Electron. Commun. Probab. 18 (2013), no. 34, 1-6. ELECTRONIC

DOI: 10.1214/ECP.v18-2035 COMMUNICATIONS
ISSN: 1083-589X in PROBABILITY

Parameter sensitivity of CIR process

S. M. Ould Aly*

Abstract

We study the differentiability of the CIR process with respect to its parameters. We
give a stochastic representation for these derivatives in terms of the paths of V.
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1 Introduction

The CIR process is defined as the unique solution of the following stochastic differ-
ential equation:

AVi = (a — bV;)dt + o/ VedWy, Vo =, (1.1)

where a, o, v > 0 and b € R (see [8] for the existence and uniqueness of the solution
of the SDE). This process is widely used in finance to model short term interest rate
(see [3]) but also used to model stochastic volatility in the Heston stochastic volatility
model. The option prices in these models depend in the values of the parameters of CIR
process. On the other hand, these parameters are often calibrated to market prices
of derivatives, so they tend to change their values regularly. The knowledge of the
derivatives of the CIR process with respect to its parameters is therefore crucial for the
study the sensitivities of prices in these models.

The most common approach to study the sensitivity of stochastic differential equa-
tion with respect to its parameters is to use the Malliavin calculus, especially for the
sensitivity with respect to the initial value. The Malliavin derivative gives a stochastic
representation of the sensitivity of process with respect to its initial value. We note
that the coefficients of (1.1) are neither differentiable in 0 nor globally Lipschitz, so the
standard results (see e.g [9],[5]) cannot be used here. Nevertheless, for the special case
of CIR process, Alos and Ewald ([1]) show the existence of Malliavin derivative of the
CIR process under assumption (2¢ > ¢2). In mathematical finance, the sensitivities of
option prices with respect to not only the initial point, but also other parameters, need
to be studied very carefully.

In this article, we study the differentiability of the solution of (1.1) with respect to
the parameters a, b and o in £, sense (see next section). We show that, under some
assumptions, this process is differentiable with respect to these parameters and give a
stochastic representation of its derivatives.
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2 Differentiability

For technical reasons, we will rather consider the square root of V¥, denoted X".
Throughout this paper, we assume that

2a > o2 (2.1)

Under this assumption, we have for any T,v > 0, P(Vt € [0,7]: VY >0) = 1. The
process X" is the unique solution of the following stochastic differential equation

a o2\ 1 b o
dXy = —— — )| = — =X} | dt + —dW;, X§ =+/v. 2.2
(D) g g e

We start by studying the differentiability of X with respect to the parameter a. We
consider here the £,-differentiability of the function a — X"(a), i.e the existence of a
process X, so that

Xila+e) = X{(a)

— X (5)||| =0 (2.3)

p

lim

su
e—0 P

s<t

We have the following result

Proposition 2.1. Letb € R and o, z > 0. For every a €]o?,+oo|, let X, be the unique
solution of the SDE :

a o2\ 1 b o

and let ag > 2. Then the function a — X, is L,-differentiable at ag, for any 1 < p <
290 _ 1 and its derivative (X,) is given by

. t b 2 t g
Xa(t):/o —_— (-2(t—u)—(‘2‘—"8)/ XZ) ds. 2.4)

Proof. Let X°€ be the unique solution of the stochastic differential equation

a+ € 0'2 1 b g
5(6_ _ _ € _ )(6_ .
d t (< 2 8>th 2 t)dt+2d”t7 0 —\/6

For € > 0, define R§(t) := X — X;. We can easily see that R§ is given by

1
2X,

t 2
at+e o 1 b
U = — ‘ds|, with af = — — — | —— + =.
exp( /004S s) with of ( 5 8)X§Xs+2

We have, using the fact that for any s <, e~ i aldu <eM/2y1 as,

t
R (1) = €U / U s,
0

where

RS (¢ tle=b/2 v 1 1
[Bs()] e ) up L.
€ 2 SStX

S

On the other hand, we have, using Lemma 2.3.2 of [4],

2a 1
Vp < 2 (02 — 1) , [sup Xf} < 400. (2.5)

s<t
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In particular, we have for any p € [1,2 (2% —1)],

1751, < Ce.

Let’s now set
1

2X,

; TR £/ PI— ! 0y—1
X (t) = lim <00 = U9 [ U9 s
< (C. Furthermore, Xa is solution of the stochastic differential equation:

p

We have HXa

. a O'2 1 b g 1
dX — — ) Z 1 X d ——_dt.
a(t) ((2 8 ) Xt2 2> a(t) t 2Xt t

Let R§(t) = Xf — X;: — eX,(t). The process R is a solution of the stochastic differential
equation

(o) = (~airs() - oo (o - (5 - gz +5) | )

On the other hand, we have

a o 1 b o b €
e (E-y ) = (- )R +
% ((2 8)X§+2) (Xt 2Xt> o)+ 332

It follows that R{ can be written as

i) = U; | o () (< (55 - 5 ) moto) - 2X>) ds,

Using (2.5) and the fact that for any s < ¢, we have e~ /- @udu < 1ve=tt/2 and fg ale” Jlotdugg —
1 — e Jooude we get
2a . 9
Vi<p< a1 R, <02
O

The differentiability with respect to b is obtained in the same. The proof of the next
Proposition is almost identical to Proposition 2.1.

Proposition 2.2. Letz,a,0 > 0 so that 4a > 302. For every b € R, let X, be the unique

solution of the SDE : dX; = ((% - %2) X% — gXt) dt+3dWy, Xo = x and let by € R. The

function b — X, is L,-differentiable at by, for any 1 < p < 2(% — 1) and its derivative

X, is given by
: b X, b a o ['du

u

We now consider the differentiability of X with respect to the parameter . We
propose an extension of the result of Benhamou et al (cf. [2]) who show that 0 — X is
C? in neighborhood of 0. We will show that this function is C! in [0, \/a[ and C* around
0.

Proposition 2.3. For any o € [0,+/a[, the function 0 — X is C' at o in L,-sense, for

every p € [1, % — 1] and its derivative is the unique solution of the SDE :
. o a o2\ X,(t) b 1
dX,t)=|-—-—-[=z—— — =X,(t) | dt + =dW,. 2.7
®) <4Xt (2 8) X, 2 ®) g (2.7)
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Proof. Let X°€ be the unique solution of the SDE :

a (oc+6?\ 1 b o+e
dX; =z —-——)—=-2X;|dt+ ——d X§=+Vv.
(- 5) b

Let set R§(t) = X; — X;. In particular, R§ solves the stochastic differential equation:
a (c+e?\ 1 b a o>\ 1 b €
| = —X{— |z = | =+ X | dt + =dW,

((2 8 )Xg 27t (2 8)x, Tatt) gt

1

B a (0+e)? bl . 2¢0 + €2 €
AR R e

It follows that Rfy can be written as

¢ 2e0 + €2 €
€ _ € ex—1 [ _
RS(t) _Ut/0 (Us) < X ds + 2dWS),

dRG(t)

where U°€ is given by

t
Ui =exp (—/ ozi,ds) (2.8)
0
and ( )2
e f[a (o+e¢ 1 b

Applying the It6 formula to the product (Uf)~1W;, we have
2e0 + €2 t _1ds € ¢ _
R§(t) = —7U§/ UH "=+ —Wt+U;—/ W,d(U);* .
8 0 Xs 2 0

On the other hand, using the fact that of > b/2, a.s, we know that for any s < ¢, we have
0 <UF(U) ™ <1Ve 2 a.s. It follows that

td
B0l < o [ g+ g (swwswwa - v
0 s s<t s<t
1
< ¢(t) sup — + esup Wy (1 4+ U;)U;.

s<t s s<t
Using (2.5), we have, forany 1 < p < 2(2¢ — 1),
[R5, < Ce. (2.10)

Let’s now set
ag

. t 1
X, (t) = UO/ uhH~! < ds + dWS>.
( ) t 0 ( ) 4XS 2

We have HXU < C. Furthermore, we can easily see that X[, is solution to the stochas-
P

tic differential equation:

a o2 1 b o

. . 1

Set R{(t) = X7 — X:—eX,(t). The process RS solves the stochastic differential equation:

AR () = <a;R§<t) — X, (t) (ag - {(; - ‘;2);3 + ;)} - ;;t) dt.
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On the other hand, we can easily see that

a o% 1 b o b 2¢0 + €2
c((E-D) =)= (- — )Ry - =L
% ((2 5% +2) (Xt 2Xt)RO() 8X2

It follows that R{ can be written as

62

e e [ e : o b . 2¢0 + €2
RS(t) = Ut/O (U&=t <_8X ds + eX,(s) ((X ~ 5% )Ro(s) + 8X2)> ds.

We have

. t o €2 . at b . 2e0 + €2
[Ri(®)] < /OUt(US) 1(8Xsds+e|X(,(s)|<<th+2Xs>Ro(5)|+8X52>>d5
t e €2 ) b . 2e0 + €2
< /O Us(U)™! (SX ds + €[ X, (1) (2X |Ro(s)+8Xg>)d5+
t €
€ e—1 % ¥ €
e [ Ui % R (s s
L2 . b 2e0 + €2
< 7 € -
< c(t)/o (8Xsds+eXg(t)|(2Xs|Ro(s)+ SX? ))ds

X

Feea(t)sup <Xo<s>|R5<s>> |

Finally, using (2.5), we have, forany 1 < p < (2% — 1),
1RSI, < Ce.
O

Proposition 2.4. Under the assumptions of Propositions 2.1, 2.2, 2.3, the solution of
the SDE (1.1) is differentiable with respect to the parameters a, b and o. Its derivatives,
denoted by V,, V}, and V,, respectively, are given as

Va(t) = \/Vt/ot\/lvseXp<g(tU)(;J;)/:fgj)‘lsv

. ! b a o2 [Ydu
Vo(t) = —VV Vs ——(t—u)— (= — — — ) ds,
b(t) t/o VvV eXp( 2( u) (2 8>/9 Vu> S
20t ar
. 2 2 by (a_ o2y [t dr tefg(tfu)f(%f%)fuvir
Vo(t) = “Vie =W | Ve 3G / du 11
(t) oVt U\/Tt Ve 2 am s ) o v g ; N u )

Proof. As V; = X?, V is differentiable with respect to the parameters a, b and ¢ under
the assumptions of Propositions 2.3, 2.1, 2.2. The derivatives V is given as solution of
the SDE :

. . V(1) :
dV,(t) = —=bV,(t)dt + \/ Vo, dW? dwy, V,(0) =0.
(t) (t)dt + / Vi dW +02\/Vt t (0)

One can see that the process Z; := Vg(t) — %Vt is solution of the SDE :

Zy

2VV;

On the other hand, applying It6 formula to the process ZV¢, for a € R*, we have

2
a7z, = <a - bZt> dt + o

2
dW?, Zy=—=u.
g g

2 2 1 ,
d(ZVe)(t) = (f;“v;a —b(1+ ) Z Ve + (aa + %02)Ztva*1)dt +(a+5)ZVo R
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It follows that, for o = —%, the process Y = 7 V*%, Y has finite variation and is given
as solution of

2. -1 b a oY, 2
A, = | ——V, 2 - Y, — (= — —)= | dt Yy = ——+/v.
t < pu t 215 (2 8)‘/15) y L0 77\/{)

We can easily solve this equation, we get

Va-(t)f 2% 2 2a t e_('Yt_ u)
Y= ————%— = ——\veT "t — — ——du, a.s,
' VvV U\[ g Jo VVi
where , ,
b a o dr
=t - - —. 2.12
=gttt (5 - g) 7 (2.12)
Thus
. 2 2\/* by (2 Uz)ft dr te_%(t_")_(%_% J%
Vo(t) = =V — =/ V, 2T w ) o v dul, as.
()= Vi= 2V | Vo +af - ul, as
O
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