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Abstract

We prove a shape theorem for the internal (graph) distance on the interlacement set
T* of the random interlacement model on Z¢, d > 3. We provide large deviation esti-
mates for the internal distance of distant points in this set, and use these estimates
to study the internal distance on the range of a simple random walk on a discrete
torus.
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1 Introduction and the results

We study properties of the interlacement set Z* of the random interlacement model.
We are mainly interested in its connectivity properties, in particular in the internal
distance (sometimes called the chemical distance) on the interlacement cluster.

The random interlacement model was introduced in [12] in order to describe the
microscopic structure in the bulk which arises when studying the disconnection time
of a discrete cylinder or the vacant set of random walk on a discrete torus. It can be
informally described as a dependent site percolation on Z¢, d > 3, which is ‘generated’
by a Poisson cloud of independent simple random walks whose intensity is driven by
a non-negative multiplicative parameter u. The set covered by these random walks is
called the interlacement set at level v and is denoted by Z*. As the precise definition of
T" is rather lengthy, we postpone it to Section 2 and state our results first.

Let Py = P[-|0 € Z%] be the conditional distribution given that the origin is in
the interlacement set Z%. For z,y € Z" we define p,(z,y) to be the internal distance
between z and y within the interlacement set Z":

pu(x,y) = min{n : there exist xg, z1,...,z, € Z" such that 2o = z, 2, = ¥,

and ||z — zg—1|1 =1forallk =1,...,n},
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Internal distance in the interlacement set

where || - ||; denotes the ¢;-norm in Z?. As we shall see below, the set 7% is P-a.s.
connected for all u, so p,(z,y) < oo for all u > 0 and x,y € Z%. Assuming that z € 74, let
A¥(z,n) = {y € I" : p*(z,y) < n} be the ball centred at = with radius n in the internal
distance. We abbreviate A*(n) := A%(0,n).

The first main result of this paper is the shape theorem for large balls in the internal
distance.

Theorem 1.1. For every u > 0 and d > 3 there exists a compact convex set D,, C R?
such that for any € > 0 there exists a IP{j-a.s. finite random variable N such that

(1=enD, NI*) C A*(n) C (1+¢)nD,
foralln > N.

Remark 1.2. Clearly, the set D,, is symmetric under rotations and reflections of Z¢ and
D, C {z € R?: ||z||y < 1} for all u. It is straightforward to show that D, — {x € R% :
llz]|1 <1} asu — oo; it would be interesting, however, to be able to say something about
the behaviour of D, when u — 0 (e.g., does the shape become close to the Euclidean
ball, and what can be said about the size of D,, as u — 07?).

The key technical step in the proof of Theorem 1.1 is a fact (which is of independent
interest) that the distance within the interlacement cluster should typically be of the
same order as the usual distance.

Theorem 1.3. For every u > 0 and d > 3 there exist constants C,C’ < co and § € (0,1)
such that

PY[there exists 2 € " N [—n, n|? such that p,(0,z) > Cn] < cle .

A corresponding result for the Bernoulli percolation on Z¢ was proved by Antal and
Pisztora; in their case the constant § equals one and is optimal, see [2, Theorem 1.1].
We did not try to optimise the constant § in Theorem 1.3.

Remark 1.4. It is trivial to replace Py by P in Theorems 1.1 and 1.3. To this end it is
only necessary to extend p,(z,y) to all x,y € Z* by setting

pul®,y) = pu(x”,y"),

where x" (respectively, y*) is the closest point to x (respectively, y) on Z" (one can
choose the rule how ties are broken in any convenient translational-invariant way).

The methods used to show Theorem 1.1 also imply the following result.
Theorem 1.5. It holds that P[Z" is connected for all u > 0] = 1.

Previously it was known that for every fixed u > 0, the set Z" is IP-a.s. connected (see
(2.21) in [12]); the above theorem means that IP-a.s. there are no ‘exceptional values’
of the parameter u. Remark also that much more is known about the connectivity of 7
for fixed u, see [7, 10].

Theorems 1.1 and 1.3 indicate that the interlacement set Z* looks at large scales
very much like Z?. In the same direction, Rath and Sapozhnikov recently proved that
the interlacement set Z" percolates in slabs [8], and that random walk on Z“ is tran-
sient [9].

Theorem 1.3 can be also used to answer a related question: ‘How much the range of
the random walk on the torus resembles the torus?’ To this end we consider (X )ren to
be a simple random walk on the discrete d-dimensional torus of size N, T4 = (Z/NZ),
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and write PV for its law when started from the uniform distribution. We let Z% to
denote the range of the random walk up to time uN¢,

IJ’l{f = {Xoﬁle_uNdj}

Let p% (x,y) be the minimal distance of =,y € Z} within 7}, defined similarly as p,, and
let dn(z,y) be their usual graph distance on the torus.

Theorem 1.6. For large enough C and -, we have

Jim PN [p%(z,y) < Cdy(z,y) forall z,y € T} such that dy(z,y) > In” N] = 1.
—00

This theorem improves the result of Shellef [11], where a similar claim was proved
for C' growing very slowly with NV using entirely different methods. More precisely, [11]
requires C' = In® N where In*) is the k-times iterated logarithm, £ > 1 being arbitrary.
On the other hand, Shellef needs v = 5d only; we do not have control on the size of this
constant.

The main difficulty of the paper stems in proving our results for d < 5, in particular
for d = 3. In fact, for d > 5 there is a rather simple argument, based on the results
of [9], which shows Theorem 1.3 with § = 1, and which we sketch in the Appendix.
This argument uses the fact that for d > 5 the random interlacement restricted to
a thick-enough two-dimensional slab dominates in some sense the standard Bernoulli
percolation, which allows an application of [2]. Heuristically, in large dimensions it is
possible to construct ‘long straight connections’ within Z* locally, independently of the
connections in other places.

It seems that this argument cannot be extended to d < 5. It is much harder to
construct the straight connections locally in an independent manner. This we do in
Section 6, where we dominate the internal distance between the origin and the point
(n,0,...,0) by the sum of a sequence of random variables with a finite range of depen-
dence and stretched exponential tails, cf. (6.11) below. To obtain the finite range of
dependence, we should show that connections within a large box of size m can be con-
structed using less than ©(m“%~?) random walk trajectories (which is the typical number
of random walks intersecting this box; here and in the sequel we write f(m) = ©(g(m))
when for positive constants c;, co we have c¢1g(m) < f(m) < cog(m) for all m). In fact,
in Proposition 4.2 we will show that a ‘backbone’ of 7" in this box can be constructed
using ©(m?=2-") trajectories only, h < 2/d. This also means that for every u > 0 the
interlacement set 7% is ‘largely supercritical’, that is it remains locally connected, even
when considerably thinned.

The paper is organised as follows. After introducing the notation in Section 2, we
collect in Section 3 some estimates on the hitting probabilities of sets and on the range
of the simple random walk. Section 4 contains the key technical result of this paper,
Proposition 4.2. This proposition roughly states that all points in (a possibly thinned
version of) the set Z" within box of size n are at internal distance n2, with a very high
probability. Using this proposition, in Section 5, we give a short proof of Theorem 1.5.
Sections 6-8 contain the proofs of Theorems 1.3, 1.1, and 1.6.

Acknowledgements. The authors would like to thank Augusto Teixeira for many
useful discussions, and Baldzs Rath for pointing out Shellef’s paper [11]. The work of
Serguei Popov was partially supported by grants CNPq (301644/2011-0) and FAPESP
(2009/52379-8).

2 Preliminaries

In this section we fix the notation and recall the definition of the random interlace-
ment model.
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Let N = {0,1,...} be the set of natural numbers. We denote with eq,...,e, the
coordinate vectors in Z4, and write || - ||, || - |1, || - ||« for the Euclidean, ¢;, and ¢, norms
correspondingly. We use B(z, ) to denote the closed || - ||»-ball centred at = with radius
r, and abbreviate B(r) := B(0,r). We say that A C Z? is connected if for any =,y € A
there is a nearest-neighbor path that lies fully inside A and connects = to y. We write
|A| for the cardinality of A, diam(A) = max, yca ||z — y|lo for its diameter in /-norm,
and 0A = {z € A: 3y € A°, ||z — y| = 1} for its internal boundary.

Let us write P, for the law of a discrete-time simple random walk (X,,),cn on Z¢
started from z. For A C Z% we denote with H4, H4 and T4 the entrance time in A, the
hitting time of A, and the exit time from A:

Hy=inf{n>0:X, € A},

Hp=inf{n>1:X, € A}, (2.1)
Ty=inf{n>0: X, ¢ A}.

Given A C Z? finite, we define the equilibrium measure of A by
eA(:c) = PI[HA = OO}]IA(I)

and denote by cap(A4) = > 4 ea(z) its total mass.

We now recall the definition of the random interlacement from [12]. In order to do
this we need to introduce another notation which is, however, mostly used only locally.
Let IV be the space of doubly-infinite nearest-neighbour trajectories in Z? which tend to
infinity at positive and negative infinite times, and let W* be the space of equivalence
classes of trajectories in W modulo time-shift. (These spaces are equipped with o-
algebras W, W* as in (1.2), (1.10) of [12].) The random interlacement is defined via
a Poisson point process taking values in the space () of point measures on the space
W* x [0, 00) with the intensity measure v ® du. We denote by P the law of this process.

To describe the measure v appearing in the intensity of the Poisson point process,
for A ¢ Z% u > 0, we denote by 1% the mapping from (2 to the space of point mea-
sures on W which selects from w € () the trajectories with labels smaller than «
intersecting A and parametrises them so that they enter A at time 0. Formally, for
W =50 0w u) €Q, wf € W, u' >0, we define

pic (@) =Y 8a sy I{Ran(w)) N A # 0,u; < ul, (2.2)
i>0

where Ran(w*) = J,czw(n) for an arbitrary w in the equivalence class of w*, and
sa(w*) is the unique w € W in this equivalence class such that wy € A, w_, ¢ A,
n > 0. As follows from [12], Theorem 1.1, the measure v is uniquely determined by the
following two properties which we will frequently use:

« For every finite set A C Z9, under P, the number 7% := u%(w)(W) of trajecto-
ries in w with labels smaller than u entering A has the Poisson distribution with
parameter u cap(A4).

« Let p4(w) = Y74, 8w,, w; € W. Then, under P, w; are i.i.d., independent of n%,
with the law given by

Pl(us(n))nso < Fl = Y AP [F),
z€A

for any measurable set F' in the space of single-infinite nearest-neighbour paths.
It means that w;, restricted to non-negative times, are i.i.d. simple random walk
trajectories started from the normalised equilibrium measure e4(-)/ea(A).
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The interlacement set at level u is then defined as the trace of all trajectories in w
with labels smaller than u,

T*(w) = | J Ran(w])1{u; < u}.
i>0

We now explain the conventions for the use of constants in this paper. We denote by
C,Cy,C1,Cy,. .. the ‘global’ constants, that is, those that are used all along the paper
and by c,c,c1,c9,c3,... the ‘local’ constants, that is, those that are used only in the
small neighbourhood of the place where they appear for the first time. For the local
constants, we restart the numeration either in the beginning of each subsection or in
the beginning of each long proof. All these constants are positive and finite and may
depend on dimension, u, and other quantities that are supposed to be fixed; usually we
omit expressions like ‘there exist positive constants ¢, ¢ such that ...’ and just directly
insert ¢’s to the formulas.

Also, the reader will notice that very frequently in this paper the probability of events
(indexed by some integer parameter, say, n) will happen to be bounded from above
by e~ or from below by 1— e*C”O, where ¢ is typically (but not necessarily) between 0
and 1. So, we decided to use the following definition:

Definition 2.1. We say that f(n) is s.e.-small (s.e. stands for ‘stretched-exponentially’)
if for all n > 1 it holds that
0< f(n) < e,

and write f(n) = se.(n).

Observe that n°se.(n) = se.(n) for any fixed ¢ > 0. So, it is quite convenient to use
this notation e.g. in the following situation: assume that we have at most n¢ events,
each of probability bounded from above by se.(n). Then, the probability of their union
is se.(n) as well.

3 Estimates on hitting probabilities

In this section we collect several estimates on hitting probabilities of subsets of Z
by random walk trajectories. We recall that P, denotes the law of the simple random
walk (X,,)nen in Z4, d > 3, starting at . We denote by g the ‘stopped’ Green function:

gz yin) =Y Pu[Xi =y,
k=0

n

and write g(x,y) for g(z,y;00). For the case d > 3 it holds that g(x,y) is finite for all
2,y € Z¢, g(z,y;n) = g(y, w3n) = 9(0,y — w3n), and, for all n > [|lz — y|?

e
) > 3.1
g(z,y3m) 2 T = (3.1)
Cy
G S 3.2
g(@.y) < 7 Tz — g2’ (3.2)

for all =,y € Z?. The upper bound (3.2) follows directly from Theorem 1.5.4 of [3]. The
lower bound (3.1) can be proved easily adapting the proof of the same theorem.
Forn >0,z € Z4 A C 74, let

qz(A;n) = Py[Ha < n]
be the probability that, starting from z, the simple random walk enters A before time n.

We use the abbreviation ¢, (y;n) := ¢.({y};n) for the hitting probabilities of one-point
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sets, and ¢, (A) := ¢, (4; 00) for the probability that the simple random walk ever enters
the set A. It is elementary to obtain that for all z,y € Z¢ and n > ||z — y||? (see e.g.
Theorem 2.2 of [1])

Cy
n) > ——————,
e

Gy
L [lz —yll=2

(3.3)
0 (y) <

Next, for z € Z® and a finite set A C Z%, define
(z,A;n) Zg T,Y;n
yeA

Clearly, g(x, A;n) is the expected number of visits to A up to time n, starting from z. As
before, we set g(z, A) := g(z, A; 00).
The following lemma will be used repeatedly to estimate the hitting probabilities:

Lemma 3.1. Forall z € Z¢, finite A ¢ Z%, and 0 < n < o0

g(x, A;n) g(x, A) .
maxyeca g(y, A;n) mingec4 g(y, A)

< qe(A5n) < (3.4)

Proof. Using the definition of g and the strong Markov property,
g(va) = Z PE[HA < OO7XHA = y]g(yaA)
yeA
>m1mgy7 ZP [Ho <00, Xp, =9

yeA

Since ¢.(A;n) < qu(A) = 32, c4 Po[Ha < 00, X, = y], the second inequality in (3.4)
follows. The first inequality is then implied by

g(z, A;n) ZZP [Ha =k, Xu, =ylg(y, A;n —k)

k=0ycA

< ZZPI[HA = k7XHA = y]g(y>A7n)

k=0ycA

<maX9(y7An ZZP HA*k XHA* }7
yed k=1ycA

together with g, (A;n) = >0 3" ca PulHa =k, X, = y]. O

Let us use the notation /(z, A) = maxyca ||z — y||~ for the maximal distance be-
tween x and the points of A. Two following simple lemmas contain lower bounds on
hitting probabilities of sets.

Lemma 3.2. Suppose that A is a connected finite subset of Z¢, containing at least two
sites. Then, for allz € Z¢ and n > ({(z, A))?,

C; diam(A) P
(6(x, A))4=2Indiam(A)’ 7
qx (Aa n) >
03 dlam(A) d>4
(£, A))d=2" T
EJP 17 (2012), paper 29. ejp.ejpecp.org
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Proof. Since A is connected, it is possible to find (not necessarily connected) set A’ C A
with the following properties:

+ |A'| = diam(A),
* one can represent A’ = {z1,...,Zgiam(4)} in such a way that ||z; — 2|l > |i — j]
foralli,j =1,... ,diam(A).

Indeed, it holds that the size of the projection of A on one of the coordinate axes is at
least diam(A) and this projection is an interval; then, for all points in the projection pick
exactly one element of A that projects there, and erase ‘unnecessary’ points of A. Then,
by (3.1) we have for any n > ({(x, A))?

C, diam(A)
/. e S
g(xaA an) =14+ (€($,A))d727

and, by (3.2), for any y € A4/,

diam(A) .
201 ¢y Indiam(A), d=3
,A/; n < 71 < ) 9
g(y )— JZ:% 1_’_](172 — 1, d24
Since ¢, (A;n) > g.(A’;n) for all n, the claim follows from Lemma 3.1. O

The previous lemma works well for sparse connected sets. For more densely packed
sets we need another estimate:

Lemma 3.3. For all x € 7%, finite A C Z¢ containing at least two sites, and all n >
(0(z, A))?,
CulAIt—4

a=(din) 2 e, e

Proof. Again using (3.1), we have for any n > ({(x, A))?

C1]A]
. >
g(z, A;n) > T (0, )72

To obtain an upper bound on g(y, A;n) for y € A, we observe that
He e Z: ||| € [k, k+ 1)} = O(k?1).
So, using (3.2), we have fory € A

_a
1+ [ly — 2[|42

gy, Ain) <>

z€A
R
<03|§|: C£C4kd_l
T 14kd?
2/d
S C5‘f4| / 9

where we have used an obvious worst-case estimate (all the points of A are grouped
around y, forming roughly a ball of radius ©(|4|'/%)) on the passage from the first to
the second line of the above display. Then, applying Lemma 3.1 we conclude the proof
of Lemma 3.3. O

We end this section by stating a few well-known facts about the behavior of the set
of sites visited by a simple random walk by time n. As we could not locate suitable
references, we also sketch their proofs.
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Lemma 3.4. Suppose that d > 3 and let R(n) = {Xo,...,Xn} be the set of sites visited
by a simple random walk by time n. Then, for any fixed a; € (0,1),

P[0~ < diam(R(n?)) < n' 0 [R(n?)] 2 n? 2] 21— se(n).

Proof. The upper bound on the diameter follows from any convenient large deviation
bound on the displacement of the simple random walk (e.g. Lemma 1.5.1 of [3]).

To control the diameter and the number of visited sites from below, we use the
following simple argument: We divide the temporal interval [0, n?] into ¢~ 'n?* subin-
tervals of length cn?~2°1, for a large enough c. Clearly, on each of the subintervals of
length cn?~2* the maximal displacement of the simple random walk is at least n!=1
with a constant probability, e.g., by the central limit theorem. Noting that by time k the
number of visited sites is at most k, and that the expectation of this number is at least
'k (it is straightforward to obtain this from (3.1)), we deduce that also with at least
constant probability! the number of different sites visited by the random walk during
a fixed temporal interval of length cn?72°! is at least n272 (if c is large enough). Fi-
nally, to estimate the probability that the event of interest occurs on at least one of the
¢~ n2* subintervals, use the independence. The claim then follows easily. O

We also need an estimate on the number of different sites visited by several random
walks:

Lemma 3.5. Let (X;l))jzo, e (X](-k))jzo be k independent simple random walks started

from arbitrary points ™, ... 2™, and denote R;(m) = {X{,..., X}, j = 1,... k.
Assume that n" < k < n?2 for some fixed h € (0,d — 2). Then, for any az € (0,h) we
have

k

PH U Rj(n2)‘ > kn2*a3} >1—se(n).
j=1
Proof. We use a similar argument as in the previous proof. We divide the k£ walks into
¢ 'n®s groups, each containing ckn~®3 walks. Consider now the ckn~ 23 walks of the,
say, first group, suppose that they are labelled from 1 to ckn™“3. Let

ckn~*3

V= U R;(n?)

be the set of sites visited by the walks from the first group. For y € Z¢, define

ckn— 3

)= > Y2V —y| <n}

Jj=1

to be the number of walks of the first group that start at distance at most n from y.
By (3.3), using ((y) < k < n?"2, we have

e ¢((y)
PlyeV]=1- 31;[1 (1= gu (y;n?)) > -

1For any random variable ¢ with 0 < ¢ < a a.s. and E¢ > b, it is true that P[¢ > b/2] > b/(2a).
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So, if ¢ is large enough

ElV|=)_ PlyeV]

y€eZa
¢
> o Z ¢(y)
yeZ4

c'ckn—s
> W!‘{yi lyll < n}

> 2kn279s,
Since, trivially, |V| < ckn?~93, it holds that |V| > kn?~®* with at least a constant prob-

ability. As the same reasoning applies to each of the ¢~ 'n® groups, the claim of the
lemma follows by independence. O

4 Intersections of random walks

In this section we show that the set of points visited by sufficiently many walks
started in B(n) is typically well connected; the precise statement of this fact is contained
in Proposition 4.2.

To state this proposition we need some notation. We consider two sequences of

positive random variables 7\, 3{" satisfying 7"’ < 7{") and

PA™ > Csn?=27" > 1 — se.(n), (4.1)
P < Cen™] > 1 — se.(n), (4.2)

for some h < 2 and M > 0. Let X X@") pe 7" independent simple random

walks starting from some sites z(1), . .. ,w(ﬁgn)) € B(n). We write P for the joint distribu-
tion of these walks. Let Ry(m) = {Xék), . ,Xﬁ,]f)} be the set of different sites visited by
kth random walk until time m. We write H%, H% for the entrance and hitting time of A
by random walk X *) (recall (2.1)).

Definition 4.1. For integers s,m > 1 we say that X is (s, m)-connected to X if
there exist a sequence of integers i = kg, k1,...,ks = j such that

ke<i\™,  forallt=0,...,s
Ry, (m) N Ry, _,(m) # 0, forallt=1,...,s.

(We do not indicate the dependence on n in order to keep the notations not too heavy.)

In words, the definition says that the trajectories are (s, m)-connected if one can go
from the starting point of the ith trajectory to the starting point of the jth trajectory
within the cluster of the first ﬁg") trajectories, by changing no more than s times the
trajectory, and using at most m sites in the beginning of each trajectory.

Let us define for k& < ﬁén) the following set of integers:

Li={m>1:{X{0) ... X5 1o 30 B(n) £ 0},

and let
JM = {k <l |Ly| = 0} (4.3)

be the index set of the walks that do not come back to B(n) after the time 3n>.
Ford >3 and h < 2, define

B(d,h) == min{k >1: % + (d—3+h7 %) (1 - %)H < 1} (4.4)
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(in fact, this quantity represents the necessary number of steps in the recursive con-
struction used in the proof of Proposition 4.2, see (4.8) and (4.15); at this point we only
observe that 3(d, ) is finite since % < 1).

The following proposition plays the key role in this paper:

Proposition 4.2. Let ﬁ%n), ﬁén) and X®), k < ﬁ;n), be as above. Then

P[Vi,j < ﬁin), X% and X are (28(d, h) + 1,2n%)-connected] > 1 — se.(n).  (4.5)
Moreover,
P[vi <i{ 3j < 7™ such that R;(n?) N R;(2n%) # 0] > 1 — se.(n), (4.6)
and

P[Vi < i ¥m € L; 3j < #\" such that

x® x® NR;(2n%) £ 0] >1— @7
{ 3mn2 " 3(m+1)n2—1} J( n )75 ] ft 5'2'(”‘)'

Remark 4.3. (a) The estimates in the above proposition only depend on the number
of walks that we consider, they are uniform with respect to the choice of the starting
positions.

(b) Typically, when applying Proposition 4.2 to the interlacement set (say, in the ball
B(n)), the variables ﬁin), ﬁén) will be of order n®2, so that h = 0. The proposition implies
that the model of random interlacements is ‘far from the criticality’ with respect to the
connectedness of the interlacement cluster; we typically need much less than ©(n?=?)
walks to ensure that the interlacement set is ‘well connected’.

(c) In the most important case h = 0, it holds that 3(3,0) = 1,5(4,0) = 2,5(5,0) =
3,5(6,0) = 4, but then 3(7,0) = 6. Comparing this with the results of [10, 7] (where it
is proved that every two points in Z" can be joined by a path switching the trajectory
at most ([d/2] — 1)-times) indicates that the constants (3(d,h) are not optimal. The
authors did not check if the formula (4.4) can be further simplified, but it is clear that
B(d,h) = ©(dInd) as d — co. In any case, for our needs it is enough to know that 5(d, h)
is finite for any d > 3 and h < 2/d, and this fact is quite obvious.

First, let us describe informally the idea of the proof for the particular case h = 0
(one may note that there are many similarities with the proof of Theorem 3.2 of [1],
and with techniques used in [10]). Consider the random walk X and run it up to
time n?. Then, diam(R;(n?)) is typically of order n, so any other random walk X (*)
hits the set R;(n?) with probability at least of order roughly n~(¢=3) (with logarithmic
correction for d = 3) by Lemma 3.2. Since there are ©(n?2) other available walks, with
high probability R;(n?) will be hit by ©(n) different other walks. In dimension d = 3,
running these ©(n) walks for n? time units more after the respective hitting moments of
R1(n?) is already enough to meet all the other trajectories (again applying Lemma 3.2,
one obtains that the probability that any other trajectory hits none of those walks is
almost exponentially small in n). In dimension d > 4 this argument, however, just
barely does not work.

So, what to do in dimension 4? Consider those ©(n) trajectories (of length n?) that
intersect the initial one. Together with the initial trajectory, they form a connected
set of cardinality roughly n3. We then apply Lemma 3.3 to obtain that a random walk
starting somewhere at the boundary of B(n) will hit such a set with probability at least
of order n~2 x n31~%). Since (recall that now d = 4) we have ©(n?) walks in total,
typically @(nS(l‘%)) of them will hit that set. Since in four dimensions Lemma 3.2 gives
lower bound of order n~! for the hitting probability of the initial piece of length n? of
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a generic trajectory and 3(1 — 2) = 2 > 1, running these ©(n3/2) walks a bit more we

meet all the other trajectories with high probability (see on Figure 1 an illustration of
the proof for d = 4).

Figure 1: On the proof of Proposition 4.2 for d = 4. One considers first the trajectory of
some particle (labelled here by ‘1’) up to time n2. The trajectories of particles labelled
by ‘2’ meet the first trajectory (the small boxes indicate the corresponding places of
first hitting). The particles labelled by ‘3’ then hit the set formed by the trajectories
with labels ‘1’ and ‘2’. Continuing the trajectories of ‘3’-particles a bit more, one finds a
‘generic’ trajectory (the thick one on this picture) with very high probability.

Again, in dimension d = 5 this fails since Lemma 3.2 now gives a lower bound of
order n~2. However, iterating the same construction as above, we then obtain roughly
O(n?+3(1-2)(1-2)) independent walks, and, since (2 + 3(1 — 2))(1 — 2) = 5T > 2, these
are enough to detect all the other walks. For any fixed d one can perform enough
iterations to make this construction work.

If we recursively define the sequence

2
=1, ol =@ +2)(1-2), (4.8)
then the necessary number of iterations 3(d,0) can be calculated as follows:
B(d,0) = min{k : a,,(cd) > d — 3}.

Since it is straightforward to obtain from the recursion (4.8) that

A =d_2_ (d73)<1 _ %)"_1,
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we see that the above definition of 5(d,0) agrees to (4.4).
In order to make the above argument rigorous, we have to address several issues,
for example:

* Deal with the dependence of the walks that participate in different stages of the
above construction. This can be done by dividing the walks we use into 3(d, h)
groups and use one group on each stage.

* In fact, the trajectories can go back to the ball B(n) at later epochs (i.e., much later
then n2). To prove (4.7), we have to assure that the random walks constructed on
the SB(d, h)th stage would meet these pieces of the trajectories too, otherwise we
would have no good control on the distance within the interlacement cluster. So,
we have to control the ‘total number of returns’ (see (4.11) below). In addition, in
the above construction we shall use only the walks conditioned on not returning
to B(n) after time 3n? (in order not to be obliged to condition on a too much
detailed future behaviour of the trajectory).

e Finally, all the events described in the informal construction should not only be
‘typical’ in some sense, but hold with probability at least 1 — se.(n). For that, we
need to ‘adjust’ (by sufficiently small amounts) the values in the power of n on
each stage.

Proof of Proposition 4.2. We start with the formal proof of Proposition 4.2. To simplify
the notation we write 8 = §(d, h). Recall (4.3) and define form =1,...,

_ 1\am A(n)
Jéy) — {k c Jm . (m 61)771 <k< mm }

Since, clearly, there is a constant ¢4 > 0 such that for all x € B(n) we have
P.[X,, ¢ B(n) for all m > n?| > ¢4, (4.9)
we obtain that

P[lJM] > esn® 27" forall m = 1,..., 8] > 1 — se.(n). (4.10)

m
Inequality (4.9) further implies that that for every k,m > 1
P[|Lk| > m] <e ™. (4.11)

In the sequel, we will repeatedly use the following observation. For a simple random
walk X, let X[ 2,2) be the piece of trajectory of the walk X up to time 2n?. Then there
is a constant cg > 0 such that for any event A which depends only on the initial piece of
the trajectory of length 2n?

P[X[0,202] € A | X, ¢ B(n) for all m > 3n°] > cs P[X[,202) € 4]. (4.12)
Indeed, to prove (4.12), we write

P[X[0.2n2] € A | X, ¢ B(n) for all m > 3n?|
> P[X[p.202) € A, X, ¢ B(n) for all m > 3n?]
= P[X[g2n2] € A]P[Xy, ¢ B(n) for all m > 3n” | X[ 2n2] € AJ,

> PXjo.00 € A] inf Py | X, ¢ B(n) for all m > nﬂ
S
and use (4.9) to argue that the last term is at least of constant order.
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As a last preparatory observation, note that, for any ¢ > 0, by Lemma 3.4 and the
observation following Definition 2.1,

for all k < A", diam(Ry,(n?)) > nl—,

diam({Xg(,f,znm . 7X§]&+1)n2,1}) >nl=cforallm € Ly

>1—se(n).  (4.13)

Leti; =min{j:j € Jl(")}, and define
Vi = Ri, (0 ATp,,)-

For any j we obtain using Lemma 3.2, and (4.12) with 4 = {R;(n?) N V; # 0},

codiam(Vy) -~ _ 4
9 o nlnn o
PRi(n")NVi#0]je ;"] = (4.14)
cg diam(V7)
a2 d>4.

We introduce the set of indices K1 = {j € Jl(”) \ {i1} : Rj(n®)NVi # 0}. By (4.10),
(4.13), and (4.14), using the independence the random walks X, it holds that

P[|K,| > n'"h51] > 1 — se.(n),

where ¢; := 2¢ (¢ is supposed to be sufficiently small so that 1 — h —&; > 0).

For d = 3, everything is ready to finish the proof of Proposition 4.2, but for other
values of d we first need to describe a general step of the construction (recall that 3
steps are necessary). Define recursively (recall (4.8))

a; = al(d,h) =1 —h,

2
anit = a1 (d, ) = (an(d, ) +2) (1~ >

From the above recursion it is straightforward to obtain that

dh dh 2\ -1
n=d—2- 20 (d—3 h——)(l——) .
“ 2 e d
So, with 5 defined by (4.4), it holds that ag > d — 3.
Assume that for some 1 < m < 3—1 we have constructed the connected sets V,,, C Z¢
and also the sets K,, C Jr(,f ) of indices of the walks which hit V., before time n?, such
that with probability at least 1 — se.(n)

) o (4.15)

| K| > nom—em, (4.16)

Then, define

Vi =V U (U Ri(@2n* AThis,) )
JEKm

By Lemma 3.5 (observe that, by (4.12), its proof still goes through in this situation)
and (4.16) it holds that

P[|Viypga| > n?Tom=2em] > 1 — se.(n). (4.17)

Define K,,+1 = {j € Jﬁﬂl : Rj(n®) NV, # 0}. Observe that, by Lemma 3.3 and (4.12)
with A = {R(n?) N V41 # 0}, forany j € Jf:ll

C|Vm+1|17%

P[R;(n*) N Vi1 # 0] > d—2

(4.18)
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So, using (4.10), (4.13), (4.17), and (4.18), we obtain
PUK7n+1| > n(2+am725m)(1*%)*h76m] > 1— se(n),

and (for the next induction step) denote €,,+1 = am+1 — (2 + @ — 26, ) (1 — %) + €m, SO
that (4.16) would hold with m + 1 instead of m.

Now we describe the last step needed for the proof of (4.5), (4.6), and (4.7). Assume
that on the initial step the parameter ¢ was chosen to be so small that ag —e3 > d—3+-e¢.
Consider the walks with indices in Kpg; after hitting V3 the rest of the trajectory is
conditionally independent from the initial part, so Lemma 3.2 and (4.12) imply that, for
jeKg

—€

T d=3,
() () nn
P[{XH%H,...,XH%W}mA;é(z)}2 -
oY d=>4,

for any connected set A C B(2n) such that diam(A) > n!=¢. Using this together
with (4.11) and (4.13), we conclude the proof of Proposition 4.2. O

5 Proof of Theorem 1.5

Using Proposition 4.2, it is straightforward to show Theorem 1.5. Denote by 777(]1) the
number of trajectories at level u entering B(n), that is the number of trajectories in the
support /1,73(”) (recall (2.2) for the notation). By the definition of random interlacement,

nqsn) has Poisson distribution with parameter ucap(B(n)) = ©(un . Therefore, using

e.g. Chernoff bounds we obtain for small enough ¢; and large enough ¢, that

d—2)

Pleyun®=? < 9 < coun®=?] > 1 — se.(n). (5.1)
Assume for the moment that
P[there exists u > 0 such that Z" is not connected] > 0. (5.2)
Then, one can find ¢ > 0 and 0 < u < @4 < oo such that
P[there exists v’ € [u, 4] such that 7% is not connected] > ¢,

and so, denoting by 77, = U,.u, esupp e

the trajectories that intersect B(n), we have

) Ran w; the interlacement set generated by

lim inf P[there exists u’ € [u, 4] such that IZJ/

n—roo n

) is not connected] > ¢.

This, however, contradicts Proposition 4.2: putting ﬁ%n) =, ﬁé”) = 17,(1"), and us-
ing (5.1), we see that, if both events in the left-hand sides of (4.5) and (4.6) occur, then
I(“,,;) should be connected for all ' € [u, 4]; on the other hand, the probability of these

events approaches 1 as n — oo. So, (5.2) cannot be true. O

6 Large deviations for the internal distance

In this section we prove Theorem 1.3. To this end we fix a € (0,1/3) and investigate
the properties of 7% when restricted to

G = | ) B(ke1,n®).

k=0
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In words, G&") is the n“-neighbourhood of the segment between the origin and ne;
(recall that B(z,r) denotes the ball in the | - ||»-distance).
First, we need the following elementary estimate on e ) (A).

Lemma 6.1. Let F}, be the hyperplane {x ¢ Z¢ : x-e, = k}. Then, for any k €
{=|n*] +1,...,|n+n*| — 1}, it holds that

a(d—3)
N i g
eGgm (Fk) = Z P£ [HGSIH) = OO] 2 hln
€GNy, en™d=3) 4> 4.

Proof. We adapt the proof of Proposition 2.4.5 of [3]. Let
Gn = ([~4n,4n] x [-n®, n% 1) Nz
As G, — le; D G((l") — ke for any k as in the statement and ¢ € {—2n,...,2n},

> PlHum=00]> Y PlHg =o0l. 6.1)
2€9G NFy, 2€0G,,NF,

Let W = G,,N{xz : [z-e;| > 2n}. It is elementary to see that Py[Hy = oo] > c. Inspecting
tpe proof of [3, Proposition 2.4.1(c)], denoting by L the last time the random walk visits
G, we get

¢ < Py[Hy = 0]
§P0[|XL'61|§271]
= > g(0,2)P.[Hg, = o]

zEBén,\z-el |<2n
2n

< Z sup  ¢(0,2) Z P.[Hs = ol
$=—92n 2€0G,NF, 2€0G,NF,

l

Using (6.1), we then get

2n

c< Y P[Hg =oc] Y sup g(0,2).
2€0G™M NFy, t=—2n 2€0GnNF;

The lemma then follows using the elementary asymptotics g(0, z) < ||z[|>~? (recall (3.1)-
(3.2)). O
Let 0, = nn(u, a) be the number of trajectories of ué(n) (recall (2.2)). As before, we

enumerate the corresponding random walks as X ... X () denote their starting
positions by z(M),... ("), and let Ry(m) be the set of different sites visited by kth
random walk by time m.

Let us define

Up = B([kn®Je1,n?) = {y e G : ly-e; — |kn?|| <n}, k=0,...,n. (6.2)
Due to Lemma 6.1, for any k € {0,...,n},

C’I’La(d_2)

egm (Uy) 2 fa(n) =4 1nn
cn“(d_Q), d > 4.

) d:37
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Let npr = [{t <y : X(()i) € Ui }| be the number of walks starting in Uy. Using the
large deviation properties of the Poisson distribution, as in (5.1), we obtain

IP[clfd(n) <g < CQfd(n)] >1—se(n). (6.3)
We now fix a small positive constant € > 0, and define for 1 < k <,

e k n) s a
je=inf{j >0: X7(7,22”+5)+(j—1)n2“+i ¢ G((l ) Vi=0,...,n° 1,
tAk _ n?(aJre) + jkn2a,

T = inf{j > 0 : diam(Ry(j)) > 202+ } ALy

Denote by 7 (respectively, 7) the ‘interlacement’ set formed only by the initial pieces of
length #;, (respectively, ;) of the trajectories (X, k=1,...,m,):

MNn MNn
IT=|JRe(tr), I=JRelx)
k=1 k=1

Observe that 7% > 7 > Z. Further, by the central limit theorem, for any = € szn),
P, [TG<”> < n2% > c. Therefore, using the strong Markov property recursively on the
definition of ji,

Pljr > n°] < se(n).
When j;, < n¢, then diam(Ry(fx)) < 2n2(¢*+¢). Therefore,
P[Z # 7] < se.(n). (6.4)

Heuristically, the set 7, is ‘well suited’ for application of Proposition 4.2 as it has no
‘dangling ends’ in G\"). By this we mean that knowing that X ® is in G{") at some time
j, its next n2 steps will be contained in Z:

(x® eam j<iy = {i>j+n™).

On the other hand, the trajectories in Z are ‘short range’, which will introduce some
independence later.

We now introduce a notation that will be useful many times, see Figure 2 for its
illustration. For z € Z4 \ {0} and y € Z%, we define

éf)(y) =max{m < 0:mx +y € I"},
G () = minfm > ¢ (y) :me +y €, k20,

We set z/)l(f)(y) =y+ (C,iz)(y))a: to be the site on Z" corresponding to (j,f) (y). Wheny =0
and/or z = e;, we omit them from the notation, that is e.g. (; := ,Eel)(()).

As the first step of the proof of Theorem 1.3, we control the distance between the
left- and right-most intersection of 7*“ with the segment (0,ne;]. More precisely, we
want to show that

Plou(¢1,¢0(ne1)) > en] < se.(n) (6.5)

for a c large. (Observe that Pj[¢o = 0] = 1.)

We write j(z,y) for the internal distance of z, y on Z and define z/?i(m)(y) similarly as
1/31@ (y), using 7 instead of Z". Observe that 1&1(“") (y) depends on n. It may happen that
1 = U1, Yo(ner) = Yo(ner), but that is not certain. In any case,

pu(th1,o(ner)) < pu(%»lﬁl) + ﬁ(zﬁlﬂ&()(nel)) + pu(’@[]()(nel)a YPo(ner)). (6.6)

To bound the right-hand side, we need few lemmas.
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Figure 2: Construction of Ci(x)(y) and wl(z)(y). Here (OI) (y) = —1, Clm) (y) =2, (296) (y) =3
and ¢{” (y) = 5.

Lemma 6.2. Let gq(k) = e “* when d > 4, and g3(k) = e “**/™"k_ Then, for every
a€(0,1/3),e >0, €Z\ {0}, y € Z4,

P[5 W)lloe > K] < ga(k), (6.7)
Further, for y such that B(y,n*/?) c G{",

P[00 1) loe > k] < ga(k) + se.(n).

Proof. Let S, = {y + jz : 0 < j < k}. The first claim follows directly from the definition
of 7" (observe that for any A C Z? it holds that P*[ANZ" = (] = e~ *<*P(4)) and the
simple estimate on the capacity of the ‘segment’ Sy (see e.g. [3], Proposition 2.4.5)

O(k/Ink d=3
cap S = (k/Ink), ’
o(k), d>4.

For the second statement, we assume without loss of generality that y = 0, and
define A,, = {0 < k < n®, k even}. For every j € A,, and z € U;, by Lemma 3.2,

ck
((F+ 1)no)d—21nk’
ck
((j + Dno)d=2’

Combining this estimate with (6.3), using ¢;, > n?(*¢), we obtain in d = 3,

ck c1n®@=2 /Inn
> k] < ( )
Pl 2 K] <se(m)+ 1 (1 = rrmpmeyeems
JEAR

Cgk‘ 1
< se. -
_5e(n)+exp{ lnnlnkjezA: (j_H)dQ}

< e~k Ik 4 ge (n).

d=3,
Ga(Sp; 1)) >
d> 4.

For d > 4 the calculation is very similar. Actually, it is sufficient to consider only the
term j = 0, as there are no logarithmic terms in the denominator. O
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As a consequence of the last lemma and Proposition 4.2 we obtain,

Plp,(th1,91) < ¢n?] > 1 - se.(n), (6.8)
Plp, (Yo(ner), vo(ne)) < ¢n'] > 1 — se.(n). (6.9)

Indeed, obviously
Plpu (1, 1) > ¢/n*"] 6.10)

< P[{¢1,91} ¢ B(n")] + P[{1, 91} C B(n), pu(¥1,1) > 'n?].

The first term in the right-hand side is se.(n) by Lemma 6.2. For the second one, it
suffices to set ¢ = 3(28(h,d) + 1) and apply Proposition 4.2 to Uy (recall (6.2)) and
(n) = né R 7n,0 which satisfy the assumptions (4.1) and (4.2) due to (6.3). Claim (6.8)
then follows. The proof of (6.9) is completely analogous.
Similarly, applying Proposition 4.2 to the sequence of sets Uy, k =0, ..., n, we obtain
that
PP[Z is connected] > 1 — se.(n).

To bound the middle term on the right-hand side of (6.6), we consider the sequence
of random variables

Fn_ p(ker, i (ker)), ifkey €T, || (ker) — kel < n®
b 0, otherwise .

It is clear that on the event {||{; (kei) — ke1|| < n%: k = 0,...,n}, which by Lemma 6.2
has probability 1 — se.(n), we have

n

(1, o (ner)) Z (6.11)

k=0
To control the sum, we need a tail estimate on 7} that is uniform in n.

Lemma 6.3. Forevery k =0,...,n, uniformly in k, we have
P[T] > (] < se.(n) + se.(f).

Proof. Without loss of generality we consider & = 0 only. First, we fix m < n%/2 and
control the number of trajectories entering B(m). We claim that

Pl{i < np : B(m)<t}>csm 1 >1—se(m). (6.12)
To prove (6.12) we use an argument similar to the proof of Lemma 6.2. We define
A, ={0<k< n/? k even}. For every j € A,,, and = € U;, by Lemma 3.3,
d—2

cm

m); n2(ate) —_— .
qw(B( )’ (et )Z ((j+1)na)d72

Using (6.3), the number of walks starting in U; hitting B(m) has a Poisson distribution
with parameter at least

/md72
— =3
cfamym®? | G+1)"2Inn’ ’
((] + l)na d—2 — C/md—2
GroeE =t
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Using the stability of the Poisson distribution, this yields that the number of walks
starting in {J,c 4, U; hitting B(m) has a Poisson distribution with mean at least ¢ md=2,
Claim (6.12) then follows from the large deviation properties of the Poisson distribution
again.

We now apply Proposition 4.2 with m instead of n, G,,, = B(m) and ﬁ§’”>, ﬁém) being
the number of walks entering B(m). Assumptions (4.1), (4.2) are satisfied by the pre-
vious discussion. The construction of Z assures that the walks do not stop earlier than
after making 2m? < 2n2® steps. Therefore, by an argument similar to proof of (6.8), for
¢ =2(28(h,d) + 3)

PITy > ¢'m?] < P[0 € Z)(PY[¢ ¢ B(m)] + PY[Tg > ¢'m?, 41 € B(m))).

Both terms in the parentheses are se.(m), the first one by Lemma 6.2, the second one by

Proposition 4.2. Taking m, such that ¢'m? = ¢, the lemma follows for for ¢ < ¢/(n/2)%*.
For the remaining ¢’s it suffices to observe that se.(¢) < se.(n) and apply the same

reasoning as before with B(n®) instead of B(m). O

We can now control the sum (6.11). To this end we define p, 1@(‘”) (y), T,? in the same
way as p, 1[)2@) (y), T,?, using 7 instead of Z. Due to (6.4),

Plthere exists 0 < k < n: T,’f % T,’f] < se(n). (6.13)
Therefore, by the previous lemma, for every k,
P[T] > {] < se.(n) + se.(f).

The random variable 7} depends only on the random walks that can enter the ball
B(kei,n%). As diam(R;(f)) < 2n%@+¢) by definition, setting b, = 5n%(®+9), this im-
plies that for every j € {1,...,b,} the random variables (T}, +; : k = 1,...,n/b,) are
independent.

Therefore, for large enough ¢, using the observation above (6.11), and (6.13),

P[p(4h1, o(ner)) > en/2] < IP{ZTAk > cn/Q} + se.(n)

k=0
< P{ [ > cn/z} +se.(n)
=0 (6.14)
n/by
<P [aj €Lbal: > Ty = cn/(2bn)}
k=0
<1-—se(n),

where for the last inequality we used the fact that a < % and then applied a large
deviation bound for random variables without exponential moments (e.g., Theorem 1.1
of [6]).

Combining (6.14), (6.8), (6.9) with (6.6), the inequality (6.5) follows.

To conclude the proof of Theorem 1.3, observe that (6.5) implies that for large

enough ¢
P[3k € [n/2,n] such that ke; € Z“ and p, (1, ke1) > cn]
< IP[ U {pu(1,7b0(jer)) > C”}}

j€[n/2,n]
< se(n),
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and then, since for any k € [0,n/2] such that ke; € Z" one can write p,(¢1,ke;) <
pu(h1,v0(ner)) + pu(to(ner), ker), we have

P[3k € [—n,n| such that ke; € Z% and p, (Y1, ke1) > en] < se.(n). (6.15)

Observe that, by symmetry, (6.15) also holds if one substitutes e; by any coordinate
vector e;, j = 2,...,d. The claim of the lemma then follows if one writes, on z =
(z1,...,24) € Z, and 0 € T4,

pu(0,2) < pu (0,9 (0)) + pu (01O ) (21e1))

+ pul (()el)(l’lel)7 ¢§e2)$161) + pu(%e”mel, 1/)(()e2)($191 + z2€9))
+...

+ pu( (()ed_l)(xlel + -+ xd—1ed—1)7¢£ed)(xle1 +Fxi_1€4-1))
+ o1 (1€ + -+ 2a_1eq-1), O (@),

and uses the same reasoning for the even terms in the right-hand side, and bounds the
odd terms using (6.7) and Proposition 4.2, using the same argument as e.g. in (6.10).
This completes the proof of Theorem 1.3. O

7 Proof of the shape theorem

In this section, to prove Theorem 1.1, we use more or less standard argument based
on the Subadditive Ergodic Theorem. For reader’s convenience, let us state this theo-
rem here (we use the version of [5]):

Theorem 7.1. Suppose that {Y(m,n)} is a collection of positive random variables in-
dexed by integers satisfying 0 < m < n such that

() Y(0,n) <Y(0,m)+Y(m,n) forall0 < m < n;
(ii) The joint distribution of {Y (m+1, m+k+1),k > 1} is the same as that of {Y (m, m+
k), k > 1} for each m > 0;
(iii) For each k > 1 the sequence of random variables {Y (nk,(n + 1)k),n > 1} is a
stationary ergodic process;
(iv) EY (0,1) < oo.

Then, it holds that

lim Y(0,n) = inf EY(0,n) a.s.
noo M n>0 n

We are going to verify the hypotheses of Theorem 7.1 for the sequence of random
variables

Y(m,n) = pu (0, 9i),

under the measure Pj. First, (i) is obvious since p,, is a metric. Stationarity and ergod-
icity in (ii)-(iii) follow from the corresponding properties of 7%, see Theorem 2.1 of [12].
The property (iv) then follows from the estimate

Py [0u(0,91") > n] < se.(n),

which can be proved by applying the same procedure as in (6.10), using Lemma 6.2 and
Proposition 4.2.
Theorem 7.1 implies that for any = € Z< there exists a positive number o/,(z) such

that (@)
P/ lim pu(0,¥n7) _ o
n—oo n

(z)| = 1. (7.1)
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0 x w(ﬂi)ln
Figure 3: On the proof of Lemma 7.2

Then, define for z # 0

ol (z
oule) = 220 (7.2

Lil6)
and o,(0) := 0. With (7.1) it is straightforward to obtain (observe that, according to our
notations, w(()z) (nz) is either nx itself in the case nx € 7%, or it is the ‘last site before na’

on the discrete ray {kz,k > 0} if nz ¢ Z“), using also the usual Ergodic Theorem and
(6.7), that

oy Pu(0. 467 (na)

n—00 n

=o,(x) Pj-a.s. (7.3)

It is also straightforward to obtain that for any integer m and = € Z¢, it holds that
ou(mx) = mo,(x); this permits us to extend o, to Q? by o, (z) := m~'o,(mz), where m
is such that mz € Z?. Also, it is clear that o, (z) > ||z||; for any x € Q.

Next, the goal is to prove that o, is a norm.

Lemma 7.2. Forall z,y € Q¢ we have
ou(x+y) < ou(x) + ou(y). (7.4)
Proof. Abbreviate b, = EZ{C{‘%); from the Ergodic Theorem we obtain

e, = nal
m — =

n—00 n

Pj-a.s. (7.5)
Since p,, is a metric, we have (see Figure 3)

( (= T v 2 T
pu(0.0,2s (,2%)) 3 pu(0,4) ) N pu( s 2 (0 2))

b;ln
n - n n

(7.6)

for any n. Then, the trick is to take the limit as n — oo in (7.6) in probability. First of all,

a direct application of (7.1)-(7.2) shows that the first term in the right-hand side of (7.6)

converges to o, (r), even P¥-a.s. Next, under P¥ it holds that p,, (wl(ﬁ)l ,1/)15?1)1 W) ) is
z N y

-1
by n

equal to p, (0, ¢1§zi)1n) in distribution, so the second term in the right-hand side of (7.6)
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converges to o, (y) in distribution and hence in probability. As for the term in the left-
hand side of (7.6), write

(v) (z) (z+y) () (@) (z+y)
pu(0.4 (7)) N pul00,T0) (i, (00,) 5T -
n - n n ' ’

Again, the first term in the right-hand side of (7.7) converges Pj-a.s. to o, (z + y). To
obtain that the second term in the right-hand side of (7.7) converges to 0 in probability,
observe that

ly2, (Wy2,) = 4,53

_ oy (@ty) ()
_ xr+ym _ _
1, . | s [(z+y) ¢bw+1ynll . Inz — 4,5 |l
n n n
2, 2 ) =) —ny|
4 - & . (7.8)

n
Since the third term in the right-hand side of (7.8) equals in distribution to n~!||ny —
00,
Theorem 1.3 implies that the second term in the right-hand side of (7.7) converges to 0
in probability. This proves (7.4). O

, (7.5) implies that the left-hand side of (7.8) converges to 0 in probability, and so

Now, Lemma 7.2 shows that o, can be extended to a norm in R¢ by continuity, and
we are able to finish the proof of Theorem 1.1.

Proof of Theorem 1.1. At this point the argument is quite standard. Let
D, ={zeR%:0,(x) <1}.

Lete’ = (1—¢)' —1,and ¢’ =1 — (1 +¢)~!. To prove Theorem 1.1, it is enough
to prove that nD, NZ* C A“((1 +¢')n) and A*((1 — ¢”)n) C nD, for all n large enough,
Py-a.s.

Since D, is compact, one can find a finite set F := {z1,...,2x} C D, N Q¢ such that
ou(z;) <1fori=1,...,k, and (with C from Theorem 1.3)

k
D,NI" C | B(xi, C7'¢).
=1

Consider any z; € F; let m; be the minimal positive integer such that m;z; € Z2.
Letn = jm; + s, where 0 < s < m; — 1. Then, for all n large enough it holds by (7.3) that
G5 (jmgas) € A¥(n), Pl-a.s.

Now, Theorem 1.3, (6.7) and the Borel-Cantelli lemma imply that PPg-a.s. for all n
large enough we have

B(nz;, C"'ne’) NI C A“(jm;x;, ne’),

foralli=1,2,...,k. SonD,NZ" C A%((1 + &')n), which completes the first part of the
proof.
For the second, choose G := {y1,...,yx} C (2D, \ D) N Q% in such a way that

k
2D, \ D, C | B(yi,€"9).
i=1
Notice that o, (y;) > 1 fori =1,..., k. Again, nG N A%(n) = () for all n large enough P¥-
a.s. Analogously, by Theorem 1.3 and Borel-Cantelli we get that for all n large enough, if
A*((1—e")n)Nn(2D,\D,) # 0, then A*(n)NnG # (. This shows that A“((1—¢")n) C nD,
for all n large enough, P§-a.s., and so concludes the proof of Theorem 1.1. O
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8 Random walk on the torus

It remains to show Theorem 1.6. We recall that T¢, denotes the d-dimensional dis-
crete torus of size N, PV the law of the simple random walk on T4 started from the
uniform distribution, and p¥% (z,y) the internal distance within the set Z}; of sites visited
by the random walk before time uN?, Z% = { X, ... s X |und)}-

Let By(x,r) C T4 be the ball of radius r around = in the usual distance, dy, on the
torus. We first control the internal distance in balls of radius In” N.

Lemma 8.1. Letx € T4, C Z*. Then, for c¢;, v large enough,
P™ [there exist y,z € By(z,In” N) such that p%(y,z) > c;In” N| =o(N~%).  (8.1)
Before proving this lemma, let us explain how it implies Theorem 1.6.

Proof of Theorem 1.6. By the lemma and a simple union bound, with probability tending
to 1, the event in (8.1) is satisfied for all x € 'JP‘}V. If this is the case, we can chain
these boxes to obtain the claim of the theorem. More precisely, consider z,y such that
dn(z,y) > In” N. Then, one can find points © = z1,29,...,2, = y such that x;; €
B(z;,In" N), i <n, and Z::ll dn(zi,xiy1) < 2dy(x,y). As we assume that the event in
(8.1) is satisfied for all balls, for all + < n,

pr(xs, xit1) < crdn(mi, Tig1)-
The theorem then follows using the triangular inequality, setting C' = 2c¢;. 0

Proof of Lemma 8.1. Letr =In” N and R = Cr, with C of Theorem 1.3. By Theorem 1.1
of [13], for any o > 0, there exists a coupling @ of random interlacement on Z¢ and
random walk on the torus, such that

Q[(z""*~® N B(z,R)) C (Z& N Bn(z,R)) C (I***9) N B(x,R))] >1- N~

For points that are in Z*(1=2) N B(z,r) we can use Theorem 1.3 and obtain the required
statement. For points in T} \I“(lff), however, this simple argument fails and we need
more details on the coupling construction.

The construction starts by splitting the random walk trajectory into so-called ex-
cursions. These excursions are independent simple random walk trajectories started
at the boundary of By (z, R) and stopped when staying a sufficiently long time out of
By (x, N17¢), see Section 4 of [13] for the precise definition.

We denote the excursions started before time uN¢ by XM, ..., X(), where 7 is ran-
dom. These excursions are constructed in such a way that

n—1 n
( |J Ran X 1 B(a, R)) c (4 N Bz, R)) C ( |JRan X 1 Bz, R)). (8.2)
=1 =1

Using Lemma 4.3 of [13], it is easy to see that the random variable 7 satisfies
PN[(u+¢)cap B(z,R) > 1 > (u—¢) cap B(z, R)] > 1 — e~¢cap B@.R), (8.3)

Further, combining Lemmas 3.9, 3.10 of [13], it follows that the distribution of the
starting points satisfies for every z € 0B(z,R) and i = 2,..., R

(1- 5)63(1,1?,)(2)

PN X(Z) — >
Xo" =] = capB(z,R)

(8.4)
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that is, it is close to the normalised equilibrium measure. The distribution of the first
excursion cannot be controlled so precisely, as in principle it can start inside of B(x, R),
but it is not issue for us.

The proof of Lemma 8.1 is then completely analogous to proof of Theorem 1.3. It
suffices to observe that the only property of the random interlacement that we used
in the proof of Theorem 1.3 are the bounds on the number and starting distribution
of trajectories entering a fixed set. These bounds follow from (8.3), (8.4). Finally one
should observe that se.(R) = o(N~4) if v is chosen large enough.

There is a small issue with the fact that the last point of the trajectory, X |,yaq|,
might be contained in the last excursion, cf. (8.2). To solve this issue, observe that
our techniques apply to the both ‘clusters’ C := [J!~ Ran X and C := J!_, Ran X(¥).
Hence, with probability 1 —se.(R), the internal distances on these clusters within B(z, r)
are bounded by ¢;r. If this is the case, then the trajectory of X (" must intersect C at
least every (2c; + 1)-steps. For any x € B(z,7) N X NZY% there is thus a path of length
at most (2¢; + 1) lying inside of Z% which connects x to C. Lemma 8.1 then follows by
triangular inequality, by increasing ¢; to 2(2¢; + 1) + ¢;. O

A Domination by Bernoulli percolation

We sketch here a simple argument proving Theorem 1.3 in d > 5, with § = 1. This ar-
gument is based on the domination of the interlacement set Z* in thick two-dimensional
slabs by the standard Bernoulli percolation. This domination seems to be folklore in
the random interlacement community, but to our knowledge it does not appear in any
previous publications.

Let K be a sufficiently large constant and € € (0,1). Let Fy be the set of nearest-
neighbour edges of Z?, and for every e = (z,y) € Ey, let

K
Ge=JB(Kz+i(y—2),K*) c ¢,
1=0

where we standardly identify z = (z1,29) € Z? with (21, 1,0,...,0) € Z%. G, is a thin
parallelepiped of length K + 2K° and width 2K°* along the scaled edge Ke.

Let W C W™ (recall Section 2 for the notation) be the set of all doubly-infinite
trajectories modulo time shift that hit G but not (. gise,e)>1 Ger- The fact that the co-
dimension of Z? is larger than 3, that is, the random walk is transient in the direction
perpendicular to Z2, can be used to show that

w € () contains a trajectory with label smaller than u| k-
—

that intersects G, but is not in W} L (A1)

From Lemma 2 of [9], it follows that the probability that there is a connection along
the long direction of G, within Z* can be made arbitrarily large by increasing K. Let C,
be the event that this connection uses only the trajectories in W/. Using (A.1), it follows
that the probability of C. can be made arbitrarily large by increasing K too.

Moreover, Proposition 1 of [9] (or our Proposition 4.2) can be used to show that for
any r € 7Z? C Z% and v,w € I% N B(Kx, K¢) there is connection of v and w within
7% N B(Kx,2K*) with probability tending to 1 as K increases. We denote by D, the
event that this connection uses only the trajectories in | J,,, W}. Again, applying (A.1)
and choosing K large, the probability of D, can be made arbitrarily large.

Finally, call the edge e = (z,y) € E? good, when C. N D, N D, occur. It follows that
the probability that e is good can be made arbitrarily large by choosing K large. Since
W* and W} are disjoint subsets of W* when dist(e,e’) > 1, the events ‘e is good’ and
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‘e’ is good’ are independent when dist(e,e’) > 4. Moreover, using the events D,, the
connections realising C., C.r in two adjacent good edges e, ¢’ can be connected to form
one path.

Using the domination argument of [4], we see that for K large the good edges domi-
nate the supercritical Bernoulli percolation on Z?2, in particular, there is with probability
one an infinite cluster C C Z?2 of good edges. Moreover, when z,y € C are connected by
a path of length ¢ in C, B(zK, K¢) and B(yK, K¢) are connected by a path of length at
most /{(K + 2K¢)(2K® + 1)47! + 2(4K¢ + 1)%} within Z" (the factor in braces is simply
the volume of the parallelepiped G. plus volume of the two boxes B(x,2K¢), B(y, 2K¢)).

Theorem 1.1 of [2] then implies that the claim of Theorem 1.3 holds (with § = 1) for
allz € 7N Uyec B(y, N¢). The extension to all z € Z" is then trivial by repeating the ar-
gument for other coordinate directions and using Proposition 1 of [9] or Proposition 4.2
to made the final connections to those z’s that are not in the K°-neighbourhood of KC.
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