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Abstract

Let {X,X;,i > 1} be i.i.d. random variables, S; be the partial sum and V? = .  X?. Assume
that E(X) = 0 and E(X*) < oo. In this paper we discuss the moderate deviations of the maximum
of the self-normalized sums. In particular, we prove that P(max;<;<, Sx > x V,)/(1 — ®(x)) — 2
uniformly in x € [0, 0(n'/®)).
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1 Introduction and main results

Let X,X,X,, - be a sequence of i.i.d. random variables with mean zero. Set

n n
Sy=» X; and V2= X2
j=1 j=1

The past decade has witnessed a significant development on the limit theorems for the so-called
self-normalized sum S,,/V,. Griffin and Kuelbs (1989) obtained a self-normalized law of the iter-
ated logarithm for all distributions in the domain of attraction of a normal or stable law. Shao
(1997) showed that no moment conditions are needed for a self-normalized large deviation result
P(S,/V, > x+/n) and that the tail probability of S,,/V,, is Gaussian like when X is in the domain of
attraction of the normal law and sub-Gaussian like when X is in the domain of attraction of a stable
law, while Giné, Gotze and Mason (1997) proved that the tails of S,,/V,, are uniformly sub-Gaussian
when the sequence is stochastically bounded. Shao (1999) established a Cramér type result for self-
normalized sums only under a finite third moment condition. Jing, Shao and Wang (2003) proved
a Cramér type large deviation result (for independent random variables) under a Lindeberg type
condition. Jing, Shao and Zhou (2004) obtained the saddlepoint approximation without any mo-
ment condition. Other results include Wang and Jing (1999) as well as Robinson and Wang (2005)
for an exponential non-uniform Berry-Esseen bound, Csorgs, Szyszkowicz and Wang (2003a, b)
for Darling-Erdés theorems and Donsker’s theorems, Wang (2005) for a refined moderate deviation,
Hall and Wang (2004) for exact convergence rates, and Chistyakov and Gotze (2004) for all possible
limiting distributions when X is in the domain of attraction of a stable law. These results show that
the self-normalized limit theorems usually require fewer moment conditions than the classical limit
theorems do. On the other hand, self-normalization is commonly used in statistics. Many statistical
inferences require the use of classical limit theorems. However, these classical results often involve
some unknown parameters, one needs to first estimate the unknown parameters and then substi-
tute the estimators into the classical limit theorems. This commonly used practice is exactly the
self-normalization. Hence, the development on self-normalized limit theorems not only provides a
theoretical foundation for statistical practice but also gives a much wider applicability of the results
because they usually require much less moment assumptions.

In contrast with the achievements for the self-normalized partial sum S,,/V,,, there is little work on
the maximum of self-normalized sums. This paper is part of our efforts to develop limit theorems
for the maximum of self-normalized sums. Using a different approach from some known techniques
for self-normalized sum, we establish a Cramér type large deviation result for the maximum of self-
normalized sums under a finite fourth moment. Note that the Cramér type large deviation result
holds under a finite third moment for partial sum, we conjecture that a finite third moment is
sufficient for (1.1). Our main result is as follows.

Theorem 1.1. If EX* < oo, then

P(max Sk =z xV,
o P(maxigeen S 2 xVe) (1.1)
n—oo 1-— <I>(x)

uniformly for x € [0, o(n'/®)).

This theorem is comparable to the large deviation result for the maximum of partial sum given in
Aleshkyavichene (1979). However the latter requires a finite exponential moment condition. We
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also note that Berry-Esseen type results for the maximum of non-self-normalized sums are available
in literature and one can refer to Arak (1974) and Arak and Nevzorov (1973). For a Chernoff type
large deviation, the fourth moment condition can be relaxed to a finite second moment condition.
Indeed, we have the following theorem.

Theorem 1.2. If X is in the domain of attraction of the normal law, then

. 1
lim x “logP( max Sy >x,V,) = ) (1.2)

n—00 1<k<n
for any x,, — oo with x, = o(4/n).

This paper is organized as follows. In the next section, we give the proof of Theorem 1.1 as well as
two propositions. The proofs of the two propositions are postponed to Section /3, Finally, the proof
of Theorem[1.2 is given in Section|4|

2 Proof of Theorem /1.1

Throughout this section, without loss of generality, we assume E(X?) = 1. The proof is based on the
following two propositions. Their proofs will be given in the next section.

Proposition 2.1. If E|X|* < oo, then for 0 < x < n'/°,

P(max S, >xV,) < Ce /2, 2.1
1<k=<n
where C is a constant not depending on x and n.

Let x >2and 0 < a < 1. Write
V a o v 72 v 2
X; =X I[IX;] < (Vn/x)*], S,=> X;, V= E X:. (2.2)

Proposition 2.2. If E|X|max{(a+2)/a.4} < 55 then

_ P(max;<g<, Sk > xV;,)
lim

Jim 1 - o(x) 2, (2.3)

uniformly in x € [2, ennl/é), where €, — 0 is any sequence of constants.

We are now ready to prove Theorem|1.1. Let M,, = max; <<, Sk. It is well-known that if the second
moment of X is finite, then by the law of large numbers and the weak convergence

sup |P(M,, > xV,) —2(1 — &(x))| — O.

x>0
Hence (1.1) holds for x € [0, 2] and we can assume 2 < x = o(n'/®). We first prove

i P 2xV) ) 2.4)
e 1-o(x) - '
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uniformly in the range 2 < x = o(n'/®). Put

S(j)_{sk, if1<k<j—1
0

Si—X;, ifj<k<n

and v,? ) = q/Vn2 -X ]2 Noting that for any real numbers s and t and non-negative number ¢ and

x=>1
s+t=>xVec+t2}ci{s>Vx2—1+/c}

(see p. 2181 in Jing, Shao and Wang (2003)), we have
{M, = xV,} € { max sV >/x2—1v9)y
SK=hn

for each 1 < j < n. Let a = 7/8 in (2.2). It is readily seen by the independence of X; and

max; <x<p Sl({j ) / v,? ), the iid properties of X; and Proposition 2.1/that if EX* < oo, then for each j

P(A4n2:xv%rxj7éj;)
< P(max sY > vVx2 -1V x; #X))

1<k<n

= P(x;| > (\/ﬁ/x)7/8)P(1r£1,?<XnS,(cj) >/x2-1 Vn(j))

= P(X| > (Vn/x)" )P (My_y > Vx2 =1 V,_;)

= 0(1)(x/ V)21
= o()x??n774(1 - 3(x))
= o(n (1 -2(x))

uniformly in x € [2,0(n!/®)). This, together with Proposition 2.2 yields

n
P(MyzxV,) < P(max§2xV,) +;P(Mn > xV,, X; #X;)
= (240(1))(1—o(x)) (2.5)
uniformly in x € [2, 0(n'/®)). This proves (2.4).
We next prove
P(M, =z xYV,
lim P(M, > xV,) > 2, (2.6)

n—oo 1 —®(x)

uniformly in the range 2 < x < o(n'/®). Let a = 3/4 in (2.2). It follows from EX* < oo and the iid
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properties of X; that

P( max S, >xV,)

1<k<n
< P(M, >xV)+ZP(maxSk>X WX #X;)

< P(lrg?z(nsk >xV)

+ZP(|X-| > (Vi/x)P )P ( max 39 > V/x2 —179)
= ! 1<k<n K n

< P(lrg?}nsk >xV,)

+o(1)x n_l/zP(1<r]1<1<ax 1§k >Vx2-1V,,), 2.7)
SK=n—

where 5,9 ) and \_/n(j ) are defined similarly as Sl({j ) and V,Sj ) with X ; to replace X;. By (2.7), result (2.6)
follows immediately from Proposition 2.2. The proof of Theorem|1.1]is now complete. [

3 Proofs of Propositions

3.1 Preliminary lemmas

This subsection provides several preliminary lemmas. Some of which are interesting by themselves.
For eachn > 1, let X, ;,1 <i < n, be a sequence of independent random variables with zero mean

. . . Kk
and finite variance. Write S* , =37 X, ;,k =1,2,..n, B2 = > EX? a

nu

L(t) = ZE [1X,,,;|° max{e™ni,1}].

i=1
Lemma 3.1. If ¥3, := Z? 1EIXn, l|3/B3 — 0, and there exists an R (that may depend on x and n)
such that Ry > 2max{x,1}/B,, and L(Ry) < C, Z 1EIX, :|3, where Cy > 1 is a constant, then

P(S* > xB,)

lim — 2 — "~ " — 3.1
lim 1— 00 , (3.1

uniformly in 0 < x < €,%,, 1/3

have

where 0 < €,, — 0 is any sequence of constants. Furthermore we also

P(max;<x<n Sy ; = XB,)
lim - = 2, (3.2)
n—00 1—o(x)

uniformly in 0 < x < €,%, 1/3.

Proof. The result (3.1) follows immediately from (4) and (5) of Sakhanenko (1991). In order to
prove (3.2), without loss of generality, assume x > 1. The result for 0 < x < 1 follows from the
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well-known Berry-Esseen bound. See Nevzorov (1973), for instance. For each € > 0, write, for
k=1,2,...,n,

k k
1 2
Sk = 2 Xnidi, < Sup = D Knilt, =)
i=1 i=1

andA, = >, (IEXnilix, =—ol + |EXnilx, ,<e)l) . We have

2P(S1) > xB,, + (co + 1)e +A,)
< P(max S}, >xB,) <2P(S{%) > xB, — coe —A,), (3.3)

1<k=<n
where ¢y > 0 is an absolute constant.
The statement (3.3) has been established in (8) of Nevzorov (1973). We present a proof here for

the convenience of the reader. Let 51(13]2 = ZfﬂXn,iI(an,-lsd for k = 1,2,...,n. We first claim that
there exists an absolute constant ¢y, > 0 such that, foranyn>1,1<[<nand € > 0,

I, = PSP -5 —EEP) -5 =cheb <172, (3.4)
Iy, = PSP -5 —ESP) -5 > —cpe} = 1/2. (3.5)

In fact, by letting s% = var(ST(fg — 57(131)) and Y; = X, ;[(x, .|<e) — EXn,il(x, <), it follows from the
non-uniform Berry-Esseen bound that, foranyn>1,1<[<nand e >0,

n
L, < [1=@(coe/s)] +Ag(L+coe/s)> > EIYi[*/s
j=l+1

11 ([, 24,
S| e Pds + 221+ 10) 3,
2 \/ZNJ;) Co o

where A, is an absolute constant and t, = cy€/s,. Note that fot e™"2ds > t(14 t)73/2 for any

t > 0. Simple calculations yield (3.4), by choosing ¢, > 4A,v27. The proof of (3.5) is similar, we
omit the details. Now, by noting X, ;I(jx, .|<e) < Xn,il(x, ,>—e) and X, ; < X, ;I(x, .>_¢), we obtain, for
all1<1<n, ’ ’ ’

1
P{Sr(lziz - S;(fl) > —cpe —Ap} = p{sr(f,z - Sr(fl) - E(Sr(lgg — SSZ)) > —cpe} > >
and hence for y = x B,

£ s < @) 5
Pimax Spezyh < Pimax S,; =y}

n
2 2
= Y Pis <y, s>y}
k=1

n
2 2 2
< 2 ZP{ST(I,I) <Yy, )S,(l,lz = J’} X P{Sl(‘l?r)l _Sr(l,lz > _Coe—An}
k=1
n
< 2) P8 <y, 88 2y, 8P 2y —coe A4,
k=1
< 2P{S,(3r)l >y —coe —AL}.
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Similarly, it follows from X, ;I(x .<¢) < Xpil(x, |<e) @nd X, iI(x <o) < Xy that, forall 1 <1 <n,

—_

1 3 3
Pist) - > coe+4,} < P{S) -5 — B(SE) - sT)) > cpe} < 5

and hence for y = x B,
PLDX S 2yt 2 PLmax S, 2}

n
1 1 1
= ZP{S,EJ) <Yy, S,(l,,f_1 <y, Sfl,z >y}
k=1

n
1 1 1
= E P{Sfl,l) <y,--~,S,(L,2_1 <y,y§S,(1’,2 <y-+e}
k=1

n
> 23 P{s ) <x, o, 80 <y, y<sl)<y+el
k=1
XP{S,(:Tz - Sr(lllz > coe +AL}
n
1 1 1
> 23 P{s ) <y, 80 <y y<sll<y+e,
k=1

S >y +(1+cole+A4,}
= 2P{S{) =y +(1+cole+A,}
This completes the proof of (3.3).
In the following proof, take € = €, B,/x in (3.3). By recalling EX,; = 0, we have |ES,(fT)1| <A, =
e 2y EIX, il <e,B,/x and

var(S,Sfr)l) =B2+r(n), t=1,2, (3.6)

where |r(n)| < 27! Y. EIX,,;I* < 2¢2B2/x?, whenever 1 < x < en.,%g_nl/g. Therefore, for n large
enough such that €, < 1/4,

P(S) > xB, — coe —Ay)

IA

P[S@) — ES®) > xB,[1 - (co + 1)e,/x*]]
= P[S@ —ES@ > xy/var(STN(1 +15.)], 3.7)

2
where |15, = W%[l —(co+ De,/x?] — 1| < 2(co + 2)e,/x2 by (3.6), uniformly in 1 < x <
var(Sya
en,%S_nl/ ®. Similarly, we have

P(SW > xB, + (co+ 1)e +A4,)

n,n =

> P[]~ ES() 2 xy/var(Syn(1+ my)], (3.8)

where |n7,| < 2(co+3)e,/x? by (3.6), uniformly in 1 < x < en.,%g_nl/s. By virtue of (3.3), (3.7)-(3.8)
and the well-known fact that if |5,,| < Ce,/x2, then
1-®(x(1+6
n—00 1—®(x)

1, (3.9)
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uniformly in x € [1, 00), the result (3.2) will follow if we prove

| P(S) —ES® > xy/var(si)) f
im ’ . =1, for

n=00 1-a(x)

t=1,2, (3.10)

uniformly in 0 < x < en:f?;ll/g. In fact, by noting var(S,(fr)l) > B,21/2, for t = 1,2, whenever 1 < x <
en.,SfB_nl/ ® and n sufficient large, (3.10) follows immediately from (3.1). The proof of Lemma|3.1lis
now complete. O

Lemma 3.1 will be used to establish Crarher type large deviation result for truncated random vari-
ables under finite moment conditions. Indeed, as a consequence of Lemma/3.1}, we have the follow-
ing lemma.

Lemma 3.2. If EX? =1 and E|X|(®*?/® < 00, 0 < a < 1, then we have

P(Snzxvm) _

li 3.11
e 1— a(x) (3.11)
and
P 2 Sk >
o G ESE 2700 BPY (3.12)
n—co 1—&(x)

uniformly in the range 2 < x < enn1/6, where 0 < €, — 0 is any sequence of constants, and Xj and Sy
are defined as in (2.2).

Proof Write X,,; = X;I[|X;| < (v/n/x)*] — EX;I[IX;] < (v/n/x)*] and B? = nVar(XI[|X| <
(v1/x)*]). It is easy to check that, for Ry = 2max{x, 1}/B,,

n
D E[1Xn P max{e®ni, 1}] < Cy Y E|X,I° < ConElx[?,

n
i=1 i=1

and %, = nE|X,|*/B3 ~ n~Y2E|X |3, uniformly in the range 2 < x < €,n'/®, where C, is a
constant not depending on x and n. So, by (3.1) in Lemma (3.1,

. P(S,—ES,>=x+/var(S,))
lim =1,
oo 1= a(x)

1/6

(3.13)

uniformly in the range 2 < x < e€,n

Nl = WWZS)(1—‘/7HE(XI[|X|5(¢ﬁ/x)a]))_1‘

< o[BG [ = (Va0 + LB [ 2 (Vi)
= o(x/vn),
it follows from (3.13) and then (3.9) that

. P(S,=xn) . P[S,—ES,>x+/var(S,)(1+n,)]
Iim —————= = lim =
) it 1= a(x)

. Now, by noting

1,
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uniformly in the range 1 < x < e,,n'/°. This proves (3.11). The proof of (3.12) is similar except we
make use of (3.2) in replacement of (3.1) and hence the details are omitted. The proof of Lemma
3.2]is now complete. [

Lemma 3.3. Suppose that EX?> =1 and E|X|* < co.
(1). Forany0<h<1, A>0and 6 >0,
F(h) := BEeMX=OMX" = 1 4 (22/2— 0)n% + 0, gh°EIX |, (3.14)

where |0, o| < e 10 o0+ 0+ (A +0)3e™.

(ii). Forany0<h<1, A>0and 6 > 0,
n—1
EetmasianS—ORVE = gn(p) 3" F5(R) o,y (), (3.15)
k=1

where
_ —6h%v? Ahmaxj<i<; S;
pr(h)=Ee """ (1—e 11520 ) Imax, <y 5, <0)-

(iii). Write b = x/+/n. For any A > 0 and 6 > 0, there exists a sufficient small constant b (that may
depend on A and 0) such that, for all 0 < b < b,

EeAb maXj<k<n Sk—QbZVnZ

< Cexp{(A*/2—0)x*+ 0, x’E|X|*/V/n}, (3.16)
where C is a constant not depending on x and n.

Proof. We only prove (3.15) and (3.16). The result (3.14) follows from (2.7) of Shao (1999). Set

yah) = 0, yo(h)=1, yu(h)=EermaxOmansaSd=0VE for p > 1,

o(h,z) = Y yu(W)z",  W(hz)=(1-f(h)2)@(h,2).

n=0

Also write 7,(h) = y,(h) = f(Wy,_1(h), Sy = max,<;<S; and f*(h) = EeMXI=0W*X* " Note that
F*(h) < /4% and vn(h) < [f*(h)]" by independence of X;. It is readily seen that, for all |z| <
min{1,1/f*(h)},

W(hz) = 1+ yua(z" =) fh)y, (="
n=0 n=0

= 1+ [ren(®) — fF Ry, ()] =™

n=0

DRACE
n=0
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This, together with f (h) < f*(h), implies that, for all z satisfying |z| < min{1, 1/|f (h)|},

[1-f(h)2]""w(h,z2) fR" (2™

DMz £V
i

| —

FE O Tra) ", (3.17)

=
Il
(=)

k=0
By virtue of (3.17) and the identity ®(h,2z) = [1 — f(h)z] ' W¥(h,2), for all n > 0,
Ya(h) =D FE) Foi(h). (3.18)
k=0

Now, by noting that
Ah max S; — QhZVn2
1<k<n

= (AhX; — 0h*X %) + max{0, Ah(Sy — X1), ..., AR(S, — X )} — OR* (V2 — X D),

it follows easily from (3.18) and the i.i.d. properties of X;, j > 1 that

n
EePhmasician SO0 VY = f(hyy,_;(h) =D F¥(h) Fooi(h).
k=1

This, together with the facts that y¢(h) =1 and

7k(h) = ve(h) = f(Wyx—1(h)

ARS, —Oh2V2
EeMSk Vi I(gk20)+Ee

= ¢p(h), for1<k<n-1,

—-0n2v? _ EeMSi—0r*V?

I(§k<0)

gives (3.15).
We next prove (3.16). In view of (3.14) and (3.15), it is enough to show that

D e <, (3.19)
k=1

where C is a constant not depending on x and n. In order to prove (3.19), let €, be a constant such
that 0 < e < min{1,A2/(660)}, and t, > O sufficiently small such that

£1 1= goto — 2t0 (1 + E|X|*)et® > 0.
First note that

AR2172 R
er(b) = Ee V% (1_ekbsk)l(§k<o)

IA

P[V2<(1—gpk]+ e_(l_e(’)eksz(l - elbgk)l(§k<0)- (3.20)
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3/2 ,xV0
|/<e

It follows from the inequality e* — 1 — x < |x and the iid properties of X; that

P[VZ < (1—gpk]

P(k _ sz 2 Eok) S e-&‘ofok(Eeto(l—Xz))k
< emSobok(1 4 £ 2E(|1 — X2))%/2et0)k
< exp{ —eotok +2t2(1 + EX[P)keto} = e 51K,

As in the proof of Lemma 1 of Aleshkyavichene(1979) [see (26) and (28) there], we have

~ 1 2b2
E(1- )1 ) =Ab(ﬁ+rk) +o( = ) SCBET2 4 2bln)

for all k > 1 and sufficient small b, where Ziozl |ri| = O(1) and C is a constant not depending on x
and n. Taking these estimates into (3.20), we obtain

or(b) < e K4 b (CkV2 4 Alry|) e (me0)0kb”,

for sufficient small b. On the other hand, it follows easily from (3.14) that there exists a sufficient
small by such that forall 0 < b < b,

F(b) = EMX-00X > 1 4 (32/2 - 0 — £,0/2)b2 > e**/2-0-c0)b*

and also f(b) > e~*1/2. Now, by recalling €, < A2/(66) and using the relation [see (39) in Nagaev
(1969)]

Z ipkzk: ! +0(1), |z|<1
k Vv1—g v1—z2 ’ ’

where p, = 0(k™%/2), simple calculations show that there exists a sufficient small b, such that for
all0 < b < b

n

n n
Zf_k(b)SOk(b) Ze—slk/Z +b Z (C k—1/2 + A|T‘k|) e(ZEOG—AZ/Z)ka

k=1 k=1 k=1

1 n ) o0
- —1/2 —¢70kb
< 1_6_61/2+Cb;k e 00k 1 2b > Iy

k=1
Ci+CVrb/V1—e b’ <C,,

where C; and C, are constants not depending on x and n. This proves (3.19) and hence completes
the proof of (3.16). O

IA

IA

3.2 Proofs of propositions.

Without loss of generality, assume EX2 = 1. Otherwise we only need to replace X i by X;/V EX 2,
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Proof of Proposition 2.1. Since (2.1) is trivial for 0 < x < 1, we assume x > 1. Write b = x/+/n.
Observe that

P(lréll?é(nsk >xV,) < P(2b gi?;sk >b*Vi+x*—1)
+ P(lrggnsk > xV,, 2bxV, < b*V2+x*—1)
= P(2b lrg?sxnsk >b*V2+x?—1)
+P( max S > xV,, (bV, —x)*>1)

1<k=<n

122> 2 _
P(be?z??nsk b2VE > x* —1)

IA

> 202 5 2
+P(1rél]?§xn5k_xvn, b*V? > x* + x)

> 202 < 2 _
+P(1r£1kasxn5k >xV,, b*VZ<x*—x)

= Al,n(x) + AZ,n(x) + AS,n(X); say. (3~21)

By (3.16) with A =1 and 6 = 1/2 in Lemma/3.3 and the exponential inequality, we have

1
Apa(x) < \/Ee_xz/zEexp{b max Sy — EbZVnZ}

1<k<n

< ce /2 (3.22)

whenever 0 < x < n'/%, where C is a constant not depending on x and n. By (3.16) again, it follows
from the similar arguments as in the proofs of (2.12) and (2.28) in Shao (1999) that

Agp(x) < P( max S > xV,, szn2 > 9x2)

1<k<n

+ P max 5 = xV,,, x?+ x < b2V < 0x?)

1<k=<n
< Cexp{—x?+0(x*/V/n)}+ Cexp{—x?/2—x/4+0(x*/V/n)}
< Cle_xz/z,

whenever 0 < x < n'/®, where C and C; are constants not depending on x and n. Similarly to
(2.29) of Shao (1999), we obtain A3 ,(x) < Ce™*"/2 whenever 0 < x < n'/6, Taking these estimates
into (3.21), we prove (2.1). The proof of Proposition 2.1 is now complete. [

Proof of Proposition 2.2. First note that, by (3.9) and Lemma (3.2, we have

i P[ max;<i<, S >x/n(1+ 5]

im 1= () = 2, (3.23)

uniformly in the range 2 < x < e,n'/®, where |5,| < €,/x2. Also note that it follows from

Eet(l_Xz) <1l+ tEX21{|X|2(ﬁ/X)a} + tZEX4€t
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and E|x|maxi(e+2)/a4} < o5 that (by letting t = x/ /1)

- - 2 1-X2
P(n—VnzZenn/xz) < eTtean/x H?zlEet( i)

< exp{—te,n/x* +ntEX?Ijx|>(ym/xye + nt°EX%e'}
< exp{—te,n/x*+o(n(x/vn)* “t +nt’Ex*e'}
= exp{ —en\/ﬁ/x+0(x2)}

< o(M)[1-2(x)],

uniformly in the range 2 < x < e,n'/°. It is now readily seen that

P( max S, >xV,) < P(lrgkazi S > xv/n(l—e,/x*)?) +P(n = enn/xz)
SK=n

1<k<n

[2 + o(1)] [1-a(x)],

uniformly in the range 2 < x < e, n'/%. Therefore, in order to prove Proposition[2.2, it suffices to
show that

P (max; <x<n Sk = x V)

li > 2, 3.24
3 1—&(x) = (3.24)
In fact, by noting xV,, < (x* + b2V2)/2b where b = x/+/n, we have
S, >xV > S, —xV2 > 2 < 2
P(l?z?é(nsk >xV,) > P(félzf‘?nsk xV2/(2v/n) 2 xv/n/2,V: <n(1+€,/x?))
> P(lrnkax Si = xv/n(l+e,/x?), V2 <n(l+e,/x?))
<k<n
= S > 2 _
P(ll‘él];’:lsxnsk > xv/n(1+e€,/x%)) —R,,
where
R, = P(lrg?z( Si = xv/n(1l+e,/x?), V2> n(1+e€,/x?)).
SK=n
This, together with (3.23), implies that (3.24) will follow if we prove
R, = o(1) [1 - d)(x)], (3.25)

uniformly in the range 2 < x < e, n'/®.

In order to prove (3.25), write § =X*—EX?, n =X —EX, W, = V?—EV? and T, = max;<;<,(Sx —
ES;). Recall that |&| < (v/n/x)?* and |n| < 2(v/n/x)%. For any 0 < 8, < (v/n/x)!"%and b = x/+/n,
it follows easily from EX2 =1, E|x|max{ta)/a4t < o6 and |e¥ — 1 —s — s2/2| < |s|?e*VO that

f(b) := Eebntbob’e

1

= 1+ ;E(bn+00b°E)" + O(1)E|bn + Oob?E*e”
1 1

= 1+ b%En* + 00b°E(nE) + S 65D EE? + 0(1) (B Elnl® + 65bOEIE )
Loopo2 )2 3

— 1+§b (EX%2 —(EX)>)+0(1)(1+6y) b

1
= 1+§b2+0(1)(1+90) b3, (3.26)
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and
Ee®PE < 14 E(0,b%)%e/2 =1+ 0(1)(1+ 0,)b°. (3.27)
Therefore, by a similar argument as in the proof of (3.15) in Lemma 3.3/and noting
Gr(b) := BP0V We(1 —ebT) . o < Ee®P Wk < exp {O(1)k(1 + 6,)b°},
we have

n—1
FebTnt00b™W, _ f”(b)-i-Zf_k(b)@n—k(b)
k=1

n

< (Zekbzfz) exp{O(1)n(1 + 6,)b3}
k=1
< 4b2exp{nb?/2+0(1)n(1+ 6,)b%}, (3.28)

where we have used the fact that, for sufficient small b,

n ) 1
e <——< .
Now, for any 0 < 8, < (v/n/x)}~% and b = x/+/n, we have

R

IA

P(max S > xv/n, V?>n(l+e¢,/x?))

1<k<n

g 2152 2 2
P(blrg]?é(nsk+90b Ve > x4+ 0p(x* +¢,))

n

IA

P(b max (Sk — ESi ) + 0o b (V2 — EV?) > x2 + Ope’)
<k=n

exp{—(x? + 608;1)}EebT"+90b2W“
4b% exp{ — x%/2 — Oye, + O(1)(1 + 0,)x3/V/n}
O(1)b™2 exp{ — x?/2 — 6ye,/2}, (3.29)

INIAIA

1

uniformly in the range 1 < x < e,n'/®, where we have used the fact that

e = g, +6pb*(n—EV?) —nb|lEXI(IX| < (vVn/x)*)
= £, + 6onb*EX?I(IX| > (v/n/x)*) — nb|EXI(|X| > (vn/x)%)|
= g, +o()nb3>=¢,+0(1)x3/v/n. (3.30)

Since we may choose €, — 0 sufficient slow so that e, > (x/+/n)"1~%/2 by recalling 0 < a < 1
and taking 6, = (v/n/x)'~% in (3.29), we obtain

R, < 4b~2exp{—x2/2—b~0-9/2} = (1) [1 - <I>(x)],

uniformly in the range 1 < x < ennl/ 6. This proves (3.25) and also completes the proof of Proposi-

tion[2.2] O
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4 Proof of Theorem 1.2

By (4.2) in Shao(1997) and the fact max;<x<, Sy = S,,, it suffices to show that

—

lim x 2logP( max Sy > ann) <——.

n—00 1<k<n 2

Put
[(x) = EX?I(]X] < x), b= inf{x >1:1(x)> 0},

I(s
2, —1nf{s s>b+1Q< }
n
Then z, — oo and nl(zn)—x 2 for n large enough. For any 0 < ¢ < 1/2, we have

P(maxSk>x v)

1<k<n
SP( maxS >(1-ée)x, V)
1<k<n
n

+P( D IXI(X] > 2,) 2 €x,V,, V> 0) +P(X = 0"
i=1
::Jl +J2 +P(X = O)n,

where S} = ZleXiI(IXiI < z,). To see this, it sufficies to note that

k
max S, = max (S,’<+ZXL-I(|X1-| >zn))

1<k<n 1<k<n

< maxs; +Z|X (X, > z,).

1<k

As in Shao(1997), we have

Jy < (@)82){5.

As for J;, we have

IA

Jq P(maxS > (1 -ée)x, V)

1<k<n

< P( max 5; = (1— e, /nl(z,)) +P(V;2 < (1 - e)nl(z,))

1<k<
= Jg +J4,

where V/? = ZLX 2I1(1X;| < z,). It follows from Shao(1997) again
Jy < exp{—xi + o(xi)}.
Since EX2I(|X| < x) is slowly varying as x — oo,

|ES[| < nEIX|I(|X| > 2,) = o(nl(z,)/2,), k=1, ,n.
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Then by a Lévy inequality, we have

J3

IA

P( max (SZ/{ — ES,Q) > (1—¢)%x,4/nl(z,) — o(nl(zn)/zn))

1<k<

2P (s~ ES} 2 [(1— ) = o(1)]x,/nl(z,))
2P (5,2 [(1 - £)* = o(1)]x, V/nl(z,) )

= exp ( —(Q-e—-1/2)x}+ O(x?l))

IA

IA

where the last equality is from Shao(1997).

Now (4.1) follows from the above inequalities and the arbitrariness of €. The proof of Theorem/[1.1]
is complete. O
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