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1. INTRODUCTION

The classical Ito stochastic integral with respect to Brownian motion has been generalized in
several directions. One of these directions is to define the stochastic integral in the LP—mean,
1 < p < 2 (see Bichteler [6, 7]). This can be done easily if the integrator is of integrable
p—variation. The works of Dettweiler [19], Giné and Marcus [24], Dang Hung Thang [44] and
Neidhardt [36] have extended this procedure to certain types of Banach spaces in which most
of the probabilistic theorems necessary for defining a stochastic integral are valid.

If the integrator is a Poisson random measure it is quite natural to define the stochastic
integral in LP-mean. In the case of SPDEs, examples can be covered which are not easily treated
using the Hilbert space or M type 2 Banach space theory (see Example 2.2 and Example 2.3).

Let E be a separable Banach space of M type p, 1 < p < 2, with Borel o-algebra £. Let A
be an infinitesimal generator of an analytic semigroup (S¢)s>0 on E. Let Z be a Banach space
and Z be the Borel o—algebra on Z. Let n be a Poisson random measure defined on (Z, Z)
with symmetric Lévy measure v : £ — R™T satisfying certain moment conditions. Assume
that f: E — E, and g : F X Z — E are Lipschitz continuous and measurable functions. We
consider the following SPDE written in the It6-form
0 { du(t) = (Au(t=)+ f(u(t=))) dt+ [, g(ult=); 2)n(dz:db),

u(0) = wup.
Under a mild solution of equation (1) we understand a predictable cadlag process u taking

values in a certain Banach space and satisfying the integral equation

u(t) = Stu0+/()+ Si—sf(u(s—))ds+

t
/ / Si—sg(u(s—);z) n(ds,dz), as., t>0.
0+t JZ

In Theorem 2.1 we find conditions which guarantee existence and uniqueness of the solution
of problem (1).

In contrast to the Wiener process, the Lévy process

/ / (dz;ds), t >,

itself is a.s. discontinuous, however L = {L(t),t > 0} is cadlag.

Parabolic SPDEs driven by the Gaussian white noise were initially introduced and discussed
by Walsh [46, 47], where he also mentioned as an example the cable equation driven by a
Poisson random measure. Kallianpur and Xiong [28, 29] showed existence and uniqueness for
equation (1) in the space of distributions, while Albeverio, Wu and Zhang [1] investigated
equation (1) and showed existence and uniqueness in Hilbert spaces under the L2-integrability
condition of the Poisson random measure under suitable hypothesis. Existence and uniqueness
of SPDEs driven by time and space Poisson random measure were considered by, among
others, Applebaum and Wu [2], Bié [8], Knoche [30], Mueller [34], and Mytnik [35]. Stochastic
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integration in Banach spaces has been discussed e.g. by Brooks and Dinculeanu [9], Dettweiler
[19], Kussmaul [31], Neidhardt [36], Riidiger [42], in which article Banach spaces of M type 1
and M type 2 were considered. SPDEs in M type 2 Banach spaces driven by Wiener noise
have been investigated by Brzezniak [10, 11], Elworthy and Brzezniak [12].

We extend the [t stochastic integral in the LP—mean, 1 < p < 2 to a wide class of Banach
spaces. This allows us to investigate the existence and uniqueness of the solution to (1) a large
class of Banach spaces (see e.g. Example 2.2).

This article is organized as follows: In section two we state our main theorem and some
examples. In section three we recall some results about Poisson random measures, Lévy pro-

cesses, and stochastic integration. We then prove our results in sections four and five.

2. THE MAIN RESULT

There exist many connections between the validity of certain theorems for Banach space
valued processes and the geometric structure of the underlying Banach space. We have omitted
a detailed introduction to this topic as this would exceed the scope of the paper. A short

summary of stochastic integration in Banach spaces is given in Chapter 3.2.

Definition 2.1. (see Pisier [39]) Let 1 < p < 2. A Banach space E is of M type p, iff
there exists a constant C = C(E,p) > 0 such that for any E-valued discrete martingale
(Mo, My, Ms, . ..) with My = 0 the following inequality holds

sup E|M, [P < C > E[M, — M, _1[P.

n>1

= n>1

Remark 2.1. This definition is equivalent to uniform p-smoothability. For literature on this
subject see e.g. Brzezniak [10], Burkholder [13], Dettweiler [18, 19], Pisier [39] and Woyczyriski
[48, 49].

Example 2.1. Let O be a bounded domain in R? and p > 1. Then LP(O) is of M type p A 2
(see e.g. [48, Chapter 2, Example 2.2]).

Definition 2.2. (see Linde [32, Chapter 5.4]) Let E be a separable Banach space and E' be
the topological dual of E. Let € be the Borel-o-algebra of E. A Borel-measure v : £ — RT is
called a Lévy measure if it is o—finite, v({0}) = 0, and the function

E' >aw— exp (/ (ef™a) — 1) u(da:)) eC
E

is a characteristic function of a Radon measure on E. If in addition v(A) = v(—A) for all
A € &, then v is called symmetric Lévy measure. LY™(E) denotes the set of all symmetric

Lévy measures on (E,E).

Moreover, for § € R we denote by Vs the domain of the fractional power of —A (for the

exact definition we refer to Appendix B). Now we can formulate our main result.
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Theorem 2.1. Let1 < p <2 and E and Z be separable Banach spaces, where E is of M type p
and let £ and Z be theirs Borel o—algebras. Let A be an infinitesimal generator of a compact,
analytic semigroup on E. Let (2, F,P) be a probability space with given right-continuous
filtration (Fy)t>0 and n : ZxB(RT) — R be a Poisson random measure with characteristic
measure v € LY"™(Z) over (2, F,P). Let p,q € [1,00) be two constants such that 1 < p < 2
and p < q. Let 0y and §y be two constants and f : E — V_5, and g : E — L(Z,V_s,) two
mappings satisfying the following global Lipschitz conditions

(2) 1f(@) = fW)l-s;, < Cilz—yl, zyek,

! 1
3) | 1912 = gt 2) s vi@z) < Calo—yl,
z,ye B, l=1,...,n,

where C1 and Cy are some constants. Let v > 0 be fized. Then the following holds:

a.) Let ¢ < co. Assume that the constants 67, 64, 6 and v satisfy the following conditions
(i) dgq <1, and ¢ < 1,
((11; (g —17)p <1- %, and 0y —y <1— %,
m) v < 7’
(iv) 6 > max(% + 04,07 — 1+ %, %)
If the initial condition ug satisfies IEZ|u0\q_7 < 00, then there exists a unique mild solution
to Problem (1) such that for any T > 0

T
/ Elu(s)|? ds < oo,  sup Elu(s)]”, < oo
0 0<s<T

and
we L(D([0,T]; Vey)).
b.) Let ¢ < co. Assume that the constants d¢, 04, 0 and ~y satisfy the following conditions
(i) dgp <1, and 6y < 1,
(ii) (dg —17)p <1- é, and 6y —y <1 - %,
(i) 7 < 1,
(iv) 6 > max(% +6g,0f — 14 %, %)
If the initial condition ug satisfies IE]uo\Ii7 < 00, then there exists a unique mild solution
to Problem (1), such that for any T > 0

/T (E|u(s)|p)% ds < oo, sup Elu(s)[”, < oo
0 0<s<T
and
ue L2 D([0,T]; Voy)).
c.) Let g =00 and v =0 and § > max(df,dy). Assume that o,p < 1 and oy < 1. If initial

condition ug satisfies Elug|P < 0o, then there exists a unique mild solution to Problem
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(1), such that for any T >0

sup E|u(s)|P < oo,
0<s<T

and for all § > 0
u e L D([0,T];Voy)))-
Remark 2.2. (see Section 5) Using the same idea as Ikeda and Watanabe [26, Chapter 4] and
the amalgamation procedure of Elworthy [21, Chapter I11.6], one can show the cadlag property

for solutions to equation (1) under the hypothesis of Theorem 2.1, with no integrability condition

on the jumps size. In particular, conditions (4) can be replaced by

/ 9(@:2) — gy W, W(dz) < Cillz—yP), zyeF,
{z€2||2|<1} '

l9(z;s) =9y )l m < Colz—yl, =yek.
where C1 and Co are some generic constants.
Remark 2.3. Let 1 < p < 2. Let E and Z be two separable Banach spaces, E is of M type p.
Let v : B(Z) — RT be a not necessarily symmetric Lévy measure and n : B(E)xB(RT) — R

be a Poisson random measure with characteristic measure v. Let v(t) : B(Z)xB(R*') — RT be

the compensator of n, i.e. the unique predictable random measure such that

U(A X (07 t]) - ’V(Av (O’ t])

is a martingale for each A € B(Z). Let 11 := n — 7 be the compensated Poisson random
measure. Then by small modification (see Remark 3.3 and Remark 3.6) it can be shown, that
the Theorem 2.1 holds also for the following SPDE

{“(“(§§ = (Au(t=) + f(u(t=) dt+ [, glu(t=); 2)ii(dz dt),
u =  UuQ.

Example 2.2. Let 1 < a < 2. Take any p € (a,00) and put E = WH(O), where O a smooth
p
domain in RY. Let v >0 and Z = WE(O) and U = {zx € Z | |z| <1}. Let 0 : OU — R be a

finite measure. Let n : B(E)xB(R') — B(E) a Poisson random measure with characteristic

measure v : B(E) — R given by (see Ezample 3.1)

v(B) = /RJr /aU xB(sz)o(dz) s 17 ds, B e B(E).

Then the formula

t
L, :/ /zn(dz;ds), t>0,
o+t JE

defines an Z-valued, a-stable symmetric process. Moreover, the process

t
L?—/ /zn(dz;ds), t>0,
04+ JU
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is of integrable p—variation (see 3.3). Our interest is the existence and uniqueness of the
solutions (u(t))i>o to the following parabolic equation
du(t,€) = Au(t—, &) dt+ [, (&) ult—,€) n(dz dt),

(4) £e€0,t>0,
First, note that by Examples 3.9 and 3.10 the spaces WYP(0Q), ¥ € R are of M type p. By
multiplier theorems (see e.g. Runst and Sickel [43, Theorem 1, p. 190]) one sees that

2 ulg < C [zl ulws

p

If% <2(1- é) then Theorem 2.1 and Remark 2.2 give existence and uniqueness of the mild
solution of (4) in L°(ID([0,T]; LP(O)).

Example 2.3. Fiz p € (1,2] and d € IN. Let (Q; F,P) be a complete measurable probability
space with usual filtration (Fi)i>0. Let 6 : B(R) — RT be a symmetric Lévy measure such that

Jg 2P 0(dz) < oo and
n: BR?) x B(R) x BRT) —» Rt
be a Poisson random measure over (§; F,P) with characteristic measure v defined by

B(RY) x B(R) 3 (A, B) — v(A, B) = \g(A)0(B) € R,

where \q denotes the Lebeque measure in RY. We consider the following SPDE

du(t,§) = Au(t,§)
(5) + Jra Jp 9(&u(t,€);dC)n(d€, d¢, dt), t > 0, € € RY,
U(O,{) = uO(E)v § € Rdv

and limge_ oo u(t,§) = 0, t > 0. We will show, that if a < % + 1 is satisfied, then for any
T >0 Theorem 2.1 will give existence and uniqueness for Problem (5).

Let E = LP(RY), Z = Bz;d(Rd) be the Besov space (see e.g. Triebel [45, Chapter 2.3.2])
and B := W=rP(RY), where y satisfies v > d — g.

Let U be the unit ball in Z, i.e. U = {x € B | |x| < 1}. By Runst and Sickel [43, p.34,
Remark 3| we have §¢ € Z, where 0¢ denotes the Delta measure at & € R?. Moreover, there
exists a constant ¢ > 0 such that |6¢|z = ¢ for all § € R? and therefore %55 eU.

First, note that if A € B(R?), then A= {0¢ | £ € A} € B(Z). In particular, let us define the

function
R - Z
& — c_lég.
The function f is bounded from R® into Z and is continuous from R® into W, "(RY). The
latter holds, since for some 3 > 0, the dual of Wp_v(Rd) can be continuously embedded in the

Hélder space CP(RY) (see e.g. Triebel [45, Chapter 4.6.1]). Let j be the embedding of Z in
W, "(RY). Then A= j~'o f(A) and therefore A € B(Z).
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Let the measure o : OU — Rt be defined by o(A) := AN(f~1(A)), A € B(U), and )\ denotes

the Lebesgue measure. Now, the characteristic measure v : B(Z) — R is defined by
v(B) :/ / xB(rx)o(dz)d(dr), B e B(Z).
R+ JOU

Let n : B(B)xB(Rt) — RT be the corresponding Poisson random measure. By Linde [32,

¢
Lt:/ /zn(daj,ds), t>0,
0 Jz

is well defined and coincides with the space-time white noise defined above (for definition see

Theorem 6.2.8] the process

e.qg. Bi€ [8]). We are interested in the problem

du(t) = Au(t—)dt+ ) zn(dz,dt),t >0,
(6) { u((O) = ’U,()éE Jz 0 )

which is equivalent to Problem (5). Theorem 2.1 gives existence and uniqueness of the solution
u to Problem (6) such that

w e L@ D((0,T]: W, " (BY))) N C((0, T]; L (€ L (RY))).

In fact, one can show that there exists constant Cy and Cs, such that for all u € LP(R?)

/|z|§1 luz|b,v(dz) / |r|PO(dr) / [u(§)|Pdg < Cylul?, (R9)
and for all u,v € LP(RY)

1 d
/z|§1 |(u — U)Z‘%V(dz) = /0 |r|PO(dr) /R lu(€) — v(&)|PdE < Colu — U|I£p(Rd)~

Therefore, the conditions of Theorem 2.1 are satisfied if

1 d 1
“fa-=) <=,
2( p> P

A short calculation shows, that above is satisfied, if p < % + 1. This is a condition which
coincides with the condition of Bié [8]. In particular, for all 8 > %, the unique solution u to
Problem (6) exists and satisfies (u, ) € D((0,T];R) for all ¢ € Wpﬁ(Rd).

3. POISSON RANDOM MEASURES AND STOCHASTIC INTEGRATION

3.1. Poisson random measures. Let (Q,F, (Ft)c0,7];P) be a filtered probability space.
Let Z be an arbitrary separable Banach space with o—algebra Z. A point process with state
space Z is a sequence of Z x RT-valued random variables (Z;,T;), i = 1,2,... such that for
each ¢, Z; is Fr,-measurable. Given a point process, one usually works with the associated

random measure 7 defined by

DA X [0,8)(w) = 1a(Ziw)), A€Zt>0we.
T;<t
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A point process is called a Poisson point process with characteristic measure v on (Z, Z), iff
for each Borel set A € Z with v(A) < oo and for each t the counting process of the set A, i.e.
the random variable N;(A) = n(A x [0,¢]), has a Poisson distribution with parameter v(A)t,
i.e.

(r(A)t)*

k'
It follows, that the random measure 7 associated to a Poisson point process has independent
increments and that (A x [0,¢]) and n(B x [0,t]) are independent for all A, B € Z, ANB = 0,
and t > 0.

Let Z be a separable Banach space with Borel o algebra Z. Starting with a measure v

(7) P(N:(A) = k) = exp(—tv(A))

on Z, one may ask under what conditions one can construct a Poisson random measure 7
on ZxB(R"), such that v is the characteristic measure of 7. If the measure v is finite and
satisfies #({0}) = 0, then the Poisson random measure 7 : ZxB(R*) — R* exists. Moreover,
one can show, that if v € L¥™(Z) (see Definition 2.2), then the Poisson random measure
n: ZxB(RT) — R exists.

Some useful properties of symmetric Lévy measures are stated in the following remark.

Remark 3.1. (See also Linde [32, Proposition 5.4.5]) Let Z be a separable Banach space with
norm |-|, let Z be the Borel-o algebra on Z and let Z' be the topological dual of Z. Letv € L(Z)

be a Lévy measure. Then the following holds true.

e For each 6 >0, v{|z| >} < occ.
® SUp|4<i fmg |(z,a)? dv(z) < 0o, where {a,x) = a(x), a € Z'.

e Ifo < v, then o is also a Lévy measure.

A typical example of Poisson random measure is provided by an a—stable Poisson random

measure, 0 < a < 2.

Definition 3.1. A probability measure u € P(E) is said to be stable iff for each a,b > 0 there
exists some ¢ > 0 and an element z € E, such that for all independent random variables X

and Y with law p we have
(8) L(aX +bY) = L(cX + 2).

The measure p is called strictly stable if for all a > 0 and b > 0 one can choose z =0 in (8).
Moreover, u is called a—stable iff (8) holds with

c= (ao‘—i—bo‘)é.

Example 3.1. Let E be a separable Banach space and U = {x € E | |z| < 1}. Let o :
B(OU) — R* be an arbitrary finite measure and v : B(E) — R* be defined by

v(B) = /RJr /aU xB(sz)o(dz) s 17 ds, B e B(E).
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Then v : B(E) — R* is a Lévy measure. Let n be the corresponding Poisson random measure.

If E is of type p, p > « (for definition see the next Section), then the process L = (L)i>o0

defined by
t
L= [ [ entasds. t=0
ot JE

is an E-valued, unique, a-stable symmetric Lévy-process. On the other hand it is known from
Linde [32, Theorem 6.2.8] that the Lévy measure of an a-stable random variable is given by its
distribution on AU, i.e. by the measure o : B(OU) — RT.

3.2. M type p Banach spaces: a short account. A stochastic integral is defined with
respect to its integrator. If the integrator is of finite variation, then the integral is defined as a
Stieltjes integral in a pathwise sense. If the integrator is a square integrable martingale, 1t6’s
extension procedure yields to an integral defined on all previsible square integrable processes.
Let Z and FE be two separable Banach spaces with Borel o algebras Z and €. Fix1 < p < 2. Let
n: ZxB(RT) — RT be a Poisson random measure with characteristic measure v € £¥™(Z).

We will define an integral with respect to v, i.e.

(9) / ) [ 1o 2) miazs ),

with h: QxR* — L(Z, F) is a caglad predictable step function, such that fOT [ (s, 2)|P v(dz)ds <
o0o. The question which needs to be answered is under which conditions on the underlying Ba-
nach space E and on the integrator, the stochastic integral in (9) can be extended to the set
of all functions with finite LP-mean. First, we consider the case where h is a deterministic
function, secondly we consider the case, where h is a random function.

Here and hereafter {e,}, . denotes a sequence of {1, —1}-valued random variables such

that
1

Definition 3.2. (Linde [32]) Let E be a Banach space and 0 < p < 2 be fized. Let x = {x;},cn
be a sequence in E. A Banach space E is of type p (R-type p) iff x € l,(E) implies that the

series
oo

Z €T;

i=1
s a.s. convergent in E.
Proposition 3.1. (see Linde [Proposition 3.5.1][32]) The Banach space E is of type p iff for
some (each) r € (0,00) there exists a constant C = C(E,p) > 0 such that for all sequences
T = {Ti},cn, for all sequences {en}, ¢ and all N € N

N

E €T

=1
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Example 3.2. Let (M, M,P) be a probability space. Then LP(M, M,P) is of typep, 1 < p < 2,
see Pisier [39, p.186].

Example 3.3. Let E be of type p, 0 < p < 2. Then E is of type q, 0 < q¢ < p, see Linde [32,
Chapter 3, Theorem 3.5.2].

Example 3.4. Assume E is of type p. Then any closed subspace of E is also of type p (this
follows from Pisier [39, Theorem 4.5] ).

Definition 3.3. (see Dettweiler [19]) Let 1 < p < 2 and let E be a separable Banach space.
An E-valued process X = (X (t))i>0 is said to be of integrable p—variation iff for any T > 0
one can find a constant C(T) such that for any partition 0 =ty < t; < --- <t, =T one has

S E[X (i) - X(8)] < O(T).
=1

Example 3.5. Let E be a Hilbert space and (W (t))i>0 be an E-valued Wiener process with
covariance operator Q. If Q) is of trace class, then the Wiener process (W (t))¢>o is of integrable

2— variation.

Example 3.6. Let E be a Hilbert space and M = (My)i>0 be an E-valued stationary Lévy
process with bounded second moment. Then the Lévy—Khintchine formula implies that M is of

integrable 2—variation.

Example 3.7. Let E be a Hilbert space. Let v € LY™(E) such that [, |z]*v(dz) < oco. Then
one can construct a unique Poisson random measure 1 : B(E)xB([0,T]) — RT such that v is
the characteristic measure of n. Moreover, the process Ly = fOtJr sz n(dz,ds) is of integrable

2-variation.

A Hilbert space is a Banach space of type 2. Let p € (0,2]. In case the underlying Banach
space E is of type p and the Lévy measure is p integrable, the Example 3.7 can be transferred
to F.

Example 3.8. (see Theorem 2.1 in Dettweiler [17], in the proof of the implication of (ii) = (i)
on p. 129 of Proposition 2.3, [19] or Hamedani and Mandrekar [25]) Let E and Z be separable
Banach spaces, E of type p, p € (1,2]. Let v € LY (Z,B(Z)) and h € L(Z, E), such that

/ \h(2)[% v(dz)

Let n be a Poisson random measure on B(Z)xB(R") with characteristic measure v. Then a

Lévy process L = (L(t))i>0 exists such that

/ / n(dz, ds).
0+

Moreover, L is a martingale and is of integrable p—variation.
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Remark 3.2. To be more precise, Dettweiler shows in his paper [17] the following: Let E be
a separable Banach space of type p, p € (1,2] with Borel c—algebra £. Then there exists a
constant C = C(E,p) such that for each Poisson random measure 1 : €xB([0,T]) — R with

characteristic measure v € L¥Y™(E) and each I € B([0,T]) we have

(10) n«:\/ n(z 1) \p<C’/]h 2, v(d2)A(D),

where A denotes the Lebesgue measure. If E is not of type p, then the inequality above does

not hold necessarily.

Remark 3.3. Let E be a Banach spaces of type p, 1 < p < 2. In FExample 3.2 we assumed
that the characteristic measure v is symmetric. If we consider compensated Poisson random
measure, where the characteristic measure is an arbitrary Lévy measure, the inequality (10)
remains valid. In particular, it follows from the proof of Proposition 2.5 in Dettweiler [19]
that there exists a constant C = C(E,p) such that for each Poisson random measure n :

B(E)xB(R") — R* with characteristic measure v : B(E) — R* being a Lévy measure one has

// (n—~)(ds,dz) <C/|h )P v(dz),

where v denotes the compensator of n. Hence, the process

tH// v)(ds,dz), t>0

is also of integrable p—variation.

If h is a deterministic function, ¥ a Banach space of type p and the integrator of integrable
p variation, one can extend the stochastic integral to the class of all h : [0,7] — L(Z, E) such
that fOT [ (s, 2)|P v(dz) ds < oo, see e.g. Pisier [39, Proposition 4.3], Rosinski [41]. If h is
random, then the underlying Banach space has additionally to be UMD.

Definition 3.4. A Banach space is said to be UMD (Unconditional Martingale Differences) if
for each 1 < r < oo there exists a constant C(E,r) < oo, such that for each E-valued martingale

M = (My, My, ...), each {—1,1}—valued sequence (€g, €1, ...) and each positive integer n € IN

n T

E ex (M), — My_1)

k=1

< C(E,r)E|M, — M|y .
E
Remark 3.4. Let 1 <p < 2. If a Banach space E is UMD and of type p then E is of M type
p (see e.g. Brzezniak [11]).

Definition 3.5. (see e.g. Pisier [39, Chapter 6]) Let 1 < p < co. A Banach space E is of M
type p, iff there exists a constant C = C(E;p), such that for each discrete E-valued martingale
M = (My, Ms, ...) one has

supE\M h<C ZE|M — M1 |h.

n>1
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Example 3.9. Let O be a bounded domain. Then the space LP(O) is of M type p A2 (see e.g.
[48, Chapter 2]).

Example 3.10. Let 0 < p < 2. Let E be of M type p and A : E — E an operator with domain
D(A). If A=Y is bounded, then D(A) is isomorphic to E and therefore of M type p (BrzeZniak
(10, p. 10]).

Example 3.11. (Brzezniak [10, Appendix A, Theorem A.4]) Assume E1 and E5 are a Banach
space of M type p, where Fo is continuously and densely embedded in Ei. Then for any
¥ € (0,1) the complex interpolation space [E1, Ely and the real interpolation space (E1, E2)yg
are of M type p.

By means of this inequality one can extend the stochastic integral in p mean (see e.g. Chapter
3.3, or Woyczynski [48, Theorem 2.2], Dettweiler [19)]).

To deal with moments of higher order, stronger inequalities are needed. In fact using the
techniques described in Burkholder [14] one can prove a generalized version of an inequality
of Burkholder type. In particular, let £ be a Banach space of M type p, 1 < p < 2. Then it
can be shown, that there exists a constant C' < oo, such that we have for all discrete E-valued
martingales M = (M, Ma,...) and 1 < r < oo ( see e.g. Assuad [3], Brzezniak [10, Proposition
2.1], Pisier [38, Remark 3.3 on page 346] and [39, Chapter 6])

(11) Esup |[My[j; < CE | > [M, 1 — My},
n>1
n>1
Remark 3.5. An interested reader can consult the following articles: Burkholder [13, 15],
Pisier [38, 39] and Woyczyriski [48, 49] for the connection of Banach spaces of M type p and
their geometric properties. BrzeZniak [10], Dettweiler [19, 20, 17] Neidhardt [36] and Ridiger
[42] for the connection between Banach spaces of M type p and stochastic integration. Linde
[32], and the articles Dettweiler [17, 18], Gine and Arujo [24], Hamedani and Mandrekar [25]

for the connection between Lévy processes and Banach spaces of type p.

3.3. The Stochastic Integral in M type p Banach spaces. In the following let p € (1,2]
be fixed. Let Z be a separable Banach space and E be a M type p Banach space. The Borel
o algebras of Z and F are denoted by Z and &£ respectively.

As mentioned in the introduction the stochastic integral will first be defined on the set of
predictable and simple function. To be precise a process h : [0,T7] — L(Z, E) is said to be

simple predictable if h has a representation

n
(12) h(S,Z) = Z 1(ti_1,ti](s)Hi71(Z)’ sz O) z € Za
i=1
where 0 = tg < --- < t, = T is a partition of [0,7] consisting of stopping times, and

H, € L(Z,FE), i = 0,...,n, are F;,-measurable random variables. The collection of simple
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predictable processes h : [0,T] — L(Z, E) is denoted by S. Let ID := ID([0,T]; E') be the Sko-
rohod space of all adapted cadlag functions h : [0,7] — E, endowed by the Skorohod topology
(see Appendix A).

Let n : ZxB([0,T]) — R be a Poisson random measure with characteristic measure v €

L£9™(Z, Z). The stochastic integral with respect to 7 is a linear operator I : S — ID defined
by

I(h)(t) = /O . /Z h(s, 2)n(dz, ds) =
(13) g;/zﬂi—l(zm(dz X (ticy At ti At]), >0,

where h € S has the representation (12).

The next step is to extend the stochastic integral to the set IL,(v), where
L,(v) = {h :Q xRT — L(Z,F), his a predictable

t
caglad process such that / / E |h(w,s, 2)|P v(dz) ds < oo}
0Jz

equipped with norm

t
‘Uﬁp(y) 1:/ /E\h(w,s,z)]p v(dz).
0Jz

Since IL,(v) is separable, by standard arguments, one can show, that S N IL,(v) is dense in

IL,(v). Let D, the Skorohod space equipped with the following norm

lul, :==E sup |u(t)]?, ue D,.
P 0<t<T

Note, the Skorohod space ID(]0,T]; E) topologized with uniform convergence is a complete
metric space, but not separable. Analysing the proof of completeness of LP spaces over an
arbitrary measurable set, one can see that the space ID, is a complete normed space. By
means of the following proposition, it can be shown that the stochastic integral defined in (13)
is a continuous operator from S N1IL,(v) into D, (see e.g. Woyczyniski [48, Theorem 2.2] or
Dettweiler [19]).

Proposition 3.2. Let 1 < p < 2. Assume Z and E are separable Banach spaces, E is of M
type p. Let Z and & be the Borel o—algebras. Then there exists some constant C' = C(p, E) <
oo such that for all Poisson random measures n on ZxB([0,T]) with characteristic measure
v € LY™(Z) and all functions h : Q2 x [0, T] — L(Z, E) belonging to S with representation (12)
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we have
t T
E sup / / h(o,z) n(dz;do)| <
0<t<T |Jot
CE(//\hsz dzds))p, 0<r<oo,
and
t T
(14) E sup / / h(o,z) n(dz;do)| <
0<t<T |Jot+ JZ

B3

C </OT/ZE|h(s,z)|p v(dz) ds> , 0<r<p.

Proof. Let h = {h(s,2),0 < s <T,z¢€ Z} be asimple, predictable process written in the form
of (12). Now, the stochastic integral is defined by the Riemann integral (see (13))

t
/ / h(s,z)n(dz,ds) Z/ H;_1(2)n(dz x (ti—1 ANt ,t; At]).
0+ J2z

First, let us fix r < p. The sequence { [, Hi—1(2)n(dz; (ti—1 A t,t; A )}, is a sequence of
martingale differences. Since v is symmetric and H;_; is F;, ,—measurable and linear for
i =0,...n, it follows that

E/ Hi_1(z)n(dz; (i1 Aty t At]) = 0.
Z

Remark 3.2 implies

p

(15)

i—1( z; (tic1 Nt ti A t])

C(tiAt—ti_lAt)/ZIE\HZ-_l(z)\p v(dz).

Thus, we can apply the generalized Burkholder inequality (11) to get

r

<

E sup /Hzl ( 1/\tt/\t])

1<j<n |52

SA b

P

i_l(z)n(dz; (ti—l Nt t; N t])

Moreover, the process defined by

tHZ/Hll z (tici At At]), 0<t<T,
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is a martingale. In fact the integrability conditions are given by (15). Further,let 0 < s <t < T
and let j € {1,...,n} be this index for which ¢; < s < t;;; holds. Then

Z/Hu st At AE) | T
- E ZHil/zn(dZ;(tz 1,4]) | Fs

E Z/H 12n(dz; (tim1 Nt t A t]) | Fs

z 7+1

Since for k < j the random variable Hy is JF;,-measurable, H; is linear and 7 is independently

scattered, we get

Z/H,l (ZlAttAt])]fS]:
J
;Hil/zzn(dz; (ti—1, ])—i—HIE[/Zzn(dz; (tj,58]) | Fs

+H;E [/ zn(dz; (s, tjp1 A t]) | fs} +
A

Z/zndz (ti Nt ti AN t]) | Fs

i=j+2

Since n(dz; (ti—1 A s,t; A s]) is Fs-measurable one obtains

Z/HZ1 (HAHM]HE]:

j+1

ZHl 1/277 (dz; (ti1 A s,ti A s]) +

/szn(dz; (s,tjr1 At]) + Z /zn (dz; (t; V s, t; A]) | Fs
Z

i=j+2

But v is symmetric. Thus it follows

[Z/Hll (,lAttAt])\fS]—
; H;,_1 /Z zn(dz; (ti—1 A s, ti A s]),
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and we can apply the Doob’s maximal inequality for martingales to get

z:/jzl 2 (timt At A )

T

E sup <

0<t<T

T3

p

i,l(z)n(dz; (tifl Nt t; N t])

r

The Jensen inequality yields
E sup

0<t<T Z/HZ ! (Z 1/\tt /\t])
(16) < C (ZE

The tower property of the conditional expectation leads to

<

zl ( 1Att/\t])

r
p)p

£ o [S° [ st s v | <
(17) = C(i;E[ [ i—1( z; (ti- 1/\tt/\t])p|]-'ti1”>;-

The random variable H;_ is F;, ,-measurable. Therefore by Remark 3.2 we have

l/

(18) /Z Hy 3 ()P o(d2) (i At — i1 AD).

p

i—1( 2 (tic1 ALt A T))

’ Fti—l:l =

r

Inserting (18) in equation (17) yields
E sup

E:/}Ll 2 (tic1 Aty t At])
0<t<T

- (2l )
(19) < C (Z; /Z (ti—ti—1) E /Z Hi_l(z)py(dz)> ,

which can be written as
t -
</ / E |h(s, 2)|P v(dz) ds>
0o Jz

In case of r > p, we can only apply the martingale inequality (11) and have to stop before
equation (16). O

n(dz x (ti_y At t; At])




1512 ERIKA HAUSENBLAS

By means of Proposition 3.2 the stochastic integral is a continuous operator from SNIL,(v)
into ID,. The next point is to reassure, that SN 1IL,(v) is dense in IL,(v). But in fact IL,(v)
equipped with the predictable o algebra

P:=0c(h:[0,T) x Z — E,his (F;)-adapted, and cadlag)

is a measurable separable metric space and by a modification of the Proof of Proposition 1.4.7,
Da Prato and Zabczyk [16] one can show that SNIL,(v) is dense in IL,(v). Since D), is complete,
there exists a bounded linear operator I : IL,(v) — ID,,, which is an extension of the operator
introduced in (13). In the next Proposition we will show, that the inequalities in Proposition
3.2 are preserved.

Proposition 3.3. (see e.g. Dettweiler [19, Theorem 3.1]) Let 1 < p < 2. Assume Z and E
are a separable Banach spaces, E is of M type p. Let Z and £ be the Borel o—algebras. Then
there exists some constant C = C(p, E) < oo such that for all Poisson random measures n on
Z x B(RT) with characteristic measure v € L¥Y™(Z) and all functions h : Q@ x Rt x Z — F
belonging to IL,(v) we have

E sup / /h(a, z) n(dz;do)| <
0<s<t |JO+
(//|hsz dzds))p, 0<r<oo,
and
t r
(20) E sup / /h(a, z) n(dz;do)| <
o<s<t |Jo+ Jz

C (/Ot/ZE\h(s,z)V’ V(dz)ds>£, 0<r<np.

Proof. To show that SN1IL,(v) is dense in ILP(v), one can modify the Proof of Proposition 1.4.7
of Da Prato and Zabczyk [16]. Thus there exists a sequence {h7(s,2) | 7 € IN} in SN ILP(v),
such that

T
/ /]E’hj(s,z)—h(s,z)‘p v(dz)ds — 0 as j — oo,
0+JZ7

where the step functions A’ can be written as a sum of the following type

Zl(t jS Z.j_(z), s>0,z€ 7
i— 1’
where 0 = t{ < e < tfl ; = T is a sequence of partitions of [0,7], such that the maximal

diameter |77] := max{t! —t/_,} tends to zero as j — oo and H/ : Z — E, i = 0,...,n are

F.;-measurable random variables. The stochastic integral for h’ defined in (13) is given by

t’i
/ / h (s, z)n(dz,ds) Z/ HZJ L(2)n(dz x (E_y At AT).
ot JZ
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Proposition 3.2 yields

t r t ‘ $
E sup R (s,z)n(dz;ds)| <C </ /E\hj(s,z)\p v(dz) ds) .
0<t<T | Jo+ 0 Jz
Since
b " t : v
E sup W (s,z)n(dz;ds)| < C </ /E|h](s,z)|p v(dz) ds)
0<t<T | Jo+ 0 Jz
¢ v
< c </ /E|h(s,z)|p u(d2) ds)
0 Jz

it follows by the Lebesgue’s dominated convergence theorem, that for all t > 0

t t
/ B (s, z)n(dz; ds) — / h(s,z)n(dz;ds) as j — oo
0 0+

N
e (/Ot/ZE\h(s,zﬂp V(d2) ds)g.

The inequalities of Proposition (3.3) can be extended to higher order moments.

and

E sup
0<t<T

/ h(s,z)n(dz;ds)
0

_l’_

Corollary 3.1. Let 1 <p < 2. Let E and Z be two separable Banach spaces, E be of M type
p. Let Z and £ be the Borel o-algebras on Z and E. Let n be Poisson random measure on Z
with characteristic measure v € L%Y™(Z, Z). Let h € ILy(v). Let ¢ = p™ for some n € IN and
suppose, that

(21) E </0T/Z |h(s, 2)|P v(dz) ds)g < 00,

and

T
(22) /0 /ZIE]h(s,z)\q v(dz)ds < o0

holds. Then there exists some constant C < oo such that

/Oi /Zh(saz)n(dz;ds) q

<
C ,EZ; (/Ot/ZE|h(s,z)|pl u(d2) ds>p

Proof. The proof is a generalization of the proofs of Bass and Cranston [4, Lemma 5.2] or

E sup
0<s<t

Protter and Talay [40, Lemma 4.1]. By Proposition 3.3 and inequality (14) we have

/Oi/zh(nz)n(dz;dr) q < CE</O:/Z\h(s,z)|pn(dz;ds)>g.

E sup
0<s<t
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Let us define

t
X, ::/ / |h(s, 2)|P n(dz;ds), t>0.
0+JZ

The process X, is a real valued semimartingale and by condition (21) of finite variation. More-
over, it only has positive jumps, i.e. it is a subordinator. The associated random measure
7% : B(R) x B(R*) — R* is given by (see Jacod and Shiryaev [27, Proposition 2.1.16])

¥ (w; dt; da) Z L{AX, (0)£0)0(s,AX, (o)) (dz; d1).

Let v* be the compensator of 7%, i.e. the unique predictable random measure on B(R)x B(R™),
such that for all A € B(R) the process f(§+ %X —~vX)(A4,ds) is a local martingale. Let us define

) —/ / )(dz;ds), t>0.

Since (21) holds, L(t)(® is a real-valued martingale, only has positive jumps and is of finite

variation. Note, L§°) has a characteristic function of the following form E exp (ifLEO)) =
exp(¢(§)), where

wle) = [ (5 =1~ i) i ag).

where v : B(R) — R*. The uniqueness of the characteristic function gives for A € B(R)
vX(A)=v{z € E|h(t,z2) € A}.

Since 1 and n* are Poisson random measures and by the uniqueness of the compensator we
infer that

(23) X (dt,ds) = vi¥(ds) x dt.

Since E is of M type p, it follows from Proposition (3.3) for some constant C' < oo

/Oi /Zh(S; z)n(dz; ds) "

t P
< CE (/ / |h(s; 2)|P n(dz;ds))
o+ Jz
Simple calculations leads to

/Oi/ ils; 2)n(dz; ds) : <CE (/Oi / z 77X(dz;ds)>p 7
< </o+/ )(dz; ds) > IR </0+/ X (g ds >p“1>

C (E| ()" 1+E</0+/zut (dz) d ) )
C <E|L(t)(0)!pn1+E</Oi/z\h(s;z)|p u(dz)ds)pn_l).

n—1

E sup
0<s<t

E sup
0<s<t

IN

IN

IA
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In case n = 2, we have

p

ELn© = E

/Oi/Rz (" = %) (dz; ds)

t
= E/ /|z|p X (dz;ds).
0+ JR

By the definition of the compensator, in particular since fot . (nX — X ) (A, ds) is a martingale,

we can continue

t
ElL@Of < E / / 2P 7 (dz; ds)
0+ JR

¢
= IE/ /|z|p viX(dz) ds.
0+ JR

By the discussion above, i.e. relation (23) we have

t
E‘L(t)(o)‘p < IE/ /|Z|P2 v(dz) ds.
0+

Thus, the proposition is proven, provided n = 2. In case n > 2, we have to continue. In

particular, let
t T
L(t)™ 12/ /Zp (=4 (dz;ds)  forr=1,...,n.
0+ JR

Since (21) and (22) holds, L(t)(") is a real-valued martingale, has only positive jumps and is
of finite variation for r = 1,...,n. Moreover, since R is of M type 2, R is also of M type p for
all p € [1,2]. Using inequality (14) we have

pm t . p™
<CE (/ / 2 (nx —7x) (d25d8)>
0 JR
t r+1 pm_1
< CE (/ /zp nX(dz;ds)>
0 JR

E ‘L(t)(r)
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Using simple calculations we get

m

<

t P
CIE(/ / TH WX)(dz;ds)—l—/ /z P X (dz; ds)>
0 Jr
pm—l
([ [ o )
0 JR
t 41 pm71
+C’2E</ /zp ’yX(dz;ds)>
0 JR
m—1 pmt
Cl ]E‘L(t)(T-f—l)‘p +02 (/ / prtl X S)

m—1 pm71
< O E ‘L(t)(”l)‘p + CoE < / ) / Ih(s; 2)[P" y(dz)ds)
0 E

That means we have

E’L

m—1

IN

IN

m

P

IN

E‘L(t)( )

(24) O E ‘L(t)(”l))pml + CoE ( /0 i [E Ih(s; 2)[P" u(dz)ds)p

m—1

Note, since R is of M type p, we have by Proposition (3.3)

t
Bl [ 0F - dzds)
ot JR
t
(25) < CE/ /szHnX(dz;ds).
o+ JR
Note, that R is also of type 1, that means of M type 1. Thus we have
t r+1 x r+1 X
E/ /zp N (dz;ds) < // ds
o+ JrR o+
/ /E|hsz v(dz) ds.
0+

E‘L(t)( ) ’

(26)

IN

Substitution of (26) to (25) gives

E )L(t)@") :

t
< C'E/ /|h(s,z)|pr+2 v(dz)ds
0+t JZ
t 42
C’//E[h(s,zﬂp v(dz)ds.
0 JZ

(27)

IN
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Iteration of the calculation (24) and substitution of (27) leads to

m

<

E ‘L(t)(” .

COE‘L(t)(TH)’ +ZC’E</O+/ Ih(s;2)P " v(d )ds)p

=1

B[ s

k=1

m—i+1

Assumption (22) and interpolation yields

E ‘L(t)(r) 8

< 00.

0

Remark 3.6. By Remark 3.3 it follows, that Proposition 3.3 and Proposition 3.1 remain valid
also if 7 is a compensated Poisson random measure with characteristic measure v such that v

is a Lévy measure on (Z,7).

4. PROOF OF EXISTENCE AND UNIQUENESS OF SOLUTIONS

The proof of existence and uniqueness is based on the Banach fixed point theorem for
contractions (see e.g. Zeidler [50, Theorem 1.A, Chapter 1.1]). We will first prove part (a) and
then secondly sketch the proof of part (b) and (c).

4.1. Proof of Part (a) of Theorem 2.1. We denote by V,,(T) the Banach space of all
V_s-valued predictable processes u defined on the time interval [0, 7] equipped with the norm

(28) llulllgq = [/OTEU(S)IQ dS} <o, uE V(D).
Forp<r<oocandd €R let

Vs = {(,0 € LO(Q; Vs), such that
(29) ¢ is Fo—measurable and E|p|5 < oo},

equipped with norm

1
T

lellrs == (Elpls)™, @€ Vs,

Let d; and d, be given. We say the constants d¢, dy, 6 and 7 satisfy the assumption

A) iff 649 < 1 and 6f < 1,

B) iff(ég—y)p<1—éand5f—'y<1—5
C) iff0<yg <1
)

(
(
(
(D 1ff5>max(5f—1+15—|— )
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Furthermore, let
Vi (T) := Vo o(T) N L (2 D([0,T); Vo)) .

Since V_s is a Banach space, ID([0,T]; V_s) is a metrizable topological space and the resulting
metric is complete (see e.g. [23, Theorem 5.6, Chapter 3]). Moreover, by Theorem 1.7, Chapter
3 in [23], and since V_g is separable, L° (Q;ID([0, T]; V_s)) is also a complete separable metric
space with respect to the Prohorov metric (for the definition see e.g. [23, Chapter 3.1] or the
Appendix, Chapter A.1). Further, the completion of V;?q(T) with respect to the norm given in
(28) is Vg,4(T). Note, since ID([0, T]; V_s) is not a topological vector space Vq4(T) D VP (T') but
not necessarily V4(T) = VP2 (T). Let Ky, : VP, (T) — VP, (T) be the following transformation

(30) (Cont) = Seot [ Seaftule)ds+

t
/ / Si-sg(u(s—): 2) n(dz; dz)
0+ JZ
= S+ Kiu+Kou, te€[0,T], ueVp (T).

The proof of existence and uniqueness of the solution under the assumptions (A), (B), (C) and

(D) is divided into the following steps:

(1) Firstly we will show that for all ¢ € V, _, the operator K, maps V;?q (T') into Vg?q(T).

Thus, we show that for all p € V, _,
(i) K, maps VP (T) into Vg q(T).
(if) Ky maps VP (T) into L° (Q;D([0, T]; V_s)).

(2) Secondly, we will show that there exists a constant 7" > 0 such that for all ¢ € V, _,
the operator K, has a unique fixed point 2* in V(T and 2* € L°(Q; D([0, T]; V_s).
This will be shown in the following two substeps:

(i) there exists constants 7 > 0 and 0 < k < 1, such that for all ¢ € V,_. the

operator K, : V;?q(T) — V,.4(T) is Lipschitz continuous with respect to the norm
in V, o(T) with Lipschitz constant k.

(ii) For all ¢ € V, _, the sequence {x(”)}neN defined by (™ = K,z D n > 1 and
2O (t) = S;p, is tight in LO(Q;D([0, T]; V_s).

Applying the Banach fixed point theorem (see e.g. Zeidler [50, Theorem 1.A]) for all

¢ € V,_, there exists a unique z* € V, ,(T), such that K, 2* = z* and K,y — 2*

for all y € V,4(T). From (2)-(ii), it follows z* € L°(Q;D([0,T];V_s), in particular

x* € qu(f).

(3) By step (2) there exists a unique fixed point u® € VE (T) for the operator K,,. Using
the same argument as in step (2) on Vg?q(T), there exists a unique fixed point u! €
V,}?q(T) for Koy provided u%(T) € V,_,. The solution, i.e. the fixed point u! :
[0,7] — V_s, can be shifted to the time interval [T',27] by defining a new function
al(t) .= u(t — T), t € [T,2T]. This argument can be repeated a finite number of

times. Since T does not depend on ¢, we can find solutions u®, u', ..., u™, respectively,
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on [0,T),[T,2T),...,[mT,T A (m + 1)T), respectively, provided u~'(iT) € V, _, for

t=1,...,m. Finally, we have to glue together all the solutions.

Claim 4.1. Under Assumptions (A), (B) and (C) and for all ¢ € V, _. the operator K, :
Vq]?q — Voo, 5 bounded and Lipschitz continuous. In particular, there exists some constant
C1,Cy < 00, such that

H|IC<pu| pyoo,—y =

(31) Cr|[ulllgq, + C2 lellp—y, u€ V;?q(T), pEVy o,

u

and there exists a constant C' < oo, such that

(32) Clllu—lllgq, u€Vey(T), ¢€Vp_s.

||\IC¢u - K¢U|||p,ooﬁv <

Proof. Inequality (31) follows from a sequence of calculations:

t
B0, < ElSigl?, +E [ [Siaf(uls-)) dsl2,
0

/0: /Z Si—sg(u(s—); z) n(ds, dz)

The generalized Burkholder inequality implies

p
+E

—y
t P
B, < OBl +E [ 15a/(uls-l, ds)
0+
t
—|—E/ / |St—sg(u(s=); 2)|”., v(dz) ds
o+Jz
t p
< ot 4B ([ 15y vy Gy, 05)

0+

t
p . p
B[] ISl v la(usi o, viaz) ds

t

< out, B ([ - sy, ds) at

L E / / (t — )30 |g(u(s—); )P 5, w(dz) ds.
0+ JZ
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The Lipschitz continuity, the Holder inequality and the Jensen inequality give

t

E|Cyu(t) < CIE\goPZ7 +E (/ (t —s) "0ty lu(s—)| ds)

0+

t
+E / (t — s) 0092 |y (s—)|P ds
0+

t

IA

p
CElpl”., + C tp(1=7 =) (E/ lu(s—)|" d5>
0+

t
| (-t Gp) <IE / u(s—)[ ds>
0+
CONull2, + CElol”,

IN

where r satisfies (64 —v)p < 1— % and 0y —y <1— % Since ¢ satisfies the assumptions above,

inequality (31) follows. Inequality (32) follows from similar calculation:

E K u(t) — Kpo(t)l” <IE/ 1Sy (Flu(s—) — F(o(s—) dsl?
P
E /0 ) /Z Siea (0(uls=:2) = o(0(s-)i2) nldssds)|
< B ([ I Ut = SN, )
+E/ /|st o (9(u(s—); 2) — g(v(s—); 2P, w(dz) ds

p

< E </0+ |St—s|L(v_5f7v,7) |f(u(s—) — f(v(s_)|_5f ds>
+ E/0+ /Z ’St_‘g’]z(V,gg,V,.y) \g(u(s—); z) — g(’U(S—) )’PJ V(dz) ds

< B[ =97 1t - S, ds)p it

+

—HE/O /Z(t—s)(—dgﬂ)p lg(u(s=); 2) — g(v(s=); 2)" 5, v(dz)ds.

_l’_



SPDEs driven by Poisson Random Measure 1521

Again, the Lipschitz continuity, the Holder inequality and the Jensen inequality give

t p
E|K,u(t)]? <E </0+(t —8) 79 Ju(s—) — v(s—)| ds>
t — 5)070P |y (s—) — v(s—)[P ds
4B [ (=907 fuls) — (s d

+

t
< C === <IE/ lu(s—) —v(s—)|" dS)
0

+
t
4 p(1=7=00=7)p) (E/ [u(s—) —v(s—)[" ds)
0+
< ()|HU—U|HM’

where 7 satisfies (dg —v)p < 1— ; and 6y —y <1-— % Since ¢ satisfies the assumptions above,
(32) follows. O

3

Claim 4.2. Assume the conditions (A), (B), (C) and (D) are fulfilled. Then, there exists a
constant C1, Cy, C3 < 0o such that for all ¢ € Vy_ and all u € V1, (T) we have

E | sup [Kpou(t)_s

< C1||8llg,— + Ca [[[ulllp.p + Cs [l|ulllg.q-
0<t<T

Proof. A short calculation shows,

/O t / Si—sg(u(s—); 2)n(dz; ds) / / n(dz; ds)+
/S’t s // n(dz; dr) ds.

=E sup |Sip| s+
0<t<T

Thus, we have

E [ sup |Kou(t)|_s
+IE sup

0<t<T
¢
/Stsf(u(s—)) s // n(dz; ds)
0<t<T -5
+E sup

/St R // n(dz;dr) ds
0<t<T

= I+ II+1I1+1V.

E sup
0<t<T

—0

Since v < §, we have for the first term
I < CE sup |p|_s<Elp|_,
0<t<T

The Minkowski inequality yields for € = — d

1 < ESUP/|St sf(u(s—))|_s ds

0<t<T

< E sup / (t— ) [F(u(s—))|_s_. ds.

o<t<T Jo
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The Lipschitz property of f and the Holder inequality lead to

t
II < E sup /(t—8)6|u(3—)‘5e+5f ds
0<t<T JO

E su CT__e(/u S>
0<t£T | 5= ety

_1_, q
CT'a E(/O u(s=)|"5_crs, ds) :

The Jensen inequality and the fact that 6 > 6y — 1 + % give

1
1 1 q

1—-1_
< CTaJulllgq

IN

IN

The Burkholder inequality gives for the third term

i1 < ([ ] Blatutooyio iz as)’
L )

The Lipschitz property of g gives

1
T P
11 < B( [ o=, )" < el

Let € = 1+ 04 — 6. The Minkowski inequality gives for the fourth term
ds

Si_s / / n(dz; dr) y
// n(dz; dr)

IV < E Sup/
0<t<T

< E sup / (t—s)”
0<t<T

q
q—1

ds.
—d—¢

The Holder inequality gives for ¢’ =

1V <

s ([10-0)" ([

The Jensen and the Burkholder inequality give
1V <
a .
ds>
—o+1—e¢

cr-ra([[|[
< CcT </ //E|g 12| e (dz)drdsf

: ;
n(dz; dr) ds) .
—0+1—e€

n(dz; dr)
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The Lipschitz property yields

1V <

1

T q
o7 </0 Elu(r=)|Ls,145,—c dr ds> < CTulllgq-

Collecting all together gives the assertion. (Il

Proof of step (1)-(i): In this section we will show, that under assumptions (A), (B) and (C)
and for all ¢ € V, _, the operator K, maps VI, (T) into Vg 4(T). Note that for 0 < v < %

T T
liSeelis, = [ Elsielt < [ 1Sl g dtlells

Using Remark B.1 we have

1St G4

IN

T
— q
/0 Ct 0 dt [p|”,

1—qvy q
< CT E |g0|_7.
Furthermore we have

Jinexziivy

IN

E [ OT /0: Si—sf(u(s—)) ds ' dt]

IE/OT (/O: S f (u(s—))] ds)q dt
E/OT (/O: ,5t78|L(V_5f7E) |f(uls=))]_s, ds>q dt

E [ ' ( / :u )7 (s, ds)q dt.

Therefore, by the Young inequality we infer that

IN

IN

IN

(33)

T q T
(34 wwlly, < ([ a-oa) e[ e,

+

Next, the Lipschitz condition of f, i.e. (2), implies that

C T(—=55)q T
Iy, < SB[ jule-)?
(1—5f)q/ 0+
1-8;
cr
< 4 .
(3 < gy Ml
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By Proposition 3.1 we get

q

1K2ulllg,q = dt

- [ 'E 0: [ Si-satuts—yi=) atas. dz)
C /OTIEZ; (IE/O:/ZISt_sg(U(S—);z)]plu(dz) ds)pnl dt

o/jé( / /t—s V=35 g (u(5—); 2)| léy(dz)d>p dt.

By the Lipschitz condition of g, i.e. (4), we infer that

T n t p"
(37) el < © Z(E /0+<ts>—5gp’|u<s>>|l)’ds)
=1

Again, the Young inequality yields

n T pnfl ¢
lKullle, < OZ(/ 0! dt) E / fu(s—)|“ds.
=1 /0 0

Summing up, we have proved that the operator Ky, maps Vg 4(T') into V, (7).
Proof of step (1)-(ii). In order to show K, u belongs to ID([0,00); V_s), we will show, that

the set {K,u} satisfies the Aldou’s condition (see Definition A.2) and the compact containment

/St_sg(u(s—);z) n(ds, dz)
+Jz

q
dt

IN

(36)

IA

-1

condition (see Definition A.3).

Proof that the Aldou’s condition is satisfied: We will show, that {, u} satisfies the
assumptions of Theorem A.1 with 8 = p. In particular, we will show that there exists some
p > 0 such that for all t € [0,7] and all § > 0 we have

E [ u(t +0) = Kpu(®)”., | ft} < 011 rapulll g, +
(38) Co0”|[|1 0K oulll} 00, Vp—yu € V;,)q’ pEVp .

By (31) there exists some C1,Cy < 0o such that

H|1(0,t]lcs0“|”p,oo —y S pulllp,oo,—y < Cu l[|ulllg,q + Co l|dllp,—

Therefore there exists some constant C' < oo such that C (0’) + 05) is an upper bound for the
RHS of (38). Moreover C' (67 + 95) — 0 as § — 0 and the assumptions of Lemma A.1l are
satisfied.
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Proof. To prove inequality (38), we first note that

Kou(t +0) — Kou(t) = (St1o — St) o+
46 t+6
Seeo—af(ulo—)) do+ [ Serp_oglulo—):z) n(dz:do)
0

0+ +
~ [ Siattuio))do = [ Si-agluto=)iz) n(dzsdo)
0+ 0+

t+60
= (Se—1)Stp+ (g —1I) St—of(u(o—)) do
0+
t+60
+ (Se—1) St—og(u(o—); z) n(dz; do)
0+
t+6 i+0
+ Stro—of(u(oc—)) do + Stro—og(u(oc—); z) n(dz; do)
t+ t+
= (Sg—1I)Sip+ (Se — 1) (Kpu) (t +0)
t+6 i+0
+ Stro—o f(u(o—)) do + Stro-o9(u(o—); 2) n(dz; do) .
t+ t+
—F1(8.0) =f2(t.0)

Hence Sy — I = foe AS, dr (see Pazy [37, Theorem 1.2.4-(b)]) and Remark B.1 we have
G
‘(S@ _I)$|—('y+6) S /0 |AST:C|_(A/+§) d?"

0
—146 5
SC/O r |, dr < CO0°z|_,.

Therefore
(39) (S0 = 1) Sl (45 < CO° Sl < CO° Il
and
(10) B[(Sy — 1) (Cow) (t+ O 5y < 0B (C) (¢ + O
Using the same calculations as in (33), (34) and (35) we obtain
4 p
E|fi(t,0)” =CE So—of(u(t +0-)) do <
(v+9) 0
+ —(v+9)

0 p
CE( [ 00700 | ult+ o))y, o)

+ , .
1 q
S C 9p<1_a_(5f_'7_5)) % {/ E |U(t + O.)|q do-} .
0

Note, that
P

0
E|fat,0)F 5 < CE /0+ /Z So-og(u((0—) + £); 2) n 0 6y(dz; do)

I

—(v+9)
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where 1o 0,(w) := n(0; ow), and O, is the usual shift operator defined by O;w(s) := w(t + s).
Following (36) and (37) we get

p

6
E|f2(t,0)” (145 < C gl aPBa=7=9) {/ E |u(t + o)|? da}q :
0

Proof that the compact containment condition is satisfied: We will show A.3 by
Lemma A.1. By Remark B.2 the space V_; is compactly embedded in V_s for all 6 < 8. Let
6 > 0 be chosen accordingly

1 11
dg+—,—).

6> 8 >max(d; — 1+ -,
q q g

Moreover, by Claim 4.2 there exists some constant C7,Cy < oo such that

D
E < Gilllulllgg + Coliellp—, we,

sup Kou(t) i

0<t<T

peV,_,.

-4

By Lemma A.1 the compact containment condition follows.
Proof of step (2)-(i) Next, we will show, that there exists some function C : [0,1] — R™
such that

Kpu — ’C@vl\lg,q <

(41) C(T) |llu—=vl[lgq u,v€Vyy(T), ¢ € V4o,

and C(T) — 0 as T — 0. Thus, we can find a T, such that
c(T) < 1.

In particular, there exists a constant 0 < k£ < 1 such that for all ¢ € V,_, the operator
K, : VP (T) — VP (T) is Lipschitz continuous with constant k.

Proof. Similarly to calculations (33), (34) and (35) the Lipschitz continuity of f, i.e. (2), leads
to

I1K1u = K1olllg, < O, T) llu—wlllT g, u,v € Vay(T),
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where the constant C(q,T’) tends to zero as T'— 0. Next we have

T
1o — Koz 19, :E/ Cou(t) — Kav(®)|? dt
0
T t q
< ¢ [ [ seetotuts-ri) ~ glots-)i2) nidzids)| e
0 0 JZ
T n
< C | EY
0 =1

AN
Q
=
I M

INA

Q

=
[~
S

0+JZ

VAN
Q
=
ling
S—
S

t (t — 5) %P |u(s—) — v(s—)|"'v(dz) ds T
( )

0+ JZ

Again, the Young inequality yields

1Kau = Kavll[g 4

T(1=649)q T
cre / u(s—) — v(s—)|1 ds.
0

< - =
T (L=4yq) +

Summing up we have proved
[[Kou — Kpvlllgq < C(T) [[lu = vllg,q:

where C(T') tends to zero as T' — 0.
O

Proof of step (2)-(ii) Let {u(”)}n>0 be the sequence defined by u(™ := K,u"D n > 1
and u(%)(t) = S(t)p and let u* the fixed point of K,. We have to show, that {u(”)}n>1 is tight
in LO(Q;D([0,T]; V_s)). But first we will show the following.

e Under the assumptions (A) and (C) the set {u(")}n>0 is bounded in V, ,(T). By (2)-(i)

we know, that K, : V, 4(T) — V,4(T) is a strict contraction. Therefore there exists a
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constant 0 < k£ < 1, such that

—1
CTa
sup [[[u™]]]4,4 < % lelle—r
neN

e If the assumptions (A), (B) and (C) are satisfied then it follows from (31) that

IN

sup |[[u™][[,00,-s sup |[[u™)]]p,00,—
n>1 n>1

< SUPM’CwU(nil)H’pm,—W
n>1
< (] sup H|u(n)”|q7q + Ca|l@llp,—~-
n>0

e Since |||u(™ —u*]||44 — 0 asn — oo it follows from (32) that the sequence {K,u(™},>1

converges to Kyu* = u* in Vp o (7)), i.e.

— 0

sup E ‘u(”) (t) — u(t)

’p
0<t<T

-5
as n — oo. Therefore, the Chebyscheff inequality shows, that for any finite set
{t1,...,tx} C [0,T], we have

(u(”)(tl), o ,u(”)(tk)> N (u(tl), o ,u(tk)),

as n — oQ.

By Theorem 3.7.8 of Ethier and Kurtz [23] it remains to show, that the set {u(™,n € IN}
is tight in LO(Q;1D([0,T];V_s)). This implies that u(™ converges in distribution to u* and
u* € LO(Q; (0, T]; Vos)).

Proof that the Aldou’s condition is satisfied: Tracing the calculations in (1)-(ii), we see
that there exists some p > 0 such that for all n € IN

. Uu“‘)(t +0) —uM) | ff”)} <
—(y+9)
0 1Ly + CobP |10 gKpu™ DB, 0<t<T.

But from the consideration before we know

SUP|HU(H)| aq <X
n>1

and

sup ||/ u™ [[]p,00,— < 00
n>1
Thus, there exists some constants C' < oo and p > 0 such that

E Uu(")(t +9) —u® )| | J—}(”)] <cC (0” + 9”‘5) , 0<t<T, nel.
—(v+9)
This proves that the assumptions of Lemma A.1 are satisfied.

Proof that the compact containment condition is satisfied: The embedding V5 — V_;
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is compact for all § < & (see Remark B.2). Moreover, by Claim 4.2 it follows

sup E| supiu(”)(s)\_g < C (H’U(n_l)mg,q+||90Hq,—'y) n e .
n>1  0<s<T

Since the set {u(™ | n € IN} is bounded in V, 4(T), the compact containment condition follows.
Proof of step (3) Let T be so small that C(T) < 1, where C : [0,1] — R" is the constant
from (41). Then for all ¢ € V, _. there exists a unique fixed point u* € V, ,(T) such that
Kou* = u*. Let u® be the fixed point of Ky, in Vy4(T). By (2)-(ii), the fixed point belongs to
Vi, (). 1f

(42) E[u(T)|Z,, < oo,

then Step (2) can be repeated. But, by the following calculation we can show (42):

Elu(T)|?, < C (\S'Tw\q_7

T q
+E (/0 }ST_Sf(uO(s—))‘_V ds) +

n T ) 0\ ) y - p
;E</D+/Z\ST_sg(u (s—);2)[2, (dz,d)> )

The first summand is obviously finite, because ¢ € V, _,. The second summand is finite,

because of (B). In particular

T q
E( / Sz f(u(s=))] ds> <

T —
CE (/0 (T )" [f(u’(s-)| ds>
’ ! UO S— ! S
<1+E/0 [u’(s—)| d>

T — 11 a
C / (T — 5)~0r=a" g
0
In the case of the third summand, we study only the worst case if [ = n. By the Lipschitz

q

IN

IN

< O(T) (L+[l[e°ll1d,) -

condition of g, i.e. (4), we have

Ty T
_ O(s— V- )9 w(dz)ds — _ WO(s—): DY vidz)ds
]E/O+ /Z\ST_sg(u (s—); )\_7 (dz)d /O /ZIE|ST_sg( (s—); )|_7 (dz)d

IN

T
C [ 181ty B [ a6y 2)1L, vidz) ds

IN

T
c /0 Sty vy (1 ERC(s)IY) ds.
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Because of (A), we have v > max(df — 1 + =,04) and we can write

) T
/ /E\ST s9(u’(s=); 2)|L, v(dz)ds < C(T) <1+/0 E|u’(s—)[? ds).

Thus, we have
E[u’(T)[Z, < C(T) (1 + [[|°|]|2,) -

Therefore, there exists a unique fixed point u* of ICuo( ) in V ( [). Let u' := u*. Using the
same calculations as above we can show that E|u!(T )L, < oo, Hence, we can repeat the same
argument. Since T only depends on d4, o7, p and ¢, we only need to repeat the procedure a
finite number of times. In particular, there exists a constant m, such that T < Tm. Let u* be
the unique fixed point of Ki-1(p) in V]D 2(T). Let

(m—1)

u(t) —1tw+-23 @ 1)1y (' (t = iT).

Since u! € ]D([(z - 1)T iT); V_s) for all i = 1,...m — 1, it follows that u(t) € D([0,T]; V_s).
Since Kyi1(pyu’ = u' on [(i — D)T,iT) and uw'(iT) = u'T1(0), it follows that Kyou = u and

therefore that u is a solution of Problem (1).

4.2. Proof of Part (b) in Theorem 2.1. Tracing the proof of part a, part b can be shown.
Let us define the space for p < ¢ < oo

Vpo(T) = {u :Qx[0,T] — E, uis an adapted process,

T
such that /0 (E|u(s )]p) ds < oo}

and for ¢ = oo

Vpoo(T) = {u :Qx[0,T] — E, uis an adapted process, u(0) = ¢,

such that sup E|u(s)|? < oo p,
0<s<T

equipped with norm

o { [P @' it p<g<o

supo<cr [Elu(s)|7s if q=oc
For p <7 < oo let V,._, be given by definition (29). In the proof we will consider the case
q < 00, the case ¢ = oo is similar. To be precise Part (c¢) can be proven by tracing the proof
of part (b), setting ¢ = oo and v = 0. Let § > 0 be arbitrary. Let

VD (T) := Vo (T) N L (2:D([0, T]; Vg)) -
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For p €V, _, let Ky, : V]],?q(T) — VEq(T) be the same operator as in (30), in particular

t

0+
t
/ / Su_sgluls—); 2) n(dz; d2)
0+ JZ
= S+ Kiu+Kau, t€[0,T], ue&VpyT).

As before existence and uniqueness of the solution to (1) will be shown by fixed point argu-

ments. But first, we will introduce the conditions on d¢, d,, 6 and +.

(A) iff 6,p < 1 and ¢ < 1,

(B) iff dgp < 1— ¢ and df < 1— ¢,

(C) iff v < ¢,

(D) iff 6 > max(6; — 14 £,0 + £, 2).

Analogously to part (a), the proof of part (b) will rely on the following steps:

(1) Firstly, we will show, that the operator K, maps Vzl,?q (T') into V;,?q(T), in particular we

will show that .
(i) Ky maps V;?q(T) into V, (7).
(ii) Ky maps VP (T)) into L° (Q;D([0,T]; V_s)).

(2) Secondly, we will show that there exists some constant 7' > 0, such that for all
¢ € Vp _, the operator K, has a unique fixed point z* in Vzl)?q(T ) and z* belongs
to LY(;D([0,T]; V_s). This will be shown in the following two steps:

(i) there exists a constant 7> 0 and a constant 0 < k < 1, such that for all ¢ € V,, _
the operator Ky : Vp (T) — V,4(T) is Lipschitz continuous with constant k.
(ii) For all ¢ € V,, _, the sequence {m(”)}neN, defined by z(™ = IC¢J:(”_1), n > 1 and
2O () = Sy, is tight in LO(Q;D([0, T); V_s).
Applying the Banach fixed point theorem, there exists a unique z* € V, 4(7'), such that
Kyx* = x* and K@(”)y — x* for all y € V, 4(T). From (2)-(ii), it follows that the fixed
point z* belongs to L°(Q; D([0, T]; V_s), i.e. to V;?q(T).

(3) Using the same arguments as in (a)-(3), step (2) can be repeated to get a solution on

the whole interval [0, 7.

Claim 4.3. Under assumptions (A), (B) and (C) and for all ¢ € V), _, the operator K, :
Vp]?q — Vp,oo,— @8 bounded and Lipschitz continuous. In particular, there exists some constant
C1,Cy < 00, such that

1K ulllp,00,— <

(43) C1 H‘Ump,q + Cs ||90Hp,—% u € V;!?q(T)NP € Vp,—,
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and there exists a constant C < oo, such that

1K pu — Kpvl|lpoo,—y <

(44) Clllu—=vlllpg ue€ V;]J?q(T)790 € Vp_y.

Proof. Inequality (43) follows from the same sequence of calculations as (31). In particular,
t
BN, < ElSigl?, +E [ [Simaf(u(s=) dsl?,

/Oi /Z Si—sg(u(s—); z) n(ds, dz)

p
+E

-

< CIE|90|ILV+]E</O+(15S)—6f+7|f(u(s))|_5f d5> dt
t _ g)(=0g+p wls—): 2P - vldz) ds
+/0+/Z(t ) +v E|g(u(s—); )‘—ég (dz) d
<

t P
C'IE|<,0|717 +E (/ (t — 3)—5f+7 lu(s—)| ds> dt

0+

t
+ / (t — 5)TOHVPR |y(s—)| ds.
0+

The Holder inequality gives

S s

t t
E K u()l’ < CElpf, + (/0+(t A U) ds) /0 Eu(s—) ds

t
+ / (t — s)V0PR ju(s—)|P ds
0

QS

t
< CElgP., + CtP0==0r=7) (/0 (E [u(s—)[P)> ds>

t
1 (=3 = =)p) < / (E |u(s—)|)? d5>
0

+
< CONulllf,g + CElelZ,,

where ¢ satisfies (0, —v)p < 1 — % and 6y —v < 1— %. Inequality (44) follows from similar
calculations. g

Claim 4.4. Assume the conditions (A), (B), (C) and (D) are fulfilled. Then, there exists a
constant C1,Co, C3 < 00 such that for all p € Vy _, and all u € Vy 4(T) we have

E
0<t<T

sup |]C<,0“(t)|5] <Cy ||¢”q7—7 + O H‘Umpm +Cs H’Umq,tr
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Proof. The proof is similar to the proof of Claim 4.2. We have

E ! sup |IC¢u(t)|_§ =E sup [Sip|_s+
0<t<T 0<t<T

t
E sup /St sf(u(s ))ds +E sup // n(dz; ds)
0<t<T 0<t<T =5
+E sup /St s // n(dz;dr) ds
0<t<T _5
= I+II+1IT+1V.

Since v < §, we have for the first term

I < CE sup |p| s<E|gp|_,
0<t<T
The Minkowski inequality yields for e = — 4y

IT < IESUIO/LS} sfu(s=))|_s ds
0<t<T

< E sup / (t = ) | fu(s=))] s, ds.
0<t<T Jo

Let €1,69 > 0 and €1 + €5 = €. Then, the Lipschitz property of f and the Holder inequality

lead to

t
1< Esup [ (=8 uls) s, ds
0<t<T JO

IN

1
t P
E sup cr' e </0 (t—s)~ P |U(5_)|q—5—e+6f ds)

0<t<T

1
T q
< CTV P 9E (/ (t =) Plu(s=) |25 i, d3>
0

The Jensen inequality, the Holder inequality and the fact that § > 6y — 1+ % give
o< eria(f —arg “ as)
< (T ), ds

1
ot ([ (E P P as) <oTii
0 lu(s—)|Z S—et6f S > I|wl]p,q-

The Burkholder inequality gives for the third term

m < ([ Rl va ds);’

The Lipschitz property of g gives

IN

1
T P
i1 < B[ =i, )< Clull < Cllullpg
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Let € =1+ 0, — 6. The Minkowski inequality gives for the fourth term
ds

Sup Si_s / / n(dz; dr) y
// n(dz; dr)

< E sup / (t—s)”
0<t<T
P

Let €1,e2 > 0 and €1 + € = €. The Holder inequality gives for p’ = =
1V <

g (fe=n) " (Lo [ [ sty mtasan

The Jensen, the Burkholder inequality and the Lipschitz property of g give
1V <

» 1
p
CT v R </ —5) P // n(dz; dr) ds)
0 —0+1—e¢
1
p
criie (/ m/ /E|g I (dz)drds>

T s »
C Tlfiﬁfﬂ (/0 (T — s)*Pﬁz /0 E ’u(r—)’}i5+1_6+6g dr dS>

Again the Holder inequality yields to

IVgEsup/

ds
—d—€

1
p p
ds> )
—0+1—e¢

IN

IN

IV <

1-1_¢ e p % %
< e ([ ] R s,) drds) < Cllull

Collecting all together gives the assertion. (Il

Proof of part (1)-(i): In this section we will show, that under conditions (A) and (C) and
for all ¢ € V,, _, the operator K, : VZ]EQ(T) — Vp4(T) is a bounded operator. Note we have
for 0 < v < %

B

T q T
Seelli = [ BiSeoPlt < [ ISl gy de (Bl ]F

Using Remark B.1 we have

B

T
ISeellle, < /0 C 0 dt [Elpf’. ]

CT'" [Elpl”,]".

A

—~
=~
Ot

SN—

IN
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Let ¢1,c2 > 0 such that ¢; + ¢ = 1 and p’ conjugate to p. Then we have by the Holder

inequality

Iz, < [ ' [E ' / + Siouf(u(s) ds } "
< /OT :E (/0: [S—s f (u(s=))| dsﬂg dt
/ ' = :@ — gyt | (s o)), d)] i

< /OT :</Ot(t—s)_clp/5f ds>’%ﬂz </Ot(t—8)_026fp‘f(u(5—>)|p5f dS)F dt.

A second application of the Hélder inequality yields

Q3

IN

K ull[fq <

< crl-adr)y /OT K/Ot(t—s)025fPE|f(u(s—))|€5f ds)]g dt.

Therefore, by the Young inequality we infer

Krullf 4 < q
< crlFri-tareis) (/OT (1 + Eu(s—))P)]* ds>.

Next, the Lipschitz condition of f, i.e. (2), implies that
(46) IIKwlg, < < T (|jull]e,)

By Proposition 3.1 we get

g = [ [&] [ [ sieatuts i ntas, o

< ¢ / ' [ / t /Z E|S:—sg(u(s—); 2)/Pv(d2) ds]% dt

Remark B.1 yields to

SASY

P
|" ar

g, < ¢ [ [[6=0 [ Bty e ]

Again, the Young inequality yields

N2ulll, < C (/OTs‘dg” ds>g (/OT (/ZE|g(u(s—);z)|p5gu(dz)>% ds>.
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The Lipschitz condition of g, i.e. (4), leads to

1—pd, )4 T q
o T} (/ (14 Elu(s)]?)? ds)
0

(47) < oTY 0 (14 [[[u]l]l,) -

[IK2ul[]5,q

IN

Summing up, we have proved that the operator maps V) 4(T") into V, 4(T), i.e.
(48) K pulllp.g < C1(T)|uo|— + Co(T)[|ulllg.q + C3(T).

Remark 4.1. Note, that using the Lipschitz conditions (2) and (4) the equation (48) can be

written as

1_
K pull|pg < C1 T4 7IE‘UOL'V + Co2 TP|ull[g,q-

where p = min(1 — dy, % — 0g)-

Proof of part (1)-(ii). Fix u € VEq(T)' We have to show that K, u belongs to the
Skorohod space ID([0, T]; V_5), in particular that {IC,u} satisfies the Aldou’s condition A.2 and
the compact containment condition A.3 in Appendix A. Since V_; is compactly embedded in
V_s for all 6 < 4, Claim (4.4) implies the compact containment condition. The Aldou’s
condition will be shown by proving the assumptions of Theorem A.1 with 8 = p. In particular,
we will prove that there exists some p > 0 such that for all 0 <t < 7T and all § we have

E [|IC¥,u(t +0) — Kou(t) 6(7—&-5) | ]:t] <
(49) 0° ||| 1t eyull5 4 + CobP[|1 (0.4 Kl 5 o

Since (43) holds, there exists some C' < oo such that 2C (Gp + 9‘5) is an upper bound for the
RHS of (49). Moreover, 2C (GP —1—95) — 0 as 8 — 0, the assumptions of Lemma A.l1 are
satisfied.
To prove inequality in (49), we first note that for » < ¢ such that 1 —d; < % and % — g < %
we have

Kou(t +0) — Kou(t) = (So — 1) (Kpu) (t +0)

t+0 t+6
n /t Suso-of(ulo=)) do+ [ Suso-oo(ulr=):2) nldzido).

::f:?tﬁ) =:f2(t,0)

Using the same calculation as for (40) we have

E|(Sp — 1) (Kpu) (t +0)" 5 < O”E[(Kpu) (t+ )",

(v+9)
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Let ¢1,¢2 > 0, c1p'(6f —~) < 1 and p’ conjugate to p. Then, we obtain by the Holder inequality
E ’fl(tv 0) ’Ii(y_,_(;) <

0 p
CE( [ 0=y T e+ o))y, o)

0 5
< C ( / (0 — o)~ 07 =) da)p
0

0
y </ (6 — o) c2P(Os=(r+9)) E|f(u(t—|—a))|‘f5f da> )
0
The Holder inequality yields for 7/ conjugate to g

E |f1 (t7 ‘9)|[i(,y+5) <C Qp(i%_cl(éf_(y—i_é))) 9%_02p(5f_(“/+5))

X [/00 (E\f(u(t—i—a))\]i(;f)% da]g.

The growth condition on f, i.e. (2) yields

38

0
C gp(1=5 (65 —=(v+9))) {/ (1+E|u(t+o)f)r da]
0

1
C PO [1 4 llud oyl I15,]

E |f1 (t7 9) ‘]i(,y+5)

IN

IN

Analogously to the proof of (a)-(1)-(ii) we have

0
/ / Soog(u((o—) + £); 2) 1 0 y(dz; do)
0 7

p

i

E |f2(t7 9)‘11(7+5) < CE
—(v+9)

where 1 o 0;(w) := n(0; o w), and 6, is the usual shift operator defined by O,w(s) := w(t + s).
Following the calculations of (b)-(1)-(i) we get

1 1 _(6g—(v+0
Bt 0)F 1y < C "GOm0 [t

bl

Proof of part (2)-(i) Next, we will show that there exists some function C : [0,1] — R*
such that

[[Kou = Kpvlllpg < C(T) [[lu = vlllpg,  u,v € V}]o[,)q(T)7 peVp_y
and C(T) — 0 as T — 0. Thus, we can find a T > 0 such that C(T) < 1. Thanks to remark
(4.1) we have
K sulllpg < CLTH gl + Co Tl

where p = min(1 — dy, % — d0g4) and the assertion follows.
Proof of part (2)-(ii) Let {u(")}n>0 be the sequence defined by u™ := K,u""1) and
ul®(t) = S(t)p and let u* the fixed point of K,. We have to show, that {u(")}n>1 is tight in
LO(;D([0, T); V_(445)))- But first we show the following:

e Under the assumptions (A) and (C), the set {u(")}n>0 is bounded in V(7).
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o If the assumptions (A), (B) and (C) are satisfied, then it follows from (43) that for all
peV,_,

sup [[[ul™][|poo, -5 < sup [|[u™][[p,00,—~
n>1 n>1
< sup [[|Kpu™ ]| |poo,—~
n>0

< C sup||[u®™]

n>0

pa + ¢llp,—-

e Since for all ¢ € V,, _, we have [||u(™ —u*|||,, — 0 as n — oo it follows from (44) that
the sequence {K,u(™},>1 converges to K,u* = u* in V, a0~ (T), i.e.
sup E|u™(t) — u(t)
0<t<T
as n — oo. Therefore, the Chebyscheff inequality shows, that for any finite set
{t1,...,tx} C [0,T], we have

(™), u®™ 0)) = (), ult).

as n — oQ.

By Theorem 3.7.8 of Ethier and Kurtz [23] it remains to show, that the set {u(™,n € N}

is tight in L°(Q;D([0,T); V_—s)). This implies that u{™ converges in distribution to u* and

u* € LO(Q;D([0,T); V_,—s)). Proof that the Aldou’s condition is satisfied: Tracing the
calculation in (b)-(1)-(ii), we can see that there exists some p > 0 such that for all n € IN

E Uu(")(t +0) —u™(t) p(

—(v

1111 e o™ ONID g + CobP[[1 0 K™ VI

| ft(”)] <
+96)

100, =77
But (43) implies, that there exists some constant C' < oo such that the RHS is bounded
by C (0’) + Gp‘;). Therefore, the assumptions of Lemma A.l are satisfied. Proof that the
compact containment condition is satisfied: In order to prove the compact containment
condition we use again the fact that the embedding V5 — V_s is compact for all 6 < 6 (see
Remark B.2). Claim 4.4 implies

sup E| supiu(")(s)\_g < C (H!u(”‘”\lli’,,q + ||80Hq,—'v) n e N.

n>l  0<s<T
Since the set {u(™ | n € IN} is bounded in V, ,(T), i.e. there exists some C' < oo such that
[|u™|||4.4 < C, the compact containment condition follows.

Proof of part (3) This part can be shown by the same consideration as in (a)-(3).

5. A.s. REGULARITY RESULTS - PROOF OF REMARK 2.2

Let Z be a separable Banach space, Z the Borel-o algebra and 7 : ZxB(R*) — Rt a
Poisson random measure on Z x RT with characteristic measure v : Z — R* € LY"(Z). Let
Ni(A), A € Z, be the counting process defined on page 1503. Let (2, F,P) be a complete
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probability space and (F;)i>0 be the right continuous filtration induced by 1. That means, the
smallest filtration, such that the counting measure N;(A) is Fi-measurable for all s <t < T
and A€ Z. Let Zo={z€ Z | |2| <1},

.7:79 =0 (Ns(A); AC Zp,0<s<t),

and

FE =0 (Ns(A); ACZ\ Zp,0<s<t).
Since for A,B € Z, AN B = (), the random variables n(A X (s1, s2]) and n(A4 x (s1, s2]) are
independent for all 0 < s1 < s9 < T, the two filtration fto and ftc are independent. Let us
define the two probability spaces (Qo, Fo, {Fi e, Po) and (Qc, Fo, {FE }, Po), where Qg := Q,
Qc = O, Fo := MFY, Fo = MNFE, Po( ) := P(-|Fg), and Po(-) := P(-|Fy). From the
independence of Fy and F¢ it follows, that PP is the product of Py and Pc.

Let E be a separable Banach space of M type p, 1 < p < 2. Further we assume that the
mapping g and f satisfies the hypothesis of Theorem 2.1-(c) with §; and 6,. We consider the
following SPDE
u(t)dt = (Au(t)+ f(u(t-))) d
(50) —i—on g(u(t—); )n(dz dt), t>0
u(O) = wug € F,
Given § > 0, by Theorem 2.1-(c) it follows that Problem (50) has a unique solution ("
belonging to
L2 (Q%D((0,T1;Vy))
such that supy< < E|u(s)[P < co. Let 71 be the following FC-stopping time
= inf {N:(Z \ Zo) > 0}

and 71 = 1y AT. Note, 1 is an exponential distributed random variable over (¢, F¢, P¢) with
parameter C,, := v(Z \ Zp), independent from (g, Fo,Py). Let a(V(t) = u(t) for 0 <t < 7
and u(t) = 0 for t > 7. Next, E[u)(7)[P can be written as

Eu®(m)] = E(E[lu® )P 7 =s]).

Since 71 is independent from (Qg; Fo;Pp) we have

Ty
Eu® ()| = / B (71 = ) Eo [uD(s)[P ds

0
T

(51) = / Ce™*% ds sup EoluV(s)[P 4+ e TVE" [ (TP,
0 0<s<T

where Ey denotes the expectation with respect to the measure Py. The underlying Poisson
random measure is time homogeneous, therefore we can introduce the shift operator. We
assume that a quadruple

T=(Q,F, P09,
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is given where (2, F, P, ) is a probability space and ¥ : Rx ) 5 (¢,w) — Yyw € Q is a measurable
map such that for all t,s € R, 9415 = ¥ 0 V5. Let u? be a solution to

du(t) = (Au(t)+ f(u(t—))) dt+
(52) Jz0 9(zu(t=)) (o ¥z) (dz; dt), t >0,

u(0) = u(F=) + [ 9(zul (7)) nldz {71}).

By the calculation (51) the assumptions of Theorem 2.1-(c) are satisfied. Therefore the solution

u(?) exists, is unique and belongs to
LO°(Q% ([0, T — 71]; Vo).
Let 70 be the ]:tcfstopping time

Ty i= tiilf {N(Z\ Zy) > 1}
T1

and 7 = 7 A T. Let us define a(? by

a() for 0<t<7
72 (p) — utV(t), for 0<t<,
e { uP(t—7), for 71 <t<P.

Obviously, we have 7(® € L°(Q%;ID([0,7); V_s)). Repeating the step and taking into account
that v(Z \ Zp) < oo, we get a countable set of stopping times {7,, | n € IN}, where

Tp = inf {N{(Z\ Zp) >n—1}
t>Tn—1

and 7, = 7, A T. Moreover, for each n we can define the process @™ € ID([0, 7, Vs) by

—(n—1) < _
ﬂ(n)(t) — - u (t), for (_)_t<’7’n_£,
u™(t — 1), for T <t < Ty,

where u(™ is the solution to the Problem
du(t) = (Au(t)+ f(u(t—))) dt+
S0 9(zu(t=)) (009, ) (dz:dt), t >0,
w(©0) = D (Fo=) + [ 90z u" D (T ) nldz {Tar}).

We have to show, that lim,, .., @™ exists and belongs to L% (;1D([0,T); V_s)). This can be
done by the amalgamation procedure of Elworthy [21, Chapter II.6]. The family of stopping
times is ordered by its natural order. To be precise 7,, < 7,,, holds a.s. as n < m. The stopping
time 7" is an upper bound of the family of stopping times, i.e. 7, <T and P(T — 7, > d) — 0
as n — 00, because v(Z \ Zy) < oo. Moreover, for each n € IN, we have an adapted process
4™ belonging to L°(ID([0,7,,); V_5)). By Elworthy [21, Chapter III, Lemma 6B, p. 43], the
process 4 : [0,T) — V_s exists and ﬂ|[077n) = @™ for all n € IN. Moreover, tracing the proof
of Elworthy [21, Chapter III, Lemma 6B, p. 43] one can show, that a version of the process u
exists, such that the version belongs to LY(ID([0,T); V_s)).
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APPENDIX A. THE SKOROHOD SPACE

For an introduction to the Skorohod space we refer to Ethier and Kurtz [23] and Jacod and
Shiryaev [27]. The results stated in this chapter are taken from Ethier and Kurtz [23].

Let X be a separable Banach space. The space ID([0,T]; X) denotes the space of all right
continuous functions z : [0,7] — X with left limits. Since ID([0,7]; X) is complete but
not separable in the uniform topology, we endow ID([0,7T]; X) with the Skorohod topology,
which is characterized as follows: a sequence {z(™ | n € IN} ¢ ID([0,T]; X) converges to
z € D([0,T]; X) iff there is a sequence {An}nen C A= {A: R — R,\(0) =0,A\(T) =T, and

A is strictly increasing }, such that
® supg<s<r |An(s) — s/ — 0 as n — oo.
° SUPO;S;T |2 o A\, (s) — z(s)| — 0 as n — oo.
The Skorohod topology is metrizable and the resulting metric space is separable and complete.

Nevertheless, ID([0, T']; X) is not a topological vector space (see Jacod and Shiryaev [27, Remark

VI.1.22)).
Let {x(”) | n € IN} be a sequence of processes defined on the filtered probability space
Q) F), (ft("))0< _ P, such that o) € D([0, T]; X) for alln € N. Let L(% D(0, T; X))
<t

be the space of all random variables x : Q — ([0, T]; X) topologized by convergence in dis-
tribution. Note, if the underlying metric space is separable, convergence in distribution is

equivalent to convergence in the Prohorov metric.

Definition A.1. Let (S,d) be a metric space, S denoting the Borel o algebra of S and P(S)
is the family of Borel probability measures on S. The Prohorov p metric on P(S) is given by

p(P,Q) :=inf{e >0: P(F) < Q(F) +¢€ foral FeC},

where C is the collection of closed subsets of S and
Fe = S :inf d .
{x € inf (x,y) < e}

Now, under which conditions does the sequence {z(™ | n € N}, (" € LO(Q™);ID([0, T]; X))
converge in law to a limit € L°(€;1D([0, T]; X))? By Theorem 3.7.8-(b) of Ethier and Kurtz

[23] it remains to be shown that
e {2(" | n € N} is tight in L°(Q;D([0, T]; X)),
e there exists a dense set D C [0, 7] such that for any finite set {¢1,...,%tx} C D we have

(l‘(n) (tl)v ... 7$(”) (tk)) — (x(t1)7 . ,ﬂf(tk))
in distribution as n — oo.

If X is finite dimensional, then tightness of the sequence {z(™) | n € IN} can be shown by the

Aldou’s condition.
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Definition A.2. Let {:c(”) | n € IN} be a sequence of stochastic processes with sample paths
belonging to D([0,T];R) and ™ € LO(QM F0) PM) n ¢ N. Let (Ft(n)) be the natural
filtration induced by ™, n € N. We say the sequence {m(”) | n € IN} satisfies the Aldou’s
condition, iff for all € > 0 and § > 0 there exist 6 > 0 and ng € IN such that for any family
{Tn}nen, where 1, is a (.ﬂ(n))fstopping time on QM with 7, < T, we have

" (jof) — 2l 20) <6 0<h <0, nZno.

Note, in the definition above, only 7,,, n € IN are stopping times, 6 is a constant. In case of
E being infinite dimensional we have to add to the Aldou’s condition a compact containment
condition (see e.g. Ethier and Kurtz [23, Chapter 3]) .

Definition A.3. Let {x(”) | n € IN} be a sequence of stochastic processes with sample paths
belonging to D([0,T];R) and ™ € LO(QM F) PM) n ¢ N. Let (ftn)) be the natural
filtration induced by =™, n € IN. We say this sequence {:c(”) | n € IN} satisfies the compact
containment condition, iff for each € > 0 and every rational t > 0, there exists a compact
subset K.y C X, such that

P (x(")(s) €K, Vse [O,t]> >1—¢ nelN.

Let X be a separable Banach space with norm |- |. The Aldou’s condition is often difficult
to verify directly. Thus, to show that {z(™) | n € IN} satisfies the Aldou’s condition A.2, one
can show certain integrability conditions given the Lemma below (see Ethier and Kurtz [23,
Chapter 3.8]).

Theorem A.1. (see Ethier and Kurtz [23, Theorem 8.6, Remark 8.7 in Chapter 3]) Let X be a
separable Banach space and let {:L'(") | n € IN} be a sequence of stochastic processes with sample
paths in D([0,T]; X), such that z™ € LO(QM FM) PM)) n e N. Let (ft(n)) be the natural
filtration induced by ™), n € N. Then {z(™ | n € N} satisfies the Aldou’s condition, if there
exists an p > 0 and a family {f(n)(d) 0<d<,ne ]N} of monnegative random wvariables,
such that for all t € [O,T] and h € (0, 6]

o E[[a(t + 1) — 2™ (0 | F] < B[ f6) | 7]

osupneNE[ ()|f( }—>0a5(5—>0.

Similarly, the following lemma gives an integrability condition which implies A.3.

Lemma A.1. Let {x(") | n € IN} be a sequence of stochastic processes with sample path in
D([0, T];R), such that ™ € LO(QM, F®) PM)) n € N. Let T' be a subspace of E with
norm | - |r, such that the embedding T' — E is compact (see Remark B.2). Then the compact
containment condition A.3 is satisfied, if some p > 0 exists, such that

supE(” sup ‘ (” ‘ < C < .
neN 0<t<T
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APPENDIX B. ANALYTIC SEMIGROUPS AND FRACTIONAL POWERS OF OPERATORS

For an introduction to analytic semigroups we refer to Engel and Nagel [22] or Pazy [37],

for interpolation theory e.g. the lecture notes of Lunardi [33].

B.1. Analytic Semigroups. An important subclass of semigroups are so—called analytic
semigroups. For any w € R and 0 € (0, ) let

Yoo ={A € C\{w}||arg(A —w)| < 6}.
Definition B.1. (Engel and Nagel [22, Definition 11.4.2]) A closed linear operator (A, D(A))

with dense domain D(A) in a Banach space E is called sectorial if there exists a 0 < 0 < §
and some w € R such that the sector Egﬂiw is contained in the resolvent set p(A) and if for
each € € (0,9) there exists M. > 1 such that

M, _
ROG AN S 5= Y0# €Sz

where R(\ : A) := (A — A)~! denotes the resolvent of the operator A. If (A, D(A)) is sectorial
with angle § and w € R, we say (A, D(A)) € H(w, ).

For sectorial operators and appropriate paths v in the complex plane, the associated semi-

group can defined via the Cauchy integral formula.

Definition B.2. (Engel and Nagel [22, Definition 11.4.2]) Let (A, D(A)) be a sectorial operator
of angle 6. Define T'(0) := I and operators T'(z), for z € os, by
1
T(z) := — A A) dA

. . . . . i ! T ’
where v is any piecewise smooth curve in Egﬂg going from ooe (5+9) 4o coel(zH9) for some

¢' € (|arg(2)],9)).
It can be shown (see e.g. [22, Proposition I1.4.3] or [37, Theorem 2.5.2]), that the in Definition

B.1 defined semigroup of an sectorial operator is analytic.

Definition B.3. (Engel and Nagel [22, Definition I1.4.5] ) A family of operators (T'(2)) ,ex,uq0y ©
L(E) is called an analytic semigroup if:
(i) T(0) =1 and T(z1 + 2z2) = T(21)T(22) for all z1, 22 € L.
(ii) The map z — T'(z) is analytic in 5.
(i) lim.o.exn, T(2)z =z for allz € E and 0 < 8" < 6.

B.2. Fractional Power of Operators. For a sectorial operator A, where (A, D(A)) € H(0,9),

0 < ¢ < § arbitrary and o > 0 one can define fractional powers of the operator.

Definition B.4. Let 0 C C be an open sector, such that R™ C ¥ C p(A). For a > 0 the
bounded linear operator (—A)“ is defined by
1
(—A)* = ATYR(N, A)dA,

211 oy
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where the path «y is a piecewise smooth part ¥\ Rt going from coe™ to coe® for some & > 0.

Definition B.5. Let A be a sectorial operator. For every a > 0 we define
4% = (-4
Fora=0, A*=1.

In order to study regularity property of solution of some Cauchy problem it is convenient
to introduce several scales of subspaces of F, e.g. domain of fractional powers of operators. In
particular, if a > 0, then V,, := D((—A)%) equipped with norm |- |4 := |[({ — A)* - |. Let V_,,
n € IN be the completion of E with respect to the norm |- |_, := [(—=A4)™ - |. If & < 0 such
that « = —n + 3 for some n € IN and 3 € (0,1], then V,, := {x € V_,, | |(I — A)®z|_,, < o0}
equipped with norm |- | := |(I — A)P -|_,.

Remark B.1. In the following we will use certain interpolation inequalities. In particular let E
be a separable Banach space, A be a operator generating an analytic semigroup (exp(—wt)St)t>0
of contraction on E. Then there exists a constant C < oo, such that we have (see e.g. (see e.g.
[22, Theorem 11.4.6] or Pazy [37, Theorem 2.6.3])

[(=A)*S(t)x|, < C exp(wt)t™®, «a>0.

Remark B.2. (See Bergh and Léfstrom [5, Corollary 3.8.2]) Let E be a separable Banach
space and A : E — E a sectorial operator. If the embedding Vi = D(A) — E is compact, then
for any 6 € (0,1) the embedding Vs — E is compact as well.

I would like to thank the anonymous referee for his carefull proof reading and helpful re-

marks.
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