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Reflected backward stochastic differential equations driven
by countable Brownian motions with continuous coefficients
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Abstract

In this note, we study one-dimensional reflected backward stochastic differential equa-
tions (RBSDESs) driven by Countable Brownian Motions with one continuous barrier
and continuous generators. Via a comparison theorem, we provide the existence of
minimal and maximal solutions to this kind of equations.

Keywords: Backward doubly stochastic differential equations; Countable Brownian Motions;
comparison theorem; continuous and linear growth conditions.

AMS MSC 2010: 60]70.

Submitted to ECP on September 4, 2014, final version accepted on March 13, 2015.

1 Motivation

Recently, Pengju Duan et al. [10] studied a new class of reflected backward stochastic
differential equations driven by countable Brownian motions. That is :

T o T . T
Yt:§+/ f(s,Ys,ZS)derZ/ gj(s,Ys,Zs)ng+KT—Kt—/ Z,dW. (1.1)
t =1 t t

Under the global Lipschitz continuity condition, they proved in [10] via Snell envelope
and fixed point theorem, the existence and uniqueness of the solution for RBSDEs
(1.1). Unfortunately, the global Lipschitz continuity condition can not be satisfied in
certain models that limits the scope of the result of Pengju Duan et al. [10] for several
applications (finance, stochastic control, stochastic games, SPDEs, etc,...).

In finance, this kind of RBSDEs is useful to describe the wealth/strategy of a particular
investor who, trading continuously, has countable extra information which can not be
detected in the market. In this case, £ can be regarded as the contingent claim; Y; is
the wealth of the investor at time ¢, Z; is his strategy at time ¢ to make the wealth Y;
be measurable to the information inside or outside the market at time ¢ and to allow
the realization of the option Y = £, and K; is the subsidy injected by the government
in the market at time ¢ to allow the wealths of investors to remain above a threshold
price S; at time ¢; f(¢,Y:, Z;) is the appreciation of the wealth/strategy at time ¢ and
g;(t, Yy, Z;) is the impact of the 4t additional information on the wealth/strategy at time
t. For example, consider a particular investor who trades continuously in a financial
market. Suppose that this investor has countable additional information which is not
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RBDSDEs driven by countable Brownian motions

available in the market. If the appreciation of his wealth/strategy is y/Y:1{y,>0}, then
this investor has to solve the following RBSDEs :

T o LT . T
Y = §+/ \/Ysl{yﬁzo}dS-FZ/ gj(é‘,Ys,Zs)ded'KT—Kt—/ ZsdWs.
t =t t

Since y — +/yl{,>0} is not Lipschitz in y, then we can not apply the existence result in
Pengju Duan et al. [10] to get the existence of solution of the above RBSDE. Consequently,
the problem of such an investor can not be solved at present. To correct this shortcoming,
we relax in this paper the global Lipschitz continuity condition on the coefficients f to a
continuity with sub linear condition and derive the existence of minimal and maximal
solutions to RBSDEs (1.1).

The paper is organized as follows. In section 2, we give some notations and prelimi-
naries Section 3 is devoted to the main result.

2 Preliminaries

The scalar product of the space R%(d > 2) will be denoted by < .,. > and the
associated Euclidian norm by ||.||.
Throughout this paper, T is a positive constant and ({2, 7, P) is a probability space on
which, {B/,0 <t < T'}%2, are mutual independent one-dimensional standard Brownian
motions and {W;,0 < ¢t < T} is a R?— valued standard Brownian motion which is
independent of {Bg ,0 <t <T}. Let NV denote the class of P-null sets of F and define

Fi= (7;5; VAN, o<t<T

Jj=1

where F, = o{n, —ns,s < r < t} for any n,, and F; = F,. Since {F}V,t € [0,T]}
is an increasing filtration and {]—"ij,t € [0,T7} is a decreasing filtration, the collection

{F,t € [0,T]} is neither increasing nor decreasing so that it does not constitute a
filtration.

For any n € IN, let M?(0,7;R") denote the set of (class of dP ® dt a.e. equal) n-
dimensional jointly measurable random processes {¢;;0 < t < T'} which satisfy:

. T
) llelie =E(fy le:l?dt) < oo
(ii) ¢y is Fi-measurable, for a.e. ¢t € [0,T].

We denote by §?([0, T]; R) the set of continuous one-dimensional random processes which
satisfy:

@) lellz =E( sup | [?) < oo
0<t<T
(ii) ¢y is Fy-measurable, for any ¢ € [0, 7.

We set by A%(0, T, R, ) the space of a real positive continuous and increasing process,
such that oy = 0 and

@ ell%e = E(|er?) < oo
(ii) ¢ is Fi-measurable, for a.e. ¢t € [0,T].

Finally, we set £2(0,7) = S2([0,T],R) x M?(0,T,R%) x A%(0,T, R ).
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Definition 2.1. A solution of a (1.1) is a triplet of (R X R4 x R, )-valued process
(YuZt,Kt)ogth, which satisfies (11), and

(1) (Y, Z,K) € £(0,T);
(i1) Yy > Si;

T
(#i1) K is a continuous and increasing process with Ky = 0 and / (Y; — Sy)dK; = 0.
0

Definition 2.2. A triplet of processes (Y, Z, K) (resp. (Y, Z,K)) of £%(0,T) is said to be
a minimal (resp. a maximal) solution of (1.1) if for any other solution (Y, Z, K) of (1.1),
we haveY <Y (resp.Y <Y).

We consider the following assumptions:
Assume that the coefficients f : @ x [0,T] x RxR? - R, g: Q x [0,T] x R x R - R,
the terminal value ¢ : 2 — R and the obstacle S : Q x [0,7] — R satisfy the following
conditions:

(H1) () ¢ is a Fr-measurable random variable such that, E(|£]?) < oo,

(ii) S € S%([0, 7)) such that, Sy < £ a.s.;

(H2) for any (t,y,z) € [0,T] x R x RY, f(t,y,2), {g;(t, y,z)};'il are F;-measurable such
that

T o0 T
E/ |f(s,0,0)\2ds+ZIE/ lgj(s,0,0)|*ds < +oc;
0 = Jo

(H3) forall t € [0,7] and (y1, 21), (y2,22) € R x R4,

| gj(t,y1,21) — gj(ty2, 22) P< Gy | yr — w2 | +aj || 21 — 22 |2

oo oo
where C; > 0 and «; > 0 are constants with Z Cj<ooand o= Z o <1,
j=1 j=1

(H4) () forallt € [0, T] and (yh 21), (yg, 2’2) €R x Rd,

| f(tyr,21) — f(Ey2,22) PSCUy — w2 P + [l 21— 22 [17),

where C' > 0 is a nonnogative constant;

@) for all (t,y,2) € [0,T] x R x RY, [f(t,y,2)] < M1+ [y| +]|=]]),
where M > 0 is a nonnegative constant,

(H5) (@) for a.e. (t,w) € [0,T] x Q, the map (y, z) — f(t,y, z) is continuous,

(i) for all (t,y,2) € [0,7] x R x RY, [f(t,y,2)| < o(t) + M(|y| +[|2|]),
where p € M?(0,T,R) is a positive process and M > 0 is a nonnegative constant.

Lemma 2.3 (Pengju Duan et al. [10]). Under assumptions (H1) — (H4), there exists a
unique solution (Y, Z, K) € £2(0,T) of (1.1).

Remark 2.4. The above result still holds when assumption (H4)(ii) is replaced by
(H5)(ii)
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3 The main results

In this section, our principal aim, is to prove an existence result for reflected BSDEs
driven by countable Brownian motions under general continuous conditions. More
precisely, we will derive the existence of a minimal and a maximal solution to equation
(1.1) under assumptions (H1)-(H3) and (H5).

To this end, we establish first, the following comparison theorem, which extend the
comparison theorem due to Aman and Owo [2] with RBSDEs driven by finite Brownian
motions.

For ¢ = 1,2, let us consider the following RBSDEs driven by countable Brownian motions:

) ) T o © (T e T ) T
) Y=+ [ pevizias+ Y [ g vizi+ [ aki- [ zaw,
¢ =i ¢ ¢

(1) Y; > S;, G.1)

T
(i) / (Y} — SHdK} = 0.
0

Theorem 3.1 (Comparison Theorem). Let assumptions (H1) — (H3) hold. Assume that
RBDSDEs (3.1) (i = 1,2) have solutions (Y*!, Z', K') and (Y?,72, K?), respectively.
Assume moreover that:

(i) £'<¢€ as,
(i) S} <S? a.s., foralltc [0,T]
(iii) f! satisfies (H4)(i) such that f1(t,Y?, 2?) < f2(t,Y?,Z?) a.s.
(resp. f? satisfies (H4)(i) such that f1(t,Y1, Z') < f2(t,Y',Z') a.s.).

Then, V! <Y? a.s., forallt € [0,T)].
Proof. Applying It6’s formula to |(V;! — Y,?)™|?, we have
T
EIY! - YA +B [ Lpsva) 128 - 22)Pds
t
T
= Bl - )P 2B [ (Y (£ Y2 - P Y2 22) ds
t
T
2B [ Y2 - di)
t
oo T
+ZE/ 1{Y51>Yf}|gj(saY317Z;) _9(83Y327Zs2)‘2d8'
j=1 7t
From (i), E|(¢! — ¢2)*|? = 0 and from (iii), we have
fl(S’Ysla Zi) - f2($7Y:sQa Z?) S fl(svy;'lv Zsl) - fl(svi/sQ’ Zf)

Therefore, from Young inequality, and the fact that f I satisfies (H4)(i) and g verifies
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(H3), we get
T
B - YD) HE [ Lyvisv 2L - Z2)Pds
t

1 > T
<|g+ecHdc B [ - vAeas
j=1 !
T
t

+(BC + Zaj)]E/ Lyl Z) — Z2|Pds
j=1
T
42 [ (v -2 (K - di).
t
Since Y! > S? > S! on the set {Y? > Y2} we derive that
T T
E/ (V) =Y T (dK; — dK?) = — / (Y, = Y2)tdK? < 0.
t t
Hence,
T
B~ YA +E [ Loy 2) - Z2)Pds
t

1
B

00 T
< +BC+ZC]- IE/ (Y — Y2 |2ds
j=1 ¢

T
+(pC + Q)E/ 1{Y51>YS2}||ZSI — Z?Hst.
t
Consequently, choosing 0 < 8 < PTO‘ and using Gronwall inequality, we obtain

B[y, -¥)" ] <0.
Thus (V! -Y2)*t =0 as. ie. Y <Y? as., Vte[0,T]. O

Also, to reach our objective, we need the following useful approximation lemma (see
Lepeltier and San Martin [8], and K. Bahlali, S. Hamadeéne, B. Mezerdi [4] to appear for
the proof).

For n € IN and any continuous function f, let consider the following sequences of
functions: V (¢,y, 2) € [0,7] x R x R,

£ (ty.2) = inf {F(tu,0) 4+ n(ly —ul + |z = o))}
and

fulty,2) = sup. {£tu,0) =n(ly —ul + |z —v])}.

Lemma 3.2. If f satisfies (H5), then, forn > M and t € [0,7], (y,2), (yi,2) € R x RY,
1 =1,2, we have

@) —p(t) = M|yl + [2]) < £, (t,y,2) < f(t,y,2) < Fult,y,2) < o(t) + M(Jy| + |2]);
(ii) in(t, y, 2) is non-decreasing in n and f,,(t,y, z) is non-increasing in n ;
(111) |w(t7ylazl) - w(tayQVZQ)‘ < n(|yl - yQ‘ + |Zl - z2|)7 with ¢ € {in7?n}:
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(iv) If (ynv Zn) — (y, Z): then ¢(t, Yn, Zn) - f(t7y7 Z) asn — +oo, with ¢ € {invfn}'

Now, we are ready to establish the main result of this paper which is the following
theorem.

Theorem 3.3. Under assumptions (H1) — (H3) and (Hb5), there exists a minimal (resp.
a maximal) solution (Y, Z, K) € £%(0,T) (resp. (Y, Z,K) € £2(0,T) of (1.1).

Proof. We only prove that (1.1) has a minimal solution. The other case can be proved
similarly. For fixed (t,w) € [0,7] x Q, it follows from (H5), that (y,z) — f(t,y,2) is
continuous and with linear growth. Then, by Lemma 3.2, the associated sequences
of functions f and f,, are Lipschitz functions. Therefore, since assumptions (H1) —

(H4)(@) and (H5)(ii) hold, we get from Lemma 2.3, that there exists a unique solution
(Yn, Zn, K") € £2(0,T) of the following RBDSDEs,

T oo T . T T
(i) V" =¢ —I—/ (.Y, 20 )ds + Z/ gi(s, Y, Z)dB’ —|—/ dK7 — / ZdWs,
t Pl t t

(i) V" > Sy, (3.2)

T
(i) / (Y — SM)AKT = 0.
0

Since by Lemma 3.2, in < in+1’ for all n > M, it follows from the comparison theorem
(Theorem 3.1) that for every n > M

Ym <YY"t dt ® dP-a.s. (3.3)

To complete the proof, it suffices to show that the sequence (Y™, Z", K™) converges to a
process (Y, Z, K) which is the minimal solution of the RBDSDEs (1.1).
To this end, we will sketch the proof in two steps:

Step 1: A priori estimates
There exists a constant C' > 0 independent of n such that

T
sup ]E( sup |Yt"|2+/ |Z{”||2dt+|K{,’s|2> <c (3.4)
n>M  \0<t<T 0

2 we have

Indeed, applying Itd’s formula to |¥;"
T
EYP[+B [ 127ds
t

T T o0 T
—BIEP 28 [ V7S (Y 2+ 28 [ VAR Y [ gyl Y2 22 Pds
t t

t =

From assumption (H3), the proprieties of in and Young’s inequality, for any 6 > 0, we
have

M2

1
195 (5, Y7, 2" < (L+0)C; YT + (1+0)ey | 2217 + (1 + 7) 195(5,0,0)[*.
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Using again Young inequality, we have for any 5 > 0,

T T
QIE/ Y'dK" :2]E/ S dK™ < lg sup |S.|? + BE (K — K')*.
t t 0<s<T
Since
T
Kj — K} oo [z
t

00 T — T
-> / g5(s. Y2, 2)dBY + / 7AW, t€[0,T),
=17t t

we have, for any ¢ € [0, 7],

E (K7 - K}')?
2
. T
< BE | Y]+ € + s,V Z0)d Z/ gi(s, Y, Z")dB? +/ ZrdW,
t
T
< 5E (Yt”|2+|£2+3T | (e o) ds>
t
— [T "2 "2 1 2 T
5B (D [ (T 0C VI + (4 0)ag |Z01 + (1+ 5)1g;(5, 0,00 ) ds+ [ |22 ds |,
=17t t
Therefore,

T
EYPP+E [ 127
t

T 2
M 1
<BEP+ B [ (20 S VP 120 + (o) ) ds+ S sup |51
t 0<s<T

T
56T <|Yt"|2 I 3T [ (32 MR 22 (o)) ds>
t
T T
+552E/ ((1+9)0 Y2+ (14 60)a; | 277+ (1 + )|g](s 0,0)| )ds+5B]E/ |Z7% ds
t t
T
+Z]E/ <(1+9)C’ Y72 4 (14 0)ay |20+ (1+ )|g](s 0,0)| >d
t
Consequently,

(1 - 55)13\5/;42 + [1 9 (1+0)a—583TM?+ (1+0)a+ 1)]E/T 1Z7[? ds
t

2

M > r
< (1+55)E§|2+[(1+2M+9)+(5ﬁ+1)(1+9);q+155TM2}E/t Y22 ds

T
1
+(1+15/3T)E/ lo(s)|2ds + (1 + 9 )(1458) ZE/ 19,(5,0,0)2ds + ~E sup |5, 2.
t t

0<s<T
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2
Choosing 3,6 > 0 such that, 8 < m, 0 < 1‘“‘?’T§i§éa+“+l), we derive that

T
ElY [ < 61E|£\2+02E / Y72 ds + s E / o(s)[2 ds

55’ 2= 1-58 1 €3 = 155 4 1-58

12MM 5841)(140) S°°, C;+158T M? 1
where ¢y = 138 ¢, = (WE2MES)POAVDOL0) 372 O MISOTME | 101567 (| (4 8)(145A)

_ 1
5 = B1-5p)"
Applying Gronwall’s inequality, we get

T
ElY| < <c1E5|2+cSE/ o(s)|? ds
t

0<s<T

+C4ZE/ lg;(s,0 L0)2ds + csE sup |S[? | 2T

Therefore, we have the existence of a constant ¢ = ¢(T, M, «) such that

T
E <|Y;"|2 + [ zzEs + |K%|2>
t
< ¢E |g|2+/ |d5+2/ \ngOO\der sup \S|2 ,
t

which by Burkholder-Davis-Gundy’s inequality provides

T
E( sup [V + / ||Z:|2ds+|K%|2>
0<t<T 0

<cE \§|2+/ |ds+Z/ g;(5,0,0)> ds + sup |Ss[? | < oc.
0

0<s<T

Step 2: Convergence to the minimal solution

We have from (3.3) and (3.4) the existence of a process Y such that Y,” 7Y, a.s. for all
t € [0,T)]. Hence, it follows from Fatou’s lemma together with the dominated convergence
theorem that

T
E(Y,?) <C and lim E </ y —Y32d5> =0 (3.5)
0

n—oo

On the other hand, for all n > m > M, applying It6’s formula to |Y;* — Y;"*|? and noting
T
that / (Y —=Y™)(dK} — dKI") <0, we have
t

T
Bl - Yr P+ [ 120 - 20 Pds
t
T
< 2IE:‘/ (st - Y;m) (in(&y'sn’ Z;L) _im(87}/;m7zgn)) ds
t

+ZE [ o362, 72 ~ gy 2 . .6
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Then, from Holder’s inequality, the uniform linear growth condition on the sequence LL
and the assumption (H3), we have,

T
Yy — Y + (1 - a)B / |2 — z7|2ds
0
T }
< 2<E/ |YS"—YSm|2ds) (GE/
0 0

00 T
+1>o¢ IE/ Y — Y™ |ds.
=1 0

T 1
n m n m 2
@le()? + MY+ Y2+ 120017 + 12201%) dS)

Therefore, by virtue of inequality (3.4) and the fact that ¢ € M?(0,7,R), we have the
existence of a constant C' such that, foralln > m > M,

T T 1 & T
(-ak [ zz-zpas < c(e [ yr-vrras) + (S| E [ -vepas
0 0 - 0
Jj=1

Thus from (3.5), {Z"} is a Cauchy sequence in the Banach space M?(0, T, R?), and there
exists an F;-jointly measurable process Z such that {Z"} converges to Z as n — cc.

Similarly, by It0’s formula together with Burkholder-Davis-Gundy inequality, it follows
that

E sup |V —Y™> = 0, as n,m — oo,
0<t<T

from which we deduce that P-almost surely, Y converges uniformly to Y which is

continuous, such that I < sup Yt|2> <C.
0<t<T

On the other hand, since Z" — Z in M?(0, T, R%), along a subsequence which we still
denote Z", Z" — Z, dt ® dP a.e., and there exists I € M?(0,T, R) such that
VYn > M, |Z"| <II, dt ® dP a.e.. Therefore, by Lemma 3.2, we have

£,z — ftY,.Z,) dt®dP ae., as n— oo.

Then, by virtue of (H5)(ii) and (3.4), it follows from the dominated convergence theorem
that

T 2
IE/ ‘in(s,ys",z:) —f(sY,.2,)| ds —0, as n— . 3.7)
t

Further, in view of Burkholder-Davis-Gundy inequality, (H3) and (3.5), we obtain

0<t<T | i3

o0 T - T -
E sup Z /gj(s,Ys”,Zg)ng—/ g;(s, Y, Z,)dBI —+0, as n— 0o(3.8)
t t
and

E sup
0<t<T

T T
/ ZrdW, —/ ZAW,| —0, as n-— oo, (3.9)
+ t
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We get also, from Holder’s inequality,

E sup |K}— K["[”

0<t<T
T 2
< SEY - Y 5B sup V7 Y+ STE [ |f (YY) - £, (52 20 ds
0<t<T o I™" -m
2
[eS) t -
45 sup |3 [ 0306, YY) = g5, Y2 20) B
o<t<7 |i= Jo
t 2
+5E sup /(Z;”‘L"—Z:,‘)CZI/VS ,
0<t<T |Jo

which, together with (3.7), (3.8), (3.9), provides

2
E sup |K{'— K{*|" — 0, as n,m — oc.
0<t<T

Consequently, there exists a F;-measurable process K with value in R such that

2
E sup |K;'—K,|" — 0, as n— oc.
0<t<T

Obviously, K, =0 and {K,; 0 <t¢ < T} is a non-decreasing and continuous process.

On the other hand, from the result of Saisho [11] (see p. 465), we have
T T
/ (Y = S0)dK? — / Y,—-S5)dK, P—a.s., as n— oo.
0 0

Finally, passing to the limit in (3.2), we conclude that (Y, Z, K) is a solution of (1.1).

Now, let (Y, Z,K) € £2/(0,T) be any solution of (1.1). By virtue of Theorem 3.1, we have
Y™ <Y, Vn > M. Therefore, due to the above step and taking the limit, we have Y <Y
The proof is complete. O
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