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Abstract: Posterior contraction rates with regard to non-intrinsic met-
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dimensional models. This paper establishes the minimax-optimal posterior
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under the spectral norm, a non-intrinsic metric for the Gaussian covariance
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1. Introduction

1.1. Background

Estimating covariance structures in the presence of high-dimensional variables
has attracted attention in the past decades. High-dimensional covariance ma-
trix estimation naturally connects to latent factor models [20, 26], principal
component analysis [44], graphical models [43], discriminant analysis [18], and
clustering analysis [12, 15, 49, 60], among others. It also finds applications in
a broad spectrum of real-world problems, including genomics [37], computer
vision [23, 33], and econometrics [17], to name a selected few. There has also
been substantial development in high-dimensional structured covariance/pre-
cision matrix estimation. Examples of structured covariance matrices include
spiked(low-rank) covariance matrices [7, 29, 31, 32], sparse covariance matrices
[10], and sparse precision matrices [19]. The readers are referred to the survey
paper [9] and the reference therein.

1.2. Main contribution

Consider the spiked covariance matrix estimation problem [8, 14, 30, 42] where
independent observations y1, . . . ,yn are generated from Np(0p,Ω), where 0p is
the p-dimensional zero vector, Ω has the spiked form

Ω = VΛVT + Ip, (1)

V is a p× r matrix with orthonormal vectors, and Λ is a diagonal matrix with
diagonals being λ1 ≥ . . . ≥ λr > 0, and r � p. We focus on the case where the
leading eigenvector matrix V exhibits the row sparsity, namely, only s rows of
V are nonzero and s � p.

This work focuses on studying the rate-optimality of the posterior contraction
under the above sampling model with a certain hierarchical prior distribution
for the sparse spiked covariance matrix (1). Leveraging the Cayley parame-
terization in [28, 47] and the accompanying technical tools developed in [55],
we constructed a hierarchical prior model for (1), and obtain the minimax-
optimal posterior contraction rate in the spectral norm. This is a nontrivial
result and does not follow directly from the so-called prior-concentration-and-
testing framework pioneered by [24, 25] because the spectral norm is not an
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intrinsic metric (i.e., not equivalent to the Fisher information metric of the
Gaussian covariance model). It has been observed in [27] that the framework
of [24] does not apply directly to non-intrinsic metrics. Leveraging the non-
singularity of the Fréchet derivative (Jacobian matrix) of the Cayley parame-
terization studied in [55], we establish the local asymptotic normality under the
Gaussian spiked covariance model and derive the shape of the asymptotic pos-
terior distribution, which leads to the minimax-optimal posterior contraction
with regard to the spectral norm.

1.3. Related work

Due to the structural convenience, the spiked covariance model has been used
as a natural probabilistic model for principal component analysis (PCA). In the
high-dimensional regime where the model dimension p far exceeds the number
of samples n, the authors of [30] showed that the classical PCA might lead
to inconsistent estimators and certain structural assumptions are needed, e.g.,
sparse structures [8, 30] or effective rank constraints [31, 32]. Correspondingly,
the sparse structure of V motivates the development of sparse PCA methods.
For an incomplete list of works related to the sparse spiked covariance model
and sparse PCA, see [3, 5, 7, 8, 30, 34, 35, 52, 53, 59] and the reference therein.
In the case where p/n → γ for some constant γ ∈ (0, 1], the authors of [14, 42]
studied the asymptotics of the sample eigenstructure. In [31, 32], the so-called
effective rank assumption is made, in the sense that (

∑r
k=1 λk + p)/(λ1 + 1) =

o(n), which in turn requires that λ1 needs to diverge to ∞ sufficiently fast
(recall that λ1 ≥ . . . ≥ λr > 0 are the eigenvalues in VΛVT appearing in
model (1)).

When the parameter of interest is the principal subspace Span(V) (i.e., the
column space of V) and the eigenvalues of Ω are bounded away from 0 and ∞,
the authors of [53] established the minimax rate

√
(rs + s log p)/n under the

so-called Frobenius sine-theta distance. Furthermore, the authors of [7] derived
the minimax rate

√
(s log p)/n for the principle subspace under the spectral

sine-theta distance. We defer the formal definitions of the sine-theta distances
to Section 2.1. The minimax rate with regard to the spectral sine-theta distance
is sharper than that with regard to the Frobenius sine-theta distance when
r � log p.

In contrast to the well-developed theory from the frequentist side, the lit-
erature regarding Bayesian approaches for sparse spiked covariance model is
slightly underexplored. In [41], the authors first studied the minimax-optimal
posterior contraction of Ω with sparse priors, assuming the rank r is bounded.
Under a more general assumption that the number of nonzero rows of V is
no greater than rs, the authors of [21] established the rate-optimal posterior
contraction of Bayesian sparse PCA under the Frobenius sine-theta distance.
Recently, the authors of [39, 56] focused on the posterior contraction rate under
the spectral norm, assuming that r logn � log p. Under the same low-rank as-
sumption, in [38, 39], the author studied the contraction rate under the spectral
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norm for both the exact posterior distribution and the variational distribution
and proposed computationally efficient algorithms for Bayesian inference with
sparse priors. We remark that the assumption r logn � log p greatly simplifies
the problem of posterior contraction in spectral norm since the minimax rate√

(s log p)/n under the spectral sine-theta distance coincides with the minimax
rate

√
(rs + s log p)/n under the Frobenius sine-theta distance. Namely, rate-

optimal posterior contraction under the Frobenius sin Θ distance directly im-
plies rate-optimal posterior contraction under the spectral sin Θ distance when
r logn � log p. In this work, we are particularly interested in the posterior
contraction under the spectral sine-theta distance between principal subspaces
when r � log p, in which the phase transition phenomenon between the two
minimax rates occurs.

There have been several works in the literature that deal with the parame-
terization of subspaces in the Grassmannian using Euclidean vectors, including
[1, 2, 4, 16, 45, 54]. For example, in [1], the authors proposed the cross-section
mapping and derived the canonical metric. The cross-section mapping induces a
parameterization of subspaces that has also been discussed in [2, 4, 16, 45, 54].
In our Bayesian sparse spiked covariance matrix estimation context, these pa-
rameterization methods may lead to extra complications when sparsity needs
to be enforced over the rows of V, whereas it is easier to deal with sparsity via
the Cayley parameterization.

1.4. Organization

We provide the necessary notations and definitions about this work and briefly
review the necessary ingredients of Cayley parameterization of subspaces and
Euclidean representation of low-rank matrices in Section 2. Section 3 elaborates
on the prior specification for the sparse spiked covariance matrix model, estab-
lishes the spectral norm posterior contraction, and provides the proof sketch of
the main result. Additional discussion is provided in Section 4. The technical
proofs are deferred to Section 5.

2. Preliminaries

2.1. Notations and definitions

We use the symbol := to assign mathematical definitions of quantities. For
a, b ∈ R, let a ∧ b := min(a, b) and a ∨ b := max(a, b). For a positive integer p,
let [p] := {1, . . . , p}. For two non-negative sequences (an)∞n=1 and (bn)∞n=1, we
use the symbol an � bn or an = O(bn) (an � bn, resp.) to mean that an ≤ Cbn
(an ≥ Cbn, resp.) for some constant C > 0, and we use the notation an � bn to
indicate that an � bn and an � bn. The notation A† denotes the Moore-Penrose
pseudoinverse of an arbitrary matrix A. For a general matrix A with p rows,
we define the support of A as supp(A) := {j ∈ [p] : [A]j∗ �= 0}, where [A]j∗
denotes the jth row of A. We use C,C0, C1, C2, c, c0, c1, c2, . . . to denote generic
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constants that may change from line to line unless otherwise stated. The r × r
identity matrix is denoted by Ir, the p-dimensional zero vector is denoted by
0p, and 0p×q denotes the p× q zero matrix. We reserve the symbol I(·) without
a subscript for the Fisher information matrix of a (regular) statistical model,
and it should not be confused with the identity matrix. A p × r Stiefel matrix
U (with r ≤ n) is a p × r matrix satisfying UTU = Ir. Given two positive
integers p, r, we denote by O(p, r) := {U ∈ R

p×r : UTU = Ir} the collection of
all p× r Stiefel matrices and write O(r) := O(r, r). For any U ∈ O(p, r), we use
Span(U) to denote the r-dimensional subspace in R

p spanned by the columns
of U. The collection of all r×r symmetric matrices is denoted by M(r), and the
collection of all r× r symmetric positive definite matrices is denoted by M+(r).
For a matrix Σ ∈ R

p1×p2 and indices i ∈ [p1], j ∈ [p2], let [Σ]ij denote the
element on the ith row and jth column of Σ, [Σ]i∗ denote the ith row of Σ, and
[Σ]j∗ denote the jth column of Σ. Furthermore, we use σ1(Σ), . . . , σp1∧p2(Σ) to
denote the singular values of Σ sorted in the non-increasing order, i.e., σ1(Σ) ≥
. . . ≥ σp1∧p2(Σ). When Σ is a p×p symmetric square matrix, λ1(Σ), . . . , λp(Σ)
denote the eigenvalues of Σ sorted in the non-increasing order in magnitude,
namely, |λ1(Σ)| ≥ . . . ≥ |λp(Σ)|. The spectral norm of a general matrix Σ,
denoted by ‖Σ‖2, is the largest singular value of Σ, and the Frobenius norm
of Σ, denoted by ‖Σ‖F, is defined to be ‖Σ‖F := (

∑p1
i=1
∑p2

j=1[Σ]2ij)1/2. For a
Euclidean vector x = [x1, . . . , xp]T ∈ R

p, we denote [x]i := xi, ‖x‖2 the usual
Euclidean norm ‖x‖2 = (

∑
i x

2
i )1/2, let B2(x, ε) := {y ∈ R

p : ‖y − x‖2 < ε},
and let diag(x) be the p × p diagonal matrix with xi being the element on its
ith row and ith column.

For a p1×p2 matrix M, the operator vec(·) converts M to a p1p2-dimensional
Euclidean vector by stacking the columns of Σ consecutively, i.e.,

vec(M) := [[M]T∗1, [M]T∗2, . . . , [M]∗p2 ]T]T

= [[M]11, . . . , [M]p11, [M]12, . . . , [M]p12, . . . , [M]1p2 , . . . , [M]p1p2 ]T.
The operator vech(·) transforms an r × r square symmetric matrix M to an
r(r + 1)/2-dimensional Euclidean vector by eliminating all its super-diagonal
elements, i.e.,

vech(M) := [[M]11, [M]21, . . . , [M]r1, [M]22, . . . , [M]r2, . . . , [M]rr]T.
For any two positive integers p, q, we denote Kpq the pq×pq commutation matrix
such that vec(MT) = Kpqvec(M) for any M ∈ R

p×q, and denote Dp the dupli-
cation matrix such that vec(M) = Dpvech(M) for any symmetric M ∈ R

p×p.
We refer the readers to [36] for a review of the properties of the commutation
matrix Kpq and the duplication matrix Dp. For two matrices A ∈ R

p×q and
B ∈ Rm×n, we use A⊗B to denote the Kronecker product of A and B, defined
to be the pm× qn matrix of the form

A ⊗ B :=

⎡⎢⎢⎢⎣
[A]11B [A]12B . . . [A]1qB
[A]21B [A]22B . . . [A]2qB

...
...

...
[A]p1B [A]p2B . . . [A]pqB

⎤⎥⎥⎥⎦ .
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The distance between linear subspaces can be measured in terms of the canon-
ical angles, formally defined as follows. Given two Stiefel matrices U,U0 ∈
O(p, r), let σ1(UT

0 U) ≥ . . . ≥ σr(UT
0 U) ≥ 0 be the singular values of UT

0 U.
Note the singular values of UT

0 U are unitarily invariant and only depend on
Span(U) and Span(U0). The canonical angles between U0 and U are defined
to be the diagonal entries of

Θ(U0,U) := diag
[
cos−1 {σ1(UT

0 U)
}
, . . . , cos−1 {σr(UT

0 U)
}]

∈ R
r×r.

Then, the spectral sine-theta distance and the Frobenius sine-theta distance
between two subspaces Span(U0) and Span(U) are defined by ‖ sin Θ(U0,U)‖2
and ‖ sin Θ(U0,U)‖F, respectively.

2.2. Review of Cayley parameterization and Euclidean
representation of low-rank matrices

Cayley transform of subspaces [28, 47] and Euclidean representation of low-rank
matrices [55], which we briefly review here, are the key tools for us to derive
rate-optimal spectral norm posterior contraction in Bayesian sparse spiked co-
variance matrix model. We first provide the heuristics of Cayley parameteriza-
tion and Euclidean representation of low-rank matrices before diving into the
formal definitions. Let G(p, r) denote the Grassmannian, i.e., the collection of all
r-dimensional linear subspaces in R

p equipped with the canonical metric (see
[1] for details). On a high level, Cayley parameterization constructs a diffeo-
morphism (a differentiable one-to-one function), denoted by ϕ �→ Span{U(ϕ)},
between an open subset of R(p−r)r and G(p, r), such that the intrinsic dimension
of G(p, r) can be fully captured by low-dimensional Euclidean vectors. Cayley
parameterization of subspaces further leads to the Euclidean representation of
low-rank matrices developed in [58]. A crucial result there is that the smallest
singular value of the Jacobian matrix of this Euclidean representation function
is strictly positive, implying the non-singularity of the Fisher information ma-
trix of the spiked covariance model under such an Euclidean representation. It
turns out that the non-singularity of the Fisher information matrix is the key
to our distributional approximation to the posterior distribution result, which
is of fundamental interest for obtaining the rate-optimal posterior contraction
of the principal subspace under the spectral sine-theta distance.

We now formally introduce the Cayley parameterization and the Euclidean
representation of low-rank matrices. Suppose S ⊂ R

p is an r-dimensional linear
subspace in the p-dimensional Euclidean space. In [28], the authors show that,
with respect to the uniform probability distribution over G(p, r), almost every
r-dimensional subspace in Rp can be represented as the column span of a unique
orthonormal matrix U ∈ O+(p, r), where

O+(p, r) := {U = [QT
1 QT

2 ]T ∈ O(p, r) : Q1 ∈ M+(r)}.

Let A ∈ R
(p−r)×r with ‖A‖2 < 1, and let ϕ := vec(A). Then, the Cayley
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parameterization [28, 47] is defined as the function

U : ϕ ∈ R
(p−r)r �→ U(ϕ) := (Ip + Xϕ)(Ip − Xϕ)−1Ip×r ∈ O+(p, r), (2)

where

Xϕ :=
[
0r×r −AT

A 0(p−r)×(p−r)

]
, and Ip×r :=

[
Ir

0(p−r)×r

]
. (3)

Equivalently, U(ϕ) can be written in the following block form:

U =
[
Q1
Q2

]
=
[
(Ir − ATA)(Ir + ATA)−1

2A(Ir + ATA)−1

]
.

In [28], the authors show that the Cayley parameterization U(·) has the following
two properties: It is a bijective function onto O+ with inverse given by U(ϕ) �→
vec{Q2(Ir +Q1)−1}, and it is a differentiable function whose Fréchet derivative
is

DU(ϕ) = 2[IT
p×r(Ip − Xϕ)−T ⊗ (Ip − Xϕ)−1]Γϕ, (4)

where Γϕ := (Ip2 − Kpp)(ΘT
1 ⊗ ΘT

2 ), Θ1 := IT
p×r, and Θ2 := [0(p−r)×r, Ip−r].

Leveraging the Cayley parameterization of subspaces, the author of [55] es-
tablishes a Euclidean representation framework for symmetric low-rank matrices
as follows. Specifically, let μ := vech(M) and denote by M(μ) := M the in-
verse of the function M �→ vech(M). Then, with θ := [ϕT,μT]T, the Euclidean
representation of low-rank matrices is defined as the following function

Σ(·) : D(p, r) → S (p, r), θ �→ U(ϕ)M(μ)U(ϕ)T, (5)

where

D(p, r) :=
{
θ =

[
vec(A)

μ

]
∈ R

(p−r)r × R
r(r+1)/2 : ‖A‖2 < 1

}
, (6)

S (p, r) := {Σ = UMUT : U ∈ O+(p, r),M ∈ M(r)}. (7)

Conversely, for any symmetric positive semidefinite matrix Σ ∈ R
p×p with

rank(Σ) = r ≤ p, it yields spectral decomposition Σ = VΛVT, where V ∈
O(p, r) and Λ = diag(λ1, . . . , λr) with λ1 ≥ . . . ≥ λr > 0. Then, for almost every
Span(V) ∈ G(p, r), there exists U ∈ O+(p, r) such that Span(V) = Span(U),
which entails that Σ = UMUT for some r × r symmetric positive definite ma-
trix M. By the one-to-one property of U(·), there exists a unique A ∈ R

(p−r)×r,
‖A‖2 < 1, such that U = U(ϕ), where ϕ = vec(A). This shows that almost
every p × p rank-r matrix is in the range of Σ(·), which is the collection of
low-rank matrices S (p, r) defined in (7).

In [55], the author shows that the function Σ(·) is also differentiable with the
Fréchet derivative DΣ(θ) = [DϕΣ(θ), DμΣ(θ)], where

DϕΣ(θ) := (Ip2 + Kpp){U(ϕ)M(μ) ⊗ Ip}DU(ϕ),
DμΣ(θ) := {U(ϕ) ⊗ U(ϕ)}Dr,

(8)
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where DU(ϕ) is defined in (4). In what follows, Σ plays the role of the low-rank
component VΛVT in the spiked covariance model (1). For Σ0 being the true
value of Σ, we denote by θ0 := [ϕT

0 ,μ
T
0 ]T be the vector such that Σ0 := Σ(θ0) =

U(ϕ0)M(μ0)U(ϕ0)T, in which case we let U0 := U(ϕ0) and M0 := M(μ0).
The key technical result in [55] is the following lower bound on the smallest
singular value of the Fréchet derivative matrix DμΣ(·).
Theorem 2.1. Under the above setup, if r ≥ 2, then

σmin{DϕΣ(θ0)} ≥ 2
√

2σr(M0)(1 − ‖A0‖2
2)

(1 + ‖A0‖2
2)2

,

‖{DΣ(θ0)TDΣ(θ0)}−1‖2 ≤ 1 + (1 + 64‖M0‖2
2)(1 + ‖A0‖2

2)4

8λ2
r(M0)(1 − ‖A0‖2

2)2
.

Remark 1. Theorem 2.1 above guarantees that the Fisher information matrix
of the spiked covariance model (1) is non-degenerate. Formally, let C (p) be a
collection of p× p symmetric positive definite matrices and P := {pΩ(y) : Ω ∈
C (p)}, where pΩ(x) := det(2πΩ)−1/2e−(1/2)xTΩ−1x denotes the density func-
tion of Np(0p,Ω). Denote by �̇Ω(xi) := ∇vech(Ω) log pΩ(xi) the score function
with regard to vech(Ω), and I(Ω) := E�̇Ω(x)�̇Ω(x)T the corresponding Fisher
information matrix. It can be shown that (see, e.g., Chapter 10 in [36])

I(Ω0) = 1
2D

T
p (Ω−1

0 ⊗ Ω−1
0 )Dp.

However, if one instead restricts Ω to the spiked matrix class

C (p, r) := {Ω := Σ + Ip : Σ ∈ S (p, r)}

and assumes Ω0 = Σ0 + Ip for some Σ0 ∈ S (p, r), then the spiked matrix Ω
can be represented by a lower dimensional Euclidean vector θ ∈ D(p, r). Thus,
the statistical submodel under the θ-parameterization can be written as

F (p, r) = {pΩ(θ)(·) : Ω(θ) = Σ(θ) + Ip,θ ∈ D(p, r)}.

Denote by θ0 ∈ D(p, r) the vector such that Ω0 = Σ(θ0) + Ip. By the chain
rule, the Fisher information matrix with respect to the θ-parameterization in
the submodel F (p, r) evaluated at θ = θ0 is given by

I(θ0) = DΣ(θ0)T(D†
p)TDT

p Ψ(Ω0)DpD
†
pDΣ(θ0).

Using the fact that DpD
†
p = (1/2)(Ip2 +Kpp), (DpD

†
p)(Ip2 +Kpp)2 = (Ip2 +Kpp),

and DpD
†
p(U0 ⊗U0)Dp = (U0 ⊗U0)Dp (see, e.g., Chapter 4 in [36]), we further

conclude that

I(θ0) = I(θ0) = 1
2DΣ(θ0)T(Ω−1

0 ⊗ Ω−1
0 )DΣ(θ0).

Hence, by Theorem 2.1, the Fisher information matrix I(θ0) with respect to
the θ-parameterization in the submodel F (p, r) is also non-degenerate. This
observation will be indispensable in investigating the spectral norm posterior
contraction in the Bayesian sparse spiked covariance model in Section 3 below.
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2.3. Review of minimax rates for sparse spiked covariance matrices

In this subsection, we take a moment to formally review the minimax estimation
results for Span(V) established in [7, 53] before diving into the proposed hierar-
chical Bayesian model and the posterior contraction results. In [53], the authors
showed that, when λr(Ω) − λr+1(Ω) is bounded away from 0 and V ∈ O(p, r)
is the eigenvector matrix of Ω corresponding to λ1(Ω), . . . , λr(Ω), the minimax
rate for estimating Span(V) under the Frobenius sine-theta distance is given by

inf
V̂

sup
V∈O(p,r),|supp(V)|≤s

EV{‖ sin Θ(V̂,V)‖2
F} � rs + s log p

n
. (9)

Here, infV̂ denotes the infimum over all possible estimators V̂ (measurable func-
tions of y1, . . . ,yn). In [7], the authors further showed that the minimax rate
for estimating Span(V) under the spectral sine-theta distance is given by

inf
V̂

sup
Ω∈Θ0(s,p,r,λ,τ)

EΩ{‖ sin Θ(V̂,V)‖2
2} � s log p

n
, (10)

where

Θ0(s, p, r, λ, τ) := {Ω = VΛVT + Ip : V ∈ O(p, r), |supp(V)| ≤ s,

λ/τ ≤ λr(Λ) ≤ λ1(Λ) ≤ λ},

and λ, τ are bounded away from 0 and ∞. Note that the minimax rate (9) under
the Frobenius sine-theta distance has an extra term

√
rs/n compared to (10)

when r � log p. Below, we will design a hierarchical prior model for Ω by
leveraging the Cayley parameterization and show that the posterior contraction
rate with regard to the spectral sine-theta distance is exactly

√
(s log p)/n.

3. Bayesian sparse spiked covariance model

3.1. Prior specification

Recall that in the spiked covariance model (1), the leading eigenvector matrix
V can only be identified up to an orthogonal matrix in O(r) in the presence of
eigenvalue multiplicity. Because, for any covariance matrix Ω of the form (1),
there exists some permutation matrix Π such that IT

p×r(ΠV) is non-singular,
and the leading eigenvector matrix of ΠΩΠT is exactly ΠV. Therefore, without
loss of generality, we assume that IT

p×rV is invertible. By the construction in
Section 2.2, Ω can be written as Ω = Σ + Ip for some Σ ∈ S (p, r), and there
exist some U ∈ O+(p, r) and M ∈ M+(r), such that

Ω = Σ + Ip = UMUT + Ip.

We follow the setup and notations in Section 2.2. Since Σ can be param-
eterized by a Euclidean vector θ = [ϕT,μT]T ∈ D(p, r) through the map
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Σ(·) : D(p, r) → S (p, r),θ �→ Σ(θ), we then use Ω(·) to generically de-
note the induced map θ �→ Ω(θ) := Σ(θ) + Ip. Furthermore, let Ω0 de-
note the true value of the covariance Ω corresponding to the distribution of
y1, . . . ,yn, θ0 ∈ D(p, r) be the inverse image of Ω0 under the map Ω(·), and
Σ0 := Σ(θ0). Let ϕ,ϕ0 ∈ R

(p−r)r be vectors and A,A0 ∈ R
(p−r)×r be matri-

ces such that ϕ = vec(A),ϕ0 = vec(A0), where ‖A‖2 < 1, ‖A0‖2 < 1, and
let M, M0 ∈ M+(r) be positive definite matrices such that μ = vech(M) and
μ0 = vech(M0), respectively.

The advantage of the Cayley parameterization is that the row sparsity of
U(ϕ) can be directly incorporated into the rows of A. By the construction of
the Cayley parameterization, U(ϕ) can be written as

U(ϕ) =
[
(Ir − ATA)(Ir + ATA)−1

2A(Ir + ATA)−1

]
.

It follows that [U(ϕ)]j∗ = 0 if and only if [A](j−r)∗ for any j ∈ [p]\{r}. Fur-
thermore, U(ϕ) is subject to the orthonormal constraint U(ϕ)TU(ϕ) = Ir,
whereas working with A is more convenient. Hence, we consider the following
sparsity-inducing prior distribution on A. We assume throughout that the rank
r of the spiked component is known. When r is unknown, our theory developed
in this work can be applied by replacing r with a consistent estimator r̂ (i.e.,
limn→∞ P0(r̂ = r) = 1). Such a consistent estimator can be obtained, e.g., using
the approach proposed in [7]. Let πp be the density of a discrete distribution
supported on {0, 1, 2, . . . , p− r} of the form

πp(t) = 1
zn

n−rt(p− r)−at, t = 0, . . . , p− r (11)

for some constants a, c > 0, where

zn :=
p−r∑
t=0

{
1

nr(p− r)a

}t

= 1 − {n−r(p− r)−a}p−r+1

1 − n−r(p− r)−a

is the normalizing constant. Based on πp, a subset S ⊂ [p− r] representing the
support of A is drawn from the following distribution:

πS(S) := πp(|S|)(
p−r
|S|
) , S ⊂ [p− r], (12)

where |S| denotes the cardinality of a finite set S. Given S = {j1, j2, . . . , j|S|} ⊂
[p − r], suppose Sc := [p − r]\S can be written as Sc = {k1, k2, . . . , k|Sc|} and
denote by

AS :=

⎡⎢⎢⎢⎣
[A]j11 [A]j12 . . . [A]j1r
[A]j21 [A]j22 . . . [A]j2r

...
...

...
[A]j|S|1 [A]j|S|2 . . . [A]j|S|r

⎤⎥⎥⎥⎦ ,
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ASc :=

⎡⎢⎢⎢⎣
[A]k11 [A]k12 . . . [A]k1r

[A]k21 [A]k22 . . . [A]k2r

...
...

...
[A]k|Sc|1 [A]k|Sc|2 . . . [A]k|Sc|r

⎤⎥⎥⎥⎦ .

We then define the prior distribution of A by

ΠA(dA) :=
∑

S⊂[p−r]

πS(S) {πAS
(AS)dAS}

{
δ0|Sc|×r

(dASc)
}
,

πAS
(AS)dAS := exp{−2‖vec(AS)‖1}1(‖AS‖2 < 1)dAS∫

‖AS‖2<1 exp(−2‖vec(AS)‖1)dAS
.

(13)

The prior distribution on the entire covariance matrix Ω through θ is completed
by assigning the following prior distribution to M, which is independent of
ΠA(dA):

πμ(μ) ∝ exp (−2‖μ‖1)1{M(μ) ∈ M+(r)}. (14)

Then the joint prior distribution on θ = [ϕT,μT]T = [vec(A)T,μT]T ∈ D(p, r)
is defined as the product of the sparsity inducing prior (13) on A and the prior
distribution (14) on μ:

Πθ(dθ) := ΠA(dA)πμ(μ)dμ. (15)

Denote by Yn := [y1, . . . ,yn] ∈ R
p×n the data matrix concatenated by y1, . . . ,yn

and
	(Ω) := −n

2 log det(2πΩ) − n

2 tr(Ω̂Ω−1)

the log-likelihood function of Ω, where Ω̂ := (1/n)
∑n

i=1 yiyT
i . We assume the

high-dimensionality setup p/n → ∞ so that the sample covariance matrix Ω̂ is
no longer invertible. Then, the posterior distribution of interest given the data
matrix Yn can be written using the Bayes formula:

Πθ(θ ∈ A | Yn) =
∫
A

exp{	(Ω(θ)) − 	(Ω0)}Πθ(dθ)∫
exp{	(Ω(θ)) − 	(Ω0)}Πθ(dθ)

,

where A is any measurable subset of D(p, r).

3.2. Rate-optimal posterior contraction in spectral norm

The main result of this section is Theorem 3.1 below. It asserts that the pos-
terior contraction rate under ‖ sin Θ{U(ϕ),U0}‖2 is minimax optimal under
additional necessary conditions, which we present below first:

A1 (Minimum row support) s := |supp(U0)| ≥ 2r.
A2 (Regularity) supn ‖A0‖2 < 1.
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A3 (Bounded spectra) There exists some constants λ, λ > 0 such that

λ ≤ λr(M0) ≤ λ1(M0) ≤ λ.

A4 (Fast convergence rate) (r2s2 logn + rs2 log p)3/n → 0.
A5 (Minimum row signal strength) The non-zero rows of A0 satisfy

lim
n→∞

minj∈supp(A0) ‖[A0]j∗‖2√
(rs log n + s log p)/n

= ∞.

Remark 2. Some remarks regarding conditions A1–A5 are in order. Conditions
A1 and A3 are standard conditions for sparse spiked covariance model (see, for
example, condition 2 in [53] for A1 and the parameter space in [21] for A3).
Condition A2 requires that the spectral norm of A0 is bounded away from
1. In [55], the author shows that, locally around U0, the Frobenius sine-theta
distance between U and U0 is equivalent to the Frobenius norm ‖U − U0‖F,
and hence, ‖ϕ− ϕ0‖2, up to a constant factor. Furthermore, Theorem 2.1 and
Remark 1 indicate that the Fisher information matrix with regard to the θ-
parameterization evaluated at θ = θ0, given by

I(θ0) = 1
2DΣ(θ0)T(Ω−1

0 ⊗ Ω−1
0 )DΣ(θ0), (16)

is asymptotically non-singular, i.e., ‖I(θ0)−1‖2 is bounded away from ∞ when
n → ∞.

Condition A4 claims that the posterior contraction rate with regard to ‖θ−
θ0‖1 is sufficiently fast. Furthermore, roughly speaking, using the Fréchet deriva-
tive formula DΣ(·), we are able to derive a local asymptotic normality expansion
of the log-likelihood function 	(Ω(θ)) as follows:

	(Ω(θ)) − 	(Ω0) = n

2 vec(Ω̂ − Ω0)T(Ω−1
0 ⊗ Ω−1

0 )DΣ(θ0)(θ − θ0)

− n

2 (θ − θ0)TI(θ0)(θ − θ0) + Rn(θ,θ0),
(17)

where condition A4 guarantees that remainder Rn is negligible.
Condition A5 requires that the minimum of the Euclidean norms of the non-

zero rows of A0 cannot be too small. It is similar to the so-called β-min condition
in the sparse linear regression model (see, e.g., 6). In [34], a similar condition is
also required for the exact recovery of supp(U0) (i.e., the notion of sparsistency)
using the Fantope projection and selection method.

It is quite clear that condition A3 can be satisfied by a broad collection of
positive definite matrices. Below, we provide a class of examples of A0 satisfying
conditions A1, A2, A4, and A5.

Example. Let γ1, γ2 > 0 be constants such that s = 2r = O(nγ1), log p =
O(nγ2), and they satisfy 12γ1 < 1, 9γ1 + 3γ2 < 1. These constraints guarantee
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that condition A4 holds. Let αn, βn > 0 be n-dependent quantities with α2
n +

β2
n = 1, and supn≥1 βn < 1. Consider

U =

⎧⎨⎩diag(Ir,P)

⎡⎣ αnIr
βnH0

0(p−2r)×r

⎤⎦ : P is a permutation matrix, H0 ∈ O(r)

⎫⎬⎭ .

Clearly, any U0 ∈ U satisfies condition A1. Now let

A0 = βn

αn + 1P
[

H0
0(p−2r)×r

]
,

where P is a (p − r) × (p − r) permutation matrix and H0 ∈ O(r). Clearly,
supn≥1 ‖A0‖2 ≤ supn≥1 βn < 1, so that condition A2 holds. A simple algebra
shows that

U(vec(A0)) = diag(Ir,P)

⎡⎣ αnIr
βnH0

0(p−2r)×r

⎤⎦ ∈ U .

Finally, because (rs log n + s log p)/n = o(1) and

min
j∈supp(A0)

‖[A0j‖2 = min
j=1,...,r

βn

αn + 1‖[H0]j∗‖2 =
√

1 − β2
n

βn + 1

is bounded away from 0, condition A5 holds automatically.

Theorem 3.1. Assume the setup and the prior specification in Section 3.1
and suppose conditions A1–A5 hold. There exists some large constant M > 0
independent of r, s, p, n, such that

E0Πθ

{
‖ sin Θ(U(ϕ),U0)‖2 > M

√
s log p
n

∣∣∣∣∣ Yn

}
�
√

(r2s2 logn + rs2 log p)3
n

.

In particular,

lim
n→∞

E0Πθ

{
‖ sin Θ(U(ϕ),U0)‖2 > M

√
s log p
n

∣∣∣∣∣ Yn

}
= 0.

Theorem 3.1 is a non-trivial result. It relies on the asymptotic characteriza-
tion of the shape of the posterior distribution Πθ(dθ | Yn), which is summarized
in Theorem 3.2 below.

Theorem 3.2. Assume the setup and the prior specification in Section 3.1 and
suppose conditions A1–A5 hold. For any index set

S ∈ S0 := {S ⊂ [p− r] : supp(A0) ⊂ S, |S| ≤ κ0(s− r)},

let FS be the matrix such that

θS :=
[
vec(AS)

μ

]
= FT

Sθ for any vector θ =
[
vec(A)

μ

]
.
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Furthermore, define the following quantities:

IS(θ0) := FT
SI(θ0)FS ,

θ̂S := θ0S + (1/2)IS(θ0)−1FT
SDΣ(θ0)Tvec{Ω−1

0 (Ω̂ − Ω0)Ω−1
0 },

ŵS ∝ πp(|S|)|2πIS(θ0)−1/n|1/2 exp{(n/2)θ̂T
S IS(θ0)θ̂S}(

p−r
|S|
) ∫

{‖AS‖2<1} exp(−2‖vec(AS)‖1)dAS

s.t.
∑
S∈S0

ŵS = 1,

where I(θ0) is defined in (16). Let Π∞
θ (θ ∈ · | Yn) be the following random

mixture of normals

Π∞
θ (dθ | Yn) :=

∑
S∈S0

ŵS{φ(θS | θ̂S , IS(θ0)−1/n)dθS}{δ0|Sc|×r
(dθSc)}, (18)

Here, φ(x | u,Ω) := det(2πΩ)−1/2e−(x−u)TΩ−1(x−u)/2 and θSc := vec(ASc).
Then there exists some constant κ0 ≥ 1 such that

E0‖Πθ(θ ∈ · | Yn) − Π∞
θ (θ ∈ · | Yn)‖TV �

√
(r2s2 logn + rs2 log p)3

n
.

Remark 3. By Theorem 2.1 and Remark 1, the Fisher information matrix I(θ0)
is strictly positive definite, implying that the submatrix IS(θ0) := FT

SI(θ0)FS

is also strictly positive definite. Hence, leveraging the intrinsic perturbation
tools developed in [55] and Theorem 3.2, we can further study the behavior of
‖ sin Θ{U(ϕ),U0}‖2 under the posterior distribution Πθ(θ ∈ · | Yn) through
the behavior of θ − θ0 under the limiting distribution Π∞

θ (θ ∈ · | Yn). Theo-
rem 3.2 may be of independent interest as well.

3.3. Proof sketch

We now discuss the proof sketch for Section 3.2, namely, Theorem 3.1. The proof
is lengthy and is partitioned into several subsections. The sketch of the proof
can be loosely summarized as the following steps:

1. Prior concentration (Section 5.1). We provide a lower bound for the prior
probability that Ω(θ) is inside a small neighborhood of Ω0, i.e.,

Πθ{‖Ω(θ) − Ω0‖F ≤ ηn},

where (ηn)∞n=1 is a sequence converging to 0.
2. Posterior sparsity (Section 5.2). We prove that with posterior probability

going to 1, the intrinsic dimension cannot be too large, namely,

lim
n→∞

E0Πθ(θ : |SA| ≤ κ0s | Yn) = 0

for some constant κ0 > 0.
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3. Construction of certain test functions (Section 5.3). This step is needed to
obtain the rate-optimal posterior contraction under the Frobenius norm
following the general framework of [25].

4. Posterior contraction under the Frobenius norm (Section 5.4). This is im-
mediate once the previous steps are completed but also serves as an inter-
mediate step to the posterior contraction under the spectral norm.

5. Local asymptotic normality (Section 5.5). We expand the log-likelihood
function locally at θ0 under the posterior sparsity restriction via a Taylor
expansion argument, which can be viewed as a variant of the local asymp-
totic normality (see, e.g., Chapter 7 in [50]). The neighborhood radius of
the local asymptotic normality is determined by the posterior contraction
rate under the Frobenius norm established in Section 5.4.

6. Distributional approximation (Section 5.6). Leveraging the local asymp-
totic normality result established in Section 5.5, we prove Theorem 3.2,
i.e., the asymptotic characterization of the shape of the posterior distri-
bution Πθ(θ ∈ · | Yn) using a random mixture of normal distributions.

7. Posterior contraction under the spectral norm (Section 5.7). Finally, we
prove the rate-optimal posterior contraction of Span(U) under the spec-
tral sine-theta distance using the asymptotic distributional approximation
result obtained in Theorem 3.2.

We now briefly explain the purposes of the above technical steps. As mentioned
earlier, the key technical result is Theorem 3.2. In steps 1–4, we follow the clas-
sical prior-concentration-and-testing framework established in [24, 25] to obtain
the posterior contraction rate under the Frobenius norm. Such a preliminary
convergence result is necessary because it enables us to obtain the local asymp-
totic normality (step 5) in a shrinking neighborhood of θ0 corresponding to the
Frobenius norm contraction rate. The local asymptotic normality established
via step 5 is also of fundamental interest for step 6, which completes the proof
of Theorem 3.2. Finally, our main spectral norm posterior contraction result in
Theorem 3.1 is obtained from Theorem 3.2 using a discretization trick.

3.4. The challenge with the testing approach

We briefly sketch the argument for why minimax-optimal posterior contrac-
tion under the spectral sine-theta distance is challenging in the current sparse
spiked covariance model context if one follows the prior-concentration-and-
testing framework pioneered by [24, 25]. Let θ0 = [ϕT

0 ,μ
T
0 ]T ∈ D(p, r). The

key step there is the construction of a test function Ψn for testing H0 : θ = θ0
versus HA : ‖ sin Θ(U(ϕ),U(ϕ0)‖2 > M

√
(s log p)/n, such that

lim
n→∞

Eθ0Ψn = 0, sup
θ:‖ sin Θ(U(ϕ),U(ϕ0)‖2>M

√
(s log p)/n

Eθ(1 − Ψn) � e−cnη2
n ,

(19)

where ηn =
√

(rs log n + s log p)/n corresponds to the contraction rate under
the Frobenius norm loss (intrinsic metric), and c > 0 is a constant that cannot
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be easily controlled. See, for example, Equation (5.6) in [27] for a detailed deriva-
tion. Now let θ1 = [ϕT

1 ,μ
T
0 ]T ∈ D(p, r) be such that ‖ sin Θ(U(ϕ1),U(ϕ0))‖F =

2M
√

(s log p)/n, Ω1 = Ω(θ1), and consider the likelihood ratio test

ψn,θ1 = 1
{
	(Ω1) − 	(Ω0) >

√
nun‖Ω−1/2

1 (Ω1 − Ω0)Ω−1/2
1 ‖F

+ ntr(Ip − Ω−1
1 Ω0)

}
such that Eθ0Ψn = Eθ0ψn,θ1 , where un → ∞ in order to obtain a vanishing
type-I error probability. Because Ω0 and Ω1 have the same set of eigenvalues,
it is clear that ‖Ω1 −Ω‖F ≥ CM

√
(s log p)/n by Davis-Kahan theorem, where

C > 0 is a constant. Note that 	(Ω1) − 	(Ω0) = (1/2)
∑n

i=1 yT
i (Ω−1

0 − Ω−1
1 )yi

since det(Ω−1
0 ) = det(Ω−1

1 ). Then by Neyman-Pearson lemma,

Eθ1(1 − Ψn)
≥ Eθ1(1 − ψn,θ1)

= Pθ1

{ n∑
i=1

yT
i (Ω−1

0 − Ω−1
1 )yi − ntr(Ω−1

0 Ω1 − Ip) ≤

√
nun‖Ω−1/2

1 (Ω1 − Ω0)Ω−1/2
1 ‖F + ntr(2Ip − Ω−1

0 Ω1 − Ω−1
1 Ω0)

}
.

In order to obtain a consistent likelihood ratio test, the right-hand side of the
above inequality needs to be lower bounded by

Pθ1

{ n∑
i=1

yT
i (Ω−1

0 − Ω−1
1 )yi − ntr(Ω−1

0 Ω1 − Ip) ≤ −c′s log p
}

= O(e−c′′s log p)

by Hanson-Wright inequality [46], where c′, c′′ are constants that cannot be
well controlled. Since s log p = o(nη2

n) in situations where log p = o(r logn), we
conjecture that it is impossible to construct a test function satisfying (19). For a
more thorough discussion on the testing approach and the posterior contraction
rates under non-intrinsic metrics in more general contexts, see Section 5.3 of
[27].

4. Discussion

In this paper, we leverage the techniques of Cayley parameterization of sub-
spaces from [28, 47] and Euclidean representation of low-rank matrices from
[55] to address the spectral norm posterior contraction rate in Bayesian sparse
spiked covariance matrix estimation problem. The non-trivial part of this issue is
that the spectral norm is not equivalent to the intrinsic Fisher information met-
ric on the statistical manifold of the Gaussian spiked covariance model, which
prevents us from using the so-called “master theorems” established in [24, 25]
to derive the associated posterior contraction rate. See [27] for a discussion on
the posterior contraction rates with regard to non-intrinsic metrics. Our proof
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technique relies on a complete characterization of the shape of the posterior
distribution through a non-trivial local asymptotic normality argument as well
as the recent advance in the singular values of the Fréchet derivative of Cayley
parameterization due to [55].

There are several potential extensions of this work. Our conditions (condi-
tions A2, A4, and A5) are slightly stronger than those required in the frequen-
tist minimax-optimal estimator literature [7], and it is currently unclear whether
these conditions can be relaxed following the framework established in this work.
We conjecture that new techniques may be required to relax these conditions.
The computation strategy for the posterior distribution derived in this work
is a non-trivial task due to both the high-dimensional nature of the problem
and the lack of a closed-form Gibbs sampler associated with the spike-and-slab
prior specification through the Cayley parameterization. A plausible computa-
tion strategy is to leverage the proximal mapping technique developed in [57, 58]
together with the tools from Hamiltonian Monte Carlo. Specifically, the main
idea in [57, 58] is to construct an auxiliary variable β with an absolutely contin-
uous prior distribution πβ, such that the induced prior distribution defined by
the proximal mapping ϕ = arg min‖ψ‖1≤ξ ‖β − ψ‖2 has the same prior distri-
bution as the sparsity-inducing prior (13), where the hyperparameter ξ is also
assigned an appropriate hyperprior. The mechanism of the sparsity-inducing ef-
fect of the proximal mapping resembles the shrinkage effect of LASSO [48]. By
doing so, the authors of [57, 58] argued that the posterior computation for ϕ
can be implemented tractably by sampling β using Hamiltonian Monte Carlo.
Finally, we currently assume that the rank r of the spiked component of the
true covariance matrix is either known or estimated using a consistent estima-
tor (e.g., [7]). It is also possible to relax this assumption by first assigning a
prior distribution for r that is supported on {1, . . . , rmax}, where rmax > 0 is a
conservative upper bound for r, and then construct the entire hierarchical prior
distribution by treating (11)–(15) as the conditional prior distribution of the
remaining parameters given r. This may require a nontrivial extension of the
distributional approximation result in Theorem 3.2 because it is unclear how to
formulate the local asymptotic normality with a varying dimensional parameter
space. We defer these research directions to future work.

5. Proofs of the main results

Denote by S0 := supp(A0), s0 := |S0|, and

γ(|S|) :=
∫
‖AS‖2<1

exp(−2‖vec(AS)‖1)dAS .

We begin the proof with the following upper and lower bounds for γ(|S|):

γ(|S|) ≤
∫
R|S|×r

exp(−2‖vec(AS)‖1)dAS = 1, (20)

γ(|S|) ≥ exp
{
−1

2r|S| log(r|S|) − (2 − log 2)r|S|
}
, |S| ≥ 1, (21)
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where the lower bound can be derived as follows:

γ(|S|) ≥
∫
‖AS‖F<1

exp(−2‖vec(AS)‖1)dAS

≥
∫
‖vec(AS)‖∞≤(r|S|)−1/2

exp(−2‖vec(AS)‖1)dAS

=
{∫ (r|S|)−1/2

−(r|S|)−1/2
e−2xdx

}r|S|

≥
{

2e−2

(r|S|)1/2
}r|S|

= exp
{
−1

2r|S| log(r|S|) − (2 − log 2)r|S|
}
.

Also, observe that for sufficiently large n, zn ∈ [1/2, 2].

5.1. Prior concentration

This subsection focuses on proving the following lemma that describes the prior
concentration behavior of Πθ(·):
Lemma 5.1. Assume the prior specification in Section 3.1 and conditions
A1–A5 hold. If (ηn)∞n=1 is a sequence such that ηn/‖Ω0‖2 → 0 and nη2

n → ∞,
then

Πθ{‖Ω(θ) − Ω0‖F < ηn} ≥ exp (−C0rs0 logn− Cs0 log p)

for some constant C0 = C(‖Ω0‖2) > 0 that only depends on ‖Ω0‖2, and some
absolute constant C > 0.

Before proving Lemma 5.1, we need the following auxiliary lemma from [41].

Lemma 5.2 (Lemma C.1 in the Supplement of [56]). Let (ηn)∞n=1 be a sequence
converging to 0 with nη2

n → ∞. Then there exist a constant c > 0 and a sequence
of events (Ξn)∞n=1 with P0(Ξn) ≤ 2 exp(−cnη2

n/‖Ω0‖2
2) such that over the event

Ξn,
Dn ≥ exp

{
−Cnη2

n log(2‖Ω0‖2)
}

Πθ {θ : ‖Ω(θ) − Ω0‖F < ηn} ,
where Dn :=

∫
exp{	(Ω(θ)) − 	(Ω0)}Πθ(dθ).

Proof of Lemma 5.1. Let ϕ0 := vec(A0) = U−1(U0) be such that U(ϕ0) =
U0, where U(ϕ) is the Cayley transform of ϕ ∈ R

d, μ0 is the vector formed by
taking the upper diagonal entries of M0, and θ0 := [ϕT

0 ,μ
T
0 ]T. By Theorem 2.1

in [55], for any ϕ ∈ B2(ϕ0, ε) with sufficiently small ε > 0,

‖U(ϕ) − U0‖F ≤ 2‖DU(ϕ0)‖2‖ϕ−ϕ0‖2 ≤ 4
√

2‖ϕ−ϕ0‖2.

Therefore, for ϕ ∈ B2(ϕ0, ηn/[32‖Ω0‖2]) and μ ∈ B2(μ0, ηn/8) with sufficiently
large n, we have

‖θ − θ0‖2 ≤ ‖ϕ−ϕ0‖2 + ‖μ− μ0‖2 <
ηn

32‖Ω0‖2
+ ηn

8 ≤ ηn
4 ,
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and then, for sufficiently large n, we obtain

‖Ω(θ) − Ω0‖F = ‖Σ(θ) − Σ0‖F

≤ 2‖M0‖2‖U(ϕ) − U0‖F + ‖M − M0‖F

+ 2‖M − M0‖F‖U(ϕ) − U0‖F + ‖M0‖2‖U(ϕ) − U0‖2
F

≤ 8
√

2‖Ω0‖2‖ϕ−ϕ0‖2 +
√

2‖μ− μ0‖2 + 32‖θ − θ‖2
2

+ ‖Ω0‖2‖U(ϕ) − U0‖2
F

≤ 16‖Ω0‖2‖A − A0‖2 + 2‖μ− μ0‖2 < ηn.

Now we can estimate the prior mass Πθ{‖Ω(θ) − Ω0‖F < ηn} from below:

Πθ{‖Ω(θ) − Ω0‖F < ηn} ≥ Πμ

(
‖μ− μ0‖2 <

ηn
8

)
× ΠA

(
‖A − A0‖F <

ηn
32‖Ω0‖2

)
,

where Πμ(dμ) = πμ(μ)dμ. Denote ΠL
μ(dμ) the Laplace distribution on μ by

ΠL
μ(dμ) := exp(−2‖μ‖1)dμ, μ ∈ R

r(r+1)/2.

Clearly, Πμ(dμ) is the normalized restriction of ΠL
μ(dμ) on M(μ) ∈ M+(r),

where μ = vech{M(μ)}. Now let μ ∈ B2(μ0, ηn/8). Then for sufficiently large
n,

‖M(μ) − M(μ0)‖F ≤
√

2‖μ− μ0‖2 <

√
2ηn
8 → 0.

Since M0 is already strictly positive definite with λr(M0) bounded away from
0, it follows that M(μ) is also positive definite. Now we proceed to provide a
lower bound the first factor as follows for sufficiently large n:

Πμ

(
‖μ− μ0‖2 <

ηn
8

)
=

ΠL
μ{‖μ− μ0‖2 < ηn/8,M(μ) ∈ M+(r)}

ΠL
μ{M(μ) ∈ M+(r)}

=
ΠL

μ(‖μ− μ0‖2 < ηn/8)
ΠL

μ{M(μ) ∈ M+(r)}

≥ ΠL
μ

(
‖μ− μ0‖2 <

ηn
8

)
≥ vol

{
B2

(
μ0,

ηn
8

)}
× exp

{
−2 max

‖μ−μ0‖2≤1
(‖μ0‖1 + ‖μ− μ0‖1)

}
≥ vol

{
B2
(
0r(r+1)/2, 1

)}(ηn
8

)r(r+1)/2

× exp
{
−2
√

r(r + 1)
2 (‖μ0‖2 + 1)

}
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� 1√
πr(r + 1)/2

( √
2πeηn

8
√
r(r + 1)/2

)r(r+1)/2

× exp (−2r‖M0‖F)

≥ exp
(
−Cr2

∣∣∣log ηn
r

∣∣∣− 2r3/2‖Ω0‖2

)
≥ exp

(
−Crs

∣∣∣log ηn
r

∣∣∣− 2rs‖Ω0‖2

)
.

We now focus on the first factor. Note that for any row index j ∈ [p], j > r,
[U0]j∗ = 0r if and only if [A(U0)](j−r)∗ = 0r. Given S drawn from πS(S),
denote ΠL

AS
(dAS) the Laplace distribution on vec(AS), i.e.,

ΠL
AS

(dAS) := exp(−2‖vec(AS)‖1)dAS .

Clearly, ΠAS
is the normalized restriction of ΠL

AS
on {AS ∈ R

|S|×r : ‖AS‖2 <
1}. Furthermore, given S = S0 drawn from πS(S), for any AS0 ∈ {‖AS0 −
A0S0‖F < ηn/(32‖Ω0‖2)} with ηn → 0, we have

‖AS0‖2 ≤ ‖A0S0‖2 + ‖AS0 − A0S0‖F ≤ sup
n≥1

‖A0‖2 + o(1) < 1.

This implies that{
AS0 : ‖AS0 − A0S0‖F <

ηn
32‖Ω0‖2

}
⊂ {AS0 : ‖AS0‖2 < 1}.

Then for sufficiently large n, we provide the following lower bound the first
factor by restricting S to be S0:

ΠA

(
‖A − A0‖F <

ηn
32‖Ω0‖2

)
≥ ΠS(S0)ΠAS0

(
‖AS0 − A0S0‖F <

ηn
32‖Ω0‖2

)
= ΠS(S0)

ΠL
AS0

{‖AS0 − A0S0‖F < ηn/(32‖Ω0‖2), ‖AS0‖2 < 1}
ΠL

AS0
(AS0 : ‖AS0‖2 < 1)

≥ ΠS(S0)ΠL
AS0

(
‖AS0 − A0S0‖F <

ηn
32‖Ω0‖2

)
≥ πp(s0)(

p−r
s0

) vol {B2(0s0r, 1)}
(

ηn
32‖Ω0‖2

)s0r

× exp
{
−2 max

‖AS0−A0S0‖F<1
(‖vec(A0S0)‖1 + ‖vec(AS0 − A0S0)‖1

}
≥ πp(s0)(

p−r
s0

) 1
2√s0rπ

( √
2πeηn

32‖Ω0‖2
√
s0r

)s0r

exp {−2
√
s0r (‖A0‖F + 1)}

≥ πp(s0)(
p−r
s0

) 1
2√s0rπ

( √
2πeηn

32‖Ω0‖2
√
s0r

)s0r

exp
(
−4
√

s0r2
)
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≥ πp(s0)(
p−r
s0

) exp
{
−Cs0r

∣∣∣∣log ηn
‖Ω0‖2

√
s0r

∣∣∣∣− 4s0r

}
.

Since for sufficiently large n, zn ≥ 1/2 and

πp(s0)(
p−r
s0

) ≥ 1
2n

−rs0(p− r)−as0

(
s0

p− r

)2s0
≥ 1

2n
−rs0(p− r)−as0(p− r)−2s0

≥ 1
2 exp(−rs0 logn− cs0 log p)

for some constant c > 0, it follows that

ΠA

(
‖A − A0‖F <

ηn
32‖Ω0‖2

)
≥ exp

{
−Crs0

∣∣∣∣log ηn
‖Ω0‖2

√
s0r

∣∣∣∣− C(rs0 logn + s0 log p)
}
.

Hence, using the fact that nη2
n → ∞, we conclude that

Πθ {‖Ω(θ) − Ω0‖F < ηn} ≥ exp {−C(‖Ω0‖2)rs0 − Cs0 log p}

for some constant C(‖Ω0‖2) > 0 that only depends on ‖Ω0‖2. The proof is thus
completed.

5.2. Posterior sparsity

In this subsection, we aim at establishing Lemma 5.4 regarding the posterior
sparsity of A given the observed data, which in turn depends on Lemma 5.3
that characterizes the prior sparsity of A.

Lemma 5.3. Assume the prior specification in Section 3.1 and conditions
A1–A5 hold. Then, for any constant κ ≥ 1, there exists some constant C > 0
such that

Πθ(θ : |supp(A)| > κs0) � exp{−Cκ(rs0 logn + s0 log p)}.

Proof of Lemma 5.3. Write

Πθ(θ : |supp(A)| > κs0)

=
p−r∑

|S|=�κs0
πp(|S|) = 1

zn

p−r∑
t=�κs0

exp{−rt logn− at log(p− r)}

≤ 2
p−r∑

t=�κs0
exp(−rs0 logn− Cs0 log p)

� exp
(
−κrs0 logn− C

2 κs0 log p
) p−r∑

t=�κs0
exp

(
−C

2 s0 log p
)
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� exp{−Cκ(rs0 logn + s0 log p)}

for some absolute constant C > 0. The proof is thus completed.

Lemma 5.4. Assume the prior specification in Section 3.1 and conditions
A1–A5 hold. Then there exist some constants κ0 ≥ 1, c > 0 depending on
‖Ω0‖2, such that

E0Πθ

{
θ : |supp(A)| > κ0s0

∣∣∣ Yn

}
≤ 3e−c(rs logn+s log p).

Proof of Lemma 5.4. Let

Ξn := {Dn ≥ exp{−Cnη2
n log(2‖Ω0‖2)}Πθ{θ : ‖Ω(θ) − Ω0‖F < ηn}},

where ηn :=
√

(rs logn + s log p)/n. By Lemma 5.2, P0(Ξc
n) ≤ 2e−cnη2

n for some
constant c > 0 depending on ‖Ω0‖2, and by Lemma 5.1,

Πθ{‖Ω(θ) − Ω0‖F < ηn} ≥ exp(−C0rs0 logn + Cs0 log p)

for some constant C0 depending on ‖Ω0‖2. Therefore, over the event Ξn, we
have

Dn ≥ exp{−Cnη2
n log(2‖Ω0‖2) − C0rs0 logn− Cs0 log p}

≥ exp{−C0(rs0 logn + s0 log p)} = exp(−C0nη
2
n)

for some constant C0 depending on ‖Ω0‖2. Hence, by Lemma 5.3 and the Fu-
bini’s theorem, we have,

E0Πθ

{
θ : |supp(A)| > κ0s0

∣∣ Yn

}
≤ E0Πθ

{
θ : |supp(A)| > κ0s0

∣∣ Yn

}
1(Ξn) + P0(Ξc

n)

≤ eC0nη
2
nE0

∫
{θ:|supp(A)|>κ0s0}

exp{	(Ω(θ)) − 	(Ω0)}Πθ(dθ) + P0(Ξc
n)

= eC0nη
2
n

∫
{θ:|supp(A)|>κ0s0}

E0 exp{	(Ω(θ)) − 	(Ω0)}Πθ(dθ) + P0(Ξc
n)

= eC0nη
2
nΠθ {θ : |supp(A)| > κ0s0} + P0(Ξc

n)
� exp

{
C0nη

2
n − Cκ0 (rs0 logn + s0 log p)

}
+ P0(Ξc

n)
≤ 2 exp

(
C0nη

2
n − Cκ0nη

2
n

)
+ exp(−crs log n− cs log p).

Therefore, we conclude that

E0Πθ

{
θ : |supp(A)| > κ0s0

∣∣∣ Yn

}
≤ 3e−c(rs logn+s log p)

by taking κ0, possibly depending on ‖Ω0‖2, to be sufficiently large.
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5.3. Construction of test functions

In this section, we construct a test function that will be useful for deriving
posterior contraction under the Frobenius norm through Lemma 5.5 below.

Lemma 5.5. Assume the random vectors y1, . . . ,yn follows Np(0p,Ω) inde-
pendently, where Ω := UMUT + Ip, U ∈ O+(p, r), and M ∈ M+(r). Let
Ω0 := U0M0UT

0 + Ip, where U0 ∈ O+(p, r) with |supp{A(U0)}| ≤ s0 and
M0 ∈ M+(r). If (εn)∞n=1 is a sequence converging to 0, then for any κ ≥ 1 and
M > 4, there exists a sequence of test functions (φn)∞n=1 such that

EΩ0φn ≤ 3 exp
{

(2C + 4)κs0 log p− CM2nε2n
4‖Ω0‖2

2

}
,

sup
Ω∈H1

EΩ(1 − φn) ≤ exp
(

2Cκs0 −
CMnε2n
8‖Ω0‖2

2

)
,

where

H1 := {Ω = UMUT + Ip : ‖Ω − Ω0‖F > Mεn,U ∈ O+(p, r),M ∈ M+(r),
|supp{A(U)}| ≤ κs}

and C is some absolute constant.

The proof of Lemma 5.5 relies on the oracle testing lemma from [21] below.

Lemma 5.6 (Lemma 5.7 in [21]). Let the random vectors y1, . . . ,yn follow
Nd(0d,Ω) independently, where Ω ∈ R

d×d. If (εn)∞n=1 is a sequence converging
to 0, then for any M > 0 and d × d covariance matrices Ω(1) and Ω(2), there
exists a test function φn such that

EΩ(1)φn ≤ exp
(
Cd− CM2nε2n

4‖Ω(1)‖2
2

)
+ 2 exp

(
Cd− C

√
Mn

)
,

sup
{Ω(2):‖Ω(2)−Ω(1)‖2>Mεn}

EΩ(2)(1 − φn) (22)

≤ exp
[
Cd− CMnε2n

4

{
1 ∨ M

(
√
M + 2)2‖Ω(1)‖2

2

}]

with some absolute constant C > 0.

Proof of Lemma 5.5. The proof of Lemma 5.5 is very similar to that of
Lemma 5.4 in [21] and is included here for completeness. Decompose H1 by

H1 ⊂
⋃

S:|S|≤κs0

H1S ,

where

H1S := {Ω = UMUT + Ip : U ∈ O+(p, r),M ∈ M+(r), ‖Ω − Ω0‖F > Mεn,
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S = supp{A(U)}}.

Let S̄ := S ∪ S0, where S0 := supp{A(U0)}, and let s̄ := |S̄|. Clearly, s̄ ≤
(κ + 1)s0 and

‖Ω − Ω0‖F = ‖Ω̄ − Ω̄0‖F,

where

Ω̄ := U(AS̄)MU(AS̄)T + Is̄+r, Ω̄0 := U(A0S̄)M0U(A0S̄)T + Is̄+r.

For each S ⊂ [p], denote yiS := [yij : j ∈ S]T for i = 1, . . . , n. By Lemma 5.6,
for each S and M > 4, there exists a sequence of tests (φnS)∞n=1, where φnS is
a measurable function of {y1supp{U(AS̄)}, . . . ,ynsupp{U(AS̄)}}, such that

EΩ̄0
φnS ≤ exp

{
C(κ + 1)s0 −

CM2nε2n
4‖Ω0‖2

2

}
+ 2 exp{C(κ + 1)s0 − C

√
Mn}

≤ 3 exp
(

2Cκs0 −
CM2nε2n
4‖Ω0‖2

2

)
,

and

sup
Ω̄∈H̄1S

EΩ̄(1 − φn) ≤ exp
[
C(κ + 1)s0 −

CMnε2n
4

{
1 ∨ M

(
√
M + 2)2‖Ω0‖2

2

}]

≤ exp
(

2Cκs0 −
CMnε2n
8‖Ω0‖2

2

)
,

where

H̄1S :=
{
Ω̄ = U(AS̄)MU(AS̄)T + Is̄+r : M ∈ M+(r), ‖Ω̄ − Ω̄0‖F > Mεn

}
.

Hence we can combine tests by taking φn := maxS φnS and apply the union
bound to obtain

E0φn ≤
�κs0�∑
s=1

(
p− r

s

)
3 exp

(
2Cκs0 −

CM2nε2n
4‖Ω0‖2

2

)
≤ 3κs0 exp (3κs0 log p) exp

(
2Cκs0 −

CM2nε2n
4‖Ω0‖2

2

)
≤ 3 exp

{
(2C + 4)κs0 log p− CM2nε2n

4‖Ω0‖2
2

}
,

and

sup
Ω∈H1

EΩ(1 − φn) ≤ sup
S:|S|<κs0

sup
Ω̄∈H̄1S

EΩ̄(1 − φnS) ≤ exp
(

2Cκs0 −
CMnε2n
8‖Ω0‖2

2

)
.

The proof is thus completed.
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5.4. Posterior contraction under Frobenius norm

Theorem 5.7. Assume the setup and the prior specification in Section 3.1 and
suppose conditions A1–A5 hold. Then there exists some large constant M0 > 0
and constant c > 0 that possibly depend on ‖Ω0‖2 but is independent of r, s, p, n,
such that

E0Πθ

(
‖Ω(θ) − Ω0‖F > M

√
rs0 logn + s0 log p

n

∣∣∣ Yn

)
� e−c(rs logn+s log p).

Proof of Theorem 5.7. Denote εn :=
√

(rs0 logn + s0 log p)/n. We first de-
compose the expected posterior probability by

E0Πθ{‖Ω(θ) − Ω0‖F > Mεn | Yn}

≤ E0Πθ

{
‖Ω(θ) − Ω0‖F > Mεn, |supp(A)| ≤ κ0s0

∣∣∣ Yn

}
+ E0Πθ {θ : |supp(A)| > κ0s0 | Yn}

where κ0 is set to be large enough such that the second term on the right-
hand side is O(e−cnε2n) for some constant c > 0 (possibly depending on ‖Ω0‖2)
according to Lemma 5.4. It suffices to focus on the first term consequently. Let
Ξn := {Dn ≥ exp(−C0nε

2
n)}, where C0 is a constant depending on ‖Ω0‖2 such

that P0(Ξc
n) = o(1) according to Lemma 5.2 and Lemma 5.1. Take φn to be the

test function given by Lemma 5.5. Then, we can decompose the first term on
the right-hand side of the previous display by

E0Πθ

{
‖Ω(θ) − Ω0‖F > Mεn, |supp(A)| ≤ κ0s0

∣∣∣ Yn

}
≤ E0Πθ

{
‖Ω(θ) − Ω0‖F > Mεn, |supp(A)| ≤ κ0s0

∣∣∣ Yn

}
1(Ξn)(1 − φn)

+ E0φn + P0(Ξc
n).

Since the second term on the right-hand side is upper bounded by

3 exp
{

(2C + 4)κ0s0 log p− CM2nε2n
4‖Ω0‖2

2

}
≤ 3 exp

(
− CM2nε2n

8‖Ω0‖2
2

)
by Lemma 5.5 with a sufficiently large M > 0, and the third term is also
O(e−cnε2n) by Lemma 5.2 and Lemma 5.1, it suffices to show that the first term
is also o(1). Denote

H1 := {Ω = UMUT + Ip : U ∈ O+(p, r),M ∈ M+(r), ‖Ω − Ω0‖F > Mεn,

|supp{A(U)}| ≤ κ0s0}.

Then by Lemma 5.5, the Fubini’s theorem, and the definition of Ξn,

E0Πθ

{
‖Ω(θ) − Ω0‖F > Mεn, |supp(A)| ≤ κ0s0

∣∣∣ Yn

}
1(Ξn)(1 − φn)
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≤ exp(C0nε
2
n)E0(1 − φn)

∫
{θ:Ω(θ)∈H1}

exp{	(Ω(θ)) − 	(Ω0)}Πθ(dθ)

= exp(C0nε
2
n)
∫
θ:Ω(θ)∈H1

E0(1 − φn) exp{	(Ω(θ)) − 	(Ω0)}Πθ(dθ)

= exp(C0nε
2
n)
∫
{θ:Ω(θ)∈H1}

EΩ(1 − φn)Π(dΩ)

≤ exp(C0nε
2
n) sup

Ω∈H1

EΩ(1 − φn)

≤ exp
(
C0nε

2
n + 2Cκ0s0 −

CMnε2n
8‖Ω0‖2

2

)
≤ exp

(
− CMnε2n

16‖Ω0‖2
2

)
by taking M to be suffciently large enough. The proof is thus completed.

5.5. Local asymptotic normality

In this subsection, we establish the local asymptotic normality of the spiked
covariance model under the sparsity constraint through Theorem 5.8 below.
Some preliminaries are needed to prove this theorem. Define

An := {θ : ‖Ω(θ) − Ω0‖F < Mεn, |supp(A)| ≤ κ0s0} , (23)

where εn :=
√

(rs log n + s log p)/n. By Theorem 5.7 and Lemma 5.4, there
exists some constants M,κ0, c > 0, possibly depending on ‖Ω0‖2, such that

E0Πθ(θ ∈ An | Yn) ≥ 1 −O(e−cnε2n).

Under the assumption that supn≥1(A0) is bounded away from 1, by Theorem
3.2 in [55],

An ⊂ {θ : ‖θ − θ0‖2 ≤ M ′εn, |supp(A)| ≤ κ0s0}

for some large constant M ′ > 0. Note that with a slight abuse of notation, we
may use M to denote a generic constant that is sufficiently large such that we
can write

An ⊂ {θ : ‖θ − θ0‖2 ≤ Mεn, |supp(A)| ≤ κ0s0}

and An still satisfies E0Πθ(θ ∈ An | Yn) ≥ 1 −O(e−cnε2n). For any S ⊂ [p− r]
with |S| ≤ κ0s0, let

An(S) :=
{
θ : ‖θ − θ0‖1 ≤ M

√
r2s2

0 logn + rs2
0 log p

n
, supp(A) = S

}
for some large constant M > 0. It follows that

An ⊂ Bn :=
⋃

S:|S|≤κ0s0

An(S)
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This is because for all θ = [vec(A)T,μT]T ∈ An with supp(A) = S, |S| ≤ κ0s0,
we have

‖θ − θ0‖1 ≤
√

(|S| + |S0|)r + 2r2 + r(r + 1)‖θ − θ0‖2

�
√

(κ0 + 1)rs0

√
rs0 logn + s0 log p

n
�
√

r2s2
0 logn + rs2

0 log p
n

.

Theorem 5.8. Let y1, . . . ,yn
i.i.d.∼ N(0,Ω0) with Ω0 := Ω(θ0), and 	(Ω(θ))

be the log-likelihood function of θ. Suppose conditions A1–A5 hold. Then, the
	(Ω(θ)) yields the following local asymptotic normality expansion:

	(Ω(θ)) − 	(Ω0) =n

2 vec
(
Ω̂ − Ω0

)T
(Ω−1

0 ⊗ Ω−1
0 )DΣ(θ0)(θ − θ0)

− n

4 (θ − θ0)TDΣ(θ0)T(Ω−1
0 ⊗ Ω−1

0 )DΣ(θ0)(θ − θ0)

+ Rn(θ,θ0),

where Ω̂ := (1/n)
∑n

i=1 yiyT
i denotes the sample covariance matrix, and the

remainder Rn satisfies

sup
θ∈Bn

|Rn(θ,θ0)| ≤ C

√
(r2s2 logn + rs2 log p)3

n

with probability at least 1 − 2e−κ0nε
2
n for some constant C > 0 depending on

‖Ω0‖2.

The key to the proof of the local asymptotic normality expansion in The-
orem 5.8 is the following lemma that controls the stochastic remainder in the
Taylor expansion of the log-likelihood function. For convenience, we denote by

RU(ϕ,ϕ0) := U(ϕ) − U(ϕ0) − 2(Ip − X0)−1(Xϕ − X0)(Ip − X0)−1Ip×r,

RΩ(θ,θ0) := U(ϕ)(M − M0){U(ϕ) − U0}T

+ {U(ϕ) − U0}M0{U(ϕ) − U0}T

+ {U(ϕ) − U0}(M − M0)UT
0 ,

R1(Ω,Ω0) := Ω−1
0 (Ω0 − Ω)Ω−1

0

∞∑
m=1

{(Ω0 − Ω)Ω−1
0 }m, ‖Ω− Ω0‖2 < 1.

Lemma 5.9. Let y1, . . . ,yn
i.i.d.∼ N(0,Ω0) with Ω0 := Ω(θ0). Suppose conditions

A1–A5 hold. Then, with probability at least 1−2e−κ0nε
2
n the following stochastic

remainders satisfy

sup
θ∈Bn

∣∣∣2nvec(Ω̂ − Ω0)T(Ω−1
0 ⊗ Ω−1

0 )vec{RU(ϕ,ϕ0)M0UT
0 }
∣∣∣ ≤ Cδn, (24)

sup
θ∈Bn

∣∣∣nvec(Ω̂ − Ω0)T(Ω−1
0 ⊗ Ω−1

0 )vec{RΩ(θ,θ0)}
∣∣∣ ≤ Cδn, (25)
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sup
θ∈Bn

∣∣∣nvec(Ω̂ − Ω0)Tvec{R1(Ω(θ),Ω0)}
∣∣∣ ≤ Cδn, (26)

where Ω̂ := (1/n)
∑n

i=1 yiyT
i denotes the sample covariance matrix, C > 0 is a

constant depending on ‖Ω0‖2, and δn =
√

(r2s2 logn + rs2 log p)3/n.

Proof of Lemma 5.9. The proof is based on reducing the dimension of the
deterministic remainders RU, RΣ, and R1 because, for θ and θ0, the intrinsic
dimension is much smaller than the ambient dimension due to the sparsity. We
first fix S ∈ S(κ0s0) := {S ⊂ [p − r] : |S| ≤ κ0s0}. Let S̄ := S ∪ S0, where
S0 := supp(A0) and θ0 := [vec(A0)T,μT

0 ]T, and let s̄ := |S̄|. Denote by

A := PS

[
AS̄

0

]
, ϕS̄ := vec(AS̄), θS̄ :=

[
ϕS̄

μ

]
for a suitable permutation matrix PS . Similarly, denote by

A0 := PS

[
A0S̄
0

]
, ϕ0S̄ = vec(A0S̄), θ0S̄ =

[
ϕ0S̄
μ

]
.

By definition of the Cayley parameterization ϕ �→ U(ϕ),

U(ϕ) =

⎡⎣(Ir − AT
S̄
AS̄)(Ir + AT

S̄
AS̄)−1

PS

[
AS̄(Ir + ATA)−1

0

] ⎤⎦ =
[
Ir

PS

] [
U(ϕS̄)

0

]

where U(ϕS̄) is the Cayley parameterization that maps the vector ϕS̄ to a
Stiefel matrix in ∈ O(s̄ + r, r). Write QS = diag(Ir,PS). Similarly, we can also
write U0 = QS [UT

0S̄ ,0]T, where U0S̄ := U(ϕ0S̄). The permutation matrix QS

will be useful in this proof. For RU, write

Ip − X0 = QS

[
I − X0S̄

Ip−(s̄+r)

]
QT

S ,

where
X0S̄ := Xϕ0S̄

=
[

0 −AT
0S̄

A0S̄ 0

]
.

Similarly, we also have

Xϕ − X0 = QS

[
XϕS̄

− X0S̄ 0
0 0

]
QT

S , where XϕS̄
:=
[

0 −AT
S̄

AS̄ 0

]
.

� We first consider RU(ϕ,ϕ0). Write RU(ϕ,ϕ0) in the following block form
with a zero matrix in the lower block:

RU(ϕ,ϕ0) = QS

[
U(ϕS̄) − U(ϕ0S̄)

0

]
− QS

[
(I − X0S̄)−1(XϕS̄

− X0S̄)(I − X0S̄)−1I(s̄+r)×r

0

]



5226 F. Xie

:= QS

[
RU(ϕS̄ ,ϕ0S̄)

0

]
,

where we have used the fact that QSIp×r = Ip×r. Therefore,

vec(Ω̂ − Ω0)T(Ω−1
0 ⊗ Ω−1

0 )vec{RU(ϕ,ϕ0)M0UT
0 }

= tr
{

(Ω̂ − Ω0)Ω−1
0 RU(ϕ,ϕ0)M0UT

0 Ω−1
0

}
= tr

{
(Ω̂ − Ω0)Ω−1

0 RU(ϕ,ϕ0)M̃0UT
0

}
= tr

{
UT

0 (Ω̂ − Ω0)Ω−1
0 RU(ϕ,ϕ0)M̃0

}
,

where M̃0 := M0(M−1
0 + I)−1. Write Ω̂ and Ω0 in the block forms

Ω̂ = QS

[
Ω̂S̄ Ω̂12
Ω̂21 Ω̂22

]
QT

S .

and

Ω0 = QS

([
U0S̄
0

]
M0

[
UT

0S̄ 0
]
+ Ip

)
QT

S

= QS

[
U0S̄M0UT

0S̄ + Is̄+r 0
0 Ip−(s̄+r)

]
QT

S = QS

[
Ω0S̄ 0
0 Ip−(s̄+r)

]
QT

S ,

where Ω0S̄ := U0S̄M0UT
0S̄ + Is̄+r. It follows that

UT
0 (Ω̂ − Ω0)Ω−1

0 RU(ϕ,ϕ0)M̃0

=
[
UT

0S̄ 0
]
QT

SQS

[
Ω̂S̄ − Ω0S̄ Ω̂12

Ω̂21 Ω̂22 − Ip−(s̄+r)

] [
Ω−1

0S̄ 0
0 Ip−(s̄+r)

]
×
[
RU(ϕS̄ ,ϕ0S̄)

0

]
M̃0

= UT
0S̄(Ω̂S̄ − Ω0S̄)Ω−1

0S̄RU(ϕS̄ ,ϕ0S̄)M̃0.

By the random matrix theory (see, for example, Section 5.4.1. in [51]), for any
t > 0,

P0

(
‖Ω̂S̄ − Ω0S̄‖2 > C0

√
κ0s0 + t2

n

)
≤ 2 exp(−ct2)

for some absolute constant c > 0 and some constant C0 > 0 that depends on
‖Σ0‖2, where κn := κ0s0 and Σ0S̄ := U0S̄M0UT

0S̄ + Is̄+r. Therefore, with t2

replaced by (2κ0/c)(rs0 logn + s0 log p), we have,

P0

(
sup

S∈S(κ0s0)
‖Ω̂S̄ − Ω0S̄‖2 > C0

√
rs0 logn + s0 log p

n

)

≤ 2
(
p− r

κ0s0

)
exp {−2κ0(rs0 logn + s0 log p)}

≤ 2 exp{−κ0(rs0 logn + s0 log p)}

(27)
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Denote ‖A‖∗ :=
∑

i σi(A) the nuclear norm of a matrix. By Hölder’s inequality,
the equivalence between nuclear norm and Frobenius norm, and Theorem 2.1
in [55], the left-hand side of (24) is upper bounded by

sup
S∈S(κ0s0)

sup
θ∈An(S)

2n‖Ω̂S̄ − Ω0S̄‖2‖U0S̄M̃0RU(ϕS̄ ,ϕ0S̄)TΩ−1
0S̄ ‖∗

≤ 2n
√
r sup
S∈S(κ0s0)

‖Ω̂S̄ − Ω0S̄‖2

× sup
S∈S(κ0s0)

sup
θ∈An(S)

‖U0S̄M̃0RU(ϕS̄ ,ϕ0S̄)TΩ−1
0S̄ ‖F

� n

√
r(rs0 logn + s0 log p)

n
sup

S∈S(κ0s0)
sup

θ∈An(S)
‖RU(ϕS̄ ,ϕ0S̄)‖F

� n

√
r(rs0 logn + s0 log p)

n
‖θ − θ0‖2

1 �
√

(r2s2 logn + rs2 log p)3
n

with probability greater than 1− 2 exp(−κ0nε
2
n). This shows that the left-hand

side of (24) is upper bounded by Cδn with probability at least 1−2 exp(−κ0nε
2
n).

� For RΩ, we have, using the permutation matrix QS ,

U(ϕ)(M − M0){U(ϕ) − U0}T

= QS

[
U(ϕS̄)(M − M0){U(ϕS̄) − U0S̄}T 0

0 0

]
QT

S ,

{U(ϕ) − U0}M0{U(ϕ) − U0}T

= QS

[
{U(ϕS̄) − U0S̄}M0{U(ϕS̄) − U0S̄}T 0

0 0

]
QT

S ,

{U(ϕ) − U0}(M − M0)UT
0

= QS

[
{U(ϕS̄) − U0S̄}(M − M0)UT

0S̄ 0
0 0

]
QT

S ,

which implies that

RΩ(θ,θ0) = QS

[
RΩ(θS̄ ,θ0S̄) 0

0 0

]
QT

S ,

where

RΩ(θS̄ ,θ0S̄) = U(ϕS̄)(M − M0){U(ϕS̄) − U0S̄}T

+ {U(ϕS̄) − U0S̄}M0{U(ϕS̄) − U0S̄}T

+ {U(ϕS̄) − U0S̄}(M − M0)UT
0S̄ .
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Clearly, rank{RΩ(θS̄ ,θ0S̄)} ≤ 3r. Hence, the left-hand side of (25) can be upper
bounded similarly using Hölder’s inequality and (27) by

sup
Bn

∣∣∣nvec(Ω̂ − Ω0)T(Ω−1
0 ⊗ Ω−1

0 )vec{RΩ(θ,θ0)}
∣∣∣

= sup
Bn

∣∣∣ntr
{

(Ω̂ − Ω0)Ω−1
0 RΩ(θ,θ0)Ω−1

0

}∣∣∣
= sup

S
sup

An(S)

∣∣∣∣∣ntr
{[

Ω̂S̄ − Ω0S̄ Ω̂12
Ω̂21 Ω̂22 − Ip−(s̄+r)

]

×
[
Ω−1

0S̄RΩ(θS̄ ,θ0S̄)Ω−1
0S̄ 0

0 0

]}∣∣∣∣
= sup

S
sup

An(S)

∣∣∣∣∣ntr
[[

Ω̂S̄ − Ω0S̄ Ω̂12
Ω̂21 Ω̂22 − Ip−(s̄+r)

] [
Ω−1

0S̄RΩ(θS̄ ,θ0S̄)Ω−1
0S̄

0

]
×
[
Is̄+r 0

]]∣∣
= sup

S
sup

An(S)

∣∣∣∣∣ntr
[[

Is̄+r 0
] [Ω̂S̄ − Ω0S̄ Ω̂12

Ω̂21 Ω̂22 − Ip−(s̄+r)

]

×
[
Ω−1

0S̄RΩ(θS̄ ,θ0S̄)Ω−1
0S̄

0

]]∣∣∣∣
≤ sup

S
sup

An(S)

∣∣∣ntr
{

(Ω̂S̄ − Ω0S̄)Ω−1
0S̄ RΩ(θS̄ ,θ0S̄)Ω−1

0S̄

}∣∣∣
= sup

S
sup

An(S)

∣∣∣ntr
{
Ω−1

0S̄ (Ω̂S̄ − Ω0S̄)Ω−1
0S̄ RΩ(θS̄ ,θ0S̄)

}∣∣∣
≤ n sup

S
‖Ω−1

0S̄ ‖
2
2‖Ω̂S̄ − Ω0S̄‖2 sup

S
sup

θ∈An(S)
‖RΩ(θS̄ ,θ0S̄)‖∗

≤ n sup
S

‖Ω̂S̄ − Ω0S̄‖2 sup
S

sup
θ∈An(S)

√
3r‖RΩ(θS̄ ,θ0S̄)‖F

� n

√
r(rs0 logn + s0 log p)

n
‖θ − θ0‖2

1 �
√

(r2s2 logn + rs2 log p)3
n

with probability greater than 1−2 exp(−κ0nε
2
n). Hence the left-hand side of (25)

is also bounded by Cδn with probability at least 1 − 2 exp(−κ0nε
2
n).

� For R1, we follow the same spirit and let ΩS̄ = U(ϕS̄)MU(ϕS̄) + Is̄+r and
Ω0S̄ := U0S̄M0UT

0S̄ + Is̄+r. Denote by Ω := Ω(θ). It follows that

(Ω0 − Ω)Ω−1
0 = QS

[
Ω0S̄ − ΩS̄ 0

0 0

]
QT

SQS

[
Ω−1

0S̄ 0
0 Ip−(s̄+r)

]
QT

S

= Qs

[
(Ω0S̄ − ΩS̄)Ω−1

0S̄ 0
0 0

]
QT

S
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Therefore,

R1(Ω,Ω0) = QS

[
Ω−1

0S̄ (Ω0S̄ − ΩS̄)Ω−1
0S̄ 0

0 0

]
QT

S

∞∑
m=1

Qs

×
[
{(Ω0S̄ − ΩS̄)Ω−1

0S̄ }
m 0

0 0

]
QT

S

= QS

[
Ω−1

0S̄ (Ω0S̄ − ΩS̄)Ω−1
0S̄
∑∞

m=1{(Ω0S̄ − ΩS̄)Ω−1
0S̄ }

m 0
0 0

]
QT

S

:= QS

[
R1(ΩS̄ ,Ω0S̄) 0

0 0

]
QT

S .

Let R1(ΩS̄ ,Ω0S̄) yield singular value decomposition W1SWT
2 . Following the

same reasoning, we have,

sup
Bn

∣∣∣nvec(Ω̂ − Ω0)vec{R1(Ω(θ),Ω0)}
∣∣∣

= sup
S

sup
An(S)

n

∣∣∣∣∣tr
{

QS

[
Ω̂S̄ − Ω0S̄ Ω̂12

Ω̂21 Ω̂22 − Ip−(s̄+r)

]
QT

SQS

×
[
W1
0

]
S
[
WT

2 0
]
QT

S

}∣∣∣∣
= sup

S
sup

An(S)
n

∣∣∣∣∣tr
{[

WT
2 0

] [Ω̂S̄ − Ω0S̄ Ω̂12
Ω̂21 Ω̂22 − Ip−(s̄+r)

] [
W1
0

]
S
}∣∣∣∣∣

= sup
S

sup
An(S)

n
∣∣∣tr{WT

2 (Ω̂S̄ − Ω0S̄)W1S
}∣∣∣

� n
√
s0 sup

S∈S(κ0s0)
‖Ω̂S̄ − Ω0S̄‖2 sup

S
sup

θ∈An(S)
‖R1(ΩS̄ ,Ω0S̄)‖F

�
√

ns0(rs0 logn + s0 log p)‖Ω(θ) − Ω0‖2
F

�
√

(r2s2 logn + rs2 log p)3
n

with probability at least 1 − 2 exp(−κ0nε
2
n). The proof is thus completed.

We are now in a position to complete the proof of local asymptotic normality
(Theorem 5.8).

Proof of Theorem 5.8. We first consider the Taylor expansion of 	 as a func-
tion of Ω when ‖Ω− Ω0‖F is sufficiently small. By definition,

	(Ω) − 	(Ω0) = n

2 tr
{
Ω̂(Ω−1

0 − Ω−1)
}

+ n

2 log det(Ω−1Ω0)

= n

2 tr
{

(Ω̂ − Ω0)(Ω−1
0 − Ω−1)

}
+ n

2 tr(Ip − Ω0Ω−1) + n

2 log det{(Ω−1 − Ω−1
0 )Ω0 + Ip}
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= n

2 tr
{

(Ω̂ − Ω0)(Ω−1
0 − Ω−1)

}
+ n

2 tr{Ω1/2
0 (Ω−1

0 − Ω−1)Ω1/2
0 }

+ n

2 log det{Ip − Ω1/2
0 (Ω−1

0 − Ω−1)Ω1/2
0 }.

Let hk := λk{Ω1/2
0 (Ω−1

0 − Ω−1)Ω1/2
0 }, k = 1, . . . , 2r. Clearly,

max
1≤k≤2r

|hk| ≤ ‖Ω1/2
0 ‖2‖‖Ω−1

0 − Ω−1‖2‖Ω1/2
0 ‖2

≤ ‖Ω0‖2‖Ω−1(Ω − Ω0)Ω−1
0 ‖2

≤ ‖Ω0‖2‖Ω − Ω0‖2.

Furthermore, using the Taylor expansion technique with the integral remainder
(see, for example, Lemma 6.2 in [22]),

n

2 tr{Ω1/2
0 (Ω−1

0 − Ω−1)Ω1/2
0 } + n

2 log det{Ip − Ω1/2
0 (Ω−1

0 − Ω−1)Ω1/2
0 }

= n

2

2r∑
k=1

{hk + log(1 − hk)} = −n

4

2r∑
k=1

h2
k − n

2

2r∑
k=1

∫ hk

0

(hk − s)2

(1 − s)3 ds

= −n

4 ‖Ω
1/2
0 (Ω−1 − Ω−1

0 )Ω1/2
0 ‖2

F − n

2

2r∑
k=1

∫ hk

0

(hk − s)2

(1 − s)3 ds.

We now analyze the linear term tr{(Ω̂ − Ω0)(Ω−1
0 − Ω−1)} and the quadratic

term ‖Ω1/2
0 (Ω−1

0 − Ω−1)Ω1/2
0 ‖2

F separately. By the matrix series expansion,

Ω−1
0 − Ω−1 = Ω−1

0 (Ω − Ω0)(Ω − Ω0 + Ω0)−1

= Ω−1
0 (Ω − Ω0)Ω−1

0 {(Ω− Ω0)Ω−1
0 + Ip}−1

= Ω−1
0 (Ω − Ω0)Ω−1

0 + R1(Ω,Ω0),

where the remainder

R1(Ω,Ω0) := Ω−1
0 (Ω0 − Ω)Ω−1

0

∞∑
m=1

{(Ω0 − Ω)Ω−1
0 }m

satisfies ‖R1(Ω,Ω0)‖F � ‖Ω − Ω0‖2
F. The vectorization form of the previous

equation can be written as

vec(Ω−1
0 − Ω−1) = (Ω−1

0 ⊗ Ω−1
0 )vec(Ω − Ω0) + vec{R1(Ω,Ω0)}.

Now we consider parameterizing Ω by Ω = Ω(θ). It follows from Theorem 3.1
in [55] that

‖R1(Ω(θ),Ω0)‖F � ‖Ω(θ) − Ω0‖2
F � ‖θ − θ0‖2

1.

Following the proof of Theorem 3.1 in [55], we obtain the following matrix
decomposition

Ω(θ) − Ω0 = Σ(θ) − Σ(θ0)
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= U0(M − M0)UT
0 + U0M0{U(ϕ) − U0}T + {U(ϕ) − U0}M0UT

0

+ RΩ(θ,θ0),

where the remainder

RΩ(θ,θ0) := U(ϕ)(M − M0){U(ϕ) − U0}T

+ {U(ϕ) − U0}M0{U(ϕ) − U0}T

+ {U(ϕ) − U0}(M − M0)UT
0

satisfies ‖RΩ(θ,θ0)‖F � ‖θ − θ0‖2
2 � ‖θ − θ0‖2

1. In the vectorization form, we
can write

vec(Σ − Σ0) = DμΣ(θ0)(μ− μ0) + (Ip2 + Kpp)(U0M0 ⊗ Ip)vec{U(ϕ) − U0}
+ vec{RΩ(θ,θ0)}.

In addition, by Theorem 2.1 in [55], we have,

U(ϕ) − U0 = 2(Ip − X0)−1(Xϕ − X0)(Ip − X0)−1Ip×r + RU(ϕ,ϕ0),

where U0 = U(ϕ0), and RU(ϕ,ϕ0) satisfies ‖RU(ϕ,ϕ0)‖F � ‖θ − θ0‖2
1. The

vectorization version of the previous display can be written as

vec{U(ϕ) − U0} = DU(ϕ0)(ϕ−ϕ0) + vec{RU(ϕ,ϕ0)},

where the Fréchet derivative DU is defined by (4). Recall that DΣ(θ0) is defined
by (8). It follows from the above derivations that

vec{Ω(θ) − Ω0} = DΣ(θ0)(θ − θ0)
+ (Ip2 + Kpp)(U0M0 ⊗ Ip)vec{RU(ϕ,ϕ0)}
+ vec{RΩ(θ,θ0)}.

This means that over Bn, we can have well control of the Frobenius norm devi-
ation ‖Ω(θ) − Ω0‖F: For any θ ∈ Bn,

‖Ω(θ) − Ω0‖F = ‖vec{Ω(θ)} − vec(Ω0)‖2

≤ ‖DΣ(θ0)‖2‖θ − θ0‖2 + 2‖M0‖2‖RU(ϕ,ϕ0)‖F

+ ‖RΩ(θ,θ0)‖F

� ‖θ − θ0‖1 �
√

r2s2 logn + rs2 log p
n

.

Hence for the precision matrix Ω−1, we have

vec(Ω−1
0 − Ω−1) = (Ω−1

0 ⊗ Ω−1
0 )DΣ(θ0)(θ − θ0)

+ (Ω−1
0 ⊗ Ω−1

0 )(Ip2 + Kpp)(U0M0 ⊗ Ip)vec{RU(ϕ,ϕ0)}
+ (Ω−1

0 ⊗ Ω−1
0 )vec{RΩ(θ,θ0)} + vec{R1(Ω(θ),Ω0)},
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with the remainder R1 satisfying ‖R1(Ω(θ),Ω0)‖F � ‖Ω(θ)−Ω0‖2
F � ‖θ−θ0‖2

1.
Denote by

rΩ−1(θ,θ0) := (Ω−1
0 ⊗ Ω−1

0 )(Ip2 + Kpp)(U0M0 ⊗ Ip)vec{RU(ϕ,ϕ0)}
+ (Ω−1

0 ⊗ Ω−1
0 )vec{RΩ(θ,θ0)} + vec{R1(Ω(θ),Ω0)}

= (Ip2 + Kpp)(Ω−1
0 ⊗ Ω−1

0 )vec{RU(ϕ,ϕ0)M0UT
0 }

+ (Ω−1
0 ⊗ Ω−1

0 )vec{RΩ(θ,θ0)} + vec{R1(Ω(θ),Ω0)}.

Clearly, ‖rΩ−1(θ,θ0)‖2 � ‖θ − θ0‖2
1 by the properties of the remainders R1,

RΩ, and RU. It follows that

tr{(Ω̂− Ω0)(Ω−1
0 − Ω−1)} = vec(Ω̂ − Ω0)T(Ω−1

0 ⊗ Ω−1
0 )DΣ(θ0)(θ − θ0)

+ vec(Ω̂ − Ω0)TrΩ−1(θ,θ0),

and

‖Ω1/2
0 (Ω−1 − Ω−1

0 )Ω1/2
0 ‖2

F = tr
{
(Ω−1 − Ω−1

0 )Ω0(Ω−1 − Ω−1
0 )Ω0

}
= vec(Ω−1

0 − Ω−1)(Ω0 ⊗ Ω0)vec(Ω−1
0 − Ω−1)

= (θ − θ0)TDΣ(θ0)(Ω−1
0 ⊗ Ω−1

0 )DΣ(θ0)(θ − θ0)
+ 2(θ − θ0)TDΣ(θ0)TrΩ−1(θ,θ0)
+ rΩ−1(θ,θ0)T(Ω0 ⊗ Ω0)rΩ−1(θ,θ0).

Denote by

rq(θ,θ0) := 2(θ − θ0)TDΣ(θ0)TrΩ−1(θ,θ0)
+ rΩ−1(θ,θ0)T(Ω0 ⊗ Ω0)rΩ−1(θ,θ0).

By the property of the remainder rΩ−1 , we see that |rq(θ,θ0)| � ‖θ − θ0‖3
1.

Now putting all the above derivations together, we obtain the following expan-
sion of the log-likelihood function:

	(Ω(θ)) − 	(Ω(θ0)) = n

2 vec(Ω̂ − Ω0)(Ω−1
0 ⊗ Ω−1

0 )DΣ(θ0)

− n

4 (θ − θ0)TDΣ(θ0)T(Ω−1
0 ⊗ Ω−1

0 )DΣ(θ0)(θ − θ0)

− n

2

2r∑
k=1

∫ hk

0

(hk − s)2

(1 − s)3 ds− n

4 rq(θ,θ0)

+ n

2 vec(Ω̂ − Ω0)TrΩ−1(θ,θ0).

The third line of the previous equation is the deterministic remainder and the
fourth line is the stochastic remainder. For the sum of the integrals in the
third line of the above display, since ‖Ω(θ) − Ω0‖F → 0, we may assume that
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maxk |hk| ≤ 1/2, and hence,

sup
θ∈An(S)

∣∣∣∣∣n2
2r∑
k=1

∫ hk

0

(hk − s)2

(1 − s)3 ds

∣∣∣∣∣ � n sup
‖Ω(θ)−Ω0‖F<Mεn

2r∑
k=1

∫ hk

0
(hk − s)2ds

≤ n max
1≤k≤2r

|hk|
1
3

2r∑
k=1

h2
k � n‖Ω(θ) − Ω0‖3

F

� n‖θ − θ0‖3
1 � δn,

where δn =
√

(r2s2 logn + rs2 log p)3/n. The stochastic remainder is given by
n

2 vec(Ω̂ − Ω0)TrΩ−1(θ,θ0)

= nvec(Ω̂ − Ω0)(Ω−1
0 ⊗ Ω−1

0 )vec{RU(ϕ,ϕ0)M0UT
0 }

+ n

2 vec(Ω̂ − Ω0)T(Ω−1
0 ⊗ Ω−1

0 )vec{RΩ(θ,θ0)}

+ n

2 vec(Ω̂ − Ω0)Tvec{R1(Ω(θ),Ω0)}.

By Lemma 5.9, the supremum of the stochastic remainder over θ ∈ Bn is also
O(δn) with probability at least 1−2e−κ0nε

2
n , and hence completing the proof.

5.6. Distributional approximation: Proof of Theorem 3.2

This subsection elaborates on the proof of Theorem 3.2. We remark that the
proof is a generalization of the proof of Theorem 6 in [11], but it also requires a
local asymptotic normality argument developed in Section 5.5. For convenience,
we introduce additional notations that will be used to characterize the limit
shape of the posterior distribution. Denote by

Z0 :=
√

n

2 (Ω−1/2
0 ⊗ Ω−1/2

0 )DΣ(θ0), εn :=
√

n

2 (Ω−1/2
0 ⊗ Ω−1/2

0 )vec(Ω̂ − Ω0).

Let Z0S := Z0FS . Then θ̂S , IS(θ0), and ŵS can be equivalently written as

θ̂S = (ZT
0SZ0S)−1ZT

0S(Z0θ0 + εn), nIS(θ0) = ZT
0SZ0S ,

ŵS ∝ πp(|S|)(
p−r
|S|
)
γ(|S|)

det{2π(ZT
0SZ0S)−1}1/2 exp

(
1
2‖Z0S θ̂S‖2

2

)
,

where γ(|S|) is defined by

γ(|S|) =:
∫
‖AS‖2<1

exp(−2‖vec(AS)‖1)dAS .

The proof is based on the following collection of technical lemmas. Recall that
the sub-Gaussian norm and the sub-exponential norm of a random variable X
are defined by

‖X‖ψ2 = sup
p≥1

p−1/2(E0|X|p)1/p, ‖X‖ψ1 = sup
p≥1

p−1(E0|X|p)1/p.
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We refer to [51] for a detailed review on the concept of these (Orlicz) norms.
In order to establish Theorem 3.2 via local asymptotic normality, it is nec-

essary to understand the behavior of (θ − θ0)TZT
0 εn, which we discuss in

Lemma 5.10 below.

Lemma 5.10. Let y1, . . . ,yn
i.i.d.∼ N(0,Ω0) with Ω0 := Ω(θ0). Suppose condi-

tions A1–A5 hold. Then there exists some constant C0 > 0 only depending on
the spectra of Ω0, such that

P0

{
|(θ − θ0)TZT

0 εn| > C0‖θ − θ0‖1
√
n log p

}
≤ 2

p
.

Proof of Lemma 5.10. Denote by

X0 := Xϕ0 =
[
0r×r −AT

0
A0 0(p−r)×(p−r)

]
and C0 := (Ip − X0)−1.

By definition, we have

2
n

(θ − θ0)TZT
0 εn

= (ϕ−ϕ0)TDU(ϕ0)T(M0UT
0 ⊗ Ip)(Ip2 + Kpp)(Ω−1

0 ⊗ Ω−1
0 )vec(Ω̂ − Ω0)

+ (μ− μ0)TDμΣ(θ0)T(Ω−1
0 ⊗ Ω−1

0 )vec(Ω̂ − Ω0)
= 4vec(Xϕ − X0)T{(Ip − X0)−1Ip×rM0UT

0 ⊗ (Ip − X0)−T}
× vec{Ω−1

0 (Ω̂ − Ω0)Ω−1
0 }

+ (μ− μ0)TDT
r vec{Ω−1

0 (Ω̂ − Ω0)Ω−1
0 }

= 4vec(Xϕ − X0)Tvec{CT
0 Ω−1

0 (Ω̂ − Ω0)Ω−1
0 U0M0IT

p×rCT
0 }

+ vec(M − M0)Tvec{UT
0 Ω−1

0 (Ω̂ − Ω0)Ω̂−1
0 U0}

Let ej be the standard basis vector along the jth coordinate in R
p, i.e., the jth

coordinate being 1 and the rest of the coordinates being zeros, αi := Ω−1
0 C0ei,

βj := Ω−1
0 U0M0IT

p×rCT
0 ej , and γk := Ω−1

0 U0ek. Then by the Hölder’s inequal-
ity,

|(θ − θ0)TZT
0 εn|

≤ 2n‖vec(Xϕ − X0)‖1 max
j,h∈[p]

∣∣∣αT
j (Ω̂ − Ω0)βh

∣∣∣
+ n‖μ− μ0‖1 max

k,l∈[r]

∣∣∣γT
k (Ω̂ − Ω0)γl

∣∣∣
≤ n‖θ − θ0‖1 max

j,h∈[p],k,l∈[r]

{
2
∣∣∣αT

j (Ω̂ − Ω0)βh

∣∣∣ , ∣∣∣γT
k (Ω̂ − Ω0)γl

∣∣∣} .

Observe that

‖C0‖2
2 = λmax(CT

0 C0) = λ−1
min{(I + X0)(I − X0)} = λ−1

min(I + X0XT
0 ) ≤ 1,
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and that

‖αj‖2 ≤ ‖Ω−1
0 ‖2‖C0‖2 ≤ 1, ‖βj‖2 ≤ ‖Ω−1

0 ‖2‖Λ0‖2‖C0‖2 ≤ ‖Ω0‖2,

‖γk‖2 ≤ ‖Ω−1
0 ‖2 ≤ 1, ‖uTyi‖ψ2 � (uTΩ0u)1/2 ≤ ‖Ω0‖1/2

2 ‖u‖2 for all u ∈ R
p.

It follows from the properties of Orlicz norms that

max
j,h∈[p]

‖αT
j yiyT

i βh‖ψ1 ≤ max
j∈[p]

‖αT
j yi‖ψ2 max

j∈[p]
‖βT

j yi‖ψ2 = O(1),

max
k,l∈[r]

‖γT
k yiyT

i γl‖ψ1 ≤
(

max
k∈[r]

‖γT
k yi‖ψ2

)2

= O(1),

and hence, by the union bound and the Bernstein-type inequality for sub-
exponential random variables (see, for example, Proposition 5.16 in [51]), we
have, for any t > 0,

P0
(
|(θ − θ0)TZT

0 εn| > t‖θ − θ0‖1
)

≤
p∑

j=1

p∑
h=1

P0

(∣∣∣αT
j (Ω̂ − Ω0)βh

∣∣∣ > t

2n

)

+
r∑

k=1

r∑
l=1

P0

(∣∣∣γT
k (Ω̂ − Ω0)γl

∣∣∣ > t

n

)

=
p∑

j=1

p∑
h=1

P0

(∣∣∣∣∣ 1n
n∑

i=1
(αT

j yiyT
i βh −αT

j Ω0βh)

∣∣∣∣∣ > t

2n

)

+
r∑

k=1

r∑
l=1

P0

(∣∣∣∣∣ 1n
n∑

i=1
(γT

k yiyT
i γl − γT

k Ω0γl)

∣∣∣∣∣ > t

n

)

≤ 2(p2 + r2) exp
{
−C0 min

(
t2

n
, t

)}
≤ 4 exp

{
2 log p− C0 min

(
t2

n
, t

)}
for some constant C0 > 0 (possibly depending on the spectra of Ω0). The proof
is completed by taking t = (4/C0)1/2

√
n log p

Lemma 5.11 establishes the 	1-norm posterior contraction of θ, which serves
as an intermediate step towards proving Theorem 3.2.

Lemma 5.11. Assume the setup and prior specification in Section 3.1 and
suppose conditions A1–A5 hold. Then, there exists some constant M > 0 inde-
pendent of r, s, p, n, such that

E0Π∞
θ

(
‖θ − θ0‖1 > M

√
r2s2 logn + rs2 log p

n

∣∣∣∣∣ Yn

)
� 1

p
.
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Proof of Lemma 5.11. Denote by

Ãn :=
{
θ : ‖θ − θ0‖1 ≤ M

√
r2s2 logn + rs2 log p

n

}

and
QS(dθ) := {φ(θS | θ̂S , (ZT

0SZ0S)−1)dθS}{δ0(dθSc)}.
By definition, we can write

Π∞
θ (θ ∈ Ãc

n | Yn)

=
[∑
S∈S0

πp(|S|) exp(‖Z0S θ̂S‖2
2/2)(

p−r
|S|
)
γ(|S|)

det{2π(ZT
0SZ0S)−1}1/2QS(Ãc

n)
]

×
[∑
S∈S0

πp(|S|) exp(‖Z0S θ̂S‖2
2/2)(

p−r
|S|
)
γ(|S|)

det{2π(ZT
0SZ0S)−1}1/2

× QS(R(p−r)r+r(r+1)/2)
]−1

.

Using the fact that for any fixed index set S ∈ S0, and any measurable set
B ⊂ R

(p−r)r+r(r+1)/2,

det{2π(ZT
0SZ0S)−1}1/2QS(B) =

∫
BS

exp
{
−1

2‖Z0S(θS − θ̂S)‖2
2

}
dθS ,

where BS = {θS : [θT
S ,0T

Sc ]T ∈ B} is the intersection of B with the subspace
R

|S|r+r(r+1)/2, we write

Π∞
θ (θ ∈ Ãc

n | Yn)

=
[∑
S∈S0

πp(|S|)e‖Z0S θ̂S‖2
2/2(

p−r
|S|
)
γ(|S|)

∫
(Ãc

n)S
e−(1/2)‖Z0S(θS−θ̂S)‖2

2dθS

]

×
[∑
S∈S0

πp(|S|)e‖Z0S θ̂S‖2
2/2(

p−r
|S|
)
γ(|S|)

∫
e−(1/2)‖Z0S(θS−θ̂S)‖2

2dθS

]−1

=
[∑
S∈S0

πp(|S|)(
p−r
|S|
)
γ(|S|)

∫
(Ãc

n)S
e(1/2)‖Z0S θ̂S‖2

2−(1/2)‖Z0S(θS−θ̂S)‖2
2dθS

]

×
[∑
S∈S0

πp(|S|)(
p−r
|S|
)
γ(|S|)

∫
e(1/2)‖Z0S θ̂S‖2

2−(1/2)‖Z0S(θS−θ̂S)‖2
2dθS

]−1

.

Let tn = Z0θ0+εn. Observe that Z0S θ̂S is the projection of tn onto the subspace
spanned by the columns of Z0S , and by Parseval’s identity, we have

1
2‖Z0S θ̂S‖2

2 −
1
2‖Z0S(θS − θ̂S)‖2

2 = 1
2‖tn‖

2
2 −

1
2‖tn − Z0SθS‖2

2
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and that

− 1
2‖tn − Z0SθS‖2

2 + 1
2‖tn − Z0θ0‖2

2

= (tn − Z0θ0)TZ0(θS − θ0S) − 1
2‖Z0S(θS − θ0S)‖2

2

= εT
nZ0S(θS − θ0S) − 1

2‖Z0S(θS − θ0S)‖2
2.

Note that ‖tn‖2
2 and ‖tn −Z0θ0‖2

2 do not depend on θ or the indexing set S. It
follows that

Π∞
θ (θ ∈ Ãc

n | Yn)

=
[∑
S∈S0

πp(|S|)(
p−r
|S|
)
γ(|S|)

∫
(Ãc

n)S
exp

{
1
2‖Z0S θ̂S‖2

2 −
1
2‖Z0S(θS − θ̂S)‖2

2

}
dθS

]

×
[∑
S∈S0

πp(|S|)(
p−r
|S|
)
γ(|S|)

∫
exp

{
1
2‖Z0S θ̂S‖2

2 −
1
2‖Z0S(θS − θ̂S)‖2

2

}
dθS

]−1

=
[∑
S∈S0

πp(|S|)(
p−r
|S|
)
γ(|S|)

∫
(Ãc

n)S
eε

T
nZ0S(θS−θ0S)−‖Z0S(θS−θ0S)‖2

2/2dθS

]

×
[∑
S∈S0

πp(|S|)(
p−r
|S|
)
γ(|S|)

∫
eε

T
nZ0S(θS−θ0S)−‖Z0S(θS−θ0S)‖2

2/2dθS

]−1

:= N∞
n

D∞
n

.

We now analyze the numerator N∞
n and the denominator D∞

n separately.

� We first analyze the denominator D∞
n . Denote by US(dθ) := (dθS){δ0(dθSc)}

for any S ∈ S0. It follows that

D∞
n =

∑
S∈S0

πp(|S|)(
p−r
|S|
)
γ(|S|)

∫
exp

{
εT
nZ0(θ − θ0) −

1
2‖Z0(θ − θ0)‖2

2

}
US(dθ)

≥ πp(|S0|)(
p−r
|S0|
)
γ(|S0|)

∫
exp

{
εT
nZ0(θ − θ0) −

1
2‖Z0(θ − θ0)‖2

2

}
US0(dθ)

By definition of the multivariate normal distribution, we have,

QS0(dθ)

= exp{−(1/2)‖Z0(θ − θ0)‖2
2 + (θ − θ0)TZT

0 εn}US0(dθ)∫
R(p−r)r+r(r+1)/2 exp{−(1/2)‖Z0(θ − θ0)‖2

2 + (θ − θ0)TZT
0 εn}US0(dθ)

.

Define the measures

ηS0(dθ) := exp
{
−1

2‖Z0(θ − θ0)‖2
2 + (θ − θ0)TZT

0 εn

}
US0(dθ),



5238 F. Xie

ζS0(dβS0) := exp
{
−1

2‖Z0S0βS0‖2
2

}
dβS0 , βS0 := θS0 − θ0S0

and the probability distribution σ̄S0(dβS0) := ζS0(dβS0)/ζS0(R|S0|r+r(r+1)/2).
Then the denominator η(R(p−r)r+r(r+1)/2) can be lower bounded as follows:

ηS0(R(p−r)r+r(r+1)/2)

=
∫
R(p−r)r+r(r+1)/2

exp
{
−1

2‖Z0(θ − θ0)‖2
2 + (θ − θ0)TZT

0 εn

}
US0(dθ)

=
∫
R|S0|r+r(r+1)/2

exp
{
−1

2‖Z0S0βS0‖2
2 + βT

S0
ZT

0S0
εn

}
dβS0

= ζS0(R|S0|r+r(r+1)/2)
∫
R|S0|r+r(r+1)/2

exp(βT
S0

ZT
0S0

εn)σ̄S0(dβS0)

≥ ζS0(R|S0|r+r(r+1)/2) exp
{∫

R|S0|r+r(r+1)/2
(βT

S0
ZT

0S0
εn)dσ̄S0(dβS0)

}
= ζS0(R|S0|r+r(r+1)/2) = det{2π(ZT

0S0
Z0S0)−1}1/2,

where we have used the change of variable βS0 = θS0 −θ0S0 , Jensen’s inequality
applied to the distribution σ̄, and the fact that σ̄S0 is symmetric about zero so
that the expected value of βT

S0
ZT

0S0
εn with regard to σ̄(dβS0) is 0. Hence, we

obtain the following lower bound for the denominator D∞
n :

D∞
n ≥ πp(|S0|)(

p−r
|S0|
)
γ(|S0|)

∫
exp

{
εT
nZ0(θ − θ0) −

1
2‖Z0(θ − θ0)‖2

2

}
US0(dθ)

= πp(|S0|)(
p−r
|S0|
)
γS0(|S0|)

ηS0(R(p−r)r+r(r+1)/2) ≥ πp(s0)(2π)s0r/2+r(r+1)/4

exp(s0 log p) det(ZT
0S0

Z0S0)1/2
.

By the geometric-algorithmic mean inequality,

det(ZT
0S0

Z0S0)1/2

=
{ |S0|r+r(r+1)/2∏

i=1
λi(ZT

0S0
Z0S0)

}1/2

≤
{

1
|S|r + r(r + 1)/2

|S0|r+r(r+1)/2∑
i=1

λi(ZT
0S0

Z0S0)
}|S|r/2+r(r+1)/4

=
{

tr(ZT
0S0

Z0S0)
|S|r + r(r + 1)/2

}|S0|r/2+r(r+1)/4

≤ (‖Z0S0‖2
2)s0r/2+r(r+1)/4

≤
(
n‖DΣ(θ0)‖2

2/2
)s0r/2+r(r+1)/4 ≤ exp(Crs0 logn)

for some constant C > 0. Therefore,
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D∞
n ≥ πp(s0) exp (−s0 log p− Crs0 logn) .

� We next analyze the numerator N∞
n . Write

N∞
n =

∑
S∈S0

πp(|S|)(
p−r
|S|
)
γ(|S|)

∫
(Ãc

n)S
eε

T
nZ0S(θS−θ0S)−(1/2)‖Z0S(θS−θ0S)‖2

2dθS

=
∑
S∈S0

πp(|S|)(
p−r
|S|
)
γ(|S|)

∫
Ãc

n

eε
T
nZ0(θ−θ0)−(1/2)‖Z0(θ−θ0)‖2

2US(dθ)

Denote by Ξn := {|(θ − θ0)TZT
0 εn| ≤ λ̄‖θ − θ0‖1, }, where λ̄ := C0

√
n log p is

such that P0(Ξc
n) ≤ 2/p by Lemma 5.10. By definition of An, for any θ ∈ Ãc

n,
we have, ‖θ − θ0‖1 > M

√
(r2s2 logn + rs2 log p)/n. By Theorem 2.1, we have

σ2
min(Z0) = n

2λmin
{
DΣ(θ0)T(Σ−1

0 ⊗ Σ−1
0 )DΣ(θ0)

}
= n

2 min
‖θ‖2=1

‖(Ω−1/2
0 ⊗ Ω−1/2

0 )DΣ(θ0)θ‖2
2

≥ n

2λmin(Ω−1
0 )2 min

‖θ‖2=1
‖DΣ(θ0)θ‖2

2 ≥ nσ2
min{DΣ(θ0)}

2‖Ω0‖2
2

� n.

Then over the event Ξn, with supp(A) ∈ S0 and θ := [vec(A)T,μT]T, we have,

(θ − θ0)TZT
0 εn ≤ 2λ̄‖θ − θ0‖1 − λ̄‖θ − θ0‖1

= 2
{

1
2‖Z0(θ − θ0)‖2

2

}1/2{√
2λ̄‖θ − θ0‖1

‖Z0(θ − θ0)‖2

}
− λ̄‖θ − θ0‖1

≤ 1
2‖Z0(θ − θ0)‖2

2 + 2λ̄2‖θ − θ0‖2
1

σmin(Z0)2‖θ − θ0‖2
2
− λ̄‖θ − θ0‖1

≤ 1
2‖Z0(θ − θ0)‖2

2 + C̄0rs0 log p‖θ − θ0‖2
2

‖θ − θ0‖2
2

− λ̄‖θ − θ0‖1

= 1
2‖Z0(θ − θ0)‖2

2 + C̄0rs0 log p− λ̄‖θ − θ0‖1.

where C̄0 is a constant depending on the spectra of Ω0. For any θ ∈ Ãc
n, we

have,

λ̄‖θ − θ0‖1 = C0
√

n log p‖θ − θ0‖1 ≥ C0M
√

r2s2(logn)(log p) + rs2(log p)2

≥ C1M(rs0 logn + s0
√
r log p)

for some constant C1 > 0. Therefore, by choosing a sufficiently large M > 0, we
have, for any θ ∈ Ãc

n,

exp
{
−1

2‖Z0(θ − θ0)‖2
2 + (θ − θ0)TZT

0 εn

}
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≤ exp
{
−C1M(rs0 logn + s0

√
r log p)

4 − λ̄

2 ‖θ − θ0‖1

}
for some constant C1 > 0 (possibly depending on the spectra of Ω0), which
further implies that over the event Ξn,

N∞
n =

∑
S∈S0

πp(|S|)(
p−r
|S|
)
γ(|S|)

∫
(Ãc

n)S
exp

{
εT
nZ0(θ − θ0) −

1
2‖Z0(θ − θ0)‖2

2

}
US(dθ)

≤ exp
{
−C1M(rs0 logn + s0

√
r log p)

4

}
×
∑
S∈S0

πp(|S|)(
p−r
|S|
)
γ(|S|)

∫
Ãc

n

exp
(
− λ̄

2 ‖θ − θ0‖1

)
US(dθ)

= exp
{
−C1M(rs0 logn + s0

√
r log p)

4

} ∑
S∈S0

πp(|S|)(
p−r
|S|
)
γ(|S|)

4|S|r+r(r+1)/2

λ̄|S|r+r(r+1)/2

≤ exp
{
−C1M(rs0 logn + s0

√
r log p)

4

} κ0s0∑
t=0

πp(t)
γ(t)

= exp
{
−C1M(rs0 logn + s0

√
r log p)

4

}
e(1/2)κ0s0r log(κ0s0r)+2κ0s0r

≤ exp
{
−C1M(rs0 logn + s0

√
r log p)

8

}
for a sufficiently large M > 0, where we have used the fact that λ̄∞0 as n → ∞
and (21).

� We are now finally able to analyze the ratio N∞
n /D∞

n . Write

E0Π∞
θ (θ ∈ Ãc

n | Yn)

≤ P0(Ξc
n) + E01(Ξn)N

∞
n

D∞
n

≤ 2
p

+ 1
πp(s0)

exp
{
s0 log p− C1M(rs0 logn + s0

√
r log p)

8 + Cs0r logn
}

≤ 2 exp
{
−C0M(rs0 logn + s0

√
r log p)

16

}
+ 2

p
� 1

p

by taking a sufficiently large M > 0 again. The proof is thus completed.

We are now in a position to present the proof of Theorem 3.2.

Proof of Theorem 3.2. We first claim that condition A5 implies that

E0Πθ(θ : S0 ⊂ supp(A) | Yn) → 1.
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In fact, if S0 ∩ supp(A)c �= ∅, then there exists some j ∈ S0 such that j ∈
supp(A)c. Therefore,

‖θ − θ0‖2 ≥ ‖vec(A) − vec(A0)‖F =
{

p∑
l=1

‖eT
l (A − A0)‖2

2

}1/2

≥ ‖[A]j∗ − [A0]j∗‖2 = ‖[A0]j∗‖2 ≥ min
j∈S0

‖[A0]j∗‖2.

Denote by εn =
√

(rs log n + s log p)/n. Using the result from Theorem 5.7, we
have,

E0Πθ

{
θ : ‖θ − θ0‖2 < M

√
rs logn + s log p

n

∣∣∣∣∣ Yn

}
≥ 1 −O(e−cnε2n)

for some constants M, c > 0. Hence,

E0Πθ{θ : S0 ⊂ supp(A) | Yn}
= 1 − E0Πθ{θ : S0 ∩ supp(A)c �= ∅ | Yn}

≥ 1 − E0Πθ

(
θ : ‖θ − θ0‖2 ≥ min

j∈S0
‖[A0]j∗‖2 | Yn

)
≥ 1 − E0Πθ

(
θ : ‖θ − θ0‖2 ≥ M

√
rs logn + s log p

n

∣∣∣ Yn

)
≥ 1 −O(e−cnε2n).

Let

En =
⋃

S∈S0

An(S)

=
⋃

S∈S0

{
θ : ‖θ − θ0‖1 ≤ M

√
r2s2 logn + rs2 log p

n
, supp(A) = S

}

By Theorem 5.7, Lemma 5.4, and condition A5, we immediately see that

E0Πθ(θ ∈ En | Yn) ≥ 1 −O(e−cnε2n).

For notational convenience, we denote by tn := Z0θ0 + εn,

vS ∝ πp(|S|)(
p−r
|S|
) ∫ exp{	(Ω(θ)) − 	(Ω0)}Πθ(dθ)1{S ∈ S0},

GS(dθ) := {exp(−2‖θS‖1)dθS}{δ0(dθSc)},

μS(dθ) := πp(|S|)(
p−r
|S|
)
γ(|S|)

1{θ ∈ An(S)} exp{	(Ω(θ)) − 	(Ω0)}GS(dθ),

νS(dθ) := πp(|S|)(
p−r
|S|
)
γ(|S|)

exp
(

1
2ε

T
nεn − 1

2‖tn − Z0S θ̂S‖2
2 − 2‖θ0‖1

)
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× 1{θ ∈ An(S)} exp
{
−1

2(θS − θ̂S)TZT
0SZ0S(θS − θ̂S)

}
dθS

× δ0(dθSc),

�̃S := πp(|S|)(
p−r
|S|
)
γ(|S|)

exp
(

1
2ε

T
nεn − 1

2‖tn − Z0S θ̂S‖2
2 − 2‖θ0‖1

)
1{S ∈ S0}

×
∫

(An(S))S
exp

{
−1

2(θS − θ̂S)TZT
0SZ0S(θS − θ̂S)

}
dθS ,

�̂S := πp(|S|)(
p−r
|S|
)
γ(|S|)

exp
(

1
2ε

T
nεn − 1

2‖tn − Z0S θ̂S‖2
2 − 2‖θ0‖1

)
1{S ∈ S0}

×
∫
R|S|r+r(r+1)/2

exp
{
−1

2(θS − θ̂S)TZT
0SZ0S(θS − θ̂S)

}
dθS ,

QS(dθ) := {φ(θS | θ̂S , (ZT
0SZ0S)−1)dθS}{δ0(dθSc)},

Q̃S(dθ) := 1{θ ∈ An(S)}QS(dθ)
QS(θ ∈ An(S)) .

By Parseval’s identity, we have

exp
(
−2‖θ0‖1 −

1
2‖tn − Z0S θ̂S‖2

2

)
= exp

{
−2‖θ0‖1 −

1
2‖tn − Z0S(ZT

0SZ0S)−1Z0Stn‖2
2

}
= exp

{
−2‖θ0‖1 −

1
2‖tn‖

2
2 + 1

2‖Z0S(ZT
0SZ0S)−1Z0Stn‖2

2

}
= exp

(
−2‖θ0‖1 −

1
2‖tn‖

2
2

)
exp

(
1
2‖Z0S θ̂S‖2

2

)
.

Note that exp{−2‖θ0‖1 − (1/2)‖tn‖2
2} does not depend on the supporting set

S. Therefore, by definiton of ŵS , we have

ŵS ∝ πp(|S|)(
p−r
|S|
)
γ(|S|)

det{2π(ZT
0SZ0S)−1}1/2

× exp
(

1
2‖εn‖

2
2 − 2‖θ0‖1 −

1
2‖tn − Z0S θ̂S‖2

2

)
= �̂S .

Namely, ŵS = �̂S/
∑

T∈S0
�̂T , S ∈ S0. For any probability distribution P(·)

and any event A, we have, by the law of total probability,∥∥∥∥P(·) − P(· ∩ A)
P(A)

∥∥∥∥
TV

= sup
B

∣∣∣∣P(B ∩ Ac)P(A) − P(B ∩ A)P(Ac)
P(A)

∣∣∣∣
≤ sup

B

P(B ∩ Ac)P(A) + supB P(B ∩ A)P(Ac)
P(A) ≤ 2P(Ac).
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For any measurable set B ⊂ D(p, r), the (exact) posterior probability of B given
En and Yn can be written as

Πθ(B ∩ En | Yn)
Πθ(En | Yn)

=
∑

S∈S0
πp(|S|)

(
p−r
|S|
)−1

γ(|S|)−1 ∫
B∩En

exp{	(Ω(θ)) − 	(Ω0)}GS(dθ)∑
S∈S0

πp(|S|)
(
p−r
|S|
)−1

γ(|S|)−1
∫
En

exp{	(Ω(θ)) − 	(Ω0)}GS(dθ)

=
∑

S∈S0
πp(|S|)

(
p−r
|S|
)−1

γ(|S|)−1 ∫
B∩An(S) exp{	(Ω(θ)) − 	(Ω0)}GS(dθ)∑

S∈S0
πp(|S|)

(
p−r
|S|
)−1

γ(|S|)−1
∫
An(S) exp{	(Ω(θ)) − 	(Ω0)}GS(dθ)

=
∑
S∈S0

μS(B)
‖
∑

S∈S0
μS(·)‖TV

.

By the triangle inequality, the total variation distance between Π(dθ | Yn) and
Π∞(dθ | Yn) can be decomposed as follows:

E0‖Πθ(θ ∈ · | Yn) − Π∞
θ (θ ∈ · | Yn)‖TV

≤ E0

∥∥∥∥Πθ(θ ∈ · | Yn) − Πθ(θ ∈ · ∩ En)
Πθ(θ ∈ En)

∥∥∥∥
TV

(28)

+ E0

∥∥∥∥∥∥
∑
S∈S0

μS(·)
‖
∑

S∈S0
μS(·)‖TV

−
∑

S∈S(κn)

νS(·)
‖
∑

S∈S0
νS(·)‖TV

∥∥∥∥∥∥
TV

(29)

+ E0

∥∥∥∥∥∑
S∈S0

νS(·)
‖
∑

S∈S0
νS(·)‖TV

− Π∞
θ (θ ∈ · | Yn)‖

∥∥∥∥∥
TV

. (30)

The first term on the right-hand side is upper bounded by 2E0Πθ(θ ∈ Ec
n | Yn),

which is O(e−cnε2n) by Theorem 5.7, Lemma 5.4, and condition A5. It suffices to
focus on the second and the third term. For the second term on line (29), write∥∥∥∥∥∑

S

μS

‖
∑

S μS‖TV
−
∑
S

νS
‖
∑

S νS‖TV

∥∥∥∥∥
TV

=
∥∥∥∥‖∑S νS‖TV

∑
S(μS − νS) + (‖

∑
S νS‖TV − ‖

∑
S μS‖TV)

∑
S νS

‖
∑

S μS‖TV‖
∑

S νS‖TV

∥∥∥∥
TV

≤ 2
∑

S ‖μS − νS‖TV

‖
∑

S μS‖TV
= 2

‖
∑

S μS‖TV

∑
S

sup
B

∣∣∣∣∫
B

dμS −
∫
B

(
dνS
dμS

)
dμS

∣∣∣∣
≤ 2

‖
∑

S μS‖TV

∑
S

sup
B

∫
B

∣∣∣∣1 −
(

dνS
dμS

)∣∣∣∣ dμS

≤ 2
‖
∑

S μS‖TV

∑
S

sup
B

μS(B)
∥∥∥∥1 −

(
dνS
dμS

)∥∥∥∥
L∞(An(S))

= 2 sup
S∈S0

∥∥∥∥1 −
(

dνS
dμS

)∥∥∥∥
L∞(An(S))

.
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By definition of νS and μS , for any θ ∈ An(S), we have

− log dνS
dμS

(θ) = 	(Ω(θ)) − 	(Ω0) −
1
2‖εn‖

2
2 + 1

2‖tn − Z0S θ̂S‖2
2

+ 1
2‖Z0S(θS − θ̂S)‖2

2 + 2‖θ0S‖1 − 2‖θS‖1.

Observe that Z0S(θ̂S − θS) is inside the column space of Z0S , and tn − Z0S θ̂S
lies in the orthogonal complement of the column space of Z0S , it follows from
the Parseval’s identity that for θ ∈ An(S),

‖tn − Z0θ‖2
2 = ‖tn − Z0SθS‖2

2 = ‖tn − Z0S θ̂S + Z0S(θ̂S − θS)‖2
2

= ‖tn − Z0S θ̂S‖2
2 + ‖Z0S(θS − θ̂S)‖2

2.

Denote by δn =
√

(r2s2 logn + rs2 log p)3/n. Using the fact that

(θ − θ0)TZT
0 εn − 1

2‖Z0(θ − θ0)‖2
2 = −1

2‖tn − Z0θ‖2
2 + 1

2‖tn − Z0θ0‖2
2,

we can further obtain

− log dνS
dμS

(θ) = 	(Ω(θ)) − 	(Ω0) −
1
2‖tn − Z0θ0‖2

2 + 1
2‖tn − Z0θ‖2

2

+ 2(‖θ0S‖1 − ‖θS‖1)

= 	(Ω(θ)) − 	(Ω0) − (θ − θ0)TZT
0 εn + 1

2‖Z0(θ − θ0)‖2
2

+ 2(‖θ0S‖1 − ‖θS‖1)
= Rn(θ,θ0) + 2(‖θ0S‖1 − ‖θS‖1),

where the remainder Rn satisfies

sup
S∈S0

sup
θ∈An(S)

|Rn(θ,θ0)| ≤ sup
θ∈Bn

|Rn(θ,θ0)| ≤ Cδn

with probability at least 1−2e−κ0nε
2
n by Theorem 5.8. In addition, we also have

sup
S∈S0

sup
θ∈An(S)

2|‖θ0S‖1 − ‖θS‖1| ≤ sup
S∈S0

sup
θ∈An(S)

2‖θS − θ0S‖1

�
√

r2s2 logn + rs2 log p
n

= o(1)

by definition. Therefore, the term on line (29) is upper bounded by

2 sup
S∈S0

∥∥∥∥1 − dνS
dμS

∥∥∥∥
L∞(An(S))

= 2 sup
S∈S0

‖1 − exp{−Rn(θ,θ0) − 2(‖θ0S‖1 − ‖θS‖1)}‖L∞(An(S))
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≤ 2
[
exp

{
sup
S∈S0

sup
θ∈An(S)

(|Rn(θ,θ0)| + 2(‖θ0S‖1 − ‖θS‖1))
}

− 1
]
≤ Cδn

with probability at least 1−2e−κ0nε
2
n , where we have used the fact that ex−1 ≤

2x for all x ∈ (0, 1]. This shows that the term on line (29) is O(δn+e−κ0nε
2
n). We

now finally focus on the term on (30). Using the fact that ŵS = �̂S/
∑

T∈S0
�̂T ,

we have

Π∞
θ (dθ | Yn) =

∑
S∈S0

(
�̂S∑

S∈S0
�̂S

)
QS(dθ)

and

∑
S∈S0

νS(dθ)
‖
∑

S∈S0
νS(·)‖TV

=
∑
S∈S0

(
�̃S∑

S∈S0
�̃S

)
Q̃S(dθ)

because by construction, νS(dθ) = �̃SQ̃S(dθ). Note that for any measurable
set B, QS(B ∩ En) = QS(B ∩ An(S)), and by definition, Q̃S(B) = QS(B ∩
An(S))/QS(An(S)). Therefore,

Π∞
θ (θ ∈ B ∩ En | Yn)
Π∞

θ (θ ∈ En | Yn) =
∑

S∈S0
ŵSQS(B ∩ En)∑

S∈S0
ŵSQS(En) =

∑
S∈S0

�̂SQS(B ∩ An(S))∑
S∈S0

�̂SQS(An(S))

=
∑

S∈S0
�̂SQS(An(S))Q̃S(B)∑

S∈S0
�̂SQS(An(S)) .

Furthermore, by Parseval’s identity, we have

�̂SQS(An(S))

= πp(|S|)(
p−r
|S|
)
γ(|S|)

e‖Z0S θ̂S‖2
2/2 det{2π(ZT

0SZ0S)−1}1/2QS(An(S))

× exp
(

1
2‖εn‖

2
2 − 2‖θ0‖1 −

1
2‖tn‖

2
2

)
= πp(|S|)(

p−r
|S|
)
γ(|S|)

e‖Z0S θ̂S‖2
2/2
∫
An

exp
{
−1

2‖Z0S(θS − θ̂S)‖2
2

}
dθS × δ0(dθSc)

× exp
(

1
2‖εn‖

2
2 − 2‖θ0‖1 −

1
2‖tn‖

2
2

)
= πp(|S|)(

p−r
|S|
)
γ(|S|)

e‖Z0S θ̂S‖2
2/2
∫

(An(S))S
exp

{
−1

2‖Z0S(θS − θ̂S)‖2
2

}
dθS

× exp
(

1
2‖εn‖

2
2 − 2‖θ0‖1 −

1
2‖tn‖

2
2

)
= �̃S ,
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implying that

Π∞
θ (θ ∈ B ∩ En | Yn)

Π∞
θ (En | Yn) =

∑
S∈S0

�̂SQS(An(S))Q̃S(B)∑
S∈S0

�̂SQS(An(S))

=
∑
S∈S0

(
�̃S∑

S∈S0
�̃S

)
Q̃S(B) =

∑
S∈S0

νS(B)
‖
∑

S∈S0
νS(·)‖TV

.

Hence, by Lemma 5.11, we know that the term on line (30) is upper bounded
by

E0

∥∥∥∥∥
∑

S∈S0
νS(·)

‖
∑

S∈S0
νS(·)‖TV

− Π∞
θ (θ ∈ · | Yn)

∥∥∥∥∥
TV

= E0

∥∥∥∥Π∞
θ (θ ∈ · ∩ En | Yn)
Π∞

θ (θ ∈ En | Yn) − Π∞
θ (θ ∈ · | Yn)

∥∥∥∥
TV

≤ 2E0Π∞
θ (θ ∈ Ec

n | Yn) � 1
p
.

The proof is thus completed.

5.7. Posterior contraction under spectral norm

Proof of Theorem 3.1. The proof of Theorem 3.1 is based on Theorem 3.2
and a discretization trick for the spectral norm loss. By Davis-Kahan theorem
[13], ‖ sin Θ(U(ϕ),U0)‖2 ≤ 2‖Σ(θ) − Σ0‖2/λr(Σ0), so it suffices to consider
the posterior contraction under ‖Ω(θ) − Ω0‖2 = ‖Σ(θ) − Σ0‖2. Because

E0Πθ

{
‖Ω(θ) − Ω0‖2 > M

√
s log p
n

∣∣∣∣∣ Yn

}

≤ E0Π∞
θ

{
‖Σ(θ) − Σ0‖2 > M

√
s log p
n

∣∣∣∣∣ Yn

}
+ E0‖Πθ(dθ | Yn) − Π∞

θ (dθ | Yn)‖TV,

and E0‖Πθ(dθ | Yn) − Π∞
θ (dθ | Yn)‖TV = O(δn) by Theorem 3.2, where

δn =
√

(r2s2 logn + rs2 log p)3/n. Therefore, it suffices to focus on

E0Π∞
θ

{
‖Σ(θ) − Σ0‖2 > M

√
s log p
n

∣∣∣∣∣ Yn

}
.

For any S ∈ S0, denote by QS(dθ) := {φ(θS | θ̂S , (ZT
0SZ0S)−1)dθS}{δ0(dθSc)},

ΣS(θS) := U(ϕS)MU(ϕS), where θS := [ϕT
S ,μ

T]T = [vec(AS)T,μT]T, and
U(ϕS) denotes the Cayley parameterization of ϕS = vec(AS) from R

|S|r to
O(|S| + r, r). Then from the proof of Lemma 5.9, we see that for any θ =
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[vec(A)T,μT]T = [ϕT,μT]T with supp(A) = S ⊃ S0, there exists a permutation
matrix PS such that

A = PS

[
AS

0

]
, A0 = PS

[
A0S
0

]
,

which further implies that

U(ϕ) = QS

[
U(ϕS)

0

]
, U0 = QS

[
U(ϕ0S)

0

]
,

where QS = diag(Ir,PS), and ϕ0S = vec(A0S) for an appropriate A0S ∈
R|S|×r. Therefore, for any θ = [vec(A)T,μT]T with supp(A) = S ⊃ S0, we
have

‖Σ(θ) − Σ0‖2 = ‖U(ϕ)MU(ϕ)T − U0M0UT
0 ‖2

=
∥∥∥∥QS

[
U(ϕS)MU(ϕS) − U(ϕ0S)M0U(ϕ0S)T 0

0 0

]
QT

S

∥∥∥∥
2

= ‖ΣS(θS) − ΣS(θ0S)‖2,

where θ0S = [ϕT
0S ,μ

T
0 ]T.

Now we proceed to analyze the probability of the event{
‖Σ(θ) − Σ0‖2 > M

√
s0 log p

n

}

under the Π∞
θ (dθ | Y0) distribution. By Lemma 5.11, there exists some con-

stants M1 > 0, such that Π∞
θ (θ ∈ Ãc

n | Yn) = oP0(1), where

Ãn :=
{
θ : ‖θ − θ0‖1 ≤ M1

√
r2s2 logn + rs2 log p

n

}
.

Therefore,

E0Π∞
θ

{
‖Σ(θ) − Σ0‖2 > M

√
s log p
n

∣∣∣∣∣ Yn

}

≤ E0Π∞
θ

{
‖Σ(θ) − Σ0‖2 > M

√
s log p
n

,θ ∈ Ãn

∣∣∣∣∣ Yn

}
+ E0Π∞

θ

(
θ ∈ Ãc

n | Yn

)
= E0

∑
S∈S0

ŵSQS

{
θ ∈ Ãn : ‖Σ(θ) − Σ0‖2 > M

√
s log p
n

}
+ O(1/p)

= E0
∑
S∈S0

ŵSQS

{
θ ∈ Ãn : ‖ΣS(θS) − ΣS(θ0S)‖2 > M

√
s log p
n

}
+ O(1/p)
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= E0
∑
S∈S0

ŵSQS(Bn(S)) + O(1/p),

where

Bn(S) :=
{
θ : ‖ΣS(θS) − ΣS(θ0S)‖2 > M

√
s0 log p

n
,θ ∈ Ãn, supp(A) = S

}
.

Now let p(S) := |S| + r, Sp(S)−1 := {v ∈ R
p(S) : ‖v‖2 = 1} be the unit sphere

in Rp(S), and let Sp(S)−1(1/5) be a 1/5-net of Sp(S)−1 with smallest cardinality,
namely, for any v ∈ Sp(S)−1, there exists some u(v) ∈ Sp(S)−1(1/5), such that
‖u(v) − v‖2 < 1/5. It follows that

‖ΣS(θS) − ΣS(θ0S)‖2

= max
v∈Sp(S)−1

|vT{ΣS(θS) − ΣS(θ0S)}v|

= max
v∈Sp(S)−1

|{v− u(v) + u(v)}T{ΣS(θS) − ΣS(θ0S)}{v − u(v) + u(v)}|

≤ max
v∈Sp(S)−1

{2‖v − u(v)‖2 + ‖v − u(v)‖2
2}‖ΣS(θS) − ΣS(θ0S)‖2

+ max
u∈Sp(S)−1(1/5)

|uT{ΣS(θS) − ΣS(θ0S)}u|

≤ 1
2‖ΣS(θS) − ΣS(θ0S)‖2 + max

u∈Sp(S)−1(1/5)
|uT{ΣS(θS) − ΣS(θ0S)}u|,

implying that

‖ΣS(θS) − ΣS(θ0S)‖2 ≤ 2 max
u∈Sp(S)−1(1/5)

|uT{ΣS(θS) − ΣS(θ0S)}u|.

In addition, we also observe that there exists some constant c > 0 such that
log |Sp(S)−1(1/5)| ≤ cp(S) = |S| + r ≤ cκ0s0. Clearly, for any θ ∈ Bn(S),
‖θS − θ0S‖2 ≤ ‖θS − θ0S‖1 ≤ M1(θ)εn(θ) → 0. Then by Theorem 3.1 in [55],
we have

vec{ΣS(θS) − ΣS(θ0S)} = DΣS(θ0S)(θS − θ0S) + vec{RS(θS ,θ0S)},

where

‖RS(θS ,θ0S)‖F � ‖θS − θ0S‖2
2 ≤ ‖θS − θ0S‖2

1 � r2s2 logn + rs2 log p
n

whenever θ ∈ Bn(S). Hence, for all θ ∈ Bn(S) and all u ∈ Sp(S)−1,

|uT{ΣS(θS) − ΣS(θ0S)}u|
≤ |(u ⊗ u)TDΣS(θ0S)(θS − θ0S)| + ‖RS(θS ,θ0S)‖F.

Note that

r2s2 logn + rs2 log p
n

�
√

s log p
n

√
max

{
r4s3(logn)2

n log p ,
r2s3 log p

n

}
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�
√

s log p
n

max
{
r4s3(logn)

n
,
r2s3 log p

n

}

�
√

s log p
n

√
max

{
(r2s2 logn)3

n
,
(rs2 log p)3

n

}

= o(1)
√

s0 log p
n

because of condition A4. This implies that ‖RS(θS ,θ0S)‖F = o(
√

(s log p)/n)
whenever θ ∈ Ãn. Hence, by the union bound, we further write

QS(Bn(S))

≤ QS

{
max

u∈Sp(S)−1(1/5)
|uT{ΣS(θS) − ΣS(θ0S)}u| > M

2

√
s log p
n

,θ ∈ Ãn

}

≤
∑

u∈Sp(S)−1(1/5)

QS

{
|uT{ΣS(θS) − ΣS(θ0S)}u| > M

2

√
s log p
n

,θ ∈ Ãn

}

≤
∑

u∈Sp(S)−1(1/5)

QS

{
|(u ⊗ u)TDΣS(θ0S)(θS − θ̂S)| > M

8

√
s log p
n

}

+
∑

u∈Sp(S)−1(1/5)

QS

{
|(u ⊗ u)TDΣS(θ0S)(θ̂S − θ0S)| > M

8

√
s log p
n

}

=
∑

u∈Sp(S)−1(1/5)

QS

{
|(u ⊗ u)TDΣS(θ0S)(θS − θ̂S)| > M

8

√
s log p
n

}

+
∑

u∈Sp(S)−1(1/5)

1

{
|(u ⊗ u)TDΣS(θ0S)(θ̂S − θ0S)| > M

8

√
s log p
n

}
.

Therefore, we obtain∑
S∈S0

E0ŵSQS(Bn(S)) ≤
∑
S∈S0

∑
u∈Sp(S)−1(1/5)

E0QS {Cn(u, S)} (31)

+
∑
S∈S0

∑
u∈Sp(S)−1(1/5)

P0{Dn(u, S)}, (32)

where for any S ∈ S0 and u ∈ Sp(S)−1(1/5), we define

Cn(u,S) :=
{

(θ, θ̂) : |(u ⊗ u)TDΣS(θ0S)(θS − θ̂S)| > M

8

√
s log p
n

}

Dn(u,S) :=
{
θ̂ : |(u ⊗ u)TDΣS(θ0S)(θ̂S − θ0S)| > M

8

√
s log p
n

}
.
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We analyze the two terms on line (31) and line (32) separately.

� For the term on line (31), we use the fact that QS is a (degenerate) multi-
variate normal distribution and write

QS

{
|(u ⊗ u)TDΣS(θ0S)(θS − θ̂S)| > M

8

√
s0 log p

n

}

= PωS

(
|ωS | >

M

8

√
s0 log p

n

)
,

where condition on the data Yn, and hence, θ̂S ,

ωS := (u ⊗ u)TDΣS(θ0S)(θS − θ̂S) QS∼ N(0, VS) ,
VS := (u ⊗ u)TDΣS(θ0S)(ZT

0SZ0S)−1DΣS(θ0S)T(u ⊗ u).

Note that by Theorem 2.1 and condition A2,

‖(ZT
0SZ0S)−1‖2 = 2

n
‖{FT

SDΣ(θ0)T(Ω−1
0 ⊗ Ω−1

0 )DΣ(θ0)FS}−1‖2

= 2
n
σ−1

min{FT
SDΣ(θ0)T(Ω−1

0 ⊗ Ω−1
0 )DΣ(θ0)FS}

= 2
n

[
min

‖θS‖2=1
θT
SFT

SDΣ(θ0)T(Ω−1
0 ⊗ Ω−1

0 )DΣ(θ0)FSθS

]−1

≤ 2
n

[
λmin(Ω−1

0 ⊗ Ω−1
0 )σ2

min{DΣ(θ0)}σ2
min(FS)

]−1 = O(1/n),

implying that VS ≤ ‖DΣS(θ0S)‖2
2‖(ZT

0SZ0S)−1‖2 ≤ C/n for some constant
C > 0. By Chernoff bound and the fact that ωS

L= −ωS under QS , we further
have

PωS

(
|ωS | >

M

8

√
s log p
n

)

= PωS

(
ωS >

M

8

√
s log p
n

)
+ PωS

(
ωS < −M

8

√
s log p
n

)

= 2PωS

(
ωS

√
ns log p >

Ms log p
8

)
≤ 2EωS

exp(ωS

√
ns log p)}

exp{(Ms log p)/8 = 2 exp{(VSns log p)/2}
exp{(Ms log p)/8}

≤ 2 exp{(Cs log p)/2}
exp{(Ms log p)/8} = 2 exp

{
−
(
M

8 − C

2

)
s log p

}
.

Therefore, the term on line (31) is upper bounded by

2
∑
S∈S0

∑
u∈Sp(S)−1(1/5)

exp
{
−
(
M

8 − C

2

)
s log p

}
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≤ 2
κ0s0∑
t=s0

(
p− r

t

)
exp(cκ0s0) exp

{
−
(
M

8 − C

2

)
s log p

}
≤ 2κ0s0 exp

{
κ0s0 log p + cκ0s0 −

(
M

8 − C

2

)
s log p

}
≤ e−(Ms log p)/16

by taking a sufficiently large M > 0 because s = s0 + r.

� We are now left with the concentration of θ̂S−θ0S on line (32). Since S0 ⊂ S,
it follows that

θ̂S − θ0S = (ZT
0SZ0S)−1ZT

0S(Z0Sθ0S + εn) − θ0S = (ZT
0SZ0S)−1ZT

0Sεn

=
√

n

2 (ZT
0SZ0S)−1FT

SZT
0 vec{Ω−1/2

0 (Ω̂ − Ω0)Ω−1/2
0 }

= n

2 (ZT
0SZ0S)−1FT

SDΣ(θ0)Tvec{Ω−1
0 (Ω̂ − Ω0)Ω−1

0 }

=
{
FT

SDΣ(θ0)T(Ω−1
0 ⊗ Ω−1

0 )DΣ(θ0)FS

}−1 FT
SDΣ(θ0)T

× vec{Ω−1
0 (Ω̂ − Ω0)Ω−1

0 }.

Therefore,

(u ⊗ u)TDΣS(θ0S)(θ̂S − θ0S) = βT
S vec{Ω−1

0 (Ω̂ − Ω0)Ω−1
0 },

where

βT
S := (u ⊗ u)TDΣS(θ0S)

{
FT

SDΣ(θ0)T(Ω−1
0 ⊗ Ω−1

0 )DΣ(θ0)FS

}−1

× FT
SDΣ(θ0)T.

Consider a p× p matrix BS such that vec(BS) = βS . It follows that

ρS := (u ⊗ u)TDΣS(θ0S)(θ̂S − θ0S) = vec(BS)Tvec{Ω−1
0 (Ω̂ − Ω0)Ω−1

0 }

= tr
{
BT

SΩ−1
0 (Ω̂ − Ω0)Ω−1

0

}
= tr

{
B̃SΩ−1

0 (Ω̂ − Ω0)Ω−1
0

}
= tr

{
Ω−1

0 B̃SΩ−1
0 (Ω̂ − Ω0)

}
= −tr(Ω−1

0 B̃S) + 1
n

tr
(

Ω−1
0 B̃SΩ−1

0

n∑
i=1

yiyT
i

)
,

where B̃S is the symmetrization of BS defined by B̃S := (BS + BT
S )/2. Also

note that

‖B̃S‖F

≤ ‖BS‖F = ‖βS‖2

≤ ‖DΣ(θ0)‖2‖DΣS(θ0S)‖2‖{FT
SDΣ(θ0)T(Ω−1

0 ⊗ Ω−1
0 )DΣ(θ0)FS}−1‖2

= O(1).
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Since
∑n

i=1 yiyT
i ∼ Wishart(n,Ω0), it follows from the moment-generating func-

tion of the Wishart distribution that (see, e.g., Chapter 8 of [40]) for any u ∈ R

with u/n → 0 and sufficiently large n,

E0 exp
{

tr
(
u

n
Ω−1

0 B̃SΩ−1
0

n∑
i=1

yiyT
i

)}
= exp

{
−n

2 log det
(
I − 2u

n
Ω−1

0 B̃S

)}
.

Observe that Ω−1
0 B̃S and Ω−1/2

0 B̃SΩ−1/2
0 are similar matrices having the same

set of eigenvalues, that (2u/n)λj(Ω−1/2
0 B̃SΩ−1/2

0 ) = o(1), and that log(1+x) ≥
x− x2 for sufficiently small |x|, we further write

log det
(
I − 2u

n
Ω−1

0 B̃S

)
=

p∑
j=1

log λj

(
I − 2u

n
Ω−1

0 B̃S

)
=

p∑
j=1

log
{

1 − 2u
n
λj(Ω−1

0 B̃S)
}

=
p∑

j=1
log
{

1 − 2u
n
λj(Ω−1/2

0 B̃SΩ−1/2
0 )

}

≥ −
p∑

j=1

2u
n
λj(Ω−1/2

0 B̃SΩ−1/2
0 ) −

p∑
j=1

{
2u
n
λj(Ω−1/2

0 B̃SΩ−1/2
0 )

}2

≥ −2u
n

tr(Ω−1
0 B̃S) − 4u2

n2 ‖Ω−1
0 ‖2

2‖B̃S‖2
F

≥ −2u
n

tr(Ω−1
0 B̃S) − Cu2

n2 .

for some constant C > 0. Therefore, with u/n = o(1), for sufficiently large n,
we have

E0 exp(uρS) = exp{−utr(Ω−1
0 B̃S)}E0 exp

{
u

n
tr
(

Ω−1
0 B̃SΩ−1

0

n∑
i=1

yiyT
i

)}

= exp{−utr(Ω−1
0 B̃S)} exp

{
−n

2 log det
(
I − 2u

n
Ω−1

0 B̃S

)}
≤ exp

{
−utr(Ω−1

0 B̃S) + n

2
2u
n

tr(Ω−1
0 B̃S) + Cu2

2n

}
≤ exp(Cu2/n).

Hence, by the Chernoff bound for normal, we obtain

P0

{
|(u ⊗ u)TDΣS(θ0S)(θ̂S − θ0S)| > M

8

√
s log p
n

}

= P0

(
ρS >

M

8

√
s log p
n

)
+ P0

(
ρS < −M

8

√
s log p
n

)
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≤ P0

(
ρS
√
ns log p >

Ms log p
8

)
+ P0

(
−ρS

√
ns log p >

Ms log p
8

)
≤ E0 exp(ρS

√
ns log p)

exp{(Ms log p)/8} + E0 exp(−ρS
√
ns log p)

exp{(Ms log p)/8}

≤ 2 exp
{
−
(

1
8M − C

)
s log p

}
.

Finally, the above bound leads to the following upper bound for the term on
line (32):∑

S∈S0

∑
u∈Sp(S)−1(1/5)

P0

{
|(u ⊗ u)TDΣS(θ0S)(θ̂S − θ0S)| > M

8

√
s log p
n

}

≤ 2
∑
S∈S0

∑
u∈Sp(S)−1(1/5)

exp
{
−
(

1
8M − C

)
s log p

}

≤ 2
κ0s0∑
t=s0

(
p− r

t

)
|S(t+r)−1(1/5)| exp

{
−
(

1
8M − C

)
s log p

}

≤ 2
κ0s0∑
t=s0

(κ0s0)p−r exp
{
cκ0s0 −

(
1
8M − C

)
s log p

}
≤ 2κ0s0 exp

{
(c + 1)κ0s0 log p− 1

8Ms log p + Cs log p
}

≤ 2e−(Ms log p)/16

by taking a sufficiently large M > 0 as n → ∞. The proof is thus completed.
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