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Abstract

We prove that the scaling limit of nearest-neighbour senile reinforced random walk is Brownian
Motion when the time T spent on the first edge has finite mean. We show that under suitable
conditions, when T has heavy tails the scaling limit is the so-called fractional kinetics process, a
random time-change of Brownian motion. The proof uses the standard tools of time-change and
invariance principles for additive functionals of Markov chains.

1 Introduction

The senile reinforced random walk is a toy model for a much more mathematically difficult model
known as edge-reinforced random walk (for which many basic questions remain open [e.g. see
[15]]). It is characterized by a reinforcement function f : N — [—1,00), and has the property
that only the most recently traversed edge is reinforced. As soon as a new edge is traversed, rein-
forcement begins on that new edge and the reinforcement of the previous edge is forgotten. Such
walks may get stuck on a single (random) edge if the reinforcement is strong enough, otherwise
(except for one degenerate case) they are recurrent/transient precisely when the corresponding
simple random walk is [9].

Formally, a nearest-neighbour senile reinforced random walk is a sequence {S,},> of 74 -valued
random variables on a probability space (2, &, P;), with corresponding filtration {Z, = o(Sy, - .-, S,)}nz05
defined by:

® Sy =0, Ps-almost surely, and P¢(S; = x) = (2d)‘11{|x|=1}.
e ForneN, e, =(S,_1,S,) is an &,-measurable undirected edge and
m, =max{k>1:e, ;. =e, forall 1 <1 <k} 1.1

is an &, -measurable, N-valued random variable.
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e For n € N and x € Z? such that |x| =1,

1+ f(m)Iys, s +x)=e,}
P:(S =S F.)= L =, 1.2
f( n+1 n+x| n) 2d+f(mn) (1.2)

Note that the triple (S,,e,,m,) (equivalently (S,,S,_;,m,)) is a Markov chain. Hereafter we
suppress the f dependence of the probability P; in the notation.

The diffusion constant is defined as lim,_,., n"*E[|S,|?] (=1 for simple random walk) whenever
this limit exists. Let T denote the random number of consecutive traversals of the first edge
traversed, and p = P(T is odd). Then when E[T] < oo, the diffusion constant is given by ([9] and
[11D

. (1.3)

(d—p)E[T]’ '
which is not monotone in the reinforcement. Indeed one can prove that (1.3) holds for all f (in
the case d =1 and f (1) = —1 this must be interpreted as “ 1/0 = 00”). The reinforcement regime

of most interest is that of linear reinforcement f(n) = Cn for some C. In this case, by the second
order mean-value theorem applied to log(1 — x), x < 1 we have

14 £(5) = 2d —1
IP(TZn):=l_[m=exp ZIOg(1_2d+Cj)
j=1

n—1 n—1 (zd_l)z

i 2(2d + CjP(1—u;)? L4

n—1 _ 00 —_1)2
_Z 2d-1 (2d - 1) o())
J

—2d +Cj 2(2d + Cj)*(1 —uy)?
=exp{—

), and vy is a constant arising from the summable infinite series and the ap-

1M

! log(2d + C(n — 1))+y+0(1)} ~

2d-1 2
nc

2d-1
’ 2d+Cj
proximation of the ﬁnlte sum by a log. An immediate consequence of (1.4) is that for f(n) = Cn,

E[T] is finite if and only if C < 2d — 1.

A different but related model, in which the current direction (rather than the current edge) is
reinforced according to the function f was studied in [12,10]. For such a model, T is the number
of consecutive steps in the same direction before turning. In [10], the authors show that in all
dimensions the scaling limit is Brownian motion when o2 =Var(T) < co and 0?2 +1—1/d > 0. In
the language of this paper, the last condition corresponds to the removal of the special case d =1
and f(1) = —1. Moreover when d = 1 and T has heavy tails (in the sense of (2.1) below) they
show that the scaling limit is an a-stable process when 1 < a < 2 and a random time change of
an a-stable process when 0 < a < 1. See [10] for more details.

Davis [4] showed that the scaling limit of once-reinforced random walk in one dimension is not
Brownian motion (see [15] for further discussion).

where u; € (0
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In Section |2 we state and discuss the main result of this paper, which describes the scaling limit
of S, when either E[T] < oo or P(T > n) ~ n *L(n) for some a > 0 and L slowly varying at
infinity. When P(T < oo) < 1 the walk has finite range since it traverses a random (geometric)
number of edges before getting stuck on a random edge. To prove the main result, in Section|3 we
observe the walk at the times that it has just traversed a new edge and describe this as an additive
functional of a particular Markov chain. In Section[4 we prove the main result assuming the joint
convergence of this time-changed walk and the associated time-change process. In Section[5 we
prove the convergence of this joint process.

2 Main result

The assumptions that will be necessary to state the main theorem of this paper are as follows:
(A1) P(T <o) =1,andeitherd >1orP(T=1)<1.

(A2a) Either E[T] < oo, or for some a € (0,1] and L slowly varying at infinity,

P(T >n) ~ L(n)n™°. 2.1

(A2b) If (2.1) holds but E[T] = oo, then we also assume that

[né(n)]
when a =1, 3 £(n) 1 oo such that (£(n)) *L(n¢(n)) — 0, and (£(n))* Z L) —1
=1
when a <1, P(T >n,T odd) ~ L,(n)n %, and P(T > n, T even) ~ L,(n)n"%,

7 (2.2)

where {, L, and L, are slowly varying at oo and L, and L, are such that if a, = a, then
Ly(n)/L,(n) = B €[0,00] as n — 0.

Note that both (2.1) and E[T] < co may hold when a = 1 (e.g. take L(n) = (logn)™2).
By [6, Theorem XIII.6.2], when a < 1 there exists £(-) > 0 slowly varying such that

0n) L (nian)) (M1 =a)™ % (2.3)
For a > 0 let

2.4

E[Tln ,ifE[T] <o0
ga(n) = 1 .
n«{(n) , otherwise

By [3, Theorem 1.5.12], there exists an asymptotic inverse function g '(-) (unique up to asymp-
totic equivalence) satisfying ga(gt;l(n)) ~ g;l(ga(n)) ~ n, and by [3, Theorem 1.5.6] we may
assume that g, and g;l are monotone nondecreasing.
A subordinator is a real-valued process starting at 0, with stationary, independent increments,
such that almost every path is nondecreasing and right continuous. Let B4(t) be a standard d-
dimensional Brownian motion. For a > 1, let V,(t) = t and for a € (0,1), let V,, be a standard
a-stable subordinator (independent of B;(t)). This is a strictly increasing pure-jump Levy process
whose law is specified by the Laplace transform of its one-dimensional distributions (see e.g. [2,
Sections 1.1 and 1.2])

E[e Ma(0] ;= =A%, (2.5)
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Define the right-continuous inverse of V,(t) and (when a < 1 the fractional-kinetics process) Z,(s)

by
Va_l(s) =inf{t : V,(t) >s}, Z,(s)= Bd(Va_l(s)). (2.6)

Since V,, is strictly increasing, both VO[_1 and Z, are continuous (almost-surely). The main result
of this paper is the following theorem, in which D(E,R?) is the set of cadlag paths from E to R9.
Throughout this paper = denotes weak convergence.

Theorem 2.1. Suppose that f is such that (2.1) holds for some a > 0, then as n — oo,
Sint)
V58 (M

where the convergence is in D([0,1],R?) equipped with the uniform topology.

= Z,(t), 2.7)

2.1 Discussion

The limiting object in Theorem[2.1]is the scaling limit of a simple random walk jumping at random
times 7; with i.i.d. increments T; = 7; — 7;,_; (e.g. see [13]) that are independent of the position
and history of the walk. In [1] the same scaling limit is obtained for a class of (continuous time)
trap models with d > 2, where a random jump rate or waiting time is chosen initially at each site
and remains fixed thereafter. In that work, when d = 1, the mutual dependence of the time spent
at a particular site on successive returns remains in the scaling limit, where the time change/clock
process depends on the (local time of the) Brownian motion itself. The independence on returning
to an edge is the feature which makes our model considerably easier to handle. For the senile
reinforced random walk, the direction of the steps of the walk is dependent on the clock and we
need to prove that the dependence is sufficiently weak so that it disappears in the limit.

While the slowly varying functions in g, and g;l are not given explicitly, in many cases of interest
one can use [6, Theorem XII1.6.2] and [3, Section 1.5.7] to explicitly construct them. For example,
let L(n) = k(logn)? for some 8 > —1. For a = 1 we can take

klogn, iff=0 n(xlogn)™!, iff=0
£(n) = § x(loglogn), iff=-1 and g;l(n) = { n(xloglogn)™!, iff=-1
I8~ x(logn)P*1,  otherwise, n|Bl(xlogn)~#+D otherwise.
(2.8)

If a < 1 we can take

BY &
E(n):(xm—a)(lo%) ) . and g l(m)=n"(x(alogn)’) ", (2.9

Assumption (A1) is simply to avoid the trivial cases where the walk gets stuck on a single edge
(i.e. when (1 + f(n))™! is summable [9]) or is a self-avoiding walk in one dimension. For linear
reinforcement f(n) = Cn, (1.4) shows that assumption (A2) holds with a = (2d — 1)/C. It may
be of interest to consider the scaling limit when f (n) grows like nf(n), where liminf,_,., £(n) = oo
but such that (1+ f(n))~! is not summable. An example is f(n) = nlogn, for which P(T > n) ~
(Clogn)™* satisfies (2.1) with a = 0.

The condition (2.2) when a = 1 is so that one can apply a weak law of large numbers. The
condition holds for example when L(n) = (logn)* for any k > —1. For the a < 1 case, the
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condition (2.2) holds (with a, = a, and L, = L,) whenever there exists n, such that for all
n>ngy, f(n) > f(n—1)—(2d — 1) (so in particular when f is non-decreasing). To see this,
observe that for all n > n,

> > 2d+ f(2m+1
P(T >n, T even) = Z P(T = 2m) = Z B(T = 2m + 1)%
m=[ =1 -y

2 2

5 (2.10)
> Z P(T =2m+1)=P(T >n+1,T odd).

m={ 1]

Similarly, P(T > n, T odd) > P(T > n+1,T even) for all n > n,. If @, # a, in (2.2), then (2.1)
implies that a = a,Aa, and L is the slowly varying function corresponding to a € {a,, a,} in (2.2).
If a, = a, then trivially L ~ L, + L, (~ L, if L,(n)/L.(n) — 00). One can construct examples of
reinforcement functions giving rise to different asymptotics for the even and odd cases in (2.2),
for example by taking f(2m) = m? and f(2m + 1) = Cm for some well chosen constant C > 0
depending on the dimension.

3 Invariance principle for the time-changed walk

In this section we prove an invariance principle for any senile reinforced random walk (satisfying
(A1)) observed at stopping times 7,, defined by

To=0, T=inf{n>(7,_1V1):S,#S,_5}. 3.1

It is easy to see that 7, = 1+ Z?:l T; for each n > 1, where the T;, i > 1 are independent and
identically distributed random variables (with the same distribution as T), corresponding to the
number of consecutive traversals of successive edges traversed by the walk.

1
Proposition 3.1. If (Al) is satisfied, then (d’%pn) XY
gence is in D([0, 1], RY) with the uniform topology.

oy = B4(t) as n — oo, where the conver-

The process S; is a simpler one than S, and one may use many different methods to prove
Proposition [3.1] (see for example the martingale approach of [11]). We give a proof based on
describing S as an additive functional of a Markov chain. This is not necessarily the simplest
representation, but it is the most natural to the author.
Let & denote the collection of pairs (u,v) such that v is one of the unit vectors u; € 79, for
i€ {£l,£2,---£d} (labelled so that u_; = —u;) and u is either 0 € 74 or one of the unit vectors
u; # —v. The cardinality of & is then || = 2d +2d(2d — 1) = (2d)?.
Given a senile reinforced random walk S,, with parameter p = P(T odd) € (0, 1], we define an
irreducible, aperiodic Markov chain X, = (Xr[ll],Xr[lz]) with natural filtration ¥, = o(X4,...,X,.),
and finite state-space &, as follows.
Forn>1,letX, =(S; _; — Sty Sty S;,-1),and Y, = X,El] +X,£2]. It follows immediately that
S, = > Y, and

1-p

PR =(00,u)) = 4 and  P(X; = (y,u;)) =

p

m, for each i,j, (_] 75 —l)

3.2)
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Now T, is independent of X, ..., X,,_;, and conditionally on T, being odd (resp. even), S; —S. )

(resp. S:, — STn,l) is uniformly distributed over the 2d — 1 unit vectors in 74 other than —X El
(resp. other than Xr[lz_]l). It is then an easy exercise to verify that {X,},>, is a finite, irreducible
and aperiodic Markov chain with initial distribution (3.2) and transition probabilities given by

D, ifu=0andv #—v/,
P(X,= WX, ;=W,v))= 51 % 1-p, ifu=—v andv#v/, (3.3)
0, otherwise.

By symmetry, the first 2d entries of the unique stationary distribution 7 € M;(%’) are all equal
(say m,) and the remaining 2d(2d — 1) entries are all equal (say 7t;,), and it is easy to check that

p 1-p

T2 T 2a@d-1) G

As an irreducible, aperiodic, finite-state Markov chain, {X,},>, has exponentially fast, strong mix-
ing, i.e. there exists a constant ¢ and t < 1 such that for every k > 1,

a(k) = sup {[P(F N G) — P(FYE(G)| : F € 0(X,,j <n),G € 0(X;,j = n+ k)} <ctk. (3.5

Since Y,, is measurable with respect to X,,, the sequence Y, also has exponentially fast, strong
mixing. To verify Proposition[3.1] we use the following multidimensional result that follows easily
from [8, Corollary 1] using the Cramér-Wold device.

Corollary 3.2. Suppose that W, = (Wn(l),...,Wn(d)), n > 0 is a sequence of RY-valued random
variables such that E[W,] = 0, E[|W,|*] < oo and E[n"' Y, >0, WimWiEl)] — 0%, asn—
oo. Further suppose that W, is a-strongly mixing and that there exists 8 € (2, 00] such that

[ee]
D (k)P < oo, and limsup|[W,|s < oo, (3.6)
k=1 n—eo

then #,(t) := (O'zn)_% leitlj W; = B,(t) as n — oo, where the convergence is in D([0,1],R%)
equipped with the uniform topology.

3.1 Proof of Proposition 3.1

Since S; = anzl Y,, where |Y,,| < 2, and the sequence {Y,},>, has exponentially fast strong
mixing, Proposition[3.1 will follow from Corollary[3.2! provided we show that

1 n n X
Dy ® p
E|= YOy - =1, (3.7)
where the superscript (j) denotes the jth component of the vector, e.g. Y, = (Yn(ql), ey Yngd)). By
symmetry, E[Yiin@] =0 for all i,i’ and j # [, and it suffices to prove (3.7) with j=1=1.

Forn>2, E[XMx, 1= %Xﬁlim, so by induction and the Markov property,

2p—1

e R

n—-m
) X2 foreveryn > m > 1. (3.8)
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Forn > 2, ]E[Yn(l)an_l] = ‘MXYEZ_%(D, and the Markov property for X, implies that

2d—1
E[Yn(l)p{m] = p—22;1(_11—p) (Zz:i)n_l_me]’(l), forn>m=>1. 3.9)
For n>m > 1, and letting r = ig—j we have
E[Y®DY®] =E[YOE[YD|x,,]] = l%gll_mr”*lme[Ynﬁ”X,&z]’m]
:l%(_ll_p)r"_l_m (E[Xr[nll(l)xr[nﬂ,(l)] +E[(Xr[nz]’(1))2]) (3.10)

1-p 1
:p — 2d(1 _p) n—1-m x {d(Zd—l) + d’ m =2

_ p 1 —
2d -1 TRV IL m=1.

Lastly E[|Y;|*] = (1 — p) + 22 and E[|Y,,[?] = p + 22, for m > 2.

Combining these results, we get that

n n n [-1 n n
Wy | _ Wy (1) D) M2
E[IZZYI Ym}—zl > B YS ]+2122:IE[YZ Y ]+IZE[IY1 2]
=1 m= = =

=2 m=2
2p-2d(1-p) | (2d-P\ o 4w 2d-1+p | 31y
“d 2d-1 (Zd—l);;r +; 2d—-1
1-p 4p p, 41-p)
- - -1 — .
T Tt )(d+2d—1

Since r < 1, the second sum over [ is bounded by a constant, uniformly in n. Thus, this is equal to

2p—2d(1—p) (2d—p\ < 1—rl2 p 41-p)

d 2d-1 (Zd—l); 1—r +n(5+ 2d—1)+ﬁ(1)

B 2 p-2d(1-p)(2d—p p  41-p) (3.12)
_n[d(l—r) 2d — 1 (Zd—l) it 2d—1}+0(1)

p

dd—ped-1 d' 2d-1

} +0(1)=n-

[(p —2d(1-p))2d—p) p  4(1-p) +0(1)

Dividing by n and taking the limit as n — oo verifies (3.7) and thus completes the proof of Propo-
sition[3.1. O

4 Proof of Theorem 2.1

Theorem 2.1 is a consequence of convergence of the joint distribution of the rescaled stopping
time process and the random walk at those stopping times as in the following proposition.

Proposition 4.1. Suppose that assumptions (A1) and (A2) hold for some a > 0, then as n — oo,

Stiy Tt

\/gn’ ga(n)

= (B4(t), V, (1)), 4.1)
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where the convergence is in (D([O, 1],RD), %) x (D([0,1],R),J,), and where % and J, denote the
uniform and Skorokhod J; topologies respectively.

Proof of Theorem assuming Proposition [4.1. Since |g;'(n)] is a sequence of positive integers
such that Lg;l(n)J — 00 and n/ga(Lg;I(n)J) — 1 as n — oo, it follows from (4.1) that as n — oo,

ST . Tilo-1
e et B CHORAG)B (4.2)
Vapl&a ()]
in (D([0,1],RY), %) x (D([0,1],R),J;).
Let
T, - Tl -1
Yn(t)z—p“ga”_’”l”J , and @(t)z—ngan(”)JtJ, (4.3)
158 (W]

and let Z‘l(t) =inf{s > 0: F,(s) >t} =inf{s >0 : Tl (m)s] > nt}. It follows (e.g. see the
proof of Theorem 1.3 in [1]) that Y,(Z,7'(t)) => B4(V, '(t)) in (D([O, 11, RD), “2/) Thus,

Tllez g Lo

Vis8'

= By(V, (1)) (4.4

. ., . _1
By definition of 7,*, we have T g ()7 ()] -1 < Nt = T||g-1(n))7-1(r)) @nd hence |Sl”fJ_Smggl(nn.qgl(m| <
3. Together with (4.4) and the fact that g'(n)/| g, (n)] — 1, this proves Theorem[2.1] O

5 Proof of Proposition 4.1

The proof of Proposition 4.1 is broken into two parts. The first part is the observation that the
marginal processes converge, i.e. that the time-changed walk and the time-change converge to
B, (t) and V,(t) respectively, while the second is to show that these two processes are asymptoti-
cally independent.

5.1 Convergence of the time-changed walk and the time-change.

Lemma 5.1. Suppose that assumptions (A1) and (A2) hold for some a > 0, then as n — 0o,

T
W 5 By(t) in (D([0,1],RY), %), and —2U

Ll’l ga(n)
d—p

=V, (t) in(D([0,1],R),J;). (5.1)

Proof. The first claim is the conclusion of Proposition/3.1} so we need only prove the second claim.

Recall that 7, = 1+ Z?zl T; where the T; are i.i.d. with distribution T. Since g,(n) — oo, it is
enough to show convergence of T’[mJ = (Tine) — D/ 8a(n).

For processes with independent and identically distributed increments, a standard result of Sko-
rokhod essentially extends the convergence of the one-dimensional distributions to a functional
central limit theorem. When E[T] exists, convergence of the one-dimensional marginals T’fn ‘o /nE[T] =
t is immediate from the law of large numbers. The case a < 1 is well known, see for example

[6, Section XIII.6] and [16, Section 4.5.3]. The case where a = 1 but (2.1) is not summable is
perhaps less well known. Here the result is immediate from the following lemma.
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Lemma 5.2. Let T}, > 0 be independent and identically distributed random variables satisfying (2.1)
and (2.2) with a = 1. Then for each t > 0,

*
Tinel  »

nf(n)

Lemma(5.2 is a corollary of the following weak law of large numbers due to Gut [7].

(5.2)

Theorem 5.3 ([7], Theorem 1.3). Let X, be i.i.d. random variables and S, = ZZ=1 X. Let g, =
n'/%¢(n) for n > 1, where a € (0,1] and £(n) is slowly varying at infinity. Then

S,—nE | XI
n |: {lX\Sgn}:I <50, asn— 00, (5.3)
8n

if and only if nP(|X| > g,) — 0.
Proof of Lemmal5.2. Note that

[nt(n)) [nf(n)]
E [TIfr<neey ] = Z P(nl(n)>T >j)= Z P(T >j)— nl(n)|P(T > nl(n)).  (5.4)

Jj=1 Jj=1

Now by assumption (A2b),

SR> ) o)

_nZ(n)E [TIyri<neeny | = w0 -0 P(T > né(n)) o5
SMTLG)  (ne(n) » '
~ o — o (n€(n))""L(nt(n)) — 1.
Theorem|5.3 then implies that (nf(n))~'7, — 1, from which it follows immediately that
(n(n)) ' ey = (M)~ [t Je(Lnt (Lne Je(Lne ) T — ¢ (5.6)
This completes the proof of Lemma|5.2, and hence Lemmal5.1. O

5.2 Asymptotic Independence

Tightness of the joint process in Proposition is an easy consequence of the tightness of the
marginal processes (Lemma [5.1), so we need only prove convergence of the finite-dimensional
distributions (f.d.d.s). For a > 1 this is simple and is left as an exercise. To complete the proof of
Proposition [4.1, it remains to prove convergence of the f.d.d.s when a < 1 (hence p < 1).

Let %, and %, be convergence determining classes of bounded, C-valued functions on R? and
R, respectively, each closed under conjugation and containing a non-zero constant function, then
{g(x1,x5) := g1(x1)g2(x5) : g € %} is a convergence determining class for RY x R,. This
follows as in [5, Proposition 3.4.6] where the closure under conjugation allows us to extend the
proof to complex-valued functions. Therefore, to prove convergence of the finite-dimensional
distributions in (4.1) it is enough to show that forevery 0<t; <---<t, <1, kq,...,k, € R? and

Moo Ny ZO:
r k.

_ “Stin, Tlnt; ] ~ .
E eXp{lZ ’ pL J_njga(n)} S E {exp{l;kj.Bd(tj)}] E {exp{—;njva(tj)}}.

= —+£-n
j=1 d—p

5.7)
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From (2.6) and the fact that V, has independent increments, the rightmost expectation can be
written as exp{—;,_; (n)*(t; — t;_1)}, where n; = 33 ;.

Let &/, = {l e{l,...,n}: T; is Odd}, .,Q{I_HE'J = ("Q{I_ntlj \ "Q{Lntoj" ":"d\_nt,j \ ﬂl.ntr—lj) and to = 0.
For fixed n and ¢, we write A = (A", ...,A")) to denote an element of the range of the random
variable ./ 7|, where AD C {|nt;_,|+1,...,|nt;]} foreachi€1,...,r. Observe that I%(I)JI has a
binomial distribution with parameters |nt;| — |nt;_;] and p. Then for € € (0, ;) and B,(f) :=

[|AD] — (lnt;p] — nt,_,p])| < n'~€ for each I}, we have that P(B,(f)) — 0 as n — oo. Deﬁ'ning

kS,
Q"(_’) = exp{ > L }, and conditioning on .¢/|,,7), the left hand side of (5.7) is equal to

j=1 F
IS R [Q’i(f)eXp{ - Zr:n Flng }
T LF ' ga(n)

{"d\_nﬂ ZA}i| P(Vd[nfj =A)

=

n ntJ
ZABZ E |:Q]-('(F)eXP { ZT)) ga(n) } {"dl.nf] :A}i| P('dl_nfj :A) + 0(1)

€B, (D) j=1
ntJ
T,
= Z E [Q%(a‘{ﬂ\_nﬂ ZA}] ]E|:exp{ 27)1 }|{v‘2{[ntj _A}i| P(V‘Z{[ntj _A)+0(1)
A€B, () j=1 ga( )

(5.8)

where we have used the fact that S; is conditionally independent of the collection {T;};; given
Ii7, evenys 1= 1 , 7, to obtain the last equality.
Writing Z I = Z] Z}“tﬁtl . T; and using the mutual independence of T;, i > 1, the last

line of (5.8) is equal to a term 0(1) plus

(S
Z E [Q%(E’)‘{ﬂtnﬂ =A}:| P(ud[nf] =A)l—[]E |:exp{ Ul &} {"q{[(rll%J :A(l)}i| .
=1

A€eB, (D) ga(n)
(5.9)

Let {T/};ey be i.i.d. random variables satisfying P(T? = k) = P(T = k|T odd), and similarly define
Tf to be i.i.d. with P(Tf = k) =P(T = k|T even). The 1" term in the product in (5.9) is

|A()\ [nt;]=Lnt;_; J=IAD] e
T, T;
E[exp{—m% O }}E[exp{—n}kZl - 2.(n) }H (5.10)

For T° we have IP’(T" >n)=p 'P(T>n,T odd) ~ p~ln %L (n) and there exists £, such that
(L () %p~ L (naoZ (n)) = (I'(1 — a))~!. Define ga (n) = naoE o(n). Similarly define g¢, (n)
naeﬁe(n).
Observe that
ZlA()lTo Zz 1 1 g (nl)ga(nl)+0, ZlA(]‘TO Zz 1 1 g (nl)ga(n?)
ga(n) gaa(nl) ga(nl) ga(n) gaa(nzk) ga(nl) ga(n)

, (5.11)

where n; := |nt;p] — [nt;_;p] and n} := [|AD] — n;| < n'~€ since A € B,(f). By definition of
g, and standard results on regular variation we have that g,(n;)/g,(n) — (p(t; — fz—1))§ and
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g.(n)/g,(n) — 0. Since @ = a, Aa, < a,, the & term on the right of (5.11) converges in
probability to 0. Thus, as in the second claim of Lemma 5.1} we get that

il L gl ()
L = V,(1)(p(t; — t;_1))= lim ——,
OB n—co go(n;)

(5.12)

o . o ()
where for a < 1 the limit p, := lim,_,, fa (( ) exists in [0, 00] since @ < a, and in the case of

equality, the limit L,/L, exists in [0, c0]. Note that we were able to replace a, with a in various

which is zero when a, > a. Therefore

places in (5.12) due to the presence of the factor (( )
&aly

()| -
DIy \ 1 -
E[exp{ - = 2 (D) —E [eXP{—m Vo (1)(p(t; - tzfl))apo}] , and similarly,

Zlnfd [nt;_1 |—1A®] Te

E | exp —n} E [ exp{-njVa(1((1 = p)(t; — ti-))pc} ] -

gq(n)

(5.13)

Since E[e™""«(1)] = exp{—n®}, it remains to show that

(@t = tip,) + (=Pt =t )ipe) =t =t ie ppi+(1-plpt=1.
(5.149)

Ifa, <a, (ora, =a, and L,/L, — o0), then a = a,, and L ~ L,. It is then an easy exercise
in manipulating slowly varying functions to show that £, ~ p~'/*{ and therefore p, = p~'/¢
and p, = 0, giving the desired result. Similarly if @, > a, (or @, = a, and L,/L, — 0) we
get the desired result. When a, = a, <1 and L,/L, — 8 € (0,00) we have that L ~ L, + L, ~
(1+B)L, ~ (1+B~HL,. It follows that £, ~ ((1—p)(1+B))~Y/%L. Similarly ¢, ~ (p(1+B71)) V%,
and therefore p, = (p(1+ B~1)"V* and p, = (1 — p)(1 + B))~/*. The result follows since
A+ '+Q+pgHt=1. O
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