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1 Introduction

Periodic and cyclic fractional stable motions (PFSMs and CFSMs, in short) were introduced by
Pipiras and Taqqu (2004b) in the context of a decomposition of symmetric a-stable (Sa.S, in
short), o € (0, 2), self-similar processes X, (t), t € R, with stationary increments having a mixed
moving average representation

(Xo(t)bier < {/X/R (G(m,t ) — G(m,u))Ma(d:c,du)} , (1.1)

teR

where £ stands for the equality of the finite-dimensional distributions. Here, M, is a symmetric
a-stable random measure with control measure p(dz)du (see Samorodnitsky and Taqqu (1994)),
(X, X, ) is a standard Lebesgue space (defined, for example in Appendix A of Pipiras and
Taqqu (2004d)) and

[Giher € L3(X X R, p(de)du), (12)

where
Gi(z,u) = G(z,t +u) — G(z,u), z€ X,uel (1.3)

A process X, is said to be self-similar with index of self-similarity H > 0 if for any a > 0,
X, (at) has the same finite-dimensional distributions as a’’ X, (t). We will be interested in self-
similar processes which have stationary increments as well (H-sssi processes, in short). Note
that a process X, (t) of the form (I always has stationary increments. In order for the
process ([LTl) to be self-similar, it is necessary to impose additional conditions on the function
G. There are various ways of doing this and different choices may give rise to different types of
processes. In order to understand the nature of the resulting processes, one can associate the
process X, in ([T (or its kernel G) to flows. Flows are deterministic maps 1., ¢ > 0, satisfying
Vereo = Yoy © Pey, €1,¢2 > 0. One can then use the characteristics of the flows to classify the
corresponding H-sssi processes as well as to decompose a given H-sssi process into sub-processes
that belong to disjoint classes. Periodic flows are such that each point of the space comes back
to its initial position in a finite period of time. Cyclic flows are periodic flows such that the
shortest return time is positive (nonzero).

In this work, we examine PFSMs and CFSMs in greater depth. We show that PFSMs can be
defined as those self-similar mixed moving averages having the representation ([LII) with

X =Zx[0,q0), plde) = o(dz)do (1.49)
where z = (z,v), and
G(Z, v, u) — bl(z)[v-i-ln [ullg(2) <F1(Z, {’U +In |u|}q(z)) u’j_ + FQ(Z, {’U + In |u|}q(2)) u’i)

+ Lgby(2)=1} Ln=0} F3(2) In [ul, (1.5)

where (Z, Z,0) is a standard Lebesgue space, bi(z) € {—1,1}, ¢(z) > 0 a.e. o(dz), Fi,F; :
Z x[0,q(-)) — R, F5: Z — R are some functions. We used here the convenient notation

1
k=H——, (1.6)
a



where H > 0 is the self-similarity parameter of the process X,. Thus, in particular, k > —1/a.
We also let
[z] =max{n € Z:na <z}, {zr}.s=z—a[r]ls, ze€R,a>0, (1.7)

and suppose by convention that

ui = 1(0,00) (’U,), u = 1(—00,0} (’U,), (18)

when x = 0. Since the representation (1) with X defined as in (L]) and G defined as in (LX)
characterizes a PFSM, it is called a canonical representation for PFSMs. We will provide other
canonical representations for PFSMs as well. We are not aware of canonical representations for
CFSMs. CFSMs, however, do admit the representation ([LI) with (L) and (CH) because they
are PFSMs.

By using the representation ([IL1l) with ([C2]) and (CH), we will generate and study various PFSMs
and CFSMs. For these processes to be well-defined, one must choose functions Fy, F, F3 in (CH)
so that the functions { G} }1er in ([L3) belong to the space L*(Z x [0, ¢(-)) xR, o(dz)dvdu). This is
in general quite difficult (see Section ). We will also address the uniqueness problem of PFSMs
and CFSMs, namely, how to determine whether two given PFSMs or CFSMs are different, that
is, when their finite dimensional distributions are not the same up to a constant.

The paper is organized as follows. In Section Bl, we briefly recall the definitions of PFSMs and
CFSMs, and related notions. In Section Bl we establish several canonical representations for
PFSMs. In Section Bl we discuss the representation problem for CFSMs. Examples of PFSMs
and CFSMs are given in Section . Uniqueness questions are addressed in Section [d In Section
Bl we study some functionals related to cyclic flows. Section [ contains the proofs of some results
of Section Bl

2 Periodic and cyclic fractional stable motions

Periodic and cyclic fractional stable motions (PFSMs and CFSMs, in short) can be defined in
two equivalent ways (see Pipiras and Taqqu (2004b)). The first definition uses the kernel function
G in the representation ([I]) of stable self-similar mixed moving average. Consider the sets

Cp = {xeX:Elc:c(x)#1:G(m,cu):bG(x,u+a)+d a.e. du
for some a = a(c,x),b = b(c,x) #0,d =d(c,z) € R}, (2.1)

and
CrL=Cp\CF, (2.2)

where
Cr = {:c €eX:3dep=cplx) =1 (cn #1) : Gz, cpu) = b, G(z,u + ap) + d, ae. du
for some a,, = an(cn,x), by = bp(cn,x) #0,dy, = dp(cn, ) € ]R}. (2.3)

The sets Cp, Cr, and CF are called, respectively, the PFSM set, the CFSM set and the mixed
LFSM set.
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Definition 2.1. A SaS, a € (1,2), self-similar mixed moving average X, having a representa-
tion (L) is called

PFSM if X =Cp,
CFSM if X =0y,
mixed LFSM if X = Cp.

Remark. A given SaS self-similar mixed moving average can be characterized by different
kernels G, that is, different integral representations ([I1]). Definition BTl and other results of the
paper can be extended to include all « € (0,2). Their validity depends on the existence of the so-
called “minimal representations”. If a € (1, 2), there is always at least one minimal representation
(Theorem 4.2 in Pipiras and Taqqu (2002a)). If o € (0, 1], a minimal representation exists if
some additional conditions are satisfied (see the Remark on page 436 in Pipiras and Taqqu
(2002a)). For the sake of simplicity, we chose here not to involve these additional conditions
and hence, we suppose that o € (1,2), unless otherwise specified. We will not need here to use
explicitly the definition of minimal representations. Minimal representations are studied, for
example, in Rosinski (2006) and also used in Pipiras and Taqqu (2002a, 2004c).

Mixed LFSMs were studied in Pipiras and Taqqu (2002b), Section 7, where it is shown that they
have the following canonical representation.

Proposition 2.1. 4 SaS, a € (1,2), self-similar mized moving average X, is a mized LFSM
if and only if
Fi e (Fi(@) (¢ ) — ) + Faf@) (6 +w)* — ) ) Mo(de, du), 1 #0,
I Jo (Fr(@) B 4 By(a)1 4 (u))Ma(d:c, du), k=0,

|ul

(2.4)

where Fy, Fy : X — R are some functions and M, has the control measure v(dx)du.

If the space X reduces to a single point, then X, becomes the usual linear fractional stable
motion (LFSM) process if k # 0, and it becomes a linear combination of a log-fractional stable
motion and a Lévy stable motion if k = 0 (see Samorodnitsky and Taqqu (1994), Section 7, for
an introduction to these processes). The process X, in (ZZ) is called a mixed LFSM because
when x # 0, it differs from a LFSM by the additional variable x.

Our goal is to study integral representations of PFSMs and CFSMs. These processes are defined
in Definition ] in terms of the kernel G in ([I]) via the sets Cp and Cr. An alternative
definition of PFSMs and CFSMs is related to the notion of a flow. A (multiplicative) flow
{t¢}es0 1s a collection of deterministic maps satisfying

Yeren () = Yoy (Y, (),  for all ¢1,¢0 >0, z € X, (2.5)

and Y1(z) = =, for all x € X. In addition to flows, we shall also use a number of related
real-valued functionals as cocycles, 1-semi-additive functionals and 2-semi-additive functionals.
The definitions of these functionals and related results are given in Section B We say henceforth
that a SasS, a € (0,2), self-similar process X, having a mixed moving average representation
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(1) is generated by a nonsingular measurable flow {1¢}eso on (X, X, u) (through the kernel
function G) if, for all ¢ > 0,

dp

where {b.}.~0 is a cocycle for the flow {1.}.>0 taking values in {—1,1}, {gc}e>0 is a I-semi-
additive functional for the flow {¢c}c>0 and {jc}es0 is a 2-semi-additive functional for the flow
{t¢}e>0 and the cocycle {b.}c~0, and if

cﬁG(mcu):bc<x>{M<x>}1/ac(¢c<x>,u+gc<x>)+jc<x> ae. p(dw)du,  (2.6)

supp{G(z,t +u) — G(z,u),t e R} = X xR a.e. u(dz)du. (2.7)

This definition can be found in Pipiras and Taqqu (2004c¢). It differs from that used in Pipiras
and Taqqu (2002a, 2002b, 2004b) in the statement that {j.}c>0 is a Z-semi-additive functional,
but this, it turns out, is no restriction.

The following is an alternative definition of PFSMs and CFSMs.

Definition 2.2. A SaS, a € (1,2), self-similar mixed moving average X, is a PFSM (a CFSM,
resp.) if its minimal representation is generated by a periodic (cyclic, resp.) flow.

We now introduce a number of concepts related to Definition For more details, see Pipiras
and Tagqu (2004b). A measurable flow {¢.}.~0 on (X, X, u) is called periodic if X = P p-a.e.
where P is the set of periodic points of the flow defined as

P={z:3c=c(x) #1:¢.(x) =x}. (2.8)
It is called cyclic if X = L p-a.e. where L is the set of cyclic points of the flow defined by
L=P\F, (2.9)
where
F={z:9¢.(z) =z for all ¢ > 0} (2.10)

is the set of the fixed points.

Note that the sets Cr,, Cp and Cr in ([Z2), 7)) and ([Z3)) are defined in terms of the kernel G,
whereas the sets L, P and F are defined in terms of the flow. If the representation is minimal,
one has Cr, = L, Cp = P and Cr = F p-a.e. (Theorem 3.2, Pipiras and Taqqu (2004b)).

A cyclic flow can also be characterized as a flow which is null-isomorphic (mod 0) to the flow

{bvc(z,v) = (z,{v+1Inc}y)) (2.11)

on (Z x1[0,q(+)), 2 x B([0,4(+))),oc(dz)dv), where q(z) > 0 a.e. is a measurable function. Null-
isomorphic (mod 0) means that there are two null sets N € X and N C Z x [0,¢(-)), and a
Borel measurable, one-to-one, onto and nonsingular map with a measurable nonsingular inverse
(a so-called “null-isomorphism”) ® : Z x [0,¢(-)) \ N — X \ N such that

Ve(®(2,0)) = B(e(2,0)) (2.12)

for all ¢ > 0 and (2,v) € Z x [0,4(")) \ N. The null sets N and N are required to be invariant
under the flows v, and ., respectively. This result, established in Theorem 2.1 of Pipiras and

Taqqu (2004d), will be used in the sequel to establish the canonical representation (CH) for
PFSMs.
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3 Canonical representations for PFSM

We show in this section that a PFSM can be characterized as a self-similar mixed moving average
represented in one of the explicit ways specified below. We say that these representations are
canonical for a PFSM. Canonical representations for a PFSM allow the construction of specific
examples of PFSMs and also help to identify them. The first canonical representation is given
in the next result.

Theorem 3.1. A SaS, a € (1,2), self-similar mized moving average X, is a PFSM if and only
if Xo can be represented by the sum of two independent processes:

(i) The first process has the representation

// /{(bl(z)[”““t+“|]q<Z>F1(Z,{v+ln|t+UI}q(Z))(t—i—U)’fL
Z J[0,q(2)) /R

_ bl(z)[v-i—ln \u”q(z)Fl (z7 {U +1n ‘u’}q(z)) ui)
+ (bl(z)[”ln lttullae) By (2, {v + In [t + ul}g(zy) ( +w)"

_ bl(z)[v-i—ln \u”q(z)F’Q(z7 {U +1n ‘u’}q(z)) u’i)

t+u
+ 1{b1(2)=1}1{1€:0}F3(Z) In | |u| | } Ma(dza dv, du)a (31)

where (Z,Z,0) is a standard Lebesgue space, bi(z) € {—1,1}, q(2) > 0 a.e. o(dz) and Fy, F :
Z x [0,q(+)) — R, F3 : Z — R are measurable functions, and M, has the control measure

o(dz)dvdu.

(ii) The second process has the representation

Jy Je (F@) (@ + wf = ) + Bp)((¢ + ) - ut)) Ma(dy,du), &0,

3.2
fY fR Fl(y) In %1‘” + FQ(y)l(—t,O) (u)>Ma(dyv du)v k=0, ( )

where (Y,Y,v) is a standard Lebesgue space, Fi,Fy : Y +— R are some functions and M, has
the control measure v(dy)du.

Observe that the processes ([B2) are the mixed LFSM () introduced in Section B As we
will see below (Corollary BJl), Theorem Bl is also true without part (i7). It is convenient,
however, to state it with Part (i) because this facilitates the identification of PFSMs and helps
in understanding the distinction between PFSMs and CFSMs. The proof of Theorem Bl can
be found in Section @ It is based on results on flow functionals established in Section Bl and on
the following proposition.

Proposition 3.1. If X, is a SasS, a € (0,2), self-similar mized moving average generated by a
cyclic flow, then X, can be represented by (Z1).
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The proof of this proposition is given in Section @ It is used in the proof of Theorem 1l in the
following way. If X, is a PFSM, it has a minimal representation generated by a periodic flow
(see Definition EZZ)). Since the periodic points of a flow consist of cyclic and fixed points, the
process X, can be expressed as the sum of two processes: one generated by a cyclic flow and the
other generated by an identity flow. Proposition BIlis used to show that the process generated
by a cyclic flow has the representation (BII). The process generated by an identity flow has the
representation ([B2) according to Theorem 5.1 in Pipiras and Taqqu (2002b).

The representation (B is not specific to processes generated by cyclic flows. The next result
shows that mixed LFSMs (they are generated by identity flows) can also be represented by (B1]).

Proposition 3.2. A mized LFSM having the representation (24) can be represented by (31).

ProOOF: Consider first the case £ # 0. Taking bi(z) = 1, q(z) = 1, Fi(z,v) = Fi(z) and
F5(z,v) = F(2) in @), we obtain the process

/ /1 / 1o.1)(v) (Fl(z)((t Fu) —uf) + Fy(2)((t +u)t —u” ))Ma(dz, dv, du).
Z J0 R

Since the kernel above involves the variable v only through the indicator function 1y ;)(v) and
since the control measure of M, (dz,dv,du) in variable v is dv, the latter process has the same
finite-dimensional distributions as

/Z/]R (R + ) — ) + Ba(2) (4 w)* — ) ) Mo (dz, du),

which is the representation (24 of a mixed LFSM when x # 0. In the case xk = 0, one can
arrive at the same conclusion by taking b1(z) = 1, q(z) = 1, Fi(z,v) = F5(z), Fa(z,v) = 0 and
Fg(Z) = Fl(Z). O

The next corollary which is an immediate consequence of Theorem Bl and Proposition
states, as indicated earlier, that it is not necessary to include Part (i) in Theorem Bl

Corollary 3.1. A SaS, a € (1,2), self-similar mixed moving average X,, is a PFSM if and
only if it can be represented by (E1).

The following result provides another canonical representation of a PFSM which is often useful in
practice. The difference between this result and Theorem BIlis that the function s(z) appearing
in the expressions v + s(z) In |u| below is not necessarily equal to 1. One can interpret |s(z)| as
the “speed” with which the point (z,v) moves under the multiplicative flow 1.(z,v) = (z,{v +
s(z)Inclyy). The greater |s(z)|, the faster does the fractional part {v+s(2)Inc}y(.) regenerates
itself.

Theorem 3.2. A SasS, a € (1,2), self-similar mized moving average X4 is a PFSM if and only
if Xo can be represented by

/Z/[O ())/R{(bl(z)[v-l—S(Z)lnt+u|]q(z)F1(Z’ {v+s(z)In[t+ul}y) E+u)t
»d\z
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= by () E W By (2, {o 4+ 5(2)In ful () )
+ (bl(z)[”s(z) ln|t+“HQ(Z)F2(z, {v+s(2) In [t+ul}q) (EHuw)=

_ bl(z)[wrs(z) In \ul]q(z)FQ(z, {v+s(z)In \u!}q(z)) u’i)

t+u
T Loy (o1t Loy Fo(2) In |u| ‘)}Ma(dz,dv,du), (3.3)

where (Z,2,0) is a standard Lebesgue space, bi(z) € {—1,1}, s(z) # 0, ¢(z) > 0 a.e. o(dz) and
F1,Fy : Zx[0,q(+)) — R, F3 : Z — R are measurable functions, and M, has the control measure
o(dz)dvdu.

ProoFr: By Corollary Bl above, it is enough to show that the process [B3) can be represented
by BI)). As in Example 2.2 of Pipiras and Taqqu (2004d), the flow

VYe(2,v) = (2,{v + s(z) Inclyy), ¢>0,

is cyclic because each point of the space Z x [0, ¢(-)) comes back to its initial position in a finite
(nonzero) time. Moreover,

be(z,v) = by (z)0HsG e o5 0,

is a cocycle for the flow {¥.}c>0. Indeed, by using the second relation in ([7) and the fact that
{t¢}e>0 is a multiplicative flow, we have

qglv+s(lncg +1Ineg)];, = v+s(ne +Incy) —{v+s(lne; +1ner)}y
v+slne —{v+slne
+Hov+shely+vineg — {{v+slne }g+ slne},
= qv+slnelg+q{v+slne g + slne,.

Hence,
bl(Z)q(z)[v-i—s(z)(lnc1+1n02)]q(z) — bl(z)[v+s(z) lncl]‘Z(z)bl (Z)[{v—I—s(z) Inc1}qz)+s(2) Incaly(z)
which shows that b.(z,v) is a cocycle. Since {b.}.>0 is a cocycle, relation (T holds and the

process ([B3) is generated by the flow {t.}.~0. Since the flow is cyclic, the process [B3) has a
representation (BJ]) by Proposition Bl O

Remark. Observe that the kernel function G corresponding to the process ([B3) is defined as
Gz, v,u) = by ()M ) (Fy (2, (o 4 5(2) In ul i) 0+ Fo(z, o+ 5(2) I ful} )

+ Lgpy(2)=1} Lin=0} F3(2) In [ul, (3.4)

an expression which will be used a number of times in the sequel.
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4 Representations for CFSM

As shown in Pipiras and Taqgqu (2003), CFSMs do not have a (nontrivial) mixed LFSM com-
ponent, that is, they cannot be expressed as a sum of two independent processes one of which
is a mixed LFSM. Since a mixed LFSM can be represented by (BJ]) (Proposition above),
a CFSM cannot be characterized as a process having the representation (BI). The following
result can be used instead.

Proposition 4.1. Let « € (1,2).

(1) If Xo is a CFSM, then it can be represented as (Z1) and also as (Z3).

() If the process Xo has the representation (1) or (Z3) and Cr = 0 a.e. where the set Cp
is defined by (Z33) using the representation (E1) or {Z3), then X, is a CFSM. Moreover, to
show that Cp =0 a.e., it is enough to prove that (z,0) ¢ Cr a.e., that is, (z,v) ¢ Cr a.e. when
v=0.

Proor: (i) If X, is a CFSM, then X, given by its minimal representation, is generated by a
cyclic flow by Definition Hence, X,, has the representation (BI) by Proposition Bl

(73) If X, is represented by (BI), then by Corollary Bl X, is a PFSM. By Definition X1 the
PFSM set C'p associated with the representation (B) is the whole space a.e. Since Cp, = Cp\CF,

the assumption Cr = () a.e. implies that C}, is the whole space a.e. as well. Therefore, X, is a
CFSM by Definition 21

The last statement of Part (i) follows if we show that (z,v) € Cp if and only if (2,0) € Cp.
Suppose for simplicity that X, has the representation (B) defined through the kernel G in
([C3). Observe that

G(Za v, u) = einvG(Za 0, evu) - 1{b1 (Z):l}l{rt:O}F3(Z)/U (41)
for all z,v,u, and that, by making the change of variables e’u = w, v = v and z = z in ([@I]),
G(2,0,w) = e™G(z,v,e"w) + 1, (2)=1} L{r=0} F3(2)ve™

for all z,v,w. By using these relations and the definition ([Z3) of Cr, we obtain that there is
cn(z,v) — 1 (¢y(2,v) # 1) such that

G(z,v,cn(z,v)u) = by(2,0)G(2,v,u + an(z,v)) + dn(z,v), a.e. du,
for some a,(z,v),by(2,v) # 0,d,(z,v), if and only if there is ¢,(z) — 1 (¢,(z) # 1) such that

G(2,0,8,(2)u) = bp(2)G(2,0,u + n(2)) + dn(z), aee. du,

for some @y (2), by (2) # 0,dy(2). This shows that (z,v) € C if and only if (2,0) € Cp. O

We do not know of any canonical representation for CFSMs, and feel that such representations
may not exist at all.
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5 Equivalent representations and space of integrands

The following result shows that there are other representations for PFSMs and CFSMs which
are equivalent to ([BJ]). As we will see below, this result is useful for comparing PFSMs and
CFSMs to other self-similar stable mixed moving averages, and for characterizing the space of
integrands.

Proposition 5.1. A process X, has a representation {Z1) if and only if

II=

Xo(t) / / / et + 1)) — K (2, "u)) Ma (dz, dv, du) (5.1)

/ /eq(z)/ K(z,w(t +u)) — K(z,wu)) My (dz, dw, du) (5.2)

II=

e—a(z)
/ / / wH_%(K(z,w_l(t +u)) — K(z,w u))My(dz, dw,du)  (5.3)

//eq(z>/ K(z,wt +u)) — K(z,u)) My (dz, dw, du) (5.4)

ed(2)
// / (z,w™ 't +u)) — K(2z,u))My(dz, dw, du), (5.5)
where My (dz, dv,du) has the control measure o(dz)dvdu, and
K (z,u) = by (2)2 1) (B (2, {In ul o)) 0} + Fa(z, {10 ful b)) o)

+ 1{1)1(2,):1}1{5:0}}73(2) ln|u|, (5.6)
for some functions by(z) € {—1,1}, q(z) > 0 a.e. and F1,F>: Z x [0,q()) — R, F3: Z — R.

Moreover, PFSMs and CFSMs can be represented by either of the representation (1))
with K defined by [20), and each of these representations (&dl)-{23) is canonical for PFSMs.

PRrROOF: To see that the representations ([BJl) and (&) are equivalent, observe that [v +

Inullgz) = [ |e®ullqey, {v +Inul}qe) = {In]e”ul}4(), and hence

G(z,v,u) = e "K(z,e"u), (5.7)

where G is the kernel function of (B) defined by (LH) and K is defined by (Bfl). The relations
BE2)-E3) follow by making suitable changes of variables. For example, to obtain ([2), make
the change of variables e = w. The last statement of the proposition follows by using Corollary
B and Proposition EETl O

Remark. When the integral over v is ffooo in (EJ) instead of foq(z), the integrals over w are
Jo© in E2)-(ED) and K : Z x R — R is an arbitrary function (not necessarily of the form
(E9), the resulting processes ([l)—(E0) are self-similar stable mixed moving averages as well.
These processes, called dilated fractional stable motions (DFSMs, in short), are generated by
the so-called dissipative flows, and are studied in detail by Pipiras and Taqqu (2004a). DF-
SMs and PFSMs (in particular, CFSMs) have different finite-dimensional distributions because
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DFSMs are generated by dissipative flows and PFSMs are generated by conservative flows (see
Theorem 5.3 in Pipiras and Taqqu (2002a)). Despite this fact, Proposition Bl shows that the
representations of DFSMs and PFSMs have a common structure.

The condition for a PFSM or a CFSM given by (BI) to be well-defined is that its kernel function
satisfies condition (C2). By using Proposition Bl we can replace this condition by one which
is often easier to verify in practice. Let o € (0,2), H > 0, (Z, Z,0) be a measure space, and
g : Z — R be a function such that ¢(z) > 0 a.e. o(dz). Consider the space of functions

CLon = {K : Z xR — R such that | Kler < oo}, (5.8)

where

ed(2)
| K| Ga .= / // h*aHfl\K(z,u—i—h) — K(u)|“c(dz)dudh (5.9)
o, z JrJ1

ed(2)
- /(/ h‘lHluAhK(z,-)Hadh) o(dz) (5.10)
Z 1

with Apg(-) = g(- +h) — g().

Proposition 5.2. A PFSM or CFSM represented by (31) is well-defined, that is, the condition
L3) holds where G is defined by (L), if and only if K € Cg’a > Where Cg’a o 1s given by (&8)
and K is defined in [210).

PROOF: A process X, represented by (B is well-defined if and only if it is well-defined when
represented by ([B4l). Since X, is self-similar, it is well-defined if and only if the integral

/Z/lec«z) /RwH;(K(z’w +u)) — K(z,u))My(dz, dw, du)

corresponding to X, (1), is well-defined. The latter condition is equivalent to K € CZ  ,;, where
Co op is given by BF). O

Though PFSMs and CFSMs were defined for a € (1,2), Proposition continues to hold for
processes represented by BII) when a € (0,2). For this reason, we defined the space C |, in
(EF) above for a € (0,2). When Z = {1} and o(dz) = d41}(d2) is the point mass at z =1, we
shall use the notation

Con=Clom (5.11)
where ¢ > 0. Thus, K : R — R is in C? ,; if and only if
ed
/ hH =1 ALK ()]|*dh < . (5.12)
1

The following result provides sufficient conditions for a function to belong to the space C? ;.
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Lemma 5.1. Let a € (0,2), H € (0,1) and k = H — 1/a, and let K be defined by (@A) with
Z = {1} and o(dz) = 013(dz).

(i) Suppose that k < 0. If Fy, Fy : [0,q) — R are such that Fy, Fy are absolutely continuous with
derivatives F{, F}, and

sup |Fi(u)| <C, i=1,2, (5.13)
u€l0,q)
ess sup |F/(u)|<C, i=1,2, (5.14)
u€[0,9)

then K € CZ,H'
(#9) Suppose that k > 0. If, in addition to (3),

F(0) = biFi(g—), i=1,2, (5.15)
then K € CZ,H'

PrOOF: By using (BI2) and —aH — 1 = —ak — 2, it is enough to show that

ed

/ dh h—or2 / dulK (u + h) — K (u)|* < oo. (5.16)

1 R

Since H € (0,1), we have x = 0 only when a € (1,2). Since, for a € (1,2),
(0% (0%
/ ‘ln|u+h| —ln|u|‘ du:h/ ‘ln|w+1| —Injw|| dw = Ch,
R R

where 0 < C' < oo, the function K (u) = In |u| satisfies (BI8) when x = 0. We may therefore
suppose that the function K is defined by (&) without the last term.

For simplicity, we will prove (&I0) in the case F} = F» = F, that is,
K (u) = b "l 2 ({In Jul} o) ul”, (5.17)

where the function F satisfies (EI3)—(TI4) in Part (¢) and, in addition, (BIH) in Part (i¢). The
general case for arbitrary F; and F3 can be proved in a similar way. Since F' satisfies (B3], we
have ffq dh h=r=2 fiVN dulK (u+ h) — K (u)|* < oo for any constant N. Since K (u) = K(—u),
we have [ dh b2 [ du|K (u+h) — K (u)|* < oo if and only if [ dhh=*"2 [N qu|K (u+
h) — K (u)|* < co. It is therefore enough to show that

/00 |[K(u+h) — K(u)|*du < C, he(l,e), (5.18)
N

where C' and N are some constants. Observe that 0 < e?* < 2D — b < ea(b+1) for Jarge
enough k and all h € [0, ¢). Then, by taking N = e?* with a fixed large ko in (GI8), we have

ed(k+1) _p

/OO K (u+h) = K(u)|"du =" / |K (u+ h) — K(u)|*du
k=ko " °

N gk
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0 edq(k+1)

+) / |K (u+ h) — K (u)|“du =: I) + I.
k:ko eQ(k+1) h

We will show that 7 < oo and Iy < oo.

To show I; < oo, observe that gk < In|u + h| < q(k + 1) for large u € [e9* — h,ed*+D) — p),
and gk < Inl|u| < q(k + 1) for large u € [e9*, e2*+1)). Hence, for large u € [e?,ed*+1) — 1) C
[e% — h, 4D — p) N [e9% 2k +1)) | we have

I fu+Ally =M full, =k, {Infu+Al}y =Inju+hl - gk, {Inful}y = Infu| - gk.

By using these relations and since b; € {—1, 1}, we obtain that

eq(k«‘fl

=S [ R r e 0 )

k=ko

0 ed(k+1) _p
= Z / ‘F(ln\u—l—h\ — gk)|lu+ h|" — F(In |u| — gk)
k=ko * €%

eq(k+1) _ h

<C Z/ F(In|u + h| — gk) — F(In |yl —qk)(a|u+h|mdu

ea(k+1) _ h

+C Z / F(In |u| — qk)|*

By using (E):IZD and the mean value theorem and by making the change of variables u = hw
below, we obtain that

|u+ h|" — = C(Lig+ ).

I et Bl

‘ ]u—i—h!’mduSC/ ‘ln|u+h|a
h

‘ |u + h|"“du

ra+1 * ”U) + 1‘ @ Ko 1y ko1 > Ka—o
= Ch ‘m " ( lw + 1*dw < C'h lw|Fe=dw < O, for h € (1,e9),
1 w 1
since (ka — a) +1 = (H — 1)a < 0. By using (I3]), we can similarly show that

Iy < c/ e+~ for h € (1, e%),
R

u:Chﬁa+l/‘|w+1|n_
R

Hence, I < C for h € (1,¢€7).

We will now show that I < co. Consider first the case (i) where x < 0. Then, by using (13
and for h € (1,e7),

12<CZ/

since kK < 0. Consider now the case (i) where k > 0. Observe as above that, for large
= [eq(kJrl) — b, eq(kJrl))’

ed(k+1) 0
|u + h|na + |u|“o‘>du < Cl Z 6¢1(/€+1)Ha < o0,

q(k+1) _p li—ko

nfuthlly=k+1, [fully =k {Infuthlly=lnfuth|—gk+1), {nful}, =1lnful-
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By using these relations and since b; € {—1, 1}, we obtain that

ed(k+1
b= Z / o [P Qo) g = BB ()|
ed h
0 ed(k+1)
— Z / ‘blF(ln]u—i—h\ —q(k+1))|u+h|" = F(In|u| — gk)
k—k QQ(k+1)—h
0
00 ed(k+1) o
<C / ‘blF(ln\u—i-h\ —q(k+1)) — F(ln|ul —qk)‘ |u + h|"*du
k:ko eQ(k+1)—h
eq(k+1)
e Z / FlinJul — gk)|®|ju + bl — — C(Iny + Ina).
q(k+1) _ h

We can show that Iy 5 < C for h € (1,e?) as in the case I 2 above. Consider now the term I ;.
By using (BIH), we can extend the function F' to [g,2q) so that F'(u) = b1 F(u+ q) for u € [0, q)
or biF(u) = F(u+ q) for u € [0,q) since b; € {—1,1}, and so that F' is absolutely continuous
on [0,2q) with the derivative F’ satisfying (B.I4]). Then,

q(k+1)

121—2 / F(infu+ h| = qk) — F(inful - gk)| " Ju+ b du.

q(k+1) _

We get Iy < C for h € (1,e?) as in the case I above. Hence, I < C for h € (1,e9) and, since
I, < C for h € (1,e?) as shown above, we have I < C for h € (1,e?) . O

6 Examples of PFSMs and CFSMs

In order for a process given by [B3) to be well-defined, its kernel must belong to the space
LY(Z x [0,q(-)) x R,0(dz)dvdu). In this section, we provide examples of such kernels and hence
examples of well-defined PFSMs. We show that the processes in these examples are also CFSMs.

Example 6.1. Let o € (0,2) and H € (0,1) and hence k = H —1/a € (—1/a,1 —1/a). The

process

- /0 /]R (F({v +In|t +ulb)(t+u)] - F{v+In ]u\}l)ui)Ma(dv, du), (6.1)

has a representation (1)) with Z = {1}, o(dz) = d413(d2), b1(1) =1, ¢(1) = 1, F1(1,u) = F(u),
F>(1,u) = 0 and F3(1) = 0. It is well-defined by Lemma Bl if the function F' : [0,1) — R
satisfies the conditions (I3)) and (BI4]) when x < 0 and, in addition, the condition (BIH) when
Kk > 0. We can take, for example,

F(u)=u, wue€l0,1), (6.2)

when k < 0, and
F(u) = U1[071/2) (u) + (1 — u)l[l/ll) (u), u e [0, 1), (63)
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when no additional conditions on x are imposed. (The function F' satisfies ([BI0]) because
F(0) =0 = F(1-).) The sufficient conditions of Lemma Bl are not necessary. For example,
Lemma 8.1 in Pipiras and Taqqu (2002a) shows that the process X, is also well-defined with
the function

F(u) =1p,1/2)(v), u€l0,1), (6.4)
when £ < 0, a function which does not satisfy the (sufficient) conditions of Lemma BEJl When
a € (1,2), the process (610) with the function F' in (@2), (@3] or (G is therefore a well-defined
PFSM.

Note also that, depending on the parameter values H and «, the processes (B.1)) may have
different sample behavior (even for the same function F'). Sample behavior of stable self-similar
processes is discussed in Section 12.4 of Samorodnitsky and Taqqu (1994), and that of general
stable processes is studied in Chapter 10 of that book. When x > 0, for example, as with the
kernel F' in ([G3)), the process (BJ) is always sample continuous. When x < 0, we expect the
sample paths to be unbounded (and hence not continuous) on every interval of positive length
for most functions F'. For example, when F' is cadlag (that is, right-continuous and with left
limits) on the interval [0, 1], then

sup | F({o +In |t +ul}1)(t +w)§ — F({v+Inful}1)ut| = oc,
teQ

for any v € [0,1) and u € R (taking Q > ¢ — —u). The unboundedness of the sample paths
follows from Corollary 10.2.4 in Samorodnitsky and Taqqu (1994). The case k = 0 is more
difficult to analyze.

Example 6.2. Let a € (0,2) and H € (0,1). Consider the process

Xa(t) :/R/Ozﬂ/R(cos(v+zln|t+u|)(t+u)i—Cos(v+zln|u|)ui)Ma(dz,dv,du), (6.5)

where M, (dz,dv,du) has the control measure A\(dz)dvdu. Suppose that the measure A(dz) is
such that

/R)\(dz) < oo, /R\zm(dz) < oo.

The process (E3) is well-defined since, by the mean value theorem, one has |cos(z) — cos(z)| <
|z — 2| and |In|t + u| — In |u|| < Clu|~! for fixed ¢ and large |ul,

a

2
// /‘cos(v—i—zln]t—1—11,\)(15—1—11,)’1—cos(v—i—zln\u!)u’j”r A(dz)dvdu
rRJo JR

32“/R/02ﬂ/ﬂ§((t+u>i—ui

+ 2“/]1%/02”/R|u+|m
<2 [ x@) [ [+ -

20 [ aaa) [ fude
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A(dz)dvdu

cos(v+ zIn |t +u|) — cos(v + zIn |u|)‘a)\(dz)dvdu

«

du

(6%
In |t + ul —ln\ul‘ du < oo.



Thus, when a € (1,2), (BE) s a well-defined PFSM represented by [B3) with Z =R, o(dz) =
Adz), q(z) = 1, bi(z) = 1, s(2) = z, Fi(z,{u}2r) = cos({u}ar) = cos(u), Fr(z,u) = 0 and
Fg(z) =0.

Remark. The PFSM (E3) is related to the well-known Lamperti transformation and harmo-
nizable processes. Let M (dz,du) be a rotationally invariant (isotropic) SaS random measure
on Z x R with the control measure A\(dz)du. (Recall that a rotationally invariant Sa.S ran-
dom measure M (ds) on a space S with the control measure v(ds) is a complex-valued random
measure satisfying

Eexp{m /f ds))}—exp{—|¢9|a/|f ) dS))}

forall 9 € C and f = f1 +ify € L*(S,V). See Samorodnitsky and Taqqu (1994) for more infor-
mation.) Arguing as in Example 2.5 of Rosiriski (2000), we can show that, up to a multiplicative
constant, the PFSM (B3) has the same finite-dimensional distributions as the real part of the
complex-valued process

// (eizln\t+u|(t+u)i _eizln\mui)j\;fa(dz’du). (6.6)
R JR

The process (G.6l), can also be constructed by the following procedure. Consider the so-called
“harmonizable” stationary process

Yi(t) = /R et M (dz),

where M (dz) is rotationally invariant and has the control measure p(dz). By applying the
Lamperti transformation to the stationary process Y,! (see Samorodnitsky and Taqqu (1994)),
one obtains a self-similar process

Y2(t) = /Re”lnttHM(dz), t>0.

The self-similar process Y2 can be made also stationary (in the sense of generalized processes)
by introducing an additional variable in its integral representation, namely,

Yj(t) :/R/RGZ‘ZIMH_U(t—f—u)i]/\\j(dz,du),

where the measure M (dz,du) is the same as in (G8). The stationary increments PFSM process
(E5) can be obtained from the stationary process Y2 in the usual way by considering Y2 (¢) —
Y3(0).

Proposition 6.1. The PFSMs of Example 6l (with F given by either of (63), [€3) or (04))
and Example [ are CFSMs.
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PRrROOF: Consider first the process (6]) defined through the kernel function
Glv.u) = P({o +Inful}1)us.

where F is given by either of (62), (63]) or (&4)). By Proposition Bl (i), it is enough to show
that 0 ¢ Cr where the set Cp is defined by (Z3)). If 0 € Cp, then there is ¢, — 1 (¢, # 1) such
that

F({ln|cpul}1)u] = by F({In|u+ anl}1)(u+an)f +dy  ae. du, (6.7)

for some ay,,b, # 0,d,. By taking large enough negative u such that v = 0 and (u+a,)} =0,
we get that d,, = 0 and hence (1) becomes

F({In |cpul}1)ufy = b F({In|u + an|}1)(u 4+ a,)}, a.e. du. (6.8)

We shall distinguish between the cases k < 0 and x > 0. Observe that we need to consider the
functions (62), @3)) and @) when x < 0, and only the function (G3) when x > 0.

If k < 0, since F' is bounded and not identically zero, by letting u — 0 in (EX), we obtain that
an = 0. Hence, when x < 0, F({In|c,ul}1)1(,00)(t) = bpF'({In |u[}1)1(g o0y (u) a.e. du or, by
setting e,, = Inc¢, and v = Inu,

F({en +v}1) =b,F({v}), a.e. dv, (6.9)

for e, — 0 (e, # 0) and b, # 0. Neither of the functions F' in ([62), (E3) or (6 satisfies the
relation (). For example, if the function (B2 satisfies (E3), then e, +v = byv for v € [0,1—e¢,,)
and some 0 < e, < 1 which is a contradiction (for example, if v = 0, we get e, = 0). Indeed,
if K > 0, we can also get a,, = 0 in (EH). If, for example, a,, < 0, then since (u + a,)} = 0 for
u € [0,—ay), we have F({ln |cy u|}1) = 0 for u € [0, —ay) or that the function F'(v) = 0 on an
interval of [0,1). The function (B3]) does not have this property.

Consider now the process (6) defined through the kernel function
G(z,v,u) = cos(v + zIn |u|)uf}.

By Proposition BJ, (44), it is enough to show that (z,0) ¢ Cr a.e. dz. If (2,0) € Cp, then there
is ¢, = cp(2) — 1 (¢, # 1) such that

cos(z1n |cpul)uff = by cos(zn ju + ay|)(u + an)f + dp, a.e. du,

for some a, = an(2), by, = bp(z) # 0, dy, = dp(z). If z # 0, we may argue as above to obtain
d, = 0 and a,, = 0. Then,

cos(ze, + v) = by cos(v), a.e. dv,

for e, — 0 (e, # 0) and b, # 0. This relation cannot hold when z # 0, since e, # 0, €, — 0
and because of the shape of the function cos(v). O

Remark. Observe that the SaS H-self-similar processes of Examples and are well-
defined when « € (0,2) and H € (0,1). By Corollary 7.1.1 in Samorodnitsky and Taqqu (1994),
self-similar stable processes can also be defined when o € (0,1) and 1 < H < 1/«, and when
a € [1,2) and H = 1. We do not know of examples of processes having a representation (BII)
for these ranges of @ and H.
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7 Uniqueness results for PFSMs and CFSMs

We are interested in determining whether two given PFSMs or CFSMs are in fact the same
process. Since we don’t want to distinguish between processes which differ by a multiplicative
constant, we will say that two processes X (t) and Y (t) are essentially identical if X (t) and
cY (t) have the same finite-dimensional distributions for some constant c. If the processes are
not essentially identical, we will say that they are essentially different.

The next result can often be used to conclude that two PFSMs and CFSMs are essentially
different.

Theorem 7.1. Suppose that X, and )?a are two PFSMs or CFSMs having representations
(Z3): the process X, on the space Z x [0,q(-)) x R with the kernel function G defined through
the functions by, s, q, F1, F2, F3, and thel)rogess~)~(a on the space Z x [0,q(-)) x R with the kernel
G define through the functions by, s, q, F1, Fo, F3. If Xo and X, are essentially identical, then

there are maps h : Z — R\{0}, v : Z — Z, k: Z+ (0,00), g,j : Z — R such that

G(2z,0,u) = h(2)G(Y(2),0,k(z)u + g(2)) + j(z), a.e. o(dz)du. (7.1)

Remark. The use of v = 0 in ([ZJ]) should not be surprising because the function G(z,v,u) in
B2 can be expressed through G(z,0,w). Indeed, as in ([El), it follows from (B4) that

G(z,v,u) = e ™/5E G (2,0, /5 y) — Lip, (=1} Ln=0y F3(2)v/8(2), forall z,v,u.  (7.2)

PROOF: Let G and G be the kernel functions for the processes X, and )Za, respectively, as
defined in the theorem. By Theorem 5.2 in Pipiras and Taqqu (2002), there are maps 1) =
(V1,42) + Z x[0,9(-)) — Z x[0,4(-)), h+ Zx[0,4(-)) = R\ {0} and g,5 : Z x [0,4(-)) — R such
that

G(Z,U,’U,) = h(zv’U)G(wl(zvv)va(zvv)vu + g(Z,U)) +.7(27’U) (73)

a.e. o(dz)dvdu. By applying [Z2) to both sides of (Z3) and replacing u by e~?/**)u, we get
G(z,0,u) = /() = m2(0)SW1E) b5 )G (1 (2, v),0, V2 BV/EW1E) (o=0/5(2)y, 4 o(2 v)))

—"POh(z,0) LG 0 yer He=oy F3 (01 (2,0) )2 (2,0)/3(01 (2, 0))
_i_em)/s(z)l{b1 (Z):l}l{K:O}F?’(z)Q)/S(Z) + eﬂv/S(z)j(z, ’U)

a.e. o(dz)dvdu. By making the change of variables e’u = w, z = z, v = v, we obtain that the
last relation holds a.e. o(dz)dvdw. By fixing v, for which this relation holds a.e. o(dz)dw, we

obtain ((Z1)). O

The following result shows that we can obtain an “if and only if” condition in Theorem [1] in
the case when Z = {1}, Z = {1}, s = s =1 and ¢ = q. More general cases, for example, even
when Z = {1}, Z = {1}, s =5 =1 but q # ¢, are much more difficult to analyze. The measure
d¢1y below denotes the point mass at the point {1}.
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Corollary 7.1. Suppose the conditions of Theorem [7] above hold with Z = {1}, o = 4y,
7 = {1}, ¢ = 0;1y, s =5 =1 and ¢ = q. Then, the processes X, and X, are essentially
identical if and only if there are constants h # 0, k > 0, g, € R such that

G(0,u) = hé(O, ku+g)+j, ae. du, (7.4)

or equivalently

In |u K K
10 (B ({1n ful}g) w + Fa({In ful}bg) ) + 1=y 1oy P In

= hby" (B (i e+ gl o) (ke + )5+ Fa({In ko + gl}g) (ku + g)° )

+ 1{},‘1:1}1{5:0}hﬁ3 In|ku +g|+ 7, a.e. du. (7.5)

Moreover, the processes X, and )Z'a have identical finite-dimensional distributions if and only if

Ih| =1.

PROOF: The “only if” part follows from Theorem [l We now show the “if” part. By using
[C2), we have, for v € [0, q),

G(v,u) = e "G(0,e"u) — 1, —1) 1 {x=0y F30
= he ™G (0, ke"u + g) + e "j — 1y _1y Lm0y F30
= h(e"’“’é(@, ke'u+g) — 1{51:1}1{H:0}153@>
+hl {51:1}1{,.;:0}153@ — 1y =1y Lm0} P30
= hG(v,ku+ e "g) + F(v) = hG({v + Ink}y,u+ e "k g) + F(v)

a.e. du, for some function f(v) Hence, by making the change of variables u+e vk~ 'lg — u and
{v+Ink}, — v below,

X (1) 2 /0 ! /R (Gv.t 4 u) — Glo.w)) My (dv. )
= h/oq/R (é({v +Ink}g,t+ute Uk lg) — G{v+In k}q,u+ e_”k_lg))Ma(dv,du)

4 h/o /R (é(v,t ) — é(v,u))Ma(dv, du) L hXo(t).

This relation also implies the last statement of the result. O

We now apply Theorem [Tl and Corollary [l to examples of PFSMs in Section B

Proposition 7.1. The four PFSMs considered in Examples[G and are essentially different.
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ProOOF: Let X, and Y, be two PFSMs of Example defined through two different functions
Fy and Fy in (&2), (@3) or @4)). To show that X, and Y, are essentially different, we can
suppose that k£ < 0 because only the function (E3]) involved x > 0. If X, and Y,, are essentially
identical, it follows from Corollary [l that

Fyr({Inful}g) v} = hFy({In [ku + g[}q) (ku + 9) +

a.e. du, for hy #0, k > 0, g,j € R. By arguing as in the proof of Proposition B, we can obtain
that 7 = 0 and g = 0. Then, after the change of variables Inu = v, we have

Fi({vlg) = hiFa({k1 + v}y)

a.e. dv, for some hi #£ 0, k1 # 0. This relation does not hold for any two different functions F}
and F, in (B2), E3) or ([E2).

Suppose now that X, and Y, are the PFSMs of Examples and B, respectively, defined
through the kernel functions G(z,v,u) = cos(v + In|u|)uff and Ga(z,v) = F({v + In |u|})uf,
where F'is defined by (£32), @3) or [@4). If X, and Y, are essentially identical, it follows from
Theorem [l that

cos(zIn ful)uy = k(2) F({In |k(2)u + g(2)[}1)(k(2)u + 9(2)) + 4 (2)

a.e. du, for some h(z) # 0, k(z) > 0 and g(z),j(z) € R. When z # 0, by arguing as in the proof
of Proposition B1, we get that j(z) = 0 and g(z) = 0. Then, by making the change of variables
Inu = v, we have

cos(zv) = hi(2)F({k1(2) +v}1)

a.e. dv, for some hi(z) # 0, k1(z) # 0. The function F in (62), [@3)) or ([E4) does not satisfy
this relation. Hence, X, and Y, are essentially different. O

8 Functionals of cyclic flows

We shall characterize here the functionals appearing in (Z8]) which are related to cyclic flows.
These results are used in Section @ below to establish a canonical representation for PFSMs
in Theorem Bl We start by providing a precise definition of flows and related functionals.
See Pipiras and Taqqu (2004c¢) for motivation. A flow {t¢.}.~0 on a standard Lebesque space
(X, X, ) is a collection of measurable maps 9. : X — X satisfying (Z5]). The flow is nonsingular
if each map 1., ¢ > 0, is nonsingular, that is, u(A) = 0 implies u(;1(A)) = 0. It is measurable
if a map ¥.(x) : (0,00) x X — X is measurable. A cocycle {b.}c>o for the flow {1.}.~0 taking
values in {—1,1} is a measurable map b.(z) : (0,00) x X — {—1,1} such that

beyeo () = bey (2)bey (Ve (x)),  for all ¢1,c0 >0, x € X. (8.1)

A 1-semi-additive functional {g.}e>o for the flow {1.}.>0 is a measurable map g.(z) : (0,00) x
X — R such that

Jeren () = 02_1901 () 4 gey (Ve (x)), for all c1,¢0 >0, x € X. (8.2)
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A 2-semi-additive functional {j.}c~o for the flow {t.}c.~0 and a related cocycle {b.}.~o is a
measurable map j.(x) : (0,00) x X — R such that

d(p o e, )

1/a
0 (:c)} Jes (Yo, (), for all ¢1,c0 >0, v € X. (8.3)

Jerea (%) = €3 Jey () + bey () {
The Radon-Nikodym derivatives be(z) = (d(u o ¥.)/dp) (7) in (B3) can and will be viewed as a
cocycle taking values in R\ {0}, that is, a measurable map b.(z) : (0,00) x X — R\ {0} satisfying
beyey () = bey (2)bey (Ye, (), for all ¢1,c2 > 0 and z € X (see Pipiras and Taqqu (2004c¢)).

In the following three lemmas, we characterize cocycles and 1- and 2-semi-additive functionals
associated with cyclic flows.

Lemma 8.1. Let {b.}c>0 be a cocycle taking values in {—1,1} for a cyclic flow {tc}es0. Set
be(2,0) = be(®(2,0)) if (z,0) € Z x[0,q(-)) \ N, and be(z,v) = 1 if (z,v) € N, where ® :
Z x [0,q(-)) \ N — X\ N s the null-isomorphism appearing in (ZI2). Then, {b}eso is a
cocycle for the cyclic flow {1}~ defined by (ZI1), and it can be expressed as

- b 1 -
bc(z’ ’U) — (Z’ {%:;: Z)C}q(z)) bl(Z)[UJ’_IHCLI(Z), (8.4)

for some functions b: Z x [0,q(-)) — {—1,1} and by : Z — {—1,1}.

PROOF: The result can be deduced from Lemma 2.2 in Pipiras and Taqqu (2004d) by using the
following relation between multiplicative and additive flows: {1.}>0 is a multiplicative flow and
{bc}es0 is a related cocycle if and only if ¢y := 1., t € R, is an additive flow and a; := b.t,t € R,
is a related cocycle. (Additive flows {¢; }tcr are such that ¢y, 14, = P1, © Gry,t1,t2 € R.) O

Lemma 8.2. Let {gc}e>o be a 1-semi-additive functional for a cyclic flow {{pc}e>0. Set ge(2,v)

9e(P(z,v)) if (z,v) € Zx[0,q(:))\N, and g.(z,v) =0 if (z,v) € N, where & : Z x [O,q())\]\7 —
X\N is the null-isomorphism appearing in (ZI2). Then, {gc}c>o0 is a 1-semi-additive functional
for the cyclic flow {¢}eso defined by (ZI1), and it can be expressed as

:gvc(zv ’U) = g(z’ {’U +In C}q(z)) - C_lg(zv ’U), (8'5)

for some function g : Z x [0,q(-)) — R.

PrOOF: We may suppose without loss of generality N = N = () because g.(z,v) = 0 obviously
satisfies the 7-semi-additive functional relation (82)) on the set N (which is invariant for the flow
). By substituting x = ®(2,v) in the equation ([BZ), we obtain that

96102((1)(27'”)) - 62_1961(¢)(Zvv)) + 902(w61(®(zvv)))
and, since ¢, o ® = ® o 1. by E&12), we get
§c1(:2 (Z’ U) = Cglga (Z’ U) + §62 ({561 (Z’ U)) (8'6)

Relation (&B) shows that {Ge}eso is a I-semi-additive functional for the flow {1c}eso. The
expression (BH) follows from Proposition 5.1 in Pipiras and Taqqu (2004¢). O
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Let T be an arbitrary index set, e.g. T = (0,00), and {f!}er, {f# her be two collections of
measurable functions on (X, X, ). We will say that {f!}er is a version of {f2}ier if p{x :
fi(z) # f2(x)} =0 for all t € T. We now characterize 2-semi-additive functionals related to
cyclic flows.

Lemma 8.3. Let {}c}c>0 be a 2-semi-additive functional for a cyclic flow {t.}c>0. Set

» o 1/a
O s ICR0) AL 1)

if (z,v) € Z x[0,q(")) \ N, and let j.(z,v) be defined arbitrarily for (z,v) € N, where ® :
Z x[0,q(-)) \ N = X \ N is the isomorphism appearing in (ZI2). Then, {Je}eso has a version
which is a 2-semi-additive functional for the flow {¢c}e>o0 defined by (ZI1) and the cocycle
{bc}es0 defined in Lemma 8. Moreover, for any ¢ > 0,

Je(z,0) = Ec(z, 0)j(z {v+1n Ca(z)) — ¢ j(z,0)

+ 1(2)(b(z,0) M+ Indg) LG, ooy Lnmoys @6 0(dz)do, (8.8)

where J:Zx[0,q() = R, j1: Z— R are some measurable functions, and the functions by (z)
and b(z,v) appear in §Z) of Lemma [Bl

PrOOF: We suppose without loss of generality that N = N = 0. Substituting x = ®(z,v) in
the 2-semi-additive functional equation ([B3), we obtain that

d(p o)

1/a
@] na@E0). ©9)

%m@@m:@waﬂmm+%@wm%

We first show that {}c}c>0 is an almost 2-semi-additive functional, that is, it satisfies relation
B3 for all ¢1,co > 0 a.e. o(dz)dv. Observe that, for any ¢ > 0 and L denoting the Lebesgue
measure,

d(pote) o _ dlpo®)o)
dp d(/w‘I’)~

d((c ®L) o) dlo®L) <d(uo<1>) m;)
dlo®L) dpo®) \dlooL) °

- (fet) (Mo ) eae,

where in the last equality above we used the identity d((c ® L) o ¢.)/d(c ® L) = 1 (0 ® L)-a.e.,
which follows from (ZII) because d{v + Inc}/dv = 1 a.e. By using the relation (8I0), we can

write (BJ) as

d(/J, o (I)) 1/a ) i d(/J, o (I)) 1/a .
{d(a Q L) (2’7?))} ]0102((1)(27’0)) = Cy {m(z,v)} Jei ((I)(Z,’U))
o _ 1/a
+ b, (P(z,0)) {%Wc(%”))} Jey(Vey (P(2,0))), a.e. o(dz)dv. (8.11)
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Since 1. o ® = d o @Zc by &I2), b. o ® = b, by using the notation of Lemma and j, =
{d(pr0®)/d(o @ L)}/j, by &), we deduce from I that, for any c;,co > 0,

Jeres (2,0) = 62_“301(2,1)) +Ecl(z,v)302 (Jcl(z,v)), a.e. o(dz)dv, (8.12)

that is, {35}00 is an almost 2-semi-additive functional. By Theorem 2.1 in Pipiras and Taqqu
(2004c¢), {jc}eso has a version which is a 2-semi-additive functional.

Since {3c}c>0 has a version which is a Z-semi-additive functional, we may suppose without loss
of generality that {j.}.~0 is a 2-semi-additive functional. The expression ([B) for {j.}.~0 then
follows from Proposition 5.2 in Pipiras and Taqqu (2004¢). O

9 The proofs of Proposition B.1] and Theorem [3.1]

PROOF OF PrROPOSITION Bl Suppose that the process X, is generated by a cyclic flow {1} >0
on (X, X, ). Then, by a discussion following Definition 22 there are a standard Lebesgue space
(Z,Z,0), function ¢(z) > 0 and a null-isomorphism ® : Z x [0, ¢(+)) — X such that

Ye(P(z,v)) = ®(2,{v+1n c}q(z)) (9.1)

for all ¢ > 0 and (z,v) € Z x [0,¢(-)). In other words, the flow {¢.}c>0 on (X, ) is null-
isomorphic to the flow {the }es0 on (Z x [0, ¢(-)), o(dz)dv) defined by 1.(z,v) = (z, {v+1In Clo(2))-
(We may suppose that the null sets in ([ZI2)) are empty because, otherwise, we can replace X
by X \ N in the definition of X, without changing its distribution.) By replacing = by ®(z,v)
in (Z8) and using ([@1I), we get that, for all ¢ > 0,

d(p o 9e)

1/a
2@}

¢ "G(P(z,v),cu) = be(P(z,v)) {

% G(@(Delz )1+ go(@(2,0)) ) +e(@(2,0)) (9:2)
a.e. o(dz)dvdu. By using the relation
d(pote) o _ dpo® o)
du d(po ®) N
du 0®od d((c @ L) o) d(o @ L)
(i voi)

oc®L)od1) dlc®@L)  d(uo®)
_ dp ~\ d((c ®L)o® 1)
B (d((am)o@l) °¢‘”'”C> aw

B (d((a@%@l) °“I””;“> (d((a@%@l) ‘D)

where L is the Lebesgue measure, setting

" o 1/a
G(z,v,u) = {%(z,v)} G(P(z,v),u) (9.3)
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and using the notation of Lemmas R, and B3 we obtain that, for all ¢ > 0,
c_“é(z, v, cu) = gc(z, v)é(&c(z, v),u + ge(z,v)) + ;c(z, v) (9.4)
a.e. o(dz)dvdu. We next consider the cases k # 0 and xk = 0 separately.

The case k # 0: By using Lemmas Rl and B3 and setting
G(z,0,u) = b(z,0) (Glz,0,u + (2, 0)) ~ j(z0)) (9.5)

we obtain from (4] that, for all ¢ > 0,

~

G(z,v, cu) = by (2)"T a0 Gz, {v + In e}y, 1)

a.e. o(dz)dvdu. By making a change of variables cu = w, we get that, for all ¢ > 0,

G(z,v,w) = by (2)T1 e Gz, {v + In Cla(z)s ¢ lw)
= el () ) Gz, o+ In e )

a.e. o(dz)dvdw. By the Fubini’s theorem, this relation holds a.e. o(dz)dvdwdc as well. Then,
for w > 0, by making the change of variables ¢ = yw and then fixing y = yq, we get

~

G(z,v,w) = wby (2)PH a1 lae) By (2, {v + InagJwl} o))

a.e. o(dz)dvdw, for some a; > 0 and function Fy. By using identities {v + In arwltez) =
{{v+1In \w\}q(z) +1n al}q(z) and [v+ In allwl]q(z) =[v+1In ]w[]q(z) + [{v+1n ]w[}q(z) +1n al]q(z),
we can simplify the last relation as

~

G(Z, v, ,w) _ ’Ll)’ﬁ;l (Z)[U-‘rln |qu(z)F1 (Z, {U +In |w|}q(z)) (96)

a.e. o(dz)dvdw, for some function Fj. Similarly, for w < 0, we may get that

~

Gz, v,w) = wby (2) e By (2, {v + In [w]}y(z)) (9.7)

a.e. o(dz)dvdw, for some function F5. Observe now that, by writing characteristic functions and

using (@3)) and (@),
aOher £ { [ [ (@Gt40) - Gt}

teR

d {/Z/[qu(.))/R(é(z,v,t+u) —é(z,v,u))Ma(dz,dv,du)}tER

d Gz v w) — Gz, v,u)) M, (dz, dv, du _
_{/Z/[o,q(o)/R(G(’ b+ u) = G(z,0,u)) Mo (dz, dv, d )} : (9.8)

teR

where M, (dz,dv,du) is a SaS random measure on (Z x [0,¢(:))) x R with the control measure
o(dz)dvdu. The result of the theorem when x # 0 then follows by using (8) and (&7).
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The case k = 0: In this case, by using Lemmas BT], and B3, and the notation (LX), we get
that, for all ¢ > 0,

~

G(z,v,cu) = gl( )[erlrl c]q(Z>G A{v+1n c}q(z w) +}1(z)[v +1n C]q(Z)l{El(z):l}
a.e. o(dz)dvdu. Arguing as in the case k # 0, we may show that, for w > 0,

@(Z, v, w) = 51 (Z)[U-Hnaﬂwuq(z)ﬁl (z’ {v +In a1|w|}q(z))1(07oo) (w)

+}1( )[v+1In al\WHq(z {'gl(z)zl}l(o,oo)(w)a
a.e. o(dz)dvdu. By using the identities preceding (&6), we conclude that, for w > 0,

G(z,v,w0) = by (2)T 1) Py (2, {o + Infw]}(2)) L (0,00) (W)

+E3(2)[v +Infwllg:) 1, )21 10,00 (W),

a.e. o(dz)dvdu, for some functions F; and F3. Similarly, for w < 0,

~

G(Z, v, U)) — El(z)[v+ln|w‘}q(z)F2(z’ {U +In |w|}q(2))1(_0070) (w)

+F3(2)[v +In ’wH {bl( )= 1}1(—00,0) (w),

a.e. o(dz)dvdu, for some functions F» and F3. As in the case k # 0 above, we can conclude that
X, can be represented by ([Bl) where In |t +u|/|u| in the last integrand term of B]) is replaced
by

[v + 1|t 4+ ullgz) — [0+ Inful]g).-

Observe that, by using (), this difference can be expressed as

|t +u|)
|ul

By including the first two terms of (L) into the first four terms of ([Bl), we can deduce that
X, can indeed be represented by (). O

ﬁ (fo+ It +ullye) — o+ I fulyqs) (9.9)

Proor orF THEOREM Bl Suppose that X, is represented by the sum of two independent
processes (B and ([B2). To show that X, is a PFSM, it is enough to prove that ([B1l) and (B2)
are PFSMs. The process (B)) has the representation ([LIl) with (C)-([CH). It is easy to verify
that
G(z,v,c(2)u) = c(2)"b1(2)G (2, v,u) + F3(2)q(2)1(p, (2)=1} 1 {s=0}

where ¢(z) = e1®). Hence, Cp = Z x [0,¢(-)) where Cp is the PFSM set defined by (ETI).
Definition 2] yields that B is a PFSM. One can show that the process [B2) is a PFSM in a
similar way.

Suppose now that X, is a PFSM. By Definition 22 a minimal representation of the process X,
is generated by a periodic flow. Suppose that the process X, has the minimal representation

//Gt:cu o (d7, du),

205



where (X, X , ) is a standard Lebesgue space, Gi(F,u) = G(F,t +u) — G(F,u), T € X,u € R,
{Gi}er C Lo(X x R, fi(dz)du), and M, (dz,du) has the control measure ji(dx)du, and that it
is generated by a periodic flow {¢c}c>0 on X. Since the flow is periodic, we have X = P where
P is the set ([Z3) of periodic points of the flow {¢c}c>0 Partitioning P into the set L of the
cyclic points of the flow in ) and the set F of the fixed points of the flow in ZI0), we get

//Gt T, u) My (dz, du) + / /Gt T,u) Mo (dZ, du) =: XL (t) + XL (t).

The processes X and X[ are independent since the sets L and F are disjoint. The process X}
is generated by a cyclic flow, the flow {1.}.~¢ restricted to the set Z and has a representation
@) by Proposition Bl below. The process X, I is generated by an identity flow satisfying
wc( ) == for all T € F, and has a representation &) by Theorem 5.1 in Pipiras and Taqqu
(20020). O
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