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1. INTRODUCTION

Let G be an open set in R?. We consider parabolic stochastic partial
differential equations of the form

du = (Di(auy +biu+ 1) + by +cu+ f)dt + (Vu+ g*) dwf, (1.1)

given for z € G,t > 0. Here wf are independent one-dimensional

Wiener processes, ¢ and j go from 1 to d, and k runs through {1, 2, ...}.
The coefficients a¥, b*, b’, ¢, v* and the free terms f?, f, ¢ are random
functions depending on ¢t > 0 and = € G.

This article is a natural continuation of the article [15], where L,
estimates for the equation

du = Di(a"uy + f1) dt + (Vu + ¢F) dw? (1.2)

with discontinuous coefficients was constructed on R<.

Our approach is based on Sobolev spaces with or without weights,
and we present the unique solvability result of equation (1.1) on R¢, R
(half space) and on bounded C' domains. We show that L,-norm of
u, can be controlled by L,-norms of f, f and g if p is sufficiently close
to 2.

Pulvirenti [13] showed by example that without the continuity of a
in x one can not fix p even for deterministic parabolic equations. For
an L, theory of linear SPDEs with continuous coefficients on domains,
we refer to [1], [2] and [7].

Actually Lo theory for type (1.1) with bounded coefficients was de-
veloped long times ago on the basis of monotonicity method, and an
account of it can be found in [14]. But our results are new even for
p = 2 (and probably even for determistic equation) since, for instance,
we are only assuming the functions

pb',  pb',  ple, pt
are bounded, where p(z) = dist(x,0G). Thus we are allowing our
coefficients to blow up near the boundary of G.

An advantage of L,(p > 2) theory can be found, for instance, in [16],
where solvability of some nonlinear SPDEs was presented with the help
of L, estimates for linear SPDEs with discontinuous coefficients. Also
we will see that some Holder type estimates are valid only for p > 2
(Corollary 2.5).

We finish the introduction with some notations. As usual R? stands
for the Euclidean space of points z = (z!,...,2%), RL = {z e R*: 2! >
0} and B,(z) :={y € R?: |z —y| < r}. For i = 1,...,d, multi-indices
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a=(ag,..,aq), a; € {0,1,2,...}, and functions u(z) we set

Uy = Ou/02' = Dyu, D%uw= D" -...- DJ*u, |a|=a;+ ...+ aqg.

2. MAIN RESULTS

Let (2, F,P) be a complete probability space, {F;,t > 0} be an
increasing filtration of o-fields 7, C F, each of which contains all
(F, P)-null sets. By P we denote the predictable o-field generated
by {F:,t > 0} and we assume that on {2 we are given independent
one-dimensional Wiener processes w;, w?, ..., each of which is a Wiener
process relative to {F;,t > 0}.

Fix an increasing function x( defined on [0, c0) such that ko(e) — 0

as e | 0.

Assumption 2.1. The domain G C R? is of class C}. In other words,
there exist constants ry, Ky > 0 such that for any zy € G there exists
a one-to-one continuously differentiable mapping ¥ from B, (z() onto
a domain J C R? such that

(i) J4 == U(Byy(x0) NG) C RL and ¥(z0) = 0;

(ii) W(Byy(20) NOG) = JN{y € RY: y' = 0};

(iti) 1 ®ller (B, @)y < Ko and [W=1(y1) — U (y2)| < Kolyr — yof for
any y; € J;

(iv) [0, (1) — W (22)] < ro(las — ) for any z; € By, (zo).

Assumption 2.2. (i) For each x € G, the functions a”(t, ), b'(t, z),
bi(t,x), c(t,z) and v*(t, z) are predictable functions of (w,t).

(ii) There exist constants A\, A € (0, 00) such that for any w, ¢,z and
£ e RY,

NéP? < ag'e? < Mg

(iii) For any x,t and w,

p(@) | (t, )] + p(2) b (t, )] + p(x)?|e(t, 2)| + p(2) V" (¢, )|, < K.

(iv) There is control on the behavior of b, b, ¢, v near G, namely,

i sup p(a) ([0 (t, )[+]0' (8, 2) [+p(a) |c(t, 2) [+ [v(t, 2)]e) = 0. (2.1)
zeG “

To describe the assumptions of f*, f and g we use Sobolev spaces
introduced in [7], [8] and [12]. If n is a non negative integer, then

H'=H'R") ={u:u,Du,..,D% € L, : |a| <n},
Lyo(G) == Hp 4(G) = Ly(G, p’~ddx), p(x) = dist(x, 0G),
H}'o(G) = {u : u, puy, Pl D € Le(G) : ol < n}. (2.2)
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In general, by H) = H)(R?) = (1 — A)™"/?L,, we denote the space of
Bessel potential, where
lully = 111 = A)ul,,

and the weighted Sobolev space H),(G) is defined as the set of all

distributions © on G such that
o

ully, o= D2 eI alem @y <00, (23)

n=—oo

where {(, : n € Z} is a sequence of functions ¢, € C§°(G) such that
Y Gz e>0, [D"G(x)] < N(m)e™.

If G =R we fix a function ¢ € C§°(R;) such that

> (e =e>0, VreR, (2.4)
nez
and define (,(z) = ((e™z), then (2.3) becomes
lullyys = > elICCyulem) I, < oo (2.5)

It is known that up to equivalent norms the space H. ; o 1s independent
of the choice ¢, and H,(G) and its norm are independent of {(,} if G
is bounded.

We use above notations for ¢;-valued functions g = (g1, g2, ...). For
instance

gl ey = N1 = A)"2gle, |,
For any stopping time 7, denote (0,7] = {(w,?) : 0 <t < 7(w)},

H;(T) = Lp((lov T]]’ P, H;)’ H;,G(Gv T) = Lp((lov T]]’ P, H;Q(G))>
H),() = Ly((0,7], P, H]p), L) = O,

Fix (see [5]) a bounded real-valued function v defined in G such that
for any multi-index «,

W] = sup P! ()| D4 ()] < 00

and the functions ¥ and p are comparable in a neighborhood of 0G.
As in [11], by M* we denote the operator of multiplying by (x!)® and
M = M*. Define

UY = Ly(Q,Fo, HIT2P), Uly=M'"PL,(Q,F, H;f/f’),
U o(G) = ¢ =P L (Q, Fo, H)32"(G)).



SPDE WITH DISCONTINUOUS COEFFICIENTS 5

By 9, ,(G,7) we denote the space of all functions u € PH (G, 7)
such that u(0,-) € UJy(G) and for some f € ¢_1HZ§2(G,T), g €
' (G, 7),

du = fdt + g" dwy, (2.6)
in the sense of distributions. In other words, for any ¢ € C§°(G), the
equality

(ult, ). 8) = (u(0. ). ) + / (f(5, ), 0)ds + / (6"(s,), 8) du’

holds for all ¢ < 7 with probability 1.
The norm in §) (G, 7) is introduced by

||u||.s§;79(G,T) - ||¢71U||H;79(G,7) + WfHH;;f(G,T)

Hlolig e+ 10, Vo

It is easy to check that up to equivalent norms the space ﬁ;,Q(G ,7) and
its norm are independent of the choice of 9 if G is bounded.
We write u € ) o(7) if v € MH) ,(7) satisfies (2.6) for some f €

M‘lH;f(T), g€ H;;l(T, l5), and we define
sy = 14 iy o)+ 1l

+|’9HH;7—91(T) + [Ju(0, ')HU;G-

Similarly we define stochastic Banach space H}(7) on R? (and its
norm) by formally taking ¢ = 1 and replacing H),(G),U,,(G) by
H), U], respectively, in the definition of the space .6;79(G, 7).

We drop 7 in the notations of appropriate Banach spaces if 7 = oo.
Note that if G = R%, then 7 (G, 7) is slightly different from $ ,(7)
since ¢ (z) is bounded. Finally we define

.6;970(...) = ;79(...) N A{u:u(0,-) =0},
H)o() = H)(..) N {u: u(0,-) = 0}.
Some properties of the spaces H ) 4, 9) 4(G, 7) and ) (1) are collected

in the following lemma (see [3],[7], [8] and [12] for detail). From now
on we assume that

p>2, d—1<60<d—1+np.
Lemma 2.3. (i) The following are equivalent:
(a)u € Hyo(G),
(b)u € H;;l(G) and Y Du € H;;l(G)y
(c)u € H;gl(G) and D(Yu) € H;gl(G).
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In addition, under either of these three conditions

[l @) < Nzl e < Nliullay ), (2.7)
[l @) < NIWwallpsie < Nliulay - (2.8)
(i4) For any v,y € R, ¥V H,(G) = H),  (G), and
lullz, @ < Nl ulla ) < Nlullmy, @

(7i1) There exists a constant N dependmg only on d,p,v,T (and 0)
such that for anyt < T,

Jull, m<N/WWW1 s < Nl (29

|wm@<N/mww1@<Nmmwl (2.10)

(tv) Let v —d/p =m+v for somem =0,1,... and v € (0,1), then
for any k < m,

R DRy o + [P Dy oy < NHUHH;’G(G).

(v) Let
2/p<a<p <l
Then for anyuef)zm(G,T) and 0 < s<t<rT,

B[ (u(t) — u(s Mer-r) < NIt = s Hullg, (2.11)

(Gr)

Bl tul? < Nl (2.12)

ce/2=1/p((0,7),H) 57 (@) (G.7)"

Here are our main results.

Theorem 2.4. Assume G is bounded and 7 < T. Under the above
assumptions, there exist pg = po(\, A, d) > 2 and x = x(p,d, \,A) >0
such that if p € [2,po) and 0 € (d — x,d + X), then
(i) for any f" € Lyo(G,7), f € v 'H, 4(G,7), g € Lys(G,7) and
uy € U 4(G) equation (1.1) admits a unique solution u € 9, o(G, ),
(i1) for this solution

I ullm 6y < Nl o HI0 Flley .mHIgNL, o@n ol @),
) (213)
where the constant N is independent of f%, f,g,u and uy.

Lemma 2.3 (iv) and (v) yield the following results. It is crucial that
p is bigger than 2.
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Corollary 2.5. Let u € ), ,,(G, 7) be the solution of (1.1) and
2/p<a<p<l.
(i) Then for any 0 < s <t <,

Bl () = u()f1s ) < Nl = sIPPO( [.9.0) - (2.14)

E|P = ul? (2.15)

ca/2- 1/p([0 ]Hl B(G)) S NC(fz,f,g,Q),

where C(f', £,9,0) = [ ', oicr) + 1S ez + 190,00
(16) If d < 2,1 —d/p =: v, then

E/T(libe/p‘IUIco + [ Puleu))dt < NO(f', f,9,0),  (2.16)
0

thus if 0 < d, then the function u itself 1s Holder continuous in x.

The following corollary shows that if some extra conditions are as-
sumed, then the solutions are Holder continuous in (¢, ) (regardless of
the dimension d).

Corollary 2.6. Let u € 9, ,,(G,T) be the solution of (1.1). Assume
that b°,b, ¢ are bounded, v =0 and

1-2/g—d/r>0, q>r>2
fHf 9 € Ly(Q x [0,T),P, L.(G)).
Then there ezists a = a(q,r,d,G) > 0 such that
Elu|tagxior < 0©- (2.17)

Proof. 1t is shown in [3] that under the conditions of the corollary,
there is a solution v € 9 4 (G, T) satisfying (2.17). By the uniqueness
result (Theorem 2.4) in the space 95 ,(G,T), we conclude that u = v
and thus v € 9, (G, T). O

We will see that the proof of Theorems 2.4 depends also on the
following results on Ri and R

Theorem 2.7. Assume that
o' (t, )| + 2B (t, 2)| + (2h)Pe(t, )| + 2t vt 2)| < B, Vw,t, .

Then there exist pg = po(A\, A, d) > 2, By = Bo(p,d, \,A) € (0,1) and
X = x(p,d, N\, A) > 0 such that if

5§507 pE [27170): d_X<9<d+Xa (218)
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then for any f* € L,o(7), f € M_lH;é(T), g € Lyp(r) and up € Uy,
equation (1.1) with initial data ug admits a unique solution w in the
class $3,, (1) and for this solution,

1Ml 1y < N o) + 1M Flliazz ) + 190, 009 + lluollen ),
(2.19)
where N depends only d,p,0, X and A.

Theorem 2.8. Assume that
b'(t, )| + [b'(t, 2)| + |e(t, @) + [v(t,2)| < K, Vw,t, .
Then there exists po > 2 such that if p < [2,po), then for any f* €
Ly(7), f € H;'(7), g € Ly(7), uo € Uy equation (1.1) with initial data
ug admits a unique solution u in the class H;(T) and for this solution,
lullesry < N o) + 1l 1) + 19l + luolluy),  (2:20)
where N depends only d,p, \, \, K and T

3. PROOF OF THEOREM 2.7

First we prove the following lemmas.

Lemma 3.1. Let f = (fY, f%, ..., f9,9 = (¢4, 9% ...) € Loa(T) and
u € $93,40(T) be a solution of
du = (Au+ fL)dt + gFdw?. (3.1)
Then
HUIHI%QJ(T) < Hf”izd(T) + ||g||J2L2,d(T)- (3.2)
Proof. Tt is well known (see [11]) that (3.1) has a unique solution u €
ﬁ;,d,o(T) and
el ry < NOULIE oy + 9l ) (33)

We will show that one can take N(2) = 1. Let © be the collections
of the form

f(tv ZU) = ZI(Ti—LTi]] (t)fl(:B),

where f; € Cg°(R%) and 7; are stopping times, 7; < 7,4 < T. It is
well known that the set © is dense in HJ ,(7') for any 7,0 € R. Also
the collection of sequences g = (g*), such that each g, € © and only
finitely many of g, are different from zero, is dense in H ,(T’, £3). Thus
by considering approximation argument, we may assume that f and ¢
are of this type.
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We continue f(¢,z) to be an even function and ¢(¢,x) to be an odd
function of z'. Then obviously f,g € HY(T) for any v and p. By
Theorem 5.1 in [7], equation (3.1) considered in the whole R? has a
unique solution v € Hzl, and v € H) for any 7. Also by the uniqueness
it follows that v is an odd function of z! and vanishes at ! = 0.
Moreover remembering the fact that v satisfies

dv = Avdt

outside the support of f and g, we conclude (see the proof of Lemma
4.2 in [10] for detail) that v € §; ,; for any 1.

Thus, both v and v satisfy (3.1) considered in RZ and belong to 573;@-
By the uniqueness result (Theorem 3.3 in [11]) on R%, we conclude that
u=uv.

Finally, we see that (3.2) follows from Itd’s formula. Indeed (remem-
ber that u is infinitely differentiable and vanishes at z! = 0),

t t
ulto) P = [ (2utut 2ufls + 1o de+2 [ ugtaut,
0 0

therefore

O§E/
Y

¢ t
—2E/ fiDiudxdt+E// \gl7, dadt
0 JRY 0 JRY
¢
S—E// |Du(s, x)|? dvdt
0 JRY

t t
+E/ / |f|2dxdt+E/ / 9|7, dzdt.
0 JRY 0 JRY

t
lu(t, z)|? do = —2E/0 /Rd |Du(s, x)|? dvdt
+

O

Lemma 3.2. There exists pg = po(A, A, d) > 2 such that if p € [2,po)
and u € 9, ;,(T) is a solution of

du = D;(a%u; + fH)dt + g~ dw?, (3.4)
then

[z, ury < NS, o) + 19llL,.00) (3.5)
where N is independent of T.
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Proof. We repeat arguments in [15]. Take N(p) from (3.3). By (real-
valued version) Riesz-Thorin theorem we may assume that N(p) \, 1
as p \, 2. Indeed, consider the operator

®: (f',9) = Du,
where u € $) ;, is the solution of (3.1). Then for any > 2 and
pe 2]
12, < @l @l 1/p=@1~-a)/2+a/r,
and (as p — 2)
@], < @]l = |@i/2H/P/a2D — 1,
Denote A := (a”),r := 2t2 and observe that the eigenvalues of
A — kI satisfy
—(A=N2=A A=< M —kKk<.<N—K<A—kr=(A-))/2,
and therefore for any ¢ € R,
(@~ sD)e < 2 el (3.
Assume that v € ) ;((T) satisfies
dv = (kAv + L) dt + g"dw?.
Then o(t, z) := v(t, v/kx) satisfies
dv = (AD + fL,) dt + gFdw,
where fi(t,z) = ﬁfi(t, VEx) and gF(t,z) = g¢*(t,\/kx). Thus by

(3.3),
N(p) N(p)
||va:||i£p’d(T) < WHfHﬁp’d(T) + Wug”fiw(zﬂ)- (3.7)
Therefore we conclude that if u € ) ;((T) is a solution of (3.4), then
u satisfies
du = (kAU + (f' 4+ (A — k1)ug;),i) dt + gFdw?,

and

N(p) N(p)
luall, oy < 7HFH£p,d(T> + I9ll%, ,cr)»

where F" = (A — kl)ug + f*. By (3.6)

A—=N)P
B 4 NP

Thus, for sufficiently small €, (since N(p) \, 1 as p \ 2)
N(p) (A=A (A—A)P
(1+¢€) TS\

[FIP < (1+¢)

= N(p)(1+e) <1. (3.8)

KP 2p
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Obviously the claims of the lemma follow from this. O

Lemma 3.3. Assume that for any solution u € $, 4 (7) of (1.1), we

have estimate (2.19) for @ = 6y, then there exists x = x(d, p, 0y, A, A) >
0 such that for any 0 € (6o — x, 00+ x), estimate (2.19) holds whenever
u € 9, ,(7) is a solution of (1.1).

Proof. The lemma is essentially proved in [6] for SPDEs with constant
coefficients. By Lemma 2.3, u € §} 4(7) if and only if v := M©~%)/ry €

b0, (7) and the norms ||ul| a1 () and vl 519, (1) ATC equivalent. Denote
e = (6 — 0y)/p and observe that v satisfies

dv = (Di(a" vy + b'v + f1) + bivg + cv + f)dt + (VFv + M*gF)dw?,
where B
Fie Mef — ca Mo,
f = M°f — M e(b'v + av, — ate M v + blo + MEfY).
By assumption (remember that Mb* and Mb are bounded),
||U||5;,90(7) < N(||f:i||1Lp,90(T) + ||MJF||H;§U(T) + [Mfuo||v, 5, )

< N Ny otry + 1M Fllgy iy + oo, o)

+Ne(|M L, o r) + Vel o0 m)-
Thus it is enough to take ¢ sufficiently small (see (2.8)). The lemma is
proved.

U

Now we come back to our proof. As usual we may assume 7 = T
(see [7]), and due to Lemma 3.3, without loss of generality we assume
that 0 = d.

Take pg from Lemma 3.2. The method of continuity shows that to
prove the theorem it suffices to prove that if p < pg, then (2.19) holds
true given that a solution u € ] ,(T') already exists.

Step 1. We assume that b° = b’ = ¢ = v* = 0. By (2.8) (or see
Lemma 1.3 (i) in [11])

-1
ol ~ Il
Thus we estimate ||ug||L, ,(r) instead of HM_luHHé ,r)- By Theorem
3.3 in [11] there exists a solution v € $, 4(T') of
dv = (Av+ f)dt, v(0,-) = u,
and furthermore
[oallyuiry < NIM Pl + Nlolly (39)
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Observe that u — v satisfies
d(u—v) = Dy(a”(u—v)es + f)dt + g* dwf, (u—v)(0,-) =0,
where f' = f + (a¥ — 6)v,;. Therefore (2.19) follows from Lemma

3.2 and (3.9).
Step 2(general case). By the result of step 1,

1M e oy < NIMOM ™ u+ filn, o0y + Nlluollo:,
+N [ MB i+ M*eM ™ w4+ M fllgsry + N MyM ™ + gl m)

< NB(IM " ulle, aery + sl ar)
+NJuollus , + NSy ary + NIM fll 1oy + N9l ar)-
Now it is enough to choose 3y such that for any 3 < [y,
NB(IM ulln, ary + el ary) < 1/20M ullg o).

The theorem is proved.

4. PROOF OF THEOREM 2.8
First we need the following result on R? proved in [15].

Lemma 4.1. There exists pg = po(A, A, d) > 2 such that if p € [2,po)
and u € H,o(T) is a solution of

du = D;(a"uy + f1)dt + gFdw?, (4.1)
then
el @) < N f L, @) + 19l,@)-
Again, to prove the theorem, we only show that the apriori estimate
(2.20) holds for p < py (also see step 1 below).
As in theorem 5.1 in [7], considering u — v, where v € H (T is the
solution of
dv = Avdt, v(0,-) = uy,
without loss of generality we assume that «(0,-) = 0.
Step 1. Assume that b’ = b’ = ¢ = v* = 0. By Theorem 5.1 in [7],
there exists a solution v € H;,,O(T) of

dv = (Av + f)dt,
and it satisfies
vellL, @) < Nl flles - (4.2)
Observe that u := u — v satisfies
di = D;(a" Uy + f*) dt + ¢"dwF,
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where f@ = f' + (A — I)v,;. Thus the estimate (2.20) follows from
Lemma 4.1 and (4.2).

Step 2. We show that there exists ¢; > 0 such that if T" < ¢,
then all the assertions of the theorem hold true. Thus without loss of
generality we assume that 7' < 1.

Note that b'u,: € LL,(T) since v € H}(T'), so by Theorem 5.1 in [7],
there exists a unique solution v € HZ,O(T) of

dv = (Av + bug:)dt,
and v satisfies
||U||§¢§(T) < NHUm”]]]ip(T)-

By (2.10),
lvellZ, iy < Nl ) < NDlluall,m, (4.3)

where N(T') — 0 as T' — 0. Observe that u — v satisfies

d(u —v) = (Di(a” (u —v) 4 + (a7 — 67 + b'u + f) + cu+ f) dt

+(Fu + g*) dwy .
By the result of step 1,
1w = v)allL,y < N(l(a” = 07 )ver + b+ fl|,r)
+|leu + f“Hgl(T) + ||Vku + 9l )
< N(llvalleyery + 1 o) + 1l vy + 19lliaey + lulle, ),
where constants N are independent of 7' (7" < 1). This and (4.3) yield
s,y < NN(T)llusll,ry + NI ) + NIl

+NlgllL, ) + NllullL,@)-

Note that the above inequality holds for all ¢ < T'. Choose &1 so that
NN(T) < 1/2 for all T < gy, then for any ¢t < T < &1 (see Lemma
2.3),

el ey < NUulIE, o) + NUF N1 7y + UL,y + 19IE, )

t
<N [ el e+ NPy + 11,y + Nl )

Gronwall’s inequality leads to (2.20).
Step 3. Consider the case T' > €;. To proceed further, we need the
following lemma.
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Lemma 4.2. Let 7 < T be a stopping and du(t) = f(t)dt + g*(t)dw?.

(i) Let u € HZBQ(T). Then there exists a unique @ € H;;z(T) such
that u(t) = u(t) fort < 7(a.s) and, on (0,T),

di = (Aa(t) + f(t))dt + g* < dw?, (4.4)
where f = (f(t) — Au(t)),<,. Furthermore,
@2y < N llgzos oy (45)
where N is independent of u and 7.

(i1) all the claims in (i) hold true if u € Sﬁz;i)(G,T) and if one re-
place the space H}** () and H)™(T) with 55%2(6*, 7) and ﬁ;;Z(G, T),
respectively.

Proof. (i) Note f € H)(T), gli<r € H)™(T), so that, by Theorem 5.1
in [7], equation (4.4) has a unique solution & € H§*(T) and (4.5)

p,0
holds. To show that @(t) = u(t) for ¢ < 7, notice that, for ¢ < 7, the

function v(t) = a(t) — u(t) satisfies the equation

v(t) = /0 Av(s)ds, v(0,-) =0.

Theorem 5.1 in [7] shows that v(t) = 0 for t < 7 (a.e).
(ii) It is enough to repeat the arguments in (i) using Theorem 2.9 in
[1] (instead of Theorem 5.1 in [7]). O

Now, to complete the proof, we repeat the arguments in [4]. Take
an integer M > 2 such that T/M < e, and denote t,, = Tm/M.
Assume that, for m = 1,2,..., M — 1, we have the estimate (2.20) with
tm in place of 7 (and N depending only on d, p, \, A, K and T"). We are
going to use the induction on m. Let u,, € H;O be the continuation of
w on [t,, T], which exists by Lemma 4.2(i) with v = —1 and 7 = t,,.
Denote v, := & — Uy, then (a.s) for any ¢ € [t,,, T], ¢ € C§°(G) (since
duy, = Auydt on [t,,, T])

(0n0):0) = = [ (@t + Vo + i 02)(5)ds

t t
—l—/ (V" Vi + COM + i, §)(5)ds + / (Vo0 + g, ) (s)dw?,
tm tm
where
f?ln = (a’ij - 5ij)umzj + blum + fi7 f_m = Bzumzl + cuy, + JF7

& = Vi + g
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Next instead of random processes on [0, 7] one considers processes
given on [t,,, T] and, in a natural way, introduce spaces H)([tm, T1),
Ly ([tm,t]), H)([tm, T]). Then one gets a counterpart of the result of
step 2 and concludes that

tm+1
E/ 1 = ) () [ ds

tm+1 . —
< NE/ S, + 1 fm ()1 + lgm ()7, )ds.
tm P
Thus by the induction hypothesis we conclude

tm41 T
E/ mep%<N§/Wm®%ds
0 0 P

tm+1
VE [ = un) ) ds
tm

7 £1|p
< NS oy + 1+
We see that the induction goes through and thus the theorem is proved.

HGI1E, (1))

5. PROOF OF THEOREM 2.8

As usual we may assume 7 = 7. It is known (see [1]) that for
any ug € U)o(G) and (f,g) € v 'H, 4(G,T) x Lyp(G,T), there exists
u € $), (G, T) such that u(0,-) = ug and

du= (Au+ f)dt + g" dwy. (5.1)
Thus as before, to finish the proof of the theorem, we only need to estab-
lish the apriori estimate (2.13) assuming that u € §) ,(G,T) satisfies

(1.1) with initial data uy = 0, where p € [2,po) and 6 € (d — x,d + x).
To proceed we need the following results.

Lemma 5.1. Let u € 9,4,(G,T) be a solution of (1.1). Then

(1) there ezists g € (0,1) (independent of u) such that if u has
support in B.,(xo),xo € OG then (2.13) holds.

(i1) if u has support on G. for some € > 0, where G. := {x € G :
dist(x,0G) > e}, then then (2.13) holds.

Proof. The second assertion of the lemma follows from Theorem 2.8
since in this case (see [12]) u € H,(T') and

lullsr ey ~ llullrg

To prove the first assertion, we use Theorem 2.7. Let 2y € 0G and ¥
be a function from Assumption 2.1. It is shown in [5] (or see [1]) that
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U can be chosen such that W is infinitely differentiable in G N B, ()
and satisfies

(W, oy + W Ty, < N(n) < o0 (5.2)
and
p(x)V,(x) - 0 as x € By (xg) NG,and p(z) — 0, (5.3)

where the constants N (n) and the convergence in (5.3) are independent
of xo.

Define r = ry/ K, and fix smooth functions n € C§°(B,), ¢ € C*(R)
such that 0 < n,o < 1,and n = 11in B, s, ¢(t) = 1 for t < =3, and
o(t) =0fort > —1 and 0 > ¢’ > —1. Observe that W(B,,(x)) con-
tains B,. For m =1,2,..., t > 0, z € R? define ¢,,(z) = p(m ™' Inz?).
Also we denote Ui := D, ! Wi = DD,V ¢ := D;(i (~1))(D),

A

(i = a0(2)Pm + (1= 0Pm) I, b = 000, b 1= b1,

Cm 1= NPy Uiy 1= UNPm,
where
a(t,w) = a(t, v (@), B(ta) = bt (@),

bi(t,x) = bi(t, U (z)), &t a)=-c(t, T (z))
o(t,x) = v(t, ¥ (z)),
i = aP WL, b =0
V=00 4+ a Wi, E =+ b

Take 3y from Theorem 2.7. Observe that p(m~'Inz!) =0 for z* >
e”™. Also we easily see that (5.3) implies z'W,,(¥~'(z)) — 0 as
x! — 0. Using these facts and Assumption 2.2(iv), one can find m > 0
independent of xy such that

2 bun(t,2)| + 2 b (1, 2)] + (@], 2)| + 2 [t 2)] < o,
whenever t > 0, x € ]Ri.
Now we fix a ¢y < r¢ such that
V(B (20)) C By N{x :a' <e™}.

Let’s denote v := u(¥~') and continue v as zero in R% \ U(B.,(zo)).
Since gy, = 1 on ¥(B.,(zg)), the function v satisfies

~

dv = (9 vy + b v+ f)yi + lﬁ)’;nvxz + v + f)dt + (0% v + §F) dw?,
where

fi=fFh, F=Fh, §F =g ).
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Next we observe that by (5.2) and Theorem 3.2 in [12] (or see [5]) for
any v,a € R and h € ™*H} ,(G) with support in B, (7o)

1Rl ) ~ IMBCY™) [z, (5.4)

Therefore we conclude that v € $ ,(T). Also by Theorem 2.7 we have
1M vl iy < NI Fll or) +N||Mf||H )+ Ngle, o

Finally (5.4) leads to (2.13). The lemma is proved. O

Coming back to our proof, we choose a partition of unity ("™, m =
0,1,2, ..., Ny such that ¢° € C§°(G), (™ = ¢(=2)) ¢ € C3°(By(0 ))
Tm € 0G, m > 1, and for any multi-indices «

supZz/J‘O"]DO‘C(m)| < N(a) < o0, (5.5)

where the constant N(«) is independent of ¢y (see section 6.3 in [9]).
Thus it follows (see [12]) that for any v € R and h € H},(G) there
exist constants N depending only p, 0, v and N(«) (independent of ¢y)
such that

1Alle @) < N 1S Allz ) = NIAIE (@) (5.6)
Z G Rl (@) < N||h||”;,9<G)- (5.7)

Also,
D Nl (6 < No)linl,, (5.8)

where the constant N (eg) depends also on €.
Using the above inequalities and Lemma 5.1 we will show

Hu:pHp (G = NHqu ,(c.) T appropriate norms of f', f,g  (5.9)

and we w1ll drop the term ||u||p o(Gy 1sing (2.9). But as one can see
n (5.10) below, one has to handle the term a“u,;(". Obviously if
the right side of inequality (5.9) contains the norm HUmH]L ,(G.7) then

this is useless. The following arguments below are used Just to avoid
estimating [|a"”u,; (7|7

Ly.6(G,T)"
Denote v = u¢™, m = 0,1, ..., Ng. Then u™ satisfies
du™ = (D;(a”u” 4+ b'u™ + ™) 4+ b'u + cu™ 4+ f" — augy () dt
+(Fu™ + (™ g") dwt, (5.10)

where A .
J = i atu,
fm — _bzu m fz m . bzu m (. fgm
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Since Y taYu,; (" € YL, (G, T), by Theorem 2.9 in [1] (or The-
orem 2.10 in [5]), there exists unique solution v™ € $2 5 (G, T) of

dv = (Av — ¢~ au, (),

and furthermore

V™52 @) < Nllauas G, o(6.7)- (5.11)

By (2.2) and Lemma 2.3,
™ e 0e) + 100 000y < N(D)llaY s G, oy, (5:12)
where N(T) — 0 as T'— 0.

For m > 1, define ™ (z) = ((*22*) and fix a smooth function n’ e
C5°(G) such that n° = 1 on the support of (°. Now we denote u™ :=
Yu™y™, then @™ € 92 4(G, T) satisfies

da™ = (AT™ 4 f™ — aPu,; ¢ dt, (5.13)

where f™ = =207 (") — v A(n™). Finally by considering 4™ :=
u™ — @™ we can drop the term a”u,; (" in (5.10) because 4™ satisfies

di™ = (Di(a”a + b'a™ + F™) + '@l + ca™ + F,,) dt
+(Fam™ 4+ G™F) dw?, (5.14)
where
Fm™t = f'¢™ — auly + b'a™ + (a¥ — 67)aly,
F™ = Vagi+eu™ =bug — G =buli+ f 205 ()i +0™ A (™),
G™E ="t A
By Lemma 5.1, for any ¢t < T,
196755y < NIF™IE, 0t NIEF iyt N IG™IE, oy
Remember that ¥, ¢b, 1%c, 1, and ¥}, are bounded and |- ||H;; <
I Ilz,, By (5.6),(5.7) and (5.8),

ZHmeII” ) SN 16 + 1 0o + T, 460)

N Z<||a2@||ﬁmg,ﬂ T ||¢*1am||;;p,9<g,t) o ||vm||£p,9<g,t)>

< N 3y + 1 atcor + 10lE, ) + 0 107 s )

Similarly (actually much easily) the sums

DIE™IE e 2 NGTIE, e
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can be handled. Then one gets for each t < T (see (5.12) and note that
Y =y,

197l iy <N D e i

<NZ||w—1 ", Gt)+NZ||vmnm|| e
< NIl o) + N||wf|r;;1-1 an Nlglh, o6

N[l o0 + NNOluallf, 6o

Since ||ug ||z, , < N~ uHH1 , we can choose €3 € (0,1] such that
NN( >Hu‘f||p o(Git) — 1/2||7vb u“ o (G1) if ¢ <T< &g,

and therefore

t
U <N U ds N||
lully oy <N [l 5+ N o

NIV f s gy + N9l ocir)-

This and Gronwall’s inequality lead to (2.13) if T < 5. For the general
case, one repeats step 3 in the proof of Theorem 2.8 using Lemma 4.2
(ii) instead of Lemma 4.2 (i). The theorem is proved.
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