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Abstract

We introduce a class of iterated processes called a-time Brownian motion for 0 < a < 2.
These are obtained by taking Brownian motion and replacing the time parameter with a
symmetric a-stable process. We prove a Chung-type law of the iterated logarithm (LIL) for
these processes which is a generalization of LIL proved in [14] for iterated Brownian motion.
When a =1 it takes the following form

liminf T72(loglog T) sup |Z;| = 7*\/A1  a.s.
0<t<T

T—oo

where \; is the first eigenvalue for the Cauchy process in the interval [—1, 1]. We also define
the local time L*(x,t) and range R*(t) = [{z : Z(s) = z for some s < t}| for these processes
for 1 < a < 2. We prove that there are universal constants cg,cr € (0,00) such that

lim su 7' (t) =CRr a.5
P (t/loglogt)l/2>loglogt roe
L*(x,t
lim inf > P=€R (. ) =cL a.s.

t—oo" (t/loglogt)l—1/2
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1 Introduction

In recent years, several iterated processes received much research interest from many mathe-
maticians, see [1, 4, 7, 9, 20, 21, 25, 29] and references there in. Inspired by these results, we
introduce a new class of iterated processes called a-time Brownian motion for 0 < o < 2. These
are obtained by taking Brownian motion and replacing the time parameter with a symmetric
a-stable process. For a = 2, this is the iterated Brownian motion of Burdzy [4]. One of the
main differences of these iterated processes and Brownian motion is that they are not Markov
or Gaussian. However, for o = 1,2 these processes have connections with partial differential
operators as described in [1, 22].

To define a-time Brownian motion, let X; be a two-sided Brownian motion on R. That is,
{X;: t>0}and {X_;: t <0} are two independent copies of Brownian motion starting from 0.
Let Y; be a real-valued symmetric a-stable process, 0 < o < 2, starting from 0 and independent
of X¢. Then a-time Brownian motion Z; is defined by

Zy=X(Y;), t>0. (1.1)

It is easy to verify that Z; has stationary increments and is a self-similar process of index 1/2a.
That is, for every k > 0, {Z; : t > 0} and {k~1/2*Z;, : t > 0} have the same finite-dimensional
distributions. We refer to Taqqu [27] for relations of self-similar stable processes to physical
quantities. The a-time Brownian motion is an example of nonstable self-similar processes.

Our aim in this paper is two-fold. Firstly, we will be interested in the path properties of the
process defined in (1.1). Since this process is not Markov or Gaussian, it is of interest to see
how the lack of independence of increments affect the asymptotic behavior. Secondly, we will
define the local time L*(x,t) for this process for 1 < a < 2. We will prove the joint continuity
of the local time and extend LIL of Kesten [16] to these processes. We also obtain an LIL for
the range of these processes.

In the first part of the paper, we will be interested in proving a “liminf” law of the iterated
logarithm of the Chung-type for Z;. The study of this type of LIL’s was initiated by Chung [8]
for Brownian motion W;. He proved that

liminf(T~ ' loglog T)'/? sup |W;| =
T—o0 0<t<T

™
w a.s.

This LIL was extended to several other processes later including symmetric a-stable processes

Y; by Taylor [28] in the following form

lim inf(T" loglog T)Y® sup |Yi| = (Aa)Y® a.s.
T—o0 0<t<T

where ), is the first eigenvalue of the fractional Laplacian (—A)®/? in [—1,1].

One then wonders if a Chung-type LIL holds for the composition of symmetric stable processes.
Although these processes are not Markov or Gaussian, this has been achieved for the composition
of two Brownian motions, the so called iterated Brownian motion, which is the case of a = 2
proved by Hu, Pierre-Loti-Viaud, and Shi in [14]. They showed that

32 3/4
lim inf 7~ *(loglog T)** sup |S}| = <> a.s. (1.2)
T—o0 0<t<T 8
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with S} = X (W;) denoting iterated Brownian motion, where X is a two-sided Brownian motion
and W is another Brownian motion independent of X. This is the definition of iterated Brownian
motion used by Burdzy [4].

Inspired by the above mentioned extensions of the Chung’s LIL we extend the above results to
composition of a Brownian motion and a symmetric a-stable process.

Theorem 1.1. Let o € (0,2] and let Z; be the a-time Brownian motion as defined in (1.1).
Then we have

lim inf 77Y/2%(loglog 7)1 +*)/ (%) sup |Z,| = Dy a.s. (1.3)
T—o0 0<t<T

where Do = C{HO2, Co = (72/8)2/140) (1 4 0)(22Aq) Y/ (1+0) (@) 70/ (),

A Chung-type LIL has also been established for other versions of iterated Brownian motion (see
[7], [17]) as follows:

3/4._3/2
liminf 7~ Y*(loglog T)** sup |S;| = T

.S. 1.4
T—00 0<t<T otija 8 (1.4)

with S, = W (|W;|) denoting another version of iterated Brownian motion, where W and W are
independent real-valued standard Brownian motions, each starting from 0. For a generalization
of this result to a-time Brownian motions we define the process

Zl=X(vi]), t>o0. (1.5)

for Brownian motion X; and symmetric a-stable process Y; independent of X, each starting
from 0, 0 < o < 2. For this process we have

Theorem 1.2. Let a € (0,2] and let Z} be the a-time Brownian motion as defined in (1.5).
Then we have
lim inf 77/2%(loglog T) 17/ 2% sup |z} = D), a.s. (1.6)
T—o0 0<t<T

where Dé — (Cé)(l—l-a)/Za’ Cé — (71.2/8)04/(1—&-04)(1 + a)()\a)l/(1+a)(a)—a/(l—l-a).

We note that the constants appearing in (1.3) and (1.6) are different. The main reason for this
is that the process Z; have three independent processes {X; : ¢t > 0}, {X_;: ¢ <0} and Y,
while the process Z} does not have a contribution from {X_; : ¢ < 0}. The proof of Theorem
1.2 follows the same line of proof of Theorem 1.1, except for the small deviation probability
estimates for Z} we use Theorem 2.4.

The motivation for the study of local times of a-time Brownian motion came from the results of
Csaki, Csorgo, Foldes, and Révész [11] and Shi and Yor [25] about Kesten—type laws of iterated
logarithm for iterated Brownian motion. The study of this type of LIL’s was initiated by Kesten
[16]. Let B be a Brownian motion, L(z,t) its local time at z. Then Kesten showed

L(0,1 L
lim sup _ L0y lim sup Subrep L@, ) =1 as. (1.7)

oo V2tloglogl 1o /2tloglogt

and

L
liminfw =c a.s 0<c<oo. (1.8)

t—oo /t/loglogt
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These types of laws were generalized later to symmetric stable processes of index a € (1,2).
More specifically, Donsker and Varadhan [12] generalized (1.7) and Griffin [13] generalized (1.8)
to symmetric stable processes.

More recently, Kesten—type LIL’s were extended to iterated Brownian motion S. Let Lg(x,t) be
the local time of S; = W1 (|Wa(t)|), with W1 and W5 independent standard real-valued Brownian
motions. (1.7) was extended to the IBM case by Csaki, Csorgd, Foldes, and Révész [11] and
Xiao [29]. This result asserts that there exist (finite) universal constants ¢; > 0 and ¢ > 0 such
that

. Ls(0,1)
< < .S. .
“a= h]tqif)gp t3/4(10g log t)3/4 = G2 s (1.9)

(1.8) was extended to IBM case by Cséki, Csorgo, Foldes, and Révész [11] and Shi and Yor [25].
This result asserts that there exist universal constants c3 > 0 and ¢4 > 0 such that

¢z < liminf t~3/*(loglogt)** sup Lg(z,t) < ¢4 a.s. (1.10)

t—o0 zeR

Inspired by the definition of local time of IBM in [11], we define the local time of a-time Brownian
motion defined in (1.5) as follows:

L(z,t) = /OooLg(u,t)duLl(x,u)
_ /OOO(Lg(u,t)—I—Lg(—u,t))duLl(x,u), (1.11)

where Ly, Lo and Lo denote, respectively, the local times of X, Y and |Y|. A similar definition
can be given for a-time Brownian motion defined in (1.1) using the ideas in [5].

In §3, we will extend (1.10) to a-time Brownian motion. We will also obtain partial results
towards extension of (1.7). However, our results does not imply an extension of LIL in (1.7)
and are far from optimal yet, and leave many problems open. These results will follow from the
study of Lévy classes for the local time of Z and Z!'. We extend (1.10) as follows.

Theorem 1.3. There exists a universal constant cy, € (0,00) such that

L*
lim inf —PeeR (z,1)
t—oo (t/loglogt)t—1/2a

=cy a.s.

A similar result holds also for the local time of the process defined in (1.1). The usual LIL or
Kolmogorov’s LIL for Brownian motion which replaces the time parameter was used essentially
in the results in [11] and [25] to prove Kesten’s LIL for iterated Brownian motion. However,
there does not exist an LIL of this type for symmetric a-stable process which replaces the time
parameter in the definition of a-time Brownian motion. To overcome this difficulty we show in
Lemma 3.1 that the LIL for the range process of symmetric a-stable process suffices to prove
Theorem 1.3.

We also obtain usual LIL for the range of a-time Brownian motion. Then, we use it with a
particular case of occupation times formula to obtain Kesten’s LIL for these processes. This is
also essential in the study of some of Lévy classes of local time of Z1.
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Theorem 1.4. There exists a universal constant cr € (0,00) such that

lim su ' (t) =CR a.s
t—>oop (t/loglogt)l/2aloglogt rose

where R*(t) = [{z : Z'(s) = x for some s < t}|.

A similar result holds also for range of the process defined in (1.1).

Our proofs of Theorems 1.1 and 1.2 in this paper follow the proofs in [14] making necessary
changes at crucial points. In studying the local time of a-time Brownian motion we use the ideas
we learned from Csdki, Csorgd, Foldes, and Révész [11] and Shi and Yor [25] with necessary
changes in the use of usual LIL of the range processes. Our proofs differ from theirs since there
does not exist usual LIL for symmetric a-stable process. To overcome this difficulty we show
that the usual LIL for the range of symmetric a-stable process suffice for our results, see Lemma
3.1. We also adapt the arguments of Griffin [13] to our case to prove the usual LIL for the range
of a-time Brownian motion. Our proofs differs from his in that a-time Brownian motion does
not have independent increments. So we decompose the range of symmetric a-stable process to
get independent increments, see Lemma 3.6. One of the main difficulties arise from the fact that
the inner process Y; is a stable process instead of Brownian motion, which is not continuous.
This makes the arguments more difficult than the previous results on iterared Brownian motion.
The paper is organized as follows. We give the proof of Theorem 1.1 in §2. The local time and
the range of a-time Brownian motion are studied in §3.

2 Chung’s LIL for a-time Brownian motion

We will prove Theorem 1.1 in this section. Section 2.1 is devoted to the preliminary lemmas
about the small deviation probabilities. In section 2.2 we prove the lower bound in Theorem
1.1. Upper bound is proved in section 2.3.

2.1 Preliminaries

In this section we give some definitions and preliminary lemmas which will be used in the proof
of the main result.

A real-valued symmetric stable process Y; with index o € (0, 2] is the process with stationary
independent increments whose transition density

pi(z,y) =p*(t,x —y), (tz,y) € (0,00) x R" x R",

is characterized by the Fourier transform

/ eVt y)dy = exp(—tl¢]*),  t>0,6 R,

The process has right continuous paths, it is rotation and translation invariant.

The following lemma gives the small ball probabilities for the process supy<;<; |Y4|-
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Lemma 2.1 (Mogul’skii, 1974, [19]). Let 0 < o < 2 and let Y; be a symmetric a-stable process.
Then

lim e*log P[ sup |V <e€]=—Aa,
e—0t 0<t<1

where Ay is the first eigenvalue of the fractional Laplacian operator in the interval [—1,1].

This is an equivalent statement of the fact that

1
lim n log P[T > t] = —\q,

t—o00

due to scaling property of supg<;<; |Y3|, where 7 = inf{s: |Y,| > 1} is the first exit time of the
interval [—1, 1]

Let R = supy<;<; Y7 — info<t<1 Y% be the range of Y;. The following is a special case of Theorem
2.1 in [6].

Theorem 2.1 (Mogul’skii, 1974, [19]).

lim e*log P[ R<e]=—2%)\,.

e—0t

We use the following theorem (Kasahara [15, Theorem 3] and Bingham, Goldie and Teugels [3,
p. 254]) to find the asymptotics of the Laplace transform of R below.

Theorem 2.2 (de Bruijn’s Tauberian Theorem). Let X be a positive random variable such that
for some positive By, Bs and p,

—Bq <lim i(I)lf xPlog P[X < z] <limsupz”log P[X < z] < —Bs.
r—

z—0

Then

—(p+ 1)(B)Y P p=P/ P+ < i inf AP/ (PHD Jog Be X

A—00

< limsup AP/ Pt Jog Be X < —(p 4 1)(By) Y/ P+ p=p/ (01

A—00
From de Bruijn’s Tauberian theorem and Theorem 2.1 we have
Lemma 2.2.

lim A~/ (F ) Jog Ble ] = —(1 + a)(2%\a) /1T e/ (e,

A—00

The following theorem gives the small ball deviation probabilities for the process Z; defined in

(1.1).
Theorem 2.3. We have

lim w0 log P sup |Z,] < u] = —(x?/8)/149) 4,
u—0 0<t<1

where Ay = (1 + a)(20‘)\a)1/(1+0‘)a—04/(1+04),
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Proof. Let X; be a Brownian motion. From a well-known formula (see Chung [8]):

4 X (—1)k (2k — 1)%7?
P X < == A _
[02221‘ d<ul = 2k-1 eXp[ 8u? ’
we get that, for all u > 0,
2 2 4 72
— ——= | <P X < < = —— . 2.1
Wexp< 8U2)_ %221' t|_U}_7TeXp< 8U2) (21)
Let Z; = X(Y;) be the a-time Brownian motion and let
= Y;, I(t) = inf Y, 2.2
S(t) s Yo, (t) = inf Y, (2:2)

then
Pl SUPp<t<1 1 Z] <u

= P[ sup [Xyf<wu, sup [Xyf<u]
0<t<S(1) 1(1)<t<0

(&%El‘Xt‘—ﬁ ) (é&gl’Xt’f_zm‘Y)
< 16 <_7r2(5’(1)—](1))>.

ﬁE P Su?

= F

(2.3)

This last inequality follows from the second part of (2.1). Similarly the first part of (2.1) gives
us a lower bound, with 4772 instead of 167~2. Now the proof follows from the given inequalities
and Lemma, 2.2 O

The following theorem gives the small ball deviation probabilities for the process Z} defined in
(1.5).
Theorem 2.4. We have

lim w21+ log P[ sup |Z}| <u]= —(x%/8)/(1+) AL
u—0 0<t<1

where AL = (1 + a)(A\g)/(H@)g—a/(+a),

Proof. Let M(t) = supg<s<; |Ys|- The proof follows the same line of the proof of Theorem 2.3,
except at the end we have

P sup |Z/|<u] = P[ sup [X|<u]
0<t<1 0<t<M(1)
E|P X € — |V
= sup <
0<t<1 ' VM(1)
4 72 M (1)
< ZE - 2.4
-7 exp( 8u? >’ (24)

and similarly a lower bound with 2/7 instead of 4/7. Then we use Lemma 2.1 and de Bruijn’s
Tauberian theorem. O
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Lemma 2.3. For all0 <a <b, u>0 we have

Pla< sup |Z] <b] < (b/a—1)>2
0<t<u

Proof. The proof follows from the proof of Lemma 4.1 in [14]. O

The following proposition is the combination of two propositions in [2], which are stated as
Proposition 2 on page 219 and Proposition 4 on page 221.

Proposition 2.1. Let Y; be a symmetric a-stable process. Let

S(t) = sup Y.
0<s<t

Then there exists ki, ko > 0 such that

lim z*P[Y1 > z] = lim z®P[S(1) > z| = ki,

and
lim, t~2P[S(1) < x] = ky.

We will use following versions of Borel-Cantelli lemmas in our proofs.

Lemma 2.4 (Borel-Cantelli Lemma 1). Let Ey, Eo,--- be a sequence of events (sets) for which
>0 PIE,] < co. Then
P[E, i.0] = P[Ny2, U2, E;] =0,

i.e with probability 1 only a finite number of events E,, occur simultaneously.

Since the process Z; does not have independent increments we have to use another version of
the Borel-Cantelli lemma which is due to Spitzer [26].

Lemma 2.5 (Borel-Cantelli Lemma 2, p. 28 in [23]). Let Ey, Ea,--- be a sequence of events
(sets) for which

iP[En} =00 and lhnigfzn:zn:P[EzE]]/<zn:P[Ez]> <c (ec>1).

i=1 j=1

Then
PlNo2, Ure,, Ex] = P[E, i.0] > 1/c.

2.2 Proof of the lower bound

The lower bound is easier as always. We use Theorem 2.3. Let
Co = (72/8)2/F) (1 o) (20N )/ (1F) () —/ (1 He)

be the small deviation probability limit for supy<;<r |Z¢| given in Theorem 2.3. For every fixed
€ > 0, it follows from Theorem 2.3 that, for T sufficiently large, we have

442



P [Tfl/Za(log log T)(1+oz)/2a SUPo</<T |Zt| < (1 _ 6)(1+a)/acc(¥1+a)/2a]

= P [ sup |Z] < (1-— 6)(1+a)/acé1+a)/2a(loglogT)(1+a)/2a]
0<t<1

exp [—(1—¢€)(1— €)72C,C;  loglog T]

IN

1
= exp [— T loglogT] .
Taking a fixed rational number a > 1 and T}, = a* gives that

ZP[Tk_l/m(loglong)(Ha)/Qa sup | Z
=1 0<t<Ty,

< (1 o 6)(1+a)/acél+a)/2a] < +00.
It follows from Borel-Cantelli lemma, by letting ¢ — 0, that

lim inf Tk_l/za(log log Tp)1/2% sup |7, > C(HF0)/2> = D, a.s. (2.5)
k—+o0 0<t<Ty,

Since for every T > 0, there exists k > 0 such that T, < T < Tyy1, we have

Tfl/QQ(IOgIOgT)(lJra)/Qa sup ‘Zt’ ZT,;rll/za(loglong)(Ha)/Qa sup |Zt’

:ail/Qakal/Qa(loglong)(Ha)/Qa sup | Zy,
0<t<Ty

which together with (2.5), yields the lower bound, as the rational number a > 1 can be arbitrarily
close to 1.

2.3 Proof of the upper bound

We follow the steps in the proof of Lemma 4.2 in [14]. Let € > 0 be fixed. For notational
simplicity, we use the following in the sequel

T, = exp(klogk)
ar, = (1+ 36)(1+a)/a0é1+0‘)/2aTk1/2a(log log T},) ~(1+e)/2«

By ={ swp |Z|<a}.
0<t<T},

It follows from Theorem 2.3 that there exists k,(€), depending only on €, such that for every
k > ko(€), we have

P(Br) > exp (—(1 + 3€)Cq (1 + 3¢)2C;, M loglog Tk)

1
= exp < T 3 log log Tk)

> 1/
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which yields existence of positive constants C' = C(e) and N = N(e) such that for every n > N,

> P(By) = Cn2/1+29), (2.6)
k=1

We now establish the following

Lemma 2.6. We have

1&@%%13[&@]/(%13[&]) <1. (2.7)

i=1 j=1
Proof of Lemma 2.6. Let K > 0 be a constant such that
K >1/a(3(1 4+ 2¢)/e — 2),
and let ne = [n/1+29] (with [z] denoting the integer part of x). We set furthermore
Br={(,7): 1<i,j<mn, |i—j| <19}

Ey={(i,j): ne<i,j<n, |i—j|>20}
Since by (2.6),

35 rina) [ (Sorm) < /Sorm) <o)

i=1 j=1 prt
and
n 2 n
Z Z P[BiBj]/<Z P[Bi]> < 38 ZP[Bi] < 380 Ly 26/(1420)
(ivj)EEl i=1 i=1

it suffices to prove that

n 2
nnniiogfz > P[BiBj] / (ZP[BA) <1 (2.8)
=1

('L,])GEQ

Let

S(t) 08;1; s I() ot Yo,

F(x) = P[sup |X¢| <z], Vz>0.
0<t<1

Then for all ¢ < j and all positive numbers p; < p2, q1 < qo,
P[B;B;|S(T;) = p1,5(T}) = p2, I(T3) = q1, I(T}) = qo]
=P[ sup [X¢[<a;, sup [X¢[<a;, sup [X| <aq

—q1<t<p1 p1<t<p2 —q2<t<—q1
=P[ sup |X¢| <ai, sup |X¢| <ay]
0<t<p1 p1<t<p2
XP[ sup |X¢| <ai, sup |X¢| <ajyl.
0<t<q: q1<t<g2
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Notice that for all z > 0 and y > 0,
P[Supoﬁtﬁpl | Xi| <, SUPyp, <t<ps | Xe| <y

< P[sup |X¢| <z]sup P[ sup |X;+u|<y] (2.9)
0<t<p; lul<z  0<t<p2—p1

= P[ sup |Xy| <z|P[ sup |X¢| <y] (2.10)
0<t<p: 0<t<pz2—p1

= F(xpl_l/Q)F(@/(Pz —p1)~ ).

The equation (2.9) is from the Markov property of Wiener processes, and equation (2.10) is due
to a general property of Gaussian measures (see, e.g. Ledoux and Talagrand [18, p.73])

It follows that

P[B)) = E[F(aiS™"(T))F(ai(~1(T:) )],

(o) ()
S(T3) —I(T;)
< F 4 F 4
( S(Tj)—S(ﬂ)> ( I(Ti)—I(Tj)>

Let 7y = {Ys,s <t} and M(t) = supg<s<|Ys|]- Let f(t) = exp(Kt). By noticing that S(7}) —
S(T;) (vesp. I(T;) — I(T})) is bounded below by the positive part of ot (resp. 71) of

P[B;Bj]

o = sup (Y- Yr)—2M(T)
T, <t<T;
(resp. 7= —TiérgTj(Y; —Yr) —2M(T3)), (2.11)

e, suwp (Yi—Yr) —2M(T)* < ( sup (%) +|Vr| - 2M(T)*
TiStSTj TiStSTj

M(Ty) — M(T3)),

IN

we obtain that

E[F(aj(S(T) — S(T1))*)F(a;(1(T3) — 1(T})""/?)| Fr]
E[F(aj(o®)"?)F(a;(r")~/%)| Fr)]

sup  E[F(a;((S(T; — Th) —2)")7'/?) (2.12)
0<z<2M(T;)

X F(a; (I(Ty = Ti) —2))"V/?)]
+ E[F(a;(u*) "2 Fla; ()2,

<
<

= 1{M(T¢)>Ti1/af(log log T3)}
with
j=S(T; — Ty) — 21}/ f(loglog T;) and v = ~I(Tj — T;) — 2T, f(log log T;).
In the inequality (2.12) we use the fact that a-stable process has stationary independent incre-

ments.
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As F is always between 0 and 1, we get that

P[B;B;] < P[M(T)) > T*f(loglogT;)]
+P[Bi|E[F(aj(u™) ™2 F(a;(vT)71/?)]
= P[M(T;) > T;'* f(log log T;)]

F 4
(Wsu) — ) (T; - Tm/a)
xF 4

(Wf(l) —0)(T; - TM)

The identity (2.13) is due to the scaling property of a-stable process, with

+P|[B/E

(2.13)

0 = 2(T; — T) T}/ f(log log T}).

Now by using Proposition 2.1, limg, ..o 2*P[S(1) > z] = k1, we get that, if i > n, = [p/(1+29)]]
then since f(loglogT;) is large

PIM(T;) > T}/ f(loglog T;)] < 2P[S(1) > f(loglog T})]
4k1(f (loglog T;)) ™
4ky (ilog i) K

4k1n_O‘KE/(1+26), (214)

IN A

IN

i.e.

ST ST PIM(T) > T floglog T3] / (Z P[Bz-])

i=nc j=1 i=1

< 4k O 22 (@K +2)e/(14+20)
< 4k C7 207t (2.15)
as K > 1/a(3(1 + 2¢)/e — 2). On the other hand, for j > i+ 20
0(T;/Ti)" /2 < 2(ilog )X /(jU0/2 — 1)V < 20y ~U=D/5 < 9¢,j720/%

which is small for the range of j we consider (if needed we can take j > i + 20 + C'(K), where
C(K) is a constant multiple of K). Since from Proposition 2.1, for = close to 0,

P[S(1) < z] < (1 4 €)kgz®/?,

we have

P[S(1) =0 < (1 (Tj/T3)"/**)S(1)] P[S(1) < 0(T;/T;)"/*]
2ky (0(T;/Ti) M2/
2k2<200j720/5a)a/2

Clj_27

INIA A
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with some universal constant C. This inequality holds for —I(1) instead of S(1) as well, since
symmetric a-stable process is symmetric. Therefore for all (i,j) € Fy, Co being a universal
constant, we have

a; a;

E\F F

VSO =01 =Ty )\ /(=1(1) — 0)+(T; - Ty Ve

<201 *+E _F (M)F ((—IEDG)
(Gyj = (T; ~ TV (1 — (T,/T) "))

S

a;j(1 + Coj~U=D/5e) o ult Cyj—U—0/5e)

ST}/ —1(r;’

(since le/o‘/Gij <1+ Czj—(j—i)/m)

<2017+ P[O<311<PT |Zi] < aj(1+ Caj™?)]
=t>4y

< 201j_2 + P[B]] + P[aj < 0<S)151<pT ’Zt‘ < aj(l + 02]-—2)]
b4y

< 20172 + P[B;] + C2574,

<2015 ?+E |F

where the last inequality follows from Lemma 2.3. Combining this with (2.13), (2.15) and (2.6)
gives that

S Y Pl / (iz:P[Bi])Q

(i,5)€E2

<4k C7%n 7t 14+ (201 4 CF) iP[BZ-] zn:j—Q / <§n: P[Bi]>

=1 i=1
<144k 0727t 4 7220, + 02)(6C) =2/ (1429

which yields (2.8). ]

Since Y po; P[By] = o0, it follows from (2.7) and a well-known version of Borel-Cantelli lemma
(Lemma 2.5 above) that P[limsup,_, ., Bx] = 1 which implies the upper bound in Theorem 1.1.

3 Local time of a-time Brownian motion

In this section we give the definition of the local time of a-time Brownian motion and prove its
joint continuity. In section 3.0.1 we prove a lemma which is crucial in the proofs of the main
theorems. Sections 3.1-3.3 and section 3.5 give a study of the Lévy classes for the local time. In
section 3.4 we prove an LIL for the range of a-time Brownian motion.

Let Lq(x,t) be the local time of Brownian motion, and Ly(z,t) be the local time of symmetric
a-stable process for 1 < av < 2 (see [23] for the properties of the local time of Brownian motion
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and see [13] and references there in for the properties of the local time of symmetric a-stable
processes). Let f, z € R, be a locally integrable real-valued function. Then

/f(Wi(s))ds:/oo F@) L )da, i = 1,2, (3.1)
0 —00

for Wy a standard Brownian motion and W5 a symmetric stable process.

Then we define the local time of the a-time Brownian motion as
OO —
L*(x,t) == / Lo(s,t)dsLy(z,s), z€R, t>0, (3.2)
0

where Lo(z,t) := Lo(z,t) + La(—x,t), x > 0.

We prove next the joint continuity of L*(z,¢) and establish the occupation times formula for Z}.

Proposition 3.1. There exists an almost surely jointly continuous family of “local times”,
{L*(z,t) : t >0, © € R}, such that for all Borel measurable integrable functions, f : R — R

and all t > 0,
t 1 = t s s = ~ x)L*(x T
/0 F(2}(3))ds = /0 FEX(Y()])d / @)L @ ) (3.3)
Proof. By equations (3.1) and (3.2)

/_Z (@)L (2, t)de = /Oo f(x) /OOOLQ(,g?t)dSLl(m’S)dx

—00

- /OOO Lo(s, t)ds /Oo f(@)La(x, s)dx

:/ 2(s,t)d /f

_ / Lo(s,t) f(X(s))ds

=[xy (3.4)

Hence we have the equation (3.3). The joint continuity of L*(x,t) follows from the joint conti-
nuity of the local times of Brownian motion and of symmetric stable process. O

We now give the scaling property of local time of Z1.

Theorem 3.1.
L (it g) 1720 @ / Lo(s, DdoLn (z, )dz = L*(z,1), z € R. (3.5)
0
Corollary 3.1. For each fized t > 0, we have

L50,) /6112 @D px(0, 1), (3.6)
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Proof of Theorem 3.1. The following scaling properties of the Brownian local time and stable
local time are well-known.

1
{Li(z,t); z € R, t >0} @ 1—/2L1(01/2x,ct); z € R, t >0}, (3.7)
c
and 1
{Lo(e,1); @ € Ryt > 0} 2 (o La(eMow, ct); o € R, 1> 0}, (3.8)
c (03

where ¢ > 0 is an arbitrary fixed number. Consequently we have

L(z,t) = /0 " La(s,)daLn (x, 5)

1 o _
11// Lo(cY%s,ct)dsLy(z,s) ¢ >0 fixed
C @ 0

—
S
=

—
S
=

e [T7 08
p- /0 Lo (e, ), ¢ =1/t >0 fixed

—
=

D v [T L DduLa et ), = s/t 6> 0 fixed
0

=

dvee [ Ly D, >0 fixed 2 €R
0

Clearly, the last equation is equivalent to (3.5). O

3.0.1 Preliminaries

In this section we will prove a lemma which is crucial in the proof of the following theorems.
The usual LIL or Kolmogorov’s LIL for Brownian motion which replaces the time parameter
was used essentially in the results in [11] and [25] to prove Kesten’s LIL for iterated Brownian
motion. However, there does not exist an LIL of this type for symmetric a-stable process. To
overcome this difficulty with the use of the following lemma we show below that the LIL for the
range process of symmetric a-stable process suffices to prove Theorem 1.3.

Lemma 3.1. Let A C R be Lebesgue measurable. Let L(x, A) be local time of Brownian motion
over the set A. Then

sup L(z, A) @ sup L(z,|A|) = sup L(z, [0, | A]]),
x€R zeR z€R

d . . . . .
where |.| denotes Lebesgue measure and @ means equality in distribution.

Proof. We use monotone class theorem from [24]. Define

S={ACRy: supL(z,A) @ sup L(z, |A])}.
z€eR zeR

Obviously Ry € S. Let A,B € § and A C B. Since L(z, A) is an additive measure in the set
variable

sup L(z, B) = sup L(x, A) + sup L(z, B\ A),
zeR z€R z€R
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SO

—
=

sup L(z,|Bl) ¢ supL(z, B)
zeR zeR
= supL(z,A)+sup L(z,B\ A).
z€R z€eR

On the other hand,

sup L(z, |B|) = sup L(z, |A]) + sup L(z, (|4, [BY)),
zeR z€R

z€R
hence
(d
sup L(z, [B) 2 sup L(z,|Al) + sup L(x, (4], |B)))
z€R zeR z€eR
@ sup L(xz, A) +sup L(z, B\ A).
TSN z€ER

For 0 < |A| < oo, the moment generating function of sup,cr L(z,|A|) satisfies for some § > 0,
(see [16, Remark p.452] )

0 < MGF(t) = Ele!®Peer L@IAD] < oo for |t| < 6.

Since sup,cgr L(z,|A|) and sup,cgr L(z, (|A],|B])) are independent and similarly sup, g L(z, A)
and sup,cp L(z, B\ A) are independent, considering moment generating functions (in case |A| =
0 or |B\ A| = 0, we do not need generating functions) which is the product of the moment
generating functions, we get that B\ A € S.

Let A, C An+1 be an increasing sequence of sets in S. For A > 0,

Plsup L(z,U;2 1 A,) < A] = Plsup lim L(x, 4,) < A

z€R zeR M
= lim Pfsup L(z, A,) < )]

n=oe zeR

= lim P[sup L(z, |A,|) < ]

= Plsup L(z,| U2, A,]) < Al
z€eR

Hence U2 1A, € S.

Now to complete the proof we show that open intervals are in S. Every interval is in S, since
the increments of Brownian motion are stationary. It is clear that sets of measure zero are also
in §. Hence S contains every Lebesgue measurable set by monotone class theorem.

O]

3.1 On upper-upper classes

For further information on the Lévy classes we refer to Révész [23].

In this section we prove
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Theorem 3.2. There exists a ty = to(w) and a universal constant Cy,, € (0,00) such that for
t >ty we have

L*(0,t) < sup L* (2, 1) < Cyuut' /%2 (loglog t)' /2% q.s. (3.9)
z€R

Proof. By the LIL for the range R(t) = |[{z; Y (s) =2 for some s <t}| given in Griffin [13]

limsup ¢~ /*(loglog t) """V R(t) = ¢; a.s. (3.10)

t—o00

and the Kesten type LIL for Y, established by Donsker and Varadhan [12], for some finite
constant co

limsup ¢t~ 119 (log log t) Y/ sup Lo (,t) = ¢z a.s. (3.11)

t—o00 z€R

o0
supL(et) = sup [ Los,)d.La(e.)
z€R zeR JO

= sup/ Lo(s,t)dsLyi(z,s) a.s
z€R JY[0,t]

= O(t'"V*(loglogt)"/*sup Li(z, R+ NY[0,1]))
x€ER

= O(t'Y*(loglogt)"/*sup L1 (x,|Y[0,4]])) (by Lemma 3.1)
T€R

= Ot~ Y*(loglog t)"/* sup Ly (x, ct'/*(loglog t)'~Y/*)) a.s.
z€R

= O(t'"V?2(loglogt)'t1/2%) a.s. (3.12)

with ¢y big enough, by using the LIL for the range of Y and LIL of Kesten for
supger L2(s,t) from (3.10)-(3.11) respectively, and then applying the Kesten’s LIL once again
to sup,er L1, ct'/*(loglog t)'~1/*) given in [16]. O

3.2 On upper-lower classes

In this section we prove
Theorem 3.3. There exists a universal constant Cy; € (0,00) such that

Plsup L*(2,t) > Cyt' =2 (loglog t)1+)/2a o] = 1. (3.13)
z€eR

Since the loglog powers do not match in equations (3.9) and (3.13), we cannot deduce an LIL
for sup,ep L*(z,t).

Proof. Proof follows from Theorem 1.2 and the observation

t= / L*(z,t)de < R*(t)sup L*(x,t), a.s.
z€S(t) z€R

where R*(t) = [S(t)] = |[{z : Z'(s) = z forsome s < t}| and the fact that R*(t) <
28Upp<s<y Z,]. 0
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3.3 On lower-upper classes

In this section we prove

Theorem 3.4. There ezists a universal constant Cy, € (0,00) such that

P[L*(0,t) < sup L*(z,t) < Cyy( t Y2 o] = 1. (3.14)

zeR loglogt

Proof. We have from Csdki and Foldes [10]: for 0 <a <1

Plsup Ly (z,1) < a] > exp(——~5), (3.15)
z€eR a

for some absolute constant ¢ > 0. A similar result for the local time of Y is given in [13]: there
exists # > 0 and ¢; > 0 such that for ¢ large

P[sgﬁ Lo(z,1) < 0/(loglogt)'~1/] > ¢ glosloet), (3.16)
x
with e™! < g < 1.

Define co = /4c/d with C3 = d + log 71 < 1 and t;, = exp(kP), with p € (1,1/Cjp) for k large.
Consider

T 2C4tll€/a(log log tk)l_l/o‘, ¢y constant in LIL of range of Y,

s c2t1/2a
D, Li(z, ) — Li(z, 85-1)) < : )
& {?elg( 1(33 Sk) 1(% Sk 1)) = 2(log10gtk)1/2“}

def etllﬂ_l/a
B, % Lo(z,t) — Lo(z, t)_1)) <
I CSﬂlelg( 2(3?, k) 2(.%, k 1)) = (loglogtk)l_l/o‘ ’

Fy, d;f DN Ey.
We have by means of (3.15) and (3.16),

C2
P[Dy] > Plsup Ly(z,1) < —— 2
[Di] = [iléﬁ i@ ) < 2(log log t)1/2

0
P|E}] > Plsup La(z, 1) <
[Ey] > [ilelﬁ 2(z,1) < (log log )11/

] > exp(—dloglog t),

] > ¢y plogloste)

Hence o

which implies ), P[F;] = co. Thanks to the independence of the F}s, we can apply the Borel-
Cantelli lemma to conclude that, almost surely there exists infinitely many k’s for which Fj is
realized. On the other hand, by the Kesten LIL, for X and Y for all large k,

1/2c
CQt
sup Ly (z, sp_1) < 2(sp_1loglog sp_1)/? < ——k
Sup 1(z, 85-1) < 2(s—1loglog sy—1) = loglog £,)1/20
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1-1/a

1-1/a 1/a CGtk
sup Lo(z,tp_1) < 2¢5t loglogt;_ < .
sup 2(@,tp-1) < 25ty " (loglogty—1) "/ < (loglog ) 1-1/a
Therefore there exist infinitely many k’s such that
1/2c
QCth
sup Ly (z,s;) < ——— 82—, 3.17
SR P ) = g Tog gy e 47
9 tlfl/a
sup Lo(z, t),) < O+ co)ty (3.18)

zeR (log log ty) 1= 1/e
For those k satisfying (3.17)-(3.18), we have, by the usual LIL for the range of Y given in (3.10),

(0.9]
sup L*(x,t) = sup/ Lo(u, tg)dy Ly (z,u)
zeR z€R JO

= sup/ Lo(u, tg)dy Ly (z,u)
T€R JY[0,tx]

2sup La(y, t) sup L1 (z, Ry NY[0,#])
yeR zeR

IN

_
loglog ty,

IN

1-1/2a
4co(0 + cg) < > (by Lemma 3.1).

3.4 The range

In this section we will prove an LIL for the range R*(t) = |[{x : Z'(s) = x for some s < t}|. The
idea of the proof is to look at the large jumps of the symmetric stable process which replaces the
time parameter in the process Z'(t). To prove LIL for the range of Z! we need several lemmas.
We adapt the arguments of Griffin [13] to our case in the following lemmas.

If Y (¢) is a process and T is some, possibly random, time then Y*(T') = sup{|Y(r)|: 0 <r <T}.
If S < T then (Y(T)—-Y(S))* =sup{|Y(r) =Y (S)|: S <r<T}

Definition 3.1. Ty (a) = inf{s: |Y(s) — Y (s—)| > a}.
We will usually write Ty (a) = T'(a) if it is clear which process we are referring to.

Lemma 3.2 (Griffin [13]). The random variables a='/*Y*(T(a'/*=)) and Y*(T'(1)—) have the
same distribution.

Using the scaling of Brownian motion it is easy to deduce
Lemma 3.3. The random variables
afl/QQX*(Y*(T(al/a_)))

and
X*(Y(T(1)-))

have the same distribution.
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As in Griffin [13], we can decompose Y as the sum of two independent Lévy processes
Y(t) = Yi(t) + Ya(t),
where

Yo = D (Y(s) = Y(s))Y(s) = Y(s—)| > 1}

Vi) = Y(t) - Ya(t).

The Lévy measure of Y7 is given by 1{|z| < 1}|z|~'~®dz and the moment generating function
by
Elexp(aY1(t))] = exp(t(a)),

where .
a dx
v = [ -
Observe that 1(a) — 0 as a — 0.

Lemma 3.4. [Griffin [13]] If a is small enough that 1(a) < 2!, then

N 8a~!
Elexp(aY™(T'(1)-))] < 21— p(a)

We deduce the following from the last lemma.

Lemma 3.5. If a is small enough that 1(a?/2) < 2a~", then

. 32a1
Blexp(aX " (Y (T -] £ 55—y

Proof. The moments of Brownian motion X are given by Elexp(6X (t))] = exp(6%t/2), so
Blexp(a X" (v/(T()-))) = [ [ Blexp(aX* ))i(s)2a” e dlds,
o Jo

where f(s) is the density of Y*(s).
Now P[X*(t) > x] < 2P[|X(t)| > z] for each z > 0 t > 0, hence
Blexp(aX*(1))] < 2B[exp(alX (1)])] < 4E[exp(aX (1))] = exp(a®l/2),

therefore
o a’ —1
Elexp(aX*(Y*(T(1)-)))] < 4/0 E[exp(?Y*(s))]Qafle*QO‘ ds. (3.19)

From Lemma 3.4 we deduce that

- 32071
Blexp(aX* (Y (7)) € 5o s
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Definition 3.2. J(t,v(t)) = #{s <t: |Y(s) = Y(s—)| > ~(t)} where y(t) = (t/loglogt)'/®.

We know from [13] that J(¢,~(t)) has Poisson distribution with parameter 2loglogt/a.

Definition 3.3. Fiz t > 0 and define

T = inf{s: [Y(s) = Y(s-) > (D)}
Thi1 inf{s > Ty : |Y(s) =Y (s—)| >~(t)}
Vo= (X(Y(To)) - X(Y (Te )’
Vi X*((Y(Tk=)) = Y (Ti-1))")
wi (t/loglogt)~ /2y
W, = (t/loglogt)~'/?2V.

Observe that Wy, k =1,2,--- are identically distributed as
X*(YH(T(1)-))

by Lemma 3.3.
Observe also that W,ﬁl, k=1,2,--- are identically distributed as

X (Y (=) = Y (T)))-
Furthermore
X (Y (Te=)| = [Y(T))7) < XH((Y(Te—) = Y(T1))")-

Finally, observe that X*((Y (T2—) — Y (11))*) and X*(Y*(T'(1)—)) are identically distributed by
Lemma 3.3.

Since the paths of Y are not non-decreasing, the processes Wy, k = 1,2,--- are not independent.
To get independent processes we have to decompose the image of Y. So we define

VE o= sup | X (s)]
0<s<supg<r<, — [Y(7)]

Vi = sup |X(s)—X()],
s,le€Ay

where Ay = |Y|[Tk—1,Tk—] N (|Y][0,Tk—1—])¢, k = 2,3,--- Observe that given Y, V;* are
independent for k = 1,2,---, and V;} < 2Vk1. Define

Wy = (t/loglogt)~'/2Vr,

Now let ¢(t) denote the function (/loglogt)/?*loglogt.

Lemma 3.6. If X\ is sufficiently large, then

PV + -+ Vi iy = dp(t)] < (logt) ™2,
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Proof. We have by a lemma in Griffin [13], for 8 sufficiently large

1
(logt)*”

(3.20)

N =

P[J(t,y(t)) > [Bloglogt]] <
Since V7 > 0,

P[‘/i* +o+ Vj(t,’y(t))-H 2 )\(p(t)] P[‘/l* +ot ‘/[Eloglogt] > )\SO(t)]

<
+ P[J(t,y(t)) > [Bloglogt]].

Let &€ = 32a71/(2a™! —4((2a)?/2)) and choosing 3 to satisfy (3.20), we see that by Lemma 3.5
for a sufficiently small and [/t denoting loglogt

PV 4+ Viguy Ap(t)] = PIWY + -+ Wigyy = Allt]
—alllt)E[(E [exp(an*)|Y]
x Elexp(aW3)[Y]-- [eXp(aW[,Bllt])|Y])]

>
< (
[ex
exp(—alllt)E[(E [exp(2aW1)\Y]
[ex
(=

exp

IN

x Elexp(2aW>)[Y] - - - Elexp(2aWguy)) [Y])]

allt)E [(4E[exp(2a2U1)|Y]

x4E[exp(2a°U3)|Y] - - - 4E[exp(2a*Uyguy )| Y])]
exp(—aXllt)(4E[exp(2a%Uy))) A1 (3.21)
exp(1 llt(aX — Blogg))

IN

exp

IN A

IN

2(log t)2’
if A is sufficiently large. Where
Up = (t/loglog ) V(Y (Ti=) = Y (Ti—1))".

In the fourth line inequality we use equation (3.19). In equation (3.21) we use the fact that U s
are i.i.d. with common distribution Y*(7'(1)—) and Lemma 3.4. O

Theorem 3.5. There exits a ty such that for t > ty, and for certain constants C, K € (0, 00)
R*(t) > Ct'/?*(loglogt)~(1+1/29) ¢ g,

and
P[R*(t) > Kt'/?**(loglogt)'~1/2* .0} =1.

Proof. This follows from Theorem 3.2 and

t= / L*(z,t)dx < R*(t)sup L*(x, 1),
2€5(t) z€R

where R*(t) = |S(t)] = |[{z : Z!(s) = x for some s < t}|. The last probability follows similarly
using Theorem 3.4. O
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Proof of Theorem 1./. We will prove only the upper bound in the light of Theorem 3.5. To
prove the upper bound observe that

RE(t) < VI + 4+ Vi) 41
Thus by Lemma 3.6 for A sufficiently large

P[R*(t) 2 Ap(t)] < (logt) 2.

Hence for large n,

P[R*(t) > Ap(t) for some t € [2",2"F1)]
< PIRA(2") 2 hp(2")]
< PRT(2") = (A)p(2"T)]
< Clast )
S 1y
if A is sufficiently large. The result follows from Borel-Cantelli lemma. 0

3.5 On lower-lower classes

In this section we prove

Theorem 3.6. There exists a ty = to(w) and a universal constant Cy € (0,00) such that for
t> 1o

sup L* (z,t) > Cy( )iml2e g s, (3.22)

zeR loglogt

Proof. The proof follows from Theorem 1.4 and the observation

t= / L*(z,t)dx < R*(t)sup L*(z,t),
zeS(t) z€eR

where R*(t) = |S(t)] = [{z : Z!(s) =« for some s < t}|. O
Proof of Theorem 1.3. Theorems 3.4 and 3.6 imply the proof. O
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