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Abstract

In this paper, after recalling the definition of generalized anticipated backward stochas-
tic differential equations (generalized anticipated BSDEs for short) and the existence
and uniqueness theorem for their solutions, we show there is a duality between them
and stochastic differential delay equations. We then provide a continuous depen-
dence property for their solutions with respect to the parameters and finally estab-
lish a comparison result for the solutions of these equations.

Keywords: Generalized anticipated BSDEs; duality; continuous dependence property; compar-
ison theorem.

AMS MSC 2010: 60H10;93E03.

Submitted to ECP on November 11, 2012, final version accepted on July 19, 2013.

1 Introduction

In 2009, Peng and Yang [4] introduced the following type of backward stochastic
differential equations (BSDEs), called anticipated BSDEs:

_dY;: = f(ta}/lfazh}/;#»ﬁ(t)a Zt+§(t))dt - thWta te [OaTL
Y, =¢&, te|Tl, T+ KJ;
Zy = M, te [T, T+ K],

Here ¢ € S%4(T,T + K;R™), n. € L% (T, T + K;R™*) and §(-) and ((-) are two R*-
valued continuous functions defined on [0, 7] such that
(i) there exists a constant KX > 0 such that for any s € [0, 7],

s+6(s) <T+K; s+((s)<T+K.

(ii) there exists a constant L > 0 such that for any ¢ € [0,7] and nonnegative and
integrable g(-),

/tT g(s+4(s))ds < L/tﬂK g(s)ds; /tT g(s+¢(s))ds < L/tHK g(s)ds.

Further, forall s € [0, 7], f(s,w,y,2,&,n) : QxR™xR™¥4x L2(Z,; R™) x L*(ZF; R™* ) —
L?(Z,,R™), where 7,7’ € [s,T + K], and f satisfies the following conditions:
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Some properties of generalized anticipated BSDEs

(H1) there exists a constant C' > 0, such that for all s € [0,7], y,% € R™, 2,2’ € R™*4,
£.6 € Ly(s, T+ K;R™),n,n € L% (s, T + K; R™*?), r,7 € [s,T + K], we have

|f(57y7Z7£T,777:) - f(say/azlaé.;)n;” S C(|y - y/‘ + |Z - Zl| + Eﬂs[gT - 5;‘ + |77f - 77;H)

(H2) E[[; |£(5,0,0,0,0)|ds] < oc.

For these equations, [4] gives an existence and uniqueness result, and also proves some
comparison theorems. Then Xu [5] gave a more general comparison theorem for antic-
ipated BSDEs where the generators have less restrictions. In 2011 Xu [6] provided
necessary and sufficient condition for the comparison theorem for multidimensional
anticipated BSDEs. In 2013 Yang and Elliott [8] established a converse comparison the-
orem for anticipated BSDEs.

In 2006 Yang [7] generalized anticipated BSDEs as follows:

Yo =&+ [ f(s,Y,Z)ds — [ Z,dW,, te0,T);
}/t:fh t e [T,T—FKL
Zt:’l']t, tE [T7T+K}

Here K > 0 is a given constant and for all ¢ € (0,7}, f(t,Y,Z) : L% (t,T + K;R™) x
L% (t, T + K; R™*%) — L*(#;,R™). It is obvious that the equations studied in [4] are
a special type of this equation. In the same paper Yang deduces the existence and
uniqueness theorem for solutions of the above equations. However, the notation in the
above equations is not clear. In this paper we rewrite above equation as:

T T
Y;f = gT + j;» f(87 {}/;}re[s,T+K]7 {ZT}TG[S,TJrK])dS - j; stW57 te [07 T];
Y =&, te [T, T+ KJ;
Zy =1y, te [T, T+ K],

where K > 0 is a given constant and for all ¢ € [0,7] and f is a function defined on
L% (t, T + K;R™) x L% (¢, T + K; R™*?) with values in L?(.%;, R™). We call the above
type of equation a generalized anticipated BSDE. In this paper, we discuss generalized
anticipated BSDEs and derive a comparison theorem.

This paper is organized as follows. After a brief presentation of some known re-
sults that we shall use in Section 2, Section 3 provides some properties of generalized
anticipated BSDEs, including a duality between them and stochastic differential delay
equations (SDDEs), a continuous dependence property with respect to parameters for
their solutions, and an important result for generalized anticipated BSDEs, the compar-
ison theorem.

2 Preliminaries

Let (,.%#,P,.%;, t > 0) be a complete stochastic basis such that .%, contains all P-
null elements of .% and suppose that the filtration is generated by a d-dimensional
standard Brownian motion W. = (W,;);>¢. Suppose T > 0 is given. For all n € IN, denote
the Euclidean norm in R™ by | - |. Denote:

o [*(Zr;R™) ={R™-valued Zr-measurable random variables such that E[|{|?] < +oo};

e L% (0,T;R™) ={R™-valued and .%;-adapted stochastic processes such that E[fOT ¢ |2dt]
< +oo};

¢ 5%(0,T; R™) ={continuous processes in L (0, 7; R™) such that E[OiltlET loe|?] < +o0}.

If m = 1, we denote L?(Fr,R) by L*(Fr), L%(0,T;R) by L% (0,T) and 5% (0,T;R)
by 5%.(0,T). Then L? and S? are separable Hilbert spaces.
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The following four lemmas are quoted from Peng [3]. Lemma 2.1 below is Lemma
3.1 of Peng [3]. Lemma 2.2 is Theorem 3.2 of Peng [3], and is a basic result for BSDEs:
an existence and uniqueness theorem. Lemma 2.3, which is a comparison result for so-
lutions of BSDEs, is Theorem 3.3 of Peng [3], and can also be found in El Karoui, Peng
and Quenez [1].

Lemma 2.1. Fora fixed £ € L?(%r) and go(-) which is an .%;-adapted process satisfying
E[(jOT |go(t)|dt)?] < +oo, there exists a unique pair of processes (y.,z.) € L% (0,T; R*?)
satisfying the following BSDE:

T T
Yy =¢& +/ go(S)dS — / zsdW, te [O,T].
t t

If go(-) € L%(0,T), then (y.,z.) € S%(0,T) x L% (0,T;R?). We have the following basic
estimate:

T,8 . , _ 2 T o
lyel* + EZ[ [, (§\y5|2 + |25[2)eP = ds] < E7+[|¢[2ePTD] 4 BE%U; |90 (s) |21 ds].

(2.1)
In particular,
2 T /6 2 2 2_BT 2 T 2
l? + B[ Glucl + eP)e?ods) < BSR4 SB[ (o) asl,  @2)
0 0
where [ > 0 is an arbitrary constant. We also have
T

Bl sup (") < REIEP + [ lon(s)ds) 2.3)

0<t<T 0

where the constant k depends only on T'.

Consider the following conditions for g = g(w, t,y, z) : Qx[0, T]x R™ x R™*4 — R™ :

) g(-,y,2) is an R™-valued and .#;-adapted process satisfying Lipschitz condition in
(y, 2), i.e., there exists p > 0 such that for each 3,3’ € R™ and z, 2’ € R™*4,

lg(t,y,2) = g(t,y', 2 < p(ly —y'| + |2 = 2']).
() g(-,0,0) € L% (0, T;R™).
Lemma 2.2. Assume that g satisfies (a) and (b). Then for any given terminal condition
¢ € L>(#r;R™), the BSDE

T T
Y, :§+/ 9(57Y§7Zs)d5*/ stW97 0<t<T (2.4)
t t

has a unique solution, i.e., there exists a unique pair of .%;-adapted processes (Y., Z.)
€ SZ(0,T;R™) x L% (0, T; R™*) satisfying equation (2.4).
Lemma 2.3. Assume g;(w,t,y,2) : Qx[0,T] x Rx R — R satisfies (a) and (b), j = 1, 2.
Let (Y, ZM) and (Y?), Z(?)) be, respectively, the solutions of BSDEs as follows:
Y = ¢ +/ gj(&ys(ﬂ)’zg]))ds_/ Z29aw,  0<t<T,
t t
where j = 1,2. IféW > ¢@ and g, (t, Y, ZM) > go(t,v,V, ZM), a.e., a.s., then
Y;(l) > Yt@), a.e., a.s.
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3 Some properties of generalized anticipated BSDEs

3.1 Recalling generalized anticipated BSDEs

We first recall the basic conditions for the existence and uniqueness of solutions to
generalized anticipated BSDEs in [7]. Let K > 0 be a given constant. Consider the
following generalized anticipated BSDE:

—dY; = f(t, {Yr}re[t,T+K}, {Zr}re[t,T+K])dt — ZidWy, te [O, T]E
Y, =&, te [T, T+ K); (3.1)
Zy =Mty te[T, T+ K].

We wish to find a pair of .#;-adapted processes (Y., Z.) € S%(0,T + K;R™) x L% (0,
T + K;R™*?) satisfying the generalized anticipated BSDE (3.1).

Assume that forall t € [0, 7], f(t,y,2): L%, T+ K;R™) x L% (¢, T+ K; R™*4) —
L?(%;,R™), and f satisfies the conditions as follows
(H3) For all t € [0,7)], (y.,2) € L% (t, T + K;R™) x L% (t,T + K;R™*?), f(t,y,z) is
F,;-measurable.
(H4) There exists a constant C' > 0 such that for all ¢t € [0, 7], y,y’ € L% (0, T+ K; R™),
2,2 € L%(0,T + K;R™*%),

T T+K
B / F(5,,2) — f(s,1/, ) 2P ds] < CE| / (s — g7 + |2e — 2)[2)ePds],
t t

where 8 > 0 is an arbitrary constant.

(H4') There exists a constant C’ > 0 such that forall ¢ € [0,7],y.,y' € L% (0,T+ K;R™),
2,2 € L%(0,T + K; R™*%),

T+K

T
BU[ 1f(sum2) = foutf )P S CEL[ (e = hf? [z - 2P
t t

(H5) E[[; (5,0,0)[?ds] < +c.
Remark 3.1.

(1) f satisfies Assumption (H4) if and only if f satisfies Assumption (H4').
(2) Note that Lipschitz condition is stronger than Assumption (H1), and Assumption
(H1) is stronger than Assumption (H4).

Example 1. Set g(t, y1+ k) == Elyir k|- F), t € [0,T), y. € L% (0,T + K). Then g satisfies
(H1) but does not satisfy Lipschitz condition.

Example 2. Foranyt € [0,T], z € [0,T + K], define f(t,z) := E|[; B.dB,|.%;], where
B. is a 1-dimensional standard Brownian motion with By = 0. Then for any x,y €
[0,T + K],t € [0,T], we have
T T T T T
E[f, |f(s,2) = f(s,9)PPds] < E[f; Ell [, BrdB,|*|Z]ds] = [, El| [, BrdB:|’]ds
T+ K
(z —y)*

That is, (H4') holds. Hence (H4) holds. On the other hand, for any t € (0,7], = €
[t,T + K],y € [0,t), by It6’s formula we know

= [ B[} |B,*drlds < (T + K) [ rdr =

@ 1 1
£t,2) = £(t,9)| = |BU; BdBi|Fi]| = 5|B(B3 - B — (x — )| #ill = 5|B? = B} —t+3.

Therefore, f does not satisfy (H1).
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The following is the main result of this section: the existence and uniqueness theo-
rem for solutions of generalized anticipated BSDEs.

Theorem 3.2. Suppose that f satisfies (H3), (H4) and (H5). Then for arbitrary pair of
given terminal conditions £ € S%(T,T + K;R™),n. € L% (T, T + K;R™*%), the gener-
alized anticipated BSDE (3.1) has a unique solution, that is, there exists a unique pair
of #;-adapted processes (Y., Z.) € S%(0, T + K;R™) x L% (0,T + K;R™*?) satisfying
equation (3.1).

The proof of theorem 3.2 is similar to the proof of theorem 4.2 in [4] or can be found
in [7].

3.2 A duality between SDDEs and generalized anticipated BSDEs

El Karoui, Peng and Quenez [1] showed that there is a duality between stochas-
tic differential equations (SDEs) and BSDEs, that is, the solutions of linear BSDEs can
expressed in terms of the solutions of SDEs. In [4] Peng and Yang proved a duality
between SDDEs and anticipated BSDEs. We shall investigate whether there exists a
duality between SDDEs and generalized anticipated BSDEs. For the generalized antic-
ipated BSDEs considered below, the answer is positive.

Let u,v : R — R be two continuous functions. Suppose for all s € [t,T + K],
As L% (t — K, 8) — L?(Fs), Bs : L% (t — K, 5; RY*?) — L?*(F,, R1*9) are defined by

AS(n) = :U’S/ nrd(rv Bs(n) = Vs/ T]TdT’.
t—K t—K

They are obviously two linear functions, thatis, forall s € [t, T+ K], n,n' € L% (t— K, s),
7,7 € L% (t — K, s;R*9), and for all « is a constant:

As+n') =As(n) + As(n'),  ads(n) = As(an),
Bs(t+7') = Bs(7) + Bs(7'), aBs(t) = Bs(ar).
Consider the following generalized anticipated BSDE:
—dY; = (BZ[A;({Y: hreprik) + B ({Ze}repri k)] + l)dt — ZidWs, € [0,T];

Y = Q4 te [T, T+ K]J;
Zy = P, te [T, T+ K],
(3.2)

where for all s € [0,7], 0. € L% (s,T + K), 0. € L% (s,T + K;R**?%). Then A:(f) and
BZ(0') are defined as follows:

T+K T+K
A%(0) :/ wrbpdr,  BE(0") :/ v,.0.dr.

Proposition 3.3. Let [ € L;(QT), K > 0 be a given constant and suppose there
exists a constant v > 0 such that for all r € [0,T + K], |pr| < v and |v,| < . Then
forall Q € S%(T,T + K), P. € L% (T, T + K;R'*?), the solution Y. to the generalized
anticipated BSDE (3.2) can be given by the closed formula:

Yi = EZ XpQr + [, Xlods]
FEZ (L Quuedr) ([ Xods) + ([ T Pvdr) ([ Xods)),  ace., a.s.,
where { X} c—k, 7+k] is the solution to the following functional SDDE:

dXs = As({Xr}re[th,s])dS + Bs({Xr}re[th,s])dWsa s € [t,T + K];

Xt = 1a
X, =0, selt—K,t).
ECP 18 (2013), paper 63. ecp.ejpecp.org
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Proof. There exists a unique solution to the above SDDE (see Theorem (2.1) of [2]).
Apply It6’s formula to X,Y; for s € [t,T], and take the conditional expectation under .%;.
Then

E7 [ XrYr] — XY,
= B% = [ X B7 (A (Ve hreporin) + B Zebrepsrer)lds — [ Xlods]
+ EZ [TV A({X e ca)ds + f, ZoBo({X hrepr )]
= EZ = [T X, () Yedr)ds — [T X (ST v Zodr)ds — [T X lds]
+ BZf Yous ([ o Xedr)ds + [ Zovs ([ X dr)ds]
= E7¢[— f;H( Y, ( ftTX ds)dr — ftT Yo (f] Xods)dr]
+ B7 = [0 Zo(f] Xds)dr — [ Zovo(f) Xods)dr — [ Xlyds]
+ BPL Yous ([ o Xedr)ds + [ Zov ([ Xodr)ds]

— E7 - [IHE

Y, ft X,ds)dr — T+KZ vy (ftT X,ds)dr — ftT Xlsds]
+ E7t [ft Ysus(ft_K X, dr)ds + ft Z Vs ft_K X,dr)ds].
Since X; =1land X; =0, s € [t — K,t), we deduce
Y = BZXrQr + [ Xilsds]
FEZ Y ([T Xeds)dr + [ Zov ([ Xods)dr]
= EZ [ XrQr + [ Xlyds]
FEZ ([N Quuedr) ([ Xods) + ([ T Povydr)([] Xods)). 0

3.3 A continuous dependence property with respect to parameters for the so-
lutions of generalized anticipated BSDEs

The basic estimates (2.1) and (2.2) can also be applied to study the continuous de-
pendence property of the generalized anticipated BSDEs with respect to parameters.

Proposition 3.4. Let (Y.(l), Z.(l)) and (Y.(Q), Z.(2)) be respectively the solutions to the
following two generalized anticipated BSDESs:

_dYt(i) = (f(t7 {Y;’(i)}re[t,TJrK]? {Zr(’i)}re[t,T+K]) + @gi))dt - Zt(i)th, te [OaT]§

v = @, te I, T+ KJ;
7 =n, te[l.T+K],
where i = 1,2. Assume the terminal conditions ¢) and n) are given elements in

S2(T,T + K;R™) and L% (T,T + K;R™*%), respectively, ¢} are given processes in
L%(0,T; R™), where i = 1,2. Set (y,,z) = (Y =V, Z() - Z®)) ¢ =) ¢ g =
nW — @ o =M — ) If f satisfies (H3), (H4) and f(t,0,0) = 0 for all t € [0,T],
then

1 _ 5 .1 .
\ytl2+*E%U} (lys|? + |25[?)e 51 ds]

(3.3)
< B7(erPe? 0 + [ TG + e’ 0 ds + [ | paPef T ds],
where 3 = 8(1 4+ C'). We also have
T+K T
E[ sup |y:[?] < cE[&r + fr (6 + Ins|P)ds + [y |psl2ds]. (3.4)
0<t<T
ECP 18 (2013), paper 63. ecp.ejpecp.org
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In particular, when ¢{" = 0, ( set £® =0, n® =0,
) ) T+K
Bl sup [VVP) < BV + [ (60 + 1n s, 3.5
0<t<T T
where the constant ¢ depends only on the constant C in (H4) and T, K.

Proof. Since for all t € [0,T], f(¢,0,0) = 0, we obtain for any ¢t € [0,T], A € F,

7 7 T 7 7 7
LAY, = Tagl + [T (F (s MaY Yo i)y (TaZP Yocrorir)) + Lagl”)ds
— [T uazPaw,,

where i = 1, 2. From estimate (2.1) and the fact that (a + b)? < 2(a? + b?) we have

T T _
Laly | + E7(f; M?w + |z5[?)e? " ds]
I 4 T T
< BE7t[I4ler|?elT-1) 4 EE‘/“ 1, Mg, |2e?—t)ds]

4 T 1
+ G BT Y o rir, (T2 hreporn)
2 2 s
—f (s, LAY Yo i)y (LA ZP Yo s 1)) [P€2C D s
Since f = 8(1 + C) and f satisfies (H4), we take the expectation of both sides of the
inequality to obtain:

T B _
Ealy:*] + E[J; ]IA(§|ys|2 + [24]?)eP 5 ds)

_ 1 7 o 1 . T+K .
SE[HA|§T|265(T t)]—|—§E[ft HA|505|2€'6( t)ds] +§EU; + ]IA(\yS|2—|—|ZS|2)eB( t)ds].

Therefore,

1 T _
E[]IAlyt|2] + §E[ft ]IA(|3JS|2 + |ZS|2)6’B(S t)ds]
< E[La|er2ePT0] + B[ La|ps|2eP0ds] + E[f T Ta(1€12 + 1s[2)eP =D ds).

By the definition of conditional expectation, we obtain (3.3) holds. From (2.3) and (3.3),
we have

E[OzttlgT lye|?]
< kE[er?) + kB 1£(s, (Y repsrar) {25 reps i)
— F5 A et 1) {2 Yoo ) + s [2ds)
< kE[er|?) + 2kB[fy (£, 7Y reps i) {25 rets i)
— 1, P Yo A2 hresrm) P+ loal?)ds]
< kE[ler[?) + 2kE[fy (£ (s, Y Vet s A2 Yreps.rex)
— f(s, {Y;'(2)}TG[S,T+K]7 {Z7('2)}r€[s,T+K]|2€ﬁs + |s|?)ds]
< kE[|&r|?) + 2kCEL [y (jysl? + |2:]?)eP ds] + 2kE[ ] |0 |2ds)

< kE[|6r[?] + 2kEL[) |ps|2ds] + 2kCePTHOB[ [T (|62 + [n,]?)ds]

K
+4kCP TR B er|? 4 [T @ol?ds + [ (1€]2 + |ns|?)ds).
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Since k depends only on T, it is obvious that there exists a constant ¢ depending only
on the constant C in (H4) and T, K satisfying

T+K T
B sup [l < cBligrl + [ (6P + nPyds+ [ g
0<t<T T 0

Therefore, (3.4) is proved. This estimate yields (3.5). O

3.4 Comparison theorem of 1-dimensional generalized anticipated BSDEs

Comparison theorems are fundamental results in the theory of BSDEs. It is natural
to ask whether there is a comparison result for 1-dimensional generalized anticipated
BSDESs. The answer is positive.

The following result is a comparison theorem for 1-dimensional generalized antici-
pated BSDEs. In this section, m = 1.

Theorem 3.5. Let (Y1), Z(M)) and (Y, Z(2)) be, respectively, the solutions to the fol-
lowing two 1-dimensional generalized anticipated BSDEs:

{ ~aY P = Y Ve, 27)dt = 27 dW,, € (0.7

v =, te 1T+ K],
where j = 1,2. Assume that for j = 1,2, f; satisfies (H3), (H4) and (H5), ¢V €
S2(T,T + K), and for any t € [0,T], z € R%, fa(t,-, 2) is increasing, i.e., f2(t,0.,2) >
fot,0.,2),if0, > 0., 0.0 € L3(t, T+ K),r € [t, T + K]. If ¢ >¢® s e [, T + K],
and fi(t,0.,2) > fa(t,0.,2), t € [0,T), 0. € L% (t,T + K), z € RY, then

Yt(l) > Yt(z), a.e., a.s.

Proof. Set

{ VO 6 T s O Yeporn, Z0)ds — [T 29, e 0.7

&, e [1,T + K.

From Lemma 2.2, we know there exists a unique pair of .%;-adapted processes (Y(?’), Z.(?’))
€ S2(0,T + K) x L% (0,T; R?) satisfying the above BSDE. Since

fl(sa {Yr(l)}re[s,T-l-K]aZ) > f2(sa {Yr(l)}re[s,T+K]7Z)a s € [O>T}7 KAS Rda

by Lemma 2.3 we deduce
Yt(l) > Yt(?’), a.e., a.s.

Set
)/1‘(4) (2) + f f {)/’I“(B)}TE[S,T-‘rK]? Z§4))d5 - ftT Z§4)dW9; te [07 T]a
31(4):5,52), te [T, T+ K]
Since for all t € [0,T],z € R?, fs(t,-, 2) is increasing and Yt(l) > Yt(g), a.e., a.s., from

Lemma 2.3 we know
Yt(B) > Yt(4), a.e., a.s.

Forn = 5,6, - -, consider the following classical BSDE:
Y =6+ [T (s (V" M eporiny, 28)ds — [T Z8aw., te [0,T);
Yt(”)zgf), te [T, T+ K].
ECP 18 (2013), paper 63. ecp.ejpecp.org

Page 8/10


http://dx.doi.org/10.1214/ECP.v18-2415
http://ecp.ejpecp.org/

Some properties of generalized anticipated BSDEs
Similarly we have }Q(4) > }Q(5) > > Yt(") > ..., a.e.,as. Weuse ||v(-)| s in the proof
of Theorem 3.2 as the norm in the Banach space L% (0,7 + K) x L% (0,T;R?). Set

v =y —y-h oz = g _ g1 n>5.

)

Then by the basic estimate (2.2), we have for any n > 5,
T O-(n 5(n s
B(fy (GIVS" 2 41287 2)e7ds]

2E[f0T‘f2 A }T65T+K]7 M) — fals, (V3 }re[sT—i-K] 7)Y 2685 ]
2C¢
g

Set 8 = 8C + 2, then we obtain

IN

IN

T+K vr(n— s T, 45(n s 2C T/ \x-(n— S (n s
m&*uﬁlwww+kwﬁw%wﬂ=gﬂmu% V12 4 |28V 12) e ds).

T T
N ~ 1 N N
E[/ ((4C+ DY +(2{7*)eds) < [/ (VY2 412807 ePe ds),
0 0

that is,
T . R T .
BL[ (160 + DT + 3|20 P)eds) < B [ 170D Pe s
0 0
Therefore,
T \r(n 5(n s T 160 + 4.~ n S(n
B[y (V1P 41287 2)ePds] < BIfy ()Y 2 4+ 1257 P)eds]
1 n 1 n n
< By VP ds] < gB( (V"R 4128V )e s,
Hence

T e 7 ] 1n— s
B[ (7P + 128 P)eas] < (B[ (7O +170P)eas)

It follows that {Y (™}, >, and {Z(™},>, are Cauchy sequences in L% (0,7 + K) and
L% (0,T;R%), respectively. Denote their limits by Y. and Z, respectively. Since L2 (0,
T + K) and L% (0,T;R%) are both Banach spaces, we obtain (Y,Z) € L% (0,7 + K) x
L%(0,T;R?). Because for any ¢ € [0, 7],

T n— n s
E[f] 1f2(s, AV Y retorray: Z87) = fols AV breps.r k), Ze) |26 ds]
< CE[[T(Y™ — Y| + 128 = Z,)ePods) -0,  n— oo

holds, we see (Y, Z ) satisfies the following generalized anticipated BSDE

T T
Y, = &2 + [T fals, Vobreporing, Zo)ds — [ ZedW,, ¢ €[0,T];
Vi =&, te [T, T+ K.

By Theorem 3.2 we know Y; = Yt(g), a.e., a.s. Since Yt(l) > Yt(3) > Yt(4) > Y,, it follows
immediately that

Yt(l) > Yt@), a.e., a.s. O
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