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Abstract: It is known that consistent nonparametric regression for a cur-
rent status censored (CSC) response and a univariate predictor is possible.
The paper, for the first time in the literature, presents sharp minimax the-
ory of mean integrated squared error (MISE) convergence and methodology
of adaptive estimation. Rate of the MISE convergence is classical, the sharp
constant quantifies the effect of CSC, and the results hold under a mild as-
sumption on smoothness of nuisance functions not tied to smoothness of the
regression. Then the setting is extended to a multivariate predictor. Real
and simulated examples are presented, as well as an illuminating compari-
son of theoretical results known for CSC and directly observed data.
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1. Introduction

Consider the problem of estimating a regression function
m(z) :=E{T|X =z}, z€][0,1] (1.1)

where T is the continuous lifetime of interest (time to an event of interest)
and X is the continuous random predictor supported on [0, 1]. It is well known
that if m(z) is a-fold differentiable then, based on a sample of size n from
(X, T), it can be estimated with optimal rate n=2%/(@+1) of the MISE (mean
integrated squared error) convergence, see [12, 68]. Further, if the density f7
of T is of interest and it is a-fold differentiable, then it can be estimated with
the same optimal rate as the regression, see [9, 68]. This is the famous principle
of equivalence between the nonparametric regression and density estimation
problems discussed in [13].

In the paper we consider a setting when the lifetime 7" is not observed directly.
Instead, there exists a possibility to check status of the event of interest at
some random moment of time Z, called the monitoring time. Then the available
observation is the triplet of random variables (X, Z, A) where A := I(T < Z) is
the status (indicator) of the event of interest, namely the status is equal to 1 if
the event of interest already occurred at time Z and the status is zero otherwise.
A sample from (X, Z, A) is called current status censored. Let us also introduce
notation A’ := 1 — A that will be frequently used in the paper. It is known
that for density estimation the CSC dramatically slows down the rate of MISE
convergence, and exact rates will be presented shortly. If the above-mentioned
principle of equivalence between density and regression holds for CSC, then this
is a bad news for the regression. As we will see, the principle breaks down for
CSC data and we will be able to estimate regression with the classical rates and
even evaluate sharp constants for the MISE convergence. At the same time, we
will also see that nonparametric regression is the exemption to the general rule
that CSC slows down rate of convergence. This is an interesting specific of the
CSC because there is no such phenomenon for right censored observations when
the sampling is from (min(7,C),I(T < C')) and C'is the censoring lifetime.

Cwrrent status censoring (CSC), also known as “case I” interval censoring,
arises in different applications ranging from biostatistics and engineering to
econometrics. For instance, in a clinical study devoted to the time 7" from cancer
surgery to cancer reoccurrence, the follow-up examination at time Z after the
surgery determines whether or not the cancer is present. We do not observe T'
and instead observe the monitoring time Z and the indicator of cancer A =
I(T < Z). Note that A’ = 1 means that at the time of examination the patient
is cancer free. A number of covariates, including age and size of tumor, may
be of interest. In rodent bioassay experiments, when the time from inducing a
chemical to developing a disease is the lifetime of interest T', sacrifices are often
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used to detect the disease. Then the available information is the time Z of the
sacrifice and the indicator of disease, as well as some characteristics of rodents
and the chemical. In engineering experiments, destructive tests are used to find
whether a system has failed. Another large cluster of CSC applications is in
econometrics when the interest is in developing choice models for individual and
household behavior (Nobel Prize in Economic Sciences in 2000). The following
example sheds light on the binary choice model. The interest is in price T'
that an individual is ready to pay for an item whose asking price is Z, and
the available observations are the asking price Z and the indicator of sale A’ =
I(T > Z). Note that in the econometrics the indicator A’ is called the observable
binary outcome. This and many other econometric examples can be found in
[7, 45, 46, 63, 69].

CSC is a well-known problem in survival analysis, see a discussion in books
[5, 16, 20, 30, 33, 60], reviews in [22, 59], and more recent papers [3, 18, 38, 47]
where further references may be found. Differentiable functionals were studied
in [66], and the theory pointed upon regular and irregular convergence rates
for CSC observations. As we will see shortly, similar phenomena exist for adap-
tive estimation of nonparametric curves under MISE criterion, and this requires
developing a targeted methodology for a specific problem at hand. Let us also
mention papers devoted specifically to CSC regression models. Proportional
and additive hazards are popular models discussed in [19, 27, 39]. The accel-
erated failure time model is explored in [54]. The proportional odds regression
is studied in [56]. There is a vast literature devoted to semiparametric models.
These models are explored via sieve maximum likelihood, linear and additive
transformation models, ensemble variable selection, EM algorithm, penalized
log-likelihood estimation in [6, 36, 41, 43, 48, 49, 58, 70, 71]. Simultaneous
estimation and variable selection with broken adaptive ridge regression are con-
sidered in [73]. Linear regression is studied in [37, 50, 57]. Interesting results
for hazard regression can be found in [4]. An estimator of regression parameters
in the accelerated failure time model by inverting a Wald-type test for testing
a null proportional hazards model is proposed in [62]. Study of a semipara-
metric probit model and its applications can be found in [8, 40]. Model with
varying-coefficient partially linear proportional odds is investigated in [42]. The-
ory of semiparametric linear regression is developed in [21] where asymptotically
normal estimate is proposed. Nonparametric regression of the status on the pre-
dictor is explored in [25] where a modified maximum rank correlation estimator
is proposed. There is a relatively large literature devoted to sieve maximum
likelihood regression, see a discussion and reviews in [44, 75]. There is also a
rich literature devoted to estimation of linear functionals like Sgo g(t)ST (t)dt and

SSO g(t)fT(t)dt. The corresponding theory of efficient estimation, methodology
and examples can be found in [2, 23, 28, 32, 72, 74].

It is fair to notice that for CSC main theoretical results and a majority of
literature are devoted to estimation of the distribution of T" based on a sample
of size n from (Z, A). Let us present some known results and compare them with
results for a direct sample from T'. For the direct sampling, a v-fold differentiable
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ANAEROBIC CSC DATA

e |
- o o ©° o
° o o
o o o
oo}
S A ° @
o
° o
8 o o
8%
© _| oo @ [
o
)
N
< S a
S oo
IN
a
N A Ao
~ | A A a 2
o
TN
a a IN
o | IN
o
T T T T
0.2 0.4 0.6 0.8

Fic 1. BIFAR data for anaerobic digestion of municipal wastewater. The circles and the
triangles show pairs (X, Z) corresponding to status 1 and 0, respectively. Observations are
rescaled onto the unit square.

survival function ST (t) := P(T > t) can be estimated with a parametric rate n—*

regardless of its smoothness (regardless of v), but CSC slows down the rate to
n~2¥/(2v+1) and makes the rate depended on the smoothness, [16, 18, 28, 60, 68].
Similarly, for a direct sample the optimal MISE rate of estimating an a-fold dif-
ferentiable density f7(t) is n=2%/(22*+1) while CSC slows it down to n~=2/(2a+3)
which is the optimal rate of estimating a trivariate density for direct observa-
tions, see a discussion in [16, 18]. Further, CSC makes adaptation to unknown
smoothness of a curve more complex, see [18]. Another important remark is as
follows. For directly observed data, the familiar principle of equivalence between
density and regression estimation implies that rates of convergence should be
the same, see a discussion in [13], but we will see shortly that the principle
breaks down for CSC data.

To shed light on complexity of CSC regression, Figure 1 presents a real en-
vironmental example of CSC regression data (the scattergram) that will be
explained shortly. Note that we do not observe lifetimes of interest, and each
observation only tells us the status of T with respect to a shown monitoring time
Z. Accordingly, it is difficult to visualize an underlying regression function in a
CSC scattergram, while it is feasible for a standard regression. As we will see
shortly, special methods and a corresponding software are needed for analysis
of CSC data.

Now let us explain the data. Anaerobic digestion of organic municipal solid
waste is considered as a key element in sustainable municipal waste manage-
ment due to its benefits for energy, environment, and economy. This process
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dramatically reduces emission of greenhouse gases, generates renewable natural
gas, and produces fertilizers and soil amendments, see [1, 35]. Environmental
company BIFAR has been interested in a minimal time T for required anaerobic
digestion of municipal sludges with different thickness X which is created by
ether the gravity thickening, or gravity belt thickening, or a centrifuge. Anaer-
obic digestion happens in the absence of oxygen in a sealed, oxygen-free tank
called an anaerobic digester, and the word anaerobic means “in the absence of
oxygen”. Because an anaerobic digester is sealed, the minimal time T to desired
digestion cannot be directly observed. Instead, an anaerobic process may be ter-
minated at a monitoring time Z, and then a laboratory analysis of the treated
sludge will show its status A = I(T < Z). Results of the BIFAR’s controlled
experiment are shown in Figure 1, and regression analysis of the CSC data will
be presented shortly in Section 5. Let us stress that the example is of interest
because the CSC methodology is the only feasible method to gain access to the
anaerobic process.

It is well known that, for small samples and a nonparametric estimation,
constants of MISE convergence are as important as rates, see a discussion in [13].
This is why the paper develops a sharp minimax theory of regression estimation
which explains how CSC affects regression estimation. Further, the presented in
Section 2 lower bound is developed for oracles that know all nuisance parameters
(like o) and nuisance functions (like f*'Z), and then the aim is to propose an
estimator that matches the oracle under minimal assumptions on smoothness
of nuisance functions.

Now let us explain several related problems explored in the paper. Introduce
the conditional survival function S7IX(t|z) := P(T > t|X = ). Then the
regression (1.1) can be written as

m(z) = L C TN (taydt, x e [0.1]. (1.2)

Accordingly, regression is the linear functional of the conditional survival. Cen-
soring always causes issues with estimating right tail of the distribution, and to
remedy the issue it has been proposed to consider restricted linear functionals,
like the restricted mean survival time (RMST) SS ST (t)dt and the conditional
restricted mean survival time (CRMST)

-
pr(z) 1= f ST (t|z)dt, = €[0,1], 0 <r < 0. (1.3)
0
To simplify the terminology, in what follows we are referring to the CRMST g,
and the constant r as the restricted regression and the restriction, respectively.
Estimation of more general restricted linear functionals will be also explored.
The first use of the RMST for analysis of tumourless life was in [29], and the
enlightening discussion of the approach can be found in [61]. In [32] estimation
of RMST for right censored data with available covariates is investigated, and
this paper pioneered the methodology of restricted regression. In particular, that
paper presents an interesting discussion of advantages of the restricted regression
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with respect to other regression models and the Cox’s model in particular. For
now there is a relatively large literature devoted to these functionals, and reviews
can be found in [23, 28, 72, 74].

If T and Z are conditionally independent given X, and this is a standard
assumption, then the following formula holds,

P(A = 1|X =2, Z = 2) = ST (z|z). (1.4)

This conditional probability, and equivalently the conditional survival function,
is of a special interest in all the above-presented practical examples. For instance,
in the cancer example this is the conditional likelihood to be free of cancer at
time z after the surgery. The probability (1.4) is also of the central interest for
the econometric binary choice model [7, 26, 45, 46]. Accordingly, we will discuss
nonparametric estimation of ST1X.

Another typical complication in CSC is the missingness. In the paper we
are considering a particular missing CSC (MSCS) when the sample is from
(A'X,A’Z, A). Accordingly, only observations with A’ = 1 are available. For
instance, in the above-mentioned econometrics example the MCSC means that
only information about completed sales is available. Discussion and examples of
the MCSC can be found in [16, 18].

The context of the paper is as follows. Section 2 is devoted to sharp minimax
lower bounds for the oracle who knows both CSC data and all nuisance param-
eters and functions. Then the aim is to propose a data-driven estimator that
matches performance of the oracle. Section 3 presents oracle-estimators, as well
as estimators for controlled CSC when the design density of (X, Z) is known.
The latter is relaxed in Section 4. Analysis of real and simulated examples can
be found in Section 5. Multivariate CSC regression, as well as estimation of a
conditional survival function given a vector of predictors, are discussed in Sec-
tion 6. Linear functionals are considered in Section 7. Conclusions and topics
for future research are in Section 8. In particular, it contains an illuminating
comparison between estimation of distributions and regressions for direct and
CSC data. Proofs are placed in the Appendix.

Finally, let us present several notations used in the paper. Recall that A’ :=
1 — A. P(-) denotes the probability, fX denotes the density of X, fX*# denotes
the joint density of (X,Z), STIX(t|z) := P(T > t|X = z) is the conditional
survival function of T' given X, STIXZ(T |z, 2) := P(T > t|X = x,Z = ) is the
conditional survival function of T given X and Z. E{-} is the expectation, and
we may write Egrix{-} to stress that the expectation is calculated using the
given STIX . Notations m and y, are used for the regression (1.2) and restricted
regression (1.3), respectively. The used risk is the mean integrated squared error
(MISE), for instance the MISE of a regression estimate m(x), € [0,1] is
E{Sé(ﬁ@(x) —m(z))?dz}. Further, x := (x1,...,2) denotes a vector, {pg(x) :=
1, ¢;(x) := 22 cos(mjx),j = 1,2,...} are elements of the cosine trigonometric
orthonormal basis on [0,1], I(-) is the indicator, and ¢, := 3 + |In(n)| where
|z] is the largest integer which is smaller or equal to z. C’s denote generic
positive finite constants and ¢’s denote specific constants, 0;(1)’s denote generic
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vanishing sequences as the parameter j — co. Finally, set R := [0,1] x [0, )
and R, := [0,1] x [0,r] where the positive constant r is called the restriction.

2. Sharp lower bounds for the MISE of oracle-estimators

The aim of this section is to explain what can and cannot be done, based on CSC
and MCSC samples, for estimating regression (1.2) and restricted regression
(1.3). Recall that we observe a sample from (X, Z, A) for CSC and a sample
from (A'X,A’Z,A) for MCSC, here A := I(T < Z) and A’ := 1 — A. The
approach is to consider the oracle who knows more than the statistician, and
then develop a sharp lower minimax bound for the mean integrated squared
error (MISE) of oracle-estimators. The idea is that the statistician cannot solve
a problem better than the oracle, but may try to match performance of the
oracle.

Recall that basic notations can be found at the end of the Introduction.
We begin with assumptions. According to the review [30] ”... the monitoring
time is almost always assumed independent of the lifetime of interest.” Our first
assumption relaxes that independence by assuming conditional independence.

Assumption 2.1. The predictor X is a continuous random variable supported
on [0,1]. The monitoring time Z and the lifetime of interest T are nonnegative
continuous random variables. Given predictor X, the lifetime of interest T is
conditionally independent of the monitoring time Z, that is STIXZ (t|x, 2) =
STIX (t|z). The pair (X, Z) may be dependent.

The next two assumptions allow us to develop oracle’s lower bounds. To
explain the assumptions, we begin with several preliminary remarks. First, note
that the regression and the restricted regression are linear functionals of an
underlying conditional survival function,

m(z) = LOO STIX (tz)dt, pr(z) = Lr STIX (t|z)dt, = e [0,1]. (2.1)

Second, for the oracle a minimax lower bound for estimating p, is always smaller
than for estimating regression m because the oracle may set STIX(t|z) to be
known for ¢ > r (this assertion will be proved in the Appendix). Accordingly,
we begin with a lower bound for restricted regression. Third, it is natural to
obtain a lower bound via appropriate perturbations of ST1¥ (¢|z) for (z,t) € R,.
Consequently, a minimax lower bound is developed for a special class of con-
ditional survival functions. Further, as we will see shortly, a sharp minimax
constant is a functional of STIX. This is why a local minimax approach is used
when all considered conditional survival functions converge in Ly-norm to an
anchor SOT X as n — 0. Let us stress that the anchor is not an underlying
conditional survival function and its primary role is to let the oracle know that
all underlying conditional survival functions are near the anchor known to the
oracle. Accordingly, the oracle also knows that all underlying restricted regres-



Regression for CSC 4923

sions i, are near the anchor u,.o where Mro = So TlX (t|z)dt, x € [0,1]. The

anchor myg is defined similarly as mo(z) := So ST‘X (t|z)dt, = € [0,1].
The above-made remarks explain the followmg two assumptions. Recall that
vo(z) = 1, pj(x) = 212 cos(mjz), j = 1,2,... are elemenst of the cosine basis
n [0,1].

Assumption 2.2. The anchor SoTlx(t|x), (x,t) € R is known to the oracle. The
anchor is continuous in x and differentiable in t on R,, and

(%rgg%3 So Tix (t|z) = e1(r) > 0, (x{?)%%(zr — < —ea(r) < 0. (2.2)

The next assumption introduces a shrinking (toward the anchor) local Sobolev
class of underlying conditional survival functions. A discussion of Sobolev classes
can be found in [13, 24, 51].

Assumption 2.3. An underlying conditional survival function STIX belongs to
a class

Fa(S5 ™, ,Q,r) = (ST (t]) - f ST (t|z)dt € My (pro, 0, Q,7)},  (2.3)
0
where

Malar0,0,Qu7) i= { o (@) = pro(a) + g(a),
9€8(0,Q). l9@)| < 1/ga, w e [0,1]}. (2.4)

In (2.4) pro(z) := § Sy ST () dt and
S(a, Q) := {g cg(x) = Z p;(x)
iu (75)°*]62 <Q<oo,a>1,xe[0,1]} (2.5)

is the global Sobolev class (ellipsoid).
Remark 2.1. Let us comment on the relationship between ST!X and the re-
stricted regression p, that sheds extra light on Assumption 2.3. For the condi-

tional survival on R, we can write using the Fourier theorem,
ST|X t|5C Z ’ijz@j 71/2()01'@/7")’ ($,t) ER;.
7,2=0

Here
Kji 1= JR STIX(t|33)g0j(m)r_l/Qcpi(t/r)dtdx
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are Fourier coefficients of the conditional survival. Using § ¢;(t/r)dt = 0 for
1 = 1, we conclude that

0
pir () = 71/ Z Kjopi(z), xe[0,1].
j=0

Accordingly, the restricted regression is proportional to the univariate Fourier
component of STIX (t|z) in x.

Remark 2.2. In what follows a class }"n(Sng, a,Q,0) is formally defined by
replacing in (2.4) the restricted regression u, and the restricted anchor regression
o by the regression m and the anchor regression my, respectively. This class
will be used for analysis of estimators proposed for unbounded 7.

Remark 2.3. Recall that if « is an integer, then S(«, Q) is the global Sobolev
class of a-fold differentiable functions traditionally studied in the classical non-
parametric regression theory devoted to the model T' = m(X) + o(X)& where
¢ is independent of X standard normal variable (error), see [12, 13, 68]. Then
it is known that, based on a direct sample of size n from (X, T), the regression
function can be estimated with the classical rate n—2%/(2+1) of the MISE con-
vergence. Note that a real « is also considered in the literature, see [13]. The
global Sobolev class is of interest on its own and will be used in upper bounds.

Our final assumption is devoted to the joint density fXZ(z, z) which is known
to the oracle and to the statistician for the case of a controlled CSC study.

Assumption 2.4. The joint density f*%(x,z) is known, continuous and posi-
tive on R,.

Now we are in a position to formulate lower bounds for oracle-estimators
using CSC observations.

Theorem 2.1 (Lower bounds for CSC). (1) Suppose that Assumptions 2.1-
2.4 hold and a CSC sample of size n from (X, Z,A) is given. Then

inf sup [n/d(STIX, X7 p)]2e/ (2etl)
BE srixer, (sT1X a,Q,r)
1
XESTV‘{J (fiy () — ur(x))de}} > P(a, Q)(1 + 0,(1)). (2.6)
0

Here the infimum is taken over all possible oracle-estimators that know data,
the function class fn(SOT‘X, a,Q,r) and the joint design density f*%,

P(Q,Q) = [a/(w(a + 1)]2a/(2a+1)(2a + 1)1/(20&-‘,—1)621/(2a+1)7 (27)

and

— STIX (¢laNSTIX (¢|2
d(STX, FX7 :=J. (1 — STIX(#|2))STIX (t|x)

e FXZ(0.1) dtdx (2.8)
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is the coefficient of difficulty for CSC.
(ii) Let us additionally assume that d(ST'X, X% ) < o and Assumption 2./
holds for any finite r. Then

inf sup {[n/d(sT\X’ FX7 op)]ped ek )

Tk grixer, (ST1X a,Q,0)

X]EsT\X{JO (m*(z) — m(gc))2da:}} > P, Q)(1 + 0,(1)). (2.9)

Let us make several comments about the result. First, it will be shown
in the next section that the lower bounds are sharp and attained by oracle-
estimators. Second, similarly to the above-mentioned classical case of a direct
sample from (X,T) and the regression model T' = m(X) + o(X)E, rate of the
MISE convergence is the classical n=2%/(2¢+1) 1In other words, CSC regression
avoids the curse of CSC distribution estimation when the rate is slower than
for direct observations. This also shows that the familiar equivalence between
density and regression estimation, known for direct observations [13], breaks
down for CSC. Third, complexity of a CSC regression model is captured by
its coefficient of difficulty (2.8). Fourth, the coefficients of difficulty shed light
on the role of restriction r which allows us to avoid improper integrals. Fifth,
let us shed an extra light on the coefficient of difficulty (2.8). Consider a well
known problem of estimating the RMST v, := SS ST (t)dt using a sample of
size n from (Z,A), see a comprehensive discussion in [28]. Under a mild as-
sumption, the nonparametric maximum likelihood estimator 7, is efficient and
n~12[D, — v,] £, N(0,d(ST, f%,r)) where the functional d(-,,) is defined in
(2.8). The fact that the same functional defines asymptotic efficiency for estima-
tion of RMSR and restricted regression is not surprising because the efficiencies
are established using the same methodology of the local asymptotic normality
and calculation of the Fisher information for CSC observations.

The oracle’s lower bound warns us that even the oracle may not be able
to propose a consistent regression estimator for unbounded lifetimes T or if
the support of Z is a subset of the support of 7. A similar warning, based on
analysis of maximum likelihood and Fisher information, is made in [21] for linear
CSC regression. Fortunately, in survival analysis an unbounded lifetime is a rare
phenomenon, and in a majority of statistical applications a lifetime of interest
is bounded by a known value, see the literature cited in the Introduction.

Now let us consider the MCSC sampling.

Theorem 2.2 (Lower bounds for MCSC). Suppose that Assumptions 2.1-
2.4 hold and a MCSC sample of size n from (A'X,A'Z, A) is given. Then the
assertion of Theorem 2.1 holds with d(STIX,| fXZ r) being replaced by

STlX
d(STIX pX.Z 0y L ﬁmdm. (2.10)
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Note that the MCSC sampling does not slow down the rate of MISE conver-
gence but makes the sharp constant larger. The ratio (dy /d)?*/(2*+1) defines the
effect of missing on the accuracy of estimation under the MISE criterion. Here
and in what follows we may use notations d and dy for the functionals (2.8) and
(2.10), respectively.

Remark 2.4. In the following section upper bounds for minimax MISEs will
be presented. Under a minimax approach, like the one in (2.6) or (2.9), the
supremum is taken over a class F of underlying distributions STI¥ and the
infimum over a class of estimators. Accordingly, in a lower bound it is desirable
to consider a smaller F and in the upper bound a larger F. In the above-
presented lower bounds we are considering sequences in n of shrinking, toward a
specific anchor distribution, classes F,, of distributions. To establish sharpness
of those lower bounds, we will present oracle-estimators and estimators that
attain the lower bounds for STIX e F,,. It is also a tradition in nonparametric
curve estimation to analyze MISE over a class of estimands (in our setting over a
class of regressions or restricted regressions). Traditional classes of estimands are
global Sobolev classes S(«, Q) defined in (2.5). Accordingly, in upper bounds we
may simultaneously consider supremums over S”1X e F,, and over an estimand
(m or p,) from S(a, Q). As an example, we may write SUDgrixer, 4 eS(a,Q)-

3. Estimation for a controlled study

A controlled study means that the joint design density fX*Z is known, and
the case of an observational study, when the design density is unknown, will be
considered in the next section. We begin with heuristic of the proposed method-
ology, and then consider efficient estimation for MCSC and CSC samples in turn.
Recall that all general notations may be found at the end of the Introduction.

3.1. Heuristic of oracle-estimators

The aim of this subsection is threefold. First, to explain the underlying idea of
used series estimation. Second, to present oracle-estimators that attain the lower
bounds of Section 2. This will prove sharpness of the minimax lower bounds.
Third, to explain the methodology of adaptation to unknown smoothness of
regression.

We begin with a simple technical result. Recall that C' s are generic positive
constants.

Lemma 3.1. Suppose that function g belongs to the global Sobolev class S(a, Q)
defined in (2.5). Suppose that Fourier coefficients k; := S(l) g(x)pj(z)dx of g can
be estimated by K; satisfying

E{(%; — r;)2} < Cn ™. (3.1)
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Set J¥ = nt/@etD) - and introduce the nonparametric oracle-estimator

T
7 (x) = Y. Fipi(x). (3.2)
j=0
Then )
sup  E{| (7%(z) — g(z))%dz} < Cn~2/(2a+1), (3.3)

geS(a,Q) 0

This assertion and its proof are simple and insightful. Note that the oracle-
estimator is rate-optimal and depends only on the nuisance parameter «.. Keep-
ing in mind that in statistical practice it is often assumed that « =1 or a@ = 2,
see [13, 68], we get a simple estimator. The proof is based on the Parseval
identity. Write,

1

T
sup B{| (7*(x) —g(@)*dw} = sup [D E{(F; —r;)’t+ >, 7]
9€8(a,Q) 0 9e5(a,Q) j=o G>Jk

< Cn~YJF + (JF) 729 < On =2/t
What was wished to show.
After this warming up, let us consider a more sophisticated assertion that
will lead us to sharp-minimax estimation for settings considered in Section 2.

Also recall Remark 2.4 about considering both local and global function classes
in upper bounds.

Lemma 3.2. (i) Suppose that a function of interest g belongs to the global
Sobolev class S(a, Q) defined in (2.5). Suppose that Fourier coefficients kj :=

Sé g(x)pj(x)dx of g can be estimated by R; satisfying
E{%;} = k;, B{(Rj — 5;)?} <dn (1 +0n(1) +0;(1)), 0 <d <oo. (3.4)

Introduce the nonparametric oracle-estimator

dn In
gla) = D Feia) + > (1= (/Ja)")R;e5(x), (3.5)
Jj=0 J=qn+1

where J,, := ¢ +1+|[(n/d)Qr 2% (a+1)(2a+1)/a]Y PtV |, Then the following
upper bound is valid for MISE of this oracle-estimator,

1
sup [n/d]ga/(zaH)E{J (G(x) — g(2))*dz} < P(a, Q)(1 + 0n(1)).  (3.6)
9€S(a,Q) 0

Here P(a, Q) is defined in (2.7).

(ii) Let the function of interest be g = go + g« where go € S(o/,Q’), & > «a,
Q' < 0, is the anchor function and g, € S(, Q). Suppose that (3.4) holds. Then
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MISE of the oracle-estimator (3.5), that does not use the anchor go, satisfies
the following upper bound,

sup [n/d]z"/@““)]E{J (G(x) — g(2))*dz} < P(a,Q)(1 4+ 0n(1)).  (3.7)
g*eS(a,Q) 0

Note that the second part (ii) of the lemma does not follow from the first one
because in part (ii) the estimand g no longer belongs to S(«a, Q). Part (i) sheds
light on global estimation and part (ii) on local estimation centered around the
anchor. Lemma 3.2 will be proved in the Appendix.

The main conclusion from Lemma 3.2 is that to construct an efficient non-
parametric oracle-estimator it is sufficient to propose a Fourier coefficient esti-
mator satisfying (3.4) with d being an appropriate coefficient of difficulty. Let
us show how this can be done for MCSC and CSC sampling models in turn.
We are considering estimation of Fourier coefficients for restricted regression u,,
and then comment on the case of regression.

Suppose that Assumption 2.1 holds and assume that the coefficient of dif-
ficulty dy := dy(STIX, fX5Z 1), defined in (2.10), is finite. Recall our notation
() = SS STIX(t|z)dt for restricted regression. Using the Fourier theorem we
get

pre) = [ ST o)t = 35 0y5(a), € 0.1, (3.5)

Jj=0

Recall that ¢o(z) = 1, ¢;j(z) = 2Y2cos(mjz), j = 1,2,... are elements of the
cosine basis on [0, 1] and 6; are Fourier coefficients of fi,,

1 1 T
L ()de — | ,
0; = L ()05 (2)d = L ”O ST (te)dt | o (@) da. (3.9)
Using Assumption 2.1 we can write
FRP8 (. t,6) = f57 (@, t)[1 = ST (t) ) [T (ta)] (3.10)

Note that fX%2(z,t,0) = 0 if f5Z(2,t) = 0 or ST (t|z) = 0. This allows us
to continue (3.9),

_ (57 (2, t) > 0) fH72 (2,1,0)p; (2)
0; J J FXZ (1) I dtdx

AI 7T jX
:]E{ JEX;(X)S"Z)( )}. (3.11)

The joint density fX°# is known to the oracle. Accordingly, for MCSC formula
(3.11) yields the sample mean Fourier estimator

o IZA’ L(A1Z < r)p (A X)) (3.12)

FXZ(AIX,, N Z))
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Further, for the sample mean Fourier estimator we get
E{6;} = 65, E{(0; —6;)°} = dun™" (14 0;(1). (3.13)

Now we can invoke Lemma 2.1 and conclude that the oracle-estimator (3.2),
using Fourier estimates (3.12), is rate optimal. Further, Lemma 3.2 implies that
the oracle-estimator (3.5), using Fourier estimates (3.12), is efficient according
to Theorem 2.2. Further, by setting r = oo in (3.12), we get a sample mean
Fourier estimate for the regression m(z) = E{T|X = z} satisfying (3.13) where
the dy is replaced by dy (STIX, f5Z o).

Now we are considering the CSC sampling. So far, due to the study of MCSC,
we used only a subsample with A’ = 1 to estimate restricted regression p,., and
this is why the variance in (3.13) is larger than the coefficient of difficulty d de-
fined in (2.8). Let us explain how remedy this issue. Consider Fourier coefficients
of the conditional survival function on R,.,

Bri == Lz STIX (t2) r (x)r =24 (/) dtda. (3.14)

™

These Fourier coefficients allow us to introduce a special Fourier approximation
of STIX with a skipped subset of jth Fourier coefficients Bji, i =0,1,...,

dn

S(j,n,t,x) = Z Z Bri @k(w)r_l/ngi(t/r), (t,z) e Rr.  (3.15)
ke{0,1,...,qn \{5} i=0

Note that Sé S(j,n,t,2)pj(x)dr = 0 and S(j,n,t,x) converges to STIX (t|z) as j
and n increase. The oracle suggests a new unbiased Fourier coefficient estimator

~, _ " A/ — S(j n Zl Xl)]QO'(Xl)
0F :=n~! A R A 3.16
e L T R 7 (8.16)
The oracle’s rationale is that, as it will be checked in the Proofs,
E((B* — 0,)2) = d(STIX, 57, 1)n 1 (1 + 0(1)). (3.17)

Accordingly, the modified Fourier estimator 5;‘ can be used for sharp minimax

estimation of y,.. Of course, the conditional survival function S71X is unknown,
but it may be estimated with sufficient accuracy to match the oracle.

Finally, if m, € S(a,Q), then how can a series estimate adapt to unknown
nuisance parameters (a, Q) and d? Let us explain the heuristic of blockwise
shrinkage that performs the desired sharp adaptation to the nuisance parame-
ters.

We begin with the following classical result in point estimation. If éj is
unbiased estimator of parameter ¢;, then it may be beneficial to look at the
shrinking estimator A;6;, A; € [0,1] which minimizes the mean squared error
E{(\;0; — 0,)?}. The oracle’s solution, known as the Wiener filter, is

J T 92 2. _1°
9j—|—0]n

o3 :=nE{f; — 0,)*}. (3.18)
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It may be tempting to plug in appropriate estimates of §7 and o and replace
/\;’-< by the corresponding estimate. Unfortunately, this idea is not feasible because
07 is estimable with the parametric rate n~". On the other hand, we can see
from (3.5) that the smoothing weights 1 — (j/J,) are close to each other for
adjacent indexes j. This leads us to a simple solution when instead of estimating
individual weights 9]2 / (6'j2 + 0]2?1_1> we estimate a single optimal weight for a
block of adjacent indexes j. Namely, let B := {i + 1,...,7 + L} be a block of
length L of positive integers. Then the shrinking coefficient A*, which minimizes

E{ZjeB(Aéj - 9j)2}, is

L7y 62
A= — 5 Z]ff = 92 —. (3.19)
L3 ep0f + [ L7 Y cpoiln O +o2n
In (3.19)
©:=L"> 0 (3.20)

jeB

is the classical Sobolev functional which is the focal point of the blockwise
nonparametric adaptation. The theory of estimating Sobolev functionals is well
developed, and while )\;‘ may be estimated with the classical parametric rate
n~!, the Sobolev functional is estimable with the same rate but the constant
decreases as L (the length of block) increases. This is what creates the opportu-
nity for estimating A* with sufficient accuracy for matching oracle-estimators.
The corresponding theory is well developed [9, 10, 14, 24].

The above-discussed blockwise shrinkage is the adaptation methodology used
in this paper. This is the simplest and universal methodology of adaptation that
matches performance of efficient oracle-estimators. Further, in Section 6 it will
allow us to consider the problem of dimension reduction. Of course, there is a
number of other procedures for adaptation proposed in the literature, but they

are primarily concerned with rate optimal adaptation. The interested reader can
find reviews in [11, 13, 24, 68].

3.2. Efficient estimation of restricted regression for MCSC

In this subsection the lifetime of interest may be bounded or unbounded, and
these two cases are considered simultaneously. Further, recall that for a bounded
lifetime a restricted regression, with the restriction r equal to or larger than that
bound, is the underlying regression. The available sample is MCSC meaning that
we have a sample of size n from (A’X, A’Z A). The estimand is the restricted
regression pi,(z) = §; STIX (t|z)dt where r is a finite restriction. Because the
restriction is finite, we can simultaneously consider bounded and unbounded
lifetimes T given Assumption 2.4. Indeed, that assumption is not tied to the
support of T and only requires that the known (recall that in this section we
study the controlled sampling) design density fX'# is continuous and positive
on R, =[0,1] x [0,r].
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Introduce the Fourier coefficient estimator for MCSC observations

b= n! Z A'I(AZ < 1)p;i (A1 X))
R

(3.21)

As we will see shortly, it can be used to construct efficient restricted regression
estimator. Our next step, according to the heuristic of subsection 3.1, is to
define a blockwise adaptive estimator. For j > ¢, introduce consecutive and
non-overlapping blocks By, k = 1,2, ... of length Ly, := |(1 + 1/In(g,))*|, that
is Bl = {QH+1,...,qn+L1}, B2 = {Qn+L1 +1,...,qn+L1 +L2}, etc. Then
for each block we calculate two statistics. The first one is the U-statistic

2 / ’ /
N ) AL I(AL Zi, < 1)y (D] X))
O T =D 2 x1I= TN X A]’Z) (3.22)
k1N 1<l <la<n jeBy i=1 Lis l
The second statistic is based on Fourier estimates §j defined in (3.21),
O, =L Y 0. (3.23)

JEBkK

Let k,, be the smallest integer such that Zﬁll Ly > n/20+tD1n(q,) where
« is the smallest assumed value of parameter a. Recall that Assumption 2.3 sets
ap = 1, but other values also may be specified. For instance, g = 2 implies that
the restricted regression is twice differentiable, and this is another traditional
choice.

The proposed adaptive estimator is

fir () = fir(x fXZ Z

kn
+ 3 min(1, 0,/0,)1(6 > 1/[nIn(k +3)]) >} p;(x (3.24)
k=1 JEBy

Note how simple the adaptive estimator is.

Theorem 3.1. Let Assumptions 2.1 and 2.4 hold, and the anchor p.o belongs
to a Sobolev class S(o', Q") with o > a and Q' < w. Consider a MCSC sample
of size n from (A'X,AN'Z,A). Then the following upper bound holds for MISE
of the adaptive estimator (3.24),

Sllp [n/d*]Qa/(2a+1)
STIXeF, (Sg%,a,Q,r), nreS(a,Q)

xE{f () — ir (@)%} } < P, @)(1 + 0a(1)). (3.25)

We can conclude that the lower bound of Theorem 2.2 is sharp. Further, that
lower bound is also attainable for u, from the global Sobolev classes S(a, Q).
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Accordingly, we get the same results as for the case of regressions based on direct
observations from (X,T) where efficient adaptive estimators are proposed for
global Sobolev classes.

3.3. Efficient estimation of restricted regression for CSC

In this subsection the lifetime of interest may be bounded or unbounded, and
these two cases are considered simultaneously. Further, recall that if 7" is bounded
and we set r to be equal to or larger than the upper bound for the support of
T, then the restricted regression is equal to the regression.

Now let us consider a CSC sample of size n from (X, Z, A) and propose an
efficient estimator of w,. Set J(j,n) := {0,1,...,¢,}\{j} if 0 < j < ¢, and
J(,n) :== {0,1,...,qn} otherwise. Introduce the cosine basis {t(t) := r—/2,
Wi(t) = (2/r)Y?cos(mjt/r),j = 1,2,...} on [0,r]. Following the heuristic of
subsection 3.1, introduce an estimate of S7!X with subtracted projection on ©j,

~ 1 i(Z X)), x
S(j,n,z,x) :i=n 2 Z 2 }bX(Zl())((plk,(Zl;)w( 2)n ), (3.26)

I=1keJ (j,n) =0

and the Fourier coefficient estimate

Zn: (&) = 8(j,n, Zy, X0)I(Z) < r)p;(X0)
P X2 (X0, 7)) '

(3.27)

For adaptation to unknown smoothness of u,, we again use blocks Bj of
length Ly, introduced below line (3.21), and the sequence k,, defined below line
(3.23). For each block we calculate two statistics. The first one is the U-statistic

A~ 2
Ok = Lgn(n—1)
g(],n . Xl)))I(Zl < T)(pj(Xl.)

2 (Aii_ s Hliy Xl i i
X Z Z 1_[ fX’Z(Xl“Zli) . (3'28)

1<li<la<n jeByi=1

The second statistic is based on Fourier estimates §j defined in (3.27),

0, =L;' Y 6. (3.29)
JEB
The proposed estimator is
In
fir () = fir (2, fXZ ZQJWJ
En A
+ 3 min(1,04/0})1(O), > 1/[nln(k +3)]) Y O;0;(x (3.30)

k=1 JEB
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Theorem 3.2. Let Assumptions of Theorem 8.1 hold. Consider a CSC sample
of size n from (X, Z,A). Then the following upper bound holds for the MISE of
estimator (3.30),

sup {Infd(sTX, fX2 p)2e/@et)
STIXeF, (ST1X a,Q,r), ures(a,Q)
XE{ f () — ir (@)%} | < P, Q)(1 + 0,(1)). (3.31)

Theorem 3.2, together with the lower bound of Theorem 2.1, allow us to
conclude that not only the optimal rate n~2%/(22+1) ig preserved, but also the
sharp constant is attainable. Further, the proposed estimator attains the same
sharp constant over the global Sobolev classes. In short, we have the same
bouquet of results for CSC as for the case of direct observations.

3.4. Estimation of regression for unbounded T

We begin with an oracle-estimator and then present an estimator. It will be con-
venient to use notations D := d(ST|X, 57 ) and Dy 1= dy (ST, 57, 0).

ST\X fX,Z

Assumption 3.1. Conditional survival function
satisfy

and joint density
STlX
D, .—J J fXZ dtdxr < c3 < 0. (3.32)

Remark 3.1. Assumption 3.1 yields that D is also bounded. At the same time,
if D is bounded then D, may be unbounded if 1/f%#(z,t) is not integrable
for small ¢ while (1 — STX(t|z))/f*?(z,t) is. The latter is atypical for design
densities. Let is also recall that in [28], where the functional {j ST (t)dt is the es-
timand, the integral §[(1—S7())ST (t)/f#(t)]dt, called the information bound,
is assumed to be finite. We may conclude that Assumption 3.1 is in line with
known in the CSC literature.

Set J* := g, + 1 + |[(n/Ds)Qm 2% (o 4+ 1)(2ax 4 1) /] V/a+ D],

,4 - 10 (A1X))
foz (ALY AZ) (3.33)

and introduce the regression oracle-estimator motivated by Lemma 3.2,

qn J:f
=Y G+ D) (= G/ )e5(). (3.34)
Jj=0 J=qn+1

Theorem 3.3. Suppose that Assumptions 2.1 and 3.1 hold, and the anchor
mo € S(a/, Q") where &/ > a and Q' < . Then MISE of oracle-estimator
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(8.34) satisfies the inequality

sup [n/D*]2o¢/(2a+1)
STIXeF, (ST‘X a,Q,0), meS(a,Q)

XE{J (0)dr}} < P, Q)1+ 0,(1).  (335)

Corollary 3.1. The oracle-estimator (3.34) is asymptotically efficient for MCSC.

Its MISE is also within factor (D*/D)% from the lower bound (2.9) for CSC.
Accordingly, the rougher the regression the smaller the factor.

Now we are in a position to propose a blockwise adaptive estimator whose
heuristic was explained in subsection 3.1. Recall that blocks By with length Ly,
as well as the sequence k,,, were introduced below line (3.21). For each block we
calculate statistics

2 2 A; (p] AI Xl )
Opi=——— ’ 3.36
Lkn(n — 1) 1<l1§2<n jezB:k H fX z A Xl A/ Zl ) ( )
and
=L ) 6 (3.37)

JEBK

The proposed adaptive regression estimator is
q —
z, f57) Z 0jp;(x
kn — —
+ > min(1,04/0})1(0r > I/[nln(k +3)]) . 0;0;(x (3.38)
k=1 J€B

Theorem 3.4. Let Assumption 2.1 hold and

Joo ST|X(t|1‘)
o [f57( )]

Then the assertion of Theorem 3.3 holds for the regression estimator (3.38).

dt < ¢4 < 0. (3.39)

Remark 3.2. Counsider a lifetime of interest T supported on [0, c0). For CSC
observations, the regression estimator (3.38) is within factor (D,/D)2®/(2a+1)
from the lower bound (2.6). For MCSC observations the estimator is efficient.
Further, we can conclude that the regression function can be estimated with the
classical rate n=2%/(2¢+1) known for the case of direct observations. Accordingly,
the nonparametric regression “breaks” the CSC curse known for distribution
estimation, and the CSC does not slow down the optimal rate known for direct
observations.
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4. Estimation for an observational study

So far we have considered the case of a known design density f*Z. In this section
this assumption is relaxed. It will be shown that under a mild assumption a plug
in methodology is feasible. Because both MCSC and CSC are considered, for
CSC we can use the available sample of size n from (X, Z) to estimate f%7.
For MCSC, when we observe a sample from (A’X,A’Z, A), this sample does
not allow us to estimate f*'Z because the data is biased [16]. Accordingly, for
MCSC it is assumed that an extra sample of size n from (X, Z) is available.

Assumption 4.1. An underlying joint probability density f*Z(x, z) has a con-
tinuous mized derivative 0% X% (z,z)/0x0z on R, and

f [[an’Z(:v,z)/é’x]z +[0f%% (x,2)/02) + [62fX’Z(x,z)/8maz]2]dxdz

r

< ¢35 < 0. (4.1)

An underlying conditional survival function STIX (t|x) has a continuous mived
derivative 02ST1X (t|z)/otdox on R, and

f [[asTlX(ux)/axF + [0STX (t]x)/0t]% + [a2sT\X(t|x)/atax]2]dxdt
R

r

< ¢ < 0. (4.2)

The left sides of (4.1) and (4.2) are classical Sobolev functionals. They do
not involve second-order derivatives with respect to either of the arguments. As
we will see shortly, this mild differentiability allows us to match performance of
the oracle who knows joint density fXZ.

Recall that {¢s(t),s =1,2,...,t € [0,7]} is the cosine basis on [0, r] defined
above line (3.26). For CSC model introduce the joint density estimator

1
(ln(ln(n +3))’
ll+n1/4J

Z i (X)Ys(Z1)pi(x Ws(z)). (4.3)

757 (2, 2) := max

For MCSC the same estimator is used only it is based on an extra sample from
(X,Z). We use (4.3) in place of an underlying f*:#. Note that the estimate is
separated from zero by the iterated logarithm 1/In(In(n + 3)) and hence may
be used in a denominator.

Theorem 4.1. Let Assumption 4.1 and the assumption of Theorem 3.1 hold,
only now the joint denszt/y 572 is unknown and o = a9 = 2. Introduce the
plug-in estimators Jip(x, fX%) and i, (z, 7% Z) defined in (3.24) and (3.30),
respectively. Then the assertions of Theorems 3.1 and 3.2 hold for the plug-in
estimators.
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We may conclude that the data-driven estimation is possible and the lower
bounds of Section 2 are sharp. Further, neither CSC nor MCSC slows down rate
of the regression estimation with respect to direct data observations.

Now we are in a position to complement the theory by examples.

5. Analysis of real and simulated examples

The context of this section is as follows. Subsection 5.1 begins with a visual
analysis of two simulated CSC datasets when we know the underlying regression
function. In the former simulation X and Z are independent, and in the latter
they are dependent. For these simulations the above-presented estimates are
shown and discussed. Then the more complicated simulation with dependent
predictor and monitoring time is repeated 10 times and residuals of the data-
driven CSC estimator are shown. This experiment sheds light on the bias and
variance of the regression estimator. Results of an intensive numerical study are
presented in subsection 5.2 via histograms of ratios between integrated squared
errors of the proposed estimates. The study supports the proposed methodology
of plugged in estimates of the design density f*Z. Regression analysis of the
environmental CSC data, presented in the Introduction, can be found in the
last subsection.

5.1. Two simulated CSC regressions

The aim of this subsection is to shed light on CSC regression via visual analy-
sis of simulated datasets and performance of the proposed estimates. Particular
simulations for two regression experiments are shown in the two columns of Fig-
ure 2. The top diagrams show by crosses the underlying direct observations of
(X,T). The bottom diagrams show corresponding CSC samples from (X, Z, A)
with triangles and circles indicating observations with A = 0 and A = 1, re-
spectively. Full description of the underlying experiments and the diagrams can
be found in the caption.

Let us comment on the scattergrams and the estimates shown in Figure 2.
The direct data scattergrams are complicated due to the strong heteroscedas-
ticity. Still, it is possible to visualize the underlying regression as a curve that
goes through the “middle” of data. The reader may try to make a guess about
the regression, and then compare the guess with the solid line (the underlying
regression) and the dashed line (the data-driven nonparametric estimate). Note
how the estimates fit the data. The bottom diagrams show CSC modifications
of direct data. Overall, if not due to the indicators of censoring, shown by the
triangles (A = 0) and the circles (A = 1), it is impossible to visualize the un-
derlying regression. Indeed, in the both bottom diagrams the observations are
spread over the unit square and the best bet may be a horizontal line. Now let
us look at the underlying regression (the solid line) and the data paying atten-
tion to the triangles and circles. Overall, with the help of the solid line, it is
possible to appreciate the special structure of CSC scattergrams and even get
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Fic 2. Two simulated direct regressions and the corresponding CSC regressions are shown in
the top and bottom diagrams, respectively. Direct observations are shown by the crosses. CSC
observations are shown by the triangles and the circles for A = 0 and A = 1, respectively.
The left column presents the experiment with independent X and Z. Here the predictor X is
distributed according to the density fX (x) = (4/5)(1 + 0.52)I(z € [0,1]), and the conditional
distribution of the response T given the predictor is Beta (1, fa(x)). As a result, m(z) =
1/[1+ f2(x)] for = € [0, 1]. Function fa is the Normal corner function defined in [16], page 32.
Namely, fa is the normal density with mean 0.5 and standard deviation 0.15. The underlying
monitoring lifetime Z is independent of the predictor X and fZ(z) = (1 + 0.5cos(n2))I(z €
[0,1]). In the left-bottom diagram ;' ; Ay = 68. The right column presents the experiment
with the same conditional distribution of T given X but with dependent X and Z. Here the
design density is fX%(z,2) = [1 + (1/4) cos(mz) + (1/2) cos(mx) cos(mz)]I((x, 2) € [0,1]?).
In the right-bottom diagram " | Ay = 74. In all diagrams the solid line is the underlying
regression. In the top diagrams the dashed lines are the regression estimates of [16, section
2.3]. In the bottom diagrams the dashed lines are CSC estimates for controlled regressions (the
X7 is known) and the dotted lines are data-driven estimates for observational regressions
when X2 is unknown. The estimates use the information 0 < m(x) < 1 for x € [0,1]. The
titles show the type of regression, sample size n, and the empirical integrated squared errors
(ISE) of the used estimates. ISE, ISEcontr, and ISEobserv show corresponding ISE for the
estimates based on direct data, controlled (X% is known) CSC data and observational CSC
data, respectively.
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Residuals for independent_XZ, n= 100

0.0 0.1

-0.2

0.2
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FI1G 3. Residuals m(xz) — m(x) of the data-driven CSC regression estimators for ten simula-
tions. The underlying experiments are the same as in Figure 2, the sample size n = 100.

a “feeling” of the underlying regression. With some training in visualization of
different CSC scattergrams, it is possible to get a general feeling of the shape of
an underlying regression, but overall this is a complicated task. Only a special
software can estimate the CSC regression because here one needs first to figure
out an underlying conditional survival and then evaluate its integral.

The two CSC estimates in the bottom diagrams, shown by the dashed and
dotted lines, are the estimates for controlled (the design density f%'Z is known)
and observational (the design density f*+Z is unknown) CSC models, respec-
tively. The chosen simulations show us two possible outcomes. The left-bottom
diagram exhibits a “reasonable” outcome when the controlled regression with
known fXZ yields a better regression estimate than the observational regres-
sion where f%'Z is estimated. Further, here both estimates are significantly lag
the estimate based on direct data.

The outcome is more nuanced for the data in the right-bottom diagram where
X and Z are dependent. Here the estimate for observational regression dramati-
cally outperforms the estimate for controlled regression. Further, its performance
is comparable with the estimate based on direct observations. Is this an abnor-
mal simulation? A surprising answer will be presented in the next subsection.

Now let us look at Figure 3. It sheds additional light on performance of the
proposed data-driven estimator for observational CSC data when the design
density %% is unknown. The underlying CSC models are the same as in Fig-
ure 2, only now the smaller sample size n = 100 is used. Ten simulations are
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F1c 4. Histograms based on 1000 simulations, n = 100. Mean and median of the ratios are
shown in the subtitle.

performed, and then the residuals are shown. The residuals help us to visualize
the bias and variance of the estimates. As we see, the higher frequencies are
often present, and they can be easily removed from a series estimate if addi-
tional information about smoothness or number of possible modes is available,
see [13].

5.2. Numerical study

Here we return to the earlier formulated question of why a data-driven regression
estimate may perform better than an estimate that uses an underlying design
density fX:#. Further, we would like to shed light on relative performance,
measured by the ISE (integrated squared error), of the three regression estimates
discussed in the previous subsection. Namely, we would like to compare the
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estimates based on direct data, controlled CSC data when f*'# is known, and

observational CSC data when f*+Z is estimated. We already observed in Figure 2
the outcome when knowing the design density was not helpful. A reasonable
explanation of that phenomenon is that a simulated data, especially a bivariate
one, may be far from an “expected” data corresponding to the underlying design
density. In that case a data-driven estimate, based on the estimated design
bivariate density, may be better and yield a smaller ISE.

Let us check the above-made conjecture via the following intensive simula-
tions. We use the two underlying CSC experiments of Figure 2 with independent
and dependent X and Z, repeat each experiment 1000 times, for each simula-
tion calculate the above-explained ISEDirect, ISEContr and ISEObserv for the
3 corresponding estimates, and then visualize histograms of ratios between the
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three ISEs for different sample sizes n in turn.

We begin with Figure 4 which shows us the histograms of ratios for the sample
size n = 100. The titles explain the underlying ratios. Similarly to Figure 2, the
left column presents results for independent X and Z, the right for dependent.
Let us look at diagrams in the left column. The left-top diagram exhibits ratios of
ISEContr (the ISE of the CSC regression estimate using the underlying design
density fX#) to ISEDirect (the ISE of regression estimate based on direct
observations of (X,T)). As it could be expected, the ratio can be relatively
large with the mean 5.39 and median 2.27. Note that for some simulations the
direct data estimate may be overwhelmingly better. Now let us look at the
left-middle diagram. Here we compare ISE of the data-driven CSC regression
estimate (ISEObserv) with ISE of the CSC regression estimate knowing the %%
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(ISEContr). It could be expected that the ratios ISEObserv/ISEContr would be
larger than 1. And indeed, the mean ratio is 1.68. Further, some ratios are very
large implying that the used design density estimate is far from being perfect.
At the same time, the median ratio is 0.956. This tells us that in a majority of
simulations knowing the design density is not needed. This supports and sheds
light on the above-made conjecture about why the data-driven estimator may
outperform the estimator knowing the underlying design density. The bottom
diagram adds extra evidence in support of the conjecture.

Now let us look at results for the experiment with dependent X and Z in the
right column of diagrams in Figure 4. The outcomes are similar but they are
clearly magnified due to the dependence between X and Z, and correspondingly
due to the more complicated underlying design density. It is difficult for the CSC
regression estimate to compete with the regression estimate based on direct
observations. Note that some ratios are above 100, but overall the mean and
median are reasonable for this sample size. The right-middle diagram shows
that the mean ratio is 1.74 and some ratios are about 70. At the same time, the
median ratio is 1, that is for a half of simulations the data-driven CSC estimate
performs exceptionally well with respect to the CSC estimate knowing the design
density. The right-bottom diagram sheds an extra light on that conclusion.

What will be if we increase the sample size? Figures 5 and 6 exhibit similar
histograms for sample sizes 200 and 300, respectively. Overall, the conclusions
are the same and they support the above-made observations, only with larger
samples we see less outliers in terms of extremely large ratios and the improve-
ment in relative performance with respect to the oracle-estimator using direct
observations of (X,T). This is a natural outcome for larger samples, and it
supports the proposed methodology of CSC regression estimation.

5.3. Real example

In the Introduction a real CSC example was presented in Figure 1. The reader is
advised to look at that figure one more time and try to visualize an underlying
regression using the experience gained in subsection 5.1. Next let us look at the
estimate (the solid line) shown in the top diagram in Figure 7. After the pre-
vious training in “reading” CSC scattergrams, the regression looks reasonable.
Further, the decreasing regression reflects the underlying physics of anaerobic
digestion, and the outcome was well accepted by the BIFAR. The bottom dia-
gram will be explained in the next section.

6. Multivariate regression

We begin with a multivariate anisotropic regression and show that it is possible
to match the classical result of [24]. The theory is complemented by analysis
of real data. We continue with discussion of several interesting open topics in
multivariate CSC regression. The final subsection is devoted to estimation of
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Fic 7. Regression analysis of two BIFAR anaerobic digestion datasets. The top diagram
exhibits regression analysis of CSC data presented in Figure 1. The solid line shows the
regression estimate, and R := Y | A;. The bottom diagram ezhibits bivariate regression
analysis of controlled CSC anaerobic digestion of an industrial sludge discussed in subsection
6.1. Here X1 is thickness and Xo is concentration of bacteria rescaled onto [0,1]2. The solid,
dashed and dotted lines show regression estimates m(x1,x2) corresponding to x2 equal to 0.1,
0.5, and 0.8, respectively.

conditional survival function that will help us to learn more about nonparamet-
ric estimation for CSC data.

6.1. Rate optimal estimation for anisotropic regression

This is a natural extension of the explored univariate setting. Following [24],
where the case of direct observations was considered, we begin with the classical
setting of an anisotropic multivariate regression. An underlying multivariate
regression function is m(x) = E{T|X = x}, x := (x1,...,7x) € [0,1]%. Its
smoothness (the number of derivatives) may be different for each covariate,
namely it is assumed that the regression function belongs to an anisotropic
Sobolev class

Slaq, ... o) = {m(x) :m(x) = Z 0i1(x),
i1500ni =0
© k
AT <Q<oo}, (6.1)

i1,00yil=0 s=1
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where i = (i1,...,4), and ¢;(x) = 1_[];:1 ©i.(x;,) are elements of the cosine
tensor-product basis on [0, 1]*. Introduce an effective multivariate smoothness
= [le La; '], The pioneering result of [24] shows that for a sample of
size n from (X, T) the optimal rate of MISE convergence is n~=2%#/(2ax+1) and
in particular if oy = ... = ap = « then the rate is n—22/(20+k) Recall that k
is dimensionality of the regression, and the decreased rate defines the curse of
dimensionality.

Let us show that this rate is also achievable for a CSC sample of size n
from (X, Z,A), and hence we again can break the curse of CSC in terms of
slower rates of convergence for nonparametric estimation of distributions. The
following result matches [14, 24].

Theorem 6.1. Consider a controlled CSC sampling from (X, Z, A) where X =
(X1,...,Xy) is supported on [0,1]%. Suppose that STIXZ (t|x,z) = STX(t|x)

and JQD[J Sﬂx(dx)dx]dz<:dl (6.2)

0 ke [X7(x,2)
Introduce a multivariate regression estimator
= > figi(x), (6.3)
ieg

a;l

where J = {0,1,..., J1}@{0,1,...,J2}®...®{0,1,..., Jx}, Js := 14+[n>"% |,

= ! l‘Pl (X1)
Z fXZ X1, 2) (6.4)

Then the estimator is rate optimal and

sp B f () — m(x))%dx} < Cn=>=/CoxsD (55)
) o

meS(ay,...

We may conclude that even for the case of anisotropic multivariate regression
the CSC does not slow down rates known in the theory of regression for direct
observations.

Let us complement the theory by example of bivariate regression for anaer-
obic digestion. Additions of microorganisms to industrial sludges for improving
anaerobic digestion have been explored intensively in recent years, see a review
in [52]. When the process of anaerobic digestion is improved by the microbes, it
is referred to as bioaugmentation. BIFAR is interested in how thickness (recall
our discussion of Figures 1 and 7) and concentration of added microbes affect
time T of digestion. BIFAR conducted a controlled CSC experiment similar to
the one described in the Introduction only now with a pair of predictors (X7, X5)
where X is thickness and X5 is concentration of microbes. The bottom diagram
in Figure 7 exhibits three slices of estimated bivariate regression for a small con-
centration (the solid line), a moderate concentration (the dashed line), and a



Regression for CSC 4945

large concentration (the dotted line). As we see, addition of microbes is more
beneficial for sludges with lower thickness (implies active bioaugmentation), and
the effect diminishes as thickness increases but it is still clearly present. The re-
gression sheds light on how performance of anaerobic digestion can be regulated
by enriching the microbial community and by thickening sludges.

6.2. Several topics in multivariate regression

In this section several topics, suggested by the reviewers, are discussed. They
are the adaptation to smoothness of continuous covariates, dimension reduction,
categorical covariates, and a special setting with necessity of adding a covariate
that makes T" and Z conditionally independent but which by itself is not of
interest for the regression.

We begin with adaptation and dimension reduction. In general these are two
different topics. The former is to match performance of the oracle who knows
smoothness of the regression function. For the setting of Theorem 6.1 the adap-
tation means that an estimator yields the rate n~2%#/(ex+1) without knowing
nuisance parameters (aq,...,ax). Dimension reduction is when an estimator
matches performance of the oracle who knows that only a subset of covariates
defines the regression. To make the presentation shorter, we are considering
these two problems together. Namely, the estimator should match the oracle
who knows the subset of covariates that define the regression and also knows
the corresponding smoothness of regression in those covariates.

It is sufficient to explain the heuristic for the case of a bivariate regression,
the general case is considered absolutely similarly. Introduce the tensor-product
cosine basis {¢;(z1)pi(x2),j,i = 0,1,...} on [0,1]?, and write down a bivariate
regression as the Fourier series,

mz1,we) = Y i (w1)gil(aa), (21,22) € [0,1]%. (6.6)
41i=0

Next, we rewrite (6.6) as the sum of four terms,

m(z1,z2) = Boopo(z1)

+ Z Ojop;(z1) + Z Ooipi(xa) + Z 0ip;(x1)pi(x2). (6.7)

j=1 i=1 Gi=1

Following the blockwise adaptation methodology explained in Section 3, we
introduce blocks for Fourier coefficients 6;¢, 0o;, and 6;; with indexes 7,7 > 1.
Blocks By of length Ly, defined in subsection 3.2, are used for the first and
second sums in (6.7). Tensor-product blocks By, g, := By, ® By, are used for
the third sum. Let §ji be the Fourier estimator (6.4). Then, following (3.19),
the blockwise oracle-estimator is

S N
2<Be 3 Oj0p5 (1)

-
M* (21, w2) = Ojitpo(x) + =
k; e 050 + E{(050 — 00)%}]
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§Oi§0i (xz)

=1 DieB, [08; + E{(6oi — 00:)*}]
25.i)ie By, O3 ~
P R—_— Ojivj(z1)pi(z2).  (6.8)

by ko= 20i)eBry g 105 T E{ (050 — 05:)%}]

Here, similarly to subsection 3.2, sequences ky,, and k], are chosen based on the
assumption about minimal smoothness of the regression.

Now let us look at the three sums in (6.8). If the regression m(z1, x2) depends
only on x1, then the second and third sums are equal to zero. If the regression
m(z1,z2) depends only on xs, then the first and third sums are equal to zero.
Further, it is known from [13, 14, 24] that the oracle’s blockwise shrinkage can
be mimicked by statistics with accuracy preserving the oracle’s rate of the MISE
convergence. Accordingly, this special blockwise shrinkage allows us to solve the
adaptation and dimension reduction problems.

Next we are considering the case of a categorical covariate Y supported on
{0,1,..., K — 1}. It is natural to incorporate the Y into a series estimator by
using a discrete cosine basis on {0,1,..., K — 1},

Coy) =1, C(y) := 2% cos(m(2y + Dk/2K)), k=1,..., K — 1. (6.9)

The used inner product for this basis is (g1, go) = K ! Zye{o’lwafl} 91 (W) g2(y).

As an example, consider a regression m(z,y) = E{T|X = z,Y = y} where X
is a continuous predictor supported on [0, 1] and Y is categorical. The regression
can be written as the Fourier series m(z,y) = Z] OZK_ Ok (x)Ck(y), and
the Fourier coefficients 6;;, can be estimated by unbiased sample mean estimators
(compare with (6.4))

_ (X1) Gk (Y1)
O = K-1p-1 1
s Z L FXYI(X 0 7))

(6.10)

Finally, let us consider the following situation. Recall that the developed
theory of regression estimation for the CSC is based on the assumption that the
lifetime of interest T and the monitoring time Z are conditionally independent
given covariates. Consider the case of two continuous covariates X; and X,
supported on [0,1]2. We are interested in regression m(X;) := E{T|X;} but
need to consider the bivariate regression m(Xy, Xo) := E{T|X1, X2} because T’
and Z are independent only given the pair (X7, X3). Two possible scenarios are
discussed.

First, suppose that m(x1,z2) = m(z1). Then we are dealing with the already
discussed problem of dimension reduction. In other words, we treat the problem
as a bivariate regression and use the above-described estimator that adapts to
the underlying univariate dimensionality.

Second, suppose that the regression m(x1,x2) is bivariate but we are inter-
ested in the univariate regression m(x1) = E{T|X; = z}. For simplicity, assume



Regression for CSC 4947

that the CSC is controlled and hence we know the joint density fX1:X2:%. Write,
Q0
m(xy) = f STIX ¢y )t
0
o rl
_ f f FXX () STIXUX: (4 | ) das . (6.11)
o Jo
Fourier coefficients of the univariate regression of interest can be written as
1
:J m(z1)p;(z1)da:
0
o]
_ f f FXAX () STUX2 (tay o)y (a0 )y dadt. (6.12)
0,1]2

Note that STIXt:X2 (¢|ay, xy) = fX1X2 28 (1) 2o ¢.1)/fX0X2Z (1 25, 1) and
continue (6.12),

A fXlX (X5 X)) (X))
[X0X22(Xy, Xy, 7)

Alp;(X1)

6, = E{ FXX) fAXX (Z] X0, Xa)

} = E{

This formula yields the unbiased sample mean Fourier coefficient estimator

. et Ajpi(Xu)
= 6.13
Z 4 X (Xu) [AX0Xe (7| Xy, X)) (6.13)

Finally, the methodology of Section 3 can be used to calculate a series regression
estimator.

6.3. Estimation of conditional survival function

Following the above-presented setting of a multivariate regression, let us consider
estimation of a conditional survival function S7'X(¢|x) := P(T > t|X = x). Note
that now we are estimating a (1+k)-dimensional function in ¢ and x. Recall that,
according to [18], estimation of a survival function ST (¢) based on a CSC sample
from (Z,A) is ill-posed, no longer the classical rate n~! is achievable, and for
a-fold differentiable survival function the optimal rate of MISE convergence is
n—20/(2a+1) - As we will see shortly, estimation of a conditional survival function
is also ill-posed with respect to its direct data counterpart. To make presentation
of the following proposition shorter, let us assume that 7' is supported on [0, 1]
and that STX(t|x), as a (1 + k)-dimensional function in (¢,x), belongs to a
Sobolev class S(aq, ..., axt1) defined in (6.1).

Theorem 6.2. Suppose that assumptions of Theorem 6.1 hold and ST (1) = 0.
Introduce an estimator

STE(tx) == " fipi(t, x). (6.14)
ieJ
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Herei := (i1,...,ik+1), j = {071,.. 7J1}®{0,17,J2}®®{071, .7Jk+1},

Xs

Joi= 14 ¥ | ay = [X5 a7 @i(tx) = o1 () [1575 @i, (24,-1), and

b, = n! Ajpi(Z1, Xa)
Z 4 fRA(Xy, Zn) (6.15)

Then the estimator (6.14) is rate optimal and

wp E f (§7X(the) — ST}t |
k1) [0,1]k+1

ST‘XES(OQ ,,,,,

< Op~ 20/ Qas+l) (6.16)

To get a feeling of the rate and compare it with a regression setting of the
previous subsection, let us assume that all s are the same and equal to «, that is
STIX (t|x) and m(x) are a-fold differentiable with respect to each variable. Then
the optimal rate for regression is n=2%/(22+k) yersus a slower n~2¢/(2a+k+1) for
the conditional survwal function. The difference in one dimension is explained
by the integral m(x S STIX(t|x)dt. On the other hand, because ST1X (t|x) =
E{[(T > t)|X = x} for direct data conditional survival is estimated with the
classical rate n—20/(a+k),

7. Conditional linear functionals

Recall formula (1.2) and write

m(z) = B{T|X = o} = JOO STIX (¢]2)dt. (7.1)
0
We also have -
m(z) = f EFTIX (4] dt. (7.2)
0

As we see, the regression can be considered as a linear functional of the con-
ditional survival or of the conditional density. There is a rich survival analysis
literature devoted to linear functionals [23, 28, 29, 31, 32, 61, 66, 72, 74]. As
we will see shortly, in general it is preferable to work with linear functionals of

STIX because they may be more accurately estimated.
In what follovvb we assume that 1) is a known and continuous on [0, c0) func-
tion, and U(t) := So u)du. Introduce a restricted linear functional
My (o) 1= My, S) = [ 057X (el (7.3)
0

Note that ¢(t) = 1 yields the restricted regression p,., while the power function
Y(t) = ktP~1 k= 2,3,... is often used to evaluate higher moments [28, 32, 72].
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To present results for estimation of M,., it is convenient to use Asbumption
2.3 where yi, and puo(2) are replaced by M, and Myo(z) := § 9( T‘X (t|x)dt,
respectively. To stress the change, the modified functlon Class (2 3) is denoted

as Fn(Sa ™, Q7 1b).

Theorem 7.1 (Lower bounds for oracle-estimators). Suppose that As-
sumptions 2.1-2.4 hold. Suppose that a CSC sample of size n from (X, Z, A) is
given. Then

l{lf sup {[n/d/(ST|X7 fX’Z, r, w)]Qa/(Za-&-l)
ME sTIXeF, (551 a.Qura)

<Egrnd | (2 () = My (@)Pda}} > Pl.Q1+on(D). (7.4)
Here P is defined in (2.7) and

2 — GTIX (412N STIX (¢
d/(STlX,fX’Z,T’, ZZJ) — J (U (t)(l ‘;X’ZE;’t)))S (t| )dtdx (75)

Now suppose that a MCSC sample of size n from (A'X,AN'Z, A) is given. Then

inf sup | AT RN LS
ME - sTIXeF, (57X Q)

xEgrix{ f (BT () — My(x))dr}} > P, Q)1 +0,(1).  (76)

Here 2 TIX
P2 () S (ta
d (STIX 52 f fX ~ )| YIS ) g (7.7)
In (7.4) and (7.6) the inﬁmum is taken over all oracle-estimators that know the
corresponding sample, JF, ( Ly, Q.1 0), £X57 and .

Let us present an oracle-estimator that attains the lower bound (7.6), and it
is within a constant factor from (7.4).

Theorem 7.2. Let Assumptions 2.1 and 2.4 hold. Consider the oracle-estimator

qn J¥
= 2 Opi()+ 3, (1= G/ ID™5p;(). (7.8)

Here J* = q, + 1+ |[(n/d,)Qn>*(a + 1)(2a + 1) /]| and

Z I(AZy < ) (A1 Z20)p (A Z))
FXZ(ANX,, N Z)) '

The MISE of this oracle-estimator attains the lower bound (7.6).
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We can also use the blockwise shrinkage methodology of Section 3 to prove
that the adaptive estimator is also efficient.

Now let us look at linear functionals of fT1X. Write,

M, ) = | "W)Xt
0

- f () ST (1)) — [w(r) ST (r])]
= M, (2,9, ST — [(r)STX (r]2)]. (7.10)

A particular example is M (x, t*, fT1X) = E{T*|X = x} where b is the endpoint
of the support of T, see an interesting discussion in [64, 65]. Let us look at the
two terms on the right side of (7.10). Suppose that ¥(r) # 0 to avoid triviality.
The first term is the already studied linear functional of STIX | and we know
that it can be estimated with the univariate rate defined by smoothness of the
conditional survival in z. The second term, unless S”1¥ (r|z) = 0 due to r > b,
is the bivariate function in (r, z), and it is estimated with a slower bivariate rate
[65].

The latter is not the only complication in estimating linear functionals of
fTIX | First, recall that adaptive nonparametric pointwise estimation triggers
the Lepski’s penalty for the rate of convergence [13, 68]. Second, an intriguing
outcome may occur if b = b(x), that is when the endpoint of the support of
T depends on X. In this case for some x we may have a univariate rate of
estimating M, (z, ¥, f¥IT) and for others a bivariate rate.

In conclusion, the survival analysis uses the above-discussed linear functionals
as interpretable and meaningful survival metrics [28, 32, 72, 74]. It is reasonable
to conclude that, whenever it is possible to choose between linear functionals of
STIX or fTIX it is prudent to choose the former.

8. Conclusions and further research

1. Under current status censoring (CSC), the lifetime of interest T to the event
of interest is not observed. Instead, there is a possibility to know at a monitoring
time Z if the event of interest already occurred or not. Accordingly, under CSC
we observe a sample of size n from pair (Z,A) where A := [(T < Z) is the
status, and if a predictor X of T is available, then we observe a sample of size n
from the triplet (X, Z, A). The CSC literature is primarily devoted to estima-
tion of the distribution of T, and it is shown that the problem is ill-posed and all
traditional rates for estimating the survival function and density of T' dramati-
cally slow down. In particular, under CSC the rate of estimating the density is
the same as estimating a trivariate density based on direct observations. This
is why CSC is considered as an extremely complicated problem.

2. For directly observed data there is a familiar principle of equivalence be-
tween nonparametric regression and density estimation problems. In particular,
the principle implies that rates of the MISE convergence must be the same.
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Fortunately, the paper shows that CSC limits applicability of the equivalence
principle, and CSC nonparametric regression can be estimated with the same
rate as a nonparametric regression based on direct observations. This is a dra-
matic relief for CSC because it has a wide range of applications where T cannot
be observed directly.

3. The established fact that rate of a multivariate CSC regression is the
same as for the case of direct observations is of a key importance due to the
familiar curse of dimensionality. At the same time, unfortunately the outcome
is worse for estimating conditional survival functions that suffer slower rates
than estimates based on direct observations. On the other hand, there is an
interesting theoretical situation with the survival functions. Namely, consider
a conditional survival function ST1X(¢|z). This is a bivariate function, but for
direct data it is estimated with a univariate rate, but CSC “corrects” that and
it is estimated with a classical bivariate rate.

4. Nuisance functions and their required smoothness are a hot topic in modern
nonparametric literature. It is shown, for the first time in the literature, that
a very mild assumption that does not involve second derivatives, is sufficient
for a data-driven estimation of regression m(z) := E{T|X = x} that may be as
smooth as desired. Accordingly, it is possible to untie smoothness of nuisance
functions and smoothness of the regression.

5. Presented in Theorem 1 coefficient of difficulty sheds additional light on
CSC via explanation of how an underlying conditional survival function, to-
gether with nuisance functions, affect regression estimation. The latter allows
us, at least theoretically, compare regressions for direct and CSC data. Namely,
consider a classical normal regression model Y = m(X) + o(X)¢{. Here a stan-
dard normal regression error £ is independent of predictor X, o(z) is the scale
function, and density fX (z) is continuous, positive and supported on [0, 1]. For
direct data the coefficient of difficulty for this regression is Sé ;i—((?)dx, and note
that it does not depend on an underlying regression function, see [12, 13]. This
nonparametric result mimics a familiar one in the theory of point estimation.
Namely, consider a sample of size n from a Normal variable with mean 6 and
variance 2. Then the sample mean is efficient estimator of # and its variance
o?/n attains the famous Cramer-Rao lower bound. We may say that for this
classical parametric problem the coefficient of difficulty is o2 (of course, it is
the reciprocal of Fisher information), and similarly to the normal regression the
coefficient of difficulty does not depend on the estimand. Now let us return to
our CSC regression and write down coefficient of difficulty (2.8) as

r ST (z]2) (1—ST1X (2]2))
d= o 1717 (zlz) dzdx =: 1 702050(36) dz. (8.1)
0 fX(x) o [¥()

The expression on the right side of (8.1) is motivated by the above-presented
coefficient of difficulty for the normal regression. If one would like to think about
equivalence between the two nonparametric models, then (8.1) sheds light on
how CSC “creates” a scale function. Further, note how coefficient of difficulty o2
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2
for the classical parametric model transfers into Sé ;X((Q;)) dx for the direct-data
nonparametric regression, and then into (8.1) for CSC regression.

6. What will be if the support of Z is a subset of the support of T, say T is
supported on [0, a] while Z is supported on [0, b] with b < a? Then no consistent
estimation of the regression is possible. A feasible ad hoc remedy is to estimate
the distribution over [0,b] and then test reasonable parametric models.

7. Anaerobic digestion of organic municipal solid waste is a key element in
sustainable municipal waste management due to its benefits for energy, environ-
ment, and economy. This process dramatically reduces emission of greenhouse
gases, generates renewable natural gas, and produces fertilizers and soil amend-
ments. At the same time, it is impossible to directly evaluate the minimal time
of digestion but collecting CSC observations is possible. Then the nonparametric
CSC regression has allowed the environmental company BIFAR to “look” at the
hidden minimal time and choose optimal parameters for anaerobic digestion.

8. Let us compare what we know about rates of estimation of parameters and
nonparametric functions for directly observed and CSC data. In what follows
by a rate we mean an optimal rate under MSE or MISE for a sample of size n.
Further, for a multivariate function it is assumed that it has the same number
a of derivatives for each variable. We begin with estimation of a population
mean p = E{T} and a survival function ST(t) = E{I(T > t)}. Note that
the first estimand is a parameter and the second is a function of one variable.
Nonetheless, for direct observations of T" the rate of their estimation is the same
n~! because the estimands are expectations of observable variables T' and I (T >
t), respectively. For CSC the situation changes, and while the population mean is
still estimated with the parametric rate n=!, the survival function is estimated
with the rate n=2%/(2+1) which is the same as for estimation of an a-fold
differentiable univariate regression m(z) based on direct observations. Relation
wo= SSO ST (t)dt sheds light on why the parametric rate for u is preserved,
and the fact that indicator I(T" > ¢) is no longer directly observed explains
“return to normality” in estimation of a univariate survival function ST (t).
The interested reader may find an insightful theory of estimating functionals in
[66]. After this warm-up let us turn our attention to nonparametric estimation
of a k-variate regression function m(x) = E{T|X = x} and a corresponding
conditional survival function S71X(¢|x) = E{I(T > t)|X = x}. The regression
function is k-variate, the conditional survival function is (k + 1)-variate, but for
direct observations they are estimated with the same optimal k-dimensional rate
n—2¢/(2+k)  The fact that conditional survival is the conditional expectation
of an observed indicator I(T" > t) explains the result. For CSC the outcome
changes. Because the indicator I(T > t) is no longer observed, for the survival
function the rate slows down to the classical (k + 1)-dimensional n—2¢/(a+k+1),
and note that the rate “fits” the dimensionality of STIX. The integral formula
m(x) = Sgo STIX(t|x)dt explains the faster rate n—2%/(2+k) for CSC regression,
and note that the integral effectively performs one dimension reduction with
respect to the conditional survival. Let us also stress that while there exists
the asymptotic equivalence between density and regression settings for direct
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data, see [13], there is no such equivalence for CSC data. In other words, the
CSC limits the classical theory of asymptotic equivalence between density and
regression problems.

9. Let us present several open problems that may be solved via further devel-
oping of the presented nonparametric methodology. (i) Regression with doubly
CSC data is a practically important topic where the interest is in the length
of time between two events that occur sequentially. Classical examples are the
length of time between: The infection and its diagnosis; The infection of an indi-
vidual and the subsequent infection of another individual; Marriage and divorce.
Under the doubly CSC, lifetimes of the two consecutive events of interest are
not available and instead, at a monitoring time Z, statuses of the two events are
observed. An excellent overview of the doubly CSC regression can be found in
[55, 65], and more recent results in [67]. (ii) Another closely related problem is re-
gression with interval-censored data when survival times are not known exactly,
but are only known to have occurred between intermittent examination times,
see a discussion in the book [60]. (iii) An interesting developing of the considered
CSC regression is a sequential sampling with assigned risk and minimal cost of
the sampling. (iv) Efficient nonparametric estimation of the hazard rate is an-
other feasible expansion of the developed theory, see a discussion of the problem
for right-censored observations in [15]. It may be expected that the problem is
ill-posed, and this presents new challenges for small samples. (v) A CSC prob-
lem becomes extremely complicated when T and Z are dependent given X. A
straightforward calculation shows that in this case the proposed regression es-
timators are biased and they estimate a function g(z) := SSO STIXZ 2|z, 2)dz.
Because in a CSC sample the lifetime of interest is never observed, it is impos-
sible to use CSC data for testing the conditional independence. To tackle the
dependence, one of the possible approaches is to use parametric models that
define the dependence, see a discussion and interesting results in [44] where
the case of a known copula model is explored. An appropriate alternative is
to develop an adaptive nonparametric approach based on an extra experiment
devoted to exploring the dependence. (vi) It is of interest to consider other non-
parametric estimators like kernels, splines and series estimators with wavelet
and other bases considered in the literature, explore different loss functions like
Ly and MSE at a point, develop confidence bands, explore more general Sobolev
classes using the methodology of [17]. (vii) An open and interesting topic is to
explore a vast class of known dimension-reduction techniques for multivariate
CSC regressions. (viii) Case-control study is another interesting and related
problem where sampling is done from subpopulations with A = 1 and A = 0,
see [34]. No optimal nonparametric results have been developed so far. (ix) It
is an open and interesting problem to consider a restricted regression with the
restriction r being a function of the predictor. (x) Missing data is a familiar
complication in survival analysis, see [16]. Theory of nonparametric regression
with missing predictors and responses is well developed for direct data, and it
will be of interest to test robustness of the standard approaches to the CSC.
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Appendix: Proofs

Recall that all basic definitions can be found at the end of the Introduction.
Whenever it is not confusing, in what follows we may skip subscripts.

Proof of Theorem 2.1. It is worthwhile to begin with explanation of the
proof’s heuristic. Let us present it via classical example of nonparametric re-
gression [11, 12]. We begin with the nonparametric regression Y = m(X) + o€
where £ is standard normal and independent of the predictor X supported on
[0,1], o is a positive constant (the scale). A sample of size n from (X,Y) is
available and it is known that the regression m belongs to the global Sobolev
class S(a, Q). The idea of obtaining a sharp minimax lower bound is as follows.
First, the nonparametric problem of estimating m is replaced by considering
a parametric regression m(z) = mo(x) + Z;-]iJl 0;¢;(x) with some specially
chosen sequences J; and Jo. Then a Bayesian approach is used with special
Gaussian distributions for the Fourier coefficients ;, and Fisher informations
for each Fourier coefficient are calculated. The Fisher informations yield the de-
sired coefficient of difficulty o2 that can be attained by estimators. Now consider
a more complicated heteroscedastic regression Y = m(X) + o(X)£ where o(x)
is the scale function. We can use the above-described approach, but it yields

the coefficient of difficulty d' = [}, L @) )daz]*l. This coefficient of difficulty is

o?(x)
too small Best regression estimators can attain a larger coefficient of difficulty

d= S(l) }TX @) g (the relation between d’ and d follows from the Cauchy-Schwarz
inequahty) To get the larger coeflicient of difficulty, a less favorable prior should
be proposed. The idea is to divide the support [0, 1] into a slowly increasing in
n number of subintervals, on each subinterval approximate m(z) by its own
Fourier series, apply to that series the above-presented Bayes approach, and
then add the lower bounds for each subinterval. This is how we get the larger
coefficient of difficulty d. Finally, for the CSC regression we can employ the
above-described methodology of obtaining a lower bound, but it yields the coef-
ficient of difficulty &’ = [, (f*#(z,2)/[(1 — STI¥(t|2))ST1¥ (t|z)])dtdz which
is too small. Again, the idea is to propose a less favorable prior. We divide the
rectangle R, into a slowly increasing sequence of subrectangles, on each subrect-
angle consider its own Fourier series, calculate Fisher informations and finish
with local Bayes lower bounds. Then we add together obtained lower bounds
for the subrectangles and get the wished coefficient of difficulty. This is the
approach used in the following proof. We begin with introducing several new
notations, and also note that we are interested in asymptotic in n. In the proof
(and only in this proof) we use the sequence s := s, := 5 + |In(g,)|, divide the
interval [0,1] (the support of X) into s subintervals, and then use an additive
perturbation only at the inner intervals. Set

s = {ur() © pr(@) 2= pro(x +ng I(l/s <z <1-1/s), gr(x) € My}

To define the above-mentioned function classes My, we need more definitions.
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Let ¢(z) := ¢(n, ) be a sequence of flattop kernels defined on a real line such

that for a given n it is zero beyond (0, 1), it is a-fold continuously differentiable

on (—0,0), 0 < ¢(x) < 1, ¢(x) = 1 for 2(In(n))"2 < x < 1 —2(In(n))~2,

and [¢(®)| < C(In(n))?*, see Section 7.1 in [13]. Set ¢u(z) := @(sz — k)

and recall that po(z) = 1, pj(z) := 2Y2cos(mjz), j = 1,2,... For 1 <
J(k)

k < s — 2 define: ur;(2) := /spj(sz — k), gy (@) = 25775 0 VekiPski (),
9k () := gpy (2)Psk (), T (k) = [[n(20 + 1)( + 1)s72*Qup (ar®) ~1] 1/ o+ 1],
ﬂ)f[(WMWQ%?(—UM L)Y It = SolSe Y (tlky/s)[1 -
STtk /)] £ (s, t)]dt, 137 =2 [-1. Using the above-introduced def-
initions we set
A@k;{g:am=gmwﬂww<x<<k+nw»
J(k)

ST ()P <572 Qurs (@) < $*In(n) Ikt ).

J=J'(k)

The class Mg of considered regression functions is defined, and note that any
iy from this class may be written as

s—2 J(k)
tr(x) = pro(z 2 Z VskJ‘PskJ T)Ps (). (A1)
k=1j5=J'(k)

Now recall that the class M, (ur0,, @,7) of underlying pu, is introduced in
Assumption 3. Our next step is to show that for large n the considered in The-
orem 1 function class M, (ur0,, @,r) includes the above-defined class M.
If the latter is correct, then we will be able to replace the larger class by
the smaller one in establishing the lower bound. To check this fact, we first
note that using the flattop kernel implies that p,.(z) — pro(x) is a-fold con-
tinuously differentiable over [0, 1] Now we are exploring the derivatives. By

Leibniz rule §[(gix) () bk (2))@]2dz = §[3 Oca @8 (@)]2dz where

Ci* := o!/((a—1)!I"). Note that maxo<i<a So qSSk r))? dm < O(s(In(n))?)?*, and
for 0 < < o we can write,

l l
|gE](: ) Z Vek](pizj) )‘
j=J'(k
J(k) J(k)
<O P Y i) < OwP(n)/ (k).
J=J'(k) J=J'(k)

Further,
1 (o) ) (k+1)/s (@) 5
mem@mmm<ﬁ/ (910 (1)) < Q.

What was wished to check. Following [10, 16] and using [31], let us introduce
specific parameters

Tonj o= [~ (1= 3p™ )13 max(p™", min(p, (J(k)/5)* — 1)]"/?,
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where p > 3 is a constant that may be as large as desired. A direct calculation
(see the above-mentioned references) shows that if we set vgx; = 75k, then these
particular parameters satisfy the definition of classes M. Namely, introduce
the class of vectors (recall that functions gpj(x) are used in the definition of

Msk)

J (k)
O 1= {ﬁsk DY () < 5T Qs
Jj=J'(k)
gk (2)]? < ln(n)J(k)n_l}, k=1,...,s—2, (A.2)
where Vg = {Vpy(k)s - - Vska(k) > then Teg := {Teps(k)s- - Tska(k)} € Osk-

Now recall that the oracle knows the anchor p,-g, and hence we can write down an
oracle-estimator as ¥ (x) = pyo(x)+g*(z), € [0, 1] and convert the considered
problem into estimation of the additive perturbation g. Using this fact, the
already established My < M, (-0, @, Q, 1), and the Parseval identity we can
write,

sup E Ul(m*(x) - m(a:))2dx}

pr€Man (prg,0,Q,7) 0

> sup E {f(m*(x) - m(:c))zdz}

meMs 0
s—2 (k+1)/s
= Z sup E J (7% (2) = gy () da ¢ . (A.3)
k=1 Usk€Osk k/s

Next we are evaluating a particular integral on the right side of (A.3),

(k+1)/s ,
| @@ =g
k/s

G ,
-5 L@ @)

(k+1)/s
—s j g (@)(1 — dui(a)) Pde

k/s
(-5 |
k/s
+0,,(1)s(In(n))~Y2p 2/ @atl) (A.4)

(k+1)/s

By using this lower bound in (A.3) and with the help of the Parseval’s identity
we conclude that

D { | () - ur<x>>2d:c}

Hr€My (pro,0,Q,7 0
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s—2 J(k)

>(1—s"h Z _sup Z IE{ Uik l/skj)2} + 0(1)n_2°‘/(20‘+1), (A.5)
k=1 Vsk€O sk j=-]l( )

where 7 ;1= S;’;:l /s G*(x)@skj(x)dz. The last term on the right side of (A.5)
is in order smaller than the verified lower bound, and hence we can concentrate
on the s — 2 sums. To estimate a particular sum, we use a classical minimax
theory technique when a minimax risk is bounded from below by a Bayesian
risk. To do this, we need to introduce a prior distribution for ;. Let us explain
how this may be done. Introduce independent and zero mean normal random
variables (s;; with the above-defined corresponding variances 72 jj- Lo use that
normal distribution for creating a bona fide prior on Oy, it is prOJected onto
Ok, and then we are dealing with random vector 7 such that P(7 € A) := ]P’(Ee
A|5e Osk), A € Ogi. If we were dealing with a traditional regression, then we
could calculate Fisher information corresponding to each v,;; and then follow
the proof in [10]. Here, because we are dealing with CSC regression when the
response is not observed directly, that path should be modified. Below two steps
are proposed and they include: (1) New method of defining normal variables (sx;
via a vector of other independent normal variables; (2) Calculation of Fisher
information matrices for the new variables. For (z,t) € R := [0,1] x [0, )
introduce a function

Sk ¥ (tl) = Sg (1)

s=2 J(k) s—2[In(s)]

+ Z Z Z 2 K?kjvi@skj(x)¢sk(x)wskvi(t)a (A6)

k=1j=J/(k)v=1 i=1

where ST is introduced in Assumption 2.2, theryi(t) 1= (s/r)Y24;(st/r — v),
and v;(t) = 212 sin(mit)I(t € [0,1]). Denote by S*(x,t), (z,t) € R, the sum on
the right side of (A.6). The function S* is continuous in ¢ due to the used sine
bases on the subintervals of [0, 7], and it is also differentiable in ¢ € [0, 7] with the
exception of the end points of the subintervals where S* is equal to zero. Now
note that if [k u;| < n~1/3/s5 (and compare this bound with Tsk; being of order
n~1/2), then for all inner points of the subintervals max,ejo 17 |05*(z,t)/0t| =
0n(1). Combining these properties, we conclude that according to Assumption

2.2 the function Sy 1x (t|z) is a bona fide survival function for all large n. Further,
under this assumption we get a bona fide regression

[2 _i skmﬁkm]@skj(w)czﬁsk(:c). (A7)

v=1

s—2

J (k)
my(z) = g _;

Here bgpy; = Sg Ysvi(t)dt, and then the Parseval identity implies that

[e¢]
Z b2 = T/5. (A.8)
i=1
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Now we can compare terms in the square brackets on the right side of (A.7) with
Vskj in (A.1). Recall that we used a zero-mean normal prior for vg; with stan-
dard deviation 74; := [n71(1 — 3p~1)I ! max(p~t, min(p, (J(k)/5)* — 1))]"/2,
where I3' := §0[Sq ™ (t[k/s)(1 — Sg ™ (t[k/s))/ 5% (k/s,t)]dt. Tntroduce inde-
pendent normal random variables (sx . With zero mean and variance

(ST (w/slk/s) (1 — ST (u/slk/5))/ £ 57 (K5, 0/5)]
x[n*l(l — 3p*1) maX(pfl’ min(p7 (J(k')/])a . 1))]

(compare with Tfkj). Then using (A.8) we get

s—2 [In(s)]

{( ZJ Z bskvz<9k1m> } =72, (1 + on(1)). (A.9)

We conclude that the above-defined more complicated model of generating priors
for Fourier coeflicients v, of the regression function yields asymptotically the
same prior as the above-described (s1; used in [10]. This finishes the first above-
outlined step. The second step is to calculate Fisher matrices Z,; for vector-
parameter Ko := {Kijvi, v =1,...,8—2,4=1,...,[In(s)]}. For two particular
pairs of indexes (v1,41) and (ve, i2) the corresponding element Zg; (v1, 41, v2, i2)
of the Fisher matrix is

2
Tsrj(v1,41,v2,42) : {n [01n fXZA X, Z,N)/0Kju,i., ]} (A.10)

u=1

To simplify notation, set 0, := Kijv,i,, ¥ = 1,2. Also recall that ¢s(z) and
skoi(t) are supported on (k/s, (k + 1)/s) and (rv/s,r(v + 1)/s), respectively.
This allows us to write for the considered indexes,

Tops(or, i1, 03,12) = B{ (1 - H (571X (21)/00,1/1s™ (21X) |}

+E{A ﬁ[ — ST (71X))/00.)/11 —ST‘X<Z|X>]}

f Jo 7 0 s * 1)
X’(/)skvﬂd( )wskvziz(t)gpskj( )¢sk( )dtd.’L‘ (A'll)

To evaluate the right side of the last equality we use Assumptions 2.1-2.3 and
relations

(k+1)/s

(1)
j [pats () bor ()P = 1 + J 2 (2) (@20 () — 1),

k/s k/s

(k+1)/s
|L/ 2 (2) (62 () — 1)ddt] = 0p(1)s ™,
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and

(k+1)/s

(k+1)/s
| oy (2)bun(@)da]| = | j ) X 9k (@) — 1] = 0n (1)

k/s
Further, we have ) w(t)$skju, i, (£)1skjui, (£)dt = 0 for any integrable function
w(t) whenever vy # vy (note that in this case supports of the two basis func-
tions are disjoint), and the Cauchy-Schwarz inequality yields Sg [Ysrjui(t)|dt <
Cs™12. We may conclude that the above-defined Fisher matrix Zy; is a block-
diagonal matrix and Zy,; = diag(As, ..., As_2) where each block A, is a [In(s)]x
[In(s)] matrix with diagonal elements

Ay(ir,i1) = [s{‘x(rv/s\k/s)

-1

x (1= 55 (ro/sli/s) /157 (k/s,r0/5) | (1+ 0u(1)), (A.12)

where |o,(1)| < C/s for all considered parameters. Further, absolute values of
all other elements in a block-matrix are bounded by Cs~!. Now recall that
s =8, — o as n — o and that the inverse of a block-diagonal matrix is again
a block-diagonal matrix created by corresponding inverses of the blocks. This
and (A.8) allow us to conclude that the inverse Fisher matrix I:klj satisfies for

the vector-row by := (bsk11s - - - bsk(s—2)[m(s)]) and its transpose l_;’sk the relation

bor Tl = j (S5 (tlk/s) (1 = Sq " (tlk/s))/ 17 (/s D)]dE(L + 0,(1))
=1, (1+0,(1)). (A.13)
Now we are ready to straightforwardly follow the proof of Theorem 1 in [10]
and conclude that
inf sup Z E{(¥; — vekj)?} = (nl,) 2V CFD P (1 4 0,(1)), (A.14)

Usk€Osk j= J'(k)

where the infimum is over all possible oracle-estimators of g considered in
Theorem 1 and Py := (a/m(a+1))%/ (41 (20 4-1)1/20+1) Using (A.14) on the
right side of (A.5) we can write,

inf Sup ]E{J ¥ (x )) dx}
M:"k HrEMp ;Uf'rO a,Q, T)
s—2
> [s71 Y 1P/ ety 20/ Rat1) p ol/2at1)(] 4 o, (1))

=1

s=2 n(k+1)/s pr 20/(2a+1)

(¥ f / f (551 (1) (1 = 51 () £ (1))t |
=1 S

Xn—2a/(20¢+1)P*Ql/(2a+1)(]_ + 0,(1))
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f J (ST (1) (1 = ST (¢)))/ 57 (a, t)]dtdx)Qa/ et

xn 20/ ) P(a, Q)(1 + 0, (1): (A.15)

This proves the lower bound (2.6). Now note that in the proof proof of (2.6) we
considered only conditional survival functions ST1¥ (t|z) = SoTlx(t|a:), (z,t) €

[0,1] x [r,00). Thus that proof also verifies (2.7). The assumed in part (ii) of
Theorem 2.1 inequality d(STIX, fX:% o) < oo yields that d(STIX, fX% 1) —

d(STIX| fXZ ) as 7 — o0. This and (2.6) verify (2.9). Theorem 2.1 is proved.

Proof of Theorem 2.2. The proof follows along line of the proof of Theorem
2.1 with the following two changes. The new I.;' := {([ ST‘X(t|k/s)/fX’Z(k/s,
t)]dt are used. Then we repeat the already made calculatlons in (A.10)—(A.13)
only now, due to the MCSC, in place of the sum [ST1X (¢|z)] 2 +[1-STX (t|z)] !
in (A.11) we have only the first term [ST!X (¢[2)]~". This is how the new Iy, is
calculated in (A.13). Theorem 2.2 is proved.

Proof of Lemma 3.2. Recall that C' denotes a generic positive constant. Using
the Parseval identity we can write for all sufficiently large n,

5{ [ 6t - o@?)

)

qn I
= B - X -G )+ 3

Jj=qn+1 j>Jn

<Cgun™' + Z E{[(1 = G/ Tn)*)(Es — r5) = (G/Tn)® + ) K
J=qn+1 J>Jn
: (A.16)
Using (3.4) we continue (A.16),
‘G z) — g(x))? n~t
B{ | @)~ @)} < Ca,
Tn
+n7td(g) Y (1= (/)" (L4 0a(1) + (mdn) 72 ) (m)) w5, (ALT)
J=qn+1 J>qn

Now we are evaluation the two sums on the right side of (A.17). A direct calcu-
lation yields

L ) a2 202
j:anH(l = UM = a0+ o) (A.18)

Definition (2.5) of the global Sobolev class yields

sup Z (7rj)20‘/<§ <Q. (A.19)

QGS(Q,Q) J>aqn
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Using (A.18), (A.19) and the definition of J,, proves part (i) of Lemma 3.2. Now
let us verify part (ii) of Lemma 3.2. Denote by ko, and «,; Fourier coefficients of
go and gy, respectively. Now note that the underlying g affects only the second
sum on the right side of (A.17). Let us evaluate it for the considered g = go + g.
Write for some v > 0,

D @) kT < Y (@) (1 + Y)rg; + (1+ v kg,]
7>qn 7>qn
SE+7Q+ (L+77Y) Y ()2 (mj)> kg,
J>aqn

<SA+7)Q+ 1+ g

’
a—Q

Set v := ¢ and get

sup Z (m§)**K3 < Q1 + 0,(1)). (A.20)
9x€5(a,Q) j>q,

Using (A.20) in place of (A.19) in (A.17) verifies part (ii) of Lemma 3.2. Lemma
3.2 is proved.

Proof of Theorem 3.1. Recall that the lifetime of interest 7" may be un-
bounded, the sample is MCSC and the joint design density f*'# is known. The
proof is based on using Lemma 3.2. We begin with analysis of the proposed
Fourier estimator

O AN Z < ) (AVX)
0. .= p~! l l 7 8
g ; FXZ (X, A Zy)

Using f5%2(x,t,0) = 57 (2,t)STIX (t|x) we get

~ ANI(A'Z <1)p;(A'X)
{0} = E{ FXZ(NX,NZ) }

1 T 1
:f [f ST‘X(ﬂx)dt]@j(x)da::f (@) (z)dz = 6. (A.21)
o Jo 0
We conclude that the Fourier estimator is unbiased. For its variance we may

write,
- AT(NZ < (A
w00, -0,1) = o ef [ SIREEIET) e

To evaluate the last expectation we use @3 (z) = 1+ @2;(z), j > 1 and get

o[ M )
- ST (1) g3 (@)

_ TIX ¢X.,Z _
TXZ(1.1) dtde = dy (5™, [ 7, 7r) + 0;(1).

r
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Further, we have 9?— — 0, 7 — . Now we are ready to evaluate MISE of
the blockwise-shrinkage estimator (3.24). Ee begin with analysis of the oracle-
estimator

dn ~ kn
)= > 00z Z 5 +d o T 2 0,05 (x (A.22)
§=0

is sharp-minimax, that is its MISE attains the lower bound of Theorem 2.2.
In (A.22) we used notation Oy := L;* 2jeBy 07 for Sobolev functionals. Note
that the studied adaptive estimator (3.24) mimics the oracle. To make formulae
shorter, set Ay := ©4/(0) + den~!) and write,

D E{(Akf; — 0;)%}
JEB

= MIAZE{(0; — 0,)%} + (1 — Ap)?07 — 20;A0 (1 — AR)E{(f; — 0;)}]. (A.23)

JEB

To simplify further references on the proof, note that the Fourier estimator 5j
satisfies the inequalities

E{0; — 0;}] < Cn~'a7, E{(0; - 0;)°} <n '[di +0i(1) + 0a(1)].  (A24)

These inequalities will be sufficient. Using (A.24) and Cauchy inequality |26; A, (1—
A <nV2AZ 4 n1/29j2»(1 — Ay)?%, we continue (A.23)

> E{(Axf; — 0;)%}

j€By
< AiLknfld* +(1- Ak) LipOk + Z A2 14 +(1 Ak) 07 ](On(l) +0,(1))
]EBk
= [A7Len " dy + (1 — Ap)*Li®r] (1 + 0n (1) + 0(1)).

Using definition of Ax we continue,

> E{(Axf; — 0;)%}

Jj€By
@in_ld* din_Q(—)k
S 1+4o0,(1 1
Lk[(@k + dyn=1)?2 * (O + d*n—l)z][ +on(1) + or(1)]
_OxnTldy
k6k} + d*n_l

[1+ 0n(1) + 0 (1)]. (A.25)

Now we may return to the MISE of the oracle-estimator and write using the
Parseval identity and (A.24),

E{ J (% () — my ()}
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ko,
= Z E{0; — 0;)%} + > E{(Aef; — 0,)%} + > LiO
k=1 k>kn,
O, d
< Chyn~ +ZLk 2% 114 0,(1) + o(1 + > L6,  (A.26)
k>k,
Next, a direct calculation shows that
& Opnld,
sup Ly——|1+ On( + Ok L0,
mrinS(a,Q) ~ —1 @k + d*n ! [ k;w ]
P(a, Q)(dsn")**/CD(1 4 0, (1)), (A.27)

Using the proof of Lemma 3.2, the same upper bound holds for the supremum
over ]-'n(SOT ‘X, a, @, ). This verifies that the oracle-estimator is sharp-minimax
over the local and global Sobolev classes. Note that the proposed estimator
(3.24) mimics the oracle-estimator’s smoothing coefficients O /(0 + dyn~1) by
statistic . N

min(1, ©4/0))I(0f > 1/[nln(k + 3)).

This mimicking is well-known in the literature and the proof that it preserves the
verified sharp-minimaxity of the oracle-estimator may be found in [12]. Theorem
3.1 is verified.

Proof of Theorem 3.2. The proposed Fourier estimator (3.27) is motivated
by the oracle-estimator

1 i [A] = S(j,n, Zi, X)) I(Z) < 1) (X0)
— fX’Z(Xla Zl) ’

(A.28)

where (recall our notation J(j,n) :={0,1,...,q,}\{4})

S(jyn.2,7)

qn f J STIX (2]2)y) ()k(v)dudv]wi(z)gok(x). (A.29)

kEJ (j,m) =0

Note that S(j,n,z x) is a special Fourier series approximation of S71¥(z|z)
with deleted jth Fourier component. Recall that {1,¢;(x),j = 1,2,...} is the
orthonormal basis on [0, 1] and write,

1 pr
E{07} = 6, — L L S(j,n, 2, x)p;(x)dzdr = 0; — 0 = 6. (A.30)

We conclude that the oracle’s Fourier estimator is unbiased. Next we evaluate
the variance of 0;‘. Write,

nB((B; - 0,?) ~ ([ (5= B T IE S DAL g2
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Consider the expectation on the right side of (A.31). Note that (A’)? = A’ and
write,

[A" = 5(j,n, Z, X)]I(Z < )p;(X)?
| 70X, 2) '
{[A’ —2A'S(4,n,Z, X) + S%(j,n, Z, X)|1(Z < T)(p?(X)}
[fX7 (X, Z)]?

) r [Lr STIX (z]x) — QSTX(;L?)ZS((;:Zz,x) + S2(j,m, 2z, ) dz]go?(sc)daz

0

) Ll [Lr STX(Z|;1<,_z((52;(z'x))2dZ]wj(m)da:

L[ RS ST ) — S,z ) 7
L1, P57 (2. 2) itk

* Ll [_[: SQ(j,n7Z}Qz_(i:gj)lx(zm))zdz]@?(x)dx. (A.32)

The first integral on the right side of (A.32) can be evaluated as

Jl [Jr ST‘X(Z“%)[]. _ (ST|X(Z|1')] dz]g02($)dx =d+ Oj(l). (A33)
0

0 fX’Z('TaZ)

Here d = d(STIX, fXZ r). The second and third integrals, using definition
(A.29), can be evaluated as 0,(1). We conclude that

E{(0F — 0,)%} = n"'[d+ 0;(1) + 0, (1)]. (A.34)

Now note that the proposed Fourier estimator éj mimics the oracle’s Fourier
estimator by replacing unknown function S(j,n, z, ) by its estimate

~ . A/’Ll)l Zl (pk XZ)QZJZ( ) (x)
1 l
S(j,n,z,x) = E E E XZ(X, 72) .
I=1keJ (j,n) =0
Further, we may write,
A 71 j,n Zl,Xl S(j,n,Zl,Xl) s ~
J E (X)) =07+ A;. (A
FX2(X,, 7)) #i(Xe) =07 + Aj. - (A35)

Now we evaluate the mean and variance of ﬁj, Set N(I) :=={1,2,...,n}\{l} and
write

(S(j,n, Z1, X1) — §<j,nyzl,xl)>soj(xl)}

E{EJ}:E{ fX7Z(X1,Z1)

qn AL (Z)er (X)Yi (Z1) ek (X1) —S(] n, 7, Xl)

{ZleN(l Zkej (.,m) [X2(X0,2)
nfXY (X1, Zy)
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X(pj(Xl)}* { > ZA}iZZ;(l@’“ )ﬁl) j(Xl)}. (A.36)

keJ (j,n) i=0
The first expectation on the right side of (A.36) is zero because
E{p; (X0)[f*7(X1, Z0)] 7'} = 0,
and the second is of order n~1¢%. We conclude that
IE{A;}| < Cn~1q2. (A.37)
Next we evaluate the second moment of ﬁj. Write,

) Z7X -5 .7 7Z7—X

liu=1

S(],n Zy Xu) — Sy, Zuy, Xy)
fXZ(Xu,Z ) Soj(Xu)}-

(A.38)

There are two types of terms in the double sum. The first one is when u = [ and
the second when u # [. We explore them in turn. For the case u = [ we note
that

86, m, 20, X0) = $(m, 2, X)) 7 s
E{[ FX2(X,, 7)) %(Xz)] }scn Q. (A.39)

If u # 1, set N(u,l) :={1,2,...,n}\{u,{} and write,

S . NS l
S(j,n,z,x) =n Z Z Z sti( fXZ(X)Té()) or()

seN (u,l) ke J (j,n) i=0
ayy EA’% fxzx)?()) ok ()
se{u,l} keJ (j,n) i=0

=: Sl(j,n,z,x) + §2(j,n,z,x). (A.40)

Using the new notation we can write (recall that we are considering r # 1)

§(jan7ZlaXl) _S(j7n7 Zl7Xl)
]E{ XZ(X,, 7)) v (X1)
§(j7na Zu7Xu) - S(Jan7ZU7Xu>
" X7 (X0 Z) #il%0)
_ [gl(j7nazl7Xl)_S(j7n7Zl7Xl):|+§2(j7n7Zl7Xl) )
-2 F57 (X0, 2) #i(X)

18133, 1y Zu, Xu) — S (s 1y Zuy Xu)] + Sa(fy 12, Zoy Xo)
X FXZ(X,, Zy) ‘pj(XU)}
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_ E{Sl(]an7ZZaXl) —S(]7TL, Zl?Xl)()O](XZ)

[52(X0, Z)
gl(jvna Z?MXu) _S(.]an7ZUaXu)
(X
fX’Z(X'l“Zu) SO]( u)}
gl(j,'fl;, Zl7Xl) _S(.jan7ZlaXl) §Q(j7n7ZUaXu)
72X, Z) 2 (X, Za)
§2(.j7naZl7Xl) §2(j7na ZU7Xu)

P,z ) R 7 )
=: B1 + By + Bs. (A41)

+2E{ 0i(X1) ?i(X)}

+]E{

Term B; on the right side of (A. 41) 1s zero because So @j(x)dz = 0. Using
(A.39), E{[S2(j,n, X, Z;)]*} < Cn~2g} and Cauchy-Schwarz 1nequality we get
|Bo| < Cn=3/2¢2. Flnally |B;| < Cn qi. Combining these results in (A.41),
and then using the obtained relation and (A.39) in (A.38) we conclude that

E{A?} < Cn~3/%¢}. (A.42)
Now we can combine the obtained results and conclude that
E{6;} — 0,1 < Cn~'qy, E{(8; —0,)°} = n ' [d+0;(1) +0u(1)].  (A43)

Properties (A.43) of the Fourier coefficient estimator é\j are the same as (A.24)
used in the proof of efficiency of the blockwise shrinkage estimator, recall the
proof of Theorem 3.1. This finishes the proof of Theorem 3.2.

Remark A.1 It follows from the established properties of the Fourier estima-
tor ¢; that it matches performance of the oracle’s Fourier estimator 0¥ with
sufficient accuracy for the efficient nonparametric estimation.

Proof of Theorem 3.3 Fourier estimator (3.33) is the sample mean estimator.
Accordingly, we get E{0;} = 6; and E{(0; — 6;)?|] = D«(1 + 0,(1)). These
relations allow us to use Lemma 3.2, and it proves Theorem 3.3.

Proof of Theorem 3.4. The proof follow the steps of the proof of Theorem 3.1.
First, it follows from Theorem 3.3 that the smoothing oracle (3.34) is efficient for
MCSC and within factor (Dy/D)?*/(2¢+2) from being efficient for CSC. Second,
introduce the blockwise oracle-estimator

n

)= Y Oei(a) 2 = X G (A1

=0

Here Oy, := L,;l > jeBy 9?- are Sobolev functionals. Note that the studied adap-
tive estimator (3.38) mimics the oracle. Directly following the proof of Theorem
3.1 we establish that the blockwise oracle estimator m. is efficient for MCSc
and that (3.38) is also efficient. Theorem 3.4 is verified.

Proof of Theorem 4.1. We are considering MCSC and CSC samplings in
turn. For MCSC there is an extra sample of size n* (we are considering a more
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general setting than just sample size n) from (X, Z) that is used to estimate
the joint density fX'Z. Due to the extra sample, we can separate observations
used to estimate the nuisance function and the regression, and at the same time
prove a number of needed technical propositions. Then we explore the CSC
when the same observations are used to estimate the nuisance joint density and
the regression. For MCSC the Fourier estimator is

_12 AL(AiZy < 1) (ALXY) _12 AL (Zi < 1) (Xi)
FAXy, N Zy) = F(X1, 2)

(A.45)

Note that we skipped some factors A] to simplify the formula. In (A.45)

flx, 2) := max(1/Inln(n, + 3), f(, 2)) (A.46)

and f(m, z) is the projection density estimate

”Z N eiXe) s (Zepi@s(2).  (AAT)

r=1(i,s)eN

In (A.A7) (XE1,ZE1)s - -+ s (XEny» ZEny ) is the extra sample from (X, Z), N :=
{0,1,...,]1 +1”Ll/4j}27 {¢;} and {15} are cosine bases on [0, 1] and [0, 7], respec-
tively. The truncation from below in (A.46) allows us to use f in the denomi-
nators of (A.45). Recall that the nuisance joint density fX#(z,z2) is supported
and bounded below from zero on R, := [0, 1] x [0, 7], and in what follows we are
considering only (z,z) € R,. The following elementary relation will be useful
(to simplify formulae in what follows we may write f(z,z2) := fX%(z,2))

11 flz,2) = f(m,2)  (f(z,2) = fla,2))?
Ten 1@ Pwmo | feapws | OB

Using this relation we can rewrite (A.45) as

- 10 (X) e A (X)) (F(X1, Z1) — F(X1, 20))
- 12 leJz,Zz " 12 - f2(X1, Z)

- Z Npi(X)(F(X1, Z) — (X1, 7))?
thZl)fz(Xth)

= 0% + A, + A,. (A.49)

Note that 9~;" is the Fourier estimator (3.21) used in Theorem 3.1, and hence we

only need to explore terms Ay and A,. We begin with the following technical
result.

Lemma A.1. Suppose that a bivariate function g(z,z), (x,z) € R; has a con-
tinuous mized derivative 0*f(x,z)/0x0z. Set

Yis = LT JOI g(x, 2)pi(x)s(2)dxdz



4968 S. Efromovich

for Fourier coefficients of the function. If

r rl
f j [0%g(x, 2)/0202]*dxdz < o,
0 Jo

then . 1
X (998, = 027 || [g(a 2 j0atsPdod
i,5=0 0 JO
If
r pl
J J [0g(z, 2)/0x])*dxdz < o0,
o Jo
then
0 r prl
Z P*yZ, = 7T—2j ‘[ [0g(x, 2)/0x)*dxdz.
i,5=0 0 JO
If
r prl
J f [0g(z,2)/0z)*dzdz < o0,
o Jo
then

1,5=0
If (A.50), (A.52) and (A.54) hold, then

0

Z (1+4%)(1 + s*)72 = Gy,

1,5=0

= [ [ fote. 2 + =2 t0gte, 2yt

where

+(r? /) [0g(x, 2)/02)* + (r* [z [0 g(x, z)/@m&z]Q]dxdz,

and for any pair (ig, So) of nonnegative integers

Z |’7is| < C*(l + iQ)_l/z(l + 80)_1/2 111(3 + io) ln(3 + So)Gé/Z,

1210,5=80

where ¢y is an absolute finite constant.

S st = 02e) [ [ 1agte.2yp0s v

(A.50)

(A.51)

(A.52)

(A.53)

(A.54)

(A.55)

(A.56)

(A.57)

(A.58)

Proof of Lemma A.1. We begin with (A.51). Using the Parseval identity, the
sine basis {2'/2sin(rjx), j = 1,2,...} on [0,1], and integration by parts we can

write for any z € [0, 7],

Jo[ﬁ g(x, 2)/0x0z])%d i [J [0%g(z, 2)/0x02]2"/? mn(ﬂ'mﬂ)d&@]2
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O rx=1
Z [ dg(x, z)/02]2Y/? sin(miz)

1=1

— (i) Ll [0g(x,z)/0z]2"? cos(m’x)dm] ’

=0

= i (i) [J [0g(z, 2)/0z]pi(z ] i (mi)%p?(2) (A.59)
- i=1

Using the Leibnitz theorem we note that

L d 1g(9c,z)goi(x)da; dG;(z
¢i(2) = f [0g(x, 2)/0z]pi(x)dx = Jo ¥ =: d( ), (A.60)
o 2 2
where G;(z) := So g(z, 2)pi(z)dz. By repeating steps made in (A.59), only now

using the sine ba81s
{(2/r)'?sin(nsz/r), s = 1,2,...} on [0, 7], we can write for ¢; defined in (A.60),

r 0 psr ' 5
f 02(2)dz = ; _ L 0i(2)(2/r)1/? sm(7rsz/r)dz]

S Tl/zsln TSZ/T Z:r— Ts/T ' ilZ Tl/QCOS TSsZ/T 22
= X (Gt Esintsz/n)| )~ (rafr) | G2/ costmsz/n)a:]

s=1 =

i (ms/r)? f Gi(z)r_l/Qgps(z/r)dz]Q. (A.61)

-JO

Recall that G;(z) := Sé g(z, z)pi(x)dz, and using the Fubini theorem we con-
clude that

) L Ll [0%g(x, 2)/0w0z]*dudz

= ) is/n?| j T[fgw,zm(a:)dx]r1/2¢s<z/a>dz]2

1,5=1
(7*/r?) Z R

Equality (A.51) is proved. Now we verify (A.53). Following (A.59) we can write,

o0

L [0g(x, 2)/0x)?dx = 1221 [L [0g(x, 2)/0x]2Y/2 sin(m’ac)dx]2
i [ , 2)2Y/2 sin(mix) ::; — (mi) Ll g(x, z)2"? cos(m'az:)dﬂc]2

= i(ﬂ')Z[Ll g(fU,Z)soi(:v)dx]Q- (A.62)

Next, using the Parseval identity we get

LT [Ll g(xvz)%(x)dx]zdz
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Z J J- x, 2)pi(x ws(z/7) dxdz] 2%8 (A.63)

Combining (A.62) and (A.63) we may write,

j f [0g(x, 2)/0x] dx]

Relation (A.53) is verified. Relation (A.55) is verified similarly to (A.53). To
verify (A.56), note that (1 +2)(1 + s%) = 1 + 4% + s + i?s%. This, together
with the Parseval identity, (A.45), (A.53), and (A.55), verify (A.56). Now we
are verifying (A.52). Using the Cauchy-Schwartz inequality and (A.56) we may
write,

[ Z \%slr < [ Z (142" Y2(1 4+ 52)~Y2[In(3 + i) In(3 + s)]ﬂ]

210,52 80 i>i0,5=80

x [ N @)+ 62?3+ i) In(3 + s)]%fs] (A.64)

1210,5280

Because Y, '[In(i)]7 < oo, the first factor on the right side of (A.64)
is bounded from above by a finite absolute constant calculated for the case
ip = so = 0 (recall that To evaluate the second factor, we note that (1 +
i2)1/21n?(3+40)/(1+i3)"/? = In®(3+44) for any i > 4o > 0, and that (1+i3)~ "2 <
21/2(1 + ig)~*. This and (A.56) allow us to write for the second factor on the
right side of (A.64),

ST+ 4 )2 + ) I + )]

1210,5=80

<S@Q+i) PP B +ig)(1 + s3) 7P B+ s0) DL (L+i)(1+ )L

iZi0,8=s0
< 2(1 +10) (1 4 50) "HIn?(3 4 ig) In?(3 + 50)GYy-
Combining the obtained results in (A.62) we verify (A.58). Lemma A.1 is proved.
We need one more technical result about the proposed density estimate.

Lemma A.2. Let density f~%(x,z) satisfies the assumption

Gyx.z <0, (A.65)
where G yx.z is defined in (A.5Z). Then, for some positive constants cy and cq,
the defined in (A.47) estimate f(x,z) satisfies the exponential inequality

P(P?%% F@,2) = 152 (@,2) > ey V) < 2nemom’. (A.66)
T,2)ER,
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Proof of Lemma A.2. We begin with the following relation,
fla,2) = 57 (@ 2) = = ) rispsl(@)a™Po(z/a)

(i,8)¢N
N
+ 3 02t el Xp)v(Zm) — Kislei(x)s(2)
i,8€N =1
—: Dy(x,2) + Dy(x,2) =: Dy + Ds. (A.67)
1/4

Here N := {0,1,...,N}? with N := |1 + ny/"|. The first term D; is evaluated
using Assumption 4.1, Lemma A.1, and the Cauchy-Schwarz inequality (below
a more general than needed relation is presented for future use)

IDil =1 ), rmispi(@laPoy(z/a) <2072 YT [k
(1,8)¢N (i,8)¢N
<2a*1/2[ SN+ Y 1+ A+ )L
(i,8)¢N (i,8)¢N
<CNV2 < ong'®, (A.68)

Recall that C' s denote generic constants. Analysis of the second term in (A.67)
is more involved. We begin with a remark that we may rewrite Dy as

Dy=n;t) [[ D i X)) ts(Zm)ei(x)ps(2)]
=1 (i,5)eN
— Z nisgoi(z)ws(z)]] =:n;! Z [f)gl - DQZ:I. (A.69)
(i,5)eN =1

Note that E{EQZ — Dy} = 0. To evaluate the second moment of the difference
we note that Lemma 1 yields

[e¢]
D lkisl < C. (A.70)
i,5=0

Next, using the fact that the basis functions are bounded, (A.70) and the ele-
mentary trigonometric identity

i(@)ps (@) = 27 [pims (@) + piss ()],
we can write,
E{(Da — Dar)*}
= > 2 []E{(Qoi(XEl)'(/Js(ZEl) — kis) (i (Xp)Vs (ZE1) — Kirs) }

(i,8)eN (i/,8")eEN
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x@i(2)s () () (2/a) |

<C Y [kisiese] + |Risrog]] <CN? < Cnll? (A7)
(4,8)eN (i,s")eN

Here Kj+y s+s denotes any possible plus or minus combination of the indexes
which is created by the above-mentioned trigonometric identity. Let us also note
that

|Doy — Dyy| < CN? < Cn)/>. (A.72)

These results allow us to use the Bernstein exponential inequality [18], p.19 and
conclude that

~ Nyt ni/y2
]P’(D >u) < 2ex {70*7} < 2ex {fc * } AT3
1Dl p{ - Ot ) <2e0{-OT) 0
Set u := cln;l/ % for some positive constant c¢;. Also recall notations 52 =

Dy(z, 2) introduced in (A.67), that (z,z) € R,, and then conclude with the
help of (A.73) that for any k pairs (z;, z;) € [0,1] x [0, a] we have

k
Z (|D2 Tiy2i)| = cln;1/8> < lexp{—con},ﬂ}. (A.74)

The inequality (A.72), together with (A.68), is “almost” what we want to prove,
only additionally we need to check that a similar inequality holds simulta-
neously for all points (z,z) € R,. To check this we use a rough inequality
|02Dy(z, 2)/0x0z] < CN* < Cny as. (it is indeed a rough but sufficient for
our purposes inequality, and a better result may be obtained via analog of the
generalized Bernstein inequality for the derivative of a trigonometric polynomial
discussed in [41], p.96. Keeping in mind the maximum value of the derivative,
we divide the rectangle [0, 1] x [0, a] into k := n2 identical sub-rectangles, note
that if (x;,2;) belongs to a sub-rectangle and |Ds (s, 2)| < cln;l/s, then the
mean value theorem implies that for all points from this sub-rectangle we have
|Do(z, 2)| < cong_l/8 for some finite cp. This concludes the proof of Lemma A.2.

Remark A.2 The exponential inequality of Lemma A.2 allows us, whenever it
is convenient in a proof, to replace the density estimate f(z,z) by f(z,z) and
vise versa. Indeed, it is known that the underlying bivariate density f(x,z) is
bounded below from zero on R,., and hence probability of the event f (x,2) #
7 (z, z) is exponentially small in 1y (and hence in n) while all the studied risks
decrease as some power of n.

Following Remark 6.2, denote by Ay and A, the expressions for A; and Ag,
defined in (6.55), only with f being replaced by f , and recall that definitions of
these joint density estimates are presented in (6.52) and (6.53). We begin with
evaluation of second moments of A; and A, in turn. Recall that to simplify



Regression for CSC 4973

formulae we may write f(z, z) in place of fX#(z, z). For the second moment of
Ay we get

~

A/(pj(X)(f(X,Z) — <X>Z))]2}
(X, 2)

+n"2n(n — DE{V?} =: A1 + n %n(n — 1)As,. (A.75)

E{A%} = n-lE{[

Here
VN-:TIT“ZLE N, 2)p: (z acz—Nxz xrdz
-LJOS (|)f(’)80j()[f(v) (7)]dd

- LT Ll STIX(Z‘Zﬂ)ffl(x,z)cpj(z)[ Z (Kis — Fis )i (2)0s(2)

(i,8)EN
+Y) Rispi(@)(2) ] dedz
(i,8)¢N
= Z (Kis — Ris)Vitj,s + 2 KisVitj,s (A.76)
(i,8)eN (i,8)¢N
and we used notation
a rl1
Vidj s im J f STIX (zla) £~ (1, 2); (2) o (@)oo () dadlz. (A.77)
o Jo

This notation is motivated by the trigonometric identity (recall that we already
used it before)

pi(@)p;(z) = 27 [pi () + @irs(2)]. (A.78)
Further, for the considered bivariate functions S(z|x) and f(x, z), with the help
of Lemma A.1, we get

o
max > " il < C. (A.79)

>0
JZY 20 s=0

Also, recall our notations for Fourier coefficients of the density and its estimate,

Kis 1= frf f(z, 2)pi(x)ps(2)dxdz, (A.80)
o Jo

and
r 1
Nis = fi B 7 s d d
R j f Fl, 2)i () g (2)derdz

Y (Xe)n (Ze). (A1)

r=I

Now we are in a position to evaluate the two terms on the right side of (A.75).
For the first term we get using Lemma A.2 that

Ay < Cng'n (A.82)
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Evaluation of Ao is more involved, and we begin with the following useful
proposition.

Lemma A.3. Let Assumption 4.1 hold. Consider k;s and K;s defined in (A.80)
and (A.81), respectively. Then

E{%is} = Kis, (A83)
E{(Rys — ris)?} < Cnzl, (A.84)

and using notations ¥, . (r) = @;j(x)pi(x) and Pf,(v) = P;(x)Pi(x), we
have

|E{(%zs - ﬁis)(%i’s’ - ﬁi’s’)}‘
r rl
= n;l I:f J f(f,c7 Z)(p:;kii/ (x)w:is’ (z)da?dz — Fdis/ﬁ)i/s/:l
0 JO
= n;l[ﬁiii’,sis’ — KisKirs' s (A.85)

where

0
2 [lKizitsts | + |Riskis|] < C. (A.86)

Proof of Lemma A.3. Recall that

ny
%is = n;l Z LPz(—XvE'T)’(/}s(ZE7’)7
=1

and this yields (A.83) because x;s = E{p;(X)1s(Z)}. Relation (A.84) follows
from (A.83) and independence of pairs (Xg;, Zg;) in the extra sample. To check
(A.85) we write using (A.83),

]E{(%is - fiis)(%i’s’ - fii’s’)}
N

=n2 Y E{(@i(Xp)¥s(Zen,) — kis) (00 (X1 ) e (ZE1,) — ko))
lhida=1

= ”QlE{(%(X)T/Js(Z) - ”is)(@i/(X)ws’(Z) - Hi/s’)}
o a rl dnd :|
= it/ sts’ Z — RisRi's
n[[ ] e @ )
=: n;l[/ﬂii’,sjs/ - Iﬁ:islii/s/]. (A87)

This relation and (A.71) verify (A.85). Lemma A.3 is proved.

Using Lemma A.3 and (A.76)-(A.81) we can evaluate A1y defined in (A.75).
Write,

Ay = E{V?}
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= E{ Z (His - His)(’ii’s’ - Hi/s’)l’iij,sl/i’ij,s/} [ Z styz-k] s]

(%,8),(#,s")eN (i,8)EN
=: Aja1 + Aq22. (A.88)

For the first term, using (A.70), (A.79) and (A.87), we conclude that

1 1
Ar21 = nj Z [Kitir sts’ — Kiskire |VitjsVirtje < Cng . (A.89)
(i,8),(i,8")eN

To evaluate Aj122 we recall that an underlying parameter « is at least ag = 2.
This yields that for all sufficiently large considered in Theorem 4.1 sample sizes
ny and n we have j < N/2 (we have even stronger relation j < 0,,%(1)N). Then,
using Lemma A.1 and the Cauchy-Schwarz inequality we get,

A122 = RisVitj,s H VH-] s 4 (Ago)
» < ¥ ¥

(i,8)¢N (i,8)¢N (4,8)¢N
This yields that
A2 < C[nzt + N7, (A.91)
which in its turn, together with (A.82) and (A.75), yield the following result for
Ala -
E{A}} < C[nz' + N74]. (A.92)

Now we are evaluating the second moment of IZQ. Recall that this statistic is
defined in (A.49) and we can write it as a sum of two terms,

A, — _12 190] (X)) (f(Xy, Zy) — f(Xl’Zl»Q
33X, Z)

_12 Npi (X)) (F(X1, Z) — (X1, Z))?
F(X0, 20 f3(X0, Z1)
= A21 + AQQ. (A93)

Recall our earlier explanation that for the purpose of estimating moments with
the desired accuracy, and according to Lemma A.2 we may replace in Aa; the
density estimate f by f. Let us denote this modified term as As; and explore
the second moment of As;. Using Lemma A.3 and formula

f(x Z) - J?(x 2)
= Z (His - K/LS)SOZ s Z FE'LSQOZ 5 ) (A94)

(i,8)eEN (z s)EN

we may write,

E{A3} = n_lE{[A/%(X)(f;gi}(Z,)Z_ FX, Z))Q]Q}
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~

1T‘X z|x)p; z,z) — f(z,2))? 2
+n"?n(n — 1) IE{ Jo L 5 2lz)e (f)Z((J;fz) ) (z,2)) dxdz] }

—1_—1/8 ~ ~
<Cn Ny + E{[ Z (K:llsl Hi151)(/€i252 - HiQSZ)ViliiQijysli52
(i1,81),(42,82)eN

+2 Z Z (“ii181 - ’4’1181)Kisssy’i1ii3ij781i83
(il,Sl)EN (i3,83)¢N

2
+ Z KigssRissa Vigiuij,ssim] }
(13,83),(i4,54)¢N

-1,-1/8 ~ - 5
< C[n My + E{[ 2 (I’iilsl - Hi181)(ﬁi232 — Hi252)yi1ii2ij,s1i82] }
(i1,81),(i2,52)EN

2
+[ 2 KigszFigsy Vizii4ij,53is4]
(i3,53),(1a,54)¢N

~ 2
Z Z (K‘ilsl - K:ilsl)K:iSSSVili’iSijvslis?’] ]

(il,sl)GN (i3,S'§)¢N

= O[n" 0y ™ + Ay + Azis + Aus). (A.95)
Here
Viitistj,s1ts2
f J STX (2]2) s ()i, (2)¢1 (2) Vs, ()53 (2) (A.96)
[z, 2)
Applying the Cauchy inequality we evaluate Aajq,
Az < E{[ > (Kivsy = Firsy) Vi it j s 50 |]2}~ (A.97)

(i1,51),(i2,52)EN

Now note that E{(k;, s, —Ri,s,)*} < Cng? and relation (A.79) holds for parame-
ters defined in (A.96), namely Zi’SFO |Viy +iotj,s1 50| < C. Using these results
we continue (A.97),

2
Agyy < C[ S (Kirer — a—mf] < Cn2N*. (A.98)
(i1,81)eN
For evaluation of As12 we can write using the Cauchy inequality,

2
[ Z ’iisssHi4841/i3ii4ij,53i54]
(i3,53),(ia,54)¢N

2
< [ 2 5?353|Vi3ii4ij,53i84|] < CN_4' (A99)

(i3,83),(14,54)EN
Evaluation of As13 may be converted to the previously considered Asq1 and Agjo

by using the inequality

2| (Hi151 - %1&81 )Hi353 Viytistj,s1tss |
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< (K:hsl - %i1$1)2‘yilii3ij,$1i83| + ’{12383|Vi1ii3ij781i33|'

Combining the obtained results in (A.95) we establish the following upper
bound,

E{ﬁ%l} < C’[n_ln;l/8 + n;2N4 + N_4]. (A.100)

Now we are evaluating the second moment of Ay, defined in (A.93). We begin
with writing Ao as

yp = 0L i Ajei (X)(f (X1, Z)) — F(X0, Z0))°

=1 F(X0, 2) £3(X1, Z1)

~ ~

- Zn: Al (XDI(f(X0, Z1) = f(X1, 20))° = (F(X0, Z1) = f(Xo, Z1))°]
-1 (X1, Z1) f3( X0, Zy)

=: 12[221 + ZQQQ. (Al()l)

Recall that f is bounded below from zero by 1/In(In(ns + 3)), and according

to Lemma 2 the deviation |f(z,z) — f(z,z)| is larger than Cn;1/8 with the
probability decreasing exponentially in n,. These two facts imply that

E{Zggl} < Clln(In(nyg + 3))]2n;2/8
<E{n ; [AM(XZ)(]C(X“ Z) - JiX, ZZ))zf}' (A.102)

(X, Z)

Then the expectation on the right side of (A.102) is evaluated following the
lines (A.95)—(A.100). Similarly, recall that f(a:,z) # flz,2) only if f(z,2) <
1/In(In(ny + 3)), and then according to Lemma A.2 that event occurs with the
probability that decreases exponentially in ny. This yields a rough but sufficient
for our purposes inequality E{42,,} < C' ny 2. Combining the results we conclude
that

E{A2,} < Cny""°. (A.103)
Using (A.100) and (A.103) in (A.93) we get

E{A2} < C[n~'ny " + n 2N + N~ 40", (A.104)

Finally, combining (A.92) and (A.104) in (A.49) and recalling the used N =

1+ n}k/ 4], we get the verified inequality

E{(gj — 53")2} < Cnz' whenever ny > Cn. (A.105)

We conclude that the mean squared error of data-driven Fourier estimator éj
decreases with the same rate as the mean squared error of the oracle-estimator
¢; that knows the underlying joint density fX(z,z). Moreover, if ny/n — oo
as n — oo then

E{(0; — 0;)*} < (1 + 0,(1))E{(0F — 0)*} + 0, (1)n~". (A.106)
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We have proved that for MCSC the plug-in methodology works and the Fourier
coefficients can be estimated as well as by the oracle-estimators using the nui-
sance bivariate density fX'Z. The presented results also give us all technical
propositions needed to prove Theorem 4.1 for MCSC. Now we are in a position
to consider CSC. Recall that the studied Fourier estimator is

s WSS Z 0000

Here
Flx, 2) == max(1/In(In(n + 3)), f(z, 2)), (A.108)
e =t 3 5 AGn@eee, ()

={0,1,...,N}2, N := |1 4+ n'/%|,

. A (Z1)pi(Xi)Yr(2)pr(z)
S(j,n,z,x) :=n"" , A.110
(J ;keg n)lz (X0, 2) (A.110)

and J(j,n) = {0,1,...,¢,}\{j} f 0 < j < b, and J(j,n) = {0,1,...,b,}
otherwise. Our aim is to evaluate E{(6; — 0;)?}. Write,

i [A] = S(j,n, Z1, X)) 1(Z; < 7)p;(Xy)

f(Xth)
. i G,n, Z1, X)) — §(jA, n, Zy, X)(Z < 1) (X))
=1 (X1, Z)
i S(j,n, Zy, X)[1(Zy < r)p; (X))
= (X1, Zy)
e Z S(,n, Z1, Xi) — §(ji n, Zi, X)) (Z) < r)p; (X0)
- [(X1, Zy)
Z SGun, Zo, X0 (Zy < 1)y (X)(f (X0, Z) — F(Xi, Z))
=1 f2(XlaZl)
i S(im, Zu, X)W (Z < 1) (X0)(F(X0, Z) — (X0, 20))?
=1 F(X0, 2) f2(X0, 7))
0% + A; + By + Bo. (A.111)

Recall that §;‘ is the oracle’s Fourier estimator that was used in Theorem 3.2.
The term /Alj is the analogue of statistic /Tj defined in (A.35), it is analyzed
similarly to (A.36)-(A.41), and accordingly E{(A4})?} is in order smaller than
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n~!. The terms E’l and ]§2 are anglogues of statistics fL and 12{2 defined in
(A.49). Tt was established that E{A?} and E{A2} are of order ny'. Here we
need to establish a stronger result and show that the corresponding second
moments ofA By and B; decrease faster. We are evaluating Athe secondN moments
of By and Bj in turn. Using Remark A.2 we may replace f(z,z) by f(z,z) and

then denote the new term as By. Let is rewrite f(z,z) as

flaz)=m-17 M Y, il X)Y(Z)gi(x)is(2)

le{l,...n\{5} (i,s)eN

==Y Y X Z)ei () ()

le{1,...n\{5} (i,s)eN
+ Y el Z) i) () ]
(i,8)EN
= f(z,2,—j) + di(z, 2, 7). (A.112)

~

Here f(z,z,—j) is a density estimate based on all observations apart of (X, Z;),
and dq(z, z, 7) is a small remaining part of the density estimate which is of order

n~'. Similarly, we may separate two pairs (X, Z;) and (X}, Z,) of observations
and rewrite the estimate f(z,z) as

fl@z)=m-27t ) DT 0iX)s(Z)i(x)1)a(2)

le{1,...,n\{j,k} (i,5)eN

g 2% alwu@en)

2 le{1,...n\{j,k} (4,5)eN
wnla SN (X)) () (2)]
le{j,k} (i,s)eN
= f(w,2,—§,—k) + do(w, 2,5, k). (A.113)
For the second moment of El (recall that according to our notation §1 is El
with f being replaced by f) we may write using the new notations,

E{B?}
L (TIAL = Sy n, 20, XO)(Z1 < 1)y (X)) (f (X1, Z1) — F(X0, Z1))7?
=n E{[ 72Xy, Z1) ] }
2 . ~
—1 [A] = S(j,n, 21, X)|[1(Z) < r)p; (X)) (f(Xa, Zy) — [(Xa, Zy))
+(1-n )E{ﬂ ! 7] }

=1
- nfl]E{ [[Ag — S(j,n, Z1, X)) I(Z1 < r)p;(X1)

X2 — F(X1, 21, 1) — di(X4, Z4, 1))]2}
f2(X1a Zl)

+n~(n — 1)E{ [TIA = SGn. 20, X)I(Z < r)p (X)
=1
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~

« (f(Xl7Zl)_ (Xl>Zl7_17_2)_JZ(XI7ZZ7]~;2)}
f2(X, 2Z1)
= B11 + B12. (A114)

Using the Cauchy inequality and Lemma A.2 we evaluate By,

By < on !

(A — S(j.n, Z1, X0)I(Zy < r)p;(X0)(f(X1, Z1) — F(X1, Zy, —1))72
XE{[ 72(X1, Z1) ] }
o ([ AL = S(n, 2y, X)) (Z) < )i (X1)di (X1, Z1,1)) 72

26 {| T o A ]
< Cn~Y8, (A.115)

Next we are considering Bis. Write,

~

Szlz) = 53U n, 2 2))e; () (f (2, 2) = flx,2,-1,-2))7?
Jj = wf( z) ]}

+2E{ [A] — S(j,n, Z1, X1)]1(Z1 < 1) (X1)
(f(X1,21) — f(Xth,172))32(X27Z2,1a2)}
x
f2(X1, Z1) f2( X2, Zo)
+CE{|d2(X17 71,1, 2)d2<X2, Zy, 1, 2)‘} =: By21 + Bi22 + Bios. (A.116)

Bia <

Note that |672 (7,2,1,2)] < On~1q¢? almost sure, and this together with Lemma
A.2 imply
Biag + Biaz < Cn =109, (A.117)

Now we are evaluating Bio1. This term is the analogue of E{‘Nﬂ} introduced in
(A.75)—(A.76). In what follows we are using notation %;s := (n—2)"1! Z? 5 9i(X7)
¥4(Z,) for Fourier estimates of f(z, z, —1). It reflects the fact that f(, z, —1,

—2) is based on pairs (X3, Z3), ..., (Xn, Zy,) but otherwise it is our density es-
timator based on n — 2 pairs of observations, check (A.113). Then we may write
for the integral in Bioq,

j j (S(el) — SUm, 2, 2) f (1, 2) 0 (@) [ (2, 2) — T, 2, —1, ~2)|ddlz

- [ [t J,nzx))f’l(x,Z)soj(x)[ S (his Rl ()
(i,8)eEN
Z Kzs@z )]dxdz
(i,8)¢N
= O (Kis —Ris)Visjs + ). Kislitjs, (A.118)

(i,8)eN (i,8)¢N
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where here (compare with (A.77))

Vitj,s i= f J S(j,n,z,x))

(x z2)p;(x)pi(x)Ys(2)dedz. (A.119)

Recall that this notation is motivated by the trigonometric identity

pi(2)pj () = 272 [pi () + piy; (@)]- (A.120)

Recall that in the first step of the proof the key property of v;; was (see (6.85))

o8] 0]
max > " (vt < C. (A.121)

>0
IZY 20 s=0

It is also valid for (A.119) with formally setting S(j,n,z,2) = 0 when the
corresponding functional Gy of Lemma A.1 is bounded by a constant. In our
case, because the Fourier projection approximation S(j,n,z,z) is subtracted
from the underlying conditional survival function S(z|z), in Lemma A.1 the
functional G is defined by the bivariate function

g(x,2) = (S(Z|x) - S(jﬂnvzvx))/fX’Z(xﬂz)7

and accordingly the functional is bounded by 0;(1) + 0,(1). This and (A.58)
yield

maxz Z Witjsl = 0j(1) + 0 (1). (A.122)

=0
J 1=0 5=

This relation explains why the sample size n is sufficient for estimating the
underlying joint density fX% with the accuracy yielding

Biar = [0j(1) + 0, (1)]n ™. (A123)
This result, together with (A.115)—(A.117), yield
E{B?} = [0;(1) + 0,(1)]n"". (A.124)
Now we are evaluating ]E{é%} where B, is defined in (A.111). Write,

By =t Zn: [A] = S(,n, 21, Xi]1(Zy < 1) (X)) (f (X0, Z) — f(X0, Z1)?
= f3(X0, Zy)
ot 30 1= G, 2 XM (0 < r)eos X)X, Z0) = (3, Z0)°
=1 F(X0, ) 3 (X0, Z1)
f;m + Bas. (A.125)

~
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Recall Remark A.1 which explains that according to Lemma A.2 we may replace
in Bgl the density estimate f by f Denote the corresponding modified term as
B21 and explore it using Lemma A.3 and the equality

s = Fa) = 3 (sis — Fiogal)s(2)
(2,8)eN

+ Z Kisi(X)Ys(2/a). (A.126)
(i,8)¢N

We may write,

E{ggl}:n_lE{[[A'—su,n,zl,Xl)]< e (X)(f(X >—”<X,Z>>2]2}

(X, Z)
SGyn, Zi, X0, (@) (f (, 2) = (w0, 2)) 2
+(1—n" J f fQ(x,JZ) dxdz] }
< Cnig/g + ]E{[ Z (Hilsl - %ilsl)(fiigsz - Ei282)yi1ii2i]}$1i82

(i1,81),(i2,52)eN

+2 Z Z (K:ilsl - %hsl)Ki353yi1ii3ij781i53
(i1,51)EN (i3,53)¢N
2
+ Z /‘%333Ki434”i3ii4ij,sai34] }
(i3,53),(14,54)EN

<Ol +B{l Y (bins — Fins) Biass — Fizoa)Vis it 0]
(i1,51),(i2,52)eN

2
+[ Z RizszRigsy Visii4ij,83is4]
(43,83),(i4,54)EN

+E{[ Z Z (K‘ilsl - %7;151)IiiSSSViliiBijxsliSS]z}:I

(i1,51)EN (i3,83)¢N
=: C[n_9/8 + Bs11 + Boio + 3213]. (A127)
n (A.127) we used notation

Viytigtj,s1tss

- [ 1Bt S 2 Xl ()l (D6l g, (1129
R, f2 (J,‘, z)
Now note that similarly to (A.122) we have
[oe)
max Z Viytistjsit+ss = 05(1) + 0n(1). (A.129)
2 41,51=0
Next we are evaluating terms on the right side of (A.127) 1n turn. Applying the

Cauchy-Schwarz inequality and E{(k;,s, — Kis, ) } Cn=2 we get

2
Ba11 < E{[ Z (’%181 - %i151)2‘yi1ii2ij,81i82|] }

(i1,81),(i2,52)eEN
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~los )+ 0uMIE{[ D (hires —Fius)?] = [0500) + 00 (1))
i1,51)EN
e (A.130)

Term Bs9 is evaluated with the help of the Cauchy-Schwarz inequality,

2
[ Z HiSSSHi434yi3ii4ij,53i84]
(i3,53),(i4,54)¢N
2
<| Y sl =00 touMlnTh (A131)

(i3,83),(14,52)¢N

Term B3 is evaluated via the Cauchy inequality and then using (A.130)—(A.131),
and this yields E{Ba13} = [0j(1) + 0,,(1)]n~!. Combining the obtained results
in (A.127) we get

E{B3,} = [1 + 0n(D]E{B3,} = [0;(1) + 0a(1)]n ", (A.132)

Next we are considering Bas on the right side of (A.125). Write,

~

By = - i [A] = S5(,n, 21, Xi)] A( <)o (X)(f(X1, Z) — [(Xy, Zy))?
=1 F(X0, Z20) £3(X0, Zh)
n=t YA = S n, Zi, X)[(Z0 < ) (X))

~

=1
WX, 2 — F(X0,2)° = (F(X1, 2) — J(X0, Z))°]
F(X0, 20) 3(X0, 1)
= §221 + §222. (A133)

We begin with analysis of Eggg. The estimate f is bounded below from zero by
1/In(In(n + 3)), according to Lemma 2 the deviation |f(z, z) — f(:c z)| is larger
than C'n~'/® with the probability decreasing exponentially in n, f (J; 2) # f (x 2)
only if f(z,z) < 1/In(In(n + 3)) and according to Lemma 2 the event occurs

with the probability that decreases exponentially in n. This yields E{E%QQ} =
on(1)n~1. Next,

E{B2,,} < Cn~%® + C[In(In(n + 3))]2n_2/8E{ znl S(4,n, Z;, X))]
1(Z < r)p; (X)) (f (X1, Z1) — N(X,Z))
NUCAEURCALE AR C R RN

The expectation on the right side of (A.134) is evaluated in (A.127)—(A.132),
and we conclude that
E{B3,} < Cn~ %5, (A.135)
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Using (A.131) and (A.135) in (A.125) we conclude that
E{B%} = [0;(1) + 0,(1)]n"". (A.136)
Combining the obtained results we get
E{(6; — 6%)%} = [0;(1) + 0, (1)]n"". (A.137)

This is the result that shows feasibility of the plug-in methodology. The rest of
the proof follows along lines of the proof of Theorem 3.2. Theorem 4.1 is verified.
Proof of Theorem 6.1 Recall that for CSC triplet (X, Z, A) the following
formula is valid,
fX28(x,2,0) = fX%(x,2)P(A = 0|X = x,Z = 2)
= X2 (x,2)STXZ (2]x, 2). (A.138)

Using the assumption about conditional independence of T and Z given X, we
continue (A.138) and get

FR2B(x,2,0) = fX4(x, z)STlX(Z|X). (A.139)

This formula allows us to evaluate the mean and variance of the proposed Fourier
estimator (6.4). We begin with the mean. Write,

E{f;} = E{%} = J;) j[o " STX (2]x) i (x)dxdz. (A.140)
Now note that .
m(x) = B{T|X = x} = f STIX (2]x)dz. (A.141)
0

Using this relation in (A.140) yields

E{0;} = f[ . [ LOO ST\X(z|x)dz]<pi(x)dX
= J m(x)p;(x)dx = 6;. (A.142)
[0,1]*

We conclude that the proposed Fourier estimator is unbiased. Next we evaluate
the variance,

V@) =BG - 00 =0 (B[ a 5] | 9]

B n_l[f: [J[O,l]k ST;Q?—WCZX]({Z B 9‘2] <Cn”l. (8.143)
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In the last inequality we used the assumed inequality (6.2). Now we can verify
(6.5). First of all, note that ¢; are elements of the cosine tensor-product basis
on [0,1]*. Then the Parseval identity yields,

Ef fw (in(x) — m(x))%dx} = E{Y (B - 6:)2) + Y 62, (A.144)

ieg i¢J

Here the first term is the integrated variance and the second term is the in-
tegrated squared bias of the proposed projection regression estimator. Using
(A.143) we can bound the integrated variance,

k
E{) (6 — 002y <Cn ' [ ]
ieg s=1
< On~lpox /C+agh)  op=20%/(ox+1) (A.145)

The integrated squared bias is evaluated using (6.1),

k
sup Z 0? <C max J;2 2[1 + Z 207162
meS(a,...,ak) ; se{l,...,k} - —

(a1,e50m) ¢ 7 ye =

< On~Y@trax!) _ op—20s/(2ax+1) (A.146)

Using (A.145) and (A.146) in (A.144) verifies (6.5). Theorem 6.1 is proved.

Proof of Theorem 6.2. For the considered setting formula (A.139) holds.
Using it we get
STX(t]x) = E{A|Z = t,X = x}. (A.147)

What we see in (A.147) is the classical Bernoulli regression of A’ on k + 1
covariates (Z,X). Accordingly, we cannot estimate S71X (¢|x) with a rate faster
than the optimal n~2%#/(@++1) for the (k + 1)-dimensional regression E{A’|Z =
t,X = x} based on direct observations from ((Z, X), A’). This yields the lower
bound for rate of the MISE. Next we show that our estimator attains this rate.
We begin with analysis of the proposed Fourier estimator (6.15). For its mean
we can write,

A’api(Z, X)

=0 =2 < 7K 2)

} = J[o e ST (2|x)pi(z, x)dzdx =: 6;.  (A.148)

We conclude that the proposed Fourier estimator is unbiased. Next we evaluate
its mean squared error,

w600y - B[S} -

STX(z]x) (2, x)]?
=n"! LA dzdx — 02| < On~ 1. A.149
! U[o,uw [X2(x, z) oo ] " ( )
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Now we can use the Parseval identity and write,
E{ J (ST (¢]x) — ST|X(t\x))2dzdx}
[071]k+1

=E{ (6 —0:)%} + ). 07, (A.150)

ieJ igg
Using (A.149) we get
R k+1
E{)(0: — 6:)*} < Cn~ ' [ [ Jo < On20w/Gont) (A.151)
ieJ s=1
and following (A.146) we get
sup D707 < Cn2ow/Costh), (A.152)

STIXeS(ay,...,op41) igJ

Using the last two inequalities in (A.150) finishes the proof of Theorem 6.2.

Proof of Theorem 7.1. The assertion is established similarly to the proofs of
Theorems 2.1 and 2.2. The only remark to make is that in line (A.3) the factor
[ (k/s)]? appears in each sum. Theorem 7.1 is verified.

Proof of Theorem 7.2. Note that éj is unbiased estimator of #; and
E{(0; — 0;)%} < di(STX, f57 r)n = (1 + 0;(1)). (A.153)

Then the assertion follows from Lemma 3.1. Theorem 7.2 is proved.
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