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Abstract

We present a quenched weak large deviations principle for the Gibbs measures of a Random Field Kac
Model (RFKM) in one dimension. The external random magnetic field is given by symmetrically distributed
Bernouilli random variables. The results are valid for values of the temperature and magnitude of the field
in the region where the free energy of the corresponding random Curie Weiss model has only two absolute
minimizers. We give an explicit representation of the large deviation rate function and characterize its
minimizers. We show that they are step functions taking two values, the two absolute minimizers of the free
energy of the random Curie Weiss model. The points of discontinuity are described by a stationary renewal
process related to the h—extrema of a bilateral Brownian motion studied by Neveu and Pitman, where h
depends on the temperature and magnitude of the random field. Our result is a complete characterization
of the typical profiles of RFKM (the ground states) which was initiated in [4] and extended in [6]
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1 Introduction

We consider a one-dimensional spin system interacting via a ferromagnetic two-body Kac potential and
an external random magnetic field given by symmetrically distributed Bernoulli random variables. Kac’s
potential is a two-body ferromagnetic interaction of strength v and range %, where 7 is a dimensionless
parameter. It is normalized so that when v | 0, i.e. very long range, the total interaction between one spin
and all the others is one.

Kac’s potentials were introduced in [9], and then generalized in [12] and [14] to provide a rigorous derivation
of the van der Waals theory of liquid-vapor phase transition. For motivations and discussions concerning
existing results we refer to [6], see also the heuristic discussion later in this section.

The first result of this paper is an extension of the results of [6]. Let 8 be the inverse temperature, 0
the magnitude of the random field and 2 the probability space in which the random field is defined. Take
(8,0) € €, where &, see (2.20), is the region where the free energy of the corresponding random Curie Weiss
model has only two absolute minimizers: {mg, Tmg}, mg = (mg1,mg2) and T'mg := (—mg2, —Mmg1).
The first minimizer mg is associated to positive magnetization mg = %m“), the other T'mg to negative
magnetization —mg. We exhibit a set of magnetization profiles typical for the infinite volume random
Gibbs measure pf,  for w € Q and (3,0) € €. Such a set is a suitable neighborhood of a properly
defined locally bounded variation function u? : IR X  — IR?, which according to the realizations of the
random field, takes values in {mg, Tmgs} and performs, with an overwhelming probability with respect to the
distribution of the random fields when v | 0, a finite number of jumps in any finite interval, i.e. u3(-,w) €
BViec(IR, {mg,Tmg}). Next, we prove that, when v | 0, the limiting distribution of the interdistance
between the jump points of u with respect to the distribution of the random magnetic fields is the same
as that determined by Neveu-Pitman [13] when studying the stationary renewal process of h(3,0)-extrema
of a bilateral Brownian motion. In addition we define the limiting (in Law) typical profile v*(-,w) that
belongs to BViec (IR, {mg,Tmg}). In particular, the distribution of the position of the jump of u* nearest
to the origin is the same as the limiting distribution of the point of localization of Sinai’s random walk in
random environment, (RWRE), see (2.41), determined independently by Kesten [11] and Golosov [8]. This
is a surprising link between RFKM and RWRE. The last natural question concerns the large deviations from
the typical profile v of the random Gibbs measure y, .. When the profile u € BViec(IR,{T'mg, ms})
is a suitable local perturbation of the typical profile u}, we identify the large deviations functional I'(-) by
showing that

lim | = log .0, [A(w)] | = T(w) (1.1)

where A(u) is a suitable neighborhood of u € BWVio(IR, {T'mg,mg}), see (2.28). The functional I'() is a
positive random functional and the convergence (1.1) holds in Law. This differs from to the large deviation
functional associated to the global empirical magnetization, see [4], which is not random. The T'(-) is
determined by two distinct contributions: the free energy cost F* to undergo a phase change (the surface
tension) and a bulk contribution due to the presence of the random magnetic field. It represents, in the
chosen limit, the random cost for the system to deviate from the equilibrium value u*. We have then proved
a weak large deviation principle for {ug , },.

Heuristic To explain the result, in particular the correct scaling and the form of the large deviations
functional T'(+) in (1.1), it might be instructive to recall the results on the same spin model without the
presence of the random external field, i.e § = 0, see [3]. In [3] a large deviations principle for Gibbs measures
was established. The typical magnetization profiles are constant near one of the two values of the minimizer
of the Curie-Weiss canonical free energy, over intervals of length of the order e%F %) where F (8) represents
the cost of the excess free energy functional to go from one phase to the other. i.e the surface tension.
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Moreover, suitably marking the locations of the phase changes of the typical profiles and scaling the space
by e_%F (s ), when v | 0 one obtains as limiting Gibbs distribution of the marks, the Poisson Point Process.
The thermal fluctuations are responsible for the stochastic behavior on this scale.

When the random fields are added to the system, i.e 6 # 0, the macroscopic picture of the system changes
drastically. There is an interplay between the ferromagnetic two-body interaction which attracts spins alike
and the presence of the random field which would like to have the spins aligned according to its sign. It is
relatively easy to see that the relative cost of a phase change is e_%f*. This is of the same order as in the
case without external random field. Here F* = F*(,0) is a deterministic quantity, the surface tension (see
(2.23)). It is also relatively easy to see that the fluctuations of the random field over intervals % should play
an important role.

Namely take a homogeneous configuration of spins in a volume V. The random fields contribution to the
hamiltonian is », cv hi- The fluctuations of this term are up to a multiplicative constant equal to \/m . To
be able to see a competition between these fluctuations and the previous cost of a phase change, one needs
at least that

D h

eV

B
> 75’-‘ , (1.2)

that is |V| of the order 1/92. Once the scale is determined a more subtle analysis is needed to characterize the
typical profile. A simple picture of it should be a function taking value mg over intervals of order 1/4? then
making a phase change in intervals of order % to the value T'mg and keeping such a value over intervals of
order 1/4% and so on. Such intervals should have random length and therefore the ends of these intervals, i.e.
the points detecting a phase change, should be random variables with respect to the o—algebra generated by
the random magnetic fields. The goal is to find their limiting distributions when ~+ | 0 after scaling down
the space by 72.

To do so the above argument is clearly too rough. First of all it is merely the fluctuations of the random
field contribution of configurations near mg or Tmg that should be relevant. A non trivial fact is that the
relative Gibbs weight of configurations near T'mg on a volume B with respect to the one which near mg on
the same volume is in fact roughly speaking exp(—c(3,0) >, 5 hi) for a constant c(3,60). The minus sign
corresponding to the fact that if ), h; is large and positive, one should expect that on B the system will
prefer to be near mg. Using this fact, the relative Gibbs weight of coarse grained spin configurations that
stay near Tmg in a volume B with respect to the one where a phase mg is created on the very same volume
B is roughly speaking

B _ X B *
(HEF (B0 Y hi B FT (1.3)
Considering the same volume B, one wants to avoid to create a phase T'mg on a volume C C B within a

phase mg on B. The relative Gibbs weight of these new coarse grained spin configurations with respect to
the ones that stay near mg on the volume B is

o BFT BN, i L FT (1.4)

Therefore if

= B0
(1.5)
_ 287
;h1> ~e5.0) VO € B



the right hand sides of (1.3) and (1.4) go to zero exponentially. In this case the typical profile should be
near mg in the volume B. Applying similar arguments, if

Zhi < —ﬂ and

= ve(3,0) |
(1.6
2BF*
hi< ——— YCCB
; = %¢(3.6) -

the typical profile should be near T'mg on B.

So going left to right, from a region, say Bg(+) where (1.5) is satisfied to a region, say Bj(—) where
(1.6) is satisfied, there should be a local maximum of the random walk ). h; and going from this By (—)
to a region By(+) on its right there should be a local minimum. So a candidate for the typical profile will
stay near mg between the corresponding minimizer of such local minima and the maximizer of such local
maxima; then near to Tmg between the maximizer of such a local maxima and the minimizer of the next
such local minima. The region By(+) and the nearest region Bj(—) on his right are adjacent and therefore
the changes of phases could be associated to these local maxima and local minima. In [6], a way to construct
the typical profiles was given. Here we give the limiting distribution of the localization of the jumps of the
typical profile.

Once the typical profile u* is determined, the next step is to identify a large deviations functional. Consider
an u € BVoc({mg, Tmg}) which is a local modification of the typical profile v*. Using the same arguments
that lead to (1.3) and (1.4), we get that the large deviations functional should have a term of the type
exp(—N (u, u*)BF* /) where N(u,u*) is the difference between the number of jumps of u and those of u*.
Notice that this term is independent of the position of the jumps. The second contribution is related to the
fluctuations of the random field over those intervals in which the profile u is in a different phase from u* For
the precise definition of I'(u) see (2.47). Obviously this is a very rough explanation.

The plan of this paper is the following: In Section 2 we give the description of the model and present
the main results. In Section 3 we recall the coarse graining procedure. In Section 4 we prove the main
estimates to derive upper and lower bound to deduce the large deviation estimates. In Section 5 we prove
some probability estimates and the extension of the [6] results. In Section 6 we prove the main results.

Acknowledgments We are indebted to Errico Presutti who, years ago, gave us the expression of the random
functional, see (2.47). We thank Jean—Francois Le Gall for mentioning to us the article by Neveu and Pitman,
Jean Bertoin, Zhang Shi and Isaac Meilijson for illuminating discussions.

2 Model, notations and main results

2.1. The model

Let (Q, A, IP) be a probability space on which we define h = {h; };cz, a family of independent, identically
distributed Bernoulli random variables with IP[h; = +1] = IP[h; = —1] = 1/2. The spin configuration space
isS={-1,+1}%. If 0 € S and i € Z, o; represents the value of the spin at site . The pair interaction
among spins is given by a Kac potential of the form J,(i — j) = vJ(v(i — j)), v > 0. For sake of simplicity
we fix J(r) = Ty <1/2)(r), where we denote by T4(-) the indicator function of the set A.

For A C Z we set Sy = {—1,—|—1}A; its elements are denoted by op; also, if 0 € S, op denotes its
restriction to A. Given A C Z finite and a realization of the magnetic fields, the Hamiltonian in the volume
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A, with free boundary conditions, is the random variable on (€2, A, IP) given by

HW(UA)MZ—% S i ooy — 0 hilwlo (2.1)

(i,4)EAXA i€A

In the following we usually drop the w from the notation. The corresponding Gibbs measure on the finite
volume A, at inverse temperature 8 > 0 and free boundary condition is then a random variable with values
on the space of probability measures on Sp. We denote it by g6,,4 and it is defined by

1

p.0.8(00) = ——exp{=FH,(0n)} oA € Sa, (2:2)
B:6,7,A

where Zg g4 a is the normalization factor called partition function. To take into account the interaction

between the spins in A and those outside A we set

Wo(on,one) ==Y Jy(i — j)oio;. (2.3)

i€A jEAC

If 6 € S, the Gibbs measure on the finite volume A and boundary condition ¢ is the random probability
measure on Sy, denoted by ug’y A and defined by

=~ — P {=B(Hy(on) + Wy(oa,0a°))}, (2.4)

where again the partition function Zg’}; A is the normalization factor.

Given a realization of h and v > 0, there is a unique weak-limit of 3~ 4 along a family of volumes
AL =[-L,LINZ, L € IN; such limit is called the infinite volume Gibbs measure pgg . The limit does
not depend on the boundary conditions, which may be taken h-dependent, but it is a random element, i.e.,
different realizations of h give a priori different infinite volume Gibbs measures.

2.2. Scales

As in [3], [4] and [6], the analysis of the configurations that are typical for y3 . in the limit v | 0, involves
a block spin transformation which transforms the microscopic system on Z in a system on IR. We have
three main different scales and according to the case it is better to work with one or the other. There will
be also intermediate scales that we will discuss later.

e 2.2.1 The microscopic and macroscopic scales.

The basic space is the “microscopic space”, i.e. the lattice ZZ whose elements are denoted by ¢, 7 and so on.
The microscopic scale corresponds to the length measured according to the lattice distance. The spin o; are
indexed by Z and the range of interaction in this scale is of order %

The macroscopic regions correspond to intervals of IR of order % in the microscopic scale ; i.e. if I C IR, is
an interval in the macroscopic scale then it will correspond to the interval é in the microscopic scale. In the
macroscopic scale the range of the interaction becomes of order 1.

e 2.2.2 The Brownian scale

The Brownian scale is linked to the random magnetic fields. The Brownian regions correspond to intervals
of IR of order W% in microscopic scale; i.e. if [-Q,Q] C IR, Q > 0 is an interval in Brownian scale then it

corresponds to [—%, %] in microscopic scale. In Brownian scale the range of interaction is of order ~.
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e 2.2.3 The partition of IR.

Civen a rational positive number 8, D; denotes the partition of IR into intervals As(u) = [ud, (u+ 1)d) for
u € Z. If § = nd’ for some n € IN, then Dy is coarser than Dy . For r € IR, we denote by Ds(r) the interval
of Ds that contains 7. Note that for any r € [ud, (u 4 1)8), we have that Ds(r) = As(u). To avoid rounding
problems in the following, we will consider intervals that are always Ds—measurable. If I C IR denotes a
macroscopic interval we set

Cs(1) = {u € Z; As(u) C I}. (2.5)

e 2.2.4 The mesoscopic scales

The smallest mesoscopic scale involves a parameter 0 < §* < 1, so that 6*y~! T co when v | 0. We

require %7 % in IN. When considering another mesoscopic scale, say § > 0*, we assume § = kdé* for k € IN.

The elements of Ds- will be denoted by A(z) = [#6*, (z 4+ 1)8*), with 2 € Z. The partition Ds- induces
a partition of Z into blocks A(z) = {i € Z;iy € A(z)} = {a(x),...,a(x + 1) — 1} with length of order
§*y~! in the microscopic scale. For notational simplicity, if no confusion arises, we omit to write the explicit
dependence on 7, §*.

2.3 Basic Notations.
e block-spin magnetization

Given a realization of h and for each configuration o, we could have defined for each block A(x) a pair of
numbers where the first is the average magnetization over the sites with positive h and the second to those
with negative h. However it appears, [4], to be more convenient to use another random partition of A(x)
into two sets of the same cardinality. This allows to separate on each block the expected contribution of the
random field from its local fluctuations. More precisely we have the following.

Given a realization hlw] = (hi[w])icz, we set AT(z) = {i € A(z);hilw] = +1} and A~ ={i e
A(z); hilw] = —1}. Let A(z) = sgn(|A* (z)| — (2v)~16%), Where sgn is the sign function, with the conventlon
that sgn(0) = 0. For convenience we assume §*y~! to be even, in which case:

IPA(w) = 0] =277 ‘1(55?_1/2) (2.6)

We note that A(z) is a symmetric random variable. When A(x) = £1 we set

l
o) =inf{l > a(@) : > M@, () =071 /2} (2.7)

j=a(=)

and consider the following decomposition of A(z): B*®)(z) = {i € A*@)(z);i <l(z)} and B~ (z) =
A(x) \ B*®)(2). When \(z) = 0 we set BT (z) = At (x) and B~ (z) = A= (x). We set D(z) = AM®)(z)\
B @) (z). In this way, the set B*(x) depends on the realizations of the random field, but the cardinality
|B£(z)| = §*y~1/2 is the same for all realizations. We then denote

m? (£, x,0) 27 Z 0. (2.8)

1€Bi(az)
We call block spin magnetization of the block A(z) the vector
m® (x,0) = (m® (+,2,0),m (—,z,0)). (2.9)
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The total empirical magnetization of the block A(x) is given by

7 Y o= “(4+,2,0) +m® (=, z,0)) (2.10)
ZEA(’I‘)

and the contribution of the magnetic field to the Hamiltonian (2.1) is

’Y Z hioi = =(m® (+,2,0) —m® (=, z,0)) + )\(z)i—z Z Ois (2.11)

zEA (x) D)
where D(x) = AM®) (l‘) \ Bk(gc)(x).

e spaces of the magnetization profiles

Given a volume A C ZZ in microscopic scale, it corresponds to the macroscopic volume I = yA = {~i;i €
A}, assumed to be Ds«—measurable. The block spin transformation, as considered in [4] and [6], is the
random map which associates to the spin configuration o, the vector (m‘s*(z,cr))ggecé*(l), see (2.9), with
values in the set

_ 4y 8y 4y 2
M= ] —1,—1+6— TR Sl g (2.12)
z€Csx (I)

We use the same notation pgg A to denote both, the Gibbs measure on Sp, and the probability measure
induced on M« (I), through the block spin transformation. Analogously, the infinite volume limit (as A 1 Z2)
of the laws of the block spin (m® (7))zec,. (1) under the Gibbs measure will also be denoted by 15,0 +-

We denote a generic element in M« (I) by

*

my = (m’ (@))aec, () = (MY (2),m5 (2))zec,- (1)- (2.13)
Since [ is assumed to be Ds«—measurable, we can identify mﬁ* with the element of

T ={m = (my,mz) € L(IR) x L (IR); ||m1]lco V ||m2|lcc < 1} (2.14)

piecewise constant, equal to m? (z) on each A(x) = [26*, (x 4 1)6*) for = € Cs-(I), and vanishing outside 1.
Elements of 7 are called magnetization profiles. Recalling that I = «A, the block spin transformation can
be identified with a map from the space of spin configurations {—1,+1}" into the subset of Ds--measurable
functions of L (I) x L>(I). For § = ké*, m = (my,ma) € 7 we define for r € IR

ml(r) = (15/D§(r) m;(s)ds, i€ {1,2}. (2.15)

See 2.2.3 for Ds(r). This defines a map from 7 into the subset of Ds—measurable functions of 7. We define
also a map from 7 into itself by

(T'm)(x) = (—ma(z), —m1(z)) Vo € IR. (2.16)
In the following we denote the total magnetization at the site z € IR

. ma () + ma(z)

m(z) = 5 (2.17)
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e Fzxcess free energy functional.

We introduce the so called “excess free energy functional” F(m), m € T:
f(m) = f ml,mg)

(
(2.18)
=1 [ [ = = arar [ (ot () malr) = Fpolmsoma )] dr

where fgg(m1,ma) is the canonical free energy of the Random Field Curie-Weiss model derived in [4],

2
Fa0(my,ms) = _(ma+mg)” Q(ml — 1)

8 2 —(Z(mn) + Z(m2)) (2.19)

T35

with Z(m) = % log (152) + @ log (152). In Section 9 of [6], it was proved that

£— 0<0<6.00), f0r1<ﬂ<%;
T 0<0<01.(8) forf>3,

(2.20)
where 01 .(8) = %arctanh(l - %)1/2, is the maximal region of the two parameters (3,6), whose closure
contains (1,0) in which fz¢(-,-) has exactly three critical points mg,0,Tmg. The two equal minima corre-
spond to mg = (mg1 > 0,mg 2 > 0) and T'mg = (—mg 2, —mg 1) and 0 a local maximum. Moreover, for all
(8,0) € & there exists k(3,6) > 0 so that for each m € [—1,+1]?

fae(m) = fa.6(ms) = w(B,0) min{[lm — mg||3, [|m — Tmy||}, (2.21)

where || -||; is the ¢! norm in IR?. Clearly, the absolute minimum of F is attained at the functions constantly

equal to mg (or constantly equal to T'mg), the minimizers of fz 9. We denote mg = W.

e The surface tension

We denote by surface tension the free energy cost needed by the system to undergo to a phase change.
It follows from [5] that under the condition m;(0) + m2(0) = 0, and for (8,0) € &, there exists a unique
minimizer m = (M, m2), of F(m) over the set

Moo = {(m1,me) € T;limsupm;(r) < 0 < liminf m;(r),i =1, 2}. (2.22)

r——00 r—+00

Without the condition m(0) + m2(0) = 0, there is a continuum of minimizers obtained by translating m.
The minimizer /m(-) converges exponential fast, as r T +oo (resp. —oo) to the limit value mg, (resp.T'mg).
Since F is invariant by the T-transformation, see (2.16), interchanging r T 400 and r | —co in (2.22), there
exists one other family of minimizers obtained translating T'm. We denote F* the surface tension:

F* = F*(8,0) = F(m) = F(Tm) > 0. (2.23)

e how to detect local equilibrium

As in [4], the description of the profiles is based on the behavior of local averages of m‘s*(x) over k
successive blocks in the block spin representation, where k > 2 is a positive integer. Let 6 = kd* be such
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that 1/6 € IN. Let £ € Z, [¢,£ + 1) be a macroscopic block of length 1, C5([¢,£+ 1)), as in (2.5), and ¢ > 0.
We define the block spin variable

5. L, if Yuee,(1e,6+1)) % erca*([u&(u+l)5)) ||m5*($»0') —mgli <G
() = =1, if Vuec,(je,e41)) % ercé*([ua,(uﬂ)(s)) [m?" (z,0) — Tmgl < ¢ (2:24)
0, otherwise.
where for a vector v = (vy,v2), ||v|l1 = |v1| + |v2]. When n%¢(¢) = 1, (resp. —1), we say that a spin

configuration o € {—1,1}%[5’”1) has magnetization close to mg, (resp. T'mg), with accuracy (4,¢) in
[0,£+1). Note that n®<(¢) = 1 (resp —1) is equivalent to

1 x
Yy e [6,£+1) 5/, ( )da:Hm‘; (z,0) —v|1 <¢ (2.25)
sy

for v = mg (resp. T'mg). Since for any u € Cs([¢,¢ + 1)), for all y € [ud, (u+ 1)d) C [(,£+ 1), Ds(y) =
[ud, (u + 1)d).

When 7%¢(¢) = 1, (resp. —1), we say that a spin configuration o € {—1, 1}%[4’“1) has magnetization
close to mg, (resp. T'mg), with accuracy (6,¢) in [¢, £+ 1). In the following the letter ¢ will always indicate
an element of Z. We then say that a magnetization profile m?®" (+), in a macroscopic interval I C IR, is close
to the equilibrium phase 7, for 7 € {—1,+1}, with accuracy (4, () when

() =r,VelInZ}y={n> ) =1,V eI} (2.26)

In view of the results on the typical configurations obtained in [6] a candidate for the limiting support of
3.0~ When v | 0, is an appropriate neighborhood of functions on IR, (considered in the Brownian scale),
taking two values mg or T'mg that have finite variation. So we define, for any bounded interval [a,b) C IR
(in the Brownian scale) BV ([a,b)) = BV ([a,b), {mgs, Tmg}) the set of right continuous bounded variation
functions on [a,b) with value in {mg,Tmg}. We call the jump at r the quantity Du(r) = u(r) — u(r-)
where u(r_) = limgp, u(s). If 7 is such that Du(r) # 0 we call r a point of jump of u, and in such a case
| Du(r)||1 = 473. We denote by Ni, ) (u) the number of jumps of u on [a,b) and by V,?(u) the variation of
uon [a,b), i.e

)= > [IDu(r)|ly = Niag)(w)2[ms1 + mp 2] = 4N ) (u) < . (2.27)

a<r<b

By right continuity if ||Du(a)||; # 0 then a € N, p)(u), while if | Du(b)||; # 0 then b ¢ N, ) (u). We denote
by BViec = BVioc (IR, {mg,Tmgs}) the set of functions from IR with values in {mg, T'mg} which restricted
to any bounded interval have bounded variation.

Warning on notation Whenever we deal with functions in 7, see (2.14), we always assume that their
argument varies on macroscopic scale. So m € 7 means m(z),z € I where I C IR is an interval in the
macroscopic scale. Whenever we deal with bounded variation functions, if not further specified, we always

assume that their argument varies on the Brownian scale. Therefore u € BV ([a,b)) means u(r),r € [a,b)
a é)

and [a,b) considered in the Brownian scale. In macroscopic scale we must write u(yz) for z € [£, 2).

Definition 2.1 Partition associated to BV functions Take u € BV ([a,b)), p > 0, with 8p+ 85 smaller
than the minimal distance between two points of jumps of w. Let Ci(u), i = 1,.., Niqp)(u), (see (2.27)), be

1380



the smallest Ds measurable interval that contains an interval of diameter 2p, centered at the i—th jump of u
in [a,b). We have C;(u) N Cj(u) =0 for all i # j.
Nia,b)

Set C(u) = U, (u)CZ-(u), B(u) = [a,b) \ C(u). We denote by C;(u) = v *Ci(u), Cy(u) = v 1C(u)

and B-(u) =y~ 1B(u) the elements of the induced partition on the macroscopic scale.

Since a phase change can be more precisely described in macro units, we state the following definition which
corresponds to Definition 2.3 of [6].

Definition 2.2 The macro—interfaces Given an interval [¢1, 2] (in macro-scale) and a positive integer
2Ry < €y — 4], we say that a single phase change occurs within [(1,03] on a length Rs if there exists
lo € (61 + Ro,ly — Ry) so that n®(€) = n%<(¢1) € {~1,+1},V€ € [l1,0y — Ra]; n°C(0) = n®S(ly) =
—n(€1),V0 € [ly + Ra,ls], and {{ € [l — Ra,lo + Ra] : n$(£) = 0} is a set of consecutive integers. We
denote by Wi ([l1,£2], Rz, () the set of configurations n>¢ with these properties.

In words, on W ([(1, £2], R2, (), there is an unique run of n%¢ = 0, with no more than 2R, elements, inside
the interval [¢1, {5].

Given [a, b) (in the Brownian scale), p > ¢, ¢ > 0 and u in BV ([a, b)) satistying the condition of Definition

w‘g

b
2.1, we say that a spin configuration o € {—1, 1}[~ 37) has magnetization profile close to u with accuracy

(6,¢) and fuzziness p if 0 € P(’;M,[ayb)(u) where

Pfé);’Y)C)[a’b) (u) =

Nia,v)(w)
a b 1 x .
{0 e {-1, 1}[72’72) Yy € By(u), 5 / o) [m® (z,0) —u?? ()|, de < C} ﬂ Wi ([Ci »(uw)], R2, (),
Do(y =1
(2.28)
and
* 1
0 (z) = —*/ u(ys) ds. (2.29)
5 Da* (:C)

In (2.28) we consider the spin configurations close with accuracy (9, () to mg or T'mg in B, (u) according to
the value of u”9 (-). In C,(u) we require that the spin configurations have only one jump in each interval
Ci~(u), i =1,..N, and are close with accuracy (4, () to the right and to the left of this interval to the value
of w in those intervals of B, (u) that are adjacent to C; ~(u).

Remark 2.3 . The notion of fuzziness p deserves some explanations. As mentioned in the heuristics,
the localization of the phase change is determined by minimizers and maximizers of a random walk. For a
random walk there are various possible choices to define these points. One can take as mazimizer the point
where the random walk attains for the first time its running mazimum or the point where it did for the last
time. We introduced in [6] the parameter p that takes into account this intrinsic ambiguity on localizations
of minimizers or mazximizers of the random walk. In fact p is chosen in such a way that if one makes
a choice for the maximizer and excludes an interval of length 2p (in the Brownian scale) centered around
it then outside this interval the random walk is at least at distance p*T® from this maximal value with an
overwhelming probability see Theorem 5.1 in [6]. Note that p is a function of 7y, see (2.56). Other possible
localizations (the “last time” for example) are necessarily within such an interval of length 2p.

On the other hand Ra, in the definition 2.2 and in the last term in (2.28), will be chosen in a y—dependent
way such that the Gibbs probability of runs of n>¢ larger than Ry is exponentially small. One has (in the
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Brownian scale) p >> vRg i.e a very rough upper bound on the space needed to make a typical macro—
interface is much smaller than the imprecision linked to previous mentioned localizations of minimizers or

mazrimaizers.

With all these definitions in hand we can slightly improve the main results of [6]. To facilitate the reading
we will not write explicitly in the statement of Theorem 2.4 the choice the parameters 9, 6*,(, g, Ra, @, p.
All of them, but ¢ depend on . We recall it in Subsection 2.5.

Theorem 2.4 [COPV] Given (5,0) € &, see (2.20), there exists vo(3,0) so that for 0 < v < 4(5,6),
choosing the parameters as in Subsection 2.5, there exists 1 C Q with

P =1 K@ () (2.30)
where a is as in (2.56),
K(Q)=2+5(V(8,0)/(F*)*)QloglQ*g(" /)], (2.31)

F*=F*(B,0) is defined in (2.23) and

14 mg,2 tanh(266)

V(ﬁa 9) = IOg 1— mg1 tanh(Qﬂe) .

(2.32)

For w € Qy we eaplicitly construct u’(w) € BV([-Q,Q]) so that the minimal distance between jumps of u’
within [—Q, +Q)] is bounded from below by 8p + 89,

. 81
1307 (Phc La@@(@)) = 12K (Q)e 77077, (2.33)

and
VY (u2) < 4ingK(Q). (2.34)

The proof of Theorem 2.4 is sketched at the end of Section 5. It is a direct consequence of Theorem 2.1,
Theorem 2.2 and Theorem 2.4 proven in [6], together with Lemma 5.7 that gives the value (2.31). The u(w)
in Theorem 2.4 is a function in BV ([—Q, Q]) associated to the sequence of maximal elongations and their
sign as determined in [6] Section 5. For the moment it is enough to know that it is possible to determine
random points o = «a;(7,w) and a random sign +1 associated to intervals [ea;, e, ;) in the Brownian

scale, where € = €(v) has to be suitably chosen. These random intervals are called maximal elongations. We

denote
. mg, 1€ [eaj,ea;, ) if the sign of elongation [eaj, e}, ) is = +1
ui(w)(r) = - : : . . e (2.35)
Tmg, 7€ leaj,ea;,,) if the sign of elongation [ea],ea], ) is = —1,
fori e {k*(—Q)+1,...,—1,0,1,...,k*(Q) — 1}, where
K (Q) =inf(i > 0: ea] > Q), K*(—Q) =sup(i <0:ea; < —Q) (2.36)

with the convention that inf((}) = +oo, sup(f)) = —oco. We set eaf < 0 and ea > 0, that is just a relabeling
of the points determined in [6], Section 5. Lemma 5.7 gives that, with a IP—probability absorbed in (2.30),
we have |k*(—Q)| V £*(Q) < K(Q), with K(Q) given in (2.31).
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2.4. The main results

Denote by (W (r),r € IR) the Bilateral Brownian motion (BBM) , i.e. the Gaussian process with inde-
pendent increments that satisfies IE(W (r)) = 0, IE(W?(r)) = |r| for r € IR and by P the Wiener measure
on (C(IR),B) with B the borel o—algebra for the topology of uniform convergence on compact. Let h > 0
and denote, as in Neveu - Pitman [13], by {S; = Si(h); € Z} the points of h—extrema of the BBM with the
labeling convention that ...S_; < Sy < 0 < 51 < S5.... The Neveu - Pitman construction to determine
them is recalled in Section 5.2. We recall their properties below Theorem 2.5.

Theorem 2.5 Given (3,0) € £, see (2.20), choosing the parameters as in Subsection 2.5, setting h = Vz(
we have that

lim e(y)aj(7) = 5" =5, (2.37)
’Y*}

forie Z.

The {S;,i € Z} is a stationary renewal process on IR. The S;;1 — S;, (and S_; — S_;_1) for i > 1 are
independent, equidistributed, with Laplace transform

IE[e~M5+1799] = [cosh(hv/2X)] " for A > 0 (2.38)

(mean h?) and distribution given by

di( [S2— 51 <1z]) ;Tki:o 2k+1) exp[ (2k +1)? 82/;62} for x > 0. (2.39)
Moreover S; and —Sj are equidistributed, have Laplace transform
IEle™1] = L <1 - 1) for A\ >0 (2.40)
h2X cosh(hv/2))
and distribution given by
% (IP[S; < z]) = ikz_o (2]{(;3)1];}# exp [—(Qki + 1)27782;;2} for x > 0. (2.41)

The formula (2.38) is given in [13].
Let u* = u*(W) be the following random function:

mg  for 7 €[S Sit1),
{ if S; is a point of A-minimum for W;

Tmg for r € [Sit1,Si12)-
W (r) = g o (2.42)
{ng for €[S, Sit1),

mga for re [Si+1, Si+2).

if S; isa point of A-maximum for W;

Since P a.s the number of h—extrema of the BBM is finite in any finite interval, we have that P a.s.,
u* € BVige.

Corollary 2.6 Under the same hypothesis of Theorem 2.5, for the topology induced by the Skorohod metric

that makes BVioe a complete separable space, see (5.5), we have

L
lylfr(}uﬂ{ = u”. (2.43)
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The proof of Theorem 2.5 and Corollary 2.6 are given in Section 6. Let u* be the function defined in (2.42),
u € BVioc and [a,b) C IR a finite interval. Denote by N, p)(u, u*) the points of jump of u or u* in [a, b):

Niap) (u,u™) = {r € [a,b) : |[Du(r)||y # 0 or [|[Du*(r)||1 # 0}. (2.44)

Since u and u* are BV, functions J\/[mb) (u, u*) is a finite set of points. We index in increasing order the points
in M) (u, u*) and by an abuse of notation we denote {i € N, p)(u,u*)} instead of {i : r; € N p)(u, u*)}.
Define for u € BV),., the following finite volume functional

1_‘[a,b) (U|U*, W)

—gr 5 G IDu I~ IDu ) = V8.0~ 3 )V i) W]

m
8 ie./\f[aﬁb)(u,u*)

(2.45)

The functional in (2.45) is always well defined since it is P-a.s a finite sum of terms each one being P-a.s
finite. An extension of (2.45) to IR is given by

T (ulu*, W) = Z Lis, 5,0 (ulu™, W). (2.46)
JEZ

In Theorem 2.7 stated below, we prove that the sum is positive and therefore the functional in (2.46) is well
defined although it may be infinite. One can formally write the functional (2.46) as

el W) = 5o {5 [ arlloalh = 1w @] = v56) [ @) - aepavin f, ean

but the stochastic integral should be defined. We have the following result:

Theorem 2.7 P a.s., for all u € BVioe, T'(*|u*, W) > 0 and u* defined in (2.42) is the unique minimizer
of D(+|u*, W).

Remark 2.8 . The functional defined in (2.46) is lower semi-continuous. It is not too difficult but rather
long to check that this occurs in the following sense: If u, and u are in BVip. and limptoo up = u in
probability (i.e. such that Ve > 0,lim,jo0 IP[d(un,u) > €] = 0 where d(-,-) is defined in (5.5) ) then
liminf, o0 I'(up|u*, W) > T'(u|u*, W) in probability.

To state our next result, that is the identification of the functional (2.46) as a large deviation rate some
restrictions on the functions u in BVj,. we consider is needed. First of all to inject BV ([—Q,+Q)]) into
BV (IR), we define for v € BV ([-Q, +Q)])

_ Julrn@), if r > 0;
ullr) = { (rv(-Q) ifr<o, (2.48)

so that V?Q(u) = V>, (u®). This allows to consider ul € BV([-Q,+Q)]) as an element of BV (IR). Let
F(Q) be a positive increasing real function. Denote

Ug(uz) = {u € BVioe; u(r) = w(r),¥Ir| > Q — 1; Wolu) > 8p+85; V(u) < VE?Q(U;)F(Q)} ,
(2.49)
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where Wy (u) = inf(r — ', —Q <1’ <1 < Q;|Du(r’)| # 0,|Du(r)| # 0). The last requirement in (2.49)
imposes that the number of jumps of u does not grow too fast with respect to the ones of uZ, see Remark
2.10 for more explanations.

We denote by u(y) = u(y,w) a generic element of Ug (u}(w)).

Theorem 2.9 Take (3,0) € &€, u* in (2.42), the parameters as in Subsection 2.5, then

Law

lim | —y10g 1150, (P5 ¢ 0.0 ()] = Tulu”, W), (2.50)
for all u(y,w) € Ug(uj(w)) such that lim, o(u(y),ul) = (u,u*) in Law, when
F(Q) = elsrm P (ogQ)(loglog Q) (2.51)

with 0 < b < 1/(8+4a) and a as in (2.56).
Here are some examples of elements of Ug (uX (w)):

uy (y,w)(r) = v(r)L_p, 1)(r) +ul (W) (") L _q,q\-L,2)(T) (2.52)

where L > 0 and v € BVj, is a given non random function. When L is a fixed number independent on ~
then (uy(y),u3) converges in Law, as v | 0, to (uy (W), u*(W)) where

ur(W)(r) = v(r)_p )(r) + «* (W) (") Lg\(- £, (T)

and the functional in the r.h.s. of (2.50) is computed on u;(W). When L = L(v) goes to infinity, as v | 0,
then (uy(y),u) converges in Law to (v,u*) and the functional in the r.h.s. of (2.50) is computed on v.
Theorem 2.9 is a consequence of accurate estimates stated in Proposition 4.1 where error terms are given.

Remark 2.10 . If a profile makes more than F(Q) times the jumps of u’, Theorem 2.9 cannot be applied.
In this case the contribution of the error terms that one gets in Proposition 4.1 is too large. Further consider
the last two conditions in (2.49). The (2.51) implies for any positive integer p, F(Q) > @QP, so the last
requirement in (2.49) can be satisfied for functions u = wu(7y) that are wildly oscillating. In particular, in
(2.49) there are functions that makes F'(Q)) jumps within each of all maximal elongations considered. Using
(4.63), one can check that choosing p as in (2.56), p << 1/F(Q). Therefore dividing each maximal elongation
in F(Q) equal intervals and taking the sequence of functions {u(y)}, which jump at each beginning of such
interval, one gets a sequence of function with minimal distance between two jumps of order 1/F(Q). This
sequence of functions satisfies both the requirements in (2.49). However it does not converge in Law in BV,
endowed with the Skorohod topology. Therefore is not considered in Theorem 2.9, even though the estimates
in Proposition 4.1 are valid.

On the other hand if one takes a sequence of functions {u(v)},, u(y) € BVie that does not satisfy
Wgo(u) > 8p + 86, i.e such that u(y) has just two jumps at distance less than 8p 4 8¢ for example in the
middle of [eaf, ead) (see (2.35)) but coincides with the typical profile then since 8p + 89 | 0, see (2.56) and
(2.55), this sequence of functions does not converge in Law in BV, endowed with the Skorohod topology, see
[2] pg 112-113 for example. This sequence does not satisfy the hypothesis of Theorem 2.9 and Proposition
4.1.

2.5 Choice of the parameters We regroup here the choice of the parameters done all along this work.
This choice is similar to the one done in [6], see page 794. The g is a positive function from (1,00) so that
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g(x) > 1,9(z)/z < 1,Vz > 1 and limgjoo 27 1g**(2) = 0. (The exponent 38 has no reason to be optimal, it

Just works well).

Any increasing function slowly varying at infinity can be modified to satisfy such constraints. A possible
choice is g(x) = 1V logz or any iterated of it. The remaining parameters can be chosen, ignoring the
arithmetic constraints, as it follows. We take for ¢*, which represents the smallest coarse graining scale,

1, g%
6 =~2t  forsome0 < d* < 1/2. (2.53)

For (¢, 6), the accuracy chosen to determine how close is the local magnetization to the equilibrium values,
see (2.24) and (2.28), there exists a (o = (o(8, 8) such that so that for x(3,0) given in (2.21),

1

[k (8, 0)]1/3g1/6(20) < (<o (2.54)
and
1
0= 5(g(Z) (2.55)

The fuzziness p is chosen as

5 1/(2+a)
p= <g(5*/v)> ’ (2.56)

where a is an arbitrary positive number. Furthermore € that appears in (2.35) is chosen as
e=(5/9(6"/7)* (2.57)

R> that appears in Definition 2.1 is chosen as

Ry = c(3,0)(g(6" /7)™ (2.58)

for some positive ¢(3, 6), and
Q = exp[(log g(6" /7)) / loglog (6" /7)]- (2.59)
Since g is slowly varying at infinity vRo | O when ~ | 0.

Remark 2.11 . Note that the only constraint on ¢ is (2.54). In particular one can pick up a ¢ which is

y—independent. However it is also possible to choose for example

1 1
2 [k(8,0)]1/391/6(%)

¢=<¢M) (2.60)

that goes to zero with ~y. Let us erxamine what these two choices mean for Theorem 2.4. Since the left
hand side of (2.33) is clearly a decreasing function of (, the choice (2.60) gives a stronger result than the

~y—independent one. Since

¢ = =102 1304 (PL 1 aa ()

is increasing, the y—independent choice implies (2.50) with the choice (2.60). Therefore in Theorem 2.9, the
vy—independent choice of ¢ gives a stronger result. At last note that with the y—independent choice of ¢, we
get as a limit the rate of large deviation evaluated at u even if the neighborhood does not shrink to u.
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3 The block spin representation.

In this section we state the results of the coarse graining procedure. The computations are explicitly done
in Section 3 and 4 of [6].
With Cs-(V) as in (2.5), let X¢ denote the sigma-algebra of S generated by m$; (o) = (m® (z,0), © €
Cs-(V)), where m® (z,0) = (m® (+,z,0),m® (—,z,0)), cf. (2.8). Take I = [i~,it) C IR with i* € Z
to be Dg-—measurable and set 071 = {z € [R:i" <z <it+1}, 0 I ={x € Rii" —1 <z <i }, and
0I =9+*TUO™I. Let F*" be a X9 -measurable bounded function, m$; € Ms-(9I) and pge~ (F? |S9;) the
conditional expectation of F® given the o-algebra Eg}. We obtain, see formula 3.14 of [6],:

Lemma 3.1

+226* B L7, 5%, & s "
‘ > (mé*)e*?{ﬂmz M) +1G(m )+ V (m3 )}, (3.1)

m§ eM= (1)

5* | s5* 5
g6, (F Zaz) (myy) = ———5~
! | Z3.0..1(m7)

where equality has to be interpreted as an upper bound for £ = +1 and a lower bound for + = —1, and

. Bf7 mé* mé* mé* mé*
Zpooalmiy) = Y e ST IS gy (3.2

mS" eMg« (I)

We recall the definition of the quantities in (3.1). For (m§ ,m3;) in Ms-(I UdI), cf. (2.12),

~ " . . " « 06* " .
Fmy [mp) =E(m’) + E(m{ ,mjy) == > (m] (x) —m3 (x)
z€Csx (1)
3.3
~ 5*7—1/2 5*7—1/2 ( )
—oF Z 55* log <1+m§* (z) S*ry—1 2) <1+mg* (z) §ry—1 2)7
2€Cs+ (I) 2 7Y/ 50y 1/
where for m® (x) = (m§ (z) +m$ (x))/2, J5-(x) = 6*J(6*x),
. 5* .
B(mj ) = —5 > To(z = y)m® (z)m® (y), (3.4)
(z,y)€Cs+ (I)xCsx (I)
E(my ,mpe)==8" Y Y Je(e—yi’ @i (y), (3:5)
wECs+ (I) yECs» (0£1)
Gmy )= D Gomer)(A\@)). (3.6)
z€Cs+ (1)
For each = € Cs+(1), Gy ms* () (A(x)) is the cumulant generating function:
280X (z) Y o
1 do.€ P 6% (3,0)=md* (2)}
gz,m‘s* (z) (A(l‘)) =7 IOg z : ) (37)
/6 Zo’ ]I{m‘;* (z,0)=m%" (z)}
the sum being over o € {—1,+1}4(®)_ Finally denote
. * 1 —BU(c A
V(mi) = Vi(m{ ,h) = =5 log IE, - I1 e V(@A 7aw)] (3.8)

zFyY
x,y€Cs+ (I)XCyx (I)
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where
Uloa@yoag) =— >,  v[JOli—3i) = J(5*|x —y])]oio; (3.9)
1€A(z),jEA(Y)

and

2ﬁ0)\(z1)2_ o
ZU 1 Hw Cs+ (I I m8* (z1,0)=m?" (z1)}€ ieb(ey) f(O')
B, - [f] = = -l () mTmo)mm () . (3.10)

3 280A(x1) Y., o
Zaw,ll H:r1€C5* (I H{m“(m,a):mé*(aﬁl)}e €Pl=1)

Notice, for future reference, that for m‘;* € M- (I) one easily obtains

1.
H(oya)+0 Y hioi— ~E(mi)| = log{ I 1 —5U<°A<r>v“A<y>>} < |15y, (3.11)
i1 U 2€Cs+ (I) yECs= (1)

for 0 € {0 € v~ : m® (x,0) = m® (), Vo € C5-(I)}. In the following we deal with ratios of quantities
(partition functions) of the type (3.2) with boundary conditions that might be different between numerator
and denominator. For this reason it is convenient to introduce the following notation, see (3.2),:

25,01 (m‘;aif =My, mb.; = m32> =z (3.12)
where (ms,,ms,) € {m_,0,m;}? and for my, = 0, we set in (3.3) E(m$ ,m_ ;) = 0 while for ms, =0 we
set E(m9 , mgll) = 0. In a similar way, recalling (3.1), if F?" is Z‘; —measurable we set

* * .y Am‘s* m‘s* =m mJ* =m m‘s* m‘s*
Z;nslﬁnsz (F5 ) = Z F(mf Je 7{}'( 7 Imy_ j=msymyy =ma,)+yG(my )V (mg )}' (3.13)
mi*eM,;*(I)

2
Furthermore, we denote by mﬂ one of the pomts in { 1,—-1 +4 5* N %—1, 1} which is closest to mg.
Let m@ ; be the function which coincides with mﬁ on I and vanishes outside I and for n € {-1,+1},

R (n, 1) = {n°C(0) =n, VL eI} (3.14)

the set of configurations which are close with accuracy (9, ¢), see (2.26), to mg when n = 1 and to T'mg when
n = —1. If no ambiguity arises, we drop I from the notation in (3.14). By definition, |m%* —mg| < 8y/d*
and choosing suitably v and (, m‘z; € R¥C(41) and T m?; € R>¢(—1). The only stochastic contribution
relevant to the problem comes from ratios as

0,0
Z?’O(]ITR5=<(71)) _ Z?’O(]IR“(—n)) _ eﬁA"g(mg’f,)ZLo (R(=n))

— = , 3.15
% Unrety) 2 () 273 (R() (315)
where
A"G(mfy ) = 0 |Gmf )~ G(TmE )| = -0 Y. X(a), (3.16)
z€Cs+ (I)
X(ZIJ) = gw,m‘sﬂ* ()\(Jf)) - gz,ng* (A(Jj)) (317)
and
Z78 (R(—n))
Z70 (R(n))
(3.18)

— B L F(mS" 0)+7A; "G (mE )+ V (TmS)
m3*ems” (1 rs<myye HFE 0428679 v (i}

D md* e My (1) ]I{Ré,c(n)}67% {Fonf" 047850 (mf") 4V (mi") }
I
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The first equality in (3.15) follows from TR>¢(n) = R>$(—n), see (2.16). We will prove that all the other
stochastic contributions appearing in the problem can be considered as error terms. For the remaining term
Z7°0(R(=n))
Z70(R(n)
mean zero and its stochastic contribution is small therefore considered also as part of the error terms. To

help the connection with [6], notice that this term was denoted % there. Next, we define for a € Z
7n,0,0,

in (3.15) it is sufficient to know that log (h) is a symmetric random variable having therefore

the truncated variables:

x(a) =7 Z X(@)Upa)<(2y/84)1/235 (3.19)
:xv:(§"z€A~‘/,Y ()

where A./(a) = [a%, (@ + 1)£) and p(z) = plz,w) = |D(@)|/|B@ (@)] = 24|D(x)|/6*. The x(a) is a
symmetric random variable, see Section 5 of [6],
Elx(a)] =0, IE[*(a)] = ec(8,6,7/5"), (3.20)

where ¢(3,0,~/6*) satisfies

V(3.0 [1 - (/5] < eB.0.4/6%) < (V(5.0)* [1+ (/6] (3:21)

and V(3,0) is defined in (2.32). It was proved in [6], Lemma 5.4, that there exists do(5,0) > 0 such that if
~v/0* < do(8,0) then for all A € IR we have

B {ekx(a)} < VB0, (3.22)

Warning The truncation done in (3.19) is essential to get (3.22). Namely, depending on the values of miix(w) ,
2

G .ms* () (A(x)) (Which appears in the definition of X (z), see (3.17)) has a behavior that corresponds to the

classical Gaussian, Poissonian, or Binomial regimes. It turns out, see Remark 4.11 of [6], that we need

accurate estimates only for those values of mJ,,, for which Gy omo* () (A(2)) is in the Gaussian regime. In
A=)

this regime we obtain a more convenient representation of G, .5+ (,) (A(z)), see Proposition 3.5 of [6], and

)3
therefore of X (x), see formula (4.53) of [6]. This result holds with IP > 1 — e #(5)7 for all o € Cs«(I),
for all I so that

2 \% Il 1
— log — < —. 3.23
(5*) %85 =32 (3.23)
The probability estimate can be derived taking in account that |D(z)| = |4 2 icA(x) Mil, see the end of

Section 2.2, and one gets easily
1 1 (8" %
IP| sup p(z) > (2y/6")% < e :(5)7 (3.24)
z€Csx (1)

In particular, (3.23) holds for intervals I so that |I| = 2% or any multiple of this, see Section 5.

4 Finite volume estimates

In this section, we give upper and lower bounds of the infinite volume random Gibbs probability
18,0, (’Pg)7 C—0.Q] (u)) in term of finite volume quantities, see Proposition 4.1. This is the fundamental
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ingredient in the proof of Theorem 2.9. Take u € Ug(ul(w)), see (2.49). We assume, with no loss of
generality, that there exists a positive integer L, L < @ such that

u(r) = ui(r), Vir| > L. (4.1)
Denote
ri = inf(r:r > —Q, [[Du(r) — Du(r)[[1 > 0);  7iase = sup(r: 7 < Q, ||Du(r) — Dul(r)|ls > 0)  (4.2)

where Du is defined before (2.27), 4, i = 1,..Ny — 1 the elements of N, ., (u,u}), see (2.44), indexed by
increasing order and 7y, = 7i4st- According to (2.44), r;, i = 2,..N; — 1 could be a point where u and u(w)

make the same jump, hence
Nt < Ni_pgp)(w) + Ni-p gy (uf (W) (4.3)

Proposition 4.1 Given (3,0) € &, see (2.20), there exists vo(3,0) so that for 0 < v < v(8,0), choosing
the parameters as in Subsection 2.5, Q1 as in Theorem 2.4, Qs defined in (4.6), Q4 defined in Lemma 4.10
and Qs defined in (4.59) we have the following : On Q1 \ (Q3 U QU Qs), with IP[ \ (Q3 UQ UQs)] >

_1ha__
1— 4(9(%))_10(2%1) , a as in (2.56), for all u € Ug(u%(w)) with F'(Q) as in (2.51), 0 <b < 1/(8 + 4a), we
have
7 ; -
5log 190 (P2 e ca.0™)]

(4.4)

N w(r;)||1 — || Du(r; Mg ri) — ut(r;
S o) LA LG SO R S praaet

i=1 a:ea€ry,rit1)

The (4.4) is an upper bound for £ = +1 and a lower bound for + = —1.

We split the proof of Proposition 4.1 in three steps. The first step is a reduction to finite volume,
see Lemma 4.5. The second step, see Lemma 4.6, is to replace up to some errors ratios of finite volume
constrained partition functions by sum of products, see (4.42), estimated in Lemma 4.10 and Lemma 4.11.
The last step is to collect all the estimates. To avoid the case that a jump of u’(w) occurs at L or —L, we

require that

(=L} U{L} ¢ UZE g leal — 2p,ca] +20), (4.5)

where £*(£Q) are defined in (2.36) and p is chosen as in (2.56). Define

Q=0%0Q) = | {w ALy U{L} € U9 leai —2p,eaf + Qp}} . (4.6)
Le,QInz

Lemma 4.2 There exist v0(3,0) > 0 and a > 0 such that for v < vo = v0(5,0) we have

1
Pl < L < b (47)
(9(%))8CFa) (g(%))10C+a)
Proof: We have
Qc |J BGie{s(-Q)....k"(Q)}, eaf €[L—2p,L+2p]U[-L—2p,—L+2p]}. (4.8)

Le1,QInZ
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To estimate the probability of the event (4.8), we use Lemma 5.7 where it is proven that uniformly with
respect to @ and with IP—probability larger than 1 — (5/¢(6* /7))@ , £*(Q) and r*(—Q) are bounded by
K(Q) given in (2.31). The other ingredient is the estimate of the probability that eaf or eaf € [—2p, +2p].
This is done in Theorem 5.1 of [6] (see formula 5.29, 5.30 and 6.66 of [6]). Then for some ¢(3,60), a > 0,
when v < (5, 0) we have the following:

IP3ie{s(*—Q),...,k*(Q)} : eaf € [L —2p, L + 2p]]

< 2¢(3,0)K(Q)[g(8% /)]~ 1/ 4@ +e) +< 5 )8‘“‘” - ;m (4.9)
(9(%)

9(67*) )8(2+a)
5

By subadditivity one gets (4.7), recalling that @ = exp [log(g(%))/log log(g(%))}. |

Definition 4.3 Partition associated to a couple (u,v) of BV ([a,b]). Let u and v be in BV ([a,b]),
p and & chosen according to Definition 2.1. We associate to (u,v) the partition of [a,b] obtained by taking
C(u,v) = C(u) UC(v) and B(u,v) = [a,b] \ C(u,v). The C(u) and C(v) are elements of the partitions

in Definition 2.1. We set C(u,v) = Uiv:[‘j’b] Ci(u,v), where N[mb] = N(u,v, [a,b]) is the number of disjoint
intervals in C(u,v), maX{N[aJ,] (u),N[a,b] ()} < N[a,b] < Niay) (u) + Niq,p) (v).

By definition, for ¢ # j, Ci(u) N Cj(u) = 0 and C;(v) N Cj(v) = 0, however when u and v have jumps at
distance less than p, C;(u) NCj(v) # 0 for some i # j and in this case one element of C(u,v) is C;(u) UC;(v).

Remark 4.4 . The condition that the distance between two successive jumps of u or v is larger than 8p+ 86,
see Definition 2.1, implies that the distance between any two distinct C;(u, v) is at least 2p+24. This means
that in a given C;(u,v) there are at most two jumps, one of u and the other of v.

The partition in Definition 4.3 induces a partition on the rescaled (macro) interval %[a, bl = C(u,v)UB,(u,v)

where C,(u,v) = UZN:[T"] C;~(u,v) and C;(u,v) = v~ 1C;(u,v). We apply Definition 4.3 to the couple

(u,ul(w)), u € Ug(us(w)), in the interval [a,b] = [r1,714s:], see (4.2). To short notation, set

N(u, ul (W), [r1, Tiast]) = N.

Of course, Ny > N, see (4.3). Since the estimates to prove Proposition 4.1 are done in intervals written in
macroscale we make the following convention, see (4.1), (4.2):

Oy (u,ut) = UN fai, by),  [aibi) Naj b)) =0  1<i#j<N, (4.10)

m(x) = u(yr), m"(r)=ul(yz) for z€ %[—Q,Q]

L L i
Q1:797 q2:9; V1 =——, V2= —} xizia i:17"'7N1 (411)
Y v Y v Y
p — pP
Ploraat (M) = Pss ¢ 1-@.01 ()
Furthermore, let us define
0 if ¢eC,(v);
nl,v) =<1 when m(zx) equal to mg for € B, (v);

—1 when m(z) equal to Tmg for x € B, (v).
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The following lemma can be proven applying Proposition 4.9 and Theorem 2.4.

Lemma 4.5 (reduction to finite volume) Under the same hypothesis of Proposition 4.1 and on the
probability space Q1 \ Qs, for (5, *, that satisfies

3 2 1 gl o
8¢ > 384(1 + C(T* +0) B 0a(5.0.0) \/;log 5 (4.12)

where k(8,0) and a(8,0, ) are constant, strictly positive when 3,6 € £ (see (2.21) and formula 6.1 in [6]);
we have

g * —8__1 _ B r(8,0)
Ko (P[thﬂ(m)) > e (e (1 —2K(Q)e T — 267Téc§) x

070 5 * *
200y (Pl ()P0 (0 = 1) = mlon = 1,m%), 0565 (03 + 1) = oy + 1,m7) (4.13)
0,0 * _ * _ *
D —1,0041] (Pﬁl,vz](m );n®% (v1 = 1) = vy = 1,m*), 7> (v +1) = n(v2 +1,m ))
and B (8,0)
w _Blr, 5B,0) 53 B 5 5*
500 (Pl () < 207 F L EER00Y 4 B ) Z(nh,lg,,) (4.14)
vl—Ll—lgnégvl
vggn;\—,+1§v2+L1+1
where

0,0 * *
Ll ](P[ﬁla,nt (m), %% (ng) = n(ng, m*),n>% (nfy ;) = n(ny,.m ))

Z(ng,ny ) = Nt N1 . (4.15)
200 (Pl 0055 0) = 1) P o) = (o))
Ly in (4.14) satisfies L1 + £y < p/7v and
log(*
to = L080/) (4.16)

°- a(ﬂaaaCO) .

The configurations in P[’;hvg](m) and P[’; 171}2](771*) are long runs of n>¢(¢) # 0 followed by phase changes
in the intervals [a;, b;), for i = 1,... N, see (4.10). To estimate the ratio of the partition functions in (4.13)
and (4.14), one separates the contribution given by those intervals in which the spin configurations undergo
to a phase change, i.e in which the block spin variables are n&((g) = 0, from those intervals in which the
block spin variables are n%¢(¢) # 0, where we use (3.15). We start proving an upper bound for (4.14). We

have the following;:

Lemma 4.6  Under the same hypothesis of Proposition 4.1, on the probability space Q1 \ (3 U Qy), and
for (s as in (4.12), we have

. ~ . B NN Ay —al(ry)
-5 23;’5 Z—LgrgL[lDu(r)l_ID“w(r)‘]e"* Zz‘zl 2mg Za: caglryriy) x(e)

Z(ng,ny,,) <e

T * ,0
V|45 4y log 24 log L1+W%7164&M+329(32+50+L1)\/%} (4.17)

1 N2eNlog £ 5 (85" +40) o~ 5 Ly MR 6¢E

* The same parameter was denoted (5 in [6]. We kept the same notation to facilitate references to [6].
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Proof: Recalling (2.28) and (4.10), one sees that in each interval [a;, b;], there is a single phase change on
a length Ry for m or m*. There are three possible cases:
Case 1 [a;,b;] € Cy(u) and [a;, b;] € B, (u}). Therefore

n(a;,m) = —n(b;,m) # 0, n(a;, m*) = n(b;,m*) # 0. (4.18)

Case 2 [a;,b;] € B,(u) and [a;,b;] € C,(u}). Therefore

n(ai, m) = n(b;,m) # 0, n(a;,m*) = —n(b;,m*) # 0. (4.19)

Case 3 [a;,b;] € Cy(u) and [a;, b;] € C,(u}). Therefore

n(aiam) = —n(b“m) 7é 07 n(aia m*) = _n(b’wm*) 7é 0. (420)

In the first two cases there exists an unique x; € [a;, b;], see (4.11), so that, in the the case 1, |[Dm(z;))| >0
and in the case 2, |Dm*(x;)| > 0. In the case 3, both m and m* have one jump in [a;, b;]. We denote, see
Definition 2.2

Wi (£;,m) = Wi ([l; — Ra, £; + Ra], Ro,¢) N {n>°(¢; — Ra) = n(a;, m),n’(£; + Ry) = n(b;y;m)},  (4.21)

the set of configurations undergoing to a phase change induced by m in [¢; — Ra, £; + R3]. We denote in the
cases 1 and 3,
Lt

(75

by (105 i i) = R>(n(ai,m), [ai, ; — Ry — 1)) AWy (41, m) N RO (n(bi,m), [6; + Ra +1,b;])  (4.22)
where R%¢ is defined in (3.14), and in the case 2

P{;. b]<m76172) =
b (4.23)
RS (n(az,m), [a;, £; — Ro — 1]) N R>C(n(az, m), [l; — Ra, €; + Ra]) N R (n(bi,m), [£; + Rz + 1,b;]).

The set P[pa bl (m, ¢;,1) denotes the spin configurations which, in the case 1 and 3, have a jump in the interval
[ai, b;], starting after the point ¢; — Ry and ending before ¢; + Ry and close to different equilibrium values
in [a;, b;] \ [€; — Ra, ¢; + Rs2]. In the case 2, it denotes the spin configurations which are in all [a;, b;] close to
one equilibrium value, namely they do not have jumps. The /¢; in this last case is written for future use. We
use for both m and m* the notation (4.22) and (4.23). In the case 3 both m and m™* have a jump in [a;, b;].
Obviously we have

P[pf‘i,bi](m) = U ,P[pai,bi](m’gi’i)- (4.24)
li€la;+R2+1,b;—Ra—1]

To prove (4.17), we use the subadditivity of the numerator in (4.15) to treat the U in (4.24) obtaining a sum
over {; € [a; + Ra + 1,b; — Ry — 1]. For the denominator we obtain an upper bound simply restricting to the
subset of configurations which is suitable for us, namely

P[pai?bi](m*) D P[p%bi](m*,&,i). (4.25)

To short notation, let {£ C [a,b]} = {¢; € [a; + Ry + 1,b; — Ry — 1], Vi, 1 < i < N} and set

A(m, ) = (’P[p

’
ng,n

) PE(m ), 1 () = n(nm), S () = 0l ym)), (4.26)

N+1
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Z(ng,nly,q.0) = pry Ak T (4.27)
[né,n’]v+1]( (m 77))
Therefore, recalling (4.15), we can write
Z(npynly ) < Y kg, D) (4.28)

The number of terms in the sum in (4.28) does not exceed Hf\;(bl —a;) < exp(Nlog(p/v)). For future use,
when B is an event let us define
700 (A(m, Hn B)

[ng,n'c . ]
Z(né,n?v+1,£; B) = N+l
(Awm=,0))

pre (4.29)

[ng:n'y

N+1

For 4y defined in (4.16), for the very same L; to be chosen later, (5 that satisfies (4.12), O%% as in (4.68),
RQ = Ry + {y, define

D(m, ) =
U1J§N (Ré’g(n(& — Rg, m), [fz — RQ — L1 — 260,& — RQ]) N 05,(5([& — RQ — Ll,&' — RQD) U (430)
Ui<i<n (R*“(n(t; + Rz, m), [; + Ra, £; + Ro + 20y + L1]) N O ([¢; + Ry, £; + Ry + L1])) .

The D(m, £) is the set of configurations which are simultaneously ¢ close and (5 distant, (recall ¢ > (5), from
the equilibrium values in the interval [¢; — Ry — L1 — 2{g, {; — Ro] U [{; + Ro, £; + Ry + L1] where ¢; are chosen
as in (4.25). Recalling (4.29) and Proposition 4.9 we have

3" Z(nhnly s 6 D(m, £) < N2V 1085 5 (907 H10) o= 5155206, (4.31)
£C[a,b]

To get (4.31) one uses a procedure which is standard in the study of Kac’s models. We call it the cutting at
point £.  'We describe it next, but it is important to stress that the estimate of the error that the cutting
produces is harmless only when 7%¢(¢) # 0, and in this case it is proportional to (. We specialize the
description at the point ¢; + Rs in (4.30). Denote by I the union of the two adjacent blocks of length 1
containing ¢; + Rz — 1 and ¢; + Ry. Applying (3.11), one can replace the hamiltonian in these two blocks by
(1/4)E(m?"). This produces an error term 26* /. Next, associate the interaction term between these two
blocks only to the block ¢; + Ry — 1. Since on D(m, £), at the point £; + Rz, n%¢(¢; + Ra) = n(¢; + R, m) # 0,
using that for all o and all o’ such that n%¢(¢; + R2)(0’) = n(¢; + Rz, m) we obtain

. 1-n(f;+Ry,m) <
2

|E(m?2i+R2_1) (J)’ m?Z:+R2)(0/)) - E(m[&:+R2—1) (0)’ mﬁ,[&:+R2))| <, (432)

where we denoted by T! := T, the map defined in (2.16) and T := I where I is the identity map from 7
to 7. The m%ﬁm 4 Ra) is the profile constantly equals to mg* on the block indexed by ¢; + Rs, where m‘;; is
one of the points in {—1, -1+ 4vy/8*,...,1 — 4v/8*,1}* which is closest to mg. By (4.32), the interaction
between the two blocks is replaced by the one with a constant profile. This produces a boundary condition

1-n(t;+Rym)  su . " L . .
- m% 6+ Ra) for a constrained partition function in a volume that contains the block indexed by

B *
¢; + R? — 1 and creates an error term ey (297+0),
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Coming back to (4.31), one cuts (in the denominator and in the numerator) at the points ¢; + Rp and
i + Ry + 200 + Ly for the set RS (n(¢; + Ra,m), [€; + R, £; + Ry +2lo + L1]) N O ([¢; 4+ Ry, €; + Ry + L1]),
and at the points ¢; — Ry — Ly — 2{o and ¢; — Ry for the set R%<(n(¢; — Ry, m), [l; — Ro — L1 — 20y, ¢; — Ro]) N
0% ([6; — Ry — Ly, £; — Rs]). Notice that we cut at points where 7%¢ # 0 and we make the error 65(86*+4C).
This is the only place where making an error of order { does not cause a problem. Namely we can choose
Ly suitable in (4.31) so that L; “E:26¢3 > (85* + 4¢).

Furthermore denote

B(0) = My<icny (0% ([t; — Ry — Ly, £; — Ro])) N (O ([; + Ra, £; + Ro + L1]))" . (4.33)
Since for each £, A(m,£) N D(m,£)¢ C A(m, L) N B(L), we are left to estimate

> Z(npinly . L BL)
£C[a,b]

On each A(m, £)N (0% ([¢; — Ry — Ly, £; — R»]))®, 1 < i < N, there exists at least one block, say [n},n+1)

contained in [¢; — Ry — Ly, £; — Ry) with n>% (n}) = n(a;, m). Making the same on the right of ¢; and indexing
n? the corresponding block where 7% (n?) = n(b;,m), one gets

3" Z(nponly, . LBW) <
£C[a,b]

> > Z (np, g 10 b5 Dcie A () = mlas, m), ™ (nf)) = n(bs,m)})
£Cla,b] n'C[f—R2—L1,£L—R>)
n' C[l+ R, 4+ Ra+1L4]

(4.34)

The number of terms in the second sum of (4.34) does not exceed exp(2N (log Ly)). Consider now a generic
term in (4.34),

Z (nIOa n?{/q,la g? mlSiSN{n6’<5 (’I’L;) = n(aia m)) T]&CE) (n;/) = n(bia m)}) . (435)

In the denominator of (4.29), we cut at the points n’ and n” to get an upper bound. Each time we cut, we
B *
get the error term e~ ®* %) In the denominator, see (4.27), restrict the configurations to be in

Am*,0) Ny<icy 0™ (1)) = na;, m*),n" (n}) = n(bi,m*)} (4.36)

and then cut at all the points n’ and n”. In this way we obtain an upper bound for (4.35). We use notation
(4.22) (case 1 and 3) and (4.23) (case 2) after cutting at n; and n}. Note that n(n; + 1) = n(a;,m) and
n(n} — 1) = n(b;,m) therefore we have in the case 1 and 3, see (4.22),

P[,?n2+l,n;’—1] (m, gi, 7/) ==

(4.37)
R (n(az,m), [0} + 1,4; — Ry — 1)) N Wi (€5, m) "R (n(bi, m), [€; + Ro + 1,0} — 1]),
in the case 2, see (4.23),
’P[ilﬁﬂrl,n;’*l] (m, £;,i) = R*“(n(as, m), [nf + 1,4; — Ry — 1))N
(4.38)

R (n(az,m), [6; — Rz, ; + Ro]) N R*(n(bi,m), [6; + Rz + 1,nf — 1)).

For the remaining parts corresponding to runs between two phase changes, i.e the intervals [n},n;, ],
n € [a;,b;] and nf, | € [a;41,bi41), for i € {1,..., N}, we denote

Pl (1,65) = RO (n(bi,m), [nf + 1,nf .y — 1)) 0 {n* (nf) = 0> (nf 1) = n(bi,m)}. (4.39)

nyni,
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Doing similarly in the intervals [ng, n}], and [n'g, n we set

N+1]’

P[’?n(),n’l] (ma C5) = RM@?(UL m)7 [716, nIID N {{’76745 (nl ) 776 Cs( ) = 77(/01; )}

. (4.40)
= P[l;;),n/l](m NG
and
,PnN,”NJd](mv CS) = RM(U(U% m)7 [n/1<7’ n/]V—i-l]) N {n&% (TL;(-,) = 775745 (’n‘g\_/-i—l) = 77('1}2, m)}
(4.41),
= PCL” .’ ](m*;cf))
N’'N+1
We obtain
Z (nf)?nll\_/+17£; mlSiSN{n 7<5( ) = n(a“m)vn&qs (nil) = n(biam)}) <
0,0 P
o+ N2 (4¢s+857) Z["év"’l] (P[né n (m,Cs)) x
Z[(,)n()’n/] (P[n n ( *74-5))
N m,m 0,0
N (2 (Pl 69) 2080 0 (Pl Om s ) (4.42)
m* m* 0,0
i=1 Z[n 141, n// 1] (P{; T41, n// 1] m El; ) Z n’, ;+1] (P[n// n/ 3C5)>
Z[’Z m+1 ns—1] (,P[il/ﬁ+1,n%,fl] (m, Lx, ) ZnN’nN+1] (P[” Ny (m, G5 )
m*,m* P * _
Zi g (Pl e N)) 708 (Pﬁz;’wnw(m ’<5)>

Now, the goal is to estimate separately all the ratios in the right hand side of (4.42). It follows from (4.40),
and (4.41) that

0,0 0,0 o
Z[n nt] (,Pl;/ n/ (m7C5)) B Z[nN,nN+1] (P[HN7TLN+1](m’C5))

0,0
Z["o’nl] (P[”o ”1]( 7€5)) ZO 0 ] <P{:1’/,n’ ](m*7<5))
N+41 NUN41

(%

=1

The remaining ratios are estimated in Lemma 4.10 and Lemma 4.11 given below.

Collecting We insert the results of Lemma 4.10 and Lemma 4.11 in (4.42). To write in a unifying way the
contributions of the jumps we note that for (4.72)

« F* s F* ) .
—Fr=—o— Y D) = —5— > (IDin(s)| - [Di"(s)]) (4.43)
B ai<s<b, a;<s<b;

since in the case 1, see (4.18), 3, ~ <y, [D*(s)| = 0. For (4.73)

f*

= Y D) =g S (D) D) (1.44)
a;<s<b; a;<s<b;
since in the case 2, see (4.19), >°, -, |[Dm(s)] = 0. Moreover, since neither /7 nor /m* have jump in

[b; + 1,a;4q) fori € {1,..., N}, in [v1,a; — 1], and in [by + 1,v2], one gets simply

N ~ = % B _E* i 0
H algbgb [|[Dm(s)|—|Dm*(s)]] _ 6_;%—"5 7LSTSL[‘DU(T)|_|D“7(T)|]' (445)

i=1
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Using (4.71), the random term gives a contribution

B XN a(rg)—al (ry)
e'v Zi:l 2mg Za: caglry,riq1) x(e)

(4.46)
It remains to collect the error terms, see (4.31), (4.34), (4.42), (4.71), and Lemma 4.11. Denote
\7 * P 20V(B7 0) B
E =N |4 8§ log — log L 320(Ry + 0o+ L — 4.47
= s 485 s ylog e R o+ Ly
_ _ 0
Ao =22 log NV + LN1og 2 + 857 + ac — 1, "D 58 (4.48)
B B gl 8
and
N - .
F* . . a(ry) — uk(r;)
A= > IDa(r)| - Dz (r)]] = > —H— > xl)]. (4.49)
mﬁ — Qm[j
—L<r<L i=1 a:ea€lr,rit1)
We have proved
84 8 s
Z(np,nly,,) <e S 4 e (4.50)

that entails (4.17). W

Next we estimate from below the r.h.s. of (4.13).

Lemma 4.7 Under the same hypothesis of Proposition 4.1 and on the probability space Q1 \ (Q3UQy), for
Cs as in (4.12), we have

Z[Oi;?fl,vfrl] (P[pi’l,UQ](m)’ 7757C5 (7)1 - 1) = 77(7)1 -1, m*)v 77“5 (02 + 1) = 77(”2 +1, m*)>
Z[(Z;lo—l,vz+1] (IP[lz’l,vz](’rn*)v"75’Cs (Ul - 1) = 77(”1 - 1’ m*),n&Cs (UQ + 1) = 77(1}2 + 17m*)> (451)

> (e%(AJrgl) —|—67%A2)71

where A, €1, and Ay are defined in (4.49), (4.47), and (4.48) respectively.
Proof: Obviously one can get the lower bound simply proving an upper bound for the inverse of 1.h.s. of
(4.51), i.e.

Z[(L’?717U2+1] (P{;Lw](m*)’ 7757C5 (vl - 1) = 77([”1 -1, m*)v 7757C5 (7)2 + 1) = 77(7)2 + 17m*)>

Z[(”)J’?—l,vz-‘rl] (,P[pth](m), 776’45 (vl - 1) = 7](”1 - 17m*)a 7]5’<5 (’02 + 1) = 77(1)2 + lam*))

(4.52)

Note that n(v; —1,m*) = n(vy —1,m) and n(ve +1,m*) = n(v2+1,m) and in the proof of the upper bound,
see Lemma 4.6, we never used that m* in the denominator is the one given in Theorem 2.4. Then (4.52) is
equal to

Z[Ov’?fl,vfrl] (P{;I,Uﬂ(m*)’ 7757C5 ('Ul - 1) = 77([1)1 -1, m)’ 7757C5 ('UQ + 1) = 77('02 + 17m))

Z&?—Lm-i—l] (7)[[1))1,112](’”1)7 776’<5 (Ul - 1) = 77(1}1 - 1a m)a 775’45 (UQ + 1) = 7)(02 + 17 m))

(4.53)

Then by Lemma 4.6 we obtain (4.51). W
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Proof of Proposition 4.1 To prove (4.4), we use Lemma 4.5, then Lemma 4.7 to get a lower bound and
Lemma 4.6 to get an upper bound. For the lower bound we get applying (4.13) and (4.51)

* _B k(3,6) —1
1930 (Pl g () = €508 (12 (Q)e™ 73077 — 2675 SH6006) (8458 e84 ) L (454
For the upper bound we get
_8 8 _8
18,04 (Pl g () < €77 e 55 4207542 (4.55)

where Aj is defined in (4.48). To get (4.4) from (4.55), one needs Az > A, this will be a consequence of an
upper bound on A and a lower bound on A,. We start estimating the terms of A. We easily obtain
T
g

> IDu)ly = 1Dus(r)lh] < F* [Ni_p,p(u) + Ni—q.q)(u3)] - (4.56)
—L<r<L

We use that Ni_q q)(u}) < K(Q), see (5.65), where K(Q) is given in (2.31). If L is finite for all v, then
Ni—p,z)(u) is bounded since u € BVjo.. When L diverges as v | 0 from the assumption (2.49) we have that

N < N py(w) + Neg.o () < [F(@Q) + DE(Q) (457)
where F(Q) is given in (2.51). The second term of A can be estimated as

N i) — ur T _
27( i) — @ (i) Z x(@)|| <N  max max

pt 2mp {(-2<a0<2} {ao<a<?}

> x(a)

=g

Qi ea€ry,riy1)

(4.58)

Applying the Levy inequality and the exponential Markov inequality we get, for the last term in (4.58),

; o “log(g(ey) _ 4
P[{_gﬂi’;g} ngm) >V§V<ﬂ79>\/[2cz+mog<g(7>> SO = S (40)

Denote €25 the probability space for which (4.59) holds. Then for w € Q7 \ (Q3 U Q4 U Q5) and -y small
enough, one has

*

A< 2F(Q) + K(QV(5, W 20+ 1) 1og<g<i ) < e(8.0)F(Q)Q° (4.60)

for some ¢(3,0). The last inequality in (4.60) is obtained taking F(Q) as in (2.51), K(Q) as in (2.31) and
Q as in (2.59). We have , from (2.59), Q?g(6*/v) < g*(6* /7). Notice that Ly enters in As, see (4.48). We

make the following choices
5%\ 19/2
n=(a2)) (461)

I 1
= 558(5,0) (57 /7)
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for some constant ¢(/3,6). The (4.61) satisfies the requirement of Proposition 4.5, i.e. Ly < £, see (2.56).
The choice (4.62), already done in in [6], satisfies requirement (4.12) provided ( is chosen according (2.54).
Since @ = g(5*/’y)m, see (2.59), we have logg(6*/v) = (log@Q)(loglogg(d*/7)). Iterating this
equation, for 49 small enough to have logloglog g(d* /) > 0, one gets easily

log g(6*/7) > (log Q)(loglog Q). (4.63)

Recalling (2.55) and using (2.51) one can check that

k(3,0
00563 > (5,0 F(@0@" (1.69)
implies
L, “(fée) 6¢3 > 2vlog N 4+ yN log g + 85 +4C. (4.65)

Therefore, recalling (4.48), (4.64) entails A; > A and finally one gets
_B ~(8,6) 3
18,04 (Ply gy (m) < €745 (1 oot 5‘5}) . (4.66)

It remains to check that & | 0. By (2.56), one has vlog(p/y) < (g(6*/7))~!. Recalling (2.58) one has
(Ra + £o)\/7/0* < (g(6* /7))~ . By (4.63), (2.51) and 0 < b < 1/(8 + 4a), see Proposition 4.1, one has

51 < K(Q)(F(Q) + 1) [<5 + 329L1\/Z+ (g(a*;,(y?;la/)(g_;_z;a)} < (9(5*/7))—b (467)

So one gets the upper bound in (4.4). By (4.54), the corresponding lower bound is easily derived. W

We state now the estimates used above proved in [6].
Definition 4.8 For § and { positive, for two integers p1 < ps define

05’<([P1,P2D = {775’4(5) =0,Vle [p17p2]}' (4.68)

Using a simple modification of the rather involved proof of Theorem 7.4 in [6] one gets the following.
Proposition 4.9 There exists vo(0,6) and {y so that for 0 < v < vo(5,0), choosing the parameters as in
Subsection 2.5, for all w € Q1 \ Q3, with Qy in Theorem 2.4 and Qs defined in (4.6), for all 7 € {—1,+1},
for all £y € IN, for all {,(5 with ¢o > ¢ > (5 > 8v/d*, for all [p1,P2] C [p1,p2] C [q1,q2] with p1 — p1 >
Ly, pa — P2 > Ly we have, see (3.14),

15,0, (RO (0, [p1, pa]) N O™ ([pr, pa))) < 2o (2326 ss140) /) 2o 000t 3 |
S0, ) 9 ) = .
(4.69)

Here a(,0,(p) is a strictly positive constant for all (8,0) € £, k(5,0) is the same as in (2.21). Moreover

e (RS o) 0 0% (1.2

0,0 S0l (4.70)
[p1,p2]C[=7y~P,777] Z[p71,p2] (R*¢(7, [p1,p2]))

satisfies the same estimates as (4.69).
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Next we state the lemmas used for estimating the different ratios in (4.42).

Lemma 4.10 Under the same hypothesis of Proposition 4.1 and on the probability space Q1 \ (3 U Qy)
with IP(Qy) < 67(10gg(6*/7))(17410g410g3(5*/7)) for all1 <i < N —1, for all n!,n., see (4.34), we have

1 when n(b;, m) = n(b;, m™);
0,0 P
Dt i) (P[ng',n;+ll(m7 C5))

7

8 V(8,0) B a(ry)—a*(r;)
T (g(a* /) L/ (BF4a) e”f 2mg Za: ea€lr;,

ris) XW} (4.71)

Z[(?r;,?/,n/ (P[pTl;/,n/ 1](m*,<5))

i 1,+1] i+

€

when  n(bi,m) = —n(bi,m").
where in the last term we have an upper bound for £ = + and a lower bound for £ = —.

Proof: When n(b;, m) = n(b;, m*) the (4.71) is immediate, see definition (4.39). When n(b;, m) = —n(b;, m*)
the estimate is a consequence of the proof of Lemma 6.3 in [6]. One gets a similar expression as in the right
hand side of (4.71) with Za:eaé’y[n;’—&-l,ngﬂ—l] x(a) instead of 3. e, i, ) X(). We then apply the Levy
inequality to control the uniformity with respect to 1 <i < N — 1 and n!/,n/, and the exponential Markov
inequality, similarly to what we did in (4.59). W

Lemma 4.11 On Q; \ Q3, choosing the parameters as in Subsection 2.5, for all 1 <i < N, for all nl/,n,
see (4.34), in the case 1, we have

m,m 14 o
Z[n;+1,n;/_1] (P[n;-i-l,n(i/_l] (m,fz,z)) _ e*%(]—'*:ﬁ:329(R2+[0+L1)\/%). (4.72)
ZE:Ll;iT,n;,fl] (,P[p";‘H’”i/*l] (m*)[lyl))

In the case 2, we have

m,m P .
Z[n;+1’n;/71] <P[n;+1’ni/71] (m’éwl)) = e+%(}—*i329(R2+f0+L1)\/SI*), (473)
Z{Z;-;:,ll,n;/—l] (P[;;L;—‘rl,n;/—l] (m*7€1,7/))

In the case 3, we have

Zm;m ” (7)[) ’ 1z 7€i7 . )
[n}+1,n]—1] [nf+1,n] —1] (m Z) ei%(649(R2+fo+L1)\/ (%) (474)

m*,m* P * 0. 5 B
2 ) (Pl ()

Proof: The proof of (4.72) and (4.73) follows from Lemma 7.3 in [6] which is highly non trivial. The (4.74)
is a consequence of (4.72) and (4.73). W

Remark 4.12 . Note that here one needs to have L;/5% | 0.
5 Probability estimates and Proof of Theorem 2.4

We divide the section into several subsections. In the first by a direct application of a Donsker invariance
principle in the Skorohod space, we prove that the main random contribution identified in (3.16) suitably
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rescaled, converges in law to a Bilateral Brownian process, see (5.6). In the second subsection we adapt
to a random walk the construction done by Neveu-Pitman, [13], to determine the h-extrema for BBM. In
Subsection 5.3 we state definitions and main properties of the maximal b—elongations with excess f introduced
in [6]. In Subsection 5.4, we identify them with the h—extrema of Neveu-Pitman restricting suitably the
probability space. We then prove Theorem 2.4. Here b, f, and h are positive constants which will be
specified. In the last subsection we present rough estimates on the number of maximal b—elongation with
excess f that are within intervals [0, R].

5.1. Convergence to a Bilateral Brownian Motion

Let € = e(y), limy—o€(y) =0, 5 > %, so that each block of length -7 contains at least one block A(x).
Define

> ox@), if ax1
a€ll,a]
V(@@)=<0 if a=0; a€Z, (5.1)
- > xta), if a<-1
a€(a,—1)

where y(a) is defined in (3.19). Denote by {W¢(t);t € IR} the following continuous time random walk:

R 1 t

Vi e

where [z] is the integer part of 2 and ¢(3,6,~/6*) is estimated in (3.21). Definition (5.2) allows to see W¢(-)
as a trajectory in the space of real functions on the line that are right continuous and have left limit, i.e the

(5.2)

space D(IR, IR). We endowed it with the Skorohod topology which makes it separable and complete. Next,
we recall the Skorohod distance, see [2] chapter 3 or [7] chapter 3 where the case of D[0, c0) is considered.
Denote Apip the set of strictly increasing Lipschitz continuous function A mapping IR onto IR such that

Alt) = A
[IA|| = sup logM < 0. (5.3)
sF#t t—s
For v € D(IR, IR) and T > 0, define
v [0EAT),  ift>0;
vi(t) = {v(t\/ (1)), it <o. (5:4)
For v and w in D(IR, IR) denote
d(v,w) = inf [||/\|| \// e Tsup(1 A (JoT(t) —wT (A1) dT| . (5.5)
AeALip 0 telR

Taking in account that x(a) depends on € = €(y), one can prove, following step by step the proof of Billingsley
[2], pg 137, a Donsker Invariance Principle. As trivial consequence one obtains that for any a and b in IR

lim, WO (b) =W (a)| =" [W(b) ~ W(a))], (5.6)

where W (-) is the BBM, see Subsection 2.4.
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5.2. The Neveu-Pitman, [13], construction of the h—extrema for the random walk {1V}

We shortly recall the Neveu-Pitman construction [13], used to determine the h—extrema for the bilateral
Brownian Motion (W;,t € IR). Realize it as the coordinates of the set Q of real valued functions w on IR
which vanishes at the origin. Denote by (6,t € IR), the flow of translation : [fiw(-) = w(t + ) — w(t)] and
by p the time reversal pw(t) = w(—t). For h > 0, the trajectory w of the BBM admits an A-minimum at
the origin if Wi(w) > Wy(w) = 0 for t € [T (pw), Th(w)] where Th(w) = inf[t : t > 0, W(w) > h], and
—Th(pw) = —inf[t > 0 : W_;(w) > h] = sup[t < 0, W_;(w) > h]. The trajectory w of the BBM admits an
h—minimum (resp. h maximum) at ty € IR if W06, (resp. —W 06,,) admits an h minimum at 0.

To define the point process of h—extrema for the BBM, Neveu-Pitman consider first the one sided Brownian
motion (Wy,t > 0, Wy = 0), i.e the part on the right of the origin of the BBM. Denote its running maximum
by

M, = (max(W,; 0 < s <t),t>0) (5.7)
and define

T=min(t; t >0, M, — W; = h),

6=, (5.8)

oc=max(s; 0< s <7, W, =0).

The stopping time 7 is the first time that the Brownian motion achieves a drawdown of size h, see [18,19].
Its Laplace transform is given by IE[exp(—A7)] = (cosh(hv/2X))~!, A > 0. This is consequence of the
celebrated Lévy Theorem [10] which states that (M; — W;;0 < t < o0) and (|JW;];0 < t < o) have the
same law. Therefore 7 has the same law as the first time a reflected Brownian motion reaches h. The
Laplace transform of this last one is obtained applying the optional sampling theorem to the martingale
cosh(V2X|[W;|) exp(—At).

FIG. 1 Definition of 8,0, 7.

Further Neveu and Pitman proved that (8,0) and 7 — o are independent and give the corresponding
Laplace transforms. In particular one has

[Ele™*7] = (hV2)\) ! tanh(hV2)). (5.9)

Now call 79 = 7, B0 = B, 09 = o and define recursively 7,,, G, 0y (n > 1), so that (741 — o, Bnt1, Ont1 — Tn)
is the (7, 3, 0 )—triplet associated to the Brownian motion ((—1)"~*(W,4¢ — W, ), t > 0). By construction,
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for n > 1, o3, is the time of an h-maximum and for n > 0, 02,41 is the time of a A-minimum. Note that
since we have considered just the part on the right of the origin, in general oy is not an A maximum. The
definition only requires Wy < W, for ¢ € [0, 09), therefore W, = W,, — By could be smaller than h. The
trajectory of the BBM on the left of the origin will determine whether oy is or is not an h—maximum. ;From
the above mentioned fact that (3,0) and 7 — o are independent, it follows that the variables o,,11 — o, for
n > 1 are independent with Laplace transform (cosh(hv/2X))~'. In this way Neveu and Pitman define a
renewal process on IR, with a delay distribution, i.e. the one of oy, that have Laplace transform (5.9).

Since the times of h-extrema for the BBM depend only on its increments, these times should form a
stationary process on IR. The above one side construction does not provide stationary on the positive real
axis IR since the delay distribution is not the one of the limiting distribution of the residual life as it should
be, see [1] Theorem 3.1. In fact the Laplace transform of limiting distribution of the residual life is given by
(2.40) which is different from (5.9).

There is a standard way to get a stationary renewal process. Pick up an rg > 0, translate the origin to
—ro and repeat for (Wii,,, t > —rg) the above construction. One gets o(rg) and the sequence of point of
h-extrema (o, (rg),n > 1). Let v(rg) = inf(n > 0 : o,(r¢) > 0) be the number of renewals up to time 0
(starting at —rp). In this way, 0, ,)(r0) is the residual life at “time” zero for the Brownian motion starting
at —rg. So taking ro T oo, the distribution of 7, ,)(r0) will converge to the one of the residual life and
using [1], Theorem 3.1, one gets a stationary renewal process on IR". So conditionally on oy (rg) < 0, define
Si(ro) = 0u(re)+i—1(ro) for all i > 1. Then since the event {o1(rg) < 0} has a probability that goes to 1 as
ro T 0o, one gets, as ro T 0o, a stationary renewal process on IR, as well on IR. Since the Laplace transform
of the inter—arrival time distribution is (cosh(hv/2X))~!, one gets easily that the Laplace transform of the
distribution of S; (and also of Sp) is (2.40).

With this in mind we start the construction for the random walk {IW¢}. Denote V(t) = We(t)]I{tZO}
and .7:"[" , t > 0 the associated o- algebra. Define the rescaled running maximum for V¢(t), ¢ > 0

VeM(n) = Joax Ve (ke). (5.10)

~ 2 .
The /€ multiplying M (n) comes from IF [(\}EVC(keD } =k, see (3.20). For any h > 0, define the F;"

stopping time

7o(€) = 7o = min{n > 0 : \/eM(n) — V<(ne) > h}, (5.11)
VeBo(e) = Vebo = max{V<(ke) : 1 <k < 7} (5.12)
and )
60(€) = 60 = max{k : 1 < k < 70; V(ke) = Vo }- (5.13)
By construction ) A
VeBy = VeM (7y) = Jmax Ve(ke) = VE(doe) > V¥ (foe) + h. (5.14)

Since 7y is a F;" stopping time for (V¢(t),t > 0), the translated and reflected motion (—1)[V*(erg + t) —
Ve(ery)], for t > 0, is a new random walk independent of (V(t),0 < t < erg) on which we will iterate the
previous construction. It follows from the Donsker invariance principle and the continuous mapping theorem,
Theorem 5.2 of [2], that

lim [ef’i(e), VeBi(e), ebi(e),i > 0,i € IN| & 7, B, 01,0 > 0,0 € IN], (5.15)

1403



where 7;, 3;,0;,1 > 0,7 € IN are the quantities defined by Neveu Pitman, see [13], for a Brownian motion.
By construction the random walk satisfies the following :

Property (5.A) In the interval [G9;,52;11], ¢ > 0, we have
VE(Goisre) — VE(ase) < —h,  VE(ke)—VE(K'e)<h VK <k € [Gas,F2i11], (5.16)
VE(Gaipre) < VE(ke) < VE(age)  Gas < k < Faipi. (5.17)

Property (5.B) In the interval [69,_1,59;], ¢ > 1, we have
VE(Gie) — V(Gire) > hy,  VE(ke) = VE(K'e) > —h VK <k € [Gai_1, i, (5.18)

V6(62i,1e) < Ve(kﬁ) < VE(&QiG) Ooi1 < k < G9;. (519)

Following the Neveu-Pitman construction, we set V,¢ (s) = V(s+70), s > —rg, 70 = ro(7) positive (diverging
when v | 0) and repeat the previous construction. We denote by (6;(rg) = (e, 70),i > 1,i € IN) the points
of h—extrema for V¢ (-).

5.3. The maximal b elongations with excess f as defined in [6]

In this subsection we recall the definition of the maximal elongations from [6]. We extract it from the
first 5 pages of Section 5 of [6], with different conventions that will be pointed out.
Definition 5.1(The maximal b—elongations with excess f). Given b > [ positive real numbers, the
Y(a), o € Z, have mazimal b—elongations with excess f if there exists an increasing sequence {af,i € Z}
such that in each of the intervals [, af, 1] we have either (1) or (2) below:

(1) In the interval [, o ] (negative mazimal elongation):
Y(ajp) = V() < =b—f; V()= V(@) <b-f Vo<ye€lo] oi]; (5.20)

Y(alyy) < V(@) <V(af), af <a<al,,. (5.21)

(2) In the interval [, o, ] (positive maximal elongation):
V(i) = V(i) =b+f; V) —V(@)>-b+f, Ve<yela],al,]; (5.22)

V() < V() < V(ajy1), of Sa<aj,. (5.23)

Moreover, if in the interval [af,of 1] we have (5.20) and (5.21) (resp. (5.22) and (5.23)) then in the
adjacent interval [, ofy 5] we have (5.22) and (5.23) (resp. (5.20) and (5.21)). Furthermore we make
the convention

af <0< aj. (5.24)

Remark 5.2 . In [6] the convention a* ; < 0 < af was assumed.

We say that the interval [a;, o, ] gives rise to a negative mazimal b elongation with excess f in the first
case and to a positive maximal b elongation with excess f in the second case.

Note that af = af(v,€,b, f,w,0), where 0 is to recall that Y(0) = 0. We will write explicitly the
dependence on one, some or all the parameters only when needed. Since the o are points of local extrema,
see (5.21) and (5.23), for a given realization of the random walk, various sequences {a],i € Z} could have
the properties listed above. This because a random walk can have locally and globally multiple maximizers
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or minimizers. In [6], we have chosen to take the first minimum time or the first maximum time instead of
the last one. However we could have taken the last minimum time or the last maximum time without any
substantial change. From now on, we make this last choice. With this choice and the convention (5.24) the
points « are unambiguously defined.

In [6] we determined the maximal b— elongation with excess f, [ag, | containing the origin and estimated
the IP-probability of the occurrence of [af, af] C [-Q/e, +Q/€] taking care of ambiguities mentioned above.
Applying 5.8, 5.9 and Corollary 5.2 of [6], choosing §*, @ and e as in Subsection 2.5, b = 2F*, and see (5.30)
in [6], f =5/g(6*/v), we proved that, for a > 0,

P([af, 7] C [-Q/e, +Q/€])] < 77w (5.25)

Here we have a slightly different point of view. We want to construct all the maximal b—elongations with
excess f that are within [—Q/e, Q/e]. Denote QF (Q, f,b,0) (resp.Q; (Q, f,b,0)) the event that on [Q/e, (Q+
L)/e] (resp. [(Q — L)/e,Q/€]) there are two disjoint random intervals so that (5.20) holds in the first interval
and (5.22) in the second, or (5.22) holds in the first interval and (5.20) in the second for the process Y(-).
The 0 in the argument of Qp(-) is to recall that Y(0) = 0. After a moment of reflection, one realizes
that the occurrence of the event Qf (Q, f,5,0) N Q7 (Q, f,b,0) should allow to construct all the maximal
b—elongations with excess f that are within [—Q/e, Q/¢]. Moreover, for reasons which will be clear soon, we
want also to construct the process (5.1) for a € [—4Q/€,8Q/€]. This can be done on a probability subset

PN
Qp, IP() > 1 — 6_5(%)2, provided |I| = 12% ( macroscale) satisfies (3.23), a condition satisfied by the
choice done of the parameters, see (2.59). Denote

Q([-Q.Ql, £,6,0) = QL (Q. £,5,0) N {[ag, 7] C [-Q/e, +Q/€e]} NQL(Q, £,0,0) N . (5.26)

Applying Lemma 5.9 of [6], setting L = ctelog(Q?g(1/7)) one gets the estimate:

IP[QL([_Q7 Q]? f7 b> 0)] >1-—12€ 32(;+”) . (527)

On Qp([-Q,Q], f,b,0) N Quyy where Q¢ is defined in Lemma 5.3, the *(£Q) defined in (2.36) can be
estimated as in (5.65) and

L g S S0 <0<ai < 0 < 2 (5.28)
Set 7o = 4Q and consider V() = V(- + [*2]). Similarly to what done before, we construct in the interval
[-Q/e, +Q/€] the maximal b-elongations with excess f for the process (Y, (o), € Z). Note that Y, (0)
is not necessarily equal to zero, but the construction of maximal b-elongations with excess f given in [6],
depends only on the increments of Y, (). We can define, as in (5.26), a probability space on which we have 0 €
[ (10), af(ro)] C [—Q/€, +Q/€]. As before we can determine Q7 (Q, f,b,70) (7 (Q, f,b,70)) for the process
Yro (+) and hence the space Qr([—Q, Q), f,b, 7). Similarly to (5.28) we have on Qr([-Q, Q], f,b,70) N Qurt

Q * * * * Q
-T< W (—@irg) (T0) T 1 < oo S (o) <0 < aj(ro) < ... r)-1(r0) < - (5.29)
where
K (—=Q,19) =sup(i <0 : ea(rg) < —Q) > —o0 (5.30)
and
K*(Q,ro) =inf(i > 1: eaj(rg) > Q) < o0. (5.31)

1405



By translational invariance and (5.27), we have
P2L(Q, £,b,70)] = IP[QL(Q, £,,0)] > 1 — 47707, (5.32)
and therefore

(Oé;((ro), Vi € Z - K’*(_Qa TO) <i< K’*(Qa TO)) on QL([_Qa +Q]v fa b7 TO) N Qurt

aw (5.33)
" af, Vi€ Z 1 k1(—Q) <i < #(Q)) on Qu([=Q,+Q), £,5,0) N Qun.
Here X on Q7 ="V Y on Q means that the respective conditional distributions are the same.
5.4. Relation between h—extrema and maximal b—elongation with excess f
Consider the h—extrema for the random walk V¢ defined at the end of Subsection 5.2. Define
IA{(—Q,’I’()) = sup (l >1: Ea'i(’f’(]) < —Q) ) (534)
v(ro) =1inf (i > &(—Q,ro) : €5;(r9) > 0); (5.35)
}%(Q,To) = inf (Z > 12(7"0) : ECATZ'(T()) > Q) . (536)
On {&#(Q,r9) < oo} there are £(Q,19) — K(—Q,r0) + 1 points of h—extrema within [—Q,+Q)]. So let
QO(Qa TO) = {w € Qﬂ I%(*QJ"O) < V(TO) < ’%(QaTO) < o0, "%(Qa TO) - I%(*Q,To) > 1} (537)

be the set of realizations such that there exists at least one interval [ed;(ro), €6:+1(r0)] C [-Q, Q], for some
i € Z with 6;(ro) and G;41(ro) that are h—extrema of V¢ (-). On Qo(Q, o) we have

QR . R R R Q
—: < U,g(,QWO)Jrl(’I“Q) <. < Uf,(ro),l(?“o) <0< U,;(TO)(T()) < ... < U;%(Q,ro)fl(TO) < ? (5.38)

Note that Q0(Q,r0) D QrL([-Q,+Q],b, f,r0) N {R(Q,r0) < oo}. Namely, if [eaj(f,70), € 1(f,70)) C
[—Q, Q] gives rise to a maximal b-elongation with excess f for ), then for the same process it gives rise
to a maximal b-elongation with excess f = 0, see Definition 5.1. Therefore ea(f,r9) = eaf(0,7) and
eaf 1 (f,r0) = eaj1(0,79). Furthermore, since Y, (o) = /c(f, 9,7/5*)17,.60 (ce), for ae > —rg, eaf(0,79) and
eaf,1(0,70) are points of h = b/\/c(3,0,0*/v)—extrema for ‘A/,fb, see Property (5.A) and (5.B).

Next, we show that the probability to have points which are h—extrema but do not give rise to maximal
b-elongations with excess f is small.
Lemma 5.3 Set b = 2F*, h = #*&M, all the remaining parameters as in Subsection 2.5, L =

206" _ _5
ctelog(Q?g(%)) and f ek Set

Q(f7 TO) = QL([an +Q]a b7 f7 TO) N {’%(Qa TO) - ’%(7Q3TO) > ’%*(Q77’0) - H*(an TO)} N {’%(er()) < OO}
(5.39)
We have

IP[Q(f,7)] < 200e72@7a, (5.40)

where a is given in (2.56).
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Proof: Denote

Q :{w : —g < a—k(—Q,To)+1(r0) <. < &D(ro)—1<TO) <0< 6'1/(7"0)(7'0) <. < 6/%(@,7”0)—1(7”0) < %;
3, k(—Q, 1) + 1 <1i < R(Q,r9) — 2such that [6;(r), 6i+1(r0)) does not satisfy (1) and (2) of

Definition 5.1 but does satisfy (5.16) and (5.17) or (5.18) and (5.19) } N{R(Q, 1) < 00}

(5.41)
Note that

Q(f,m0) C Q' NQL(Q, f,b,70). (5.42)

To estimate the I[P—probability of the event in the right hand side of (5.42), let i, #(—Q,r9) + 1 < i <
R(Q,70) — 2 be such that [G;(r), di+1(r0)] does not satisfy (1) and (2) of Definition 5.1 but does satisfy
(5.16) and (5.17) or (5.18) and (5.19). It is enough to consider the case where [6;(r0), Gi+1(r0)] does not
satisfy (1) of Definition 5.1 but does satisfy (5.16) and (5.17). There are two cases:

o first case

—b—f <V(6it1(r0)) = V(Gi(ro)) < =b, V(y)=V(x) <b—f Vr,y:x<ye[6i(ro),dit1(ro)] (5.43)

V(Gis1(ro)) < V(o) < V(6i(ro)) Va: 6i(ro) < a < 6i41(ro) (5.44)

e second case

V(Gi41(r0)) =V (Gi(r0)) < =b—f, 20,0, To < yo € [0i(r0), Fir1(r0)] = b > V(yo) =V (w0) > b—f, (5.45)

Y(Gir1(ro)) < V(o) <V(6i(ro))  Gilro) < o < Giya(ro). (5.46)

Let us denote )
Vi(a,a1,as) = alglggw z”: x(a) (5.47)

and ~
Vila, a1, a0) = alrgrggw i: x(a) (5.48)
where e = —4Q). To get the estimates for both the cases we follow an argument already used in the proof of

Theorem 5.1 in [6]. Take p’ = (9f)/(+%)  for some a > 0. Divide the interval [~Q, Q] into blocks of length
p’ and consider the event

DQ.p ) = {300, -Q/p <0< < (Q-1)/p; | (e 2, £ — Y, (o, 22, L) — ) < 97},

Simple observations show that those w that belong to {max,c[—g/e,0/¢ [X(@)] < f} and are such that there
exists i, £(—Q,r0) +1 <1i < £(Q,79) — 2 such that (5.43) and (5.44) hold, belong also to D(Q, p', €).

For the second case, we can assume that xq is a local minimum and yq a local maximum, therefore those w
that belong to {maxqe[—q/e,q/q IX(@)| < f} and are such that there exists i, K(—Q, 7o) +1 < i < A(Q,70) —2
such that (5.45) and (5.46) hold, belong also to D(Q, p’, €). Therefore we obtain that

Q'n max a)| < c D,/ e).
([ max [x(@)] < 7} < DQ. )

1407



The estimate of IP [ﬁ(Q,p’,e) NQL(Q, f,b, ro)} is done in [6] where a similar set D(Q, p',€), see pag 834

there, was considered. It is based on Lemma 5.11 and Lemma 5.12 of [6]. Here we recall the final estimate

P |:75(Q7pla 6) N QL(Q7 f7 bv TO):| <

C
227 1296 9f+ (2+V(B,0))\/elog =2
2 L) +1)? a/(2Fa) 4 (9 L)+1 5.49
8( (Q+ )+ ) V(ﬁ,e) (gf) +( (Q+ )+ )V(ﬁ,Q) (9f)3/(4+2a) ( )
f
+ Me_ 1eV2(B.0)
€
Furthermore, by Chebyshev inequality, we obtain that
IE [{maxac|—g/e0/q X(2)]}] ( 2y 2Q )é 1
max a)| > < : <2 eVilog{— + —F).
e [x(@)] = 1) : 2os(Z5)) 4t o)

For the last inequality, see formula 5.38 in [6]. Choosing the parameters as in Subsection 2.5 we obtain the
thesis. W

Denote Q7 (Q, f,b,70) = Quee N Qe NQL(Q, fyb,10) \ Qf,7r0), where Qyy¢ is defined in Lemma 5.7 and
0, in Lemma 5.8. Obviously {#(Q,r9) < oo} D 2, and (5.29) and (5.38) hold: a point is a beginning or
an ending of an interval of maximal b—elongations with excess f > 0 for ), if and only if it is a point of
h—extremum for Vi and b = h\/m . Relabel the variables &;(rg) in (5.38) as in Neveu and Pitman,
that is define

Si(’l“o) = 5’9(,«0)4”-,1(7“0), Vie Z . I%(—Q,?“o) < ﬁ(To) +1—-1< I%(Q,TQ). (550)

Therefore, on QL(Q, fyb,70), we have

Si(ro) = 0&:(7“0), Vie Z : —Q < Si(ro) < Q (551)
€ €
Lemma 5.4 Take b =2F*, h = %, all the remaining parameters as in Subsection 2.5, f = q(i*) and
' 2

L = cte 10g(Q2g(§)). Let Qr(Q, f,b,0) be the probability space defined in (5.26) and Q. defined in lemma
5.7 with IP[Qr(Q, f,5,0) N Quye) > 1 — 200 EFD for some a > 0. Let

_% <o gyp1 <<l <ag<0<o] <. <ag g1 < -

be the maximal b—elongations with excess f, see (5.28), and {S;,i € Z} the point process of h-extrema of
the BBM defined in Neveu-Pitman [13]. We have

Law

lim e(7)ai(e(7). (1) "5 iez. (5.52)

Proof: This is an immediate consequence of (5.33), Lemma 5.3, (5.51), (3.21) and the continuous mapping
theorem, Theorem 5.2 of [2]. W
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5.5. Probability estimates
Lemma 5.6, stated below, gives lower and upper bound on the o (b, f,0), i« € Z, in term of suitable

stopping times. This is a device constantly used in [6] even if it was not formulated in its whole generality.

We set Tp = 0, and define, for k > 1:

t

- . - b+

Tk =1nf{t >Tk,11| Z X(Oé)| > 2f}7

a=Tr_1+1

. (5.53)
T_(k-1)

- - b+ f

T_p = sup{t <T_(4_1):| a;l x(a)| > T}

The random variables ATk+1 = Tk+1 -1 k, k € ZZ, are independent and identically distributed

Remark: The (1},i € Z) were denoted (7,7 € Z) in [6]

Define
Ty T kg1
Sk = sgn( Z X(j)); S_p= sgn( Z X(j)) for k>1. (5.54)
G=Th_1+1 G=T_r+1

To detect elongations with alternating sign, we introduce on the right of the origin

ZT = mf{z Z 1: Sz = gi—i—l}
) . . (5.55)
inzinf{iz(i;+2):Si:Si+1:—Si;} i>1,
and on the left
. -1 if Sy =5 =-5;,
1= sup {Z < —2: Sz = ~i+1 = —gq} if Sfl 7é 51 or 51 = _Sifa
(5.56)

i*_j_lEsup{igi;f—Q:Si:5’i+1:—5’i;} j>1.

The corresponding estimates are given by the following Lemma which was proved in [6], see Lemma 5.9

there.
Lemma 5.5 There exists an eg such that for all 0 < € < €y, all k and L positive integers, L even, (just for

simplicity of writing) and all s > 0 we have:
. kL —1)(s+1og2)C . —s(kL— k—1
P |:Tk;L—1 S ( )( - g ) 1,\v/1§jgk Zj < jL:| 2 (1 —e (kL 1)) (1 _ 2L1—1) (1 o (%)L/2>
(5.57)
and
—kL(s+1og2)Cy - L—-1)(s+1og2)Cy ., e )
( g2 1,TL71S( )(6 e2) 17Z1<L,V1<j<klj>—JL]
(5.58)

P [TkL >
€

> (1 _ e—s(kL—l)) (1 _ 2L171) (1 B (%)L/Q)k.

where C1 = C1(8,0) is a constant.
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Applying Lemma 5.5 with L = cte log(QQg(%)), taking the parameters as in Subsection 2.5, one gets (5.27)
by a short computation.
Lemma 5.6 On Qp([—-Q,+Q), f,b,0), see (5.26), we have

T, < alyy, (5.59)

and
of < Ty

i, Vidl<i<s'(Q) (5.60)
where k*(Q) is defined in (2.36).

Proof: Recall that on Qp([-Q,+Q), f,b,0) we have assumed that of < 0 < aj. To prove (5.59) we start
proving that T < as. Suppose that af < Ty. Then, from (5.53), since of < ab < T) we have
b+ f

2

b+/

Yiapl <

and |V(a3)] < (5.61)
which is a contradiction since by assumption [ea}, ea}] is a maximal b elongation with excess f, see Definition
5.1. Similar arguments apply for ¢ > 2. To prove the second inequality in (5.59), we assume that [af, of]
gives rise to a positive maximal elongation. The case of a negative elongation is similar. We show that
ar < T,2 By definition of 7,43 we have that [TiI—l’ Tiﬁ_ﬂ is within an elongation with a sign, say 5‘1»{ and
[Tix—1, Ti3+1] is within an elongation with opposite sign, S;: = —S;+. Therefore, either S; or S;; is negative,
which implies that aj < Tj:. The general case is done similarly. B

Given an integer R > 0, we denote as in (2.36) x*(R) = inf{i > 1 : ea} > R}. We define the stopping
time k(R) = inf{i > 0 : €T; > R}. By definition

Timy—1 < R < eTyp) (5.62)
Using the left part of (5.59), we get that
R < eljp < eaZ(R)_H (5.63)
therefore
K*(R) <1+ k(R). (5.64)

Lemma 5.7 For allb > 0, there exists Qurt = Qure(b), IP[Qure] > 1 — 1456320 Ta , where a > 0, so that for
f= 2%, foralll < R<12Q
9(7)

- \
K*(R) <1+k(R) <2+ 4b—;Rlog [R?g(6" /)] (5.65)
and
6C1VElog2 ) 9
o b) < ——F 2Rl o .
1) < oy gy a0/ (5.66)

where V.. =V (5,0) [1 + (W/(S*)é] and Cy = C1(8,0) is a positive constant. Furthermore on Qyr¢, |K*(—R)|
and |€a. _ g | satisfy (5.65) and (5.66).

Remark: Tt is well known that, almost surely, limgjoo E(R)/R = (IE[T}])~", see [1] Proposition 4.1.4. The
estimate (5.65) allows us to have an upper bound valid uniformly with respect to R > 1 with an explicit
bound on the probability. This is the main reason to have a log[R?g(d* /)] in the right hand side of (5.65).
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Proof: The proof of (5.65) is based on two ingredients: Assume that we are on Q ([-12Q,+12Q)], f,b,0).

Suppose first that l;:(R) > 1 then
(5.67)

T
R < E(R)

ETIE(R)A - ~ .
E(R)—1  k(R)-1

k(R) -1
The second ingredient is the estimate derived in Lemma 5.7 of [6], which holds for any choice b > 0, (in [6]
a specific choice was done). We obtain that for all positive integer n and s, 0 < s < (%)2[4(log )V,
n b2
P [eTn < ns} <e OV (5.68)

Therefore
(5.69)

(5.70)

When k(R) = 0 or k(R) = 1, (5.70) is certainly true, therefore (5.70) holds for all k(R) > 0. Choosing in

(5.70)
_ 4V2 .
so. = (ng [log R?g (6" /)] (5.71)
we get
2
ﬂDVRzl,/}(R)gHR]zl— AT 1L W (5.72)
So R>1 1-— 4{;(6*/7)1?2 9(6 /7)
Recalling (5.64), for all R > 1,
. 4v?
K*(R) <1+E(R) <2+ (f—j)zR [log R%g(5* /)] (5.73)
which is (5.65). Next we prove (5.66). Applying (5.60) and (5.64) we have
ea}i(L)H < eﬁ-zm”. (5.74)
Using (5.57) with
2 *
[—L,—1439°8090"/7)
log(4/3) (5.75)
E=ky=2+ i Rlog[R?g(6* /7)) |
=ko = ——L=Rlo .
0 (2 el R (0" /1y
log(R?9(8" /%)) o have

After an easy computation, given R > 1 with a I[P-probability greater than 1 — ¢(3,6 — I we
g(6*/7)3/2R
. 24C, V2 log 2 . 2 , _ .
€T (o4 ko)Ly < WMR [IOg(RQQ((S /’Y))} » Vi 1< <k, ij <jLo. (5.76)
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Therefore, with a IP—probability greater than

T 1 il ) B S (5.77)

g(0=/7)** = g(6*/7)
for all R > 1, (5.76) holds. Using (5.73) we have, for all R > 1,

2

14+ K*(R) <k(R)+2<3+ (ggQR [log R%g(5* /)] - (5.78)

Therefore collecting (5.76) and (5.78) we obtain that for all R > 1

i pyes < (24 ko) Lo. (5.79)

From which using again (5.76) and recalling (5.74), we get that for all R > 1
6(1:*(R)+1 < GTig(RHz < €T(2+k0)L—O

24C4 Vf log 2

— (F7)?log(4/3)

, (5.80)
R [log(R?g(6* /7))]

which is (5.66). Denote by .+ the intersection of Qp([—Q,+Q)], f,b,0) with the probability subsets in
(5.72) and (5.77). Recalling (5.27) and the choice of ¢, see (2.57), we get the Lemma. W

Lemma 5.8 There exists (,,,, IP[QY, ] > 1 — 153¢3CFa  a > 0, so that for ro < 4Q, see (5.36),
P 24‘/‘% 2 *
R(Q,10) <4+ = Qlog [16Q g(o /V)} . (5.81)

Proof: We construct in the interval [—4Q,2@Q)] all the maximal % elongations with excess f, see Defi-
nition 5.1, for the process Y,, defined after (5.28). We do this repeating step by step the construction
done in [6] and recalled in (5.26), (5.27) replacing the interval [~@, Q] with [—4Q,2Q] and b with 2. On
Q([—4Q.2Q), f, 2. r0) N Qur(b/2), 79 < 4Q, see Lemma 5.7, we have

K (=4Q,r0)| < 2+ 16(V7/6°)Qlog(16Q%g(6* /7)) and £*(2Q, o) < 2+ 8(V/b*)Qlog(4Qg(5* /7))

Furthermore if {6;(r9)} are h—extrema, then within the interval [6;(rg),d11(r0)) there is at least one

maximal 2-elongation with excess f = 5/g(6*/v) for the process V,,. Therefore one gets (5.81). W

Proof of Theorem 2.4:
We need to exhibit a probability subspace €2; in which the minimal distance between two points of jump of

u? is larger than 8p + 8. Define

Qg ={w€Quu Vi, —Q <eaf <Q;eaj,, —ea >8p+85}. (5.82)

where 2,1 is the probability subspace in Lemma 5.7. There the total number of jumps of v, within [-Q,+Q]
is bounded by 2K(Q) + 1 with K(Q) given in (2.31). Since the points of jumps of u} are the eaj,i € Z,
from Proposition 5.3 in [6] we have that for all i € Z, for all 0 < z < (F*)?/(V3(3,0)181log 2)

_ (]_—*)2
IPleaj, | —eaj < x] < 2e 18:VZ(5.0), (5.83)
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Then one one gets

P> 1 ( 5 >s<2+a> 2K (Q)e T (F*))22 ; (5.84)
>1— —— _ e 18(8p+85)V2(5,6) .
. 9(5%/7)
Recalling (2.56), (2.59) and (2.55) one gets
P >1 ( > )10(;“) (5.85)
>1- . .
PEE g0t /)
Denote by
O =0y k@) N (5.86)

where €, x(q) is the probability subspace in Theorem 2.2 of [6] and K(Q) is given in (2.31). From the
results stated in Theorem 2.1, 2.2 and 2.4 of [6] we obtain (2.30) and (2.33).

6 Proof of the results
Proof of Theorem 2.5 The (2.37) is proved in Lemma 5.4.

Proof of Corollary 2.6 Since we already proved the convergence of finite dimensional distributions see
(2.37), to get (2.43) it is enough to prove that for any subsequence {u},0 < v < 0} € BVioc(IR, {mp, Tmgs}),
with v | 0, one can extract a subsequence {“%0 < Yn < 7o} that convergences in Law. In fact, since
BViec (IR, {mg,Tmg}) is endowed with the topology induced by the metric d(-,-) defined in (5.5), this
implies that the points of jumps of {u;n70 < Yn < Yo} will converge in Law to some points that by (2.37)
are necessarily the (S5;,7 € Z), this will imply (2.43).

So let v | 0 be any subsequence that goes to 0. We will prove that for any chosen €1, it is possible to
extract a subsequence 7y, | 0 and to construct a probability subset K. C Q with

PK,]>1-6 (6.1)

so that on K, the subsequence {u} , 0 < 7, < 7} is a compact subset of BVioc(IR,{mg,Tmg}) for the
topology induced by the metric (5.5).

To construct K¢, and the subsequence 7,, we use the following probability estimates. Let b = 2F* and
QL([-Q,+Q], f,b,0) the probability subspace defined in (5.26), IP[QL([~Q, +Q], f,b,0)] > 1 — 3¢3CFD | see
(5:27). On Qr([-Q,+Q)], f,b,0) u3(-) jumps at the points {ea], k" (—-Q) +1 < i < £*(Q) — 1}. By Lemma

5.7, on the probability subspace Qyyt, with P[Qy¢] > 1— (W) SGr@ for some a > 0, the number of jumps

2
within [—Q, +Q)] is smaller than 4 + %Qlog [ng(é*/fy)} . Therefore, calling
Qglz,v) = {w € Qur; Vit eay € [-Q,+Q), eaj | —eaf > x}

one has, see (5.83), that

a 8V2 L=
PIQo(2,7)] > 1 — 4 wora — (44—t Qlog [Q%¢(5% /v >2€ VI 6.2
Ol 1)] > 1~ Aty — (44 S Qlog [Q%al0" )] (6:2)
For any subsequence 7 | 0, one can pick up a subsequence {~,} such that
Z ( 5 > 32(;+a) (6 3)
—_—— <0 .
=1 \9(0* () /7m)

1413



and recalling that @ = Q(v) 1 oo when v | 0, one can take = z(7,) > 0 such that

2 F)2
Z <4 i 2‘1152@(%) log [Qz(%)g(é*(%)/%)o Qe_mzm(n)v)‘z(a,e) < 0. (6.4)

n>1

Now using (6.2), (6.3) and (6.4), given €; > 0, one can choose ng = ng(e1) such that

]P[ ﬂ QQ('yn)(z(”}/n)a’)’n)] >1—e. (6'5)

n>ngo

Denote Ke, =[5, 2Q(vn) (2(¥n), V) and we have proven (6.1).

Let w € K¢ and {u} = u} (w),n > ng} the above constructed subsequence. Necessary and sufficient

conditions for the compactness of {u} ,n > ng} is to exhibit for all € say, € < 1/2 and for some numerical

constant c a finite cé-net for {u3 ,n > ng(e)}, see [2] pg. 217. One can also assume that ng = no(e, €) is
such that
_Q(‘S*(’Yno))
e O ) <k (6.6)

Set y*> = y2 = 23(61(12;7 let kg € Z and k_g € Z so that kgy2 < Q < (kg + 1)y? and respectively

k_qy? < —Q < (k—g + 1)y°. Denote B(y?,Q) C BVio. the finite subset
B2.0) {uo € BVige s ug constant on  [ky?, (k + 1)y?), k € k—q, kol N Z, }
y, =

Vr > Q,uo(r) = uo(kq); Vr < —Q,uo(r) = ug(k_q)

Let w € K and kf = kf (w,7n) € Z such that kfy? < e(yn)al(w,vn) < (kf + 1)y?, for all i such that
e ; € [-Q,+Q]. Let ug € B(y®, Q) such that ug(k}y®) = % (ea;). It remains to check that d(u? ,u) < cé
for some numerical constant ¢, where d(-,-) is defined in (5.5). Let us define the following A, (.) € Arip by
Ay, (kfy?) = ea; and linear between kjy? and (k} + 1)y* for r > Q take A, (r) = \,,(Q) +t — Q and for
r < —Q take A\, (1) = A, (—Q) +t+ Q. For all i such that ea] ; € [-Q,+Q)], one has

A (k5Y%) = Ay (Kiy) = (K7 = ki_1)y?| = [eagyy — eaf — (k] — Ki_y)y?| < 2%, (6.7)

On the other hand on K. one has ea} — e} ; > x(v,) and therefore (k} — k_1)y* > z(v,) — 2y*. Using
292 < &(z(vn) — 2y?) and (6.7), one gets

A (R5y) = Ay (B q) = (K7 = ki 0)y?] < 297 < &a(vn) — 20%) < e(ky? — ki 1y?). (6.8)
Since A is piecewise linear one has also, for s < t € [k}_,y?, k}y?)
Do () = Ao (8) = (£ = 8)] < &t — ). (6.9)
Since A4, has a slope 1 outside [-Q, +@Q)], one gets for all s <t € IR

Ay (8) = Av (8)
t

log(1 — €) < log ~= <log(1l + é). (6.10)

Therefore, recalling (5.3), (6.10) entails ||\, | < 45 and using (6.6) to control fso e~T'dT in (5.5) , one gets
after an easy computation d(u3, ,ug) < 3¢. W

Proof of Theorem 2.7
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Let {W(r),r € IR} be a realization of the BBM and u*(W) the random function defined in (2.42). We
need to show that for v € Bvloc, P as. T'(v|u*, W) > 0, the equality holding only when v = u*. Let Sy be a

point of h— minimum, h = By definition, this implies that in the interval [Sp, S1)

V(ﬁ 0)
WS =W = gy W) =We)> —pim. Ye<yelsns): (61

Suppose first that v differs from «*(WW) only in intervals contained in [So, S1). Since u*(r) = mg, for
r € [So, S1), see (2.42), set v(r) = Tmgly,, ., for [r1,72) C [So,51) and v(r) = u*(r) for r ¢ [r1,72). When
the interval [rq,r2) is strictly contained in [Sp,S7) the function v has two jumps more than u*. Then the
value of T'(vju*, W), see (2.45), is

C(w|u™, W) =T'g,,5,) (v|u*, W) = 2F* + V(3,0)[W(r2) — W(r1)] > 0, (6.13)

which is strictly positive using the second property in (6.11). When [rq,r2) = [So, S1) then the function v
has two jumps less than u*. Namely u* jumps in Sy and in S; and u does not. In such a case is

L(0lu®, W) = Tisg,s,) (v[u™, W) + Tis, g0y (v]u™, W) = =277 + V(B,0)[W(S1) =W (So)] 2 0. (6.14)

The last inequality holds since the first property in (6.11). When [r1,72) C [So,S1), 11 = So, 72 < S, the
function v has the same number of jumps as u*. The value of I'(v|u*, W) is

L(vlu®, W) = Tisy,s,) (v]u®, W) = V(8,0)[W (r2) = W(So)] = 0 (6.15)

which is still positive because of (6.12). When [r1,73) C [So, S1), ™1 > So, 72 = S1 then, as in the previous
case, the function v has the same number of jumps as v* and again by (6.12),

L(v|u®, W) =T'g,,5,) (v|u*, W) + T, g,y (v|u®, W) = V(B,0)[W(S1) — W(r1)] > 0. (6.16)

The case when v differs from u*, still only in [Sp, S1), but in more than one interval can be reduced to the
previous cases. By assumption v € BV, and then the number of intervals in [S;, S;+1) where v might differ
from u* is P a.s finite. The conclusion is therefore that if v # u* in [Sp, S1), T'(v|u*, W) > 0. When v differs
from w* in [S7, S2), S1 is an h— maximum and u*(r) = T'mg, see (2.42), one repeats the previous arguments
recalling that by definition in [S7, S2)

W(S2) =W(S1) < ~h  W(y)=W(x)<h  Vo<yéel[S,5Ss) (6.17)

In the general case one therefore obtains

(W[u, W) = > T, 5,0 (0[u™, W) > (6.19)
<y

To prove that u* is P a.s. the unique minimizer of T'(-|u*, W) it is enough to show that each term among
(6.14), (6.15) and (6.16) is strictly positive, so that we get a strict inequality in (6.19). Since, see [15], page
108, exercise (3.26),

P[3r € [So, S1] : [W(r) —W(S1)]=0] =0,
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we obtain that (6.16), (6.14) and by a simple argument (6.15) are strictly positive. W

Proof of Theorem 2.9 The proof of (2.50) is an immediate consequence of Proposition 4.1 and Theorem
25. 1

1]
2]
[3]
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