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Abstract

In recent papers it has been demonstrated that sampling a Gibbs distribution from
an appropriate time-irreversible Langevin process is, from several points of view,
advantageous when compared to sampling from a time-reversible one. Adding an
appropriate irreversible drift to the overdamped Langevin equation results in a larger
large deviations rate function for the empirical measure of the process, a smaller
variance for the long time average of observables of the process, as well as a larger
spectral gap. In this work, we concentrate on irreversible Langevin samplers with a
drift of increasing intensity. The asymptotic variance is monotonically decreasing with
respect to the growth of the drift and we characterize its limiting behavior. For a Gibbs
measure whose potential has one or more critical points, adding a large irreversible
drift results in a decomposition of the process in a slow and fast component with fast
motion along the level sets of the potential and slow motion in the orthogonal direction.
This result helps understanding the variance reduction, which can be explained at
the process level by the induced fast motion of the process along the level sets of the
potential. The limit of the asymptotic variance as the magnitude of the irreversible
perturbation grows is the asymptotic variance associated to the limiting slow motion.
The latter is a diffusion process on a graph.
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1 Introduction

It is often the case that one is given a high dimensional distribution 7 (dz), which is
known only up to normalizing constants, a state space E and an observable f and the goal
is to compute an integral of the form f = J 5 f(z)m(dz). Typically, such integrals cannot
be computed in closed forms, so one has to resort to approximations. What is typically
done is to construct a Markov process X;, which has 7 as its invariant distribution. Then
under the assumption of positive recurrence, the ergodic theorem guarantees that for
any f € L'(n),

t
lim 1 / f(Xs)ds = / fl@)n(dx), a.s.
t—o00 0 E
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Variance reduction for irreversible Langevin samplers

Then, the estimator % fot f(X)ds is used to approximate the integral of interest. However,
the degree of accuracy of such an approximation depends on both the choice of the
Markov process X; and on the criterion used for comparison.

Let us assume that 7 (dz) is of Gibbs type on the state space F and in particular that

U(x U(=)

ﬂ(dx):Z_lefT‘)d:v, where Zz/ei 5 dx. (1.1)
B

A Markov process that has 7 as its invariant distribution is the time-reversible Langevin
diffusion
dX; = —VU(Xy)dt + \/28dW; . (1.2)

However, as it has been argued in the literature [11, 13], it is advantageous to use
appropriate irreversible diffusions of the form

dX; = [-VU(X;) + C(X;)] dt + /26dW;
and if the vector fields C satisfy div(Ce~Y/?) = 0 or equivalently
divC = g~ CcvU,

then the measure 7 is still invariant.

The main result of [11] is that under certain conditions the absolute value of the
second largest eigenvalue of the Markov semigroup in L?(7) decreases when C # 0,
which naturally implies faster convergence to equilibrium. In [5], the Donsker-Varadhan
large deviations rate function [4] has been proposed as a natural tool to compare the
convergence to equilibrium for ergodic averages and it was used to analyze parallel
tempering type algorithms. In [13], this criterion is used as a guide to design and analyze
non-reversible Markov processes and compare them with reversible ones. It is proven
that the large deviations rate function monotonically increases under the addition of
an irreversible drift. Moreover upon connecting the large deviations rate function with
the asymptotic variance of the estimator, it is proven in [13], that adding a drift C also
decreases the asymptotic variance of the estimator, in the sense that

1 t
oto= Jim ¢Var (t/o f(Xs)ds> ,

is smaller than the asymptotic variance with C = 0, i.e, smaller than 0]20,0.

The goal of the current work is to study the situation when the additional drift has
the form %C (z) and to consider what happens when ¢ — 0. A similar question, but from a
different perspective, has been studied in [3, 6]. There, the authors studied the behavior
of the spectral gap for diffusions on compact manifolds with U = 0 and a one-parameter
families of perturbations %C for some divergence free vector field C. In those papers the
behavior of the spectral gap is related to the ergodic properties of the flow generated by
C (for example if the flow is weak-mixing then the second largest eigenvalue tends to 0
as € — 0). In the present paper we want to understand the effect that increasing 1/¢ has
on the asymptotic variance and on the paths of X;.

We find that the asymptotic variance of the estimator is monotonically decreasing
in 6 = 1/e. Using an averaging argument, we characterize the limiting asymptotic
variance as € | 0. Focusing on the case where the potential U(x) has one or more
critical points, the irreversible perturbations with a small ¢ induce a fast motion on the
constant potential surface and slow motion in the orthogonal direction. Using the theory
of diffusions on graphs and the related averaging principle as developed in a series of
works [2, 7, 8, 9], we identify the limiting motion of the slow component. The fast motion
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on constant potential surfaces decreases the variance as the phase space is explored
faster. The limit of the asymptotic variance as ¢ — 0 is the asymptotic variance of a
one-dimensional estimation problem on a graph, which is where the slow component of
the process lives in the limit as € | 0.

Upon completion of this work, we became aware of the recent paper [12] where
an alternative expression of the limiting asymptotic variance is provided, see also
Remark 2.4. The methods of [12] are analytical and the characterization of the limiting
variance is expressed as the projection to a kernel of a certain operator. Our approach
provides complementary information and is dynamical since we are using an averaging
principle which allows us to make direct connections with the limiting behavior of the
underlying process itself, relating the limiting variance with an estimation problem on
an one-dimensional graph.

The rest of the paper is organized as follows. In Section 2 we formulate the problem
precisely and present our main results. The averaging problem treating the limit of the
slow component of the process is discussed in Section 3. Due to the special structure of
the model, one can perform explicit computations and thus derive precise results. The
formula for the limit of the asymptotic variance as the perturbation grows is in Section 4.
Numerical simulations illustrating the theoretical findings are in Section 5.

2 Statement of the problem and main results

The papers [3, 6, 11, 13] motivate to look at a one parameter family of irreversible
drifts 1C(z). For this purpose, we consider the model

1
dX; = [~VU(X]) + -C(X7)| di + \/2BdW, 2.1)

where %C is a one-parameter family of vector fields, € € R and the vector field C satisfies
div(Ce~Y/#) = 0. As mentioned in the introduction, the invariant measure is maintained
if the vector fields C satisfies div(Ce~Y/#) = 0, or equivalently

divC = g~*CVU.
A convenient choice, which we assume henceforth, is to pick C such that
divC' =0, and CVU =0.

This is not the most general choice for C, but it has the advantage that allows to
choose C independently of 5. A standard choice of C(z) is C(x) = SVU(z), where S
is any antisymmetric matrix. A more elaborate discussion on other possible choices of
C(x) can be found in [13]. The meaning of these conditions is straightforward: the flow
generated by C' must preserve Lebesgue measure since it it is divergence-fee but since
U is a constant of the motion, the micro-canonical measure on the surfaces {U = z} are
preserved as well.

We assume here that the diffusion process X is on a d-dimensional compact smooth
manifold without boundary and that U and C are sufficiently smooth. The ergodicity of
X{ implies that the empirical measure

1t
77;52/0 dxe ds,

converges to m almost surely as ¢t — oo. Under our assumptions we have a large deviation
principle (uniformly in the initial condition) for the family of measures 7;, which we
write, symbolically, as

P {7 ~ p} < exp (—tI1 (1)) .
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where < denotes logarithmic equivalence. (Since C' is fixed we have suppressed the
dependence of I;,. on C.) The rate function I; /E(M) quantifies the exponential rate at
which the (random) measure 7y converges to m as t — oo. It is proven in [13] (see
Theorem 2.1 below) that the rate function /; /.(11) is quadratic in e.

The information in /, (1) can be used to study the rate of convergence of observables.
If f € C(E;R) then we have the large deviation principle

P {1 /Ot f(X5)ds ~ é} = exp (—tjf,1/e(f)> \

where, by the contraction principle, we have

Ij1e(0) = inf {Il/e(u);/fduzé}.

HEP(E)
An alternative formula for [ #.1/¢(£) is in terms of the Legendre transform of the max-

imal eigenvalue A(7) of the Feynmann-Kac semigroup T h(z) = E, {e” Jot (Xf)dsh(Xg)]
acting on C(E;R). For ¢ in the range of f we have

ff,l/ew):sgpwwa = A(0)¢ = M(3(¢)) where X(3) = (. (2.2)

For f € L?(m) with f = | fdr the asymptotic variance is given by, see e.g. Proposition
LV.1.3in [1],

oo = i var ([ g0x0as) = 2 [T B (005 - D) - Pl ar

and, if f € C(E;R), it is related to the rate function fﬁl/e(é) by
~ - 1
Ifaye(f) = 52—
We have the following theorem from [13].

Theorem 2.1 (Theorems 2.3, 2.4, and 2.6 of [13]). Assume that E is a smooth connected
manifold without boundary and assume that for some a > 0, U € C?**)(E) and
C € C*+9)(E) are such that div(Ce~Y/#) = 0. Then 7 is the invariant measure of the
process X; and the following hold.

i. Let yu(dx) = p(z)dx be a measure with positive density p € C(**®)(E). Then we have

hyel) = o) + 5 K ),

where the functional K () is positive and strictly positive if and only if div (p(z)C(x)) #
0. It takes the explicit form

K) = 5 [ 196 dnto).

where € is the unique solution (up to a constant) of the equation div [p (C' + V&)] = 0.
ii. We have ffy%c(ﬁ) > I;0(¢) and generically the inequality is strict: for f € C(*)(E)
we have Iy 1. (¢) = I7o(¢) if and only if there exists G invariant under the vector
field C such that
VOf = HG+U),

where H(G + U) = e~ (G+V) £4eC+V with Ly = A — VUV.
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iii. For the asymptotic variance we have
2 2
T51/e S 050

with strict inequality if jf’lc(g) > I;o(¢) in a neighborhood of f = I f(@)m(dz),
but excluding f. More generally the map |¢| > o2

i1 is a monotone increasing
function and thus its limit as ¢ — 0 exists.

For notational convenience we shall write, from now on,
2/ N 2
Jf (6) - af’% )

and, without loss of generality, we may and will assume that f = 0. We want to
characterize the behavior of the asymptotic variance as € | 0, namely to find lim. o 0]20(6),
and to connect it with the limiting behavior of the trajectories X as € | 0.

Notice that we can write

70 =2 [ B s =2 [ @@ @),
0
where ®¢(z) is the unique solution (up to constants) of the Poisson equation
— LO(x) = f(x), (2.3)

with [, ®¢(z)n(dx) = 0. Here L. is the infinitesimal generator of the process X given
by (2.1). Dissipativity of the operator L. implies that

o2(e) = 2 /E O (2) f(z)(dz) = 2 /E B () (— L. (2))7(dz) > 0.

It is easy to see that as ¢ — 0, the solution to (2.3) becomes constant on the stream
lines of C(x). In particular, if we multiply (2.3) by ¢ and then take ¢ — 0, we formally
obtain that C(x) - V®(x) = 0. Making this rigorous is the purpose of Sections 3 and 4.
Note that this heuristic argument makes it immediately clear that for f € £3(r)

if [Ker(C - V) = {0}] = [0}(0) = 0].

Hence, we next investigate what happens in the non-trivial case, i.e., when Ker(C -
V) # {0}. Our goal is to relate the behavior of the variance as ¢ — 0 with that of the
process X;. It turns out that as ¢ — 0, the behavior of the process X; can be decomposed
into fast motion on the constant potential surface and slow motion in the orthogonal
direction. Using averaging principle, see for example [2, 7, 8, 9], we can identify the
limiting behavior of the slow component and then compute a]%(O) = lim. ¢ UJ%(E). To
be more precise, the slow component of the motion can be characterized in the limit
as ¢ — 0 as an one-dimensional Markov process on a graph and JJ%(O) turns out to be
associated with the asymptotic variance of an estimation problem on the graph itself.

The precise behavior of the process X; as ¢ — 0 has been investigated in [7, 9].
We will state the precise assumptions and results in Section 3. However, let us briefly
review the result here. Following [9], we consider a finite graph I', which represents the
structure of the level sets of the potential function U on E. To construct the graph we
identify the points that belong to the connected components of each of the level sets
of U. We assume that U has finitely many non-degenerate critical points and that each
connected level set component of U contains at most one critical point. In that way, each
of the domains that is bounded by the separatrices gets mapped into an edge of the
graph. At the same time the separatrices gets mapped to the vertexes of I'. In particular,
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exterior vertexes correspond to minima of U, whereas interior vertexes correspond to
saddle points of U. Edges of I" are indexed by I, - - - , I,,,. Each point on I' is indexed by a
pair y = (z,1) where z is the value of U on the level set corresponding to y and ¢ is the
edge number containing y. Clearly the pair y = (z,¢) forms a global coordinate on I'. Let
Q: E— T with Q(z) = (U(z),i(x)) be the corresponding projection on the graph.

Consider the process X on E to be the solution to (3.3). As we describe in Section 3,
the additional noise that appears in (3.3) is added for regularization reasons and the limit
does not depend on it. Moreover, the additional regularizing noise is not needed if C(x)
generates an ergodic dynamical system with a unique invariant measure within each
connected component of the level sets of U. It is proven in Theorem 2.1 of [7] and in
Theorem 2.2 of [9] (if C is an Hamiltonian vector field) that the process Q(X5) converges
to a certain Markov process on I' with continuous trajectories, which is exponentially
mixing. The precise result will be stated in Section 3, but roughly speaking it goes as
follows.

Theorem 2.2 ([7, 9]). Let us assume that Conditions 3.1, 3.2 and 3.3 hold. Then, for
any 0 < T < oo, the process Y = Q(Xy), where X satisfies (3.3), converges weakly in
C([0,T],T) to a Markov process, denoted by Y, on I' with continuous trajectories, which
is exponentially mixing.

We remark here that the classical Freidlin-Wentzell theory, see [9], assumes that the
diffusion is on R? with lim|;| o U(7) = oo. But the results apply in the compact case as
well.

Based on Theorem 2.2, we can then establish the limiting behavior of the asymptotic
variance as € | 0 and then make connections to estimation problems on the graph. In
particular we have the following result which is discussed and proven in Section 4.

Theorem 2.3. Let us assume that Conditions 3.1, 3.2 and 3.3 hold and let Y; be the
continuous Markov process on the graph I indicated in Theorem 3.5. Let f € C**%(E)
such that f = 0. For (z,i) € T', define f(z,z) to be the average of f on the graph I" over
the corresponding connected component of the level set U (see equation (3.6) for precise
definition). Then, we have that 07(0) = lim._, 07 (¢), where

a7(0) =2 /0 N w [T F(v)] e (2.4)

and j = w o I'"! is the invariant measure of the process Y onT.

Theorem 2.3 is proven in Section 4. It is straightforward to see that this is the
asymptotic variance of an ergodic average on the graph. In particular, we have

crj%(()) = hm tVar< / f ) (2.5)

Remark 2.4. For completeness purposes, we briefly recall here the result of [12] that is
related to the present situation. When the irreversible perturbation is of the form %C with
C chosen such that div(Ce~Y/#) = 0, Theorem 4.3 of [12] states that o']%(()) = 2P£51/2f.
Here L, is the infinitesimal generator of the process X; in (1.2) and P is the projection
on Ker (zﬁo 2. v) £51/2).

The methods of [12] are analytical based on an analysis of the spectrum of the op-
erator and of the related spectral measure. The methods of our paper are dynamic,
formula (2.4) is derived using an averaging principle and it is valid under the constraint
divC' = CVU = 0. Since the methodologies for deriving the two results are very differ-
ent, one naturally obtains different equivalent expressions for the limiting asymptotic
variance. It is of great interest to understand how one can go from one formulation to
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the other, at least in the case divC' = CVU = 0. Doing so, would then also allow one
to connect the projection operators that appear in [12] with objects such as diffusions
processes on graphs.

3 The averaging problem

In this section we discuss the behavior of the process X; as € | 0. Such problems
have been studied in [2, 8, 7, 9] and we recall here the results which are relevant to us.
It turns out that as € — 0, the behavior of the process X; can be decomposed into fast
motion on the constant potential surface and slow motion in the orthogonal direction.

Let us consider the level set

d(z)={z e E:U(z) =z} (3.1)

and denote by d;(z) the connected components of d(z), i.e.,
d(z) = Udi(z) . (3.2)
i

Then, we let I" be the graph which is homeomorphic to the set of connected compo-
nents d;(z) of the level sets d(z). Exterior vertexes correspond to minima of U, whereas
interior vertexes correspond to saddle points of U. The edges of I' are indexed by
I,---,I,. Each point on I is indexed by a pair y = (z,7) where z is the value of U on
the level set corresponding to y and i is the edge number containing y. Clearly the pair
y = (z,1) forms a global coordinate on T'. Let @ : E — T with Q(z) = (U(x),i(z)) be the
corresponding projection on the graph. For an edge I;, and a vertex O; we write I, ~ O;
if O; lies at the boundary of the edge I;,. We endow the tree I' with the natural topology.
It is known that I' forms a graph with interior vertexes of order two or three, see for
example [9].

Let us next consider X; with an additional artificial noise component in the fast
dynamics, i.e.,

dXE = [—VU(Xf)dt—i— \/ﬁth} + [10(X;)dt+ \/fa(Xf)th"} : (3.3)

where W and W° are independent standard Wiener processes, and we have defined

. w0 oot () .
C(:r):C(:r)—kzZ[amj]J’.

Jj=1

If k = 0 then we get the process X; that we have been considering until now.

We make several technical assumptions on C(z), U(z) and o(x) in order to guarantee
that the averaging principle applies. We make these assumptions in order to guarantee
that the fast process has a unique invariant measure and will have U as a smooth first
integral. If x = 0 then the fast motion is the deterministic dynamical system &; = C(x;)
and X; is a random perturbation of this dynamical system. For example, if d is even we
can take C to be the Hamiltonian vector field C(z) = VU (z). If k > 0 we have random
perturbations of diffusion processes with a conservation law. In order to guarantee the
existence of a unique invariant measure for the fast dynamics we assume:

Condition 3.1. In dimension d = 2, we take x > 0. In dimension d > 2, we either assume
that the dynamical system &; = C(x;) has a unique invariant measure on each connected
component d;(z), in which case k > 0, or otherwise we assume that x > 0.

As far as the potential function U(z) and the perturbation C(z) are concerned, we
shall assume:
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Condition 3.2. i There exists a > 0 such that U € C?***)(E) and C € C'***)(E).
ii. divC(x) =0and C(x)-VU(x) = 0.

iii. U has a finite number of critical points x1,--- ,x,, and at these points the Hessian
matrix is non-degenerate.

iv. There is at most one critical point for each connected level set component of U.
v. If xy, is a critical point of U, then there exists d, > 0 such that C(z) < di|z — x|

vi. Ifd =2 and k = 0, then C(z) = 0 implies VU (z) = 0 and for any saddle point z}, of
U(z), there exists a constant ¢, > 0 such that |C(z)| > cx|z — zk|.

In regards to the additional artificial perturbation by the noise W2, i.e., when « > 0,
we assume:

Condition 3.3.  i. The matrix o(z)o” (z) is non-negative definite, symmetric with
smooth entries.

ii. o(z)o?(z)VU(x) =0 forallz € E.
iii. For any x € E such that ¢ - VU(z) = 0 we have that A\ (2)|¢|? < ¢To(x)oT (2)¢ <
Ao()|€|? where A\i(z) > 0 if VU(x) # 0 and there exists a constant K such that

X2(x) < K for all x € E. Moreover if x), is a critical point for U, then there are
positive constants k1, ko such that for all x in a neighborhood of zy,

M (z) > ki|r — zx?, and \a(z) < kolz — zx ]2

iv. Let \; i, be the eigenvalues of the Hessian of U(x) at the critical points x;, where
k=1,---,mandi=1,---,d. Then we assume that k < (K max; j, Ai,k)_l.

Obviously Condition 3.3 is relevant in the case d > 2 and if C(z) does not generate
an ergodic dynamical system (since otherwise we can just take x = 0). In the case k > 0,
the procedure of incorporating an appropriate artificial noise in the system, allows to
single out the correct averaging that should be done in the system. We remark here that
the end result does not depend on the additional regularizing noise, since o(x) does not
appear in the limiting dynamics.

It is clear that the dynamics can be decomposed in a fast component and a slow
component. The fast motion corresponds to the infinitesimal generator

Lg(x) = C(x)Vg(z) + gtr [oo” (2)V2g(2)] .

Let us write X, for the diffusion process that has infinitesimal generator L. Conditions
3.2 and 3.3 guarantee that with probability one, if the initial point of X is in a connected
component d;(z), then X; € d;(z) for all t > 0. Indeed, by It6 formula we have

U(Xy) :U(Xo)—i—/t/fU(f(s)ds—i—/t VU(X,)o(X,)dWs.

Since C(x)VU(z) = 0 and o(z)o” (z)VU(x) = 0 we obtain with probability one
fg ﬁ(Xs)ds = 0. The quadratic variation of the stochastic integral is also zero, due to
o(x)oT (x)VU(z) = 0, which implies that with probability one fot VU(X,)o(Xs)dW, = 0.
Thus, we indeed get that forall ¢ > 0 X; € d;(z) given that the initial point belongs to
the particular connected component d;(z).

Let us turn now our attention to invariant measures. Let m(z) be a smooth invariant
density with respect to Lebesgue measure for the process X,. Then, the proof of Lemma
2.3 of [7] and the fact that ¢ > 0 X, € d;(2) if X, € d;(z) imply that if (z,4) € T is not

ECP 20 (2015), paper 15. ecp.ejpecp.org
Page 8/16


http://dx.doi.org/10.1214/ECP.v20-3855
http://ecp.ejpecp.org/

Variance reduction for irreversible Langevin samplers

a vertex, there exists a unique invariant measure p, ; concentrated on the connected
component d;(z) of d(z) which takes the form

1 m(z)
2i(A) = L(dx), 3.4
1) = 75, o ) .
where T;(z) = fdi(z) 7|va(2)|£(dx). Notice that if (z,¢) € I is not a vertex, then the invariant

density on d;(z) is
m(x)
=) = o U@

We remark here that in the case « > 0, it is relatively easy to see that independently
of the form of the matrix o(x)o’ (z), the fact that div(C') = 0 implies that the Lebesgue
measure is invariant for the diffusion process corresponding to the operator L. Hence,
in that case any constant function is an invariant density. Also, in the case d = 2 and
k = 0, one immediately obtains from Condition 3.2 that m(x) = ||VCU($‘)|, see Proposition
2.1in[7].

Given a sufficiently smooth function f(z), define its average over the related con-
nected component of the level set of U(x) by

x € d;(2). (3.5)

F(z0) = (2)m.(2)0(dz) = Tiz) f; . Wf(%)' m(z)¢(dz) (3.6)

d;i(2)

Let us consider the process Q(X;) = (U(X5),i(X;)) and consider its limiting behavior.
We write L, for the infinitesimal generator of the process X; given by (1.2). Let us set

foi(z,i) = " LoU(z)m, (x)l(dz) = ﬁ ﬁi(z) Evog((;))m(x)f(dx),

~ DT (e () e da) — 26VU(x) - VU (x)
Aei)=§  2BIVU@PTGmeito)ta) =

di () VU (2)| m(x)l(dx)

and then consider the one-dimensional process Y; which within the branch I; is governed
by the infinitesimal generator

1 A(z,7) ,,

LY 9(2) = LU (z:0)g'(2) + 5 7 579" ()

Within each edge I; of I', Q(X;) converges as ¢ | 0 to a process with infinitesimal
generator £} . In order to uniquely define the limiting process, we need to specify the
behavior at the vertexes of the tree, which amounts to imposing restrictions on the
domain of definition of the generator, say £, of the Markov process.

Definition 3.4. We say that g belongs in the domain of definition of LY, denoted by D,
of the diffusion Y., if

i. The function ¢(z) is twice continuously differentiable in the interior of an edge I;.
ii. The function z — LY g(z) is continuous onT.

iii. At each interior vertex O; with edges I, that meet at O;, the following gluing
condition holds

Z :tbjkag(Oj) =0
k?:Ik-NOj

where, if v;;, is the separatrices curves that meet at O;, we have set

A me T) = x)|m(z)l(dx
b]"'_éj,c VU@ M@dn =28 ¢ [VU@]m(@)de).
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Here one chooses + or — depending on whether the value of U increases or de-
creases respectively along the edge I}, as we approach O;. Moreover Dj, represents
the derivative in the direction of the edge I}.

Moreover, within each edge I; the process Y; is a diffusion process with infinitesimal
generator L} .

Consider now the process Y; that has the aforementioned £ as its infinitesimal
generator with domain of definition D, as defined in Definition 3.4. Such a process is a
continuous strong Markov process, e.g., Chapter 8 of [9].

Then, for any 7' > 0, Q(X7) converges weakly in C([0, T];T") to the process Y; as € | 0.
In particular, we have the following theorem.

Theorem 3.5 (Theorem 2.1 of [7]). Let X be the process that satisfies (3.3). Assume
Conditions 3.1, 3.2 and 3.3. Let T' > 0 and consider the Markov process {Y;,t € [0,T]}
as defined in Definition 3.4. We have

Q(X) =Y, weakly inC([0,T);T), ase | 0. (3.7)

It is important to note that the limiting process Y; does not depend on o(z). Next,
we show that in our case of interest and for every i = 1,--- ,m, the operator £} which
governs the motion of the limiting process within the I; branch of the graph takes a more
explicit form. Let us denote G;(z) = int(d;(z)). Notice that by Gauss theorem we have

o L LoU(@) pny 1 —\VU(a:)\HﬂAU(@mm .
BT = 75 B, ™) = 5 9000 ()
_ 1 — iv(m(x z))dx me T
Sreia AU de B S )]
and similarly
A;(z2) = 25VU($).VU($)TTLIE T) = iv (m(x z))dr
A= R @ =28 [ dvm@vU@)d

Next, we notice that

4
dZ Gg,(z)

B AU (z)
AU(z)m(z)dz = 7{ T,

Hence, we can write

- / Lim(x)dz + 1/T;(z)
Gi(z) 2

where L is the formal adjoint operator to £y. Thus, the infinitesimal generator EZY, can
be written equivalently as

L
TZ(Z)

LY g(z) =

B /G . Eém(x)d:z:] J() + QTj(Z) 4 A=)

In particular, if the Lebesgue measure is the invariant measure (e.g., in the case
k > 0), then m(x) is a constant. By denoting M;(= fG () AU(z)dx > 0, we can then

rewrite £} in the more explicit form

£ o) = =75 M () + e j (Mi(2)g'(2))
_ M)+ BME) )y M)
ECP 20 (2015), paper 15. ecp.ejpecp.org
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4 Limiting behavior of the asymptotic variance

In this section we identify o7(0) = lim. o 07 (¢) using the averaging results of Section
3. In particular, we prove the representation of Theorem 2.3.

Recall that without loss of generality we assume f = 0. Our starting point is the
formula

o) =2 /'OO E, [£(X5)F(X9)] ds,
0

where the process Xy is the unique strong solution of (3.3). Standard PDE arguments,
e.g., Section 3.2 of [7], show that for any point (z,¢) € I; that is not a vertex, the PDE

— Lu(z) = f(z) — f(U(x),i(z)), forz € di(z) (4.1)

has a unique solution (up to constants) C2+e’ gsolution with o' € (0, ). We fix the free
constant by setting #(z,¢) = 0. Then, the solution u(z) can be written as

~

e = [ B[R - FU (). i) ds

Moreover, there exist constants A = A(z,¢) > 0 such that for z € d;(z),

f(x) = f(U(x),i())]. (4.2)

Let us consider # > 0 small and for an edge I; of the graph set
IY = {(2,i) € I, : dist((z,4), 0L;) > 0}
and define

7 = min{t > 0: Q(X7) ¢ I7)} .

Then, by applying It6 formula to the solution of (4.1) with stochastic process X; one
immediately gets that for any 7' < oo, for any initial point « that does not belong to any
of the separatrices of U and for every I;

i sup 5| T (e - Fo.icee) ] =0, “3)

40 ¢ef0,77]

uniformly in z € D;(z) = {z € R?: Q(z) C int(I;)}. Indeed, applying Itd formula to u(z)
with z = X§, we have

w(X5) = u(zo) —l—/o [—VU(X;)Vu(Xg) + %ﬁu(Xg) + BAU(XSE):| ds

t t
+ / \/ﬁVu(Xg)dWS—k\/E / Vu(X)o(XE)dW?
0 €Jo

and recalling that u(z) is solution to (4.1) we get

tAT; R tAT;
| (60 - Fw.ixo)) ds = e [utan) ~ u(Xip)) ¢ [ VUTu+ 80 (X0)ds
0 0
tAT; tAT;
+e V2BV u(X5)dW, + \/ﬁe/ Vu(X$)o(X)dW?.
0 0
Taking expected value, the right hand side of this inequality goes to zero as € | 0,
by (4.2) and because continuity of the integrands implies that Riemann integrals are
bounded. Hence, the averaging result (4.3) follows immediately.
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At the same time, by the results of [7, 9] the limiting process Y; spends time of
Lebesgue measure zero at the interior and exterior vertexes. For ( > 0 and for a vertex
of the graph Oy, let us define

Dj(£¢)={z e R*: U(0;) — ¢ < U(z) <U(0;) +(} .

If O, is an exterior vertex of I, then for every n > 0, there exists ( > 0 such that for
sufficiently small € and for all € D;(£() we have that (Lemma 3.6 in [7])

E, 75 (£() <n,

where 75 (=£() is the first exit time of X} from D;(£(). The behavior for an interior vertex
is similar. Lemma 3.7 of [7] implies that if O; is an interior vertex, then for every n > 0,
and for all sufficiently small {( > 0

75 (+¢) <n¢

for sufficiently small € and for all € D;(%(). Recall now that Q(z) = (U(x),i(x)). Then,
(4.3) and the fact that the process Y; spends time of Lebesgue measure zero at all
vertexes, imply that for any ¢ < oo

t t

lim [ Ex (X0 F(XD]ds = lim | B [F(X0)F(U(X0),i(X0)] ds
€ 0 € 0
=tim | B [flQOE)FQ(XD)] ds. (4.9)

Since, the invariant measure of Xy is the Gibbs measure 7, we have that the invariant
measure of Y, = Q(Xy) and of Y; on the graph is the projection of the Gibbs measure
m on I'. Denoting this invariant measure by p, we have that for any Borel set v C T,
u(y) = 7(C~1(v)). Thus, by the weak convergence of Theorem 3.5 we have that for any
t < 0o

t t
lim | B [f(X0)F(X0)] ds = / E, {f(YO)f(YS)} ds. 4.5)
0 Jo 0
The strong Markov processes X; and Y;, on I and I respectively, are uniform mixing.
This implies that, by selecting ¢ > 0 to be large enough, we can make the integrals

~

/too E, [f(X§)f(Xs)]ds and /too E, [J?(Yo)f(Ys)} ds

arbitrarily small. Therefore, we indeed obtain that

o~ o~

lingo3(0) = o30) =2 [ B, [ Fv)] as,

e—0

concluding the proof of Theorem 2.3.

5 Numerical Simulations

In this section, we explore numerically the behavior of the process under growing
perturbations of the drift. In the examples below we fix g = 0.1.

The first example that we study is a simple 2-dimensional example where the potential
U has a single critical point. In particular, we define U(z,y) = %xz + %yz. Let C(z,y) =
SVU(x,y), where S is the standard 2 x 2 antisymmetric matrix, i.e., S;o = 1 and Sy; = —1.
In Figure 1, we see that the more irreversibility one adds (in the sense of increasing
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the 6 = 1/e parameter in the perturbation 6C(x,y)), the faster the process explores the
phase space. Since, it is perhaps convenient to think in terms of 1/¢ and not ¢, we set
0=1/e.

Furthermore, notice that what the theory predicts is also shown in the numerical
simulations. Namely, we observe fast motion long the level sets of the potential and slow
motion in the orthogonal direction.

Observable is f(x,y)=y Observable is f(x,y)=y

| — reversible case with beta=0.1

1.0

_| — irreversible case with de\(a::}o and be‘tazo.l‘

1.0

0.5
I

Observable
Observable
0.

-0.5
I

-1.0

Time Time

Figure 1: On the left: reversible case, i.e. § = 0. On the right: irreversible case with
6 = 10. In both cases § = 0.1.

Next, we consider a two-dimensional SDE with two asymptotically stable points. In
particular, we define the potential U(z,y) = 1(2? — 1)? + 14 and we consider growing
perturbation 6C(z,y) with C(z,y) = SVU(x,y). Here, 6 € R and S is the standard 2 x 2
antisymmetric matrix.

Notice that the potential function U(x,y) has two local minima in (—1,0) and (1,0)
and a local maximum at (0,0). In Figures 2 and 3, we plot the x—component of the (z,y)
trajectory versus time. We see that the more irreversibility one adds (in the sense of
increasing the ¢ parameter in the perturbation 6C(z,y)), the faster the process moves
along the level sets of the potential. As Figures 2 and 3 show, in the present case, this
means faster switches between the two metastable states.

Lastly, to get a sense of the magnitude of the variance reduction, we take the
observable f(z,y) = z? + y? (still U(xz,y) = 1(2* — 1)> + 1y?) and we use the standard
batch means method, see [1], to estimate the asymptotic variance of t~! fot f(Xs)ds, see
Figure 4.

We present in Table 1, variance estimates for different values of § = 1/¢ and time
horizon t. These numerical values are part of the values that were used to plot Figure
4. It is clear that the variance reduction for this particular example is at the order of
at least 2 magnitudes. Moreover, by Theorem 2.3, it is clear that for small ¢ > 0, the
variance estimate can be also considered as an approximation to the asymptotic variance
of the corresponding estimation problem on the graph, see (2.5).
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