DOI: 10.1214/ECP.v16-1639

Elect. Comm. in Probab. 16 (2011), 365-378 ELECTRONIC

COMMUNICATIONS
in PROBABILITY

CRAMER THEOREM FOR GAMMA RANDOM VARIABLES

SOLESNE BOURGUIN
SAMM, EA 4543, Université Paris 1 Panthéon Sorbonne, 90 Rue de Tolbiac, 75634 Paris, France
email: solesne.bourguin@univ-parisl.fr

CIPRIAN A. TUDOR!

Laboratoire Paul Painlevé, Université Lille 1, 59655 Villeneuve d’Ascq, France
Associate member of the team SAMM, Université Paris 1 Panthéon-Sorbonne
email: tudor@math.univ-1illel.fr

Submitted January 12, 2011, accepted in final form June 16, 2011

AMS 2000 Subject classification: 60F05, 60H05, 91G70
Keywords: Cramér’s theorem, Gamma distribution, multiple stochastic integrals, limit theorems,
Malliavin calculus

Abstract

In this paper we discuss the following problem: given a random variable Z = X +Y with Gamma
law such that X and Y are independent, we want to understand if then X and Yeach follow a
Gamma law. This is related to Cramér’s theorem which states that if X and Y are independent
then Z = X + Y follows a Gaussian law if and only if Xand Y follow a Gaussian law. We prove
that Cramér’s theorem is true in the case of the Gamma distribution for random variables living
in a Wiener chaos of fixed order but the result is not true in general. We also give an asymptotic
variant of our result.

1 Introduction

Cramér’s theorem (see [1]) says that the sum of two independent random variables is Gaussian if
and only if each summand is Gaussian. One direction is elementary to prove, that is, given two
independent random variables with Gaussian distribution, then their sum follows a Gaussian dis-
tribution. The second direction is less trivial and its proof requires powerful results from complex
analysis (see [1]).

In this paper, we treat the same problem for Gamma distributed random variables. A Gamma ran-
dom variable, denoted usually by I'(a, A), is a random variable with probability density function

given by f, ,(x) = %x“‘le‘lx if x > 0 and f, ; (x) = 0 otherwise. The parameters a and A are

strictly positive and I" denotes the usual Gamma function.

It is well known that if X ~ I'(a,A) and Y ~ I['(b,A) and X is independent of Y, then X +Y
follows the law I'(a + b, A). The purpose of this paper is to understand the converse implica-
tion, i.e. whether or not (or under what conditions), if X and Y are two independent random
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variables such that X +Y ~ I'(a + b,A) and E(X) = E(I'(a,A)),E (XZ) =E (F(a, A)Z) and
E(Y)=E(I'(b,A)),E(Y?) =E (T(b,1)?), it holds that X ~ I'(a, ) and Y ~ I'(b, 1).

We will actually focus our attention on the so-called centered Gamma distribution F(v). We will
call ‘centered Gamma’ the random variables of the form

Law

F(v) = 2G6(v/2)—v, v>0,

where G(v/2) :=T(v/2,1) has a Gamma law with parameters v /2, 1. This means that G(v/2) is
x%*le—x

a (a.s. strictly positive) random variable with density g(x) = o/

1(0,00)(x). The characteristic
function of the law F(v) is given by

—l)t v
IAF(V)Y _ €
E(e )_(—1_2&) ., A€R. 6))

We will find the following answer: if X and Y are two independent random variables, each living
in a Wiener chaos of fixed order (and these orders are allowed to be different) then the fact
that the sum X + Y follows a centered Gamma distribution implies that X and Y each follow
a Gamma distribution. On the other hand, for random variables having an infinite Wiener-It6
chaos decomposition, the result is not true even in very particular cases (for so-called strongly
independent random variables). We construct a counter-example to illustrate this fact.

Our tools are based on a criterion given in [6] to characterize the random variables with Gamma
distribution in terms of Malliavin calculus.

Our paper is structured as follows. Section 2 contains some notations and preliminaries. In Section
3 we prove the Cramér theorem for Gamma distributed random variables in Wiener chaos of finite
orders and we also give an asymptotic version of this result. In Section 4 we show that the result
does not hold in the general case.

2 Some notations and definitions

Let (W,),er be a classical Wiener process on a standard Wiener space (Q, Z,P). If f € L2(T") with
n > 1 integer, we introduce the multiple Wiener-Ito integral of f with respect to W. The basic
references are the monographs [3] or [4]. Let f € &, be an elementary function with n variables
that can be written as f = >},

indices i, and i; are equal and the sets A; € 9B(T) are pairwise disjoint. For such a step function f
we define

,,,,,

1
where we put W(A) = fo 1,4(s)dW;. It can be seen that the application I,, constructed above from
, to L2(Q) is an isometry on ., in the sense

E (In(f)lm(g)) = Tl!(f, g)LZ(Tn) ifm=n (2)
and
E (I,(f)I,.(g)) =0if m#n.

Since the set ., is dense in L2(T™) for every n > 1 the mapping I,, can be extended to an isometry
from L2(T™) to L2(Q2) and the above properties hold true for this extension.
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It also holds that I,(f) =I,,( f ) where f denotes the symmetrization of f defined by
~ 1
f(xl; ce ’xn) = ; Zf(xo'(l)’ [ERS) xa(n)),

o running over all permutations of {1,...,n}. We will need the general formula for calculating
products of Wiener chaos integrals of any orders m,n for any symmetric integrands f € L2(T™)
and g € L?(T™), which is

)= 2,07 ) (§ ) tmen-ar 002 @
(=0

where the contraction f ®, g is defined by
(f @0 8)(S15-+ >Smestisenvsbtn_y)

ZJ f(sl,...,sm_[,ul,...,u[)g(tl,...,tn_e,ul,...,ug)dul...dug. (4)
Tm+n—2L

Note that the contraction (f ®, g) is an element of L2(T™"~2!) but it is not necessarily symmetric.
We will denote its symmetrization by (f &,g).

We recall that any square integrable random variable which is measurable with respect to the o-
algebra generated by W can be expanded into an orthogonal sum of multiple stochastic integrals

F =Y 1(f) ©

n>0

where f, € L2(T") are (uniquely determined) symmetric functions and I,(f,) = E (F).

We denote by D the Malliavin derivative operator that acts on smooth functionals of the form
F=g(W(g1),...,W(p,)) (here g is a smooth function with compact support and ; € L?(T) for
i=1,.,n)

L
DF =; : fi W(1)-.., W(p))pr.

We can define the i-th Malliavin derivative D®) iteratively. The operator D® can be extended to
the closure D2 of smooth functionals with respect to the norm

p
IFIZ, =E(F?)+ ) E (||DiF||%2(Ti)) .
i=1
The adjoint of D is denoted by 6 and is called the divergence (or Skorohod) integral. Its domain
Dom(6) coincides with the class of stochastic processes u € L2(€2 x T) such that
[E((DF,u))l < clIF|l,
for all F € D2 and &(u) is the element of L2(2) characterized by the duality relationship
E(F6(u)) =E({DF,u)).

For adapted integrands, the divergence integral coincides with the classical It6 integral.
Let L be the Ornstein-Uhlenbeck operator defined on Dom(L) = ID?2. We have

LF == nl,(f,)

n>0
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if F is given by (5). There exists a connection between §,D and L in the sense that a random
variable F belongs to the domain of L if and only if F € D%? and DF € Dom(§) and then §DF =
—LF. Let us consider a multiple stochastic integral I,(f) with symmetric kernel f € L3(T?). We
denote the Malliavin derivative of I,(f) by DI,(f). We have

Dol (f) = qlg1 (F ),

where @) = f(t,,..., ty—1,0) is the (¢ — 1)" order kernel obtained by parametrizing the q" order
kernel f by one of the variables.
For any random variable X,Y € D2 we use the following notations

Gx = (DX, —DL7'X) 2(p)

and
Gxy = (DX,—DL7'Y) 2(1y.

Finally, we will use the notation X LY to denote that two random variables X and Y are indepen-
dent.

The following facts are key points in our proofs:

Fact 1: Let X =1, (f) and Y = I, (g) where f € L?(T%) and g € L*(T%) are symmetric
functions. Then X and Y are independent if and only if (see [8])

f® g=0a.e. on THt%e2

Fact 2: LetX =I,(f) with f € L*(T?) symmetric. Assume that E (Xz) =E(F(v)?) = 2v. Then
X follows a centered Gamma law F(v) with v > 0 if and only if (see [5])

||DX||%Z(T) —2gX — 2qv = 0 almost surely.

Fact 3: Let (fi)r>; be a sequence in L2(T9) such that E (Iq (fk)z) T2V Then the sequence
= —-+00

X = I,(fi) converges in distribution, as k — oo, to a Gamma law, if and only if (see [5])

2 12
||DX,(||L2(T) — 29X — 2qv e 0 in L*(Q).
Remark: In this particular paper, we will restrict ourselves to an underlying Hilbert space (to the
Wiener process we will be working with in the upcoming sections) of the form $ = L2(T) for the
sake of simplicity. However, all the results presented in the upcoming sections remain valid on a
more general separable Hilbert space as the underlying space.

3 (Asymptotic) Cramér theorem for multiple integrals

In this section, we will prove Cramér’s theorem for random variables living in fixed Wiener chaoses.
More precisely, our context is as follows: we assume that X = I, (f) and Y = I (h) and X,Y are
independent. We also assume that E (XZ) =E (F(vl)z) = 2v; and E (Yz) =E (F(vzz)) = 2v,.
Here v, v, v, denotes three strictly positive numbers such that v; +v, =v. We assume that X +Y
follows a Gamma law F(v) and we will prove that X ~ F(v;) and Y ~ F(v,).

Let us first give the following two auxiliary lemmas that will be useful throughout the paper.
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Lemma 1. Let q;,q, = 1 be integers, and let X = I, (f) and Y = I (h), where f € L?(T%) and
h € L2(T%) are symmetric functions. Assume moreover that X and Y are independent. Then, we have
DX1DY,X1DY and Y LDX.

Proof: From Fact 1 in Section 2, f ® h = 0 a.e on T%*%~2 and by extension f ®, h = 0 a.e
on T19272" for every 1 < r < q; A q,. We will now prove that for every 6, € T, we also have
f@® ¥ =0aeon T4 fO® h=0a.eon TH %23 and f ® h¥) =0 a.e. on T1 1273,
Indeed, we have

(f(e) ®1 h(w)) (tl:""tq1—2)sl;""sq2—2) = f f(tl"": tql—Z)uJG)h(sl;"'ysqz—Z:Hde)du
T

= 0

as a particular case of f ® h = 0 a.e.. By extension, we also have f(® ®, h¥) =0 for 1 <r <
(g1 — 1) A(gy — 1). Similarly,

(f(e) ®1 h) (tl"--’tq1729515--'15q271) = f f(tl:"-’ tq172:u’e)h(sly-”:squl’u)du
T

= 0. ©)

Clearly f® ® h=0for 1 <r <(q; — 1) Ag,. Given the symmetric roles played by f and h, we
also have f ®, h¥) = 0 and then f ® h¥)=0for 1 <r <q; A(gy— 1).

Let us now prove that DX 1DY. Since for every 0,9 € T, DpX = qllql_l(f(e)) and DY =
qzlqz_l(h(w)), it suffices to show that the random variables I, _;(f (©)) and qu_l(h(‘/’)) are indepen-
dent. To do this, we will use the criterion for the independence of multiple integrals given in [8].
We need to check that £ ®, h¥) = 0 a.e. on T%+%2~# and this follows from above.

It remains to prove that X | DY and DX LY. Given the symmetric roles played by X and Y, we will
only prove that X | DY. That is equivalent to the independence of the random variables I, (f) and

qu_l(h(’/’)) for every 6 € T, which follows from [8] (see Fact 1 in Section 2) and (6). Thus, we
have X 1 DY and DX LY. |

Let us recall the following definition (see [7]).

Definition 1. Two random variables X = Y, - I,(f,) and Y = ), - I,,(h,) are called strongly
independent if for every m,n > 0, the random variables I,(f,) and I,,(h,,) are independent.

We have the following lemma about strongly independent random variables.

Lemma 2. Let X = Y, o I,(f,) and Y =Y, - I.(h,) (f, € L*(T"),h,, € L*(T™) symmetric for
every n,m > 1) be two centered random variables in the space D*2. Then, if X and Y are strongly
independent, we have

(DX,—DL7'Y) 2y = (DY, =DL™'X) 2¢yy = 0.

Proof: We have, for every 8 € T,

DeX =Y nl,_y(f”) and —DyL7'Y = > 1, (KD).

n>1 m>1
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Therefore, we can write

(DX, _DL_1Y>LZ(T) = Z nf Ly (fa(trs ees trm1s O (R (£4, oy tipg, 6))d O
n,m=>1 T
(n—1)A(m-1)
n—1\/m-1
= Z nJ Z 7‘!( ) ( )In+m2r2(fn(9) ®r h(n?))de
n,m=>1 T r=0 r r

The strong independence of X and Y gives us that fn(e)®rh£f) =0forevery1l <r <(n—-1)A(m-1).
Thus, we obtain

(DX,—DL7'Y) oy = Z nJ Liym_o(f P @ h9)d6.
T

n,m>1

Using a Fubini type result, we can write

(DX,—DL_1Y>L2(T) = Z nIn+m—2(j fn(e)®hgne)d9)
T

n,m>1

= Z nIn+m72(fn ®1 hm)
n,m=1
Again, the strong independence of X and Y gives us that f,, ®; h,, = 0 a.e and we finally obtain
(DX,—DL7'Y)}2(1y =0, and similarly (DY, —DL™'X) 2y = 0. [ |

Let us first remark that the Cramér theorem holds for random variables in the same Wiener chaos
of fixed order.

Proposition 1. Let X = I,,(f) and Y = I,,(h) with m > 2 fixed and f,h symmetric functions in
L?(T™). Fix v1,vy,v > 0 such that v, + v, = v. Assume that X +Y follows the law F(v) and X is
independent of Y. Also suppose that E (XZ) =E (F(vl)z) =2v; and E (YZ) =E (F(vz)z) = 2v,.
Then X ~F (v;) and Y ~F (v,).

Proof: By a result in [5] (see Fact 2 in Section 2), X + Y follows the law F(v) is equivalent to

||D1.(F + 1|

2(T) — 2ml, (f +h)—2mv =0as. . )

On the other hand
2 2
E (Hmm(f +0)|[%2p) — 2mIn(f + ) —2mv)
= E(([[P1a0] 320y + [PLa(®| [Py + 20PT(F), DL (D) 21
—2ml, (f) —2mlI,,(h) — 2m(v, + vz))z)
= B (1) [Fary ~ 210 = 2001 ) ) + & ( (|10, = 21— 2m0,) )
+E ((|[P1a (P[22 = 2mIn(F) = 291 ) (|| DL [y = 2mL() = 2m05 ) ). (®)

Above we used the fact that (DI,,(f), DI, (h));>(;y) = 0 as a consequence of Lemma 1. It is also
easy to remark that, from Lemma 1
2

E ((HDlm(f) o = 2mIn(f) - 2mv1) (HDIm(h)) ey — 2mly(h) - 2mv2))

- E (HDIm(f)| 2oy = 2l () — 2mv1) E ({ DLW\ |27y — 2l () - 2mv2) —o.
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Using this and by combining (7) and (8), we obtain that

2
L*(T)

E (({ DI ()| |22y = 2mIn(F) — 2mv1)2) +E ((HDIm(h)| — 2ml,,(h) 2mv2)2) —0.

The left hand side of this last equation is equal to zero and is the sum of two non negative quan-
tities (as expectations of squares). This implies that each of the summands are equal to zero.
Thus,

E ((| DI ()| |22y = 2mIn(F) — 2mv1)2) —E ((| DI (0| |27y — 2mIn(h) - 2mv2)2) -0
and consequently X ~ F(v;) and Y ~ F(v,). |

Remark 1. We mention that the above Proposition 1 is a particular case of Theorem 3. We prefer to
state it and prove it separately because its proof is simpler and does not require the techniques used in
the proof of Theorem 3. Using Fact 3 in Section 2, an asymptotic variant of the above result can be
stated. We will state it here because it is a particular case of Theorem 4 proved later in our paper.

Theorem 1.2 in [5] gives a characterization of (asymptotically) centered Gamma random variable
which are given by a multiple Wiener-It6 integral. There is not such a characterization for random
variable living in a finite or infinite sum of Wiener chaos; only an upper bound for the distance
between the law of a random variable in D2 and the Gamma distribution has been proven in
[6], Theorem 3.11. It turns out, that for the case of a sum of independent multiple integrals, it is
possible to characterize the relation between its distribution and the Gamma distribution. We will
prove this fact in the following theorem.

Theorem 1. Fix vy,v,,v > 0 such that v; +v, = v and let F(v) be a real-valued random variable
with characteristic function given by (1). Fix two even integers q; > 2 and q, > 2. For any symmetric
kernels f € L2(T%) and h € L*(T%) such that

2
E (I, (f)) = a1t |f|1ory = 2v1 and E (I,(h)*) = go! Il Z2pery = 272, ©
and such that X =1, (f) and Y = I, (h) are independent, define the random variable
Z=X+Y=1,(f)+1,H.
Under those conditions, the following two conditions are equivalent:

2
() E ((Zv +2Z — <DZ, _DL_IZ>L2(T)) ) = 0, where D is the Malliavin derivative operator and

L is the infinitesimal generator of the Ornstein-Uhlenbeck semigroup;
(i) 2" F(v);
Proof: Proof of (ii) — (i). Suppose that Z ~ F(v). We easily obtain that
E (23) =E (F(v)3) =8v and E (z“) =E (F(v)“) =12v? +48v. (10)
Consequently,

E(2*) -12E(2°) =E(F(v)*) — 12E (F(v)?) = 12v* — 48v. an
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Then we will use the fact that for every multiple integral I,(f)

q

2
q/2) (> f 8araf D ixcrn- (12)

E (1,(f)°) =q!(q/2)!(

and
32 —1)\2 2 _
E(I,()*) =3 [q! Hf”izm)] 4 anz(p —1)! CI) ~ 1) p! CD (24 = 2p)! | £ &, || 2gat0-ny - (13)
p=1

We will now compute E (Z 3), E(Z*) and E (Z*) — 12E (Z 3) by using the above two relations
(12) and (13). We have Z* = (I, (f) + I,,(W)* = I, (f )* + I,,(W)* + 21, (f)I,,(h) and thus, by
using the independence between I, (f) and I, (h),

E(z%) = E(I,(f)°) +E(I,(h)).
Using relation (12), we can write

2 2
E(Z3)=q1!(q1/z)!(qf}2) (f,f®q1/2f>L2(qu)+qz!(qz/2)!(q‘j;2) (B oh) ey (A4)

ForE(Z 4), we combine relations (9) and (13) with the independence between I, (f) and I, (h)
to obtain

E(z*)

E(2%2%) =E (I,,(f)*) + E (I,,(n)*) + 6E (1, (f )*1,(h)?)

) 9 3 q,—1 ) g —1 2 Q 2 5 )
vy o 2@ -0 P ) 2an = 200! & F [
¢ = p p

) 9 342—1 ) g, —1 2 0 2 B )
3[4 1l +£Zq2(p—1)! o) Py ) @220,
p=

+  24vyv,.

3[a!|f

_|_

2

Using the fact that q;! Hf L2(Ta)

= 2v; and ¢,! ||h||%2mz) = 2v,, We can write

E(Z*) —12E(Z%) = 12v] + 12v] — 48v, — 48v, + 24v,v,
3 -1 g —1 2 Q 2 B
+= > - 1)!( B 1) p!( ) (241 —2p)!||f &, f
D pipa,/2 p p
qa—1

3 2 @ -1\* [(6)? ~ 2
+= > gp-1) bo1) P\, ) 2a2—2p) [ —

42 p=1.p#q,/2

2
L2(Ta1-p)

-1)\? 2 -
20! [y +30n6ar/2 =00 5 ) (1) a8t [,

+24q2!||h||%z<m>+3qz(q2/z—1)!( 21 )Z(qz/z)!( 12 )zqz!Hh@ fohl[ e
q2/2—-1 q2/2 TrEILA(TR)
q1
q:/
qz

qz/

2
2) (fF ®qusaf ) 2y

2
2) (hh8g,101) oy - (15)

—12q1!(q1/2)!(

—12q2!(q2/2)!(
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Recall that v = v; + v, and note that 12v? + 12v2 — 48v; — 48v, + 24v,v, = 12v> — 48v. Also
note that

24000 [ [ g+ 300000/ 2= 01 1 )ahm( /)ql!Hf@ql/sziZ(m)

—1zq1~(q1/2)'( }2) o8y sof ) s

3 (') 2
- 2 (( /2)| 6 ||f ‘h/Zf ‘11fHL2(T‘11)’
where Cq, 18 defined by Cq, = — > and a similar relation holds for the function
L 1T (@/2)! q‘j}z ] (ql/z)'(q 1
h with g,, ¢, instead of q,, ¢y, respectively, where c,, = e qz/ — = (q2/2)|4( . 3.
q2/2-1 q2
E(z*)-12E(Z%) = 12v®-48v
3 9 q;—1 2 q1 2 ~ 2
+= q%(p—l)!(p_l) p!(p) (21 = 2P)!{|£ &, f || 2grota-ny
1 p=1p#q,/2
3 (q!)
||/ ®q,of — f p—
2 (( /2)| 6 ” @/ L2(T0)

qx—1

2 > Ep-! 21V (%) (g, -2 ) || ,h|;
q2 p : p— 1 p: q2 P L2(T22-P)

92 ey p#qz/2

ECED)
2 ((q ;2), 6 ” q2/2h—Cq2hHi2(Tq2)‘

From (ii), it follows that

q—1

c 5 ae- () p(y) ca-arle;
- q;\p— 1) _ p: qy —<«p): pJ ||L2(T2@-P)
Q1 pet a2 p-1 p

3 (fh 2

9 (( /2)' 6 “f q1/2f (thLZ(qu)

qx—1

3 5 a— 1\ [(q2)? ~ 2
+— Z qz(p - 1)' p— 1 P' p (2q2 - 2p)' Hh®PhHLZ(T2(‘12’P))

42 p=1, p#qz/Z
3 (CIZ “
"2 (@)

which leads to the conclusion as all the summands are positive, that is

||f®‘h/2f Cq,
|5 &,

Q2/2 hHLZ(qu) 0,

LZ(T‘U) “h®qz/2h h

L2(reay = 0 and

L2(T2@ ) = L2(r2a-ny = 0 (16)

for every p = 1,...,q; — 1 such that p # q,/2 and for every r = 1, ...,q, — 1 such that r # q,/2;
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This implies
=0 and

LA(Tu) ||h®qz/2h —¢g,h
he, hl|

”fé‘h/z-f - th
If ® f

for every p =1, ...,q; — 1 such that p # q,/2 and for every r = 1,...,q, — 1 such that r # q,/2 (see
[5], Theorem 1.2.).
We will compute E ((21/ +27Z — Gz)z). Let us start with G;.

L2(T%2)
0 a7

L2(1%a-p) — ‘ L2(T202n) =

G, = (Dz,-DL7'Z) ;= (DI,,(f)+ DIy, (h), DL, (f) = DL, (W) ..
= (DI,,(f),=DL Iy, () 1a(py + (DIg, (W), =DL 7', (W) oy
+ (DI, (f),=DL Iy, (W) 1oy + (DI, (W), =DL 71 (F)) o -

From Lemma 2, it follows that <D1q1 ), —DL‘quz(h)>L2(T) = <DIq2(h), _DL_llql(f)>Lzm =0.
Thus,

G, =q;" HDIql(f)HiZ(T) +q,’ HDIQZ(h)Hiz(T)'
It follows that

E((2v+2Z-G,)*)

=E ((2v1 275 + 20, (F) + 214, () = ¢7 | DI, ()| 2y — 65 ”quz(h)”izm)z)
(6" P Ol - 21000 -20) )

+E ((q;l D13, (][ y — 20, (B) = sz)z)

+2F ((q;l D1, |y — 216, () — 2v1) (qz_l |p1,,(h)
We use Lemma 1 to write
E (a7 01, (D[ 1ary — 210, () = 2v1) (05 |21, ()
Thus,

iy — 21, () - 2v2)) .

iZ(T)—Zqu(h)—sz)) - 0.

E((2v+22-G,)") =q'E ((HDIql(f)Hizm — 2911, (f) - 2q1v1)2)
+¢;'E ((“quz(h) iZ(T) —2q,1,,(h) — 2q2v2)2) .

Relation (17) and the calculations contained in [5] imply that the above two summands vanish.
It finally follows from this that

E((2v+2Z-G;)?) =o0.

Proof of (i) — (ii). Suppose that (ii) holds. We have proven that

B (101, )y - 200,00 = 200 ) ) =0

E((2v+2Z2-G )2 —0>
( i ) E (”Dl‘lz(h)“i(n_2q21q2(h)—2q2V2)2) =0.
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From Theorem 1.2 in [5] it follows that I, (f) ~ F(v;) and I, (h) ~ F(v,). I, (f) and I, (h)
being independent, we use the convolution property of Gamma random variables to state that
Z =1y (f)+1g,(h) ~ F(vy +vy) ~ F(v). |

Remark 2. The proof of the above theorem shows that the affirmations (i) and (ii) are equivalent
with relations (10), (11), (16) and (17).

Following exactly the lines of the proof of Theorem 1 it is possible to characterize random variables
given by a sum of independent multiple integrals that converges in law to a Gamma distribution.

Theorem 2. Fix vy,v,,v > 0 such that v; + v, =v and let F(v) be a real-valued random variable
with characteristic function given by (1). Fix two even integers q; > 2 and q, > 2. For any sequence
(fidks1 € LA(T%) and (hi)gs1 € L3(T%) (fi and hy are symmetric for every k > 1) such that

E (I, (") =au! [ Aelliorny = 2 and E (1, (0)%) = @at e[y =2 202,

——+00

and such that X = I, (fi) and Y, = Iy, (hy) are independent for any k = 1, define the random
variable

Zk =Xk+Yk=Iq1(fk)+Iq2(hk) sz 1.

Under those conditions, the following two conditions are equivalent:

2
@ E ((Zv +22,— (Dz, —DL‘12k>LZ(T)) ) 0

(i) Z, =5 F(v);
k—+o00

Cramér’s theorem for Gamma random variables in the setting of multiple stochastic integrals is a
corollary of Theorem 1. We have the following :

Theorem 3. Let Z =X +Y =1, (f) +1,,(h), 1,9, = 2, f € L*(T%),h € L*(T%) symmetric, be
such that X,Y are independent and

E(22) =2v,E(X%) = 1! || faroy = 2V1. E (Y2) = o Rl Z2(peny = 27
with v = v, +v,. Furthermore, let’s assume that Z ~ F(v). Then,
X ~F(vy) and Y ~F(vy).
Proof: Theorem 1 states that Z ~ F(v) & E ((21/ +27Z — Gz)z) = 0 and we proved that
E((2v+2Z2-G;)?) =E((2vi +2X - Gx)*) +E((2v, +2Y — Gy)?).
Both summands being positive, it follows that
E((2v; +2X —Gx)?) =0 and E((2v,+2Y —Gy)?) =0.

Applying theorem 1 to X and Y separately gives us E ((21/1 +2X — GX)Z) < X ~ F(v;) and
E((2v,+2Y —Gy)?) & ¥ ~ F(v,). u

It is immediate to give an asymptotic version of Theorem 3.
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Theorem 4. Let Z; = X; + Yy = I, (fi) + 1, (), fy € L>(T%), by € L(T%) symmetric for k > 1,
q1,q2 = 2, be such that X,, Y, are independent for every k > 1 and

E(22) — 2v,E(x?) qu!“inz(qu)k:oo 2v,,E (V) = g Ihll}z(ry > 292

k—+00 o0

with v = v, 4+ v,. Furthermore, let’s assume that Z, P F(v) in distribution. Then,
—+00
X, — F(v;) and Y, — F(vy).
k—+00 k—+00

Remark 3. i) From Corollary 4.4. in [5] it follows that actually there are no Gamma distributed
random variables in a chaos of order bigger or equal than 4. (We actually conjecture that a Gamma
distributed random variable given by a multiple integral can only live in the second Wiener chaos).
In this sense Theorem 3 contains a limited number of examples. By contrary, the asymptotic Cramér
theorem (Theorem 4) is more interesting and more general since there exists a large class of variables
which are asymptotically Gamma distributed.

ii) Theorem 3 cannot be applied directly to random variables with law T'(a,A) (as defined in the
Introduction) because such random variables are not centered and then they cannot live in a finite
Wiener chaos. But, it is not difficult to understand that if X = I, + ¢ is a random variable which
is independent of Y = I, +d (and assume that the first two moments of X and Y are the same as
the moment of the corresponding Gamma distributions), and if X +Y ~ I'(a + b, A) then X has the
distribution I'(a, A) and Y has the distribution I'(b, ).

iii) Several results of the paper (Lemmas 1 and 2) holds for strongly independent random variables.
Nevertheless, the key results (Theorems 1 and 2 that allows to prove Cramér’s theorem and its asymp-
totic variant are not true for strongly independent random variables (actually the implication ii) — i)
in these results, whose proof is based on the differential equation satisfied by the characteristic function
of the Gamma distribution, does not work.

4 Counterexample in the general case

We will see in this section that Theorem 3 does not hold for random variables which have a chaos
decomposition into an infinite sum of multiple stochastic integrals. We construct a counterexample
in this sense. What is more interesting is that the random variables defined in the below example
are not only independent, they are strongly independent (see the definition above).

Example 1. Let (1) denote the exponential distribution with parameter A and let b(p) denote the
Bernoulli distribution with parameter p. Let X =A—1and Y = 2wB — 1, where A~ €(1), B ~ €(1),
@ ~ b(%) and A, B and @ are mutually independent. This implies that X and Y are independent. We
have E(X) = E(Y) = 0 as well as E(X?) = 1 and E(Y?) = 3. Consider also Z =X + Y. Observe that
X,Y and Z match every condition of theorem 3, but X and Y are not multiple stochastic integrals in
a fixed Wiener chaos (see the next proposition for more details). We have the following : Z ~ F(2),
but Y is not Gamma distributed.

Proof: We know that

—it

E (eitX) =E (e“(A_l)) =eE (eim) - 16— it
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and that

E(¢) = E(efCoBD) = ¢ ig (¢208) = i (%E (%) + %)
—it (1 1 +1)_ L 1ot
¢ 21221t T2) 7% 12

Observe at this point that the characteristic function of Y proves that Y is not Gamma distributed.
Let us compute the characteristic function of Z. We have

1—it g2t
1—2it 1-2it

E (ei:z) ) (eir(X+Y)) —E (eitX) E (eirY) _ le_l:t it —F (eitF(Z)) )

Remark 4. It is also possible to construct a similar example for the laws T'(a, 1), (b, A) instead of
F(v1), F(vy).

The following proposition shows that this counterexample accounts for independent random vari-
ables but also for strongly independent random variables.

Proposition 2. X and Y as defined in Example 1 are strongly independent.

Proof: In order to prove that X and Y are strongly independent, we need to compute their
Wiener chaos expansions in order to emphasize the fact that all the components of these Wiener
Chaos expansions are mutually independent. Consider a standard Brownian motion B indexed on
L?(T) = L?((0,T)). Consider hy,...,hs € L%(T) such that ”hi {LZ(T) =1forevery1<i<5and
such that W(h;) and W(h;) are independent for every 1 < i,j < 5,i # j. First notice that the
random variables A = % (W(h1)2 + W(hz)z) and B = % (W(h4)2 + W (hsg )2) are independent (this
is obvious) and have the exponential distribution with parameter 1. Also, note that the random
variable @ = %Sign(W(hg)) + % has the Bernoulli distribution and is independent from A and B.
As in Example 1,set X =A—1and Y =2@B — 1. X and Y are as defined in Example 1. Let us
now compute their Wiener chaos decompositions. We have

1 1 1
4= E(W(h1)2+w(h2)2) :g(ll(hl)zﬂl(hz)z) =§(2+Iz(h?2)+12(h§2)),

and similarly B = % (2 +I,(h$%) + Iz(hﬁz)) . Therefore, we have

h®2+h®2
X=1I, (% .

From [2], Lemma 3, we know that

sign(W (13)) = ) by Lot (52,

k>0
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2(-1) 1,1 ®(2k+1
where by = @W It follows that @ =  + 7 >3- boki1 Loep1 (X)), and

1 1
Vo= (4 bl (S + S LG + S (%) - 1
k>0
1 1 2k+1 1 2k+1
= Elz(hfz) + Elz(h?) + g b2k+112k+1(h§( Y+ 2 ; b2k+112k+1(h?( " ))Iz(hfz)
1
5 D o L (054 L),
k>0

Using the multiplication formula for multiple stochastic integrals, we obtain

1 1 )
Y = EIz(h?Z) + Elz(h?) + Z Dgest L1 (h52EHD)
k=0

(2k+1)A2
1 2 2k+1 ®(2k+1)
_ | ®2
+2 g boksa rZ:o: r! (r) ( - )12k+32r(h3 ®, hy”)

(2Kk+1)A2
1 2\ (2k+1 _
+EZ bok+1 Z r! (r) ( - )12k+3—2r(h?( e, he2).

k>0 r=0

At this point, it is clear that X and Y are strongly independent. |
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