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1 Introduction and main results

The characterization of the single-path behaviour of a given stochastic process is often based on
the study of its power variations. A quite extensive literature has been developed on the subject,
see e.g. [5; 16] (as well as the forthcoming discussion) for references concerning the power
variations of Gaussian and Gaussian-related processes, and [1] (and the references therein) for
applications of power variation techniques to the continuous-time modeling of financial markets.
Recall that, for a given real k > 1 and a given real-valued stochastic process Z, the x-power
variation of Z, with respect to a partition 7 = {0 =ty <t; < ... <ty =1} of [0,1] (N > 2 s
some integer), is defined to be the sum

N
> N Ziy = Ziy I (1)
k=1

For the sake of simplicity, from now on we shall only consider the case where 7 is a dyadic
partition, that is, N = 2" and t; = k27", for some integer n > 2 and for k € {0,...,2"}.

The aim of this paper is to study the asymptotic behaviour, for every integer x > 2 and for
n — o0, of the (dyadic) k-power variations associated with a remarkable non-Gaussian and self-
similar process with stationary increments, known as iterated Brownian motion (in the sequel,
[.LB.M.). Formal definitions are given below: here, we shall only observe that I.B.M. is a self-
similar process of order %, realized as the composition of two independent Brownian motions.
As such, I.B.M. can be seen as a non-Gaussian counterpart to Gaussian processes with the same
order of self-similarity, whose power variations (and related functionals) have been recently the
object of an intense study. In this respect, the study of the single-path behaviour of I.B.M.
is specifically relevant, when one considers functionals that are obtained from by dropping
the absolute value (when & is odd), and by introducing some weights. More precisely, in what
follows we shall focus on the asymptotic behaviour of weighted variations of the type

2’"/
Z F(Zg—1y2—n)(Zrg—n — Zg—1yp—n)", £ =2,3,4,..., (2)
p}
or
>
Z i[f(Z(k_l)an) + [(Zro-n )| (Zro-n — Z—1y2-n)", K =12,3,4,..., (3)
k=1

for a real function f : R — R satisfying some suitable regularity conditions.

Before dwelling on I.B.M., let us recall some recent results concerning (2), when Z = B is a
fractional Brownian motion (fBm) of Hurst index H € (0,1) (see e.g. [18] for definitions) and,
for instance, k > 2 is an even integer. Recall that, in particular, B is a continuous Gaussian
process, with an order of self-similarity equal to H. In what follows, f denotes a smooth enough
function such that f and its derivatives have subexponential growth. Also, here and for the rest
of the paper, (4, ¢ = 1, stands for the gth moment of a standard Gaussian random variable,
that is, pg = 0 if ¢ is odd, and

q! e
g = W’ if ¢ is even. (4)
We have (see [15; 16; 17]) as n — oc:
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. When H > 3,

271
gn—2Hn Zf(B(kfm—n)[(QnH(Bm—"—B(k71)2—n))m—un] —>Mn 2< )/ f
k=1
G
where Z(?) denotes the Rosenblatt process canonically constructed from B (see [16] for
more details.)

22 Zf(B(kflﬁ—")[(2%(Bk2—"_3(k71)2—"))n_ v 05 /f (6)

where o3 . is an explicit constant depending only on x, and W is a standard Brownian
47
motion independent of B.

1 3
. When 7 < H <y,

1
2~ 2Zf o1y2-m) [(2™ (Brgn = B_1y2-n))" — ] LﬂaH,HOf(Bs)dWs, (7)

for an explicit constant oy .. depending only on H and &, and where W denotes a standard
Brownian motion independent of B.

. When H = 1,
n 2 H K Law 1 K ! "
272 " f(Bg—1y2-) [ (2" (Bro-n — Ba—1)2-n))" — tix] —’4%—2(2)/0 f"(Bs)ds
k=1

1
Ty AT ANO

where 01, is an explicit constant depending only on x, and W is a standard Brownian

motion independent of B.

. When H < i,

o " 2 1 K !
92Hn— ”Zf (k—1)2-7 ( H(Bkz—n—B(k—l)z—")) _Mm] —’4Mn2( ) ; f"(Bs)ds.

2
(9)

In the current paper, we focus on the iterated Brownian motion, which is a continuous non-
Gaussian self-similar process of order i. More precisely, let X be a two-sided Brownian motion,
and let Y be a standard (one-sided) Brownian motion independent of X. In what follows, we
shall denote by Z the iterated Brownian motion (I.B.M.) associated with X and Y, that is,

Zt)=X(Y (), t=0. (10)

1231



The process Z appearing in has been first (to the best of our knowledge) introduced in
[2], and then further studied in a number of papers — see for instance [12] for a comprehensive
account up to 1999, and [6; 13; 14; 19] for more recent references on the subject. Such a process
can be regarded as the realization of a Brownian motion on a random fractal (represented by
the path of the underlying motion Y'). Note that Z is self-similar of order %, Z has stationary
increments, and Z is neither a Dirichlet process nor a semimartingale or a Markov process in
its own filtration. A crucial question is therefore how one can define a stochastic calculus with
respect to Z. This issue has been tackled by Khoshnevisan and Lewis in the ground-breaking
paper [11] (see also [12]), where the authors develop a Stratonovich-type stochastic calculus with
respect to Z, by extensively using techniques based on the properties of some special arrays of
Brownian stopping times, as well as on excursion-theoretic arguments. Khoshnevisan and Lewis’
approach can be roughly summarized as follows. Since the paths of Z are too irregular, one
cannot hope to effectively define stochastic integrals as limits of Riemann sums with respect to
a deterministic partition of the time axis. However, a winning idea is to approach deterministic
partitions by means of random partitions defined in terms of hitting times of the underlying
Brownian motion Y. In this way, one can bypass the random “time-deformation” forced by (10),
and perform asymptotic procedures by separating the roles of X and Y in the overall definition
of Z. Later in this section, by adopting the same terminology introduced in [12], we will show
that the role of Y is specifically encoded by the so-called “intrinsic skeletal structure” of Z.

By inspection of the techniques developed in [11], one sees that a central role in the definition of a
stochastic calculus with respect to Z is played by the asymptotic behavior of the quadratic, cubic
and quartic variations associated with Z. Our aim in this paper is to complete the results of [12],
by proving asymptotic results involving weighted power variations of Z of arbitrary order, where
the weighting is realized by means of a well-chosen real-valued function of Z. Our techniques
involve some new results concerning the weak convergence of non-linear functionals of Gaussian
processes, recently proved in [20]. As explained above, our results should be compared with the
recent findings, concerning power variations of Gaussian processes, contained in [15; 16; 17].

Following Khoshnevisan and Lewis [11; 12], we start by introducing the so-called intrinsic skeletal
structure of the I.B.M. Z appearing in . This structure is defined through a sequence of
collections of stopping times (with respect to the natural filtration of Y), noted

I ={Tkpn:k>0}, n>=1, (11)

which are in turn expressed in terms of the subsequent hitting times of a dyadic grid cast on
the real axis. More precisely, let &, = {j2_"/2 : j € Z}, n = 1, be the dyadic partition (of
R) of order n/2. For every n > 1, the stopping times T} ,,, appearing in (11), are given by the
following recursive definition: Tj , = 0, and

Tim=1nf{s > Tp1n: Y(s) € D\ {Y(Th1n)}}, k2>1,

where, as usual, A\ B = AN B¢ (B¢ is the complement of B). Note that the definition of T},
and therefore of 7, only involves the one-sided Brownian motion Y, and that, for every n > 1,
the discrete stochastic process

% ={Y(Tyn) : k >0}

defines a simple random walk over Z,,. The intrinsic skeletal structure of Z is then defined to
be the sequence

1S.S. = {Dn, T, D - 10 > 1},
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describing the random scattering of the paths of Y about the points of the partitions {Z,}.
As shown in [11], the I.S.S. of Z provides an appropriate sequence of (random) partitions upon
which one can build a stochastic calculus with respect to Z. It can be shown that, as n tends to
infinity, the collection {7}, : k > 0} approximates the common dyadic partition {k27" : k£ > 0}
of order n (see [11, Lemma 2.2] for a precise statement). Inspired again by [11], we shall use
the I.S.S. of Z in order to define and study weighted power variations, which are the main
object of this paper. To this end, recall that u, is defined, via (4), as the kth moment of a
centered standard Gaussian random variable. Then, the weighted power variation of the I.B.M.
7, associated with a real-valued function f, with an instant ¢ € [0,1], and with integers n > 1
and k > 2, is defined as follows:

|2¢)
Vn(n) (f7 t) = 1Z(](‘(Z(Tk’,n)) + f(Z(Tk:—l,n))) ((Z(Tk‘,n) - Z(T‘k—l,n))N — Mk 2_K%> . (12)

2
k=1

Note that, due to self-similarity and independence,
(1527 = B[(Z(Tin) — Z(Ti-1.0))"] = E[(Z(Thn) — Z(Ti-1.0))" | Y.

For each integer n > 1, k € Z and t > 0, let U;,(t) (resp. D;j,(t)) denote the number
of upcrossings (resp. downcrossings) of the interval [j27™/2, (j 4 1)27"/?] within the first |2"¢]
steps of the random walk {Y (T} ) }x>1 (see formulae and below for precise definitions).

The following lemma plays a crucial role in the study of the asymptotic behavior of Vn('i)( fi):

Lemma 1.1. (See [11, Lemma 2.4]) Fizt € [0,1], k > 2 and let f : R — R be any real function.
Then
VEF0) = 5 30 (FX G ppen) + 1K) X (13)
(D) (j-1)27% j2 %
JEZ

n

(X503 - X(jil)z,%)‘i — 1 27| (U (8) + (=1)" Dyn(8)).

The main feature of the decomposition is that it separates X from Y, providing a rep-
resentation of VTE“)( f,t) which is amenable to analysis. Using Lemma [1.1 as a key ingredient,
Khoshnevisan and Lewis [11] proved the following results, corresponding to the case where f is
identically one in D as n — 0o,

9—n/4 D[0,1]
\/5 Vn(2)(17 ) =

D[0,1]
=

B.M.R.S. and v, B.M.R.S.

Here, and for the rest of the paper, %] stands for the convergence in distribution in the
Skorohod space D[0,1], while ‘B.M.R.S.” indicates Kesten and Spitzer’s Brownian Motion in
Random Scenery (see [10]). This object is defined as:

B.M.R.S. = {/ Lf(Y)de} : (14)
R te[0,1]

where B is a two-sided Brownian motion independent of X and Y, and {L{(Y)},er,tc)0,1) 18
a jointly continuous version of the local time process of Y (the independence of X and B is
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immaterial here, and will be used in the subsequent discussion). In [11] it is also proved that
the asymptotic behavior of the cubic variation of Z is very different, and that in this case the
limit is I.B.M. itself, namely:
on/2 D
= v,
V15

As anticipated, our aim in the present paper is to characterize the asymptotic behavior of

I.B.M.

VTSH)(f, t) in (12), n — oo, in the case of a general function f and of a general integer k > 2.
Our main result is the following:

Theorem 1.2. Let f : R — R belong to C? with f and f" bounded, and k > 2 be an integer.
Then, as n — oo,

1. if k is even, {X 2(r=3)7 V (f t)} converges in the sense of finite dimensional
z€R, t€(0,1]
distributions (f.d.d.) to

{Xm / f(Xz)Lf(Y)de} ; (15)

z€R, t€[0,1]
2. if Kk is odd, {Xx,2(” D V (f t)} converges in the sense of f.d.d. to
z€R, t€[0,1]
Y
{Xa:a f(Xz) (/U’H-Fl don + \/ M2k — Mi_t,_l de)} . (16)
0 z€R, t€(0,1]

Remark 1.3. 1. Here, and for the rest of the paper, we shall write fo »)d° X, to indicate
the Stratonowch mtegral of f(X) with respect to the Brownian motlon X On the other
hand, [ f(X.)dB. (resp. [j f(X.)L;(Y)dB,) is well-defined (for each t) as the Wiener-

Ito stochastlc 1ntegral of the random mapping z — f(X,) (resp. z — f(X.)L{(Y)), with
respect to the independent Brownian motion B. In particular, one uses the fact that the
mapping z — L7 (Y') has a.s. compact support.

2. We call the process
t o / F(X.)LZ(Y)dB. (17)
R

appearing in (15) a Weighted Browian Motion in Random Scenery (W.B.M.R.S. — com-
pare with (14))), the weighting being randomly determined by f and by the independent
Brownian motion X.

3. The relations (15)-(16) can be reformulated in the sense of “stable convergence”. For
instance, (15) can be rephrased by saying that the finite dimensional distributions of

20D V()

converge o(X )-stably to those of

V b2k — ui/Rf(Xz)L.z(Y dB

(see e.g. Jacod and Shiryayev [9] for an exhaustive discussion of stable convergence).
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4. Of course, one recovers finite dimensional versions of the results by Khoshnevisan and
Lewis by choosing f to be identically one in (15)-(16).

5. To keep the length of this paper within bounds, we defer to future analysis the rather
technical investigation of the tightness of the processes 2(#~3)% VTSH)( f,t) (k even) and
2D V) (£.4) (1 odd).

Another type of weighted power variations is given by the following definition: for ¢ € [0, 1],
f:R—=Randk > 2, let

{%(2%—1”
f

k=0

SE(f,t) = (Z(Tors1n) [(Z(Toks2,0) — Z(Toks1,0))"

(=) Z(Tokg1,0) — Z(Tarn)"] -

This type of variations have been introduced very recently by Swanson [21] (see, more precisely,
relations (1.6) and (1.7) in [21]), and used in order to obtain a change of variables formula (in
law) for the solution of the stochastic heat equation driven by a space/time white noise. Since
our approach allows us to treat this type of signed weighted power variations, we will also prove
the following result:

Theorem 1.4. Let f : R — R belong to C? with f' and f" bounded, and x > 2 be an integer.
Then, as n — oo,

1. if k is even, {Xz, o(r=1)% Sgﬂ)(f’t)}xeR o] converges in the sense of f.d.d. to

Y:
{Xza V U2k — N% 0 f(Xz)de} ; (18)

z€R, t€(0,1]
2. if k is odd, {X$7 o(r=1)% Sén)(f, t)} converges in the sense of f.d.d. to
z€R, t€[0,1]
Y
{Xara f(Xz) (,Ufn-i—l don + \/ M2k — Ni+1 de)} . (19)
0 z€R, t€[0,1]
Remark 1.5. 1. See also Burdzy [3] for an alternative study of (non-weighted) signed vari-

ations of I.B.M. Note, however, that the approach of [3] is not based on the use of the
1.S.S., but rather on thinning deterministic partitions of the time axis.

2. The limits and the rates of convergence in (16) and (19) are the same, while the limits and
the rates of convergences in (15) and (18) are different.

The rest of the paper is organized as follows. In Section 2, we state and prove some ancillary

results involving weighted sums of polynomial transformations of Brownian increments. Section
3 is devoted to the proof of Theorem [1.2] while in Section 4 we deal with Theorem [1.4]
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2 Preliminaries

In order to prove Theorem [1.2 and Theorem we shall need several asymptotic results,
involving quantities that are solely related to the Brownian motion X. The aim of this section
is to state and prove these results, that are of clear independent interest.

We let the notation of the Introduction prevail: in particular, X and B are two independent
two-sided Brownian motions, and Y is a one-sided Brownian motion independent of X and B.
For every n > 1, we also define the process X (™ = {Xt(n)}@o as

XM =24, (20)

Remark 2.1. In what follows, we will work with the dyadic partition of order n/2, instead
of that of order n, since the former emerges very naturally in the proofs of Theorem [1.2 and
Theorem [1.4, as given, respectively, in Section 3/and Section 4 below. Plainly, the results stated
and proved in this section can be easily reformulated in terms of any sequence of partitions with
equidistant points and with meshes converging to zero.

The following result plays an important role in this section. In the next statement, and for the
rest of the paper, we will freely use the language of Wiener chaos and Hermite polynomials. The
reader is referred e.g. to Chapter 1 in [18] for any unexplained definition or result.

Theorem 2.2. (Peccati and Tudor [20]). Fix d > 2, fix d natural numbers 1 < np < ... < ng
and, for every k > 1, let F* = (F{“, e ,Fé“) be a vector of d random wvariables such that, for
every j =1,...,d, the sequence of F]k, k > 1, belongs to the njth Wiener chaos associated with

X. Suppose that, for every 1 <i,j < d, limg_, o E(Ffij) = 0;5, where d;; is Kronecker symbol.
Then, the following two conditions are equivalent:

(i) The sequence F* k> 1, converges in distribution to a standard centered Gaussian vector
N(0,1y) (I is the d x d identity matriz),

(i) For every j = 1,...,d, the sequence Ff, k > 1, converges in distribution to a standard
Gaussian random variable 4 (0, 1).

The forthcoming proposition is the key to the main results of this section.

Given a polynomial P : R — R, we say that P has centered Hermite rank > 2 whenever
E[GP(G)] = 0 (where G is a standard Gaussian random variable). Note that P has centered
Hermite rank > 2 if, and only if, P (x) — E'[P (G)] has Hermite rank > 2, in the sense of Taqqu
[22].

Proposition 2.3. Let P : R — R be a polynomial with centered Hermite rank > 2. Let o, 3 € R
and denote by ¢ : N — R the function defined by the relation: ¢(i) equals o or 3, according as i
is even or odd. Fir an integer N > 1 and, for every j =1,...,N, set

522
M® = gt Y ¢(¢){P(X§”)—X§ﬁ)l)—E[P(G)]},
i=[(j—1)27/2]+1
(n) ! i (x () (n)
M = e S e (- ),
i=[(j-1)2"/2]+1
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where G ~ A(0,1) is a standard Gaussian random variable. Then, as n — oo, the random
vector

{M{”),..,M;”V);{Xt}t)o} (21)

converges weakly in the space RV x CO(R,) to

{\/a2gﬂ2 Var(p(g))(AB(l),...,AB(N));AB<N+1),...,AB(2N);{Xt}t>o} (22)

where AB (i) = B; — B;—1,i=1,...,N.

Proof. For the sake of notational simplicity, we provide the proof only in the case where a = /2
and 8 = 0, the extension to the general case being a straightfroward consequence of the inde-
pendence of the Brownian increments. For every h € L* (Ry), we write X (h) = [;° h(s) dX.
To prove the result it is sufficient to show that, for every A = (Aq, ..., Aay41) € R2V 1 and every
h € L? (R4 ), the sequence of random variables

2N
Fo=Y NM" + don 1 X (h)
j=1

converges in law to
N 2N
VVar(P(G) Y NAB(G) + Y NAB() + dan1 X ().
j=1 J=N+1

We start by observing that the fact that P has centered Hermite rank > 2 implies that P is such
that

P (Xz‘(n) - Xl(il)l) —FE[P(Q)]= i by Hpy, (Xi(n) - Xl(il)l) , for some k > 2, (23)
m=2

where H,, denotes the mth Hermite polynomial, and the coefficients b,, are real-valued and
uniquely determined by (23). Moreover, one has that

Var(P(G)) = i b2 E [Hm (G)Z} - i b2 ml. (24)
m=2 m=2
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We can now write

N l52"/2]
Fo = JnpX (h)+v2 274 Z)\- 3 Zb Hy, (X(”) X.(”)l)
=1 i=|(j—1)2n/2]+1 Mm=2
N 1j27/2)
+271 Z AN +j Z (1) (Xi(n) - Xi(ﬁ)1>
i=1 i=[(G-1)27/2 )41
K N Li2"/2)
= dovaX W+ Y N ve Y H (X -x1)
m=2  j=1 i=(j-1)2"/2|+1

i even

l52/2]

N
275 Aveg oy (=1 (Xz-(n) - Xﬂ) :
j=1

i=[(G-1)27/2|+1

By using the independence of the Brownian increments, the Central Limit Theorem and Theorem
2.2, we deduce that the x + 1 dimensional vector

1527/

N
h);271 Z AN+j Z (—1)’ (Xi(n) - XZ-(:LD ;
j=1

i=[(j—1)2n/2]+1

Li2n/2]
> Ha (X7 -x") im=2 0k
i=[(j—1)2"/2]+1

i even

3

N
> V2 2T
j=1
converges in law to
N N
Blly % Go3 > ANt Gz > A VmlGim :m =2,k p
j=1 j=1

where {Go;Gjm:j=1,..,N, m=1,..,k} is a collection of i.i.d. standard Gaussian random
variables .#°(0,1). This implies that F,, converges in law, as n — oo, to

)\2N+1||h||2G0+Z>\N+j J1+ZA Zb Vm!Gjm

7j=1 m=2
2 on1X (h Z NAB (j) + Z)\ Var(P(G))AB (j),
j=N+1
where we have used (24). This proves our claim. O

Remark 2.4. It is immediately verified that the sequence of Brownian motions appearing in (20)
is asymptotically independent of X (just compute the covariance function of the 2-dimensional
Gaussian process (X, X (”))). However, by inspection of the proof of Proposition[2.3, one sees that

1238



this fact is immaterial in the proof of the asymptotic independence of the vector (M7, ..., MJy)
and X. Indeed, such a result depends uniquely of the fact that the polynomial P — E(P(G)) has
an Hermite rank of order strictly greater than one. This is a consequence of Theorem It
follows that the statement of Proposition [2.3 still holds when the sequence {X (”)} is replaced
by a sequence of Brownian motions {X ™} of the type

X0 () = /wn(t,z)dXZ, t>0, n>1,
where, for each t, v, is a square-integrable deterministic kernel.

Once again, we stress that d and d° denote, resp., the Wiener-1t6 integral and the Stratonovich
integral, see also Remark|[1.3/(1).

Theorem 2.5. Let the notation and assumptions of Proposition 2.3 prevail (in particular, P
has centered Hermite rank > 2), and set
272

> (F(X(onya-ne) + F(Xjgon2))

j=1
<o) {P (X" = x{") = EP @]} + (-1 (X" = x{%)]. ¢>0,

a3

N

T = 2o

where v € R and the real-valued function f is supposed to belong to C% with f' and f" bounded.
Then, as n — 400, the two-dimensional process

{7 (5). x4}

>0

converges in the sense of f.d.d. to

{%u“;ﬁzw(m) /0 f(Xs)staXt} : (25)

>0

Proof. Set o := \/%Var(P(G)). We have

T = T+ + s ),
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2% ¢
) = o Z F(X ) o) {P (X = X)) - EIP(G))}
j=1
(-1 (x™ = x(M)]
2% ¢]

<o) {P (X" = x{™) ~EP@]} +2(-1 (x{™ - xM)] .

m
2

for some 6, between (j —1)272 and j27%. We decompose

|22t
m —_m 1 / m m m m
W) = 27 > 6 () (X -n) (X7 = XD P (x = xM) — E P (@)}
j:
me%ﬂ (m) m\% _  (1m) (2,m)
2278 Y (W (X yyn) (X = X)) =)+ 2)
j=1

B () = 12 B[P0 - RO L #OELIX, 9] = 0@ D)

(2

For r; ’m)(f), we can decompose

12%¢)
) Y oo—m ; m 2
j=1
y 2% ¢
+327F 2 GO yg) = () ).
j=1

By independence of increments and because E(G2 — 1) = 0, we have
2% ¢]

2
B ([ = T Var@) 2 30 B, p)[f = 0@
j=1

1240



For rt(2’2’m)(f), remark that

m

12%°¢) 2% ¢)/2)

Z;) D ]1)27):27

M\S

m
2

(f/(X(2k+1)2—%) - f,(X(Qk)Q )) +0(2772)

k=0

so that E‘r§2’2’m)(f)‘ = O(271). Thus, we obtained that E’rtm)(f)‘ — 0 as m — oo. Since
we obviously have, using the boundedness of f”, that

E’sgm)(f)‘ — 0 asm — oo,

we see that the convergence result in Theorem [2.5/is equivalent to the convergence of the pair
{Jtn)(f),Xt} - to the object in (25)).
t

=

Now, for every m > n, one has that

2v/2e] e
B = 2% Z ST FXaiiypme)
= (j-1)277 " +1
x [qﬁ(z‘){P(Xi‘m’—Xfi"f) ~EP @)} +(-1) (X - x)]
_ Ai(im,n) _‘_Bt(m,n)’

where
L27L/2tJ

A,Emm) _ 2*% Z f(X(j_l)Q*’ﬂ/z)
=1

272 |
<Y @ {p (X" - X)) —EP@]} + (- (x - X))
i=|(—1)2" T |41
[222¢] 27
Z Z [f(X(i_l)Qfmﬂ) - f(X(j—1)2*n/2)}

=L G2

< [0 @) {P(xI™ = x) - EP @)} + (-1 (x™ - x)].

=3

BI"™™M = 2~

We shall study A" and B(™") separately. By Proposition[2.3, we know that, as m — oo, the
random element

2"z ]
X;27% 3 & (i) {P (Xfm) —Xfo) —E[P (G)]} j=1,..,2Y%
i=|(—1)2" 7 |41
27"
ot Y (=X =12



converges in law to
{X;T%AB ():j=1,.,2V%2"% AB (j + 2"/2> =1, ...,2"/2}
Law {X;o <B (j2*"/2) B ((j ~1) 2*"/2)) j=1,..,2"2

By (j2_”/2) ~ By ((j - 1)2—”/2) =1, ...,2”/2},

where By denotes a standard Brownian motion, independent of X and B. Hence, as m — 00,
{X;A(m’")} fg‘; {X;A(OO’”)}

where
|27/2¢]

A Z P aypw) [B (527772) = B (G- 127

i

+y ) F(Xi—1y2-nr2) [BQ (j2_n/2> — B2 <(j -1 2_n/2)] '
=1

By letting n — oo, and by using the independence of X, B and Bs, one obtains that A(°m)
converges uniformly on compacts in probability (u.c.p.) towards

Aleo) 2 /f (0 dB(s) +~dBs(s)).

This proves that, by letting m and then n go to infinity {X ; A(m’")} converges in the sense of

f.d.d. to )
{X;A(OO’OO)} Law {X; Vo2 + A2 /0 f(XS)dB(s)} .

To conclude the proof of the Theorem we shall show that, by letting m and then n go to infinity,

Bim’n) converges to zero in L2, for any fixed ¢ > 0. To see this, write K = max(|a/,|3]) and

observe that, for every ¢ > 0, the independence of the Brownian increments yields the chain of
2

inequalities:
2}
=1 . m=n
i=[(-12" 2 |+1

<e{Jo) {p (X - x) - Bl @1} + -0 (x7 - x) [}

[222¢] 152777

[2r/2t]
E [)Bt‘m’”)

< 2f 2 (K2Var(P(G)) +42)2 /2 Z 3 [(2—1)2 —(—-1)2" 2}
=lG-12"2" J+1
L?"/Qtj 277"
< 20f'A (K2Var(P(G)) +4%)27 72" Y 3 1
=i gmn2
< 2f )2 t(K*Var(P(G)) +~7)27 /2.
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This shows that

m—00

2
limsup F [‘Bt(m’n) ] < cst. 272,

and the desired conclusion is obtained by letting n — oo. O

We now state several consequences of Theorem 2.5. The first one (see also Jacod [8]) is obtained
by setting « = 3 = 1 (that is, ¢ is identically one), v = 0 and by recalling that, for an even
integer £ > 2, the polynomial P(x) = 2" — u, has centered Hermite rank > 2.

Corollary 2.6. Let f : R — R belong to C? with f' and f" bounded, and fix an even integer
k=2, Fort >0, we set:

(2]

n _n 1 on K

‘]t( ) (f) =271 2 Z (f(X(J'—l)?*"/Q) + f(XjT”/?)) {2 * (Xj2*"/2 - X(j—1)2*n/2) - Mn} .
j=1

(26)

Then, as n — +o0, {Jt(n) (f) ,Xt} converges in the sense of f.d.d. to
t

t
{\/u%—ui/o f(Xs>st,Xt}

The next result derives from Theorem in the case a =1, f=—1and v =0.

>0

Corollary 2.7. Let f : R — R belong to C? with f' and f" bounded, k > 2 be an even integer,
and set, fort > 0:

[2/2¢) .
> (F(XGorya-nr)+F (Xjgons2)) (—1) (ij—n/z - X(jq)z—n/z) - (27)

j=1

() =2t

N | =

Then, as n — —+o00, the process {Jt(n) (f) ,Xt} converges in the sense of f.d.d. to
t

=

{m/otf(xs>st,Xt} . (28)

>0

Proof. Tt is not difficult to see that the convergence result in the statement is equivalent to the
convergence of the pair {Zt(n) (f) ,Xt} o to the object in (28), where
¢

[2n24)

n —_n 1 ; Pr K
Zt( ) (fy=2"4 92 Z (f(X(j—l)Z*"/Q)+f(Xj2*"/2)) (_1)] {2 * (X]an/? - X(j—1)2*"/2) - ,U%} )
Jj=1

so that the conclusion is a direct consequence of Theorem [2.5. Indeed, we have

2]
_nl ; _nl
274 5 Z (*1)3 (f(X(j71)2*n/2) + f(ijfnﬂ)) = 274 Q(f(X2L2n/2tJ2*"/2) - f(XO))
j=1
which tends to zero in L2, as n — oo. ]
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A slight modification of Corollary 2.7 yields:

Corollary 2.8. Let f : R — R belong to C? with f' and f" bounded, let k > 2 be an even
integer, and set:

HE

7(n) _ k—1)2 R
R = 2s Z f(X(2j+1)2*%) [(X(2j+2)2*% B X(2j+1)2*%)
j=1

B (X(2j+1>2‘% B X(za’)z‘%ﬂ L

Then, as n — +00, the process {jt(n) (f) ,Xt} converges in the sense of f.d.d. to (28).
t

=

WV

0.

Proof. By separating the sum according to the eveness of j, one can write
T ()= 1) =)+ s ),
for J™ (f) defined by (27) and

(o1 11(2%¢-1)]

(n) 2 K
= E Xio, , — (X (9; , Xo: ny2 — Xg: ,
J
T (f) 9 (f( (25+2)2 n/?) f( (25+1)2 n/2))( (2j+2)2—n/2 (2j+1)2 n/2)
Jj=1
(9%
" (f) e HOE (f(x X X X g
= )2 - 1 —n No—n/2 T ; —n .
54 2 (27)2 2) = [( (27+1)2 /2))( (25)2—n/2 (24+1)2 /2)
Jj=1

We decompose

. o(k—1)%
7’§ )(f) = 2 Z f,(X(2j+1)2—"/2)(X(2j+2)2—"/2 - X(2j+1)2—n/2)
j=1

1)

Kk+1

no
B
o~

o(k—1)2 L
2

J
K+2 1,n 2,n
f//(XGj,n)(X(2j+2)2—n/2 - X(2j+1)2—"/2) = 7”15 )(f) + Tyg )(f),

<.
Il
—

for some ;,, between (2j + 1)27/2 and (25 + 2)27"/2. By independence of increments and
because E[G" ] = 0, we have

| La(E-)
E‘Tt(l,n)(f>|2 _ E[G2n+2] 9-n I Z E‘f/(X(2j+1)2_n/2)‘2 _ 0(2—71/2)'
j=1

For r§2’")(f), we have

E|rM(f)] = 0274,

Similarly, we prove that E‘sin)( f )‘ tends to zero as n — oo, so that the conclusion is a direct
consequence of Corollary O
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The subsequent results focus on odd powers.

Corollary 2.9. Let f : R — R belong to C? with f' and f” bounded, k > 3 be an odd integer,
and define Jt(n) (f) according to (26) (remark however that p, = 0). Then, as n — +oo,
{Jtn) (f) ,Xt} L, Converges in the sense of f.d.d. to

t

{ CF0) (X (5) + i — EadB). X (20)

t=>0
Proof. One can write:
(2721

> (F(X(orya-n) + F(Xjgon2))
j=1

LA e (3 x0,))
[27/2¢]

‘|"UJH2+1 Z (f(X(jfl)z—n/Q) + f(Xj2—"/2)) (ij—n/2 - X(j71)2—n/2)
j=1

a3

N =

T = 27

— D™+ EM.

Since " — 412 has centered Hermite rank > 2, one can deal with D,gn) directly via Theorem [2.5.
The conclusion is obtained by observing that EIS”) converges U.c.p. t0O fiyt1 f; f(Xs)d°Xs. O

A slight modification of Corollary 2.9 yields:

Corollary 2.10. Let f : R — R belong to C? with f' and f" bounded, k > 3 be an odd integer,
and set:

E (ﬁt—l)J
Ty = 2T ) [(Xopan s~ Xopes)
t (2j+1)272 (27+2)272 (27+1)272
j=1
Then, as n — 400, the process {jt(n) (f) ’Xt}t>0 converges in the sense f.d.d. to (29).
Proof. . Follows the proof of Corollary [2.8] O

The next result can be proved analogously.
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Corollary 2.11. Let f : R — R belong to C? with f' and f"” bounded, v > 3 be an odd
integer, and define Jt(n) (f) according to (27). Then, as n — 400, the process {Jt(n) (f) ,Xt} 0

12>

converges in the sense of f.d.d. to

{m/otfm)dB(s),Xt}

>0
Proof. One can write
22
1) = 278 X 0 { (7 = X() e (7 - X))
=
2D FX ) (1 (X7 - X[ ).

Jj=1

Since " — pk+1x has centered Hermite rank > 2, Theorem 2.5/ gives the desired conclusion. [J

3 Proof of Theorem (1.2

Fix t € [0,1], and let, for any n € N and j € Z,

Ujn(t) =t{k=0,...,|2"] — 1: (30)
Y (Tin) = 3272 and Y (Tipr,n) = (5 + 1277}
Din(t)=8{k=0,...,[2"t] — 1: (31)

V(Tia) = G+ D272 and ¥ (Tus) = 5272}

denote the number of upcrossings and downcrossings of the interval [j2~™/2, (j +1)2~"/2] within
the first |2"t] steps of the random walk {Y' (T} ), k € N}, respectively. Also, set

£j7n<t) = 2in/2 (Ujm(t) + Dj’n(t)).

The following statement collects several useful estimates proved in [11].

Proposition 3.1. 1. For every x € R and t € [0, 1], we have
2

B[IL;(Y)]] < 2E[LY(Y)[] VEexp( - ).

2. For every fized t € [0,1], we have Y .., E[|L;(t)*] = o(2"/?).

JEZL

3. There exists a positive constant p such that, for every a,b € R with ab > 0 and t € [0, 1],

CL2
BlILYY) - LV)?] < b — ol Viexp (—%) |
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4. There exists a random variable K € L8 such that, for every j € Z, every n > 0 and every
t € [0,1], one has that

1Ljn(t) — L2 (V) < Kn2 4\ L2 (1),

Proof. The first point is proved in [11, Lemma 3.3]. The proof of the second point is obtained
by simply mimicking the arguments displayed in the proof of [11, Lemma 3.7]. The third point
corresponds to the content of [11, Lemma 3.4], while the fourth point is proved in [11, Lemma
3.6]. O

We will also need the following result:

Proposition 3.2. Fiz some integers n, N > 1, and let k be an even integer. Then, as m — 00,
the random element

m—n

277"
X, 2% 3 [(Xf”) . X}Tf)” - Mn} Lim():j=—N,...,N

—n

i=(j-1272 |41 z€R, t€[0,1]

converges weakly in the sense of f.d.d. to

52~ n/2

{Xxv\/,uaﬂ lu’n/ 2 )de j__N7N} :
2=/ 2€R, t€[0,1]

Proof. For every m > k > n, we can write

22|
2~ % 3 [(XZ.(m)—Xi(Tl))N—uK} Lim(t) = Al 4 B 4 o)
i=|(-1)2" 7" |+1
with
L2 7" | Lot
A =t Y Ty (X)) -
i=|(j—1)2"2" |41 o=[(i—1)2" " 41
2" 7" i2"7"
B~ ok Y S kEe) - o] (- xM) -
= (G=1)2" 7" 41 o= [ (i-1)2"T" |+1
272 |
e = 2nt S [ e x ) ] [ = L)
i=l(-1)277 " J+1

We shall study A4 Bk and C(mk) separately. By Proposition we know that, as
m — oo, the random element

li2™ 5 | .
oot 3 [(x X)) -] N <G <N G- D2 < < 2

o=[(i—1)2" " 41
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converges in law to
k—n

{X; pi2e — P2 (Bjgk/2 _B(i_l)Z—k/2) t=N<j<N,[(j—-D272 |+1<i< |52 2 }

Hence, as m — oo, using also the independence between X and Y, we have:

{X;A%’k):j:—]\f,...,]\f} fdd. {X;Aéqu’k):j:—N,...,N},

where
4 (oob 2" s
]O::t 2 V I :un Z L? (Y) (BiQ—k/2 - B(Z‘_l)g—kﬂ)-

i=[(—1)2"7" |41

By letting k — oo, one obtains that Agostk ) converges in probability towards
32 n/2
V K H/@/ )dBI
1 2— n/2
This proves, by letting m and then & go to infinity, that {X; A(m " :j=—N,..., N} converges

in the sense of f.d.d. to

2 n/2
{X Vs — 12 (Y)dB, : —N,...,N}.

J 1)2 n/2

To conclude the proof of the Proposition we shall show that, by letting m and then k£ go to
infinity (for fixed j, n and ¢ > 0), one has that ‘B(m’k)‘ and ‘C(m’k)‘ converge to zero in L?. Let
us first consider C (m ) In what follows, c;,, denotes a constant that can be different from line

to line. When ¢ € [O 1} is fixed, we have, by the independence of Brownian increments and the
first and the fourth points of Proposition [3.1:

2
E[‘Cﬁ;f’ 2] — 27% Var(G") 3 E[ ,
i:L(j—l)QTﬁ-l
1277 |
cin2 ™" m? Z E [
i=(-1)2"7" 41

L) = Lan)]|

N

L")

k)

Let us now consider B'™ . We have, by the independence of Brownian increments and the

7,n,t
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third point of Proposition [3.1:

2 27" |41 2™ | / ) )
m7k -5 ” —m/2 i2— 2
plltf] = 2wy xS e[|
i=[(-1)2" 2" 41 e=[(i-1)2" T 1
27" 2" |
i=G-1)2 2" 41 e= (12" 11
< Cin 27k/2,
The desired conclusion follows immediately. -

The next result will be the key in the proof of the convergence :

Theorem 3.3. For even k > 2 and t € [0,1], set

n _nl P K
T = 27D (P ayemnsa) + F(Xgmn) ) (298 (X g = X pyos ) = tie] LinD),
JEZ
where the real-valued function f belong to C? with f' and f" bounded. Then, as n — oo, the

random element {Xx, Jt(n) (f)} converges in the sense of f.d.d. to
z€R, t€[0,1]

{xm / f(Xz)Lf(Y)de}

. (32)
z€R, t€[0,1]

Proof. By proceeding as in the beginning of the proof of Theorem (2.5, it is not difficult to
see that the convergence result in the statement is equivalent to the convergence of the pair

{Xx, Jtn)(f)}x€R7t€[071] to the object in where

T =278 3 (X o) [27F (X y g - X(j_l)ﬁ)” — ] Lialt).

J
JEZL
For every m > n and p > 1, one has that

N i 2”7 | 5
T = 28NN fXageemre) [(XI = X)) = ] i)

=Y/ i m—n
I8 = (=12 |+

_ Agm,n,p) +‘Blgm,n,p) +Ct(m,n,p)’
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where

Aﬁm’"”’) = 2% Z F(X(i1y2-ms2) [(X"(m) N Xi(ﬁ)y B ”””} Lim(?),

ji|>p2m/2
() 22 (m) _ xm\"
B"™ = 7%y f(X (i) > [(sz _Xle) _“”} Lim(®),
li|<p2n/2 i=(-1)2" 7 |+1
- 2"z
AR Y > [f(X(¢—1)2*m/2)_f(X(j—l)T"/2)]

(K =5 = ] ot

We shall study Almmnp) - Bmnp) and C/(mmn.p) separately. By Proposition (3.2 we know that, as
m — 00, the random element

27" | .
xo® Y [(x =X)L (@) £ 15] < p2 2
i=|G-12"7" 41
converges in law to

2~ n/2

{X V 126 — u,{/ (Y)dB : || <p2”/2}-

12 n/2

Hence, as m — oo,

{x; Bimnel}y S8 (x; pleone)y
where P
— g2
7p l,Lzﬁ H,Lg Z f ] 1)277,/2)/( 1)2 P Ltm(Y)de
]_ —n

ljl<p2n/2

By letting n — oo, one obtains that B(°>™P) converges in probability towards
i
B0 = Vi [ FX)LE(Y)dB..
-p

Finally, by letting p — oo, one obtains, as limit, \/pox — p2 [ f(Xe)LF(Y)dB,. This proves
that, by letting m and then n and ﬁnally p go to infinity, {X; B(™™P)} converges in the sense
of f.d.d. to {X;\/paw — 2 [ f( Y)dB.}.

To conclude the proof of the Theorem we shall show that, by letting m and then n and finally

p go to infinity, Agm’mp)’ and ’Ct(m’n’p)‘ converge to zero in L2. Let us first consider C’t(m’mp).
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When t € [0, 1] is fixed, the independence of the Brownian increments yields that

277"
E Dct(m’mp)ﬂ = 27% Var(G") Z Z E ’f(X(i—l)Q—mm) - f(X(j—1)2—n/2> :

\JKPQ"/Z i

=(-1)2" 7 |+1
¥ E {|.ci,m(t)12}

277 |

Var(GF)|f'[2, 272" Z Z {‘£i7m(t)|2}
Z

=[G-12"7 1

- Vthﬂuwéz”?"EjE{uamaW?.

1E€EL

N

The second point of Proposition 3.1 implies that ) ., F [|£1m(t)|2} < cst. 27/2 uniformly in
t € [0,1]. This shows that

2
sup E UC mn,p)’ } < cst.272,
7p

Let us now consider Ag’"’”’p ). We have

BlA PR = Var(GF)27F 3 B|f(X1ygomsa) PE [1Cim(®)]

|i| >p2m/2

< Var(GY) suwp BIf(X))’27F Y E[|Lim(®)?].

t€[071} M>p2m/2
The fourth point in the statement of Proposition [3.1]yields
[Cim (O] < LT (V) + Km2m ™ LE ().

By using the first point in the statement of Proposition 3.1, we deduce that:

(m,m.,p) |2 m/2 ?27m
B[l p] < oo -
|A; | cst Z exp( 5 )
i>p2m/2
Z i2—m/2 .’L'2
< / — —)dw
z>p2m/2 1)2- m/2 2t
t.
= cst. / exp( 2’ )dx < g.
» 2t P
The desired conclusion follows. O

We are finally in a position to prove Theorem [1.2:
Proof of Theorem 1.2
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Proof of (15). By using an equality analogous to [11, p. 648, line 8] (observe that our definition
of Vn('ﬁ)(f, t) is slightly different than the one given in [11]), 2(“_3)%%5“)(]‘, t) equals
_nl Py K
2 4 5 Z <f(X(] 1)2 n/2) + f( j2- n/2)> |:2 4 <Xj2—n/2 - X(j_l)Q—n/2> - I’Llii| ﬁ],n(t)

JEZ.

As a consequence, (15) derives immediately from Theorem [3.3.

Proof of (16). Based on Lemma 1.1, it is showed in [11], p. 658, that

*—1 o
ZJ ( ( (‘7 1 2— n/2) + f( j2- 7L/2)> <X‘7—;7'n/2 - X(—;_l)an/Q) lf J > 0
V() =4 0 if j*=0

l7%]—1 — - ko
Z] ( ( (J 1)2 n/2)+f( j2- n/2)> (X]2 n/2 _X(j71)27”/2) lf]* <0

Here, Xt (resp. X ™) represents X restricted to [0,00) (resp. (—o0,0]), and j* is defined as
follows:
J* =", t) = 22 Y (Tignyy )-
For t € [0, 1], let
Yo(t) =Y (T2nt)n)-
Also, for t > 0, set

n 1l K
TE(F) =208 2N (PG )+ O 00) (X = X pe)

and, for u € R:

[ i), ez,

Observe that

TL

2T VN (£,1) = T (f, Yu(t))  (see also (4.3) in [11]). (33)

For every s,t € R and n > 1, we shall prove
BlJu(f,t) = Jn(f.9)]° <epe (278[1250) = 285+ 27][250) - [255) ") (39)

for a constant cy, depending only of f and x. For simplicity, we only make the proof when
s,t > 0, but the other cases can be handled in the same way. For u > 0, we can decompose

Ta(frw) = O (fu) + TP (f,u)

where
128 u)
J’r(La)( u) = 2% Z f(X(J—l)Q_f)(XJZ 2 X(J—1)2_7)H
j=1
Jy (fiu) = 52(5_ i f/(XGJn)(Xﬂ 2 _X(j—1)2*2)
j=1



n
2

for some 6;,, lying between (j — 1)272 and 52~ 2. By independence, and because  is odd, we

can write, for 0 < s <t:

127 t]
BI04 = SO (f9)] = pee27F Y BIA(X )]
j=[2%s]+1
cre272|[22t] — |225]].

N

For Jéb)(f ,-), we have by Cauchy-Schwarz inequality:

n n n 2
BLIO(, 1)~ JP () < g (273 |1250) — (255)])
The desired conclusion (34) follows. Since X and Y are independent, yields that

EJa(£,Ya(0) = Ju(£,Y () [
is bounded by

epl2 |273 |28, (0)] — (28 (0)]] + 27 [28Y,(0)] — 23V (0))[7).

2 2
But this quantity tends to zero as n — oo, because Y, (t) REEN Y (t) (recall that Tjany) —>t see

Lemma 2.2 in [11]). Combining this latter fact with the independence between J,(f,-) and Y,
and the convergence in the sense of f.d.d. given by Corollary one obtains

Ja(f,) — / FOC) (i1 @ X+ iz — 122, 1dB2),

where the convergence is in the sense of f.d.d., hence

Tu(f, Ya) — / ) (1 X + S — 122, 1dB).

where the convergence is once again in the sense of f.d.d.. In view of (33), this concludes the
proof of (16).

4 Proof of Theorem (1.4

Let

UUsjpin(t) = #{k=0,...,[2°7"] =1: Y(Ton) = (227",

V(Tops1n) = (27 +1)27"2 Y (Togyon) = (25 +2)277/2)
UDgjran(t) = #{k=0,...,[2" "] =1: Y(Ton) = (2)27",

Y (Toi1n) = (25 + 12772, Y (Tongzn) = (25)27/2}
DUsjt1n(t) = #{k=0,...,[2"7 %] —1: Y(Torn) = (2 +2)27"/2,

Y (Tokan) = (2 + 1272, Y (Topsnn) = (25 +2)27/}
DDojian(t) = t{k=0,...,[2" % —1: Y(Ton) = (25 +2)27"2,

Y (Torsrn) = (25 + 1272, Y (Topran) = (2)27"/2}
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denote the number of double upcrossings and/or downcrossings of the interval [(27)2~™/2, (25 +
2)27"/2] within the first |27t steps of the random walk {Y'(T}.,), k € N}. Observe that

;Sv(H f t Z f 2]-}—1)2_”/2) |:(X(2j_’_2)2—n/2 - )((2]-_'_1)2—7#2)!‘C
JEZL
HD) (X g 1)-mr2 — X(2j)2*”/2)n} (UUsj+1,n(t) — DD3jy1,n(t))-
(35)

The proof of the following lemma is easily obtained by observing that the double upcrossings
and downcrossings of the interval [(27)27™/2, (2] 4 2)27"/?] alternate:

Lemma 4.1. Lett > 0. For each j € Z,

Logjey W57 >0
UUzjt1,n(t) — DDaji1n(t) =< 0 if j* =
—Lifcjcop HIT<0

where

. ~ 1_,
J*=j*(n,t) = B 2 /2Y(T2[2”—1tj,n)'

Consequently, by combining Lemma 4.1/ with (35), we deduce:

10 O aypns) [(Xyapper = Xgiapnn)
D)X g = Xippppn) ] 75 >0
SWry =4 0 if =0 .
Z‘] o fX (27+1)2- n/2) {<X(_2j+2)2 n/2 _X(_2j+1)2*"/2)n
+(= )K+1(X(_2 1)2-n/2 X(_gj)g n/z)n} if 5% <0

Here, as in the proof of (16), Xt (resp. X ) represents X restricted to [0,00) (resp. (—oo,0]).
For t > 0, set

[32%¢] .
T _ o(k=1)2 + + ot
Tulfit) = 2 ! — f(X(2j+1)23)[(X(2j+2)2’5 X(2j+1)23>
]:
k+1 + + K
(=1 (2j+1)2~% (25)2 2)

and, for u € R:

~ B n+(f u) if u>0,

Also, let
Yo (t) = YTy an-14) n)-
Observe that
2075 SI(f,8) = T (. YalD)). (36)
Finally, using Corollary 2.8 (for x even) and Corollary [2.10 (for x odd), and arguing exactly as
in the proof of (16]), we obtain that the statement of Theorem [1.4 holds.
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