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1 Introduction

After a first breakthrough of Kalikow (3), giving a transience criterion for non-reversible multidi-
mensional Random Walks in Random Environment, Sznitman and Zerner proved, several years
later, a law of large numbers in (12), followed by a central limit theorem proved by Sznitman in
(10). A generalization to the case of mixing environments was proved afterwards by Comets and
Zeitouni in (1) and also Rassoul-Agha (6) who used the point of view of the environment viewed
from the particle (we refer to (13) for an overview of the subject). Despite these progresses,
many important questions, concerning recurrence or explicit criteria for a ballistic behavior,
remain largely open.

Among random walks in random environment, random walks in an iid Dirichlet environment
take a special place, since their annealed law coincides with the law of some transition reinforced
random walk having an affine reinforcement (see (2)). These reinforced walks are defined as
follows. At time 0, we attribute, in a translation invariant way, a weight to each oriented edge
of Z%, and each time the walk crosses an edge, the weight of this edge is increased by one.
Finally, the walk is a nearest neighbour walk, which chooses, at each time, an outgoing edge
with a probability which is proportionnal to its weight. Let us also mention that our interest
in Dirichlet environments is reinforced by their link with the beautiful theory of hypergeometric
integrals, as it is shown in (8).

The question of transience and recurrence for such walks, was answered by Keane and Rolles,
in (4), in the case where the walk evolves on a graph which is a product of the integer line with
a finite graph. In the context of trees, a correspondance between reinforced random walks and
random walks in random environment was used before, by Pemantle, in (5). Our purpose is to
give some first results in the case of Z¢.

In this paper, we state a law of large numbers for such random walks, under a simple and
explicit condition on the weights. Moreover, we give explicit bounds for the asymptotic velocity
of these walks and also an asymptotic expansion of this velocity at low disorder. Low disorder
corresponds, in the random environment model, to the case where the law of the transition
probabilities is concentrated around its mean value, and, in its reinforcement interpretation,
to the case where the initial weights of the transitions are large, so that these weights are not
significantly affected during the life of the walk (at least, if the walk is transient).

Let us precise that these walks do not enter the class of walks considered in (3), (7) and in
several other works, asking the law of the environment to satisfy a uniform ellipticity condition.

This ellipticity hypothesis is usually used in two ways :

_in the definition of Kalikow’s auxiliary Markov chain which involves the expection of the Green
function of the walk killed when exiting a given set. The uniform ellipticity is then a comfortable
assumption for checking the integrability of this Green function.

_in the estimates of the drift of Kalikow’s auxiliary Markov chain, the ellipticity condition often
plays a key role. We overcome this difficulty by using an integration by part formula.

In section 2, we give the definition of random walks in Dirichlet environment, remind their
connection with transition reinforced random walks and we present our main results. In section
3, we present an integration by part formula that will be the key analytic tool in the proof of
our results. Indeed, in section 4, it is shown how one can take advantage of the special form of
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the law of the environment, in order to estimate, using the formula of Section 3, the drift of the
killed Kalikow’s auxiliary walk.

It turns out that this "integration by part technic” is specially well adapted to the check of
Kalikow’s criterion. Note that Sznitman introduced finer criteria, the so called T and T (see
(11)), which ensure ballisticity, but we don’t think we could easily verify these criteria by our
“integration by part technic”.

In section 5, we study the integrability of the Green function of the walk which ensures the
existence of the original (non killed) Kalikow’s auxiliary walk and finish the proof of our first
result by applying the law of large numbers of Sznitman and Zerner (12). In section 6, we prove
precise estimates for the transition probabilities of Kalikow’s auxiliary random walk in order to
get an expansion of the asymptotic velocity at low disorder.

2 Definitions and statement of the results

We denote by Thy := {(z1, ..., x2q) €]0,1]%?, s.t., Z?il x; = 1}, and by (e;)1<i<2q the family
of unitary vectors of Z%, defined as follows: (ei)1<i<a is the canonical basis of R?, and for all
je {Cl+ 1, ...,Qd} €; = —€j_4.

For all @ := (ay, ..., agg) €]0, +00[??, we denote by A¥ the Dirichlet probability measure on Thg
with parameters (aq, ..., agq) i.e. the measure on Thy:

F(al + ...+ agd) xalfl $a2d—l
F(al)...F(OQd) 1 2d

dl‘l...d$2d_1.

For a unit vector e of Z¢, we will sometimes write, for reading conveniences, «. for the weight
«; where 7 is such that ¢; = e.

Let us now introduce random walks in an iid Dirichlet environment on Z¢.

We define an environment as an element w = (w(z)),ez¢ where at any vertex z, w(z) =
(w(z,x + e1),...,w(z, T + eaq)) belongs to Thy. We set p:= ® A%, so that p is a probability
zeZ?

measure on the environments such that (w(z)),cz¢ are independent random variables of law \%.

We denote by P“ the law of the Markov chain in the environment w starting at 0 defined by:
VeeZd VkeN, Vi=1,..,2d, P°Xps1=a+e|Xp=2)=w(z,z+e).

The law of the random walk in random environment (or the so-called annealed measure) is the

probability measure P* = [ P¥dp(w).

In (2), we show that random walks in iid environment have the law of some reinforced random
walk. The following proposition states that the case of a Dirichlet environment corresponds to
a quite natural law of reinforcement:

Proposition 1. The measure P* satisfies that P*-almost everywhere,
@i + Ni(n, X,)
Zzi1 ar + Ni(n, Xy)

P (Xpy1 =2+ ei|lo(Xg, kb <n)) =

where N(n,m) = (Ni(n,x))1<i<24 and N;(n,z) = ?:_01 L —Xi=ei, Xi=2) -

We refer the reader to (2) for the proof.
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2.1 Bounds of the asymptotic velocity

We can now state our first result:

Theorem 1. Let &@ := (au, ..., azq) €]0,+00[2?, and p = ® A% a probability measure on the
zeZd
environment. Let us assume that there exists i € {1,...,2d} such that ae, > 1+ a_,.

The process X, is transient under P*, and
d Xn
Jv € R*\ {0}, such that P*(— —, 00 v) = 1.
n

Moreover, for alli € {1,...,d},

Qe; — O 61—1< ae,—ozez—i—l
(Zk o) —1 (Zk 1 Q%) —

Remark 1: The assumption on «; ensures that the set

d

H[O‘ez‘ = Qe T L, Qe — Qg; + 1]
i=1

does not contain 0. It is a key ingredient in the check of Kalikow’s transience condition.

1 d
72?21 o ;(aei — Q_e,)é;.
This is not surprising if one thinks at the corresponding reinforced walk: the initial weights of
the transitions are large enough so that they are not significantly affected during the life of the
walk, and the law of the walk becomes close to the law of the Markov chain with probability

Remark 2: When the «;’s are large, v becomes close to the vector

transition — dz in the direction e;.
k=1 Yk
Remark 3: In dimension 1, the condition of theorem 1 is actually optimal. Indeed from (9),

we know that the asymptotic velocity is not null if and only if either E“[%] > 1 or

EF| C5(0_;1))] > 1, which corresponds exactly to a., > 1 + ¢, OF a_¢; > 1+ a,. Moreover, the

asymptotic velocity of the walk is equal to

Qey 0‘?1
Qe -+a ey

. This shows the optimality of the lower
bound in Theorem 1.

2.2 Expansion of the velocity in the limit of large parameters

We turn now to the second result of the paper, which gives the asymptotic velocity of the walk
in the limit of large parameters ay. Let us remind that, in the limit of large parameters ay, the
environment is concentrated around its mean value.

Let us fix some notations. We consider some fized transition probabilities
(m;) € Toa,
and a parameter v > 0 (aimed to tend to oo). We consider the weights

Q= YMg,
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so that the expectation of the transition probability, £, (w(z,z + €;)), is independent of v and
equal to m;.

The mean environment (m;) defines the transition probabilities of an homogeneous walk on Z¢,
which is ballistic with asymptotic velocity

2
dp = E mek,
k=1

when the mean drift d,, is not null. We denote by G™ its Green function.

The following result gives an estimate in O(=L) of the asymptotic velocity (in section 6 we give
. . . . ’Y
explicit bounds for this estimate).

Theorem 2. Assume d,, # 0.
For ~ large enough, Theorem 1 applies, i.e. there exists v # 0 such that lim,_, % =v, Pta.s..

Moreover, when 7y is large, we have the following expansion for v:

_m

m(0.0) — i
S (G™(0,0) — 1)+ O(

v=d )

Remark 1: Surprisingly, the second order of the expansion is colinear to the mean drift d,,. We
see that (G™(0,0) — 1) > 0, which means that there is a slowdown effect, since the second order
term is directed in the opposite direction to the mean drift.

Remark 2: In (7), the second author gave an expansion of the asymptotic velocity in the case
of a uniformly elliptic environment. In this work, several of the estimates relied strongly on the
ellipticity condition, so that the proofs of (7) have here to be modified. Nevertheless, if we apply
the formula of (7) to this case, we get the same expansion (many simplifications occur due to
the particular expression of the covariance matrix). It is not surprising that the speed-up effect
obtained in some cases of (7) is not observed in the case of a Dirichlet environment. The example
of (7), section 2, was based, indeed, on some correlation between the transition probabilities in
orthogonal directions. Here, there is a kind of independence of the transition probabilities in

each direction, in the following sense: under = ® A9, the law of w(z,z + e;) is independent
x€Zd

of the law of (%)k#

Remark 3: The Green function G™(0,0) has the following explicit Fourier expression

1 1
G™(0,0) = d/ ; oy - b,
(2m) 0,27]d 1 =237 | \/Me,m_g, cos(b;)

(we refer to Step 2 of the proof of Proposition 3).

3 An integration by part formula

In this section, we present an integration by part formula on T4 that will appear to be the key
analytic tool in the estimation of the drift of Kalikow’s auxiliary walk.
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Lemma 1. For all & €]0, +00[??, and all differentiable function f on R??,

; 5, 1 9 9
fd\® = M/ x1.fd\* + o x1.(( E Tp——— / ) — / )d)\a
T =1

Ty a1 O0xy

Proof: We use the well known identity between the Dirichlet law A9 and the law of the vec-

tor (ZZZI AR ZQZ}O‘ Z.) where the random variables Z; are independent variables following the
=17 =17
gamma distribution I'(a;, 1) of density F(;)z‘”_le_z on R;.

/ AT =
Taq

1 ( 21 22d
I(aq)...(agq) R4 ZZ 1 i’m’ Z?ilzi

This identity implies

_s2d .
Je Ei:lzizf‘l ! . 2gad” Ydz1...dzoy.

Integrating by part with respect to z;, we get

= ~ Gf
X = /
Thy / F(Oél + 1)...F(a2d) Rid 821

——)e~ lelzl <2gad” Ydzy...dzog

where f(zla seey Z2d) = f( 2ch1 JURRA ;gd Z)
=1~ =1~

Now, we decompose this last integral into the f-part and the g Zfl -part.

Using, in the reverse sense, the “Gamma” interpretation of the Dirichlet law Aartlaz,a) the
f-part becomes

F(Oq + ...+ aog + 1)

fa 2220 g dyy_y = LT 0% / 1. fANE.
Toq

Il +1)..I(2q) Jry, a
Now, the part writes
1 8f —22‘1 Zi O 1 «a
- =1 207 o d
a1l (aq)...'(eq) / (21 "0z Pk 1 R 21.--0224
and ~ )
of “1 1 7 %2 & z1204 =
AT :( d - d )fl_difz—...—difd
921 Yiia (2 ) () z)? () z)?

Z1 ~ Zk ~

= (et = Y (i)
Yz ; e

8f ( 21 22d )

2D DD el

The “Gamma” interpretation of the Dirichlet law A(@1+%2a) (used for the third time) allows to

conclude. 0

where fk(zla ) ZZd)
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4 Kalikow’s auxiliary walk

We remind here the generalization of Kalikow’s auxiliary walk (see (3)) which was already
presented in (7).

Let U be a connected subset of Z¢, and ¢ €]0,1]. We denote by OU the boundary set of U, i.e.
oU :={z€7¢\UIxclU,lz—x| =1}

For all z € U and 2’ € U U 9U, and for all environment w, we introduce the Green function of
the random walk under the environment w killed at rate § and at the boundary of U:

Gs(z,2) E“’(Zé Iy, = Z)

where Ty = inf{k, X}, € Z¢\ U}.

In the sequel, we will drop the subscript § when 6 = 1, and we will write G;(z, 2') instead of
G2, 7).

We introduce now the generalized Kalikow’s transition probabilities (originally, Kalikow’s tran-
sition probabilities were introduced in the case § = 1):

E#[G%J]ﬁ(z()a Z)CU(Z, z+ el)]
E,LL [GL[L},J(ZO7 Z)]
In order to give bounds for these transition probabilities, we will be led to apply the integration

by part formula of the previous section to the functions GU s(,y), viewed as functions of the
environment w

@U,é,zo (Z, Z+ e,-) =

For this purpose, we need the following lemma which gives the expression of the derivatives of
these functions. Before stating this lemma, we introduce the transition matrix Qy defined by
Qu(z,y) =w(z,y) if x € U , and Qu(z,y) = 0 if x € OU. Obviously,

s, y) = (I = 090) (z,y) = > 6" (W),

n>0

When 0 < 1, we notice that the two last expressions of Gy 5(x,y) make it possible to extend
its definition to more general w’s for which €y is not necéssarﬂy stochastic (at least in the
neighbourhood of a stochastic matrix). The following lemma is concerned with the partial
derivative of this extension of Gy 5(z, ).

Lemma 2. For all connected subset U of Z¢, for all x1,x2,04 € U, 13 € UUOU, |x3 — 22| = 1,
and for all § €]0,1],
0G5 w1, 24)

Iw(z2,23))

Remark: When z3 € 9U, the right-hand term vanishes since G{ 5(z3,24) = 0.

= 0G5(w1, 22) Gy 5(23, T4)

Proof: This is a direct consequence of

n
GU6 x1,$4 25 QU x1x4)
n>0

808



and

o(Qw)7,

(w1,24) k
T = Q Q)72
O(w(x2,x3)) k1+g—:n_1( 0) (o020 ) ()

so that, taking the derivatives term by term in the sum defining G¢ ;(z1,24), we obtain the
result. O
We turn now to the estimation of the transition probabilities:

Proposition 2. For all connected subset U of 72, for all z9,z € U, for all 6 €]0,1[ and all
i=1,..2d,

a; — 1 (67}
FO ar) > 1, then ——pr———— < Guga(z, 2 +e) < —gg
Srdyop) — 1 Ly ap) — 1
2d
-1
if (Y o) <1, then 0<@ys.(z2+e)< ——
; ’ (Zk 10%)

Proof: For the clarity of notations we give the proof for ¢ = 1.

Lemma 2 yields
Gy (20, 2)

m = (SGU,(;(ZO, Z)GU75(Z + €4, Z).

We now apply Lemma 1 with f = G‘l‘}, s5(20, 2), viewed as a function of the only variables z; :=
w(z,z+¢;) for i =1,...,2d, and we get
a1+ ... + Qog

ELlGP 5(20,2)] = a—lE“[ U,5(20, 2)w(z, 2 + e1)]

2d

1

+07E“ w(z,z + e1).Gp 5(20, 2) <5Zw(z, z+e)Gprs(z +ep, z) — 0Gy 5(2 + ex, z))] (1)
1 k=1

We recall that
2d

5Zw(2, z+ep)Gs(z +ep,2) = Gps(z,2) — 1
k=1

so that the second term in the right side of (1) writes

1
a—lE L w(z, 2+ €1).GE (20, 2) (G 5(2,2) =1 = 0GE 5(2 + €1, 2)) |

so that we get

o1+ ... + Qog

BulGtgz0. )] = T (G (20, (e 2+ )]

1
+071E“ [w(z, 2z + e1).Gy 5(20, 2) (Gﬁ(g(z, z) =1 =6Gys(2 + e, z))]

Euw(z, 2 + e1)GY 5 (20, 2)]
Ep, [GL(L}’(;(Z(M 2)] 7

and for the ratio wy ., (2,2 +e1) =

N aq
GUssg (22 +E1) = — b
i o) — 1
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1 E, [w(z, z +e1).Gg (20, 2) (G‘(j,(;(z, z) = 0Gy 5(2 + ex, z))}

+ p)
2 )1 EplG (20, 2)] @)
But,
2d
Zw(z, 2+ er) (G (2, 2) — 0GE 5(2 + ey, 2)) = 1
k=1

and therefore, for all £ =1, ..., 2d,

1

0<GY — 0GY, <
< Gys(z,2) Us(2 + ek, 2) (27 +en)

These inequalities allow to bound the ratio in the second term of the right side of (2), between
0 and 1, and this finishes the proof. O

5 Proof of Theorem 1

We gather now all the ingredients of the proof of Theorem 1. We want to apply Sznitman and
Zerner’s law of large numbers (12). From a careful reading of the proof of this law of large
numbers, we can see that the only conditions that need to be fullfilled, are the integrability of
the Green function G{;(z, z) for all bounded U, and Kalikow’s condition.

The integrability of the Green function is proved in the following lemma:

Lemma 3. If there exists i € {1,...,2d}, such that a;; > 1, then for all connected subset U of
Z4 and all z € U, E,[G%(2, 2)] is finite.

Proof: For the clarity of notations, we suppose that a; > 1.
Define now by N the least integer such that z + Ne; belongs to OU.

We have the following lower bound for the probability P(w,z,U) to reach OU from z without

returning to zp :
N-1

P(w,z,U) > H w(z + ker,z+ (k+ 1)ep).
k=0
The number of returns to z before hitting OU, being a geometric variable whose parameter is

recisely P(w, z,U), its expectation G%(z, z) is equal to ————.
p y ( [} )a p U(7 ) q P(W,Z,U)

We are now led to examine the integrability of E, [(Hiv:_ol w(z + ker,z+ (kE+ 1)61)> ] which
is equal to (ngd x—lld)\&)N which is finite since a7 > 1. O
We now have to check Kalikow’s condition.

We notice first that, under the assumption of Theorem 1, Lemma 3 applies and Kalikow’s
auxiliary walk is well defined. Then, the monotone convergence theorem allows to make §
converge to 1 in the inequalities of Proposition 2.
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We then deduce that the drift of Kalikow’s walk belongs to

1
—2d _ N\ 4 H[aei = Qe — L, Qe; — Qg; + 1]
(Zk 1 0%) i=1
which does not contain 0, under the assumption of Theorem 1. This proves Kalikow’s transience
condition.

In order to estimate the asymptotic velocity of the process, we apply directly Proposition 3.2 of
(7) which makes the link between v and the drift of Kalikow’s walk.

Remark: in Lemma 3, we only got a sufficient condition for the integrability of the Green
function to hold. A better result about this question would not have ameliorated the statement
of Theorem 1 as far as our check of Kalikow’s condition requires a stronger assumption.

6 Proof of Theorem 2

Theorem 2 of section 2 is actually a consequence of a more precise result, where the “O” in the
expansion is replaced by an explicit upper bound.

Let us fix some notations: we set

and o “

m; = Me, = ;Z = B (w(e)).
When 7 is large, the environment (w(z,e;)) tends to concentrate around its mean (m;), what
can be seen from the expression of the correlations

if i # j

1 ) 1

Covy (o, + (s + ) = | SR
— 71 M=,

The mean environment (1m;) defines the transition probabilities of an homogeneous walk on Z¢,

and we define .

km =2 Z VMe,M_¢,,
=1

so that
d

1- Z(\/Tﬁ Vm_@i)27

=1
measures the non-symmetry of the walk. When k,,, < 1, this walk is ballistic with asymptotic

velocity
2d
A =Y mie;,
i=1

and we denote by G™(+, ) its Green function. Let us define

Me,;
max; , /
e,

==
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Proposition 3. Assume we are in the condition of application of Theorem 1, and that

2d
—Tim < 17
~y

then we have the following estimate

don(1 — ——(G™(0,0) 1))‘<16<d>2 o
v—dmp(l — —— ,0) — < - —
v—1 v) 1- %y,

Proof: Considering the domain U = Z¢, a killing parameter § < 1 and zy = 0, we get from
formula (2)

. N my 1 EL[G5(0,2)w(z, 2 + €;) (G (2,2) — 0G5 (2 + €4, 2))]
Sl Ete) =mit T B, (Gs(0,2)] |

In the sequel, we will sometimes forget the superscript w in G¥, when there will be no ambiguity.

Let us introduce a new probability on the environments fi(dw) given by

_ G35 (0, 2)

fi(dw) = mﬂ(d@-
We see that
E,[G5(0, 2)w(z, 2z + €;)(Gs(z, 2) — 0Gs(z + €4, 2))]

E“[G(;(O, z)} = Eﬁ[(G(;(Z, Z) - (5G5(z + e, z))w(% 2+ ez)]

We proceed as in (7), and apply Kalikow’s formula (cf. the generalized version in (7), Proposition
3.1) to the measure fi.

It means that we have
Ei[GY (2, 2)w(z, 2 + €)] = GS (2, 2)@% (2, 2 + e1),

where @* is the auxiliary transition probability given by

O*(y,y +ej) =

Similarly,

EalG3 (2 + ei, 2)w(z, 2+ €)] = G5 (2 + €4, 2)57 T (2,2 + €3),
where @*T¢ is the auxiliary transition probability given by

EulG¥ (2 + ei, y)w(y, y + €;)]

Gy, y +ej) =

Step 1: We want to estimate the transition probabilities ©* and @*T¢.
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Lemma 2 yields

( 0 B 0
ow(y,y +er) Ow(y,y+e))

)G (-, 2) = 0G5 (-, y) (G5 (y + ex, 2) — G5 (y + €5, 2)),

moreover
2d

YWy +en) G5y, 2) = 5G3 (y +ex, 2)) = Ly—.
k=1

Using the integration by part formula given in Lemma 1, we get

me, E,[G5(0,2)Gs(2,y)] = Eu[Gs(0,2)Gs(z, y)w(y,y + €;)]

J%E“ [G5(0,y) (Gs(y, 2) — 0Gs(y + €5, 2) — 1y—z) Gs(z,y)w(y, y + €;)]

+,1YEM [G(;(O, Z)G(S(Za y) (G5<y7 y) - 5G5(y + €5, y) - 1) w(y, Y+ ej)]

But we have
0 <w(y,y+e;)(Gs(y,y) —0Gs(y+ej,y) <1, (3)

and if y # 2
G50, y)w(y, y +€;)(Gs(y, 2) — 6G5(y + €5, 2))| < (2d = 1)G5(0,2).  (4)
Indeed, for all k =1,---,2d, we have
GS(y +en,2) 2 By, [67]G3 (y, 2),

where T}, is the hitting time of y (equal to infinity if the random walk never hits ).

Since 1
= Gw ) )
=5yl + e By 0] 8 WY
we get
G5 (y, =)
w(y,y + ex)(G%(y, 2) — 6G% (y + e, 2)) < =2 )
(y,y k) (G5 (Y, 2) 5 (y k> 2)) Gg’(y,y)
But, we also have
2d
Y w(yy+er) (G5 (y, 2) — 0G5 (y + ex, 2)) =0, ify # 2,
k=1
so that we have
G§(y,2)

w(y, y + ;) (G (y, 2) — 6GS (y + e, 2))] < (2d — 1)G‘g’(y )’

which immediately implies the estimate (4).
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The inequalities (3) and (4) imply that
2d
[me, BulGo(0.2)Gi(.9)] = B [Ga(0, )iyl + €1)]] < S, [G(0,2)Ca(z.0)]
This gives the following estimate for w*
- 2d

|m6]’ - wz(y’y + ej)| < 7
The same procedure gives the same estimate for &,
Hence, we see that

BalG3 (2, 2)w(z, 2 + €)] = GO (2, 2)(my + Am(z, 2 + €2)),

where Am(z, z + e;) is a correction to the homogeneous transition probability (m;) uniformly
bounded by

|Am| < —.
v
The same reasoning holds for
EaG (2 + ei, 2)w(z, 2 + ;)] = GPTE™(2 + €5, 2) (m; + Am(z, 2 + ¢;)),

even if the correction term Am is not the same.
Step 2: We compare now the Green function Gg"JrAm with G§'.

This is done in (7), but we reproduce the main lines of the proof, since we want to obtain explicit
bounds. We first introduce the symmetrizing function

The Green function GY' is transformed into
G = MGy, Mgm, (5)

where My is the operator of multiplication by ¢, and G, is the Green function of the symmetric
random walk with transition probability

V Me; M—e; .
= 5 , 1=1,...,d,
2Zk:1 \/mekmfek

Se; = S—e;

with killing rates dk,,, where

2d
k= 2 Z Ve, M—e,. -
k=1

We refer to Step 2 of the proof of Lemma 4.3 in (7) for precisions about this fact.
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Hence, we see that

1
S
<
ZGékm(Ovy) =1 _5km,
Yy
which means that 1
G3 < —
[Gtnlloo < T

We also have
GIHam G =GP (I — (I - 5AP,GT) Y,
where AP, is the matrix (APy,)zate; = Am(z,z + ;) (and null anywhere else).

(Indeed, this is an application of the perturbation formula
(I-6(A+B) ' =T —-86A)" (I -6B(I—-s4)""!

where A(z,x 4+ ¢;) = m; and B = AP,,.)
Thus, we get

-1
GyrEAm - G = SM Gy, Mym APR MGy (1= 6Myn AP MGG ) Mg,

but 2d
[Mgm AP Mt |oo < (max 6™ (i) —~

so that we get

2d 1 1

m+Am m m

(GFTa™ — G (@,y) < ¢ (y—w);l_km"ml_;dn ’
v m

and
1 1

1—km1—27d77m.

GFHa™(a,y) < ¢™(y — )

This implies that, for all i € {1, ...,2d},

Ws(z, 2 +e;) —m; + VTil(G?(O,O) — 0GY (e;,0) — 1)’
_ ! ( 2d , 1 2d 1 )
= — m T 2d m ""3d
'Yd 1 27 = hm Y 1- 5 Mm
"Im,
<8— (6)
=°72 2d
v - 777771
(we used here 7, > 1).
The sum
2d -
Z <m,~ — ——(G§(0,0) — 6G§*(ei,0) — 1)) €
- v—1
1=1
1 2d
tends to d,(1 — ﬁ(Gm(0,0) — 1)) when 0 tends to 1. Indeed, the sum ZmiGm(ei,O).ei
i=1

cancels, due to the fact that for each i € {1,...,d} m¢,G™(e;,0) and m_.,G™(—e;,0) are both
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equal to the common value ,/me,m_c,Gj(e;,0) (cf formula (5) which implies that G5 (e;,0) =
¢~ (€i) Gy, (€1, 0)).
The triangular inequality combined with the 2d inequalities (6) gives that, for all z,

1 d\? n2
limsup ||dg;(2) — dm(l — ——(G™(0,0) — 1 §16<> —
n st [di, (2) = dim( 7_1( (0,0) =) Y) T,
where dg;(2) = Ziil ws(z, z4ex)eg is the local drift of the transition probability ws. Proposition
3.2 of (7) allows to conclude. O
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