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Abstract

Supercritical branching processes in constant environment conditioned on eventual extinction are
known to be subcritical branching processes. The case of random environment is more subtle. A
supercritical branching diffusion in random environment (BDRE) conditioned on eventual extinc-
tion of the population is not a BDRE. However the law of the population size of a supercritical
BDRE (averaged over the environment) conditioned on eventual extinction is equal to the law of
the population size of a subcritical BDRE (averaged over the environment). As a consequence,
supercritical BDREs have a phase transition which is similar to a well-known phase transition of
subcritical branching processes in random environment.

1 Introduction and main results

Branching processes in random environment (BPREs) have attracted considerable interest in re-
cent years, see e.g. [3, 2, 7] and the references therein. On the one hand this is due to the more
realistic model compared with classical branching processes. On the other hand this is due to
interesting properties such as a phase transition in the subcritical regime. Let us recall this phase
transition. In the strongly subcritical regime, the survival probability of a BPRE (Zt(l))tZO scales

like its expectation, that is, P(Z" > 0) ~ const - E(Z(") as t — 0o where const is some constant
in (0, 00). In the weakly subcritical regime, the survival probability decreases at a different expo-
nential rate. The intermediate subcritical regime is in between the other two cases. Understanding
the differences of these three regimes is one motivation of the literature cited above. The main
observation of this article is a similar phase transition in the supercritical regime.

Let us introduce the model. We consider a diffusion approximation of BPREs as this is mathemat-
ically more convenient. The diffusion approximation of BPREs is due to Kurtz (1978) and had
been conjectured (slightly inaccurately) by Keiding (1975). We follow Boinghoff and Hutzen-
thaler (2011) and denote this diffusion approximation as branching diffusion in random envi-
ronment (BDRE). For every n € IN := {1,2,...}, let (Zlin))ke]N0 be a branching process in the
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random environment (Q(ln), (2”), ...) which is a sequence of independent, identically distributed

offspring distributions. If m(QE{”)) denotes the mean offspring number for k € IN, then S,((”) =
\/ﬁZ;:ll log (m(QE"))), k € N, :={0,1,2,...} denotes the associated random walk where n € IN.
Set |t] := max{m € Ny: m < t} for t > 0. Let the environment be such that (S(nr)lj/\/ﬁ)zzo

Lt
converges to a Brownian motion (S,),>o with infinitesimal drift « € R and infinitesimal standard

deviation o, € [0, 00) as n — oo. Furthermore assume that the mean offspring variance converges
to o7 € [0,00), that is,

o0

lim B | (k-m (Q(l”)))ZQ(ln)(k) =02, €)

n—00
k=0

If Z(()”) /n— 2z €[0,00) as n — oo and if a third moment condition holds, then
) o
(Zw Slth)
n’ Jn
in the Skorohod topology (see e.g. [8]) where the limiting diffusion is the unique solution of the
stochastic differential equations (SDEs)

n_v,voo (Z1,50) 20 2

t>0

iz, = ~o?z,dt + 2,d 2z.dwl®
Zt_EUeZt t+2,dS, +/0,Z,dW,;

ds, = adt + /o2dw”

3

for t > 0 where Z, = z and S; = 0. The processes (Wf(b))tzo and (Wt(e))tZO are independent
standard Brownian motions. Throughout the paper the notations IP* and IE* refer to Z, = z and
Sy = 0 for z € [0,00). The diffusion approximation (2) is due to Kurtz (1978) (see also [5]).
Note that the random environment affects the limiting diffusion only through the mean branching
variance 0'12) and through the associated random walk.

We denote the process (S,),>o as associated Brownian motion. This process plays a central role.
For example it determines the conditional expectation of Z,

IE* [Zt|(ss)s§t] =z exp (St) @)

for every z € [0,00) and t > 0. Moreover the infinitesimal drift a of the associated Brownian
motion determines the type of criticality. The BDRE (3) is supercritical (i.e. positive survival
probability) if a > 0, critical if a = 0 and subcritical if a < 0, see Theorem 5 of Béinghoff and
Hutzenthaler (2011). We will refer to a as criticality parameter.

Afanasyev (1979) was the first to discover different regimes for the survival probability of a BPRE
in the subcritical regime (see [3, 4, 13, 2] for recent articles). The following characterisation for
the BDRE (3) is due to Boinghoff and Hutzenthaler (2011). The survival probability of (Z,);5¢
decays like the expectation, that is, P(Z, > 0) ~ const-E(Z,) = const-exp ((a+ %‘%)t) ast — oo, if

and only if a < —03 (strongly subcritical regime). In the intermediate subcritical regime a = —o?2

e )
1 2

we have that P(Z, > 0) ~ const-t ™2 exp (—%t) as t — oo. Finally the survival probability decays

. _3 2 . . .

like IP(Z, > 0) ~ const - t™ 2 exp (_z%gt) as t — oo in the weakly subcritical regime a € (—0'3, 0).

This article concentrates on the supercritical regime a > 0. Our main observation is that there

is a phase transition which is similar to the subcritical regime. Such a phase transition has not
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been reported for BPREs yet. We condition on the event {Z, = 0} = {lim,_,, Z, = 0} of eventual
extinction and propose the following notation. If P(Z, > 0|Z,, = 0) ~ const - K(Z,|Z,, = 0) as
t — oo, then we say that the BDRE (Z,, S, ) is strongly supercritical. If the probability of survival
up to time t > 0 conditioned on eventual extinction decays at a different exponential rate as
t — oo, then we refer to (Z,,S,);>o as weakly supercritical. The intermediate regime is referred
to as intermediate supercritical regime. Our first theorem provides the following characterisation.
The BDRE is strongly supercritical if a > af, intermediate supercritical if a = af and weakly
supercritical if a € (0,02).

Theorem 1. Assume a,0,,0;, € (0,00). Let (Z,,S,);>¢ be the unique solution of (3) with Sq = 0.
Then

3 2y 8 ([*

[limx/? et ]PZ(ZI>O ZOO=O) =—3J fza)pg(a)da >0 ifaE(O,Uf) (5)
- ae 0
o2 V20
. —£ ¢t z _ _ e . _ 2

tlg&«/?ez IP(Zt>O Zw—O)—zﬁ02>0 ifa=o0; 6)

b

JE a—O‘z

tlirgoe(“_T)t]Pz(Zt>O zoozo) =225 >0 ifa>o2 (7)

b

o

(T BE2Y . pnya,u SiDB(E)cosh(E)E
¢ﬁ(a)_Jo L r e G o Tp el

for every z € (0,00) where f8 := 22 and where ¢p: (0,00) — (0, 00) is defined as

for every a € (0, 00).

The proof is deferred to Section 2.

Let us recall the behavior of Feller’s branching diffusion, that is, (3) with o, = 0, which is a
branching diffusion in a constant environment. The supercritical Feller diffusion conditioned on
eventual extinction agrees in distribution with a subcritical Feller diffusion. This is a general
property of branching processes in constant environment, see Jagers and Lagerds (2008) for the
case of general branching processes (Crump-Mode-Jagers processes). Knowing this, Theorem 1
might not be surprising. However, the case of random environment is different. It turns out that
the supercritical BDRE (Z,,S,),>o conditioned on {Z,, = 0} is a two-dimensional diffusion which
does not satisfy the SDE (3) and is not a branching diffusion in homogeneous random environment
if o, > 0 and if o, > 0. More precisely, the associated Brownian motion (S,),>o conditioned on
{Z,, = 0} has drift which depends on the current population size.

Theorem 2. Let 0, € (0,00), let 0,z € [0,00) and assume o, +2z > 0. If (Z,,S,) 5 is the solution
of (3) with criticality parameter a € (0, 00), then

< ((Znst)tzo )ZOO = O) =< ((Z“ét)tio) 2

where (Z:,5,) s is a two-dimensional diffusion satisfying Z, = Z,S, = 0 and

. 1 o? . . -
dz, = (—02 - Za%) Z,dt +2,d8, + /02 Z dw "
(02
b (10)

$ — 0o [o2dw'®
ds, = (a—Zam dt+ Ueth
e



784 Electronic Communications in Probability

fort=0.

The proof is deferred to Section 2.

It is rather intuitive that the conditioned process is not a subcritical BDRE if o}, > 0. The supercrit-
ical BDRE has a positive probability of extinction. Thus extinction does not require the associated
Brownian motion to have negative drift. As long as the BDRE stays small, extinction is possible
despite the positive drift of the associated Brownian motion. Note that if Z, is small for some
t > 0, then the drift term of S, is close to a. Being doomed to extinction, the conditioned process
(Z,)¢=0 is not allowed to grow to infinity. If Z, is large for some t > 0, then the drift term of S, is
close to —a which leads a decrease of (Z, )i>0- The situation is rather different in the case o}, = 0.
Then the extinction probab111ty of the BDRE is zero. So the drift of (S, )i>0 needs to be negative in
order to guarantee Z, — 0 as t — oo. It turns out that if o, = 0, then the drift of (S, )iso IS —a
and (Z,,$ t)e>0 is a subcritical BDRE with criticality parameter —

We have seen that conditioning a supercritical BDRE on extinction does — in general — not result
in a subcritical BDRE. However, if we condition (Z,,S,);sq on {S,, = —oco}, then the conditioned
process turns out to be a subcritical BDRE with criticality parameter —a.

Theorem 3. Let o, € (0,00), let 0},z € [0,00) and assume o, + 2z > 0. Let (Zt(“),SEa))tZO be the
solution of (3) with criticality parameter a € R. If a > 0, then

< ((Zt(a)’sga)) t>0 |S°° - _OO) =¥ ((Zt(ia)’sgia))po) b

(—a) _ (@)
where Z; ™' = Z; .

The proof is deferred to Section 2.

Now we come to a somewhat surprising observation. We will show that the law of (Z,),5q con-
ditioned on eventual extinction agrees in law with the law of the population size of a subcritical
BDRE. More formally, inserting the second equation of (10) into the equation for dZ, we see that

v

1 . . ,
dz, = (503 - a) Zdt +0,2,dW® + /027 dw (12)

for t > 0. This is the SDE for the population size of a subcritical BDRE with criticality parameter
—a. As the solution of (12) is unique, this proves the following corollary of Theorem 2.

Corollary 4. Let o, € (0,00), let 0,z € [0,00) and assume o, +z > 0. Let (z}“),sﬁ"‘))po be the
solution of (3) with criticality parameter a for every a € R. If a > 0, then the law of the BDRE
with criticality parameter a conditioned on extinction agrees with the law of the BDRE with criticality
parameter —a, that is,

2 ((2)e20]20 = 0) = 2 (2710 (13)
where Z(()_a) = Z(ga).

So far we considered the event of extinction. Next we condition the BDRE on the event {Z, >
0} := {tlim Z, = oo} of non-extinction. Define U: [0, 00) — [0, 00) by
—00

_2a
U(z) == (ofz + ai) of 14
for z € [0,00). We agree on the convention that

¢ Joo ifce(0,00]
0 ifc=0

c
= — :=0force[0,00) andthat0-oco0=0. (15)
0 00
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Theorem 5. Let 0, € (0,00), let 0p,z € [0,00) and assume o}, +2 > 0. Let (Z,,S,),s, be the
solution of (3) with criticality parameter a > 0. Then

% ((268) 150|200 >0) = 2 ((anr)fzo) (16)

where (Z,,8,) = is a two-dimensional diffusion satisfying Z, = Z,S, = 0 and

] 1 o3 Uz " . -
dz, = (—of+2a b (z) )Z[dt+ztdst+,/ogztdwfb)

2 ozg?t + 0% U(O? -U(Z,) an
s, = (a + ZaGSZ:ifai - (OI)JEZ;])(ZJ ) dt + /o2dw®
for t = 0. The law of (Z,),> conditioned on non-extinction satisfies that
=2 ((Zt)t20|zoo > 0) =< ((Z)i0) (18)
where (Z,) ¢>0 IS the solution of the one-dimensional SDE satisfying Zy=Zy and
dzZ, = (%03+a+2a$%) 2,dt +0,2,dW + /022, aw® (19)

fort > 0.

The proof is deferred to Section 2.
On the event of non-extinction, the population size Z, of a supercritical BDRE grows like its ex-
pectation IE(Z,|S,) as t — oo.

Theorem 6. Let o, € (0,00), let 0,2z € [0,00) and assume o, +2z > 0. Let (Z,,S;);> be the
solution of (3) with criticality parameter a € R. Then (Z[ / esf)t>0 is a nonnegative martingale.

Consequently for every initial value Z, = z € [0, 00) there exists a random variable Y : Q — [0, 00)

such that 7
Tt —Y ast — oo almost surely. (20)
e t

The limiting variable is zero if and only if the BDRE goes to extinction, that is, P*(Y = 0) = P*(Z,, =
0). In the supercritical case a > 0, the distribution of the limiting variable Y satisfies that

Ez[exp(—)tY)] =]E[exp(— ;)] 2D

o? 1
G—?G (277;; + 3
for all z,A € [0,00) where G, is gamma-distributed with shape parameter v € (0,00) and scale

parameter 1, that is,

1
P(G, €dx) = mx“le—x dx (22)

for x € (0, 00).

The proof is deferred to Section 2. In particular, Theorem 6 implies that Z, := tlim Z, exists almost
—00

surely and that Z, € {0, 0o} almost surely.
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2 Proofs

If o, =0 and Z, > 0, then the process (Z,);>, does not hit 0 in finite time almost surely. So the
interval (0, c0) is a state space for (Z,),s¢ if 0, = 0. The following analysis works with the state
space [0, 00) for the case o, > 0 and with the state space (0, 00) for the case o, = 0. To avoid
case-by-case analysis we assume o, > 0 for the rest of this section. One can check that our proofs
also work in the case o}, = 0 if the state space [0, 00) is replaced by (0, co).

Inserting the associated Brownian motion (S,);, into the diffusion equation of (Z,),sq, we see
that (Z,),>¢ solves the SDE

1
dz, = (a+50?)z.de+ o?222aw? +/o3z, aw,” (23)

for t € [0,00). One-dimensional diffusions are well-understood. In particular the scale functions
are known. For the reason of completeness we derive a scale function for (23) in the following
lemma. The generator of (Z,,S,);>o is the closure of the pregenerator ¥: C%([O, o0) X R) —
C([0,00) x R) given by

2

o o o 1 02
YGf(z,s) = a+-= z—f(z,5)+a—f(z,s)+ - (0222 +0§z) == f(z,s)
2 Js 2\ ¢ 0z (24)

1 92
+ O'eﬁf(z s)+0'

for all z € [0,00), s € R and every f € C2([0,00) x R).

Lemma 7. Assume o,,0,a € (0, 00). Define the functions U: [0,00) — (0,00) and V: R — (0, 00)
through

2 2\~ 5 2a
U(z) := (O‘eZ+O'b) ¢ and V(s):=exp —a—s (25)

e

forz €[0,00) and s € R. Then U is a scale function for (Z,),;>o and V is a scale function for (S,):>o,
that is, U =0 and 4V =050 (U(Z,)) s and (V(S,)) s, are martingales.

Proof. Note that U is twice continuously differentiable. Thus we get that

2
_2a o —2a _20_q
2 2\ 52 _ 2 AN 2
%(oez+0'b) c—(a+—26)z- = ; ;) ¢ ol
1 2a [ 2a _2e_o
. 2 2) o2 4
+ 5 (o* Z +abz) Ue (—03 +1) (O’eZ+O'b) o, (26)

_ 1 1
(a z4+ 0 ) o 12; (—2&2 — aaez + 54(12 + —2a0'62)
0

2

for all z € [0, 00). Moreover V is twice continuously differentiable and we obtain that

2a 2a \ —2a 1, 2a \ [ —2a)°
Gexp —oas | maexp| ——s | —+ 50, —28 -2 =0 27)
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for all s € R. This shows YU =0 = 4V. Now It0’s formula implies that

dU(Zt)=f£U(zt)dt+U’(zt)-( o2Z2dw® + agztdwfb))

(28)
dv(S,) = 4V(S)dt +V'(S,)y/o2dw
for all t > 0. This proves that (U(Z,)),~, and (V(S,)),, are martingales. O

Lemma 8. Assume o0,,0,a € (0,00). Then the semigroup of the BDRE (Z,,S,);>, conditioned on
extinction satisfies that

_ EG) [U(Zt)f(zusf)]

(2,5) _
B [£(Z,5)|2 =0] = o) , 29)
the semigroup of the BDRE (Z,,S,),>( conditioned on {S,, = —oo} satisfies that
EES) [V(S)f (Z,S)]
(2,5) _ _ t trYt
E®) [£(Z,,5)|Se = —00] = e (30)
and the semigroup of the BDRE (Z,,S,);>o conditioned on {Z,, > 0} satisfies that
E®) [(U(0)-U(2) f(Z,,S
E(Z’s) I:f(Zt,St)lzoo>0:| _ [( ( ) ( c))f( t t)] (31)

U(0) - U(z)
for every z € [0,00), s € R, t > 0 and every bounded measurable function f : [0,00) X R — R.

Proof. Define the first hitting time T,.(n) := inf{t > 0: 1, = x} of x € R for every continuous path
1 € C([0,00),R)). As V is a scale function for (S,),>o, the optional sampling theorem implies that

P (T (S) < 00) = lim P* (T_y(8) < T(8)) = lim 2=V V() (32)
= < = =
NS IR VRIS S VIO —VEN) T V(N)
for all s € R and N € N, see Section 6 in [10] for more details. Thus we get that
E) [£(20,8)]S0 = —00] = lim E [£(Z,,5)|T_n(S) < oo]
_ EEI[£(Z,,S)P5 (T_y(S) < 0) |
= Jim @) (33)
N-oo PES) (T_y(S) < 00)
_E®[f(Z,S)V(S)]

V(s)

for all z € [0,00), s € R and t > 0. The proof of the assertions (29) and (31) is analogous. Note
for the proof of (31) that

P (2., > 0) = P* (gggozt - oo) = lim P* (Ty(2) < Ty(2)) = % (34)

for every z € [0, 00). O



788 Electronic Communications in Probability

Proof of Theorem 2. It suffices to identify the generator ¢ of the conditioned process. This gen-
erator is the time derivative of the semigroup of the conditioned process at t = 0. Let f €

C2([0,00) x R, R) be fixed. Define f,(z,s) := %f(z,s),fs(z,s): f(z $), faa(2,8) == £ 2f(z s),
fis(2,8) = = 2f(z s) and f,,(z,s) := Zsf(z,s) for z € [0,00) and s € R. Lemma 8 implies that

Gf(z,s)
 lim E®Y [U(Z,)f (2, S) — U(2)f (2,5)] /U(z) 94U - f)(z,s)
b0 h - U(z)
1
= 5o [(a+—) (Uf+Uf) @) +a(Uf,) s)+_ (U£) (z,5)
35
+ 1 (gzzz +0%2) (U”f +2U'f, +Uf,) z,5) + 02z (U'f, + US,) (z,s)] (35)
U( ) (9f(2,5)) U(2) + e )(%U(Z))f(z ,5)

+ (azzz +o z) ( ) (z, s)+o 2 (%fs) (z,s)

for all z € [0,00) and s € R. Now we exploit that 4U = 0 and that %(z) = —2a/(02z+ 0}) for
z € [0, 00) to obtain that

2

Gf(2,5)=%9f(z,5) — 2azf,(2,5) — 2a U+ 2fs(z s)

Uf 1
= (—a + ?) 2f,(2,8) + > (0'6222 + a%z) far(2,8) (36)

oz
" (a_Z“T) fi(z,8)+ ozfss(z $)+ 032 f(2,5)

forallz € [0,00),s€ R and all f € C%([O, 00) X R,R). This is the generator of the process (10).
Therefore the BDRE conditioned on extinction has the same distribution as the solution of (10).

O
Proof of Theorem 3. As in the proof of Theorem 2 we identify the generator ¢ of the BDRE
conditioned on {S,, = —oo}. Similar arguments as in (35) and ¢V = 0 result in
9f(z,s)

B o (V' , [V
—‘ﬁf(z,s)+72 st (z,8)+ 0.2 sz (2,9)

=9f(z,s) —2af,(z,s) — 2azf,(z,s)

0_2 2 2+
= (_a+ _) Zfz(z 5) afs(z S)+ —fzz(z S)+ fss(z S)+U Zfzs(z S)

for all z € [0,00), s € R and all f € C3([0,00) X R,R). This is the generator of the BDRE with
criticality parameter —a. O
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Proof of Theorem 1. The assertion follows from Corollary 4 and from Theorem 5 of Boinghoff
and Hutzenthaler (2011). O

Proof of Theorem 6. 1td’s formula implies that

Z 1
deTi =eSdZ, —e 5 Z,dS, + Ee*S'Ztaf dt — e*S'Ztaf dt

2
o 1
—e St _2‘3 Z,dt+e 5 ,/a%thWt(b) + Ee_sztafdt — e_Serafdt (37)

=e 5, /02Z,dwW”

forall t > 0. Therefore (Z,/ exp(S,)) s, is a nonnegative martingale. The martingale convergence
theorem implies the existence of a random variable Y : Q — [0, c0) such that
Zy
- —Y as t — oo almost surely. (38)
e t
If a <0, then Z,, = 0 almost surely, which implies Y = 0 almost surely.
It remains to determine the distribution of Y in the supercritical regime a > 0. Fix z € [0, 00) and
A €[0,00). Dufresne (1990) (see also [14]) showed that

0]
2
f exp (—as - aeWs(e)) ds < —Ga2. (39)
0 ge

Moreover we exploit an explicit formula for the Laplace transform of the BDRE (3) conditioned
on the environment, see Corollary 3 of Béinghoff and Hutzenthaler (2011). Thus we get that

Z - Z Zf . 2z Z Zt
E [eXP(_AY)]:}LTOE exp —AeTt = limE° | E* | exp —)\eTt ‘(Ss)se[o,t]

t—o00

z
=1limE |e -
oo XP( fto—iex (—S8,)ds + 225 ex (—S))
0 2 p s 2 p t

e 2 (40)
I U—ifooex (—as—o,Wds+ 2+
2 0 p e’’s A
el (o)
=k|iexp| ———— | |-
Z_§G2a/az + %
This shows (21). Letting A — oo we conclude that
b4
PZ(YZO)ZE[CXP(—UZ—)]:PZ(ZOOZO) (41)
U_gGZa/af
The last equality follows from Theorem 5 of [5]. O

Proof of Theorem 5. Analogous to the proof of Theorem 2, we identify the generator ¢ of the
BDRE conditioned on {Z,, > 0}. Note that

—U'(2) 2a U(z)

U0)-UG) 0%+ 02 U(0)— UG) “2)
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for all z € [0, 00). Similar arguments as in (35) and 4U = 0 result in

Gf(z,s)
~U'(2) ~U'(2)

U(0) — U(z)fZ(z’s) +og U(0) — U(z)fS(z’s)

U(z) o? ,  2a U(z)
= (a + 2am + ?) z2f,(z,s)+ (a + O'ezagz n O'i 0(0) = U(z)) fi(z,s)
o2z + 0%z
2

=9f(z,s)+ (0522 + oiz)

2
Fol5,8) + 2 ful8) 4 075, (2,9)

for all z € [0,00),s€ R and all f € C%([O,oo) x R,R). Comparing with (17), we see that ¢ is
the generator of (17) which implies (16). Inserting dS, into the equation of dZ, for t € [0, 0)
shows that (Z,),> solves the SDE (19). a

Acknowledgement

We thank two anonymous referees for very helpful comments and suggestions.

References

[1]

[2]

[3]

[6]

[7]

AFANASYEY, V. I. On the survival probability of a subcritical branching process in a random
environment. Dep. VINITI (1979), No. M1794-79 (in Russian).

AFANASYEV, V. 1., BOINGHOFF, C., KERSTING, G., AND VATUTIN, V. A. Limit theorems for a weakly
subcritical branching process in a random environment. to appear in J. Theoret. Probab.,
DOI: 10.1007 /s10959-010-0331-6 (2010).

AranasyEy, V. L., GEIGER, J., KERSTING, G., AND VATUTIN, V. A. Criticality for branching pro-
cesses in random environment. Ann. Probab. 33, 2 (2005), 645-673. MR2123206

AFANASYEV, V. I., GEIGER, J., KERSTING, G., AND VATUTIN, V. A. Functional limit theorems for
strongly subcritical branching processes in random environment. Stochastic Process. Appl.
115, 10 (2005), 1658-1676. MR2165338

BOINGHOFE, C., AND HUTZENTHALER, M. Branching diffusions in random environment.
http: //arxiv.org/abs/1107.2773v1 (2011).

DurresNE, D. The distribution of a perpetuity, with applications to risk theory and pension
funding. Scand. Acturial. J. 1990, 1 (1990), 39-79. MR1129194

DYAKONOVA, E. E., GEIGER, J., AND VATUTIN, V. A. On the survival probability and a functional
limit theorem for branching processes in random environment. Markov Process. Related Fields
10, 2 (2004), 289-306. MR2082575

ETHIER, S. N., AND KurTz, T. G. Markov processes: Characterization and convergence. Wiley
Series in Probability and Mathematical Statistics: Probability and Mathematical Statistics.
John Wiley & Sons Inc., New York, 1986. MR0838085


http://www.ams.org/mathscinet-getitem?mr=2123206
http://www.ams.org/mathscinet-getitem?mr=2165338
http://www.ams.org/mathscinet-getitem?mr=1129194
http://www.ams.org/mathscinet-getitem?mr=2082575
http://www.ams.org/mathscinet-getitem?mr=0838085

Supercritical branching diffusions in random environment 791

[9] JaGEeRrs, P, aND LAGERAS, A. N. General branching processes conditioned on extinction are
still branching processes. Electron. Commun. Probab. 13 (2008), 540-547. MR2453547

[10] KARLIN, S., AND TAYLOR, H. M. A second course in stochastic processes. Academic Press Inc.
[Harcourt Brace Jovanovich Publishers], New York, 1981. MR0611513

[11] Keming, N. Extinction and exponential growth in random environments. Theor. Population
Biology 8 (1975), 49-63.

[12] Kurtz, T. G. Diffusion approximations for branching processes. In Branching processes (Conf.,
Saint Hippolyte, Que., 1976), vol. 5 of Adv. Probab. Related Topics. Dekker, New York, 1978,
pp. 269-292. MR0517538

[13] VatuTiN, V. A. A limit theorem for an intermediate subcritical branching process in a random
environment. Theory Probab. Appl. 48, 3 (2004), 481-492. MR2141345

[14] Yor, M. Sur certaines fonctionnelles exponentielles du mouvement brownien réel. J. Appl.
Probab. 29, 1 (1992), 202-208. MR1147781


http://www.ams.org/mathscinet-getitem?mr=2453547
http://www.ams.org/mathscinet-getitem?mr=0611513
http://www.ams.org/mathscinet-getitem?mr=0517538
http://www.ams.org/mathscinet-getitem?mr=2141345
http://www.ams.org/mathscinet-getitem?mr=1147781

