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Abstract

Let {X, Xy;n € Nd} be a field of i.i.d. random variables indexed by d-tuples of positive integers and
let S, = Zkgn Xx. We prove some strong limit theorems for S,,. Also, when d > 2 and h(n) satisfies

some conditions, we show that there are no LIL type results for S,/+/|n|h(n).

1 Introduction and main results

Let N? be the set of d-dimensional vectors n = (n1,...,nq) whose coordinates ni, ..., nq are natural
numbers. The symbol < means coordinate-wise ordering in N. For n € N¢, we define n| = H?Zl n;.
Let X be a random variable, ¢(z) be a non-decreasing function and F(z) = P(|X| > z), B(z) =
inve(z) = sup{t > 0 : ¢(t) < x}, P(z) = (B(x)/F(x))"/?, ¢(z) = inve)(x). For n € N¢ we define
en = ¢(|n]), h(n) = h(|n|), etc.

The present paper proves some strong limit theorems for the partial sums with multidimensional
indices. Before we state our main results, some previous work should be introduced. Let {X, X,;n >
1} be a sequence of real-valued independent and identically distributed (i.i.d.) random variables, and
let S, =Y 1", X;, n > 1. Define Lz = log, max{e,z} and LLz = L(Lx) for x € R. The classical
Hartman-Wintner law of the iterated logarithm states that

£S5,

limsup ——==0 a.s.

n—oo 2nLLn

if and only if EX = 0 and 02 = EX? < oco. Starting with the work of Feller (1968) there has been
quite some interest in finding extensions of the Hartman-Wintner LIL to the infinite variance case.
To cite the relevant work on the two sided LIL behavior for real-valued random variables, let us first
recall some definitions introduced by Klass (1976). As above let X : @ — R be a random variable
and assume that 0 < E|X| < co. Set

H(t):=EX?I{|X| <t} and M(t):=E|X|I{|X]|>t},t>0.
Then it is easy to see that the function
G(t) :=t?/(H(t) +tM(t)),t >0

is continuous and increasing and the function K is defined as its inverse function. Moreover, one has
for this function K that as z ~ co

K(2)/VE / (EX)!? €]0, 0] (1.1)
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and

K(z)/z\, 0. (1.2)

Set v, = V2K (n/LLn)LLn. Klass (1976, 1977) established a one-sided LIL result with respect to
this sequence which also implies the two-sided LIL result if EX = 0,

limsup [Sp|/7n =1 as. (1.3)
if and only if
(o)
D P(X] =) < o (1.4)
n=1

But since it can be quite difficult to determine {v,} and () may be not satisfied, Einmahl and Li
(2005) addressed the following modified forms of the LIL behavior problem.

PROBLEM 1 Give a sequence, a,, = v/nh(n), where h is a slowly varying non-decreasing function,
we ask: When do we have with probability 1, 0 < limsup,,_, .. |Snh|/an < 00?

PROBLEM 2  Consider a non-decreasing sequence ¢, satisfying 0 < liminf,, o ¢, /7n < 0co. When
do we have with probability 1, 0 < limsup,,_,, |Sn|/cn < 00?7 If this is the case, what is the cluster
set C({Sn/cn;n > 1})7

Theorem 1 and Theorem 3 in Einmahl and Li (2005) solved the problems above. The reader is also
referred to their paper for some other references on LIL.

Now, let {X, X,,,n € Nd} be i.i.d. random variables and d > 2. It is interesting to ask whether there
are some two-sided LIL behavior for S, = >, . Xk (d > 2) with finite expectation and infinite
variance. For example, does the two-sided Klass LIL still hold for S, when d > 2? The following
one of main results of the present paper answers this question.

Theorem 1.1. Let d > 2. We have

lim Su] _ [ ocas. if EX?(log |X )41/ logy | X| = oo
b T Vdas. if EX?(log|X|)% '/ log, | X| < oo

n—oco In

Remark 1.1. Here and below, v, denotes v|,|. Also, from Theorem 1.1, we see that for d > 2,

limsup | Sy|/1m = Vd a.s.

if and only if
EX =0 and EX?(log|X|)¥"!/log,|X]| < oco.

This says that the two-sided Klass LIL is reduced to Wichura’s LIL (Wichura(1973)).

The proof of Theorem 1.1 is based on the following Theorem 1.2, which says that in general there is
no two-sided LIL behavior for S, = >, .. Xk (d > 2) with a wide class of normalizing sequences if
the variance is infinite.

Let the function c¢(x), ¢, = ¢(n) satisfy the following conditions.

cn/Vn /o0, (1.5)

Ve >0,3me >0 cp/em < (1+¢)(n/m), n>m>me. (1.6)

Theorem 1.2. Letd > 2 and ¢, = \/nh(n) satisfy (LA) and (LA). Moreover, suppose that h(n)
satisfies
LLn h(i)

Hn) max T =o0(l) asn— oco. (1.7)
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Then, the following statements are equivalent:
(1). we have
EX =0, Z(Ln)dflp(|X| > \/nh(n)) < o0; (1.8)

n=1

(2). we have
Sn

lim sup 15l < 00 a.s,; (1.9)

n— o0 |n|h(n)
(8). we have

lim sup || =0 a.s. (1.10)

n—oo 4/ |n|h(n)

Remark 1.2: Now, we take a look at the condition ([[CZ). We claim that h(n) satisfies (L) when
LLn/h(n) \, 0 as n — oo. To see this, we let N(¢) denote an integer such that LLn/(Ln)¢~1 < ¢
when n > N(e). Then, we have

Lin BG) _LLn b _ LLn ()
— X ——— < —— X ——+ — X
h(n) 1<i<n (Ln)4=1 = h(n) 1<i<N(e) (Li)4=1  h(n) N(e)<i<n (Li)d-1
_LIn hi) ., LLn h(i) LLi

= h(n) 1§Ii1;a]l\)/((e) (Li)d=1 * h(n) N(rel)lg}iign LLi (Li)d1
Lhn o PO
= h(n) 1<i<N(e) (Li)d—1 ’

asn — 00, € — 0. Theorem 1.2 can also be seen as a supplement to the Marcinkiewicz strong law of
large numbers for multidimensional indices (d > 2). For example, we can take h(x) = (LLz)", r > 1,
h(z) = (Lx)", r > 0 and h(z) = exp((Lz)7), 0 < 7 < 1 etc. Some other known results, such as some
results of Smythe (1973), Gut (1978, 1980) and Li (1990), are reobtained by Theorem 1.2. Here we
only introduce the results by Li (1990). Let Q be the class of positive non-decreasing and continuous
functions ¢ defined on [0, c0) such that for some constant K(g) > 0, g(zy) < K(g)(g9(z) + g(y)) for
all z,y > 0 and z/g(z) is non-decreasing whenever x is sufficiently large. If ¢ € Q and d > 2, Li
(1990) showed that if g(z) /" oo, then

limsup |Su|/v/|n|g(|n|) Le|n| < oo a.s.

if and only if
EX = 0,EX*(LIX[)*™"/(g(|X])L2| X]) < 0.

Remark 1.3: We see from Theorem 1.1 that the Klass LIL does not hold when the variance is
infinite and d > 2 . So it is interesting to find other normalizing sequences instead of 7,. But this
seems too difficult to find them. Also, from Theorem 1.2, we see that many two sided LIL results
for the sum of a sequence of random variables do not hold for the sum of a field of random variables
(d >2). This is because that condition (C¥) usually implies g = 0, where ayp is defined in Theorem
2.1 below. Of course, there maybe exist a random variable X with infinite variance and a normalizing
sequence y/nh(n) such that condition ([CH) holds and 0 < oy < co when d > 2. However, it seems
too difficult to find them. Instead, we give the following theorem, which is an answer to PROBLEM
1 when S, is replaced by Sy, d > 2.

Theorem 1.3.  Let d > 2. Suppose that h(z) is a slowly varying non-decreasing function. Then
we have

0 < limsup |Sy|/v/|n|h(n) < co  a.s. (1.11)
n—oo
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if and only if (LA) holds and

-1
0< A= limsupw

msup — 5 H(z) < o0, (1.12)

where H(x) = EX?I{|X| <z} and ¥(z) = \/zh(z).

Remark 1.4. We refer the reader to Einmahl and Li (2005) for some similar conditions as (CI2).
We can see from (B that A is usually equal to 0 under (CH).

The remaining part of the paper is organized as follows. In Section 2, we state and prove a general
result on the LIL for the trimmed sums, from which our main results in Section 1 can be obtained.
In Section 3, Theorems 1.1-1.3 are proved. Throughout, C denotes a positive constant and may be
different in every place.

2 Some LIL results for trimmed sums

In this section, we prove a slightly more general theorem. Moreover, we will see that if some "maximal”
random variables are removed from S, the two sided LIL for d > 2 may hold again. Now we introduce
some notations. For an integer » > 1 and |n| > r, let X\ = x,, i | X1 is the r-th maximum of
{|Xkl;k <n} (0if r > [n|). Let Sy = >, ., Xk and S, = S, — (XI(,I) +--- +XI(,T)) (0 if r > |n|) be
the trimmed sums. (98, is just S,. Let Léd) denote the space of all real random variables X such
that

o0 _ adt
JiM ::/O (Lt)? 1(tP(|X| >t> - < oo

And let B(z) := ¢ !(z) denote the inverse function of ¢(x). Throughout the whole section we assume
that ¢(x) is an non-decreasing function and {c,} is a sequence of positive real numbers satisfying
conditions ([CH) and (). Finally, let C), := nEXT{|X| < ¢,}.

Theorem 2.1 Letd > 2, r > 0. Suppose that B(|X|) € Lff?l. Set

a?c?

[e.e]
_ >0 I ( _ n) _ }
Qo = sup {a > nEZI n~ (Ln)" " exp 2no? o ¢,

where 02 = H(dc,) = EX2I{|X| < ¢} and § > 0. Then we have with probability 1,

n =

limsup |8, — Cy|/cn = ap. (2.1)
n—oo

Remark 2.1: (The Feller and Pruitt example). Let {X, X,,n € N} (d > 2) be i.i.d. random
variables with the common symmetric probability density function

f(z) = ﬁf{m > 1},

We have H(z) = logx, > 1 and chose ¢,, = vnLnLLn. One can easily check that B(|X|) € Lgf_?l
when 7 > (d—1), and 02 ~ 271 Ln as n — oo. Moreover, by Lemma 2.2 below, we have C,, = o(cy,).
So, if r > (d — 1), with probability 1,

lim sup |(7')Sn|/\/ [n|(Ln)LLn = V.
n—oo

Remark 2.2. We continue to consider the Feller and Pruitt example. Let {X, X,,,n € N} (d > 2)
be defined in Remark 2.1. Is there any sequence ¢, = /nh(n) satistying (CH) and () such that
0 < limsup,_, ., |Sn|/cn < 00 a.s. 7 The answer is negative. We will prove that for any sequence ¢,, =

nh(n) satisfying (CH) and ([CH), limsup,_,  |Sn|/cn < 00 a.s. implies limsup,_, . |Sn|/cn = 0 a.s.
To prove this, we should first note that lim sup,,_, ., [Su|/cn < o0 a.s. implies ) e P(|X| > ¢n) < 00
by the Borel-Cantelli lemma. So Y.°_ (Ln)¢"'P(|X| > ¢,) < co. And since P(|X| > z) = 272

n=1
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for |z| > 1, we have > °7 (Ln)?"!/(nh(n)) < oo. This implies Y ;= i¢1/h(2!) < oco. Hence
S22 i971/R(21) = o(1). Tt follows that n? = o(h(22")) which in turn implies h(n) > (Ln)? for n
large. Note that 02 ~ 271Ln. So ag = 0. We end the proof by Theorem 2.1 and the fact C,, = o(c,,),
implied by Lemma 2.2 below.

To prove Theorem 2.1, we need the following lemmas. Recall the functions F(z) and ¢(z) defined
in Section 1.

Lemma 2.1. B(|X|) € L%, if and only if
e r+ldt
/ L eP(1x] > ) L <o (ve > 0).
0 t
And if B(|X]) € L%, ,, then for k> 2+ 2r and any § > 0
/ (L)L R (p(6t))dt < oo,
0

and for Q large enough (say Q > 4 + 4r),

/OO xil(Lt)dfl(é(x))Qda: < 00.

Proof. See Zhang (2002).
Lemma 2.2. If B(|X|) € L?,,, then for any T > 0 and 3 > 2

EIX|[I{p(n) <|X|<en}=o0(cn/n) asn — oo, (2.2)

EIX|PI{|X| < Ten} =o0(c2/n) asn — oo. (2.3)
If B(|X|) € LY, | and c,/cm < C(n/m)*, n > m, where p = (14+7)"1 Vv, for some 0 <v <1, then

EIX|I{|X| > ¢(n)} = o(cn/n) asn — oo, (2.4)
Proof. We prove [Z3) first. If » =0, then u = 1. So

¢, nE|X|I{|X] = ¢(n)}
< nF(p(n)) + e 'EIX|I{|X] > en}

<nF(en) +6;'n Y ePlej1 < X[ <)

j=n
< nF(p(n)) + ij(cjfl <|X| <¢j)
=o(1). ]—”

If r >0, then p < 1, and
¢ nE|X|I{|X| > ¢(n)}

<ep'nd eP(0l - 1) < |X] < 0())
<onY- P (0 -1) < IX] < 6()

< CnF(¢(n — 1))+ Cn'=# 3" L F(4(3))

j=n

=:J1 + Js.
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We can infer J; — 0 from Lemma 2.1. And
Jo <Cn'TRY () = o(1)n!TH Y T = o(1)
j=n j=n

Therefore, ([Z4) is true.
The proof of [ZZ) is easy. So we omit it. Now we prove ([Z3). By (3,

c;ﬁnE|X|ﬁI{|X| < 7ecn}

n
< c;ﬁangP(ch,l < |X| < 7¢j)
jfl

< C’nZn BI2iBI2P(1¢;_y < |X| < T¢j)
j=1

<C’nZn BI2iBI2=25P(|X| > T¢;)
j=1

03 B2
=1
= o(1).

Lemma 2.3. Define

a?c?
= > ——n) =
040 sup{a 0: Zn (Ln)*~ exp( 2n52) oo},
n=1 n
where 52 = EX2I{|X| < ¢(én)}, § > 0. Let ag be defined in Theorem 2.1 and B(|X|) € L%, |. Then

Qg = Oéo
Proof. It can be proved by Lemma 2.1 that ¢(n)/c, — 0. Let A, = EX2I{¢(én) < | X| < dc,}-
For any w > 0, we have

2.2 2.2 2.2
o~ ) comp (s Y ey 25)
2no2/ 2n(1 +w)o2 m(1+w hHA,

To see (IZ_.H) we can assume that A, < 02(1+w H7L otherwise ([ZH) holds spontaneously. But
A, <o2(1+w )7t implies 62 (1 +w) > 02, we see that ([Z3) is always right. By Lemma 2.1 and
the trivial inequality exp(—z) < Cax~% for any @ > 0 when z large enough, we have

2.2

in_l(Ln)d_leXP ( - Mi—j) < CZn (Ln)4~ 1(712")62
< Cin‘l(Ln)d_l(nf(qb(én)))Q < 0.

Therefore, ag < /1 4+ wa;). It is obvious that 046 < ayp. Since we can choose w arbitrarily small, we
see that oy = ap. O
Lemma 2.4. Let nj = [(1+¢)’], j > 1, e > 0. Suppose that B(|X|) € L%, . Then we have:

22, ,

ijd_lexp( a~Cy ){zoo if @ < ag
= .

= 2n;o5. <oo ifa>a

Proof. Let a < ag. We have

j+1 2 9 ) 2.2

= L X oo (~Gm) <o e (- gae)

j=jo n=n;+1 j=jo Tj+1
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Since nj41/n; = O(1), and ¢ is a arbitrary number, we see that

2.2

a‘c,
‘d—1 _
E 3j exp( 2n]~2 )—oo.

Jj=Jjo

Another part of the lemma follows similarly. [
The last lemma comes from Einmahl and Mason [2], p 293.

Lemma 2.5 Let X1,---, X,, be independent mean zero random variables satisfying for some M > 0,
|Xi| < M, 1 <i<m. If the underlying probability space (0, R, P) is rich enough, one can define
independent normally distributed mean zero random variables Vi, ..., Vi, with Var(V;) = Var(X;),

1 <i < m, such that
m
(| Z (X;i—=V)| > 6) ) < ¢q exp(—cod/M),
i=1

here c1 and co are positive universal constants.
We are ready to prove Theorem 2.1 now.

Proof of Theorem 2.1. First we prove

lim sup |(’“)Sn — Chl/en < ap ass. (2.6)

n—oo

Obviously it can be assumed that ag < co. Let # > 1 and 67 denote [#7]. By the definition of ag, we
can easily show that

2055
.d—1 0Cpi+1
7 exp(—i,2 )<oo.
; 2070y,

So ¢iop; /e, 0 — 0 as j — co. This 1mphes no2 = o(c2). Recall the definition of ¢(x) in Section 1.
Throughout the proofs, we let 6 = (%, - 9“), #(0') = ¢(]0']) etc. Let

S1.n(i) ZXkI{|Xk|<¢( Nh Sew() = ZXkI{|Xk| <ecp}, €>0.
k<n k<n

We have

Z P(mg;{ |( )Sm — Cin | > (g + 66 4 3er)cys )
ieNd o

< Z (max| ") Sm — Som(i)| > ETCGi)

m<@i
ieNd

+3 (max|52m() sl,m(i)|zs(2r+3)cei)

ieNd

+3° P(rrr% 1910 (1) — Cua| > (e + 3g)cai)
ieNd -
=0+ 1)+ Is.

And

5L

IN

Z P(|X‘§?+1)| > 5cga) < Z <|91|-7'-(669s))7‘+1

ieNd ieNd

C’i‘ijd*1 (Gj}‘(scw )Nr < C’Z] (Lj)* 1<j}"(scj))r+1 < 00,

j=1

IN

I

IN

S P(s(1xid > o0k < 6} > 20 13) <€ Y (1617 (0)
ieNd =
2r4+3

ey i (oFew) " <oy i@t (iFem) T <

j=1 j=1

IN
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By Lemma 2.2, we have (S} i(i) — Cpi/cgi — 0 in probability. Therefore, by a version of the Lévy
inequalities (cf. Lemma 2 and Remark 6 in Li and Tomkins (1998)) and (22),

L < cyp (|519 Esl,gi(i)|z(ao+2s)c(,i)

ieNd

< cYp (|T )| > (i + €)cg ) +cy P (|swi(1) —ES) (i) — T()] > scei)
ieNd ieNd

=: 131 + I3,

where T(i) = >, i Yi, and {Yi,k < 6'} are i.i.d. normal random variables with mean zero and

variance Var(XI{|X| < (b(@i)}), i € N%. Now, by Lemma 2.2 and Lemma 2.5, for ¢ large enough,

Iso <CZ jd— 1( - )qsciy‘—l(m)d—l(@)q@o

J

From the tail probability estimator of the standard normal distribution and Lemma 2.4, we have

IBlSCZexp M CZJd Lexp (a0 + €)%} Cos < 0.
= 2/0'1H (¢ 200H(9(0))

Then, by the Borel-Cantelli lemma,

) max,, <gi (S — Ch
lim sup <ap a.s.
i—oo Copi

A standard argument and ([CH) yield

", —C
lim sup u <oy a.s.
n— oo Cn
So, we only need to prove
lim sup |(’”)Sn — Chl/en = ap as. (2.7)
n—oo

Case 1: ag < oco. To prove (1), it is sufficient to show that for every € > 0, there is a 6y > 0 such
that when 6 > 6,

(1 Sgi — Cpi
limsup ———% > qp—¢ as. (2.8)
i—oo Coi

But if we prove that for every € > 0 and 6 large enough,

Sy (1) — Cyi
lim sup Sro) = Ot >ap—€ as. (2.9)

i—oo Cpi

then, by I1 < co and Iy < 0o, we can see that () holds. Now we come to prove 239). Obviously,
it can be assumed that ag > 0. Let N; = {n: "' <n <0}, N{ = {n:n < '} — N; and

=) XWI{ X < 00D}, Sai) = Y XaI{|Xi| < 6(6)}.

keN; keN?
Note that ag < co. Just as the proof of Is < co and by the Borel-Cantelli lemma, we have

Jimn sup |S4(i) — ES4(i)]

i—oo Coi

< apf ! as.

So, in order to prove ([Z4), by the Borel-Cantelli lemma, we only need to show that for every e > 0

and 6 large enough,
5™ p(| S0 ES)
o 2

ieNd v

0*6)100.
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By Lemma 2.5 and note that I3s < oo, it suffices to prove

(e

Coi

> ap — 5) =00 (2.10)
i€
for every ¢ > 0 and 6 large enough, where T3(i) = >, oy, Yk and {Yi,k € N;} are i.i.d. normal

random variables with mean zero and variance Var(XI{|X| < (b(@i)}), i € N% That is, we shall
prove that

e

ieNd

. 1/2
where H' (¢(6')) ~ (|9 [(1— )dVar(XI{|X| < qb(@l)})) denotes the square root of the variance

of T3(i) and N denotes a standard normal random variable. Note that

EX2I{|X]| < ¢,
o {|2|_C}:0(1) as n — oo,
cn

we can get for [i| large enough,

(p(6 (a0 —£/2)%c;
P(‘H(if))N‘EO‘OE)ZCGXP( 2|9|1;(2( 3)
By Lemma 2.4,
(a 0_5/2)203i
2 P(‘ ‘ 2a0-¢) 2 C Z exp ( - 2 H (5(0)) )

ieNd

o~ d-1 (0‘0_5/2)03' _
20;” exp(‘WM%“’

which implies (ZI0). So ZX) holds.

Case 2: ay = co. Obviously, it is enough to verify

S1.9i(i) — Cyi
lim sup S10() = G =00 a.s. (2.11)
i—oo Cpi
We first assume
N ESL(i
lim sup M < 00 a.s.

i—oo Coi
Then, by ([2)) and the Borel-Cantelli lemma, in order to prove I, it suffices to show
Z P<S3( ) — ES3(i) > ecyi ) =o0o for every ¢ > 10. (2.12)
ieNd
The same as above, we only need to prove
Z P<T3(i) > ECgi) =00 for every € > 10.
ieNd
Set

Cpi

H'(6(6%))

. . Coi
No={i: >1} and N{={i: ——— < 1}.
If Card N§ = oo, we have

3 P(Tg(i) > scei) = P(N > %) >3 P(N > 5) = .

IENE IENE IENE
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So ([ZT2) holds. Therefore we can assume that Card N§ < oco. By the tail probability estimator of
the normal distribution, we have

2
P(N >x)> Cx texp ( — %) > Cexp(—302)7 z > 10.

And by Lemma 2.3, Lemma 2.4 and Card N§ < oo, o = 00,

> P> ) 2 2P0 = ) = X (- () )

ieNd i€eNg
> C;jdleXp( (%)2) = oo,

which implies T2). Therefore we have ZITI).
It remains for us to prove ([ZTIl) when

Sa(i) — ES4(i)

limsup ——= = o a.s. (2.13)
i—oo Coi
By using ([Z3Z), we have
S4(i) — Cgina
lim sup Sal) = Corr = 00 a.s. (2.14)
i—oo Cpi

Hence if we show that

o Ykene Xl {o(07) < [Xo| < 9(6')}
lim !

i—oo Cpi

then, together with (ZId), T is proved.
Now we prove (IH). The same as above (using ([Z2) and Lemma 2.5), it suffices to show

=0 a.s. (2.15)

2
£cyi

I:= Z exp ( - |EX2T{p(6F1) < | X| < ¢(61)}

ieNd

) < oo forevery e > 0.

But this follows from Lemma 2.1 and

I < oy (WEXHO) < X1 <000}
ieN? Coi
< oY (191F00E))" <
ieNd

for some large Q. The proof of Theorem 2.1 is terminated now. [J

3 Proofs of main results in Section 1

Since the proof of Theorem 1.1 is based on Theorem 1.2, we shall prove Theorem 1.2 first.

Proof of Theorem 1.2: The proofs of (3)=-(2) is obviously. From (H), we see that ¢,, < Cn. So
by the law of larger numbers and the Borel-Cantelli lemma, it is easy to see that (2)=-(1). Now, we
show that (1)= (3). Recall C;,, = nEXT{|X| < ¢,,}. From Lemma 2.2, it holds that C,, = o(c,). By
Theorem 2.1, it suffices to show ag = 0, which will be implied by

LLj —
%EXQIHXI <Vih(j)} = o(1) (3.1)

as j — 0o. Now we come to prove it. By (CJ),

> i) P (e < IX] < 65) < o0,

j=1
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Then
" i(Li)?=1
Igin fckP(ck_l <|X| < ck> < (C for some C >0 and n > 1.
1 i<k C;
That is

: )

EXTI{|X| < cn} < Cmax 7)1
which together with (L), implies ([B1l). The proof is completed. O
Proof of Theorem 1.1: If EX2(log|X|)?!/log, | X| < 0o, then 0% = EX? < oo since d > 2. We
have that K(n/LLn)LLn ~ ovnLLn. So from the classical LIL (c.f. Wichura (1973)) we can get
limsup, . |Sul/7a = Vd as.
Now, we assume that EX2(log | X|)9~1/log, | X| = co. If limsup, . [Su|/7n < 00 a.s. and EX? <
o0, then limsup,_, . |Su|/v/In]LLn < oo a.s., which implies EX?(log|X|)?~!/log, |X| < oo by
Kolmogorov’s 0-1 law and the Borel-Cantelli lemma. By the contradiction, we must have either
limsup,,_, o |Su|/7m = o0 a.s. or EX? = co. We claim that EX? = oo implies

lim sup |Sy|/n = o0 a.s. (3.2)

n—oo

If B3) is not true, then by Kolmogorov’s 0-1 law, limsup,_, . |Su|/mm =: C < oo a.s. So we have

o0
> (Ln)*P(IX| = ) < o0 (3.3)
n=1
By Lemma 2.2, we obtain
nE|X|T{|X| > 7} = o(v) and nEX?I{|X| <7} = o(+2). (3.4)

Obviously =, satisfies conditions ([CH) and (CH). Moreover, when EX? = oo, we have LLn/h(n) \, 0,
where h(n) := 2K%(n/LLn)(LLn)%/n. So, by Theorem 1.2 and Remark 1.2, we have

limsup [Sn|/7m =0 a.s. (3.5)

n—oo

Next, we prove that under B3), we can get limsup, . |Su|/7n > Vd a.s. By Theorem 2.1, it
suffices to prove that

o0 a2~2
;n_l(Ln)d_l exp ( - W(:’n)) =00 for every o < Vd. (3.6)

Obviously, if we have

2
Tn
)

1

2

for every e > 0 (3.7)

when n large enough, then ([BH) holds. Now we prove B1). By [BZ) and the definition of the
K-function,

H ()

Y

H(K(n/LLn))+ K(n/LLn)E|X|I{K(n/LLn) < |X| < vn}
KQ(n/LLn)LLn K

(n/ LLn)E[XI{[X| > 7}

1 72
> - — n__
> 2 nLLn

Therefore (B7) holds and limsup,,_, . |Sn|/7n > Vd a.s. But this contradicts (8X)). So we have ([B2).
We complete the proof of Theorem 1.1. [J
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Proof of Theorem 1.3. Note that (CII) implies (L) by the law of larger numbers and the
Borel-Cantelli lemma. Hence in order to prove the theorem, it is sufficient to prove that under (L),

CAY? < limsup & < (2d)\)1/2 a.s. (3.8)

n—oo |n|h(n)

for some C' > 0.
Now, we come to prove the upper bound. Obviously we can assume that A < co. It will be shown

that under (CH) and A < oo,
2

A=S"n"Y(Ln)?? — Ve >0 3.9
;n (Ln) exp( nAn)<oo, e >0, (3.9)

where A,, = EX2I{c,,/LLn < |X| < ¢y}, ¢ = y/nh(n). Clearly, we have H(c,/LLn) < Ch(n)/LLn
when A < co. Therefore A,, < H(c,) < Ch(n(LLn)?)/LLn. Also by a property of the slowly
varying function, we have h(n)/h(n(LLn)?) > C(LLn)~'/2. So, by the inequality exp(—z) <
Cx~lexp(—z/2) for z > 0,

2

= _ _1nA ec,

s EIXPPI{|X| < cn} ec?
d—1 = n _ n
< an:l([/n) c% LLnexp( —QnAn)
= EIX]PI{|X| < cn} Ch(n)LLn
< d—1 = Cn o
< C;(Ln) 3 LLnexp( 7]1(”@[/”)2))
i LEIXPI{X| < cpn
< oY (L)t RS {c|3| ¥
n=1 n
o0 n 3
C
< OY (I Pk < X[ <)
n=1 k=1 Cn
e’} e’} k3/2 B
< CI;P(CIH <|X| < ) 2W(L")d 1

o0

< O k(L) < X[ <)
k=1

< Q.

In the above inequalities, [CH) is used.
Since H(cp/LLn) < (A +¢)h(n)/LLn for Ve > 0 and n large enough, we can easily obtain that

= I(L )d 1 04202
E n~(Ln)*" " exp ( — —") < 00
— 2nH (¢, /LLn)

for a > (2d\ + ¢)'/? and Ve > 0. Then using the following inequality

eXP(*fiy) ﬁexp(*ﬁ)*“l’(*m)

for any a,x,y,d > 0, and together with (B3), we have

— 1 d-1 a’cp,
;n (Ln) exp(—m)<oo

for a > (2d\ + 5)1/2 and Ve > 0. The upper bound is proved now by Theorem 2.1.



Some LIL type results 233

Next, we shall prove the lower bound in ([BX). Clearly, it can be assumed that A > 0. By Theorem
2.1, it is enough to check that there exists a positive constant C; such that

Z n~H(Ln)? Lexp ( - o;{l(zi:))) =00 for any a < (C1\)Y/2. (3.10)

The arguments in Einmal and Li (2005) will be used. We can find a subsequence my, /* 0o so that

Hlem) > N1 = )Tt

and h(mg) > (1-— %)h(2mk), k> 1

Thus, we have

1.,h(n
H(cn)>)\(1—E)2(TT)L, mr <n < ng = 2myg,

which in turn implies that

i’“: (Lngd—l o ( - a2h(n)) > gL {(Lnk)d - (Lmk)d} (Lng)~*/DA-1/0%}

n=mi

> C(Lmp)T17% = o0

for o < (eA\)'/? and 0 < & < 1/2. Hence ([BI0) holds with any 0 < C; < 1/2. The proof of Theorem
1.3 is completed. OJ
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