)
1+ %xgHglxk
It follows that
|trB; ! ()P, C1P,B~1(2)| % XiszZlXkufilfiLfgifilefo21Xk
< U%HXZH;IXMIQ < |ka X+ 5 |ka 2k, (2.17)

where the last inequality uses the facts that ||x} H; 'X;||> = x} H, 'X;, X} H, 'x; and
H,'X, XTH, ' = nH; ' (21X, XT + I, — I, )H, ' = nH; ' — ntH,”.
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We then conclude from Lemma 2, (2.15)-(2.17) that

E % i(Ek — E,_1)trB; ' (2)P,C,P,B7'(2) 4
< n3ZEtrB z)P,C,P,B~ ()4
< m;E’Xfﬂilxk’ 7ZE’ P |
- 0

where the last step uses the facts that via Lemma 3 and (2.10)
1E s 4<1ME s H—14 1ME H '*<M 2.1
B Xk kxk.‘ <3 x, H; "xj, — trH +ﬁ [trH, *|* < (2.18)

and that . .
FE‘X%H,;%(;C‘ < M. (2.19)
Similarly, we can also obtain for i = 2, 3,4,

n

1 _ ~ M
E|- ;(Ek — E,_)trB7Y(2)P,C,;P,B; ! (2)]! < — (2.20)

It follows from Borel-Cantelli’s lemma that

1 1
—trB7(2) - E=trB™!(2) a.s.n — occ. (2.21)
n n

2.4 Step 4: From Gaussian distribution to general distributions

This section is to prove that
1 1
E[-trB7(2)] — E[=trD™(2)] = 0 as n — oo, (2.22)
n n

where D7(z) = (P, P{,P, — 2I)~!, P{, = 1GT(LGGT +tI,,)7'G and G = (Gij)p, xn
consists of i.i.d. Gaussian random variables. We would point out that (2.5) follows
immediately from (2.21), (2.22), tightness of FB and the well-known inversion formula
for Stieltjes transform[Theorem B.8 of [3]]. We use Lindeberg’s method in [6] to prove
this result.

To facilitate statements, denote

Xll»' o 7X1n7X217"' aXpln Tespectively by Xh"' 7Xn7Xn+17"' aX

pin

and

Gi1, -+ ,Gin,Ga1, -+ -, Gp,n, Tespectively by él, <Gy, Gy, Gy

For each j, 0 < j < pin, set
Zj = (Xl,“' ;XjaGAj—‘rla"' Gpln) and ZO (Xl,“' ,Xj_l,o,éj+1,"‘ aé’pln)- (223)

Note that X in B~!(z) consists of the entries of Z,,,,. Hence we denote 2¢trB~!(z) by
Ltr(B(Zp,n) — 2I)~*. Define the mapping f from R"?* to C' as

1
f(Zpn) = —tr(B(Zp,n) — 1)L (2.24)
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Furthermore we use the entries of Z;, j = 0,1,--- ,p1n — 1, respectively, to replace
Xi,--+, X, n, the entries of X in B, to constitute a series of new matrices. For these
new matrices, we define f(Z;), j =0,1,--- ,pin — 1 as f(Z,,,) is defined for the matrix

B. For example, f(Zo) = 1trD~!(z). We then write

L trB ()]~ B D~ ()] = > B(£(2)) - £(Z;1))-

Jj=1

A third Taylor expansion yields

1
F(2)) = Z) + 50,12 + 53302729 + 357 [ (1= 2022 m)par,

1
F(2y0) = F(Z) + G0, 1) + 5 G302 + 56 [ (1= 20322, ()i

where 8;» f(), r = 1,2,3, stand for the r-fold derivative of the function f in the j-th
coordinate, and

Z‘gl)(g) = (X17"' 7Xj717TXj7GAj+11"' 7Gpn)7

Z;Z(’?) = (le' o an—l’TGj?éj-&-h to 7Gpn>'

Since X; and G; are both independent of zy, E[X;] = E[G;] = 0 and E[X]?} = E[G?] =1,
we obtain

E[%trB_l(z)] - E[%trD_l(z)]

1

= IS [ @ (- & [ (1= 200 (2@ ()
= 52 B[% [ a-rpatr@ myir— 61 [ - rpasa )],

Next we evaluate 97 f (Z'V,(7)). Note that

OH~1 ) .
x - M gx H (2.25)

A simple but tedious calculation indicates that

0B L Teyp—1 1 Te—1a.oT
e = gPyejeZ-H XPy—|—ﬁPyX H ‘e P,
1
-—P,X"H ' (e;e] X" + Xeje] )H 'XP,,
n
°B 2 TH~1lo oT 2 TH~ (0 oTxT AN
T = EPyejeiH eieij—ﬁPye]—eiH (eie; X' + Xeje; )JH  XP,
ij

2 2
-=P,X"H '(e;e] X" + Xeje] )H 'e;el P, — —P,X"H 'e;e] H 'XP,
n n

2
+=5P,X"[H '(e;e] X" + Xeje] )’H 'XP,,
n
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0°B 6 TH-! (0 oTXT TVH1e o 6 TH1e o~
ox3 = ~qaPveeiH (eiej X' +Xeje; JH 'eiej Py — —Pyeje/H 'eiej H 'xXp,

ij
6 6
+—3PyejeiT[H71(eiejTXT + Xe,el ) PH'XP, — —QPUXTHfleielTH_leiejTPy
n n? -

6
+—=P, X "H ' (e;e] X" + Xeje] )"H 'e;e] P,

6
ot

6
+—=P,X"H '(e;e] X" + Xeje] )H 'e;e] H'XP,
n

P, X"[H '(e;jel X" + Xeje] )*"H'XP,

6
+—=P,X"H 'e;e] H ' (e;e] X" + Xeje )JH ' XP,,.
n

Also, by the formula
10trB~'(2) 1 ,0B

W ox, —gtT(aXZ_j B~*(2)),
it is easily seen that
T = G g (B
—Tlltr(g;]?jB_2(z)) " ztr(g;]?jB_2(z)8§jB_l(z))
+ztr(g;%B1(z) éi]szz(z)).

()

. . 3trB !
There are lots of terms in the expansion of %‘MT and therefore we do not enumer-

ate all the terms here. By using the formula thav'g, for any matrices A, B and column
vectors e; and ey,
tr(Aeje{ B) = e/ BAe;, (2.26)

rB~1(2)

3
all the terms of %a t X can be dominated by a common expression. That is
ij

1 PtrB~1(2)

nWH < XTHP?
i

M, . _ M
I I XTE]

M
P2 X TE P

DB X TE XX
SR XTE ] XTE X

M
= [[XTHTHP I XTHTX]]
n

M
+— [IXTHP - XTHX
n
M Tyy—1113 T 3
+ﬁ||x H )P I XTHX|)?. (2.27)
Obviously
1
] < 2 (2.28)
It is observed that
IXTH'X|]? = Max(XTHIXXTH'X) = Ao (H XX THIXXT)
< n?[1 2t HY| + 2|H 2] < Mn?, (2.29)
EJP 17 (2012), paper 64. ejp.ejpecp.org
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where Aj.x(-) denotes the maximum eigenvalue of the corresponding matrix; and the
first inequality above utilizes the fact that H™!XX” = nH (2 XXT + I, —tI,,) =
nl,, —ntH™1.
Similarly we can obtain
I XTH Y| < Myn. (2.30)

We conclude from (2.27)-(2.30) that
1 93trB~1(2) M

— . 2.31
This implies that
1 93trB~1(2) M Me
3+ n
E|Xij - anj | < ns/zE[Xw] < poa (2.32)

Since all X;; and W;; play a similar role in their corresponding matrices, the above
argument works for all matrices. Hence we obtain

B[ trB~()] ~ B[-rD~(2)]

pin

< MZ/ (1 - 7)E|X30} (2 (”(T>)|d7+/ (1= 1) E|G303 (25, (7)) 7]

0
< Me,.

This ensures that
1 1
E[=trB™(2)] — E[-trD~!(2)] = 0 as n — .
n n

Therefore the proof of Theorem 1 is completed.

3 Conclusion

Canonical correlation coefficients play an important role in the analysis of corre-
lations between random vectors[[1]]. Nowadays, investigations of large dimensional
random vectors attract a substantial research works, e.g. [7]. As future works, we plan
to develop central limit theorems for the empirical distribution of canonical correlation
coefficients and make statistical applications of the developed asymptotic theorems for
large dimensional random vectors.

4 Appendix

Lemma 1 ([5]). Let {X;,1 < k < n} be a complex martingale difference sequence with
respect to the increasing o-field {F}. Then, forp > 2,

B> XiP < Kp(BEQ B(IXi*|Fa1))”? + E D [XlP).
k=1 k=1 k=1

Lemma 2 ([5]). With {X},1 <k <n} as above, we have, forp > 1,
Bl XiP < K,EQ | 1Xkl?)P2.
k=1 k=1

Lemma 3 (Lemma B.26 of [3]). For X = (X, --,X,)7 ii.d standardized entries, C
n X n matrix, we have, for any p > 2,

E|X*CX — trC|P < K,((E|X,|*rCC*)?/2 + B|X,|*Ptr(CC*)P/?).
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Lemma 4 (Theorem A.43 of [3]). Let A and B be two n x n symmetric matrices. Then
1
||[FA — FB|| < —rank(A — B),
n

where || f|| = supz|f(x)|.

Lemma 5 ([4]). Let Y1,Y5,... be i.i.d random variables, P(Y; =1)=q=1—- P(Y; =0).
Then 2 2
P(|Y1 + -+ Y, —ng| > ne) < 2¢” Tnarnz

foralle >0,n=1,2,....

Lemma 6 (Corollary A.41 of [3]). Let A and B be two n x n symmetric matrices with
their respective ESDs of FA and FB. Then,

1
L}(FA FB) < —tr(A— B)2.
n
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