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1 Introduction and main results

Let X, Xy, X5, ---, be a sequence of non-degenerate independent and identically distributed
(i.i.d.) random variables with zero mean. Set

Sn:ixi, Vj:zn;Xf, n>1.

The self-normalized version of the classical central limit theorem states that, as n — oo,
sup | P(S, > aV,) — {1 —®(z)}| — 0,

if and only if the distribution of X is in the domain of attraction of the normal law, where ®(x)
denotes the standard normal distribution function. This beautiful self-normalized central limit
theorem was conjectured by Logan, Mallows, Rice and Shepp (1973), and latterly proved by
Gine, Gotze and Mason (1997). For a short summary of developments that have eventually led
to Gine, Gotze and Mason (1997), we refer to the Introduction of the latter paper.

The self-normalized central limit theorem is useful when z is not too large or when the error
is well estimated. There are two approaches for estimating the error of the normal approxi-
mation. One approach is to investigate the absolute error in the self-normalized central limit
theorem via Berry-Esseen bounds or Edgeworth expansions. This has been done by many re-
searchers. For details, we refer to Slavova (1985), Hall (1988) and Bentkus and Gétze (1996) for
the Berry-Esseen bounds, Wang and Jing (1999) for an exponential nonuniform Berry-Esseen
bound, Hall (1987) as well as Hall and Jing (1995) for Edgeworth expansions. See also van
Zwet (1984), Friedrich (1989), Bentkus, Bloznelis and Gotze (1996), Bentkus, GO6tze and van
Zwet (1997), Putter and van Zwet (1998) and Wang, Jing and Zhao (2000). Another approach is
to estimate the relative error P(S,, > zV,,)/(1 — ®(z)). In this direction, Jing, Shao and Wang
(2003) reEned Shao (1999), Wang and Jing (1999) as well as Chistyakov and G 6tze (2003), and
obtained the following result: if 0 < 02 = EX? < oo, then there exists an absolute constant
A > 0 such that

exp {~A(1+2)?A,,} < —P(lsﬁ;z)v")

< exp {A (1+ :E)QAM;} , (1.2)
for all 2 > 0 satisfying A, , < 1/A, where
Ane = 0 EX* I x5 Jio/ta) + (1 +2)0 0 2B X P I x 1< o j140)-
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Jing, Shao and Wang (2003) actually established (1.1) for independent random variables
that are not necessarily identically distributed. It follows from (1.1) that if £|X|? < oo, then
P(S, > zV,)
1—®(2)
for 0 < z < An'/Sc/(E|X|3)'/3.
Result (1.2) is useful in statistics because it provides not only the relative error but also a

= 1+0(1)(1+2)3n V263 B|X?, (1.2)

Berry-Esseen type rate of convergence. Indeed, as a direct consequence of this result, it has
been shown in Jing, Shao and Wang (2003) that bootstrapped studentized ¢-statistics possess
large deviation properties in the region 0 < = < o(n'/%) under only a £nite third moment
condition. However, (1.1) as well as (1.2) does not capture the term with n—'/2 explicitly. This
short has limited further applications of the self-normaized large deviation.

In this paper we investigate the limit theorems for self-normalized large deviation. Under
£nite moment conditions, a leading term with » =1/ in (1.1) and (1.2) is obtained explicitly.

THEOREM 1.1. Assumethat EX* < oco. Then, for 2 > 0 and z = O(n'/%),

P(fi—igl) - exp{_ffﬁfj} [Ho(%)], (13)
S e et e

If in addition EX® = 0, then, for |z| = O(n'/%),
P(Sn < an) — ®(x) = O(n_1/2e_m2/2). (1.5)
Write £, = (14 x)pn + A, ., Where p, = E|X|?/(y/no?) and
Ao = (14 2)°0 0" PEIXPI x5 yroyaay + (1 2) 0™ 0 EX L x1< o/ (1120}

Furthermore, we obtain the following bounds which re£ne (1.1) under £nite third moment con-
dition in the region 0 < x < cp;m, where c is an absolute constant.

THEOREM 1.2. Assume that E|X|* < oo. Then, there exists a positive absolute constant ¢

such that, for 0 < 2 < ¢ pp /%,
P EX? P(S, > zV,) ?EX?
_ —A <= WL ———+A . 1.6
eXp( 3/no? EW) = 1-0(x) - eXp( 3vnod | E”’””> (1.6)

where A is an absolute positive constant.
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REMARK 1.1. Similar results to those in Theorem 1.1 hold for the standardized mean under
much stronger conditions. For instance, it follows from Section 5.8 of Petrov (1995) that, for
x> 0and x = O(n'/%),

o - T o)

1—®(x) Sy .
p(an)g(_—;)\/ﬁa) B eXp{_%} {1+0(1\%x>}.

hold only when Cramér’s condition is satised, i.e., Fe'* < oo for ¢ being in a neighborhood of
zero. We also notice that there are different formulae for the self-normalized and standardized

Cases.

REMARK 1.2. It is readily seen that £, ., = o(z3//n) for z, — oo and z,, = O(pn/?).
Hence —ggfﬁ{fs in (1.6) provides a leading term in this case. However it remains an open prob-
lem for more reEned results.

This paper is organized as follows. The proofs of main results will be given in Section 3.
Next section we present two auxiliary theorems that will be used in the proofs of main results.
The proofs of these auxiliary theorems will be postponed to Sections 4 and 5 respectively.
Without loss of generality, throughout the paper, we assume ¢?> = EX? = 1 and denote by
A A1, Ay, -+ and ¢, C, C4, Cy, - - - absolute positive constants, which may be different at each
occurrence. If a constant depends on a parameter, say u, then we write A(w). In addition to the
notation for £,, , and A,, , defned in Theorem 1.2, we always let

3 3
> 3 I oz EX
pn=n" "' E|X|° and WV,(x)= [1 @(x)] exp( NG )
2 Two auxiliary theorems
Throughout the section we assume that X, X, X,,--- , are i.i.d. random variables satisfying

EX =0, EX? =1and E|X|*> < co. Two theorems in this section are established under quite
general setting, which will be interesting in themselves. The proofs of these two theorems will

be given in Sections 4 and 5 respectively.
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THEOREM 2.1. Let h = z/B,,, where B,, is a sequence of positive constants with
|BT2L - n] < Cl TLEXQI{‘XE\/E/(H_QC)}. (21)

Suppose that 7, := 7, (z, X;),1 < j < n, satisfy the conditions:

B —1- " x| < cpnia (2.2)

e —1—--—+_-— n" Ap, :
2B2 ' 3B3 = ’

B — =] < Cyataip, 23)

‘En?eh"j—l < Cyx py, (2.4)

En;Pe" < Cs B|1X 2. (2.5)

Then, for 2 < = < ¢p;; ! with ¢ suffciently small and for any |b| < 22 /4,
P( > o> (r+ b:c‘l)Bn> < (14 2[b|z72)e "W, (2) exp(A Lng); (2.6)
j=1

for 2 < z < ¢1pn*/? with ¢, sufEciently small,
P(an > a:Bn) > U, (2) exp(—A Log). 2.7)
j=1

THEOREM 2.2. Write, for 1 < m < n,

1 m 1 m—1 n
Tmzﬁ;g and Apm=—53 > Yij,

k=1 j=k-+1

where (; := (,(x, X;) and ¢y, ; = ¢, (x, Xj, X;) satisfy the conditions:

’Egj-1+%EX3) < CgDna/(1+2)% (2.8)
‘EQ’;’—EX?’) < Crv/nln./(1+ ), (2.9)

EG =0, IGl < Csvn/(+a), EG < CoEX'Ijxicymjaray,  (210)
EWr | Xk) = E(r;|X;) =0, fork#j, (2.11)

Elgn,| < Culal, Bl < Culal?(BIXP)" (2.12)

Then, for 2 < z < cp,* with ¢ sufEciently small, and for any constants sequence \,,(z)
satisfying |\, (z)| < CA,./(1 + z),

3/2

P(To+ B = 24 M(2)) < (@) (14 ALy) + Ay (2pn) (2.13)
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3 Proofsof main results

Proof of Theorem 1.1. Note that £,, , < (1 + x)/+/n for x > 0 and = = O(n'/%). Theorem 1.1
follows immediately from Theorem 1.2. We omit the details.

Proof of Theorem 1.2. Without loss of generality, assume x > 2. If 0 < x < 2, the results
are direct consequences of the Berry-Esseen bound (cf. Bentkus and Gotze (1996))

P(S, >aV,) —{1- (x)}‘gApn.

We £rst provide four lemmas. For simplicity of presentation, deEne 7 = /n/(1 + z) and
assume 2 <z < c,o;l/2 with ¢ sufEciently small throughout the section except where we point

out.

LEMMA 3.1. We have,
_ —n) > > — : :
P(S. 2f( n)Zavi) > (@) exp(—ALyy); (3.1)
and for 2 < = < ¢ p, ! with ¢ sufEciently small and for arbitrary 4] < z?/4,

(sn - F( —n) > (z+ 51«—1)\/5) < (14 200)272)e™? Un(x) exp(A Los). (3.2)
Proof. We £rst prove (3.2). Leth = z//nandn;, = X, —

(4.12)-(4.14) in Wang and Jing (1999) that

X2

7o (X5 —1). It follows from

‘Emehm . < 1622n"V%p,,

NG

)En2 | < 301 pn,

Elm P < 30 E|X .

Thus (3.2) follows immediately from (2.6) in Theorem 2.1 with B2 = n if we prove

x2 x3

2n 3n3/2

’Ee'”“ - EX3’ < Cn A, . (3.3)

Without loss of generality, assume = < p,'/16. By noting E|X|* > (EX?)%?2 = 1,
we get o < 1/4. This implies that hn; = h?/2 + hX; — (hX1)?/2 < 1 and |k |Fehm <

sup,<; |s|*e® < efork =0,1,...,4. Therefore, using Taylor’s expansion
k .
) |£L‘|k+1
T — < ™0 fork > 1,
PEE E+1° =




we obtain that

Eem = E[1+hm + 3 (h)* + 5 (hn)* + 57 (h)* | Lx, 1<0)
+E<1 + b + %)I(\lef)
= 1+ %E(hn1)2[(|xl|gr) + % E(hn1)3f<|x1|9>
+ % P(IX1| > 7) + & B(himn)* [x,)<n), (3.4)

where |6] < eand |6;| < e. Since EX? = 1, it is readily seen that

‘E(hn1)2l(|X1|§T) —h? 4 E(hX)g‘ < 8n_1An7z,

‘E(hnl)gf“xﬂg.r) — E(hX)3 < 32 n_lAnJ,

E(hn1)4](\xl\gf) < 16 n_lAW;.

Taking these estimates back into (3.4), we obtain (3.3), and hence (3.2).
The proof of (3.1) is similar by using (2.7). We omit the details. The proof of Lemma 3.1 is
now complete. O

The next lemma is from Lemma 6.4 in Jing, Shao and Wang (2003).

LEMMA 3.2. Let {¢;,1 < i < n} bea sequence of independent random variableswith £¢; =
0and E¢? < co. Then

P36 a0, + () ")) < 5 @9
i=1 =1
1/2

where D, = (Y1, E€?)
In Lemmas 3.3-3.4, we use the notation:

Xi = XiIyxi <y S, = Z)_(i, V= Z)_(iza B = ZEXZZ

i=1 =1 i=1

P(Sn > an) <AV, () exp(A L) (3.6)



Proof. Let(, = (1 —271/2,1+271/2). Recalling 2 < z < ¢p,"/* with ¢ sufEciently small,
it follows from (2.27)-(2.29) in Shao (1999) that

P (S, > 2V, Vii/n ¢ Q)
< P(Sy = aV,,V2>9n)+ P{S, >aV,,n(l+z""/2) <V?<9n}
+P{S, >V, V?<n(l-2""/2)}
< dexp (—a?/2 — x/8+ Ax’p,)
< AV, (z).

This, together with (3.2), implies that

P(S, > aV,) =P (S, > a2V, V2/ne Q) + P (S, >aV,, V/n¢Q,)

<p {Sn - %(vj —n) > (x— $_1/4)\/ﬁ} + P (S, >aVi, V2n ¢ Q,)
A

U, (z)exp(AL,.),

IN

as required. The proof of Lemma 3.3 is complete. O

LEMMA 3.4. We have

P(S, >2V,) < W,(2) exp(AL,,) + Aje™, (3.7)
P(S, >2V,) < W,(2) exp(ALn,) + Ay (zpa)*. (3.8)

P(S, > 2V,) < P(S, >aV,)+ Y P[SY) > (2> — )PV P(IX] > 7).
= K,+ 1, say. (3.9)
It follows easily from Lemma 3.3 that for all ;
P[Sni) > (2% — 1)1/2V,L(i)] < AV, (z) exp(A L, ).
This, together with P(|X;| > 7) < n'A,,., implies that
I, < AA,,.V,(z)exp(AL,,) (3.10)
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In view of (3.9) and (3.10), the inequalities (3.7) and (3.8) will follow if we prove

K, < W(x) exp(ALy,) + Are™, (3.11)
K, < V,(x)exp(AL,.)+ As (gz:pn)g/2 , (3.12)

for 2 <z < ¢p; ! with ¢ sufEciently small.
We £rst prove (3.11). Let D2 = Y7 EX!and ¢ = X? — EX?. By the inequality
(1+y)Y? >1+y/2—y>*forany y > —1 and Lemma 3.2,
K, = P Sn > :L'{B2 + Z X2 EX2)}1/2]
Plezam {14 536 5(26) )]
IGE Jéx{wn + (Zg?)w}]
T =1 i

(;f < \/éa:{wn + (;gf)m}}

< 8e 3 4 K, (3.13)

IN

IN
i)

where, after some algebra (see, Jing, Shao and Wang (2003), for example),

Kn,l < P(anszn)7

J=1

with n; = X; — 272 B 1 (X? — EX?) + 242° B, 3(X! + 16 EX}). As in the proof of Lemma
3.1, tedious but elementary calculations show that the inequalities (2.1)-(2.5) hold true for B2 =
S"  EX? and the n; defned above. Therefore it follows from (3.2) in Theorem 2.1 that

Kn,l S \I/n(x) exp(A ‘Cn,x)y (314)

for 2 < o < c¢p;* with ¢ sufEciently small. Take this estimate back into (3.13), we get the
desired (3.11).
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We next prove (3.12). Note that

n

(Vi-n)? = Y (X -1+ (X -1 -1

j=1 k#j
= > (X714 (X - EX)(X? - EX})
Jj=1 k#j

n

+(n—1)(EX] - 1)) (2X; —1- EX}).

J=1

By the inequality (1 +)'/2 > 1 +y/2 — y? for any y > —1 again, we have

K. = P[s,zava{i+ 13 -0}

2n n2
1 n 1 n—1 n
B P<—n Gt o3 DD gz An(:r)), (3.15)
J=1 k=1 j=k+1
where
* > X 59 T 9 )
(n—1)x, <, LI ,
+ o (BXT 1)) (X7 —1- BXD),
j=1
G = ¢ —EG
_ _ x 2 2(n-1) 9 Y s
B m@ ot T X I(|X\zf)>(Xj ~ EX?)
xr S4 S
T W(XJ B EXj)?
Yey = 20(Xi - EXP)(X] - EX3),
An(z) = VnEQ
r Lo n—1)x 2
= VnEXIxjzr = EX [(x2n + —E(X7 = 1) = (n=Le EX*Iixp>r) ) -
2 n n

It is easy to see that (; satisfy the conditions (2.8)- (2.10), v, ; satisfy the conditions (2.11)-
(2.12) in Theorem 2.2 and |\, (z)] < 3zn™!' + 3(1 + 2)'A,. < 6(1 +x)"'A, .. Hence,
in view of (3.15), (3.12) follows immediately Theorem 2.2. This also completes the proof of

Lemma 3.4.
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After these preliminaries, we are now ready to prove Theorem 1.2.

As is well-known (see Wang and Jing (1999) for example),

P(S, > zV,) > P(Sn (V2 p)> m\/ﬁ)

T
2y/n

The left hand inequality of (1.6) follows from Lemma 3.1 immediately.
To prove the right hand inequality of (1.6), we use Lemmas 3.4. If ¥,,(z) > (xp,)"/?, then

by (3.12),
P(S, > aV,) < U, (z) exp(A cm)<1 + Alxpn> < U, (2) exp (AQEW). (3.16)
Recall we may assume that 2 < x < p,!/16. It is readily seen that

11— () exp {933%( i } < (27)¥/23e2?.

This implies that, when ¥, () < (zp,)"/2,

33
e 3" < A{l — @(az)}sexp {_m EX } < Azp, ¥, (z).
n
Therefore, by (3.7),
P(S, > a2V,) <V, (z) exp(AL, ) (1 -+ Almpn) <V, (x) exp(AL,:). (3.17)

Collecting the estimates (3.16) and (3.17), we get the right hand inequality of (1.6). The proof
of Theorem 1.2 is now complete.

4 Proof of Theorem 2.1

The proof of Theorem 2.1 is based on the conjugate method. To employ the method, let
&, -+, &, be independent random variables with &; having distribution function V;(u) defned

by
Vi(u) = E{eh”fl(nj < u)}/Ee}”“’, for j=1,---.n,
Also defne M (h) = >0 Var(&;),

> (& — EE)

(x + bz HB, — > B¢
M, (h) '

M, (h)

Ga(t) = P{ <t} and R, (h) =
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Since FX? = 1, we have E|X|* > 1 and there exists a positive constant ¢, such that
EX?I x> < 1/(4C)) for 2 < o < ¢op,'. Lete; = 2°max{1,Cy,...,Cs} and ¢ =
min{co, c; ' }. Taking account of the conditions (2.1)-(2.5), it can be shown by a elementary
method that, for 2 < z < ¢y p;. 1,

2?2 EX3/ x\3
pon = 1 2 BN o
‘ + 2n 3 \Vn em
2?2 EX3/ x\3

— i . Osn ™A, . b, 4.1
exp{zn 3 ﬁ) + Uan } (4.1)
E¢ = Enjeh’“/Eeh"j = %jLngz n 2 p,, (4.2)
Var(§;) = Enf-eh"j/Eeh"f - (Efj)Z = 14+ 047 py, (4.3)
E]fj|3 < E|nj|3€h"j/Eeh"f < 2C5n'? p,, (4.4)

where |O;| < 1/(2¢p), forj=1,...,4.
Using (4.3)-(4.4) and (2.1), we get, for2 < z < ¢y p;,*,

n/2 < MZXh) = n+Osnxp, < 3n/2, (4.5)

(z+bx™)B, = 27, B¢

< (3/2)plz7" + 2(Cy + |03]) 2° p, (4.6)

|hM,(h) — x| < 1 |W*M:(h) — 2°|
T
M?2(h) 11y,
s @ {\T —1\+\B—g—a\Mn<h>}
< (4G +|Oy4)) 2% p,. 4.7)

Let An(h) = Rn(h) + th(h), C3 = i(GCI + 2|Q3| + |03|)71 and ¢, = min{CQ, 03}. It follows
from (4.6)-(4.7) that, for 2 < x < ¢4 p; !,

|A,(h) —z| < |R,(h)|+ |hM,(h) — x|
< (3/2)|blz=" + (6C1 + 2|0s| + |O4]) 2% pi, (4.8)

and (recall [b] < z2/4),

2/2 < An(h) < 31/2. (4.9)
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After these preliminaries, we next give the proof of Theorem2.1.
Write 6,,(x) = (z + bx~1) B,,. By the conjugate method,

P(gnj > ba(2)) = <j1lee’”7f) /:) e_h“dp<jzi;§j <u),
_ ( Jljl Eehnj> /0 e @R BG4 R(h)),
~ E pe) o= /O“ 0[G4 By(h)) — o+ By(h))]

N / e M v + Ry(h)} )
0

= Io(h) e ((R) + L(h)). (4.10)

It follows from (4.1) that, for 2 < z < ¢4 p; !,

2 3

x x 3 hni
zo_ < — Ul
exp{ 5 3\/_EX AAWC} < Iy(h) (Ee J)
£L‘2 3 5
eXp{ - - VEX +AA, } (4.11)
Next we estimate /5(h). We have
L(h _ —th (U+Rn(h))2dv
2(1) \/27r/
e~ R (h)/2
_ w/ e—(hm(h)mn(h))v—é#dv
vV 27T 0
e_R%(h)/Z
= ——— I3(h). 4.12
N0 (412
Write ¢(z) = {1 — ®(z)}/®'(z) = /2 [ e ¥"/2dy. Clearly, {4, (h)} = I;(h), and for
T > 2,
1

o Sv) < and ()] = fe(n) 1] <

These estimates, together with (4.8) and (4.9), imply that for 2 < z < ¢4 p; !,

Ii(h) = ¥(z)+¢'(0) {A.(h) —z}, [where 6 € (z/2,3x/2)]
= () [O5 4+ Ogz py |,
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where |O5 — 1| < 2|blz~2 and |Og| < A. Therefore, for 2 < z < ¢4 p,, !,
L(h) = e2{1—d(x)} e @2 (05 4O pn>. (4.13)

As for I;(h), by (4.4)-(4.5), integration by parts and Berry-Esseen theorem, we get

|I1(h)| < 2sup |G (v) — ®(v)| < 4M3(h) ZE[@P < 16 C5 py,.

Jj=1

This implies that for z > 2,
Li(h) = Orzp,e”?{1—a(x)}, (4.14)

where |O7| < A.
It follows easily from (4.10)-(4.11) and (4.13)-(4.14) that for 2 < x < c4 p,,?,

P(En: n; = 5n($)> < (14 2[b|lz72)e W, (z) exp (A A,W) (1+ Ajzp,)
j=1
< (1 +20p|lz72)e "W, (x) exp (A EWE).

This proves (2.6). Similarly, by letting b = 0, it follows from (4.10)-(4.11) and (4.13)-(4.14)
that

P(Xn:nj > xBn>
j=1
W, (x) exp {—AA,, — R2(h)/2} [1 . {|06| + |o7yeR%<h>/2} - pn}

U, (x)exp{—AA, .} [1 — Az pn}
U, (z)exp{—AsL, .},

AV,

v

for2 < z < ¢4 pn"’?, where we have used the fact that |, (k)| < 1 by (4.6), and also
Ry(h) < 4(Cy + 032" n ™ (E|X)? < 8(Ch + |03])*Ane

since (E|X[*)* < 2{E|X[*ljujr }* + 2EX*I14<r). This proves (2.7) and hence complete
the proof of Theorem 2.1.
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5 Proof of Theorem 2.2

The idea for the proof of Theorem 2.2 is similar to Proposition 5.4 in Jing, Shao and Wang

(2002), but we need some different details. Throughout this section, we use the following

notations: g(t,z) = Ee</v™and
1 . 1 .
Qu(z,t) = (x,t): 142 < g(l + Cs) ™/ pn,y [t] < 6(1 +C7) 7 pn g
The proof of Theorem 2.2 is based on the following lemmas.

LEMMA 5.1. If (z,t) € Q,(x,1), then

42
e t/fin7

IN

|g(t, )|

+2

g(te)—e 7| < A(l4a)pu (B + [t e,

2 t2
g"(t,x) —e 2 [1 + n{g(t,:c) — 1} + E} ‘ < A(L+2)202 (1t + |t /6

Proof. It follows from Taylor’s expansion of ¢** that

t?E?
2n

1
glt.x) =1+ < CPnTPElGP

In view of (2.8) and (2.9), we have that
|ECE — 1] < (14 Cs)(1+2)p, and E|¢° < (1+ C7)E|X].

Taking these estimates back into (5.4), we obtain for (z,t) € Q,,(x,t),

2 t? 1
t < 1—— 4+ —|ECZ 1|+ = 1tPn32E|C)?
lg(t,0)] < 1= ot o[BG =1+ g P ElG|
2 t? t? 2
<1__ _ _< —t/G'IL'
- 2n+6n+6n_e

This proves (5.1).
Using (5.1), we have that for (x,¢) € Q,(z,t)and [t|* > (1 + C7)~'/py,

+2

gtz —e T < 270 < 21+ Cp)paltfPe /0.
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On the other hand, by using (5.5), we get that for (z,¢) € Q,(x,t) and [¢|> < (1 + C7)™/pn,

g(t7$> =1- Tl(tax)v (57)
where
2o
Tl(t’x) = %ECI +776n3/2E‘C1‘ ) ‘77| —= 17
having |r(t,z)| < 1/4 and
2 tt a3 |t] 2 9O _
Im(t,z)|” < ﬁ(EKl’g) t 1808 (BIGP)” < 5(1 + )|t p. (5.8)

Therefore, it follows from In(1 + z) = 2 + 1,22, whenever |z| < 1/2, where |;| < 1, that for
(,1) € Qu(x,t) and [t]° < (14 C7)7/pa,

t2
Ing(t,z) = —o=EG+0|tn" pa, [0] <1+4Cr, (5.9)
t2 t2
lng"(t,x) = _§EC12+9’t‘3:0n = _§+r(t>x)7 (510)
where, by using (5.5) again,
t2
rt,2)| < SIEG — 1/ +16]|tPpn < £/3.
Also, we have
t2
rt,2)l < FIEQ =1+ 101 [tPpn < A +[t")(1+ z)pn.

These estimates, together with |e* — 1| < |z|el?l, imply that for (z,t) € Q,(z,t) and [t]> <
(1 + 07)_1/pn1

+2

gn(tu I) —e 2

+2
2

< e lente) 1‘ < A(l+2)pa (B +[tP)e /5. (5.11)

Now, (5.2) follows from (5.6) and (5.11).
If we instead the estimate of (¢, x) in (5.8) by
Iry(t, x)]? < i(E@)2 + id
RO = gp2 W 18n3

(ElG?)? <2028,
we can rewrite (5.9) and (5.10) as

hlg(t,l') = g<tal‘)_1+01n_2t4a |01| §27
Ing"(t,z) = n{g(t,z)—1}+6n""t"
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Therefore, by using (5.5) and (5.7), we obtain for (z,t) € Q,(z,t),

ng"(t2) + =

t2
5 ‘ < ’n{g(t,x) —1} + —‘ +2n 1t

|tl°

N

< ——E|G]* +2n 7 < #2/3

2
§’EC1 — 1]+

(recalling [t| < £p,* < /n/6). Also, we have

. 12 t? |t[? _
Ing (t,x)—ka < g‘ECf—lH‘ \/—E|<l|3+2 't

< A+ 2)pa (2 + 1Y),

Now, by using [e* — 1 — z| < Z'el*l, we obtain that for (z,t) € Q,(z,t),

12

t2 n 12
gn(t7x> - 67? — 677 {elng (t7m)+7 . 1}
t2 2
= e 2 |:n{g(t,$)—1}+5+r*<t’x):| 7

where

1 t2 2 tQ
r(to)] < 27+ 3 ‘ Ing"(t, x) + 5’ exp {’ In g"(t, x) + 5!}

< A(L+a) oy (jH]* + [t*) e/,
This implies (5.3). The proof of Lemma 5.1 is now complete.
LEMMA 5.2, If (z,t) € Q,(x,t), then

. 42
‘EAnvne”T" < Azp?tie! /8

‘Eeit(T"—'—A"’") _ gn(t,x)’ < A{Epitze_ﬁm + Ay 232 2|t|3/2
andforany 1 <m <n,

‘Eeit(Tn—i—An,n) (1+Ax|t|) (m—2)t2/(12n) +A mnL 32 2 |t|3/2

Proof. It follows from (2.11), (2.12), (5.5) and Holder’s inequality that

_ ‘E% Q(Gz‘tcl/ﬁ _ 1) (gt@/ﬁ _ 1)‘

(ﬂ)Ewmwmu

;ﬁﬂ%ﬁWW%ﬂmﬂméAm%.

‘ Ewl 2€it(C1+42)

IN

IN
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Therefore, it follows from independence of ¢; and Lemma 5.1 that

‘EAnyne"tT” (t,2)["2 < Axp’t2e /S,

< ’E¢1,2€it(

This proves (5.12).
To prove (5.13) and (5.14), put

A= D — A = % ni: zn: Yy and AL =0, m>n.

k=m-+1 j=k+1
By (2.12) and |¢”* — 1 —iz| < 2|z[%/?,
EetTnthnn) _ poit(TntAf ) Z-tEAmmeit(TnJrA;;,m)
< 2tPPE| N m?? < AtPPmn 2Bl o7 < Amn T 2?2 p2 |tP2. (5.15)
Therefore, (5.13) follows easily from (5.12) and (5.15) with m = n. In view of independence
of ¢;, on the other hand, (5.15) implies that for any 1 < m < n,

’ Eelt(Tn +An,'n.)

< g™t @)| + Axlt|[gm 2, x>) + Amn a2 |12
< (1—|—Ax|t|) (m—2)t?/(6n) ) + Amn~t 3/2 2 |t|3/2

where we have used the estimate (recalling (2.12)):

. , 1
E|Ap e Tt = ‘_22 Z e Tn+Anm‘

k=1 j=k+1
< gt z)|" 2Elo| < Axlg(t,z)|™ 2.

This gives (5.14). The proof of Lemma 5.2 is now complete. O

LEMMA 5.3. Let I be a distribution function with the characteristic function f. Then for all
y € Rand T > 0 it holds that

Eg} F(z) < % + V.P. /_T exp(—iyt)%K(%)f(t)dt. (5.16)
T
lim F(2) > %— V.P. /_ ) exp(—iyt)%f(( _ %) F(0)dt, (5.17)

where
V.P. / _hm / /
T h|0
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and 2K (s) = Ki(s) +iKs(s)/(ms),
Ki(s)=1—|s|, Ky(s)=ms(1—|s|])cot ms+ |s|, for|s|] <1,
and K (s) = 0 for |s| > 1.

Proof of Lemma 5.3 can be found in Prawitz (1972).

LEMMA 5.4. Itholdsthat if 0 < 2 < cp,* withe < £(1+ Cg)~*, thenfor any y € R,
W)L T ()] < Apue™? + Ai(1+2%7)p2, (5.18)

where K (s) isdefned asin Lemma 5.3,

1t o
It(y) = T/Te—lytKl(T)Ee’“Tn“w)dt,
1T, ty 1
I(y) = T/Te-wfm(—?)Ee“@n“m)dt, T:6(1+C7)_1/,0n.

Proof. We only prove (5.18) for 7 (y). Without loss of generality, we assume p,, < 1273, This
assumption implies that 1 +z < 5(14 Cg) ™" /p, for 0 < z < cp,t with ¢ < £(1+ Cg) ", Let
I =TI*(y)and Ty = p, /. We have that

T
]+:/ +/ v = I+ L.
—-T Ty <|t|<T

It is easy to see that [12nt~2log |t|] < n — 2 if |t| > 12 and n > 6. Hence, recalling |T}| > 12
and \/n > 12/E|X|? > 12, by (5.14) with m = [12nt2log|t|] + 2,

|I5] < l/ ‘Eeit(S”JFA”’")‘dt < A+ 23%)p2. (5.19)
Ty<[f|<T
Noting K (s) =1 — |s|, for |s| < 1, we obtain |I;| < |I11] + |/12], where
1 (M . 2 [ :
In =7 /_ . e VR Snthnngy [y = 7 t| EetSnthnn)| gt
It follows from (5.14) with m = [12nt~2log |t|] + 2 again that

2 12 Ty )
1) < ﬁ{/ rt +/ B S dth < AL+ 2?2) 2. (5.20)
0 12
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On the other hand, noting that

fiyt7t2/2dt —_ —y%/2
—_271_ /_006 (& s
it follows from Lemmas (5.1)-(5.2) (i.e, (5.2) and (5.13)) that

| < 1 ‘ /OO e_iyt_t2/2dt‘ + l/ e At + l/Tl
T Tl T Jyy>my TJm

< Apne V4 A (1 + 222

Eez’t(anrAn,n) . e—t2/2 dt

Collecting all these estimates, we conclude the proof of Lemma 5.4. O

LEMMA 5.5. Theintegral

- T
JHy) = ~V.P. / *wtK( ) Bttt at

m 7 T t
Iy = ‘vp /T e~ 3) petstrnn @ Ly oy,
T -4 r 2 T t ) 6 7 n
satisfy that, for any y € Rand 0 < z < cp,' withe < 3(1 4 Cg) 7!,
TH) 1= 20() = 2La(y)]| < AQL+ 2P0, (5.21)
‘J’(y) +1-20(y) - 2£n(y)) < AQ+277)pl2, (5.22)

where K,(s) isdeEned asin Lemma 5.3 and

£l = n{B0(y= <L) ~ 26} - 50%0).

Proof. We only prove (5.21). Similar to the proof of Lemma 5.4, we assume p,, < 1273, which
implies 1 4+ 2 < (14 Cq) ™" /p, for 0 < 2 < ¢p,t with ¢ < (1 + Cg) ™. Write J* = J*(y)
and f,,(t,z) = [1 +n{g(t,z) — 1} + %] e~*/2, The J* can be rewrite as

Jt = Jy + Jig+ Jiz + Jo,

n dt
where 7. = ‘vp / L (1)
T 7 t
' no : dt
Jig = iV.P./ e*lyt{Ee%t(Sn+Ann fn(t I>}
@ =T t’
. T
Ji. = —V.P. —zyt{K Uy 1}E it(SntAnn) &0
v @ /—T1 ‘ 2 (T) ¢ ¢
J —1 t it(Sp+A dt
J2 - _VP 4 KQ( )E€ n n n
T T <Jt|<T T +
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and 71 = p,'/®. Similar to (5.19), it follows that |J,| < A(1 + 23/2)p2. By using (5.3) and
(5.13), we have

T
| J12] < /
-7

< A+l a2}

dt

gn(t7x) - fn(tvx) m

, dt T

i S

Noting that |K5(s) — 1] < As?, for |s| < 1/2 (cf.,, e.g., Lemma 2.1 in Bentkus (1994), similar
to (5.20), it can be easily shown that

T
| i3] < ATQ/ |t\‘Ee”(S"+A"*") dt < A(1+ 23/2)p2.
-

On the other hand, simple calculation shows that

i o dt 1
—V.P. —wt —=-5+1? :
5V /_Ooe fult, 2) ; 5+ (y) + Ln(y)

Therefore, it follows from all these estimates and = < ¢p,, ! that
Tt 41 = 20(y) — 2La(y)|

<

Ji+1—29(y) — 2£n(y)’ + 12| + | i3] + ||

/ 1
S _
> |t

< A {(1 +2)%p2 + :c3/2p§/2}
< A(1+2%2) 32,

fults)|de+ A {1+ 2)20% + 22302 |

This also completes the proof of Lemma 5.5. O]

LEMMA 5.6. For any |y| < A(1 + z),

EX? ry?  yx 20 P
ﬁn(y)—\/ﬁ<g—?>ey ‘ < A{pn—l—Anw/(l#—x)}ey , (5.23)

where £,,(y) is defned as in Lemma 55. For 0 < x < ¢p, ' with ¢ suffciently small, and
Yo = & + M\ (2), where |\, (2)| < C A, /(1 + ),

‘6—%%/2_6—962/2 < Ap,, (5.24)

B(y0) = B(@)| < Afpn+ Apa/ (L)} e 24 A2, (5.25)
Lali) + X T 2| < Afpy 4 Ana/(142)} 2+ A1+ 2202, (5.26)
n 3\/5\/% — n n,xr n
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Proof. We £rst note that

2
Yy .2 Yy — 1 .2
OO (y) = ——= e 2, dW(y) = =" /2 (5.27)
and
0@ (1) < AL+ |y|*)e v/, (5.28)

Using (5.28), |y| < A(1+ z) and |(1] < Ay/n/(1 + x), it can be easily seen that for |0 < 1,

NLD
This, together with Taylor’s expansion and E¢} < CoEX*I(|x|<,), implies that

Qu = ‘E¢<y—%>—¢(y) 2C1<I> () + 6E§}2<I> (v)

1 [s1
< 4<I><4>( 9—) o] <1
= 22 yrom) =)
< AEX'Ixj<n(1+x)°n 27V /2,

Therefore, taking account of (2.8)-(2.9) and (5.27), we have

3 2
Loly) — %(y_ _ g)e,ym

V2mn \ 6 2

zEX3 EX?3 p 2
< |, () = Z2L 9@ () — 225 ‘Jr_nefy /2
< |Lu(y) NG (v) NG (v) N

1
< nQu+ —@@)(y)\(ch -1- %EX?’\
\/_
3) 3 Pn —y2/2

< A{pn+An,x/ +x)}e V2,

This concludes (5.23).
We next prove (5.24)-(5.26). It can be easily seenthat A,, . < (142)*p,, !, and for x < ¢p,,!

with ¢ small enough,

vo —2*| < 2z[Aa(@)[+ A(@) < (20 + CH) Ay, < 27/,
—(z—yo— ) < —2®+ 2|\ (2)| < —2* +2C A, < —327/4.
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These estimates imply that

_2 2 1 .2 2_ .2
‘e w2 _ a:/2‘ < §|yg_x2|e 22 /2+ |y —a2|/2

A 2
< Som(l+a)’e ™ < Ap,, (5.29)
/ (yo —2)? 2)
Oyo) = (x)| < lyo — 2 ¥(2) + |2V (@ +Olyo —2])] (0] <1)
A 2 2 2
< ARy %(1 + )e -2/
A
< AR A2 (5.30)
1+2x

This proves (5.24) and (5.25). On the other hand, we have

W wor 1o

6 2 3
This, together with (5.27)-(5.24), implies that

1 T
< 6 ’yé—xﬂ +§|yo—x| <AA,,.

EX3 1‘2 2 2 2
L, (o) + e < Apa Ay e 0 1 A py A+ A/ (14 2) be W0/
(yO) 3\/5 \/% = P s 1{0 y /( )}
< Afpn+ A /(14 2) e 2 4 A (1 + 2?02,
This gives (5.26). The proof of Lemma 5.6 is now complete. O

After these lemmas, we are now ready to prove Theorem 2.2.

By using (5.17) and Lemmas 5.4-5.5, we obtain for 2 < z < ¢p, ! with ¢ suffciently small,

1
P(To+ Bun = w4 20u@) < 51 (00) +1= T (30)
< 1—®(yo) + Ln(yo) + Appe %/% 4 Az®?p3/2,

where yo = = + A, (x). Furthermore, it follows from Lemma 5.6 that

P<Tn Ay > 7+ )\n(x)>

EX3 SL’2 2 2
< 1—®(x)— T2 4 Alp, + A, ) e P+ A 2t ?p3%. (5.31
Using the well-known inequality
L (l — i)eaﬁﬂ <1—9(x) < ! e ™2 >0,
V2r\e  ad 2rx
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we have for x > 2,

‘933{1 _ e—x2/2‘ < Le—ﬁm

2
X
P(z)t — —

( )} V2 Vo
and e=*"/2 < Ax{1— ®(z)}. Taking these estimates back into (5.31), we get for 2 < z < cp;,’
with ¢ suffciently small,

B EX3
3vn

P(Tn A>T+ An(x)> < {1- o)) [1 - n AL’W] A 2P,

Now we conclude the result if we prove

?EX3 »?EX3
1- ALny < - [1 A L} 5.32
3 + RS eXP{ 3\/5} + Ay Lo, (5.32)
In fact, (5.32) is obvious for EX3 < 0. In the case that EX3 > 0, if 22%3 < 2, then
?EX3 2 EX3
NG +AL,, exp{ 5 }—i— L,
2 EX3
< - 1+ Ae? m]
< exp{ NG }[ + Ae” L,

On the other hand, it follows easily from the de£nition of A, , that for 2 < z < ¢p; !,

Alxp, + Any) <1+ 2°EX3//n))9,

by choosing ¢ sufEciently small. Therefore, if *””;E/%(S > 2, then

1—

B EX3 B EX3
AL, <0< _ [1 Aﬁm].
3/m e S —eXp{ 3v/n } Ak,

Collecting all these estimates, we get the desired (5.32). This also completes the proof of
Theorem 2.2.
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