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1 Introduction

1.1 The parabolic Anderson model

The parabolic Anderson model (PAM) is the heat equation on the lattice with a random potential,
given by

(1)

Zu(t,x) = kAu(t, x) + E(u(t, x), (t,x) € (0,00) x Z4,
u(0, x) = ug(x), xe74,

where k > 0 denotes a diffusion constant, u, a nonnegative function, and A the discrete Laplacian,
defined by
Af()= > [fON-f)], xez' f:2>R.
yeZd:
[x=yl1=1
Furthermore, & := {5 (x),x e Zd} is a random potential. The solution to admits the following
Feynman-Kac representation (see [GM90, Theorem 2.1]),

u(t,x) =E, exp {f £ (X,) ds}uo (X)), (t,x) € [0,00) x Z4,
0

where X is a simple, symmetric, continuous time random walk with generator kA and P, (IE,)
denotes the corresponding probability measure (expectation) if X, = x a.s.

The solution u depends on two effects. On the one hand, the Laplacian tends to make it flat, whereas
the potential causes the occurrence of small regions where almost all mass of the system is located.
The latter effect is called intermittency. It turns out that, the more heavy tailed the potential tails
are, the more dominant it becomes. These regions are often referred to as intermittency islands, and
the solution u(t,-) develops high peaks on these islands. Commonly the almost sure behaviour of
u is referred to as “quenched”, whereas the behaviour after averaging over the potential & is called
“annealed”.

In this paper we will restrict to the case that we have the homogeneous initial condition uy = 1,
and that the potential is i.i.d. In this form the PAM was introduced in [GM90] where existence and
uniqueness of the solution have been investigated as well as first order asymptotics for the statistical
moments and for the almost sure behaviour of the solution. An overview of the rich literature and
recent results on the PAM can be found in [[GKO5]]. Applications of the PAM are summarised for
instance in [M94].

In Section [1.2] we formulate our main results.

1.2 Main results

In this paper we deal with potential tails that decay more slowly than those of a double exponen-
tially (Gumbel) distributed variable X, e.g. P(X > r) = exp{—e’} but still have a finite cumulant
generating function. Examples that satisfy all conditions that we impose later include the Weibull
distribution, i.e., P(X > h) = h" for y € (1,00). Hence, we are in the first universality class in

1520



the classification of [HKMO6]]. This class was studied in [GM98]], where some little evidence was
gained that the main contribution to the moments of the solution comes from delta-like peaks in
the &£-landscape, which are far away from each other. Among other results, they derived the first
two terms of the logarithmic asymptotics for the moments of the total mass of the solution. One
main result of the present paper, see Section[1.2.2] are the exact asymptotics of these moments. Fur-
thermore, we give a generalisation to more complex functions of the solution evaluated at different
times, see Section|1.2.1

Another main result, see Section describes the height of the intermittency peaks that deter-
mine the annealed behaviour. Furthermore, we prove that the complement of the intermittency
islands is indeed negligible with respect to the peaks. Since we consider the homogeneous initial
condition uy = 1, we will investigate the solution in extremely large boxes in which many of these
peaks contribute.

Another aspect that we study in this paper are ageing properties of the model. To this end, we

compare two notions of ageing, one in terms of time correlations and one in terms of stability of
intermittency peaks. In particular, we analyse mixed moments of the solution on two time scales.

Let us formulate more precisely our main assumptions and introduce some notation. By (.) we
denote expectation with respect to £. The corresponding probability measure is denoted by P. Let
F(h) :=P(&(0) > h) denote the tail of £(0) and ¢ := —log F. Furthermore, let H(t) := log <et5(0)>
be the cumulant generating function of £(0). We will make the following assumption on the tails of

E:

Assumption (F):

i) If x # y, then for all ¢ > 0,

P(W>h—c):o(ﬁ(h», h — oo.
ii) H(t) <oo forall t>0.

Item ii) is equivalent to the existence of moments of the solution of all orders, see [GM90Q]. Item
i) means that it is much more likely to have one very high peak than to have two quite high peaks.
Under Assumption (F) we know that lim,_,., H(t)/t = 00, i.e., the potential is unbounded to infinity.

To keep the proofs as simple as possible we assume that £ is bounded from below although analo-
gous results hold true if the potential is unbounded from below. This allows us to assume without
loss of generality that essinf & = 0. If essinf £ = ¢, we can use the transformation u — e“‘u, which
shifts essinf & to the origin.

1.2.1 Time correlations

Theorem (1| provides us with a formula how to compute asymptotically the time correlations for
regularly varying functions of the solution u. It is also the main proof tool for all further applications.
Spatial correlations for potentials with double exponential or heavier tails can be found in [[GAH99],
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whereas time correlations have not been investigated so far. Let Qg := [—[R], [R]]¢ N Z¢ be the d-
dimensional centered lattice cube of radius [R] > 1 and let

ngz max &(x).

x€Qg\{0}

We impose free and zero boundary conditions on the boundary of Qg, denoted by * = f and * = 0,
respectively. The corresponding Laplacians are denoted by A}, that is, for f : Qz — R,

A= D FOI=FE, A= D (FO)—fo),

YEQR: y~x yeZd: y~x

where for Ag f we extend f trivially to Z< with the value zero. Zero boundary conditions correspond
to £(x) = —oo for x ¢ Qg. Its law and expectation will be denoted by IPﬁ’O and ]Eﬁ’o, respectively.
The random walk generated by A; just remains at its current site at the boundary when the random
walk generated by A would jump out of Q. Its law and expectation will be denoted by IP’;’f and
Ei’f, respectively. The corresponding Dirichlet form is given by

(—Aéu,u)QR = Z (u(x)— u(y))z.

{X;}'}GQR:
[x=yl;=1

Let k}f’* = A}f’*(g ) be the principal (i.e., largest) eigenvalue of the Anderson Hamiltonian J#;" :=

KAp +& on (2 (Qg) with free and zero boundary condition, respectively.

Recall that regularly varying functions are those positive functions f that can be written as x" L(x),
where y € R is called the index of variation and L is a slowly varying function called slowly varying
part of f.

Let Z, %, and %, be the set of regularly varying functions, regularly varying functions with index
of variation y, and regularly varying functions with positive index of variation, respectively, with
non-decreasing or bounded away from zero and infinity, regularly varying part. Let

7= {f €C: f €@y, f'(x) > 0Vx > 0,£(0) =0, lim () = oo}

and
7= {f eCl: f'>0Vx >O,f(0)=0,t1L1£10f(t):oo}.

Remark. The fact f € %, already implies that tlim f(t) = o0, see [BGT87, Proposition 1.5.1].
—00

Theorem 1 (Time correlations). Let Assumption (F) be satisfied. Furthermore, let f,..., fp € Z and
ty,...,t, €T be given such that for all a > 0,

max el = ¢ ( min <fi (eti(t)g(o)) >) , as t — 0o. (2)

1<j<p 1<i<p
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Then for every R>1and 0 < C <1 < C < oo we find that for all c, t large enough,

C m[iﬁf( fi(f)h)}p(ﬂ"o(gph‘g <h- )dh
~ dh L i€ 1 R = ¢

p
= <l_[fi(u (ti(t):o))>
i=1
< EJ [% ﬁfi (efi(f)h)}P(k}f’f(g)>h SRsh—c) dh.
i=1

C

Condition determines of what order the functions t; can be chosen. It is always possible to
choose maxt; =a-mint;, a > 0.

Note that Assumption (F) is given in terms of the distribution of the potential, while the asymptotics
themselves are expressed in terms of the conditional distribution of the eigenvalues. The asymptotics
may be understood as follows. A Fourier expansion in terms of the eigenvalues of JZ;" yields that

u(t,) v et @ (B 1) R (), 3)

where eilz’* is the positive {2-normalised principal eigenfunction. Under Assumption (F), it turns out
that the eigenfunction 611{’* is extremely delta-like peaked. Due to the the requirement ER <h-c,
the peak centre lies in the origin since £(0) and A}f’*(g ) differ by at most 2dk.

1.2.2 Exact moment asymptotics

Our first application of Theorem [1| are exact asymptotics for all moments of positive order. The
second order asymptotics for integer moments for a large class of potentials, including the ones that
satisfy Assumption (F), can be found in [GM98]]: For any p € N,

(u(t,0)P) = el (P)-2dxpt go(6) t — o0.

We now present much finer asymptotics which are even up to asymptotic equivalence. To the best
of our knowledge, this precision has not yet been achieved for the PAM.
We need the tails of the principal eigenvalue, conditional on having an extremely high peak at the
origin:

i(h) := —logP (7&}*(5) >h|E, < h“) .

Here a is picked according to the following condition which is slightly stronger than Assumption

.

Assumption (F*):

) Ja<1: F(h)-F(h*)=o (F(h+2dx)), h — oo.

ii) H(t) <oo forall t>0.

1523



Let h, be a solution to
sup (th—p(h)) =th, — ¢ (h.) = (¢).
he(0,00)
If ¢ is ultimately convex, then h, is unique for any large t.
Now we introduce a condition on the function ¢(h) = —logP(£(0) > h). A function f(t) = o(t) is
called self-neglecting if

flt+af®) ~f(t), t—oo, @)

locally uniformly in a € (0,00). The convergence in is already locally uniform in a if f is
continuous (see for instance [BGT87, Theorem 2.11.1]).
Let i™* be a solution to

sup (th - (p;';(h)) = th* — @ (h}f’*) =: YPp(t).
he(0,00)

If ¢ is ultimately convex, then h}f’* is unique for any large t.

Condition (B): The map t — 1/ ¢” (h,) is self-neglecting.
Again Condition (B) and Assumption (F*) concern £ and not A’f.

Theorem 2 (Moment asymptotics). Let ¢ € C2 be ultimately convex, Assumption (F*) and Condition
(B) be satisfied and p € (0,00). Then, for any sufficiently large R,

1
(u(t,0)?) ~exp {pth};’t* - cp;;(hﬁ’t*) +logpt + = log %} , t — 00.
2" (pp)'(hy!)

We see from and Theorem [1] that Theorem [2| basically follows from an application of the Laplace
method.

Note that Weibull tails with parameter y > 1 satisfy both Condition (F*) and Condition (B). For
v € (1,3), we give an explicit identification of all terms of the asymptotics, see Corollary [22]

1.2.3 Relevant potential peaks and intermittency

While originally intermittency was studied by comparing the asymptotics of successive moments of
u, there have recently been efforts to describe intermittency in a more geometric way by determining
time dependent random sets in Z¢ in which the solution is asymptotically concentrated. These sets
are closely related to the support of the leading eigenfunctions of the Anderson Hamiltonian. Clearly,
the quenched intermittency picture differs from the annealed one. The height of the quenched
intermittency peaks is basically determined by the almost sure growth of the maximal potential
peak in a time-dependent box. Its radius depends on the distance that the random walk in the
Feynman-Kac representation can make by time t. In [[GKMO7] the authors describe the geometry of
the quenched intermittency peaks for the localised initial condition uy = &,. They find that size and
shape of the islands are deterministic, whereas number and location are random. They also give
rough bounds on the number and location. They show that under Assumption (F) the quenched
intermittency peaks consist of single lattice points.
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In contrast, the annealed peaks are significantly higher and occur less frequently. Their geometry
has not been investigated so far. Theorem [3| below determines the height of those potential peaks
that contribute to the annealed intermittency peaks, and it proves that the complement contributes
a negligible amount. It turns out that the peaks consist of single lattice points as well.

We will assume from now on that the box Q; is chosen so large that the following weak law of large
numbers holds true, see [BAMRO7), Theorem 1]:

1
Q|

Z u(t,x) ~ (u(t,0)), as t — oo, in probability. (5)

X€Qy,

To this end, it is sufficient to pick L(t) much larger than exp {H(t)}. Let

a>0.

a a
T(tl == ht - ,ht + >
|: V ¢”(hy) vV ‘P//(ht):|

In our result it turns out that the set of intermittency peaks may be taken as the set of those sites in
which the potential height lies in 1:

Theorem 3 (Intermittency). Let Assumption (F*) and Condition (B) be satisfied. Then for every € > 0
there exists a, such that

> u(t, x)1g(xyere
. x€Qy, 1 ifa<a,,
lim P 1— >¢ | = ;
t—00 > u(t,x) 0 ifa>a,.

xX€Qy,

The locations of the peaks form a Bernoulli process, see Corollary 24| for details.

1.2.4 Ageing

In this section, we present our results on the dynamic picture of intermittency in the PAM. We
will investigate two types of ageing behaviours, correlation ageing and intermittency ageing. While
the first type gives only rather indirect information about the intermittency peaks, intermittency
ageing explicitly describes for how long the intermittency peaks remain relevant. Nevertheless, both
approaches give very similar results.

Roughly speaking, a system is ageing if the time it spends in a certain state increases as a function
of its current age. An overview of the topic of ageing can be found, for instance, in [BAOZ]. For the
PAM, there have been two approaches. In the case of a (time-dependent) white noise potential &
as defined in [[CM94], a variant of correlation ageing was investigated in [DDO07]] and [[ADTI1]]. The
authors found that there is no ageing.

In [MOS10] the authors consider a localised initial condition and a time-independent i.i.d. potential
with Pareto-distributed tails. They find that intermittency ageing holds. Their proofs rely on the two
cities theorem proved in [KLMSQ9, Theorem 1.1] which states that, at any sufficiently late time, all
the mass is concentrated in no more than two lattice points, almost surely.

Let us describe our result on intermittency ageing. As we know from Theorem [3] there are infinitely
many intermittency peaks in our setting, possibly due to the homogeneous initial condition and to
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the lighter tails, so we have to use a modified definition and different techniques. To define the
notion, introduce, for a scale function s: (0, 00) — (0, 00),

> u(t, x)g(x)ere > u(t +s(t), x)Lg(ere

XEQLHS([) X€Q;

> u(t,x) - > u(t +s(t),x)

erLH—s(t) erLH—s(t)

t+s(t)

<e|, t>0.

PAG) ::p(

Recall that QL I8 chosen such that the weak law of large numbers from holds. We will
consider only a > a, as in Theorem Roughly speaking, 7, measures whether those potential
points that are intermittency peaks at time t are still relevant after time t +s.

We define intermittency ageing by requiring that for any small ¢ > 0 there is a > 0 and two scale
functions s, s, satisfying lim,_,, s;(t) = lim,_,, s5(t) = 0o such that

lim |.o%, (¢) = o, (0)] > 0, 6)

i.e., the two limits of &% and </, both exist and are different.

By the length of intermittency ageing we understand the class of functions
of = {s: R — R: lim s(t) = 00,30 € (0,00): lim [£(¢) ~ (1) > o}.

Theorem 4 (Intermittency ageing). . Let Assumption (F*) and Condition (B) be satisfied. Then
the PAM ages in the sense of intermittency ageing if and only if lim,_,.,H”(t) = 0. In this case

7 31/\/H"(t) = o(t).

For the study of correlation ageing we investigate the following time correlation coefficient

cov{ f (u(t,0)), f (u(t +s(t),0))
As(s,t) = corr(f (u(t,0)), f (ult +s(t), 0))) = ( ) i

\/var(f (u(t,O)))Var(f (u(t +s(t), O)))

Here f € C is a strictly increasing function with lim,_,., f(t) = 00.We define correlation ageing by
requiring that there exist two scale functions sy, s, satisfying lim,_,, s;(t) = lim;_,, s5(t) = 0o such
that
lim |Af(sq,t) —Af(sq, )| > 0. (7)
t—00

By the length of correlation ageing we understand the class of functions

o = {s: R — R: lim s(t) = 00,30 € (0,00): lim |A¢(s,t) —Af(Os,t)] > 0}.
t—00 t—00

Theorem 5 (Correlation ageing). Let Assumption (F*) and Condition (B) be satisfied and p € C? be
ultimately convex. Then the PAM ages for f(x) = xP,p € R, in the sense of correlation ageing if and

only iftlirgoH”(t) = 0. In this case .o/ > 1/4/H"(t) = o(t).

Notice that for both definitions ageing happens for lighter tails. In Theorem we show that
Theorem [5] can be extended to more general potentials if we weaken the requirement (7).
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1.3 Overview

In Section [2] we prove Theorem 1| which forms the basis of this paper. In Section [3|we show how the
conditional probability in Theorem [1|can be evaluated. After that we will give several applications.
In Section 4| we apply Theorem 1] to prove Theorem [2|and to derive exact asymptotics for statistical
moments and more general functionals of the PAM. In Section [5| we prove Theorem [3] We conclude
how the intermittency peaks are distributed in space and give precise estimates on their frequency.
In Section [6| we investigate the ageing behaviour of the PAM and prove Theorems and

2 Time correlations

In this section we prove Theorem [1| The strategy of the proof is to show that asymptotically only
those realisations of the potential £ contribute to the expectation < le fi (u(t:(6),0)) >, where
the highest potential peak 51({1) in the large centered box Qp is significantly higher than the second

one, and where 5%1) is located in the origin. It turns out that for those realisations we can neglect all
eigenpairs but the principal one in the spectral representation, and the first eigenfunction becomes
delta like. We will see that it is sufficient to consider a large box with time independent size. The
following universal bounds are always true (see for instance [GM90, Theorem 3.1] and [GM98,
Proof of Theorem 2.16]).

Lemma 6. Let t > O then for every R> 1l and p € N,

.y 4R, ) R,
D A77(8) <&y < A77(8) + 2dx,
i) efPt)—2dxpt < (u(t,0)P) < eH(pt).

Remark. The lower bound in Lemma [f] ii) can be proven by forcing the random walk X from the
Feynman-Kac representation to stay in the origin up to time t. Hence, it remains true if we re-
place the power function by an arbitrary nonnegative function f. Then it reads < f (etg(o)_m’“)> <

(f (u(t,0))).

Now we show that we can restrict our calculations to an increasing box Q. with zero boundary
conditions where R, := tlog®t and T := max,_; _,t;. By 7y := inf{t > 0: X, € U} we denote the
first hitting time of a set U by the random walk X. For x € Z¢ we write T, instead of Tix}- Let ug be
the solution to the PAM in Qy with Dirichlet boundary conditions. Its Feynman-Kac representation
is given by

up (t,x) =1, exp { J §(Xs)ds}]lTQc >t (t,x) € [0,00) x Z4.
0

Proposition 7. Let £ be i.i.d., non-negative and unbounded from above. If fi,...,f, € & and
tl,...,tpe?, then

<f[fi (u(t:(6),0) )> ~ <f[fi (uRm) (ti(f),o))> ,  t—o0.
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Proof. Let
t
up (t,x) :=u(t,x) —ug(t,x) =E, exp { J £(X5)ds}llTQ§<t, (t,x) €[0,00) x Z<.
0
Then for every 6 > 0 we find that
p
<1‘[fi (u (ti,on>
i=1
p
= <l_[fi (ug, (£:,0) + g, (£:,0)) [ﬂle i (61,0)<6ur (6,0) T Lai: ER?(ti,O)>5uR?(ti,O)i| >
i=1

> (T Gon Go0ra o) [ (m (50) (1+3)))- ®

Te®(p) \i€T jET*

IA

Here &2 (p) denotes the power set of {1,...,p} and T¢ denotes the complement of T within
{1,...,p}. Since all f; are regularly varying, it follows that for every 8 > 1 there exists 6 = 6(0)
with el)ini 6(0) =0, and Cy such that
((1+0

max fill Ju) <

i=L..p  fi(w)
Now choose 6 > 1 arbitrary and fix & > 0 such that (9) is satisfied.
Because all f; are also increasing to infinity we get for large t,

<ﬁfi (ug, (t:,0) (1 +5))> <6 <l£[fi (ug, (ti,O))> +ﬁfi((1 +68)Cs).  (10)

Since almost surely ug. (£(1),0) =% o for all i, we can apply Fatou’s lemma and see that the
asymptotic behaviour of the right hand side of is determined by

6 <f[fi (uRF(ti,O))>.

By similar arguments we find that there exists C, such that for sufficiently large t,

<l_[fi (UR; (t;,0)(1 +5)) l_[fj (ﬂR? (:,0) (1 + %))>

i€T JjET®

< G <l_[fi (UR? (ti>0)) l_[fj (ﬂR; (ti,o))> .

ieT jere

9, u>C9. 9

In a next step we show that

<l_[fi (@, (¢0)) T1 f; (T, (ti’o))>

ieT JETC
tlirglo =0. 11
<l_[fl (u(tl,O)) l_[ f] (u(t],O))>
ieT JET*
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For simplicity we only look at lim,_,, (f1 (@(¢,0))) / (f1 (u(t,0))) which may easily be generalised.
Recall that f; is regularly varying, so it can be written as f;(x) = x?L(x), for some > 0 and some
slowly varying function L. By forcing the random walk in the Feynman-Kac formula to stay in the
origin up to time t we find that

(f1(u(t,0))) = (u(t,0)PL(u(t,0))) > (exp{BtE(0) — 2dxBt}L (u(t,0))).

Furthermore, together with [GM98, Lemma 2.5] we find that

(f1(u(t,0)))
a f
< <(exp{t§QR)t}IPO(TQ§t < t)) L(ﬂ(t,O))>

B
_ <( > expltE(OH s PO(TQ;t < t)) L(ﬂ(t,O))>

X€Qpg,

R B
< max(1,|Qg, 1A-1) Z < (exp{té(x)}zd+1 exp {—Rt log — + nRt} ) L (u(e, 0))>

= kdt

= 20@+DP exp {—ﬁRt log R o (Rt log ﬁ) } (exp{Bt&(0)}L (u(t,0))).

Kkdt kdt

In the third line we use that (due to Jensen’s inequality for 8 > 1) for any real numbers a;,...,a,,
and 8 >0,
n
n B nf-1 > |lag|P, iff>1,
(3)'<| .5
k=1 > lagl?, ifg<1.
k=1

Altogether, this proves (11)) since u < u for all t by definition and L is bounded away from zero and
infinity or non-decreasing. Therefore, we can conclude that

rhs of (8) — <f[fi (uR? (ti,O))> =0 (<]ﬁfi(u (tl-,O))>) , t — oo0.

Now the claim follows because 0 can be chosen arbitrarily close to 1 and because

<Ufi (UR;(ti,O))> < <Ufi (u(ti,O))>, t>0,

is true by the monotonicity and the nonnegativity of fy,..., f,, and because ug, < u for all t.
O

The next lemma allows us to consider only those realisations of the potential where the highest

potential peak is significantly higher than the second one. Let 61%) > 51({2?) > ... be an order statistics
of the potential.
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Lemma 8. Forallc>0and fi,...,f, €Z, tq,...,t, €T satisfying @,

<!jfi (uﬂ? (ti,O)) 115;1?)_51({?5» = o(< !jfi (ug? (ti,O)) >) f s oo

Proof. Let xg,x; € Qg be two arbitrarily chosen points. Then

p p 6
f ;&
(L1 (G 0) tgpgper) = (L1 (€) 1)
1=

i=1

IA

p
> 2 <Ufi (ef5) HE(X)>§(y)2§(X)—C>

X€Qr; y€Qr, \x} 1 i=1
p .

|QR;|2 < l_[fl (efl(g(’foﬂé(xl)—i-c)) >
i=1

Since all f; are regularly varying, they can be written as f;(x) = xPiL;(x), where Ly,...,L, are
slowly varying functions and f3;, ..., 8; > 0. Therefore, we find that

Qg2 < ﬁ 1, (e%(g(xo>+g(x1>+c)) >
i=1

p . . . voob
- <l_[eﬁitzl(§(x0)+§(x1)+2c)+2dlog(tlogzﬂe—ﬁi2ch (e—écej(i(xo)+5(x1)+26)) >
i=1

IA

e—%ce%(axo)+ax1)+2c))

P t; —~ Ll (
< l_[ e—ﬁi Sc+2d log(tlog?1)
i=1 L (e%(g(xo)+g(xl)+zc))

~"

t—00
—0

fi (3 (Eos)) >

Assumption (F) states for ¢ > 2d«k:
For all 6 > 0 it exists hy = hy(&) > 0 such that for all h > hy:

p (E(xo)-;g(xl) S

Furthermore, it follows with Lemma E] ii) that

h—c) < SP(£(0) > h+ 2dx).

o0

< ﬁfi (u;? (ti,O)) > > J ]_[fl- (e"") P(£(0) > h+2dx) dh,
i=1 i

i=1

1530



and therefore, since all f; are nonnegative and increasing, and because of (2)),
ho
<l:l£[1fl (e%(é(xo)+§(x1)+26)) > g lf[ (et h) ( (X0)+§(x1) S h— ) dh
- p
<i:ﬂlfi (k. (£,0))) <i=]_[1fi (i, (c.0)) )
p
hO l_{fl (etiho)
i=
p
< l_llfi (ufq? (ti,O)) >
i=

+0

IA

t—00,6 —0

+6 — 0.

IA

O

Now we prove that the first eigenfunction ef"* decays at least exponentially fast. To this end we give

e . . R
probabilistic representations for el’*.

Lemma 9. Let 51(31) — I(QZ) =c¢ > 2dk and 5(1) £(0). Then

¢ () = g exp f (o) -A@) &) xe

where e = ej(R) is a normalising constant.

Proof. i) * =f. The eigenvalue equation for Alf’f(i ) may be rewritten as

KA (1) +(E() =20 (1) =0, x€Qx\ {0},
Rf _f
e (0)= ey-

Since we are working on a finite state space, we know that Eﬁ’f@'o < oo and because ¢ > 2d«k it also

follows that &£(x) — Af’f(i ) < 0 for all x € Qg \ {0}, and hence the Feynman-Kac representation of
this boundary problem is given by

elf’f(x) = egEi’fexp {J (5 (X,) — Alf’f(g)) ds}.
0

ii) * = 0. Analogously, the eigenvalue equation for AT’O(%; ) may be rewritten as

KA (x) + (E(x) = 28D (x) =0,  xeQg\{0},
6}1{’0(0) = eg, e(l)(x) =0, Xxé¢Qp.

Notice that
ERO exp { f (6 (x) - 21°(®) ds} = Vi SEP { f (6 x) - 2°®) dS}HT°<T(QR)°'
o 0

Thus, it admits the desired probabilistic representation. O
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Let
o :=inf{t > 0: X, # X}

be the time of the first jump of X. The stopping time o is exponentially distributed with parameter
2dk. Now we define recursively

pi=inf{t>0: Xy #Xo ).
The sequence {o,,n € N} is i.i.d. by the definition of X.

Lemma 10. It exists K = K(c) > 0 such that if £(0) — SR > ¢ > 2dk then elf’*(x) < Ke Illog 35 for
all x € Q.

Proof. Using the probabilistic representation of elf’* from Lemma@ and because of Lemma@we find
that

R,* o
61—5’” = E’}*exp{f(é(xs)—ff’*(a)) ds}
0

IA

ER*exp {7o(2dx —c)}

o0 n
= ER* ex 2dx —c¢ o1«
; R p{( ); k} &0

To=
k=1

o0
2dx "_ 1 _x|log =
= e 2dk
C 1 _ 2dx

- C

IA
=
M

Now we give two facts about regularly varying functions.

Lemma 11. Let f € %p be an increasing function and g € C such that tlim g(t) =00
—00

i) If B > 0, then for any ¢ > 0 there exists C(c) with lim C(c) =1 such that
Cc—00

Z f (eg(t)—CIXI) ~ C(c)f(eg(t)), t — o0,

xezd

.. ) P _ f(es®)
ii) For every h: R — R with tllglo h(t)=1: 11{20 ) = =1

Proof. i) It follows from the uniform convergence theorem for regularly varying functions
(see [BGT87, Theorem 1.5.2]) that

f (sl

DS E) = ) B ey

xez4 x€Z4
~ f (eg(t)) Z e~ Belx| — C(c)f(eg(t)), t — 00.
xez4
ii) follows similarly. O
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Next we show that we can neglect all eigenvalues but the principal one. To this end we cut off a
time-independent centred inner box Qg from the time-dependent box Qg and put free boundary
conditions on the inner as well as on the outer side of the boundary of Q. The principal eigenvalue

of the outer box will be denoted by AR R Under these circumstances it holds almost surely:
max (25, 27) 2 afe =2 200, (12)
The lower bound for Af“* follows immediately from the Rayleigh Ritz formula. For the upper bound
see for instance [J[KO7, Chapter 5.2]. Recall that A}f’* > Ag’* - > Al 0, Are the eigenvalues of 77,
and that the solution uy admits the following spectral representation
Q|
U (t,x) = Z (e 1) g0, (13)
k=

Rx Rx R
where e, €57, €0,

Proposition 12. Let f,--- ,fp ET, t1, 1, €T, be satisfied, and fix R > 0. Then as t — oo,

1+0(1) /& RO, (¢
o T (@) |2 = co)

is a corresponding orthonormal basis of £? eigenfunctions.

(115 (e 0,00) )

i=1

Lo o))
t(

r)l i=1

IA

Proof. We will restrict to the case p =1 and write A};f instead of A};“O to keep the notation simple.
Upper bound.
It follows by Lemma 8| that for every ¢ > 0,

<f1 (UR[(CO)» = <f1 (uRt(taO))ﬂggg_g;?>C> +o( <f1 (uR[(t>0))> ) t —oo.

Using the spectral representation (13)) of ug, , we find that there exists C(c) € [1,00) such that as t
tends to infinity

<f1 (ug,(£,0)) Lo e, >

1Qr, |
= ; <f1(2 Ak (ek,]l)el(O)) 5(1) §(Z)> 1 (1) —E(x )>
1 IQg, |
= O] Z <f1( 2% t((el 1)61(0)4—2 -2t t)f(ek l)ek(O))) €(1> 5(2)>c g E(X)>
' x€Qp,
1+4+0(1)

Y C(C)<f1( )1 5%?=£(0)>

< 1LZ(|”C(c)<f1( ) e = z).
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Here we use that f) is increasing, regularly varying (see Lemma [11), and f;(0) = 0. The last
inequality follows from the upper bound in (12)). The expression (e, 1)e;(0) becomes delta-like as
¢ tends to infinity due to Lemma Notice that by the Cauchy-Schwarz inequality and Parseval’s

identity;,
Qg, |

Z ()L A )t(ek ]l)ek(O) < e—ct|QR |2 _ e—ct+4dlog(tlog t)
k=2

It follows by Lemma [11{i) that C(c) =1
Lower bound.
Similarly as for the upper bound we find asymptotically

<f1 (uR[(t; 0)) > = <f1 (uRf(t)]lgg):g(o)) >
1Qg, | .
= |QlR| <f1 ( Z lktt(ek, ﬂ)ek(o))

k=1

N 1+0(1) <f1( 20 ) ‘5(1) §(O)>

. ﬂm>
Qxl

The last inequality follows by the lower bound in ( and arguments similar to those of the upper
bound. Notice that (e, 1)e;(0) > (e;,e;) =1 if 5(1) £(0). O

Recall that £, = max X
Er= erR\{o}g()

Lemma 13. Let fi,...,f, € Z, ty,...,t, €T and be satisfied. Then for R > 0 and c € (2dk, o0),

as t — 0o,
—c) dh.

(T () e
i=1

(1) =£(0) |QRA|J dh l_[f t; (t)h ] (ARf

Proof. Let F,ri(h) = ]P()Llf’f > h|§ ) = £(0)). Integration by parts yields
1

(L1
i=1

b

]_[fi(1)+jo [%!jfi (erih)] (

I p
W= 5(0)> f]_[ fi (€M) Fyre(dh)

Rf

¥ =50) dn

i=1
For ¢ > 2dk, it follows by Lemma [6] and the law of total probability

P (> el =€) =lax| [P (21> g <h—c) P (Ea<h—c)

+P(ARf>h 5“) £(0) §R>h—c)P(€R>h—c)]

Rf Rf
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Furthermore, elementary calculus yields
l_[f t(t)h) Zt (t)t (t)et(t)hf t(t)h l_[f t(t)h
J#l

It remains to show

f“hf f]( ")e (2

=2

Yy
IA
|
o
—
[}
~

—C)P( R

Rf <h—c) dh, t— o0, (14)

. f oty (e“h)l_[f () (25

and

o0

p
[t en T (yp (47> ne =0
0 =

§R>h—c)P(ER>h—c) dh

= o (J et f! () ﬁ fi ()P (2} > h) dh), t — 0. (15)
0 =2

First we show (15).
Assumption (F) implies that for ¢ > 2d«k:

For all 6 > 0 it exists hy = hy(8) > 0 such that for all h > hy:

P(E(0)>h—c)? <S8P(&(0) > h+2dx).
It follows with (2]) and Lemmal6]

lhs of
Tetlhfll (eh) [T ()2 (22> 1) dh
) 2

feflhf (et )ﬁ fi (") P(E(0)>h—c)* dn
< |QR|( - +5)
f etilif] (euh) n 5 (") P(£(0) > h+2dx) dh
l—[ f] (et ho) eflho
< |QR|( +6) =,
rlf] (M (f1 (e4%))
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Now we show (14).

Since P(ER <h-c)dh=(F(h- c))lQRl_1 ke 1 for fixed R we find for every ¢ € (0,1) an a =

a(R, c,¥) such that

[ (5 e (2

C

P
> ﬁf eflhflf (etlh) l_[fi (eti (ARf
j=2

a

Rf

<h—c)p(2R5h—c) dh

—c) dh.

Therefore, it is sufficient to show for every a > 0,
a P
Jettfl (enm) TTf; (V") P (ARf - c) dh
c j=2

Tetlhfll (e?) [T () (A% > h) dh
c j=2

t—00
—

Using the bounds from Lemma@for X;’R and (2), we find

lhs of <exp{t(a+4dx)+logt—H(t)} =2o.

In the last line we use that lim,_,,, H(t)/t = 00

(16)

(17)

O

Lemma 14. Let fi,...,f, € Z, ty,...,t, €T and be satisfied. Then for R > 0 and ¢ € (0, 00), as

t — 00,

(1) =)= i [ [ e

Proof. Analog to the proof of Lemma [13| we find

Bk 0.R p X d .2
<l:1[fl (ell’ fi) ‘S;l) = 5(0)> = l:llfi(l)—{—j [al:llfl (etih) ]P (A?’R S h‘g(l) 5(0))

Now the claim follows because
(AOR P(§R<h_c)
p(&l) =¢)

gRSh—C), t — 0.

W _ 5(0)) > p(}t(l”R>h’gR§h—c)

~|%WQ?>

The last asymptotics are proved in the same way as in (14).
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Proof of Theorem |1} The upper bound is an immediate consequence of Propositions [7| and [12| and
Lemma [13] and the lower bound follows from Propositions[7|and [12]and Lemma O

Remark. If we only consider integer moments (i.e. f;(x) = xP,p € IN), then the proofs can be
simplified and Assumption (F+) below suffices in Theorem 1] because we can use periodic boundary
conditions for the upper bound due to [GM98], Lemma 1.4].

Assumption (F+):

i) (F(h—c))zzo(l:"(h)), h — oo, for all ¢ > 0.
ii) H(t) <oo forall t>0.

Remark. Theorem [1|also holds true if we consider the initial condition uy = &, which implies that
in this case for all f € Z,

S (Fle ) =o((f (u(t,0))),  t—oo.

xez4\{0}

3 The conditional probability

In this section we investigate how we can calculate P(X;’R(é ) > h|gR <h-—c). Let

lylh=1

Ex(h) :=x Z ED* exp{j (& (X,)—h) ds}.
0

Lemma 15. Let h > ¢ > 2dk. Then

P (A’f’f(g) >h

~

Er Sh—c) = <F(h+2dK—E;(h))

gR S h — C> .

Proof. Using the probabilistic representation of ef’* from Lemma@, we find that
£(0) = AT"(&) +2dx — Ej (A1(8)),

whose right hand side is strictly increasing in A}f’f. Hence,

AHE)>h = £(0)>h+2dx — Ei(h).

Now the statement follows immediately. O
Lemma 16. IfR> 0, |y|; =1, n€ N, and h > & — 2dk, then

R 2k+1 2k+1
n+ 2k (2dx)
k_on!( n )]Py (TO - Z 01) (h+ 2dx)+2k+1

=1

dn R,* 0
dh"Ey exp{j (&(X,)—h) ds}
0

0 + 2k k 2d 2k+1
Zn!(n )IPy TOZZO'Z ( K),\ .
P n (h +2dk — gR)n+2k+1

=1

IA

IA
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Proof. LetY,,:=X i be the embedded discrete time random walk. We get
Fi
i=1

i Ty T
@Ey exp{f (§(X;)—h) ds} =K, exp{(—’ro)“J (§(X;)—h) ds}
0 0

00 2k+1 n 2k+1
- ZEy(— > ol) exp{ > oy (E(v-) —h) }ILT R (18)

1=1 1=1 &

2k+1 R
Since Y. o; ~ Erlang (2k + 1,2d«), we find for z € {0, &g},

=1
X o0
(z h)ZOz _ (2dx) (z—h—2dK)x ,.n+k—1
( Zoz) = (k—l)!fe o

0
(n+k—1)! (2dx)k
(k—1) (h+2dx —z)vtk

Now the claim follows because 0 < £(Y;_;) < ER for all Y;_; # 0 and because jumptimes and jumps
are independent. O

Lemma 17. Let a < 1 and fix R > 0. Then there exists 0 < ¢y, ¢, < 00 such that for any large h,
. — C2
l) F (h + 2dk — E)

<p (&) > h Ey <[ <h—c)

_ C]_
<F (h+2d;<— E)’

_ C C
i) F’(h+2d;<—z)(1—m)
P(AR*(§)>h £, < h%|E, <h—c)
_ C C
<F’ h+2d;<—f) (1—@),
i) ﬁ”(h+zd;<—c—2)(1—c—1)2 (h+2d,<_c_)c_1
h (h+ 2dx)? (h+ 2dx)3
: £ <h—c)

<—
~dh?

<# (rran—2) (1o 2 ) e (hraae - 2)
= h (h+ 2dx)? (h+2dx)?

(AR*@ > h,Ep < h

1538



Proof. By Lemma(l6|we find 0 < ¢; < ¢y < 0o such that for |y|; =1, any large h, and n € IN,

€1
(h+ 2dx) 1
To
dn
S E}* exp { J (£(X,)—h) ds} (19)
0
< €1 Ca Ca

< < )
(h+2dx — E)ntt ~ (h+2dk —h®)™ ~ (h+ 2dK)"H

For large h, Lemma 15| yields

p (Aff’*(g) > b, Ep < h

Ep < h—c) — (F (h+2d - Ey(0) |Ex < h?).
The differentiation lemma guarantees that we can differentiate under the integral.
i) follows by substituting the deterministic estimates in
(F (h+2dx — Ex(h)) [Eg <h®).
ii) holds because

d - * 3 a

i (F(h+2dx — Ex(h))| &z < h*)
= (F (h+2dx - Ex(0) (1- (B (W) [Ex < %)

Now the claim follows by substituting the deterministic estimates (19).

iii) holds because

a2 3
5 (Fr+ 2 E) B <)

_ <F’(h +2dx — Ej(0) (1 - (B (W)?)°
+ (ER)"(W)F' (h+ 2dx — Ej(h)) |Eg <h*) .

Now the claim follows by substituting the deterministic estimates (19).

4 Exact moment asymptotics

In this section we apply Theorem [I|to compute exact moment asymptotics via Theorem [2] To do so
we need to impose Assumption (F*) which is a slightly stronger condition than Assumption (F).
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Lemma 18. Let Assumption (F*) be satisfied. Then there exists a € (0, 1) such that for any R > 0 and
¢ > 2dk,

(F(h+ 2k — B 1g o [Exh—c)
— 0. (20)
<F(h+2d;< —E;(h)) 1§R§ha Er<h- c>
Proof. Asymptotically, we find
F(h)P (& > h® F(RE(he 1 N
Ihs of @0) < Cr>h") _ FWF() (=1  hoos

F(h+2dK)P (Eg<h®)  Flh+2dx) (3 _ o)l

h—>ool

O

In the remainder of this section we will give explicit results for the case that the tails of £(0) have a
Weibull distribution (i.e. F(h) = exp{—h"}) with parameter y > 1. One easily checks that Weibull
tails satisfy Assumption (F*) for a > (y —1)/y.

Lemma 19. Let & ~ Weibull (y). Then for any R > 0 and ¢ > 2dk,

p (A’j’f(g) S h|E <h- c)
= exp{—(h+2dx)" +2dx*y(h+2dx) >+ 0 ((h+2dx)?)},  h—oo.

Proof. It follows from Lemmas and [18] and because the lower and the upper bound in
Lemma [16|are asymptotically equivalent on a exponential scale that for a > (y —1)/y,

P () > e <h—c)

N <F(h+2dK—E;(h))IlgRsha ERsh—c>
= exp {—(h+ 2dx)’ 4+ 2dk2y(h+2dx) 2+ 0 ((h + 2dK)Y_3) } , h — 0.

In the last line we use that
To v
(h+2dl€ —K Z Eﬁ’fexp {J (& (X,) —h) ds})
[¥h=1 0
h+2dxk

= (h+2d) —y(ht2di) 2 S T F
Y 4 h+2dk—E())

ly

+ 0 ((h+2dx) ™)

and

h+2dx i( E(y)

- = n_ _1 o _4
h+2dx —E(y) h+2d,<) =1+&(y) ((h+2dK) " + 0 (h%(h+2dx) ).

n=0
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Lemma 20. Let Assumption (F*) be satisfied. Then there exists Ry = Ry(F) such that for every R > R,
and ¢ > 2dk,

P (;\f’f(g) > h

£, < h—c) ~P (;\I}O(g) >h

gRSh—C), h— oo.

Proof. Using the representation from Lemma we see that we only have to look at those paths
with 7( > T(Qr) in the left hand side of (18) in the proof of Lemma In this case the random

walk X must jump at least 2R + 1 times until it reaches the origin for the first time. Therefore, we
have to consider only those summands in the right hand side of (18) where k > R. Together with
Lemma [18]this yields

To
I, exp { f (& (X;)—h) ds}]lTOZT(QR)C lg =0 (h—2—2R) .
0

Remark. If £ ~ Weibull(y), y > 1, then we can choose Ry > %

Now we would like to use a variant of the Laplace method to calculate exact moment asymptotics.
This is possible due to the strong Tauberian theorem, Theorem in the spirit of [FY83]]. Recall
that ¢ = —logF.

Theorem 21. Let ¢ € C2 be ultimately convex and Condition (B) be satisfied. Then

27
exp{H(t)} ~exp{th, — p(h,)} m, t — o0.

Remark. It follows that
H'(t)~h, and H(t) ~ (h,) =1/¢"(h,), t — oo.

Proof of Theorem[2} We find that all conditions of Theorem [21] are satisfied. Therefore, the claim
follows together with Theorem [1] where we can take p =1, f;(x) = x? and t,(t) = t. O]

In particular we find together with Lemma|19|and an asymptotic expansion of h}f’* for Weibull tails:

Corollary 22. Let £(0) ~ Weibull (y), v > 1 and p € (0, 00). Then for t — o,

N

(u(e, 00) = eXp{ (r—1) (gt) o —2dxkpt + 2dx>y (gt)

y—

+1 t+11 2m (pt)_r+ﬁ(t _3)}
(0] — 10 ——— — Y- .
8PP gY(Y—l) Y

r—1

N
~

-
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5 Relevant potential peaks and intermittency

In this section we prove Theorem [3| which tells us what the potential peaks that contribute to the
intermittency picture look like and how frequently they occur. Fix R > 0 and let

~ a a

Y= b - ——— it ——|. >0,
(pp) (R (pp) (R

and recall that

a>0.

a a
T = |h, - Jhe + ]
t { Vo't e ()
Notice that 1/¢”(h,) = (h,)’ and 1/(p})"(hy*) = (K"

Lemma 23. Let Assumption (F) and Condition (B) be satisfied, and R be sufficiently large. Then for
every € > 0 there exists a, such that

. <u(t’0)ﬂx‘f’*e?fg> >1-—¢ ifa>a,
lim
t=oo (u(t,0))

<l—-¢ ifa<a,.

Proof. Recall that () = th}f’* — go(hlf’*). By Theorems|1|and [21|and with the help of a first order
Taylor expansion we see that there exists 1, € ’Y“tl such that

<u(t, O)Ilk’f’*eff> ~ t f exp J{th — Lp;(h)} dh
¢
_ eXP ¢R(f) J { (pg)"(me) u2}du

\/ (@) (h%) 2(pg)"(he)

21
~ texp{l,l);(t)}MW( (@) — ®(—a))

~ (u(t,0)) (®(a) — ®(—a)), t — 00.

Here, ® denotes the distribution function of the standard normal distribution. The asymptotic equiv-
alence in the third line is due to Condition (B). O

Since H”(t) ~ 1/(<p;)”(hf’*) ~1/¢"(h,) as t tends to infinity, Lemmaimplies that for all a > 0,
e ~ 79 = VHD, oo

Proof of Theorem[3} It follows from [[GM98] that only those realisations of & contribute to the an-
nealed behaviour where klf’* = 51(31) —2dk +0(1). Therefore, we find that hf’* =h,+0(1) and hence
it follows from Lemma [23]

‘ <u(t,0)15(0)erg> >1—¢ ifa>a,,
lim
t—00 (u(t, 0))

<l-¢ ifa<a,.’
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Since we have chosen Q[ sufficiently large, we can apply the weak LLN and find

Z u(t,x)ﬂ Ta
e E(x)eT? P <U(t,0)ﬂg(o)erg>
—
> ult,x) (u(t,0)) ~
x€Qr )

which completes the proof.
Now we consider the random set

re:={x €Qyy: E(x) e T¢}.

Furthermore, let Ber, be a Bernoulli process on the lattice with parameter p and let

a
if=exp{ —go(ht—l——)}.
/(P” (ht)
We find that the spatial picture of the intermittency peaks looks as follows:

Corollary 24. Asymptotically,
't ~ Beryq, t — 00.

Proof. The fact that I'{ is a Bernoulli process follows since & is i.i.d.
The value of the parameter follows because

P(E(0)eT])=il—ij"~if, t—o0.

If £(0) ~ Weibull(y), y > 1, we find with a first order Taylor expansion around h, that

£\ /71 at~7/2(r=1) 1,
a ([t . L
1, =exp (Y) Yl/(y—l)(Y _ 1)1/2 261 .

If we are interested in those potential peaks that are relevant to the p-th intermittency peak (p €
(0,0)), we only have to replace iy by i;t. It becomes obvious that the p-th intermittency peaks at

time t correspond to the g-th intermittency peaks at time p/q.

6 Ageing

In this section we prove Theorems [4] and [5] to gain a better understanding on how stable the inter-

mittency peaks are.
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6.1 Intermittency Ageing
We start with the first approach.

Proof of Theoremd} By Theorem [3|we find

> u(t +s(t), X)Lg(x)ere

erLtJrS(t)

> u(t+s(t),x)

erLH—s(t)

1—

tlgglo g (t) = tll)rgloP(

Recall that 1/\/(;)”(ht) = \/(ht)’ ~ \/H”(t). Hence, T¢ = [h[ —+/a(h), h,+ \/a(ht)’] and there-
fore T{ N T?H(t) = 0 if and only if h, + y/a(h;) — hyys + v/ a(h,) < 0. For s = o(t) a Taylor
expansion yields

he + v/ a(h) —heps + v alhey) = —=s(0)(h) (14 0(1)) + 24/ a(h,) (1 + 0(1)). (21)

If lim,_,., H”(t) > 0, then lim,_,,,(h,)’ > 0 and hence, it follows that the right hand side of
becomes eventually negative and therefore, T¢ N ¢ bs(t) = 0 for t large and all s(t) tending to
infinity.

Furthermore, with the help of Fatou’s lemma we see that asymptotically

1

2 u(t +s(6), x)Lgxyers < <u(t +5(t), 0)15(0)6T’;> .
L

t+s(t) | XEQLH—s(t)

Now we can conclude that

(uCt +5(0,0)1¢(gpers )
L T s, 0))

<e)=0.

On the other hand, if lim,_,., H”(t) = O then lim,_,,(h,)’ = 0 and hence, if s(t) = o (1/\/ (ht)’)

lim <7 (t) = lim P(
t—00 t—00

then eventually T¢ N T () = (0 as above, whereas if 1/4/(h;) = o (s(t)) then
limt_,oo |T?AT?+s(t)| =0.
In the first case we can proceed as above, while in the second case we find that asymptotically
1
TN D ult+s(6), ) Legers
Lets(e) erLt+s(t)
1

~ | Z u(t +s(6), ) Lgoers, = <u(t +5(t), 0)15(0)€T?+s(f)> , t—o00.
Lets(ey erLHS(t) )

and hence,

1-—

<u(t +5(t), 0)15(0)6T?+s(t)> _
(u(t +5(t),0)) ) 8) -

tll,r{,lo%s(t) = tlggloP(
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Remark. The result remains true if we replace u by u?, p € (0, ).

Corollary 25. Let £(0) ~ Weibull (y), y > 1. Then the PAM ages in the sense of intermittency ageing
if and only if y > 2.

Proof. It follows from Theorem 2] that all conditions of Theorem 4] are satisfied. Now the assumption
follows by Theorem [4] using the asymptotics in Theorem O

If we want to know for how long a large peak of height t; remains relevant, we have to find

ty = ty(ty,a) such that
a a

he + ———=h, — ———.
BV R X W)

6.2 Correlation Ageing
Now we come to the second approach.

Proof of Theorem[5] For simplicity we will only consider p = 1. Higher powers can be treated anal-
ogously. The PAM is always intermittent for stationary potentials, i.e. the second moments are
growing much faster than the squares of the first moments. Therefore, it holds
u(t,0)u(t +s(t),0

lim A;4(s, t) = lim tu(t, 0Ju( (6,00 .

to0 =00/ (u(t,0)%) (u(t +s(t),0)?)
It has been shown in [[GM90, (3.13)] that (u(t,0)Pu(s,0)?) = (u(t +s,0)P) for all t,s > 0ifuy =1
for p = 1. The claim for p € IN follows by similar techniques. Therefore, together with Theorem
we find

A, (t) :=1log (u(t,0)P) =y (pt) + 1lo + e(pt) with e(t) = o(1).

27
2 & B*
(o) ()
Under the given assumptions we find as t tends to infinity,
(u(t,0u(t +s(¢),0)) (u(2t +5(t),0))

V(u(t,002) (u(t +5(t),0)2)  /(u(2t,0)) (u(2(t +s(t)),0))

— exp {Al (204 5(0) — 5 [A1(20) + A (21 + 25(0)] }

~ exp {w;;(zt +5(8)) — % (V5 (20) + 5 (2t +25(0)) | }
:;B(:,rs(t))

y exp{e(Zt Fs(0) — 5 [e(20) + (20 4 25(0)] }

-~
t—o00

{1 | 2m 1 [1 27 o 2m } }
x exp{ — log ——| log — og .
2 * Tk 4 *\// * % T x

((PR)H (h2t+s(t)) (L‘DR) (hZf) (QPR)N (h2t+25(t))

::D(t,s(t))
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It is well known that A, € C* and (y3)"” > 0.
Expanding B(t,s(t)) into first order Taylor polynomials around 2t + s(t) we see that there exist
n1(t) € [2t,2t +s(t)] and ny(t) € [2t +s(t), 2t + 2s(t)] such that

1
B(£,5(6)) = —55(0* (W) (m(e)) + ()" (ma(0)) ).
Using the estimates from Lemma [17} we find that

WR) ()~ () ~H"(t),  t—o0.

Case 1: tlim H'(t) > 0.
—00
In this case it follows that lim,_,, B(t,s(t)) = —oo which implies lim,_,, A;jq(s(t), t) = 0, for all s.

Case 2: lim H”(t)=0.
t—00

Remember that under Assumption F we have t = o(H(t)) and hence t ! = o(H"(t)).
In this case we find two constants 0 < C; < Cy < 00 such that

—CH"(26)s(t)* < B(t,s(t)) < —Co,H" (2t +5(t))s(t)*.

Consequently, if we choose s such that lim,_,., H” (2t 4+ 2s(t))s(t)* = oo it follows A;4(s) = O,
whereas if we choose s such that lim,_,,, H”(2t)s(t)? = 0 it follows lim,_,, A;4(s, t) = 1.

We observe that 1/4/H”(t) € . which implies that both regimes can occur for functions s of order

o(t). Because of Condition (B), we find that 1/(¢g)” (flf) = o(t) and hence D (t,s(t)) tends to zero
as t tends to infinity if s = o(t). Theorem[1]is applicable for s = o(t) and implies that

(u(t,00Pu(t +s())") ~ (u(p(2t +5(1)),0),0)),  t— oo,

for p € (0,00). Hence, we can generalise the result to positive real exponents which completes the
proof. O

Notice that the PAM ages if and only if the length of the intervals T{ tends to zero as t tends to
infinity. In this case we find that 1/|T¢| € ¢/, for all a > 0.

Corollary 26. Let £(0) ~ Weibull (y), y > 1. Then the PAM ages for f = xP,p € R, in the sense of
correlation ageing if and only if y > 2.

Proof. Analog as in Corollary [25] O

We see that for Weibull tails the order of the length of ageing is increasing in y.

The main obstacle in proving Theorem |5|is that we have to show that % log (u(t,0)) is not fluctu-
ating too much. We have proven this under Assumptoin (F*). For more general potentials we are
still able to prove correlation ageing if we replace by only requiring that

htrgéglflAf(sl, t) —As(sy, t)| >0,

and by modifying the definition of .« accordingly. We call this weak correlation ageing. It has been
proven in [HKMO6] that under some mild regularity assumptions on & there exists a non-decreasing
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and regularly varying scale function a: (0,00) — (0, 00) with a(t) = o(t) and a constant y € R such

that
t

log (u(t,0)) =H (—) a(t)? +

a(t)?

t
a(t)?
Let H,(t):=H ( : ) a(t)d + =y and h(t) :=log (u(t,0)) — H,(t). Then we find:

a(t)? a(t)?

(x +0(1)). (22)

Theorem 27. Let Assumptions (H) and (K) from [HKMOG6|] be satisfied. If tlim a’(t) exists and
—00
lim H”(t) = 0, then the PAM is weakly correlation ageing for f =id.

t—00

Proof. Since a(t) = o(t) and lim,_,, a”(t) exists this limit must be zero. Therefore, and be-
cause lim,_,,, H'(t) = 0 it follows that lim, ., H,(t) = 0, as well. It follows from that
h(t) = o (H,(t)). Altogether, this and the convexity of log (u(t,0)) imply that for every sequence of
intervals I(t) := [I(t), 2l(t)] with lim,_,., I(t) = oo,

t—00
— 0,

A(s el(t):h'(s) ¢ [—H;’(t),H;’(t)] )

A(s eI(t): h"(s) e [—Hg(t),Hg(t)] )

where A denotes the Lebesgue measure. Now the claim follows with a Taylor expansion as in the
proof of Theorem O

For the first and the second universality class in the classification of [HKMO6] we find that a is
constant, and hence, the requirement that tlim a’(t) exists is fulfilled for all distributions in these
—00

classes. Here it holds that 1/4/H"(t) € .
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