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Abstract: We consider a multiplicative deconvolution problem, in which
the density f or the survival function SX of a strictly positive random
variable X is estimated nonparametrically based on an i.i.d. sample from
a noisy observation Y = X - U of X. The multiplicative measurement error
U is supposed to be independent of X. The objective of this work is to
construct a fully data-driven estimation procedure when the error density
fU is unknown. We assume that in addition to the i.i.d. sample from Y, we
have at our disposal an additional i.i.d. sample drawn independently from
the error distribution. The proposed estimation procedure combines the
estimation of the Mellin transformation of the density f and a regularisation
of the inverse of the Mellin transform by a spectral cut-off. The derived
risk bounds and oracle-type inequalities cover both — the estimation of the
density f as well as the survival function S¥. The main issue addressed in
this work is the data-driven choice of the cut-off parameter using a model
selection approach. We discuss conditions under which the fully data-driven
estimator can attain the oracle-risk up to a constant without any previous
knowledge of the error distribution. We compute convergences rates under
classical smoothness assumptions. We illustrate the estimation strategy by
a simulation study with different choices of distributions.
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1. Introduction

In this work let X and U be strictly positive and independent random variables
both admitting unknown densities f = fX and fY accordingly. We propose
a data-driven estimation procedure for the density f as well as the survival
function S¥ of X based on an independent and identically distributed (i.i.d.)
sample of size n from a multiplicative measurement model ¥ = X - U and
an additional sample of size m drawn independently from the unknown error
density fU. In this situation Y admits also a density, given by

) =fefly = f@)f7 (y/a)a da. (1)

R>0

Estimating f from i.i.d. observations following the law of fY is a statistical
inverse problem called multiplicative deconvolution. Multiplicative censoring is
introduced and studied in [31] and [32]. It corresponds to the particular mul-
tiplicative deconvolution problem with multiplicative error U uniformly dis-
tributed on [0, 1]. [30] motivate and explain multiplicative censoring in survival
analysis. [32] and [2] consider the estimation of the cumulative distribution func-
tion of X. Treating the model as an inverse problem [1] study series expansion
methods. The density estimation in a multiplicative censoring model is consid-
ered in [13] using a kernel estimator and a convolution power kernel estimator.
[15] analyse a projection density estimator with respect to the Laguerre basis
assuming a uniform error distribution on an interval [1 —a, 1+ «] for o € (0, 1).
A beta-distributed error U is studied in [4]. The multiplicative measurement
error model covers all those three variations of multiplicative censoring. It was
considered by [5] studying the point-wise density estimation and by [11] casting
point-wise estimation as the estimation of the value of a known linear functional.
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In contrast to local, global estimation of the density means estimating the den-
sity as a whole and measuring the accuracy of an estimator by an integrated
mean squared error. Under multiplicative measurement errors it is considered in
[10]. The authors use the Mellin transform and a spectral cut-off regularisation
of its inverse to define an estimator for the unknown density f. In those three
papers the key to the analysis of multiplicative deconvolution is the multiplica-
tion theorem, which for a density f¥ = f® fU and their Mellin transformations
M[fY], M[f] and M[fY] (defined below) states M[fY] = M[f] M[fY]. It is used
in [5] and [10] to construct respectively a kernel density estimator and a spectral
cut-off estimator of the density f, while the later serves for a plug-in estimator
in [11]. Under multiplicative measurement errors [8] studies the global multivari-
ate density estimation while the global estimation of the survival function can
be found in [12]. For local and global multiplicative deconvolution [5] and [10]
both comment on the naive approach to apply standard additive deconvolution
methods to the log-transformed data. Essentially, the additive deconvolution
theorem for the log-transformed data equals a special case of the multiplica-
tive convolution theorem. The authors point out that making use of the Mellin
transform leads to a more flexible approach than the naive one.

We now turn to multiplicative deconvolution with unknown error density, which
is inspired by similar ideas for additive deconvolution problems (see for instance
[25] and [20]). Following the estimation strategy in [10] and [12], and borrow-
ing ideas from the inverse problems community (see for instance [19]), we define
spectral cut-off estimators fk and §,§ of f and S¥X, respectively, by replacing the
unknown Mellin transformations of f¥ and fY by empirical counterparts based
on the two samples from U and Y and additional thresholding. The accuracy of
the estimators fk and S i( are measured in terms of the global risk with respect
to a weighted L2-norm on the positive real line R, i.e. a weighted integrated
mean squared error. We observe that both global risks can be embedded into a
more general risk analysis, which we then study in detail. The proposed estima-
tion strategy depends on a further tuning parameter k, which has to be chosen
by the user. In case of a known error density [10] and [12] propose a data-driven
choice of the tuning parameter k by model selection exploiting the theory of [3],
where we refer to [23] for an extensive overview. Our aim is to establish a fully
data-driven estimation procedure for the density f and the survival function SX
when the error density is unknown and derive oracle-type upper risk bounds as
well as convergences rates. A similar approach has been considered for additive
deconvolution problems for instance in [16] and [21]. Regarding the two samples
sizes n and m, by comparing the oracle-type risk bounds in the cases of known
and unknown error densities, we characterise the influence of the estimation of
the error density on the quality of the estimation. Interestingly, in case of addi-
tive convolution on the circle and the real line [21] and [16] derive respectively
oracle-type inequalities with similar structure.

The paper is organised as follows. In Section 2 we start with recalling the defi-
nition of the Mellin transform as well stating certain properties. Secondly, sup-
posing the error density to be known we review the spectral cut-off estimators
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of f and S as respectively proposed by [10] and [12]. We study their global risk
with respect to weighted L2-norms and discuss how to generalise this risk anal-
ysis. Afterwards, we investigate oracle-type inequalities and minimax-optimal
convergences rates under regularity assumptions on the Mellin transformations
of f and fY, respectively. In Sections 3 and 4 we dismiss the knowledge of the
error density. In Section 3 we derive a general risk bound and oracle-type in-
equality. We construct in Section 4 the fully data-driven estimation procedure
and eventually show a upper risk bound. The general theory applies in partic-
ular to the estimation of f and SX. In Section 5 we illustrate the finite sample
properties of the estimators proposed in Sections 3 and 4 by a simulation study
with different choices of distributions.

2. Model assumptions and background

In the following paragraphs we introduce first the multiplicative measurement
model with known error distribution and we recall the definition of the Mellin
transform and its empirical counter part as well as their properties. Secondly,
still assuming the error distribution is known in advance we briefly present a
data-driven density estimation strategy due to [10] which we extend in the sequel
to cover simultaneously the estimation of the density f as well as the survival
function S¥ of X.

2.1. The multiplicative measurement model

Let (R0, Z~0, A>0) denote the Lebesgue-measure space of all positive real num-
bers Ry equipped with the restriction A-q of the Lebesgue measure on the
Borel o-field #~g. Assume that X and U are independent random variables,
both taking values in R~ and admitting both a (Lebesgue) density f := f¥
and fY, respectively. The multiplicative measurement model describes obser-
vations following the law of Y := X - U. In this situation, Y admits a density
f¥Y = f® fY given as multiplicative convolution of f and fY, which can be
computed explicitly as in (1). For a detailed discussion of multiplicative con-
volution and its properties as operator between function spaces we refer to [9].
However, assuming the error distribution is known, we have in the sequel access
to an independent and identically distributed (i.i.d.) sample {Y;};cp,j drawn
from fY, where we have used the shorthand notation [a] := [1,a] NN for any
a € R>q.

2.2. The (empirical) Mellin transform

In the subsequent, we keep the following objects and notations in mind: Given a
density function v defined on R+, i.e. a Borel-measurable nonnegative func-
tion v : Rsg — Rxg, let vAso denote the o-finite measure on (Rso, B>0)
which is A5 absolutely continuous and admits the Radon-Nikodym derivative
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v with respect to Asq. For p € [1,00] let L% (v) := LP(Rs0, %0, VAso) denote
the usual complex Banach-space of all (equivalence classes of) LP-integrable
complex-valued function with respect to the measure vAsg. Similarly, we set
LP(v) := LP(R, B,vA) for a density function v defined on R. If v =1, i.e. v is
mapping constantly to one, we write shortly L := L% (1) and L” :=LLP(1). At
this point we shall remark, that we have used and will further use the termi-
nology density, whenever we are meaning a probability density function (such
as f) and on the other hand side density function, whenever we are meaning
a Radon-Nikodym derivative (such as v). For ¢ € R we introduce the density
function x¢ : Ryg — Rsg given by « — x°(x) := z¢. The Mellin transform M, is
the unique linear and bounded operator between the Hilbert spaces L2 (x2“~1)
and L2, which for each h € L2 (x>~ 1) N LY (x71) and ¢ € R satisfies

M_[h](t) := /]R IR R () d A s o (2), (2)

where ¢ € C denotes the imaginary unit. Similar to the Fourier transform the
Mellin transform M, is unitary, i.e. <h’g>ILi(x2°*1) = <Mc[h],Mc[g}>]L2 for any

h,g € L?(x%¢71). In particular, it satisfies a Plancherel type identity
2 2 o—
IR ze-1y = IMc[Alllgz, YR € L (x*7). (3)

Its adjoined (and inverse) M7 : L? — L3 (x*“~!) fulfils for each g € L? N and
T € R>0

M [g]() := / £ 2T (1) AN, (4)

For a detailed discussion of the Mellin transform and its properties we refer again
to [9]. In analogy to the additive convolution theorem of the Fourier transform
(see [24] for definitions and properties), there is a multiplicative convolution
theorem for the Mellin transform. Namely, for any hy € L2 (x**7!) and hy €
LY (x*7') N L2 (x**~1) the multiplicative convolution theorem states

Mc[hy ® hg] = Mc[h1] M [hs]. (5)

Here and subsequently, we assume that f € L% (x?**7!) and fV € L1 (x*7') N
L2 (x**~1), hence f¥ € L2 (x?*!), for some ¢ € R, which is from now on fixed.
Note that L2-integrability is a common assumption in additive deconvolution,
which might be here seen as the particular case ¢ = 1/2. We should emphasise
that the particular case ¢ = 0 corresponds to the naive approach to log-transform
the data and apply an additive deconvolution method. However, allowing for dif-
ferent values ¢ € R makes the dependence on ¢ € R of the assumptions stipulated
below visible. For example for the naive approach, i.e. ¢ = 0 the assumptions
below translate to X ~' and U ! having a finite second moment. Consequently,
if the assumptions we impose below are satisfied for ¢ = 0, then the results also
hold true for the naive approach. In order to simplify the presentation in the
following sections, we introduce some frequently used shorthand notations.
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Notation 2.1. The Mellin transformations of the densities fY, f and fY,
respectively, we denote briefly by

My := M,[f"], My := M.[f] and My := M,[fY].

The reciprocal of a function w : R — C is well-defined on the set {w # 0} :=
{t e R: w(t) # 0} and for each ¢t € R we write for short

1
where 1,0y denotes an indicator function. Precisely, for any set A C R we
write 1 4 for the indicator function, mapping ¢ € R to 1 4(z) :=1,if z € A, and
1 a(z) := 0, otherwise. Since the Mellin transformation My of f¥ is unknown
we follow [10] and introduce an empirical counterpart based on the observations
{Yi}icpn)- The empirical Mellin transformation My is given by

~ 1 .
My(t) — ﬁ Z }/ic—l—i-Lert
i€[n]

for any t € R. Observe that I\A/Iy is a point-wise unbiased estimator of My, i.e.
for all t € R, we have E[My (¢)] = My (t), where E denotes the expectation
under the distribution of the observations {Y;};e[n]. Let us further introduce

the point-wise scaled variance of I\A/[y defined for each t € R by

V3 (t) = nE[|My (t) — My (£)[*] = E[[Y;"~ 72" — My (¢)]?]
<1+ENC Y] =08,

whenever E[Yf(c_l)} is finite. The estimation procedure we are discussing next
is based on estimating the unknown Mellin transformation M x in a first place.
Having the multiplicative convolution theorem (5) in mind, a estimator of Mx
is given by _ R

M (t) == My () M}, (¢) (6)

for each t € R. To shorten notation we write 1\711;( = 1\~/IX]l[_k7k] for each k € R+.
Finally, in what follow we denote by € € R+ universal numerical constants and
by €(-) € Rso constants depending only on the argument. In both cases, the
values of the constants may change from line to line. O

2.3. Nonparametric density estimation - known error distribution

In case of a known error distribution of U we follow [10] in defining a spectral
cut-off density estimator fi of f for each z € R+ and tuning parameter k € Ry
by

z) = 22N t _v-! ~’;{ o).
o= By () M (aA(0) = M7 [VY] ). (7)
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assuming that 1_j x) ML € L2 for each k € Ryg. The last condition ensures
evidently that f; is well-defined. Note, in general the estimator f; does not
define a probability density. For a simple solution to this problem we refer to
[18], where a LL2-projection onto the class of non-negative functions integrating
to one is proposed in (3.1.15) on p. 63. If we require that My # 0 a.s. then
we have f = M, [My] = M ! {My MH due to the Mellin inversion formula
and the multiplicative convolution theorem. Intuitively speaking, from the last
identity we obtain the estimator in (7) by truncating and replacing the unknown
Mellin transformation My of f¥ by its empirical counter part 1\7[y. In [10] the
L2 (x2¢~1)-risk of fj, is analysed, which for each k € R~ is written as

2
L2

1
= H]l[,k’k]c MXHEQ + - H]l[,k,k]Vy M}Lj‘

~ 2 ~k
E {ka - fHILi(x%*l)} =E |:HMX — Mx

L®

where the first equality follows directly from Plancherel’s identity (see (3)) and
the second equality is due to the usual squared bias and variance decomposition.
Let us emphasise that accessing the estimation accuracy by an integrated mean
squared error, i.e. a }L%r—risk, corresponds in eq. (8) to a special case, namely
choosing ¢ = % In this situation, for example, the identity in eq. (5) holds
under the integrability and moment assumptions f € L2 and fY € L1 (x"2)N
Li. However, allowing an arbitrary value ¢ € R makes the dependence on the
developing point visible.

2.4. Nonparametric survival function estimation - known error
distribution

In this paragraph, following [12] we recall an estimator of the survival function
SX of X based on the observation {Yi}icn), when the error density f U is known.
The survival function of X satisfies

SX . R>0 — [07 1]
E: — P[X > z].

As X admits the density f, we evidently for all z € R have
5@ = [ a0l
]R>0

According to [12] we have f € LI (x“7') N L2 (x?*7') if and only if S¥ €
L% (x7%) N L2 (x?*~3). Further, elementary computations show for each t € R
and ¢ € Ry that

M._1[S¥](t) = (¢ — 1 + 2mt) " Mx (1),
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Exploiting the last identity [12] propose a spectral cut-off estimator of SX given
for all k,z € R+ by

= et l— My(t) M (t)
X o c+1—127t U
St (x) := /[_hk] T 1t ont dA(2)

=M [le—1+ sz-)—lm’;(-)} ().

and study its L% (x**~3)-risk, which reads as

B (15— 5l o] = B [0~ 14-2m) 0

~k 2
- -
[ e FETO!

1
= |2k Max [ + 5 || R Vo b (9)

2
)
L2 (te)

where the Plancherel’s identity (3) yields the first equality, the second makes
use of the density function t.(t) := ((c —1)* + 471'27,‘2)_1 for t € R and the third
states the squared bias and variance decomposition. As in Subsection 2.3 before,
the analysis of the Lf_—estimation risk is covered as a special case, namely, by the
choice ¢ = % In this situation, for example, the identity in eq. (5) holds under the
integrability and moment assumptions f € L2 (x?) and fU € L} (x2) NL2 (x?).
Thus, again a general choice of ¢ implies a more flexible risk analysis.

2.5. Oracle type inequality and minimax optimal rates
In the previous paragraphs, we have seen that the global Lf_ (x2¢71)-risk for fk
in (8) and the global L2 (x2¢~3)-risk for S; in (9) exactly equals

~k 2
E [HMX—MX‘

1
| = e Ml + 3 ey M)

2
, (10)
L2(v) L2(v)
with v = 1 and v = t. accordingly. Therefore we study in the sequel the risk
in (10) with an arbitrary density function v more in detail and consider oracle-
type inequalities as well as minimax-optimal convergences rates. Let us sum-
marise the assumptions we have so far imposed.

Assumption A.lL

Let X and U be independent and R ¢-valued random variables with density f
and fUY, respectively. Consider i.i.d. observations {Yi}icn) following the law of
Y = X - U, which admits the density f¥ = f ® fU. In addition, let

i) fU ¢ Li_(x“l) N Li(XQC’l), f e ]La_(xkfl) and fY € Li_(xﬂc*l)), set
LB = 1 [y

iif) v:R — R>g be a (measurable) density function and set vy := |MTU |%v.
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iii) My € LQ(V), My # 0 a.s. and Li_pw € ]L2(VU) (hence T g € ]LQ(V))
for each k € Ry . O

Remark 2.1. Let us briefly discuss the condition My # 0 a.s. in Assump-
tion A.T iii). The estimation procedure relies on the multiplication theorem
eq. (5), which states a decomposition of My into the product of Mx and My.
Knowing My, we can recover Mx only if My # 0 (except on a Lebesgue-null
set). However, if My # 0 is not satisfied, one could obtain an estimator of M x
restricted to the subset {My # 0} C R. Alternatively, the condition My # 0
could be fulfilled for a different value of the development point ¢ € R. Changing
the development point is similar in spirit to the approach presented in [6], where
the estimation procedure within the additive deconvolution problem on the real
line is analysed on a strip as a subset of the complex plane C. We should empha-
sise that both — the restriction to {My # 0} and the change of the development
point ¢, such that My # 0, necessitates the knowledge of My and hence of the
error density fU. It is not evident how these approaches can be transferred to
the completely unknown error distribution case. O

Corollary 2.1. Under Assumption A.I, there exists an optimal tuning param-
eter k, € Ry, such that

~kn 2
e[t -naal, )
=, 4 kme X||L2<v>+EH R U’L?(v)

2 . 2 1 t
<oy - dnf {Hﬂ[—mc Mx|[}a ) + = |21 M

2

. 11
o)
Proof of Corollary 2.1. The claim follows from the elementary risk decomposi-
tion stated in (10) into two terms depending on k € R~ and observing that the
first term decreases while the second one increases for an increasing k. O

Note, that the optimal tuning parameter k, € R~ provided in Corollary 2.1
is not feasible as it depends directly on the unknown Mellin transformation
Mx. Therefore k, is called an oracle and hence the upper bound in (11) is also
called an oracle-type inequality. In the paragraph below, we revisit a data-driven
selection method for k to avoid this lack of information. For this choice we also
obtain a oracle-type inequality similar to (11) up to a different constant. We next
briefly recall minimax-optimal convergences rates for the global I (v)-risk as for
instance derived in [10] and [12]. To do so, we impose regularity assumptions
on the Mellin transformation M x and My . Firstly, let us recall the definition of
the Mellin-Sobolev space with regularity parameter s € R+, given by

= Ml ey < oo}.

Further, for some radius L € R.q, we consider the associated Mellin-Sobolev
ellipsoid, given by

W = {h e L2(x* 1. Ht;% Mc[h]‘

W (L) = {h €W : [Me[hll L2y < L} .
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In the following brief discussion we assume an unknown density f € W?*(L)
of X, where the regularity s is specified below. Regarding the Mellin transfor-
mation My, we assume in the sequel its ordinary smoothness (0.s.) or super
smoothness (s.s.), i.e. for some decay parameter v € Ry and all t € R,

(t) (0.5.)

N2

et cu € Rog - t2 () < | My(t)] < cu -t
and
Jer, cu € Rug : exp(—c¢; - [t]*7) < [ My (t)] < exp(—c, - [t]*7), (s.s.)

respectively. In order to discuss the convergences rates for the upper bound of
the L?(v)-risk in (11) under these regularity assumptions, we restrict ourselves
to the choice v = t;¢ for a € R, observing that a = 0 corresponds to the
global risk for estimating the density f and a = —1 corresponds to estimating
the survival function S¥ of X as discussed in Subsections 2.3 and 2.4. In the
following Corollary 2.2, we derive upper risk bounds provided an optimal choice
of k.

Corollary 2.2. Under Assumption A.I let f € W*(L) for some fized L € R<.

1. If My satisfies eq. (0.5.), choose ko := NI, Then,

E {HMZ ~ M|

2 _ 20s—a)

]L2(tca):| < C(a,s,c,L,¢;,0%) - n~ Bzt (12)
for any a € (=1/2 —7,s).

2. If My satisfies eq. (s.5.), choose ko := (log n)% Then,

~ ko 2
E {HMX fMX‘

ILQ(tC“):| < &(a,s,¢,L,c,0%) - (logn)™ (13)

for any a < s.

Proof of Corollary 2.2. Having Corollary 2.1 in mind, we start with the bias
expression, which does not depend on My . To be more precise, if Mx belongs
to the Mellin-Sobolev ellipsoid W# (L) with a < s then for all k € R

| L1— k. ke MX||i2(t;a) < I? L pmetsts | < ¢(c, a5, L)k26=9,  (14)

Regarding the variance expression, assume first that My is ordinary smooth,
i.e. eq. (0.5.) holds, and a 4+ + § > 0. Then for all k € R+

<o | Lrmty 760 < €lesa, s, )kt

e

e
1y M ‘
H [—k.k] VU L2(65%)
Selecting k, = n7 5571 and combining these two estimates together with eq. (11),
we obtain eq. (12). Similarly, if M is super smooth, i.e. eq. (s.s.) holds, we have
for any a < s and k € Ry
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H]l[—k,k] MTU‘ < |1z exp(2e] - 27t

e

< €(c, a, s, ) k72074 exp (k7).

2
L2(v)

Selecting k, = (log n)% and combining the last bound and eq. (14), we obtain
eq. (13), which completes the proof. |

Remark 2.2. Let us briefly discuss the choices of a = 0 and a = —1, which
provide upper bounds for the global estimation risk for the density f and the
survival function SX, respectively:

1. Density estimation: Choosing a = 0 for all f € W*(L) leads to

E [ka - f”ii(xchl)} S N~ EAseT

if My is ordinary smooth, and
~ 2 _s
E |:kau - fHILi(XZC*l)} 5 (1Ogn) v

if My is super smooth. In [10] it is shown that these rates are minimax-
optimal for n — co.
2. Survival function estimation: Choosing a = —1 for all f € W*(L) leads to

__2(s+1)
2 2 1
N R

IEMSé“Sﬁiu%*J

if My is ordinary smooth, and

+1

E[[155 = SIIy oemsy| S (ogm)=F

if My is super smooth. In [12] it is shown that these rates are minimax-
optimal for n — oo. O

2.6. Data driven estimation

[10] and [12] propose a data-driven choice of the tuning parameter k& by model
selection exploiting the theory of [3], where we refer to [23] for an extensive
overview. More precisely they consider

2

L2(v)

~ K
= argmin {— HMX
keKx

ke arg min { Hll[_;“k]l\A/Iy ML‘
kex

+ Penk}

2

15
L2(v) + penk} ’ ( )

where {pen; }rer., is a family of penalties and K C Ry is an appropriate finite
subset specified later. The aim is to analyse the IL?(v)-risk, namely

2
ILz(\/)} .

EMM;—MX
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In the sequel we introduce a family of penalties and set of models which differ
from the original works in preparation of the procedure presented in Sections 3
and 4 below. For the upper risk bound we impose slightly stronger assumptions
than Assumption A.I that we state next.

Assumption A.II.
In addition to Assumption A.Ilet f¥ € L1 (x8(¢=D)NL3P(x2~1) such that there

fota atiafyi Y Y .
exists ny € R>; satisfying 7y > max {Hf ||]L§f(x2°*1) , ||f HM(XS(C,U) } We set
ay :=6 HfYH]LiO(XzC,I) /o3 and ky := 1V 3a3.. ]

Text-book computations as they can be found for instance in [14] are leading

to the following standard key argument, which for any k., € K states

iy 2

S 3 ||]1[_kovk0]c MXH]?}(V) + 4penk’o

L2(v)
2
peny
_ P 16
L2(v) 4 >+}’ (16)

1 (My = My) M|
AP
using the shorthand notation ay := max{0,a} for any a € R. Recalling vy :=
| M, |?v, the last summand in (16) reads as

> _peny
L2(v) 4 /.

- { (]

kex

T T
e ([t -

2 _w>
L2(vy) 4 )|

Taking the expectation in the last display, the next proposition allows to control
its value. In its proof we make use of Lemma A.2 in Appendix A, which is based
on a Talagrand inequality, stated in Lemma A.1. Here and subsequently, for an
arbitrary density function w : R — R satisfying 1;_j 4 € L°°(w) for each
k € Rsq, we denote by

_ log(AY V (k+2))

A;;v = H]l[*hk]HILOO(W) and 62/ = 10g(k}+ 2) S Rzl’ Vk € RZI- (17)

Proposition 2.3 (Concentration inequality). Under Assumption A.Il define
AV and 6,V as in (17) with vy == \ME |*>v. For n € N consider

ky == max{k € [n°] : kA}Y <n*A}V}.
We then have

E
ke[kn] L2(vy)

~ 2
max {(H]l[k,k](MY — MY)H — 12032,AZU5;€’UI<:”—1) }]
+

SC oy (1VEyAY) -nth
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Having Proposition 2.3 at hand we set K := [k,] C N and define for each
k€ [kn]
pen;V = 48A‘,;U5,:Uk:n*1.
Evidently, choosing peny, := 0% pen; Y Proposition 2.3 allows to bound the ex-
pectation of the last summand in (16). Unfortunately, o2 = 1 + E[Y2(¢=1] is
unknown to us. However, we have at our disposal an unbiased estimator given

by
62 :=1+n"! Z Yf(c’l).
i1€[n]
Hence, replacing subsequently the unknown o2 by its empirical counterpart 53
we consider the data driven choice

. ~ ks ||2
k :€ arg min {— HMX‘
ke[kn]

252 Vo b 18
LZ(V)—i— prenk: } ( )

Corollary 2.4. Under Assumption A.Il, we have

.y
E HMX — My

2
<602 - mi { T e Mx|)? INCOYCE *1}
LQM} < 6oy min q[|L-eue M|y, + A8 67 kn

+C oy (IVEyAYY) -~ (19)

Proof of Corollary 2.4. Similar computations as presented in [10] show a slightly
changed version of the key argument (16), which reads for each k, € [k,] as

2
< 3| T 1k, ojo Mix |12 + 20% peny?

L2(v)

~k
e

+ 455 pen)V +2(03 — 26%)4 pen)V

* o _oypen” peny) . (20)
L2(vy) 4 i

By applying the expectation on both sides and taking

8 Hn, My — M

ko :€ alfgmin{||]l[_k7k]c MXHHQE(V) + AZU(;ZU]W%} ) (21)

n

we immediately obtain the claim eq. (19) due to E[5%] = 0%, Proposition 2.3
as well as

E
2

2
(‘TY — fr%) pcnzgl < EnyAYUnt.
+
This completes the proof. O

At this point we want to stress out again that specifying v = 1 and v = t.,
respectively, we obtain directly from Corollary 2.4 upper bounds for

(i Sl ] and B [~ 5¥2, o]
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due to Plancherel’s identity (3). Similar to Subsection 2.5 we assume in the fol-
lowing brief discussion a density f € W#(L) of X, where the regularity s € Ryg
is specified below. Regarding the Mellin transformation My, we subsequently
assume again its ordinary smoothness (0.5.) or super smoothness (s.s.). In or-
der to discuss the convergences rates for the upper bound of the L?(v)-risk in
Corollary 2.4 under these regularity assumptions, we restrict ourselves to the
choice v := t;® for a € R, observing that a = 0 and @ = —1 correspond to
the global risk for estimating the density f and the survival function S¥ of X,
respectively.

Corollary 2.5. Under Assumption A.II, let f € W*(L) for some fixed L € R<y.
1. If My satisfies eq. (0.5.), then,

2

(s—a)

2
] < &(a,7,s,c, L,c,ny, ky,o%) - n” et

~Fk
E HMX——MX
L2(te )
for any a € (—=1/2 —~,s).
2. If My satisfies eq. (s.5.), then,

i 2
EMMXMX

< @(G,W,S,C,L,Cl,ny,ky,(f%) ! (logn)_%
L2(tc )

for any a < s.

Proof of Corollary 2.5. Starting with Corollary 2.4, we use again the bound
eq. (14) as the bias expression is the same as in Corollary 2.2. However the
variance expression differ compared to Corollary 2.2. Assume first that My is
ordinary smooth, i.e. eq. (0.s.) holds, and a + v + % > 0. Then for all &k € Ry

AV = H]l[—k,k]\ M{] <o [ty Tt | < ¢(c,a, s, ¢k,

’|
Lo (v)
Consequently, it follows 6,7 < €(c, a, s, ¢;) and hence,

AUk < (e, a8, ¢) k2T (22)

Selecting k, = |n 2v+§‘8+1j € [k»] and combining these two estimates together
with eq. (19), we obtain

kgﬁg}t]] {H]l[_k.Mc MXHEQ(V) + AZU&ZUknfl} < €(c,a,s,¢)- TL__2’2Y(:—2_5{21 (23)
and thus with Corollary 2.4 follows the claim. Similarly, if My is super smooth,
i.e. eq. (s.5.) holds, we have for any a < s and k € Rs¢

Ay = H]l[—k,k”MTU < ||y exp(2e] - [P7)t,

2| ||
Loo(v) Lee

< €(c, a, s, ¢) k2 D+ exp (k7).
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Consequently, it follows 6,V < €(c, a, s, ¢;)k*? and hence,
AUV K < €(c, a, 8, )k DT oxp (k7). (24)

Selecting k, = |(log n)%J € [k,] and combining the last bound and eq. (19),
we obtain

kIEI[lIikI}L]] {||]l[_k7k]c MXH]?}(V) + A‘,;UézUknfl} < €(c,a,s,¢) - (logn)~ 5 (25)

and thus, with Corollary 2.4 the second claim, which completes the proof. O

Remark 2.3. Let us briefly revisit the choices of a = 0 and a = —1, which
provide upper bounds for the global estimation risk for the density f and the
survival function S¥, respectively:

1. Density estimation: Choosing a = 0 for all f € W*(L) leads to

E {Hffg - f”ii(x%—l)} ,S n_hfﬁ

if My is ordinary smooth, and

E ([ = flls oery| S Cogm)~

if My is super smooth. The rates coincide with the minimax-optimal rates
presented in [10] (compare Corollary 2.2).
2. Survival function estimation: Choosing a = —1 for all f € W?(L) leads to

2
H‘i(XZ(;fS)

_2(s+1)
:| Sn 2vf2s+1

E (|55 - 5|

if My is ordinary smooth, and

E [HS;}X - SHii(x%—s)} S (logn)i%

if My is super smooth. The rates coincide with the minimax-optimal rates
presented in [12] (compare Corollary 2.2).

We should emphasise that comparing the rates in Corollaries 2.2 and 2.5 there
is no additional price for adaptation to pay. O

3. Estimation strategy for unknown error density

After recapitulating an estimation strategy for the multiplicative deconvolution
problem assuming the error density is known in advance, we dismiss this assump-
tion in this section. Inspired by similar ideas for additive deconvolution problems
(see for instance [25] and [20]), we study estimation in the multiplicative decon-
volution problem with unknown error density. In addition to i.i.d. observations
{Yi}ic[n) following the law of the multiplicative measurement model Y = X - U,
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we have access to additional measurements {U;};e[m], m € N, which are i.i.d.
drawn following the law of U independently of the first sample {Y;};c,). We
estimate the Mellin transformation My by its empirical counterpart given for
each t € R by

~

My(t) :=m=" U=+,
j€m]
Similarly to My, we observe that E[My ()] = My(t) for all ¢ € R, ie. My

is an unbiased estimator of M. Here and subsequently, the expectation E is
considered with respect to the joint distribution of {Y;};cp,) and {U;}jepm]- As

in Section 2 we intend to divide by 1\7[U whenever it is well defined, or in equal
multi;A)ly with ML = ﬁLU]l{ﬁUfo} (see Notation 2.1). Note that the indicator
set {My # 0} := {t € R : My(t) # 0} is not deterministic anymore since
it depends on the random variables {U;};c[,). However, we note that \I\A/IJ;]| is
generally unbounded on the event {1\7IU # 0} which would lead to an unstable
estimation. Hence, we truncate My sufficiently far away from zero. Recalling

that n and m denote the samples sizes of {Y;}icn) and {Uj} ecfm], We thus
define in accordance with [25] the random indicator set

M = {(mAn)mU\? > 1} = {t ER: (mAn)|My () > 1},

which only depends on the additional measurements {Uj} je[m]- Similarly as in
Section 2 we have now all ingredients to define an estimator of the unknown
Mellin transformation M. Indeed, having the convolution theorem (5) in mind
(stating My = Mx - My ) we propose as an estimator of Mx

MX = Myl\?[;r]]lgm

~k ~
To simplify the presentation later, we further write My := Mx1_ ) and
M’;( = Mx 1|y k) for any k € Rso.

3.1. Nonparametric density estimation - unknown error density

Motivated by the estimation strategy in Subsection 2.3 we propose in this para-
graph a thresholded spectral cut-off density estimator for f in the multiplicative
deconvolution problem with unknown error distribution.

Definition 3.1 (Thresholded spectral cut-off estimator). Assuming an un-
known density f € L% (x**7') of X for some ¢ € R define the thresholded

spectral density estimator fk for each k,x € Ry by

fulz) = / 2y ()N () Tan (DN (E) = M [V ] (2).
[~
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The next lemma provides a representation of the global L7 (x¢~1)-risk of the

estimator f similar to the decomposition (8) of the global L2 (x?¢~1)-risk of fj
in Subsection 2.3.

Lemma 3.2 (Risk representation). For k € Rsq consider the density estimator

fk given in Definition 3.1 and recall the definition of V3 (see Notation 2.1).
We then have

2

N

1 ~
= [Mx L pelra + E {HMLMVYHMM’

2

E [ka—f‘

~ k
}:EUMX—MX‘

]L2+ (X2c— 1)

2
L2

/\'i' ~
} +E [HMUﬂsm(MU —My) Mk

2
L2

2
+E [HM’)“( Lone Lz].
Proof of Lemma 3.2. Recalling the definition of fk as well as Plancherel’s iden-
tity (see eq. (3)), we have

2 2

~k 2 ~k
B S TA——

fk_f‘

]L2+ (X2c—1) .2

~ At 2
= HMX Ljgk) — ]1[7k,k]MYMU]15mH]L2 +[Mx ﬂ[—k,k]culiz

~ ~ -~ 2
= HMUllgn(My — My Mx)ﬂ[—k,k]’ L2

2 2
+ Mo Ty Tone [l + [Mx Lppme e
where we used in the last step that
My T k) = Mx 1j_p 5 (Ton + Tgneo)
~F ~
= MyMylop Mx ]l[—k,k] + My ]l[_k,k]]lgmc.
Studying only the first summand further we obtain for each ¢t € R
nE [[Sly (1) = My (0)2] = E [~ = My (1)?] = V3 (1),

By exploiting the independence of {Y;};c,) and {U;};cpm], We finally have
~ 1 ~ ~ 2 ~ ~ & 2
E HMUllgm(My — My My ) HL —E HMU]lgm(MU —Nyp) MXHLQ
L (191t vy 1|
+ 3 | [ttt ]
which shows the claim. O

At this point we want to stress out that the L3 (x?“~!)-risk representation
of Lemma 3.2 for fk has a very similar structure as the corresponding risk
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representation of fj, in (8) assuming the error density fU to be known. Indeed,
the first term remains the same — it represents the bias term, which can be
specified later, considering different regularity assumptions on f. Later, we see
that the second term actually represents the variance term. The two additional
summands, only depending on the additional measurements {U;} e[y, occur
in this particular situation, where we estimate the unknown My as well.

3.2. Nonparametric survival analysis - unknown error density

Considering the survival analysis in Subsection 2.4, we propose now an estimator
for the survival function S¥ of X under multiplicative measurement errors with
unknown error density fU and additional measurements {U; }iegmy- Indeed, we
follow the definition of S), and analogously as for the density estimator fi we
replace the unknown Mellin transformation My by its (sufficiently truncated)
counterpart, which leads to the following definition.

Definition 3.3 (Thresholded spectral cut-off estimator of S¥). Assuming an
unknown density f € L3 (x**7') of X for some ¢ € Rsy. The thresholded

spectral cut-off estimator §,§ of the survival function S¥ of X is defined for
each k,z € Ry by

~ ~
3 “etr1—s2me My (M (2)

X = c+1 L2ﬂtY7U]1
Sk (-’17) ' /[—k,k] o c— 1+ 127t gm(t)d)\(t)

=M [e-1+ LQW.)*M’;] (x).

Similar to (9) we are again interested in quantifying the accuracy of S\;f
in terms of its global }L%r (x2¢73)-risk. The representation in the next corollary
follows line by line the proof of Lemma 3.2 and is hence omitted.

Corollary 3.4 (Risk Representation). For k € Ry consider the estimator
Sk given in Definition 3.3 and recall that t. : R — Ry with t — t.(t) =

((c—1)2+ 47T2t2)71. We then have

E|[8x - x|’ _E (5 g )|
H S e H(C_IJ”QW') ( X X)’]LQ
~k 2
-
|: X X L2(tc):|

1 [t
= [Mx Lo fa + E {HMU]lmVy]l[_k,k]‘

2
]L2(tc):|

~ ~
] +E [HMUﬂzm(MU —My) M?{‘

2
E HM’“ 1
* [ XM,

2
U(tc)] '

Analogously to estimating the density f, we obtain in Corollary 3.4 a risk rep-
resentation with very similar structure as the corresponding risk representation
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of Sy in (9) assuming the error density fU to be known. The first and second
term represents again the bias and variance as seen before. The last two sum-
mands, depending only on the additional measurements {U;};e[m], occur only
due to the estimation of the unknown Mellin transformation My . Eventually,
one observes directly, that the risk decomposition of fk and S,f are identical
up to the density function v = 1 and v = t., respectively. Hence, we subse-
quently study both cases simultaneously by considering a general L?(v)-risk for
an arbitrary density function v, namely

~k
E[HMX—MX‘

o) (26)

L2(v)

3.3. Oracle type inequalities and rates of convergences

We start by formalising assumptions needed to be satisfied in the subsequent
parts.

Assumption B.I.

In addition to Assumption A.Ilet {Uj};e[m] be i.i.d. copies of U, independently
drawn from the sample {Y;};cp,y and let fU € L} (x*(¢~1). Moreover suppose
that 1_ 5 € L2(v) for each k € Rso. O

Corollary 3.5. Under Assumption B.I, there exists a optimal tuning parameter
ko € Rsg, such that

~ ko 2 2c—1)7) 2 2(c—1
o W RO e I O S
x inf 4 [|Mx e +1H]1 MT’2
keRso [k lL2 () T 0, [—k,k] MU L2(v)
o2
+8(1v¢E[U{*(C‘”])-HMX (1V | My |*m) 1/2‘”(). (27)

Proof of Corollary 3.5. Under Assumption B.I we start with the general L?(v)-
risk representation for k € R~ , given by

E U)M; ~ M|

2 2
O I TS TR
+ g |8 a1 Hz
" vl Vy L—k g L)

2
E HMk 1
+ [ x Lgne L)

~t N 2
} +E [HMUﬂm(MU —My) Mk L J ;
where the proof follows line by line of the proof of Lemma 3.2. We upper bound
the last three summands of the last display with the help of Lemma B.1 in
Appendix B and derive for each k € Ry

~k 2 2
E {HMX B MXH]Lz(VJ = HMX ﬂ[_k’k]CHV(V)
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2 2
+4 (1 V. E[Ulz(c_l)]) ,E[Xf(c—l)] . HMTU ]l[—k,k]‘ L) .n*I

2

+4(1VEUETY)). HM’;% (1V [ My [*(m A n))fl/rz’

L2(v)
_ 2
+4(1veR[U Y] HM’;“( (1v My [*m) 1/2’ e
Further, elementary computations show that
—1/2||2 —1/2||2
HM’; (1V My |*(m An)) o < HM?{ (1V My [?m) o
— 2 —
TR el (U TR IS
such that we finally obtain
~k 2 2
E HMX - MX‘ L2(v) < HMX Il[—hk]CH]Lz(v)
2 2
+8 (1VEUFCV) BTV M 1| oy
o2
+8(1v U] My (v My [Pr) ) oy’

The claim follows from the last decomposition, where the first two terms in
the upper bound depend on k € Ry only, and observing that the first term
decreases while the second one increases for an increasing k. O

Observe that in the oracle-type inequality (27) the upper bound consists of

two summands. The first summand is identical up to the constants to the upper
bound in (11) and we refer to its discussion in Subsection 2.5. Again, k, rep-
resents an oracle choice, as it depends on the unknown Mellin transformation
Mx. We should emphasise that the first summand only depends on the sample
size n, while the second summand only the size m of the additional sample.
Therefore the second represents the additional cost of estimating My as well.
In case of additive convolution on the circle and the real line [21] and [25] de-
rive respectively a oracle-type inequality for integrated mean squared error, i.e.
the global LL2-risk, with an upper bound consisting also of two terms, each one
depending on one sample size only.
Similar to Subsection 2.5 we assume in the following brief discussion an un-
known density f € W#*(L), where the regularity s is specified below. Regard-
ing the Mellin transformation My, we subsequently assume again its ordinary
smoothness (0.5.) or super smoothness (s.s.). In order to discuss the convergences
rates for the IL?(v)-risk under these regularity assumptions, we restrict ourselves
again to the choice v :=t;* for a € R, observing that a = 0 corresponds to the
global risk for estimating the density f and a = —1 corresponds to estimating
the survival function SX of X as discussed before.

Corollary 3.6. Under Assumption B.1, let f € W*(L) for some fized L € R+.
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1. If My satisfies eq. (0.5.), choose ko := NI
Then, for any a € (—1/2 —~,s),

2

E {HM’; — M|

<@ (nmEE (5
L2(tz*) | —

where € = €1 (c, a, s, ¢, EX2 V] E[U“Y]) € Ry

2. If My satisfies eq. (s.5.), choose ko := (log n)% Then, for any a < s

~ ko 2
E[HMX —MX‘

IL2(t»“):| =& ((logn)f% + (IOgm)i%) ’

where €2 = Ca(c, a, s, cl,E[Xf(c_l)],E[Uf(c_l)]) € Ryp.

Proof of Corollary 3.6. Starting with Corollary 3.5 the upper bound for the first
term is given in Corollary 2.2. Regarding the second summand, assume first that
My is ordinary smooth, i.e. eq. (0.s.) holds, and a+’y+% > 0. Since M x belongs
to the Mellin-Sobolev ellipsoid W*(L) with a < s

2 *1/2 2 2 s;—a -y -1 ‘
M (v My 2m) ‘Lz@;a) < al?||ee (v "m) |
s—a — -1
< €(c,a,s,¢,L) - |[t37%(1V 3 m) (ﬂ[im%’m%] + ]l[im%’m%]c) .

(a—sty)4 —v _s—a
SC(c,a,s,cl,L)-maX{m ~ ,m- }, (28)

which shows the first claim. Similarly, if My is super smooth, i.e. eq. (s.5.) holds,

we have for any a < s setting I := [—(log m)%, (log m)%]
2, \-1/2||? 2||;s4—a 2 -1
HMX (1V My [2m) ‘U( < al? i (1 exp(=2a] - )m) HL
to e o

< €(c,a,s,¢,L) - |[t37*(1V exp(ft;W)m)71(111 +1;0)

’]LOO

< &(c,a,s,¢, L) - max {(logm)f%, (logm)f%} , (29)
which shows the second claim and completes the proof. O

Remark 3.1. Let us briefly discuss the choices of a = 0 and a = —1, which
provide upper bounds for the global estimation risk for the density f and the
survival function SX, respectively:

1. Density estimation: Choosing a = 0 for all f € W#(L) leads to

2 2s
< pTErssE 4o~ (5AD
L2 (x2e-1) ~

if My is ordinary smooth, and

?|

{4~

2

f;;—f‘

} < (logn)™> + (logm) ™~

]L2+(X2c—1)
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if My is super smooth.
2. Survival function estimation: Choosing a = —1 for all f € W?(L) leads to

E M@f -5

2 2(s+1) +1

2 (y2c—3 :| NG +m_(s A
L3 (2e-9)

i

if My is ordinary smooth, and

s+1

< (logn)_# + (logm)™ =~

~ 2
E ws,f - s\ ]
L3 (x2¢-3)

if My is super smooth.

There is no corresponding lower bound of the additional second term in the up-
per bound given in Corollary 3.6, which only depends on the second sample size
m. Nevertheless, a similar expression occurs in circular additive deconvolution
with unknown error density, where in [21] a matching lower bound is presented.
Moreover, in additive deconvolution on the real line with unknown error distri-
bution the additional second term is also present and [25] derives a matching
lower bound in case a = 0. This suggests that this is also the case in the mul-
tiplicative measurement model with continuous Mellin Transform, although a
proof is missing yet. O

4. Data driven estimation

In this section we will provide a fully data-driven selection method for k£ based
on the construction given in Subsection 2.6 but dismissing the knowledge of the
error density fY. A similar approach has been considered for additive deconvo-
lution problems for instance in [16] and [21]. More precisely, we select

~

~ ~ 2 ~

k€ argmin{— H]l[fk,k]MYMIJ]limH +26% pen%}
k€[kn] L2(v)

2

= arg min {— HMX‘ L) + 26% peni} ,

where the penalisation term penz depends on a random density function v,
which is defined and specified later as well as the choice of k,, € N. In contrast
to the selection (18) in Subsection 2.6, here we have replaced MTU by its empirical

counterpart I\A/I;r] Our aim is to analyse the global L?(v)-risk again, namely

]El : ] (30)

L2(v)
Our upper bounds necessities also slightly stronger assumptions than Assump-
tion B.I, which we formulate next.

My — My
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Assumption B.II.
In addition to Assumptions A.II and B.I let infici—q 1{|Mu(t)[} € Rso,

fY e IL1+(X7(C*1)) n LL(X2(6’1)| logx|?) for some v € Ry, f¥ € L}r(xm(cfl)),
and such that there are 1y, ny,nx € R>; satisfying

i) Ny = maX{HfYH]LgrO(chfl) ) |fYH]L£r(x16(C*1>)}’

.. U/ U

e [ [ ) A &

iii) nx > maX{HfXHMr(Xz(cq)) ) HMXll]L?(v)}'

We set ay € Ry and ky € R>; as in Assumption A.IL O

Motivated by the key argument in (20) in case of a known error density fU,
the next lemma provides an error bound when fY is unknown. Its proof can be
found in Appendix C.

Lemma 4.1. Consider an arbitrary event U with complement U, and denote
by A€ the complement of the event A := {02 < 26%}. Given k,, € R>1 and

« ~ o~ 2 -

k :€ argmin { H]l[_k,k]MyMLllgnH + 26% pen}g} (31)
ke[kn] L2(v)

for any ko € [ky] we have

2

~ & ~ ~ f
My —Mx <15 H]l[—ko,ko](MY - MY)MU]IEDT‘

2
L2(v) L2(v)

2 ~ v
+ 15 | Lk kje Max [l o, + 2455 peni, Lo + 6|Mxllfz ) Lo

2 0_2 ~
— =X penj,
L2 (v) 4 b k) N

~ ~ f 2
+3 Hn[,kmkn](MY — MY)MUanM (e + L), (32)

N 2
15 H(MU N gy — 1) ME»

L2(v)

N ~
12 H]l_ My — My )M 1 ‘
+ k?ﬁf]]{( (k5 (My = My )My Lon

In the sequel, we aim to apply the expectation on both sides of (32) in order
to derive an upper bound for the risk. Therefore, we need to control amongst
others the expectation of

~ ~ f 2 2 -
max 1,_ My — My )M, 1 ‘ — Z¥ pen), . 33
kenknﬂ{<H kg (M = MMl ) =500 ’“)+} .
In Subsection 2.6 a similar term was controlled by introducing the density func-
tion v = | MJ{] |2v and providing a concentration inequality in Proposition 2.3.

In contrast, we use in the sequel its empirical counterpart, the random den-

sity function v := |1\7[TU]lgm|2V, which depends on the sample {U;}c[my only.
Then (33) reads as
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2 02 ~
Y v
— ZX pen
L2(v) 4 k>+
2 2 ~
oy v
— Z¥ pen .
I ’“>+}

The next proposition provides a concentration inequality for the expectation of
the quantity in the last display and its proof can be found in Appendix C.

~ ~t
1_ My — My )M, 1
kren[[%)jﬂ{(H (k%) (My — My )My Loy

= max {(Hﬂ[k’k](ﬂ\/[y—My)

k€kn]

Proposition 4.2 (Concentration inequality). Under Assumption B.II for v and

V= |ML|2V define A} and 6} as well as A} and 8} as in (17). We consider ky,
n € N, defined by
ky = max{k € [n] : KA} <nAY}. (34)

We then have

~ 2 ~ A
max {(Hn[_m (My — MY)HU(A) . 120§,A;5;kn1> H
v +

kekn]

E

<C-npy(lv T][QJkyA;éy) -nL,

Following the argumentation in Subsection 2.6, we choose k,, € [n] as in (34).
Consequently, defining pen), appropriately, namely for each k € [k,] by

peny := 24A}6V kn ", 35
k kYK

Proposition 4.2 allows us to upper bound the expectation of eq. (33). Thus, the
data-driven dimension parameter is specified as follows,
N ~k 12 -~
k :€ argmin {— HMXH o+ 488YA2(5%I€} ,
ke[kn] L2(9)
where 6% is again the unbiased estimator of o3 given in Subsection 2.6. For any
ko € [ky] we intend to apply Lemma 4.1 with the random set

- 1
U:=0p =4 sup )MU(t) M (t) — 1‘ <=
te[—ko,ko] 3

2.9
c{ sw [Np@Mu@| <5 (6)
te[—ko kol 4

where its complement evidently satisfies
~ 1
of, = {3t € [huuka] [Fiu) - Mu(o)] > 3 Moo}

The following lemma provides a first upper bound of the risk, which follows
directly by applying the expectation on both sides of Lemma 4.1 as well as the
concentration inequality in Proposition 4.2. The proof with all details can be
found in Appendix C.
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Lemma 4.3. Under Assumption B.II for any ko € [k,] we have

N 2
E lHMX — My

L2(v)

4 9 A 2 v v —1
<G+ o3) min {1 we Mg, + A7 k)
2

~1/2 . _
+anéHMX (1\/|MU\2m) / ‘ +Q:'T]y(1\/7][2]kyAky)~TL L

L2(v)
2 v
15 [T g kje Max [l + 6 (03 A +nx)P(BE). (37)

It remains to bound the probability of the event Ukco, which turns out to be
rather involved. The proof of the upper bound is again based on an inequality
due to [28] which in the form of Lemma C.1 in the Appendix C for example
is stated by [7] in equation (5.13) in Corollary 2. However, its application ne-
cessitates to bound the expectation of the supremum of a normalised Mellin
function process which we establish in the next lemma. Its proof follows along
the lines of the proof of Theorem 4.1 in [26] where a similar result for a nor-
malised characteristic function process is shown. The proof of Proposition 4.4
is also postponed to the Appendix C.

Proposition 4.4. Let {Z;},cn be a family of i.i.d Rxo-valued random variables
and assume there exists a constant n € Rsq, such that n > (E[Z*])Y/2 and

n > E[Z7°|log(Z,)|"] for some B € R and v € Rsg. Define the normalised
Mellin function process by

en(t) = —= 3 {Zf““ _E [ZJ@J”Q”H, Vt € R, (38)
jelml]
and for p € Ry the density function w: R — (0,1] by

w(t) == (log(e + [t])) 27", WteR (39)

Then there exists a constant €(n, p) € R>1 only depending on n and p, such that
sup {E [lemlli o) | | < €. 0).
meN

Now, we are in the position to state an upper bound of the probability of the
event Ukoo, which is proven in the Appendix C.

Proposition 4.5. Let Assumption B.II be satisfied and let p € R<qy be arbi-
trary but fized. Consider the density function w : R — (0,1] given in (39) and
let €(ny,p) € Rx>1 be given by Proposition 4.4 (with § = ¢ — 1). Given the
universal numerical constant €y € Ry determined by Talagrand’s inequality
in Lemma C.1 we set

T = T (00, p) 1= 200 €1 2 (logm)V/? + 2€(ny, p) Vm €N and
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Mo 1= mO(MUaT]va)

= min {m €Nsz: inf w(t)|My(t)] > 67m Y2 A Coanpm > logm} .

te[—1,1]
(40)
For m € [m.] let k,, € Ry be arbitrary while for m € N>,,,, we set
kp, := sup {k eN: [1n£ . w(t)| My (t)] > GTmml/Q} , (41)
te[—k,

where the defining set is not empty for all m € N>, . For any m € N consider
the event

og = {Elt € [~km, km] = [Mp(t) — MU(t)‘ > %|MU(t)|}.

then there is an universal numerical constant € := 3 + 116;5’ € R>y such that
we have
P(UF,) < (m3 v &pu)m™2, YmeN.

We can now formulate our main result.

Theorem 4.6. Let Assumption B.II be satisfied and let p € Ry be arbitrary
but fized. Consider mo as in (40) and for each m,n € N, k,, as in (34) and ky,
as in (41). Then for all m,n € N we have

~ & 2
E [ My — My

12(v)
4 2 . 2 I .
< € G +03) min || pge Mx [, + A0 kn " |

4 2. \—1/2])?
+¢-nUHMX(1v|MU|m)

L) +C oy (LVngkyAY,) -n™t

2 v _
15 [ Lty i Mit 12, + € (03 A] 4 mx)(mg V ) m ™

Proof of Theorem 4.6. By combining Lemma 4.3 with k, := k,, A k,,, the ele-
mentary bound

2 . 2 v v —1
H]l[*ko,kO]c MXH]L2(V) < kgﬁlkri]] {H]l[*kak]c MXH]L2(V) + AkUékUkn }
2
+ Lk e Mx ||]].,2(v)
and P(Uf)) < P(Ukcm) < (m2 Vv €ny)m~2 we immediately obtain the claim,
which completes the proof. O

Remark 4.1. Let us briefly compare the upper bound for the risk of the data-
driven estimator with known and unknown error distribution given in (19) and in
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Theorem 4.6, respectively. Up to the constants estimating the error distribution
leads to the three additional terms

2
1

M Uy M ) | and 1, e M, (42)

L2(v)

Evidently, they depend all on the sample size m only, and the second is negligible
with respect to the first term. Moreover, the first term in (42) is already present
in the upper risk bound (27) of the oracle estimator when estimating the error
density too. Thus the third term in (42) characterises the prize we pay for
selecting the dimension parameter fully data-driven while estimating the error
density. Comparing the first and third term in (42) it is not obvious to us which
one is the leading term. If there exists a constant € € R+ such that

[k, km]C € {%*| My |*m(logm)~! < €}, VmeN, (43)

then both, the first and third term in (42), are bounded up to the constant €
by

_92 2 —-1/2 2

HMX (1vw? My [*m/logm) ‘

L) (44)
Note that the additional condition (43) is satisfied whenever | My |? is mono-
tonically decreasing. However, the term in (44) might over estimated both, the
first and third term in (42). Take for example the situation o.s. in Corollary 4.7
below. In case (s —a) > ~ all three terms in (42) are of order m~! while the
term in (44), by similar computations as in the proof of Corollary 3.6, is of
order m~!(logm)?*#). In contrast in the situation s.s. in Corollary 4.7 be-
low, the first and third term in (42) as well as the term in (44) are of order

(logm)™ "= O

Continuing the brief discussion in Subsection 3.3 we assume an unknown
density f € W#(L), where the regularity s is specified below. Regarding the
Mellin transformation My, we subsequently assume again its ordinary smooth-
ness (0.6.) or super smoothness (s.s.). In order to discuss the convergences rates
for the L2 (v)-risk under these regularity assumptions, we restrict ourselves again
to the choice v :=t_ ¢ for a € R, observing that a = 0 corresponds to the global
risk for estimating the density f and a = —1 corresponds to estimating the
survival function SX of X as discussed before.

Corollary 4.7. Under the assumptions and notations of Theorem 4.6, we have
the following rates of convergences.

1. If My satisfies eq. (0.5.), then,

2

E

m

~k

<¢ (n_‘z:ﬁ% + (M)(Sia) \/mfl) ,
L2(tc )

fOT‘ any a € (_1/2 -7, 8); where Qtl — Qtl(cvaavavJ}z’ananUvankY)'
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2. If My satisfies eq. (s.s.), then,

2

~ k _s—a _s—a
B | |§t - s <€ ((logn)~*" + (logm)~5").
L2(te )

fO?" any a <s, where Q:Q - ¢2(67a757Lya)QfanXanUvnY7kY)'

Proof of Corollary 4.7. Starting with Theorem 4.6 the upper bounds for the
first summand is given in the proof of Corollary 2.5 and for the second in
Corollary 3.6. It remains to upper bound the fourth summand, by using eq. (14)

e ML, < € as, Dk, (45)

since Mx belongs to the Mellin-Sobolev ellipsoid W#(L) with a < s. The value
of k., € N is determined by eq. (41) in Proposition 4.5. We note that there
are finite constants €; = € (ny,p) € Ry and €3 = €5(p) € R, such that
Tm < €1 (log m)% for all m € N>, and
inf  |w(t)|(loghk)2t? > &5,
te[—k,k]

for all k € R>3. Assume that My is ordinary smooth, i.e. eq. (0.5.) is satisfied,
then there exists a finite constant €3 = €3(c;,v) € Rso, such that

inf | My(t)|k” > €
o My 2 &,

for all k € R>;. Consequently, there exists a constant €4 = €4 (¢, 7y, mu, p) € Rxo
small enough, such that for k = {Qm% (log m)’l—{’iJ

inf |w(t)|| My (t)| > €283k~ (log k) =2 ~"
te[—k,k]

> 6m7%€1(log m)% > GTmm*%.

Therefore, exploiting eq. (41), i.e. k,,, > k and eq. (45), we obtain

(log m)2+2") =

||]1[—km,km]c MXH;}(V) < 0:5(67015 SaLa Cl,’}/,'I’}U,p) ( m

Considering Theorem 4.6 and combining the last upper bound and the upper
bounds in egs. (23) and (28) in the proofs of Corollaries 2.5 and 3.6, respectively,
we obtain the first claim. Secondly, assume that My is supper smooth, i.e.
eq. (s.5.) is satisfied, then

inf | M M >1
tefflk,kﬂ v(t)] exp(ek™) = 1,

for all k € R>1. Consequently, there exists a constant €4 = €4 (¢, v, nv, p) € Rso

1

small enough, such that for k = {(2% log (log%iz%) B
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inf  [W(t)|| My (£)] > € exp(—ck%)(log k)~ 2"
te[—k,k]
> 6m_%€1(10g m)% > GTmm_%.

Therefore, exploiting eq. (41), i.e. k,, > k and eq. (45), we obtain

Hﬂ[fkm,km]c MXHEZ(V) < 65(65 a, s, La clvanva)(logm)_%'

Considering Theorem 4.6 and combining the last upper bound and the upper
bounds in egs. (25) and (29) in the proofs of Corollaries 2.5 and 3.6, respectively,
we obtain the second claim, which completes the proof. O

Remark 4.2. Let us briefly revisit the choices of ¢ = 0 and a = —1, which
provide upper bounds for the global estimation risk for the density f and the
survival function SX, respectively:

1. Density estimation: Choosing a = 0 for all f € W*(L) leads to

E |

if My is ordinary smooth, and

2

f;;—f‘

]gqglmiﬂ+ggmﬁﬂy$qu)

L3 (x2e—1) m

2

e[~

} <@ ((logn)fg + (logmr%)

]L2+ (xzc—l)

if My is super smooth.
2. Survival function estimation: Choosing a =1 for all f € W#(L) leads to

E [H@,f - S’ ’ J < (n——zi(fr?ﬁll § (om0 (55, mfl)

]L?F (x2¢—3 m

if My is ordinary smooth, and

2

E {HS\;‘? —S‘ } <& ((logn)—si—1 + (logm)_stl)

Li(XZC—B)
if My is super smooth.

The oracle- and fully data-driven rates in Corollaries 3.6 and 4.7, respectively,
coincide in case s.s. for all s > a and in case 0.5. for s—a > ~. In other words we
do not pay an additional prize for the fully data-driven selection of the dimension
parameter. In case s.s. for s — a <  the rates differ, but the fully data-driven
rate features only a deterioration by a factor (log m)Q(HP)(“’S)/T O

5. Numerical study

In this section we are going to illustrate the performance of the data-driven esti-
mation procedure as presented in section 4. Eventually, we want to highlight the
behaviour of fk under the influence of an increase of additional measurements
for different types of unknown probability functions f of X. Particularly, we are
interested in four different densities f of X, we aim to estimate, namely
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i) Gamma - distribution, I'(¢, p):

(o) = (o exp(-g2) 1 ()

with ¢ =1 and p = 3.
ii) Weibull — distribution, Weib(l, k):

fa(@) = sk (s 2)"Texp(—(s - 2)")Ip., (@)

with s =1 and k = 3.
iii) Beta — distribution, Beta(a, b):

with a = 10 and b = 5.
iv) Log-Normal — distribution, LogN(u, 0?):

(In(z) — p)?
202

fa(z) = ! exp ( -

2mox

) Ig., (2)

with 4 =0 and 02 = 1.

Moreover, as the unknown error distribution of U, we consider a Pareto distri-
bution, Pareto(l, Zmin ),

U l‘rinin
[ (x) = RS ]l[xmin,OO)(x)

with [ = 1 and iy, = 1. Elementary computations show that this choice
of error distribution actually satisfies the ordinary smoothness conditions (0.5.)
with v = 1. In a first place we document how an increasing number of additional
measurements m has an impact on the statistical behaviour of fk To do so, we
consider first f; as target density and generate a sample {Y;};ci000) following
the law of Y = X - U with independent X ~ T'(1,3) and U ~ Pareto(1,1).
Moreover, we have sampled m € {100,1000,4000} additional observations of
U ~ Pareto(1,1). With those samples we have computed the data driven choice
k and afterwards fk according to the estimation strategies presented in section 3
and section 4, where we have chosen ¢ = % and 0.3 as constant in the penalty.
As note by several authors (see for instance [17]) the constant 48 in (35), though
convenient for deriving the theory, is far too large in practise. In order to capture
the randomness, we have repeated this procedure for N = 500 Monte-Carlo
iterations, meaning we have computed a family of data driven spectral cut-
off density estimators { f]z] }ieqny- For a direct comparison to the situation of

knowing the error density fU, we have also computed a family { fg_}je[[ ~p of
J

spectral cut-off density estimators of f; as presented in section 2 with ¢ = % and

0.6 as constant in the penalty. The true density fi, the family of estimators,
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0.0 25 5.0 75 100
X

Fic 1. Unknown error distribution, n = 1000, m = 100. Black line: true density f1, Blue
lines: N Monte-Carlo estimations of fi1, Red Line: point-wise median. eMISE = 0.00575.

0.0 25 5.0 75 100
X

Fic 2. Unknown error distribution, n = 1000, m = 1000. Black line: true density f1, Blue
lines: N Monte-Carlo estimations of f1, Red Line: point-wise median. eMISE = 0.00458.

as well as a point-wise computed median are depict in fig. 1 — fig. 4, where
also the corresponding empirical mean integrated squared errors (eMISE) are
stated. As the theory indicates, the estimation becomes more accurate for an
increasing sample size m = 100 to 1000, while for m = 1000 to m = 4000 there
is no significant improvement. And the accuracy corresponds nearly to the case
of a known error density. Secondly, we illustrate the behaviour of fk for a fixed
number of samples n and m, but for different target densities of X, namely
for fi,..., f1. We fix n = m = 2000 and sample n observations of Y, i € [4]
according to the relation Y = X*-U, where X* follows the law of f;, i € [4] and
U is still Pareto(1,1) distributed. Again, given m additional measurements as
i.i.d copies of U we compute afterwards k as well as fk as before, following the
definitions in section 3 and section 4 with choosing again ¢ = % and constant 0.3
for the penalty. Repeating this procedure for N := 500 Monte-Carlo iterations
we obtain four families of estimators { fiz;jj}ie[[‘lﬂ je[n]- The results as well as

the empirical mean integrated squared error can be found in fig. 5 — fig. 8.
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0.0 25 50 75 100

Fic 3. Unknown error distribution, n = 1000, m = 4000. Black line: true density f1, Blue
lines: N Monte-Carlo estimations of fi, Red Line: Point-wise median. eMISE = 0.00449.

03

Fic 4. Known error distribution, n = 1000. Black line: true density f1, Blue lines: N Monte-
Carlo estimations of fi, Red Line: point-wise median. eMISE = 0.00299.

F1c 5. Unknown error distribution, n = m = 2000. Black line: true density f1, Blue lines: N
Monte-Carlo estimations of fi, Red Line: point-wise median. eMISE = 0.00184.

F1G 6. Unknown error distribution, n = m = 2000. Black line: true density fa, Blue lines: N
Monte-Carlo estimations of fa, Red Line: point-wise median. eMISE = 0.0241.
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4

Fic 7. Unknown error distribution, n = m = 2000. Black line: true density fs, Blue lines: N
Monte-Carlo estimations of f3, Red Line: point-wise median. eMISE = 0.129.

0.0 25 5.0 75 100
X

Fic 8. Unknown error distribution, n = m = 2000. Black line: true density fa, Blue lines: N
Monte-Carlo estimations of fa, Red Line: point-wise median. eMISE = 0.00179.

Appendix A: Proofs of Section 2

In the end of this section we prove Proposition 2.3. The proof is based on
Lemma A.2 below, which is formulated slightly more general, such that it can
be reused again in the proof of Proposition 4.2 in Section 4. The next assertion
and the subsequent Remark A.1 provide our key arguments in order to prove
the concentration inequality in Lemma A.2. The next inequality is due to [28]
and in this form for example given in [22].

Lemma A.1 (Talagrand’s inequality). Let (Z;);cn) be independent Z-valued
random variables and let {vy, : h € H} be countable class of Borel-measurable
functions. For h € H setting U, = n~! Zieﬂn]] {vn(Z;) —E(vi(Z;))} we have

—n? 2 —nW
(sgg‘{I?hIQ} - 6\112> J < Cal [% exp( gT ) + %exp (ﬁ)] (46)

for some universal numerical constants €, € R and where

E

sup {sup{IVh(Z)l}} <¢, E [Sup{|Vh|}} <V, sup {nE[[74/?]} < 7.
heH (zeZ heH heH

Remark A.1l. Consider an arbitrary density function w : R — R>q such that
T_kx € L>(w) for each k € R-o. For k € R>q let us briefly reconsider the
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orthogonal projection (MY — My )1 1. Introduce the subset Sg := {hl[_p 4 :
h € L2(w)} of L*(w) and the unit ball By, := {h € Sy : 17l 2¢wy < 1} in Sg.
Clearly, setting x : Rug x R — C with (y,t) — k(y,t) = y* 1y**™" we have
My (t) = %Zie[[n]] r(Y;,t) and My (t) = E[k(Y;,t)] for each ¢ € R. Introducing
Ky : R = C with ¢t — ky(t) := k(y,t), y € Rsg, for each h € Sy the function
vp : Ryg = C with y — vp(y) = </$y,h>L2(W) is Borel-measurable, where
evidently %Zie[n]] v (Y;) = <My, h>L2(W) and hence 7;, = <1\A/[y — My, h>L2(W).
Consequently, we obtain

= sup{|<1\A/Iy — My, h>

H(MY - MY)]I[—k,k]‘ . h e By}

2 |2
L2 (w) L2 (w)

= sup{|[Zx|? : h € By}
Note that, the unit ball By is not a countable set, however, it contains a count-

able dense subset, say By, since L?(w) is separable. Exploiting the continuity of
the inner product it is straightforward to see that

~ 2
H(My - My)n[_me J=sup([Pf? s h € By} = sup{[7al* b€ B},

The last identity provides the necessary argument to apply below Talagrand’s
inequality (A.1) where we need to calculate the three constants ¢, ¥ and 7.
We note that the function x : Ryg x R — C is not bounded. Therefore we
decompose k = k" + k" into a bounded function k" : Ryg x R — C with (y,t)
&P (y,t) ==y ' (9,a)(y*1)y**™* and an unbounded function k" : R5g x R — C
with (y,t) — &"(y,t) := ycflll[dyoo)(ycfl)yﬂm where d := n'/3. For j € {b,u}

setting 1\A/IJY(t) = %Zie[[n]] w (Y, t) and M, (t) = E[r}(Y;,t)] for each t € R it
A~ ~b -~ u

follows My — My = My — MY +M, — M}.. Introducing further vP i Rsg —

C with y — vP(y) = <nly),h>L2(w) and v; : Ry — C with y — vl (y) :=

</<;;, h>]L2(W) we evidently have 7, = 72 + 7} and thus

~ 2
H(MY My, = sup{[7a|? : h € By} = sup{|72 + 722 : h € By}

< 2sup{|7}|? : h € By} + 2sup{|[7}|*> : h € By}
2

~b 2
— 2|81y - MY 1

+2 H(MY - M%)ﬂ[fk,k]‘

(47)

L2(w) L2(w)

In Lemma A.2 below we bound the expectation of the first term on the right

hand side with the help of Talagrand’s inequality (Lemma A.1) and the expec-

tation of the second term. O

Lemma A.2. Let w: R — Rxq be a density function with 1;_j ) € L>(w)

for each k € Rsq. Setting o3 = 1+ E[Y12(C_1)], ay = ;6— HfYHlLOO( 2e-1
Y X

ky =1V 3a%,,

)7

w w  log(AY V (k+2))
Ak = H]l[_k1k]”]Loo(W) and (Sk = 10g(k+2) € RZla Vk € RZl»
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there exists an universal numerical constant € € Rsqg such that for all n € N
and k € R>1 we have

2| (lnnsth -,

1 k
=n 1¢[ Lv HfY||L°°(x2C 1) L[| Ly iy HM(W) eXp (a ) +nTRAY
(48)

w)

- Gamyga,?knl) ]
+

~ U 2
and E Ml[’“”ﬂ (My — M%)

8(c—1)1. — w
V(W)] < 9E[VSC V] kA,

Proof of Lemma A.2. Consider first the second claim. For each ¢t € R we have
A~ U
E[My (t)] = My (t) = E[£"(Y1,t)] which in turn implies

nE[|My (8) = M3 (0] = Var(x"(¥3,)) < E[|x*(¥1,0)f"]
= E[Yf(cfl)]l[d’oo)(ylc—l)] < d—QIE[Yf(cfl)(lJrl)]

and thus making use of d = n'/3 we obtain the claim, that is

o] = AREDEE ) [,

< n B[y V) 2kAY.

{Hﬂ[ k) (M MY)

Secondly consider (48). Given the identity (see Remark A.1)
o b 2 —b2
H(MY - My)ﬂ[—k,k]H]L?(W) = sup{|7|" : h € By}
we intent to apply Talagrand’s inequality (Lemma A.1) where we need to cal-

culate the three quantities v, ¥ and 7. Consider ¢ first. Evidently, for each
k € R>; we have

b 2
sup 4w (R = s {sup {10, )
heBy, {yER>o{ 4 ; yER>o LheB <y >]L2(W)

_ b 2 2 2 21 AW . 2
= {12kl § < @ [Tkl < 24%RAY =2 w2,

Consider next V. Evidently, for each ¢t € R we have

nE[|Ny (£) — MY (£)[2] = Var(s*(¥1,1)) < E[|s*(v1,0)2] <E[Y2C V] < o2

2
HP(WJ

which for each k € R>; implies

~ b
B | sup b2 | = || 81~ MP1 ey
heH
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1.2 2 1.2 L2
< 2oy ke < nov2RAYS = 9%
Finally, consider 7. For each h € Bj, we have

nE[|7};|?] = Var[(k"(Y1,), h) | <E[|(s"(¥1,-),h)

S E[|<H(Y17 ')’ h>

2
L2(w) L2(w) | ]

L2(w)|2] = E“Vh‘z]'

Since hw € L? NL" and [ ()l = [(h hiy)ypa ) * = | M [hw](y)|? for all

y € Ry we have vy, € L%(x!72¢). Consequently, using Parseval’s identity we
obtain

Il ey = IM—clnllZe = whiZ2 < [ Wl g |y I1R02 ) < AY
which in turn for each h € By, implies
E[vn ] < £ llpow pezery 1nl1E2 20y < Y oo aer) AR
On the other hand side for each h € By we have also
E[lval®] < L kmllga i BT < Ikl 0%
and hence
RE(IZR] < (17 [l ey B A 0% [T 2y =2 7

Given ay =6 HfY )/012/ and ky =1V 3a§/ for any k > ky we have

H]Loo (X2c71

A2 SW w w
AY exp (W) = A} exp (;‘zf k) < exp(—j—’;(k—ay log(k+2)) <1
]Loo(XZ(;fl)

by exploiting that z > alog(x + 2) for all @ > 0 and z > 1V 3a?. Consequently,
for any k > ky we obtain (keep 6 > 1 in mind)

T —’I'L‘I]2 ) HfYHLoc 2¢—1 A —0'32/(52,]6
— exp < O — exp
n ( 67 3||fYH]Loo(X2c—1)

Y
< Hf HLO:L(XQC—l) exp (a_f)

while for any k < ky we conclude (using again 6} > 1)

T —n\I/2> U%Hﬂ[fkwk] Hu2_2( ) _0%61‘3}]6
— exp < - . exp
n ( 67 3 ”fY”ILOC(xQC*l)

2

i el

" k
< e ().
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Combining both cases k > ky and k < ky we obtain for any k € R>;

5
~—

T exp <_n\112> S nyH]Lw(x%*l)-i_U%H]l[_ky’k‘/]H;(m exp (__
n 67 n ay

Evaluating the bound given by Talagrand’s inequality (A.1) there exists an
universal numerical constant €, € Ry such that for each £ € R>; we have
(keep d = n'/3, ¢ > 1 and 6} > 1 in mind)

2

E (HHW»’“] (My — M) NI n_1>
]L2(W) +

1 1/3 —nt/6
<n " Ca|nPRAY
<n Qﬁtl{n kexp( 100 >

—k
U ey + 03 Nty b ) o0 (50|

<n'e¢|n"tkAYR'"/3 exp /0
= k 100

1 —k
VI ) Lty a1 ) o0 (5]

which together with n®exp(—an'/¢) < (;—Z)Cb for all a,b,c € Rsq, and hence
6

nt/3 exp(’folo/ ) < (1100)%2 shows (48) and completes the proof. O

Proof of Proposition 2.3. From the decomposition (47) in Remark A.1 (with
W = vy ) we obtain

~ 2
E Hn, My — M 1262 AUV et
L@ﬁfﬂ{( ra My =M, ) T 120V AR )
AU 2
<9E H]l_ N — MU
< { [k ] My — My) LQ(VUJ

+2E

2
— 603 AVUdlem_1> ,
L2(vy) Y=k Yk N

where we bound the two right hand side terms separately with the help of
Lemma A.2. Therewith we obtain

~b
11 (Ve — MP ‘
k?[[?:]]{(“ [ kk]( Y Y)

2
— 1202 AVV VY knl)
H—‘z(VU) Yok k +}]

< n_1€[E [V 2k, AT + k2 ALY

E l max { (H]l[—k,k](MY — My)

ke[kn]

1

+(1v||fy||im(x2c,l))(1+H]l[_kY’kY]H;(VU)) Z _eXp(__k)]' (49)

a a
ke[kn] Y Y
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Exploiting that Y, .y exp(—k/ay) < ay and the definition of k, € [n?] we
have

E

1w (My — M H 1202 AV 1>
k‘gﬁﬁ{m [~ &k (My v) L*(ve) Oy R 0 kN .

<n_1¢[(1VE[Y8(C 1)])AVU+ 1\/HfYH]L°°(x2° 1) )+ [T ky ey H]LQ(VU):|

. . c— 2 v
which together WlthE[Ylg( 1)] = HfYHLl(xS(c—l))? |]]'[_kY7kY]HIL2(VU) < 2ky AV,
ATV < kyA};z and the definition of 7y shows the claim and completes the
proof. O

Appendix B: Proofs of Section 3

Lemma B.1. There exists an universal numerical constant € € Ry such that
for any k € Ryg we have

ot 2 2(c—1)
EH]I_ N1 H < 4(1VE[U
[ M tall, | < 40V EIDS Ul

E [H]l[fk,k] Mx Type ||]i2(v)}

_ 2
< 4(1 vV E[Uz(c 1) Hﬂ[fk,k] MX (1 \ ‘MU |2(m A n)) i L2(v) ’
2 [frcsarivon Soiital,
2
(1 V Q:E[U4(C 1 H]l[—k,k] MX (]- \4 |MU |2m)71/2 L2(v) ’

Proof of Lemma B.1. We start our proof with the observation that for each
t € R we have E[My(t)] = My(t), mE[|My(t) — My (t)]2] < E[U7“ Y], and
mQEHl\?IU(t) - My(®)[*] < Q:E[Uf(cfl)} for some universal numerical constant
¢ € R>; by applying Theorem 2.10 in [27]. We use those bounds without further
reference. Below we show that for each ¢ € R we have

[\MU< Wiy (6 (5)] < 4(1 v EEF)) (50)
E ]lmc ( n/\m |MU |2 )
<4(LVEUTTI) (LV M) mAn) Tt (51)

E [| My (8) — St (6) 2Ny () *1on (1)
< 4(1VeE[U; TN (1 V | My (£)[2m) ! (52)
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Evidently, by applying Fubini’s theorem from the last bounds follow immediatly
Lemma B.1. It remains to show (50-52). Let ¢ € R be fixed. Consider (50) first.

Exploiting [Ny (£)N, (1) Lan (t) = Lon(£) and 2|8y ()12 42| My (t) - My ()2 >
| My (t)|? we have

E [| Mo ()13, (6)PLan (1) < 2B [| Mo () — Mo (028 (0) P Lon(8) + Lon ()]
<2 ((m A n)E[ My (£) - Ny (1) ] + 1)
<2 (E[Uf(c‘”] n 1) <4 (1 v E[Uf(c‘”])

which shows (50). Secondly, (51) is trivially satisfied if 1 < 4(1 \/E[Ulz(c_l)])(l \Y

| My ()|2(nAm))~. Otherwise, from (1V| My (£)[2(nAm)) > 41VE[UZY]) >
4 follows (n Am)~t < | My (¢)|?/4 which using Markov’s inequality implies (51),
that is

P (IS (1) < (nAm) ™) <P (ISl (t) - Mo()] > | Mo ()]/2)
< AR [Ny (£) — My (8)[2] | Mo (£)| 2
< AR[UTC V(| My (8)Pm) !
<AQVE[UXTIDA V| My )2 (n Am))~L

Finally, consider (52). Evidently, we have on the one hand
Y 2t ey 12 —1prrr2(e—1) 2(e—1)
E |[My(t) = My (&) [My (&) Lo (8) | < (n Am)m ™ E[U7 7] <E[U7 ]
while on the other hand

B [| My (8) — St (8) 2 g () 1o (1)

< 28 | Mo (0) - S () PI51] (0 1on(e) (MO HrOF . B0
(m An)E[| My (t) — My (t)|*] n 2E[| My (t) — My (t)[?]
- | My (8)[? | My (2)[2
< 2(CE[UY V) + BTV (| My (0)Pm)
Combining both bounds we obtain (52), which completes the proof. O

Appendix C: Proofs of Section 4

We first recall an inequality due to [28] which in this form for example is stated
by [7] in equation (5.13) in Corollary 2. We make use of it in the proof of
Proposition 4.5 below.
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Lemma C.1 (Talagrand’s inequality). Let (Z;)ie[m] be independent and iden-
tically distributed Z-valued random variables and let {vy : t € T} be countable
class of Borel-measurable functions. Fort € T setting

U =m! Z {(Zi) —E(n(Zi))}
i€[m]
we have

2
P {sup 7| > 20 + n} < 3exp (—Qtalm(n A H)) (53)
teT T

for some universal numerical constant €y, € Rso and where

sup {Sup {|]/t(z)|}} S 1][), ]E |:Sup |Dt|:| S \Ij, sup {E“Vt(Zl)F]} S T.
teT (z€2 teT teT

Proof of Lemma 4.1. Let ko € K := [k,] be arbitrary but fixed. Introduce
MX = MyMTU]].gm and MX = My sz]lgm = Mx My M;rjﬂgm, for each k € Ry
we write shortly My := Mx1_ 4, My = Mx1_s 4 and My = Mx L|_j 4.
Counsider the disjoint decomposition K = Kcp, U K>k, where Kop, = {k €
K:k<kotand Ksi, :={k €K :k>ko}, and similarly K = K<, UKy, .
Evidently, we have

which in turn implies

2 2 2

~ s N -k -~k R
My — Mx <3| My — My —Q—S‘MX—MX ]lfcelc<k
L2(v) L2(v) L2(v) °
« ko 2 -k
+ 3( HMX - MX‘ 2 1];€K<k + MX - MX 11%6K>k )
L2(v) ° L2(v) ="ro

Combining the last bound and the elementary estimate (keep in mind that
kp := max K)

< ko 2 ~k 2

HMX B MX‘ L2(v) Liero,, +|[Mx —Mx L) Lieksn,
<HM’“" At +HM’“° M ‘2
=TT T X 2y | T

we have
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2 2 2

~k ~ k <~k <~k ~ ko
HMX—MX SSHMX—MX +3HMX_MX ]lfcelc<k
L2(v) L2(v) L2(v) °
+3HM’“” Mtz || +3HM’“O M ’2
X T X g X7 T ¥ e )
which together with the estimate
ko kP ~k kP
My — My = |[My — My (]ll}elc<ko +]11%e/c>ko)
L2(v) L2(v) -
= o S (e v
< ||Mx X |2y X X L) keKsp,
implies the upper bound
~k 2
My — My
<3H1\A4k° Y[ +3HM Mk || +3HM'“" Mtz |
=2 T X ey X X iz X7 X ez
~ ~ 12 o 2
~k ~k <k~ ko
+3HMX—MX n,;e,c>ko+3HMX—MX liex_, - (54)
L2(v) L2(v)

We bound separately the last two terms on the right hand side in (54) next.

- 2

“ ko ko
Consider [|[My — My Ticx_, first. Introduce the random decomposition
L2(v) ’

Ker, = K- UK® with index set

ko k|12 ~2 G
K_:={keKep, : HMX - MXHM > 853 penf, ) (55)

and its complement K¢ := K5\ K_. If K¢ # () then for each k € K¢ we have

2 2 2

< ko -« k
|3t - 5t

an,
) = HMX

<2 Hl\vdk" Mks
L2(v) — X X

2
)+2||MXH]L2(V)

L2(v L2(v

ko ~Kk |2 R -
and also HMX - MXH o) < 852 penj , which together imply
L2(v °

L2(v)

< (2|pry — ity

2
2 ~2 v

L) +2 ||MXH]L2(V) 15 + 80y peny, ]IU)]licelcg'

If K£_ # 0 then for each k € K_ we have

1 [liko <k |12

L2(v)
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2 2

- ~ ko o~k
= H(MX = M) (ke o) — L) 2w HMX — My L2(v)
L S
= T X ey XLz MLz

which using for the last estimate the definition (31) and (55) of k and K_,
respectively, implies

2

~ k ~ ko
Mx —Mx Tiex_
L2(v)
2 2 P12
<4H1\V4'“°f1€4k° 1, +4(HM'“° — |Int} — 262 pen? )1,
= X X L2(v) kex_ X L2(v) X L2(v) Y /) kek_
~ 12
~2 o1y
L2(v)

[y v
= H X T X |y ker-

Combining both cases k € K_ and k € K¢ we obtain the bound

2

“ ko ke
MX - MX ]1]2_61(:<k0
L2(v)
<1 afntts - | 2[5t — e
= TheK <k, H X T X e + H XX 2y
+2[|Mx |72 () Toe + 855 peny, 10). (56)
~k kP
Secondly, consider the term ‘MX — My Licx., in (54). Introduce the

L2(v)
random decomposition K-, = K4 UKS with index set

OF ok ~2 %
IC+ = {k S K>ko : HMX - Mx‘ > 2UY penko} (57)

2
L2(v)
and its complement K := Ksp, \ K4 If £ # 0 then for each k € K we have
‘Mk it 2 ‘Akn <k [|2 4 HMk v 2
— an —
X X2y = ) X X

which together imply

< 262 penzo ,

L2(v L2(v)

2
~2 v .
. Lese + 267 peny, Tos)Ljc e -

kb |IP
MX_MX
L2(v)

~kn ~ kn
Loy < (||My iy

If K4 # 0 then for each k € K we have
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-, —2HMX L, ~ 290 3
L2(v) L2(v) ]LQ(V)
Ako ~ k ~ ko
- H _QHMX MX‘M(V _QHMX MX L2(v)
~ ko ~k ~ Ko ||2
’MX My wv)— R

which together with the definition (31) of & implies

2 2

ok ik ~2 ¢ ~2 ¢ ik N o
B L2(v) ’ L2(v)
2
<1; (H e — 262 pen! +252 pen’ — 1\7[k ) <0
— Tkeks X L2(v) vp ko Yp k X L2(v) -

From the last elementary bound we obtain (keep the definition (57) of K4 and
2 := {0 <262} in mind)

2

~k ~k
MX_MX ]II%EK:+]19’[
L2(v)
~F kP o e N
i | .
+ 1jere, Ta( = || My — My " )+2a$,pengo)
k<R ? .
+ L, La( =2 || My — My » )+2&§pen‘é
~2 ¢ ko ko[
— 20y peny, —2||My — My
L2(v)
2 STt
<]lk€,C HMX MX —20Ypen +2 [|[Mx —MXO
L2(v) L2(v)
- -2 . 2
~ ~ ke ~ k ~ ko
§1E€K+1g{(4 My —My . pren +2||My — My » ))

2 - ~ kn ~ ko
- %’pen}g)+}+2HMX — My

2
L2(v) )

~k “ k|2
< Lerey <41§Iel%}i{ HMX ~ My 12(v)

which together with the elementary bounds

e

< ZHMX ks |

+2HMk MX’

L2(v) L2(v) L2(v)
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~ & -k ~ ko ~ kn . .

and ||V — M| Bepe, e < 81y - MY Tjcpc, Toe implies

]LZ(V) + ]L2(v) +
YL Vi R VO PN € L v

X Ty R = TR LI T T g T

~k - 2 o2 i

A (HMX a MX‘ L2(v) Fpeni )

2

L2(v) )

()+4HM’§;—MX‘

4|8y — ke
s -ae

Combining both cases k € K and ke KS we obtain the bound

ik |?
My — My 1

L2(v)

];:E’C>ko

Tg5e + 262 pen) 1
oy 1o+ 25% penf, 1)

~kp ~ kn 2
e, ( |MIY - Wiy

P

< Ljexs ( ’ My — My

2 2o
. env

L2(v) 1z P k)+}

~k o
e + 4 max { (|| My — M|

L2(v) ke,
2
L2(v) )

2
: (1se + 1ge) + 26% penio 15

+4HM’§; —MX‘

4 HM'“" Mo
X X L2 (v)
2

ko~

= < iy - 8t

(v
2

4 Y
+ ,gg%f{(H x — My

L2(v)
4 HM'“" ME|T 44 HM’c M ‘ ’ (58)
X X ) X ¥ 2y )
Making use of (56) and (58) we obtain
<k o ke? i k|
My — My Licr + |Mx — My Lick.,.
L2(v) L2(v)

2

< Diex,. <4HMX — My

L2(v)
-k 2 ~
n kn 2 ~2 v
+2 HMX — MX ]L2( ) + 2 ||MXH]L2(V) ]IUC +8O'Y penko ]10)
Nk i ||2 ~2 9
T Liekon, )MX — My L2(v) (Tse + Loe) + 20y peny 1os
" LS v [ S,
e ([ = W], = pen), )
+4HM’“” Mk || +4HM’“° My
X TNy X M )
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2

2 ko N ~
<4 HM’; _MXHm(v) +4 HMX - + 80% penf 1

L2(v)

+4H1\V4§?—M’§? ~ % penf), }

e 85 -3

12(v)
n HMX

2
oy (Lo 1) + 2 Ml T

which together with (54) implies the claim

N 2
L2(v)
Nt ? k Yo k,
<3H +3HMX MEe +3HM — Mk
L2 L2(v) L2(v)
N 2 - <k ||?
+3 MX_MX 1E€K>ko +3 MX_MX ]liCG’C<kO
L2(v) L2(v)

~ ko
< 15HMX -

& 2
+15 HMX -M|| |

: + 2463 penz0 1

L2 (V)
15 Ny — Mk 12 (|8 - ni ’ %Y peny
w1 a2 (9N e, )
~ K 9
+3HMX - L3¢ )(]lzsc + Late) + 6 [[Mx [| () Lose
and completes the proof. O

Proof of Proposition 4.2. SinceV := |1\A/IL]193¢|2V depends on the sample {U; }je[m]
only, we apply the law of total expectation leading to

_ g2 penZ)
kelkn] rE 4 ),

2 penz
=E [IE ]Lz(\?) - O'%/ 4 . {Uj}je[[m]] .

Evidently, conditioning on {U;};e[m) the density function ¥ is deterministic,
thus similar to the proof of (49) making again use of the decomposition (47) in
Remark A.1 (with w = ¥) and applying Lemma A.2 we obtain

N 2 .
_ _ 2 AVsh —1 .
E l;élﬁ)j]] { (H]l[—k,k] (My MY)HLQ(G) 120y Aydgkn )+} ‘{U] }Je[[m]]]

<n~ 1@[ VP n 2k, A + 0 R2AY

E

max {<H]l[ k,k] My*MY)‘

kekn]

max { <H]1[—k,k] (My — My)

2 1 —k
OV P ) [y i ey 5 ew (G0
ke[kn]
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Observing that A} < (mAn)A} and exploiting > ken eXp(—k/ay) < ay as well
as the definition (34) of k,, € [n], we have

E
kellk)n]]

- 2 ..
max {<Hﬂ[—k,k](MY - MY)H]LZ(O) - 120%/A%5an1>+} ’{Uj}jEHmﬂ]

< n_lg[(l \ E[YF(C?DDAY + @1V ||fYH12Loo(x2c4))(1 + ||]1[—kyykv] Hfmo)”} :

The last upper bound does not depend on the additional measurements {U;} jc[m]

~ 2
]]'[_kY,kY]MU]]-fD'( HH}‘(V)' Its ex-

up to the last norm, namely ||]l[_ky7ky] Hiz(o) = ’

pectation under the distribution of {Uj;};em] is bounded in Lemma B.1 as
follows

B[ty milla) <4 (LVELT) [Limky aillage)-

Computing the total expectation together with H]l[*kvka]H]i?(v) < 2ky Ay,
AY < ky Ay, and the definition of ny and ny leads to the claim. O

Proof of Lemma 4.3. We start the proof with taking the expectation on both
sides of the upper bound given in Lemma 4.1 and making use of the concentra-
tion inequality in Proposition 4.2, which for each ko, € [k,] leads to (similar to
the proof of Lemma 3.2)

2
HP(V)]

1 ~ 1 2 2
=1k [Hﬂ[’Co’ko]VYMUMHwJ 15|k et Ml

2
L2 (V)}

} ey (1ViRhy AL) n!

E [HM’; ~ My

+ 24E [3% pen,_ ]1%} +15E [H]lgmc M

~ ~ 2
+ 15K [HMTU]lgm(MU Ny Mk

L2()
~ ~ 2
+3E {"1[_,6717,%](MY - MY)MUanM (g + nmc)}
2
+6 [ Mx 72,y P(OE)).

The first, fourth and fifth term in the last upper bound we estimate with the help

2
of Lemma B.1 (line by line as in Subsection 3.3 and using HML | N L2(v) <

AU 6V ko as well as the definition of 7y7), which implies

2
LZ(V)]

E MM; ~ My
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2(c—1 A% v —_ 2
< (’:7]14] ' E[Xl( )] . Akgékgkon ' + 15 HIL[_I%J%]C MXH]L?(V)

~ _ 2
+ 24E (63 pen, 1s,, | + €y [Mix (1 My 2m) ™|

L2(v)
+ ¢y (IVngky Ay, ) -nt

~ ~ F 2
+3E [H]l[kn,kn](MY - My)MU]lgmHL?( (g + 11910)}
+ 6| Mx |72, P(OF).

Since A} 15, < (9/4)A}Y it follows 6} 15, < 6}V (log(9/4)/log(3) + 1) and
hence penzO Iy, < CAYGY kon~1, which together with E[6%] = o2 implies

2
L2 (V)]

<15 H]l[—ko,ko]c MXH]?P

i
E [HMX—MX

o+ € EIXTTY 4 03) - A G ko
_ 2
—|—Qf77§HMX (1\/|MU |2m) 1/2

+C-npy(lVv mzjkyAZY) opt

L2(v)
N ~ t 2

+3E [H]l[kmk”](My = My)MU]IgmHLZ( (g +lae)

+ 6 | Mx |22 ) PO, )- (59)

~ 2
Since ML]lgmH]L < m and ||]l[_kmk
definition (34) of k,, we obtain

n]HHz}(V) < anAzn < 2nAY due to the

N ~ F 2
E [H]l[_kmkn](l\/[y - MY)MU]lgmHLz(V) ]1650}

2

<E {H]l[—kn,kn](MY —My) L3(w)

] mP(U,)
_ 2 v
< oyn ™ Lk, ol MP(OR,) < 203 ATmP(TE,).
Moreover, for each t € R we have
E [Ny (£) = My (6)PLac | < en B, D) 2 @@C)/2

< en i/ (B(A9) 2

< 2nAY we

N 2
and hence by exploiting HMLﬂmH < n and H]l[_knakn] ;2( )
Loo v

obtain

N ~ ¢ 2 .
E |:H]1[—km7€n](MY - My)MU]lgmH]Lz( )]1th:| < Q:n}l/ﬂAln(P(QlC)l/l
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Since A€ C {|6y — oy| > oy /2} and oy > 1 by Markov’s inequality we have
P(A) < QﬁIE[Ylw(C_l)}n*‘L < €nyn~*. Combining the last bounds we conclude
N ~ } 2
E U’]l[—kn,kn](MY - MY)MU]lanHM(V) (Tsg + Tac)
< 203 AYmP(U§ ) + Epy Ayn~*

which together with (59) and the definition of nx implies

2
E
L2(v)

2 I _
<15+ || L_p kge MX||L2(V) + € (fmx +0y) - A6 kon !
2

~k
foMX

+C-ny(lV n%kyA‘,gy) on!

—1/2
et st e

+6(03 AY + nx)mP(UF).

Since the last bound is valid for all k, € [k,] we immediately obtain the
claim (37), which completes the proof. O

Proof of Proposition 4.4. The proof follows along the lines of the proof of The-
orem 4.1 in [26]. In order to show the claim, we need some definitions and
notations. For two functions [,u : R — R with [ < u introduce the bracket

Lu={f  R=>R: 1< f<u}.

For a set of functions ¢ and ¢ € R.( we denote by Npj(¢,%) the minimum
number of brackets [l;, u;], satisfying E[(u;(Z1) —1;(Z1))?] < €2, that are needed
to cover 4. The associated bracking entropy integral is defined as

1(6.9) = /(0 VNG EO0E), o< Rao

Further, a function f is called an envelope of ¢, if |f| < f for all f € ¥.
Analogously as presented in [26], we aim to apply Lemma 19.34 and Corollary
19.35 from [29]. Hence, we start by decomposing ¢,, into its real and imaginary
part, namely

Re(enm (t) = % Z {ZJB cos(log(2ntZ;)) — E [Zjﬁ cos(2mt log(Zj))}}
jelml
and
Im(en(t) = % Z {ZJB sin(log(27tZ;)) — E [ZJB sin (27t log(Zj))} },

j€[m]
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such that ¢, (t) = Re(cp, (b)) + ¢ - Im(en(t)) for all ¢t € R. Therefore, define the
following class of functions

95 = {R>o 2 2 > W(t)2" cos(2ntlog(z)) € R: t € R}
U{Rso 3 z +— w(t)z” sin(2ntlog(z)) e R: t € R},

whose envelope is given by f(z) := z°. Now applying Lemma 19.34 of [29] and
following the argumentation of the proof of Corollary 19.35 within, we conclude

E [lenllm ) < € (VEIZET+ 30(/EIZPL) ) < €4 3y(0.9).

As n € Ry, it suffices to show that the entropy integral is finite. Hence, inspired
by [33], we set

B, :=inf {b € Ryg: ]E[Zfﬁ]l{|log(zl)|>b}] < 52}

2B o L ~ % %
- (Em |log(Zy) 1) <(2)" o)

g2 -

due to the generalised Markov inequality. Furthermore, for grid points ¢; € R
specified below, we define

gji(z) = (v’v(@)zﬁ cos(2mt; log(z)) £ ezﬁ) 11,5.1(]1og(2)])
£ (W] o 270 (5. 00) (| 108 (2)]);
as well as
hE(z) = (v?z(tj)zﬁ sin(27t; log(z)) £ ezﬁ) 10,5.)(|1og(2)])
+ [l 271 (5, .00) (| 10g(2)])-
We obtain
_ 2
E[(57(21) - 9 (7)°]
< 4e’E {212511[0,36]“ log(Zl)\)} +4 %[5 E {2125]1{|1og(zl)|>35}]
< 4* (E(2] + %1%, )
and analogously
_ 2 _
E[(hf (20) = by (20)"] < 462 (B1Z2) + |52, )

It remains to choose the grid points ¢; in such a way that the brackets cover
the set ¢¥3. Let t € R be arbitrarily chosen and take some arbitrary grid point
t;. Then with the Lipschitz constant L of the density function W, we have for
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z € Ry evidently |w(t)z” cos(2mtlog(z)) —w(t;) 2" cos(2mt; log(2))| < 2° (W (t)+
w(t;)) and

|w(t)z? cos(27rtlog(z)) w(t;)z" cos(2nt, log( )|

W(t) = W(t;)| - 27 - | cos(2mtlog(2))|
—|—|\X/( |- 27 | cos(2mt; log(z)) — cos(2ntlog(2))|

< Lglt —tj] - 2P + 2 ||w| - 2% - |t —t;]- B

Hence, the function Rsq 3 z — w(t)2? cos(27t log(2)) is contained in the bracket
l9; 971, if
min {|t; — t|(Lg + 27 [|W]|, B:), w(t) +W(t;)} <e. (61)
Thus, for integer j € [—J¢, J-] we are choosing the grid points in the following
way:
je
(L + 27 ||[wl| B:)

where J; is the smallest integer such that ¢;_ is greater than or equal to

tj =

T. :=inf {t €Rsp: sup w(v) < 6/2}
vi|v|>t

satisfying log(T:) = O(¢™") with x := 1/(p+ 1/2). Evidently, there are at most
2J. + 1 of those grid points and, hence Nij(¢, %) < 2(2J(¢) + 1). Keeping the
bound (60) in mind we also have log(BE/s) = O(log(e~*=%/7)) and thus from
the inequality

Jo < To(Lg 4 2m |W|| Bo)e ! +1

we obtain logN(g,9) = O(log(J(g))) = O(e™" + log(e"17%/7)) = O(s7").
Since k < 2 we conclude

/ \/1og Np(g,95)dA(e) < o0, V€ R
(0,9)

which completes the proof. O

Proof of Proposition 4.5. For m € [mo] we trivially have P(U§ ) < m2m™2.
~ ~ ~ ub

Therefore, let m € N>, . We decompose My = Mz +M,; into a bounded part

~ ~ ub
Mz and an unbounded part M, (similar to Remark A.1). Precisely, for b € R>q
(to be specified below) introduce the random variables

Zj = Uil on(US™) 4+ L0y (U™, Vi € [m]
and form accordingly for each ¢ € R the empirical Mellin transform

. 1 — 14127t
= X, 27

Jj€lm]
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1 c— c— c—
= — > AU exp(e2mtlog(Uy) o, (U5 ) + L0y (U}

j€lm]

~ ub ~ ~
Evidently, the unbounded part M?J := My — Mz satisfies

orub 1 c— L27m c—
My (1) = — DU D) (U, VEER.

j€lm]

Exploiting the decomposition we obtain the elementary bound

PG ) <P (Elt € [~k ko] : [Mz(t) — E[Mz(1)]] > %| MU(t)|)
+ P (30€ [l 55°0) ~ BISY ()] > gl Mo(0)]) - (02

where we estimate separately the two terms of the bound starting with the
first one. Evidently, multiplying with the density function w given in (39) and
making use of the definition of &, given in (41) we have

P (3t € [-ome ol : Fi(8) ~ BT (0] > 51 Mo (0)])
<P (at € [k, km] = W(t)|Mz(t) — EMz(8)]| > 1 se[_il?i msn MU(5)|)

<P (Elt € [k, k] : W(t)|Mz(t) — E[N(2)]] > Tmmfw) .
By continuity of ¢ — w(t)(Mz(t) — E[Mz(t)]) we obtain
P (Elt € [k, k] = W()|M2(t) — E[M4(2)]| > Tmm*/“‘)

<P <sup 7| > Tmml/z)

tE€Tm
setting T := [~km, km] N Q and 7y = m™" 37,1, {n1(Zi) — E (1(Z;))} with
vi(z) 1= 26711275 (t) for 2 € R. Observe that each Z; takes values in Z :=
{z € Rsg : 27 € (0,b]} only. Since T, C R is countable we eventually apply
Talagrand’s inequality given in Lemma C.1 where we need to determine the
three quantities ¢, ¥ and 7. Consider ¢ first. Evidently, since ||w|_ = 1 we
have

sup {sup 2} } < 0wl ==

teR (zeZ

Consider next 7. Making use of

E[Z7 V) = U7 V10,4 (UF™Y) + L(p00)(UFH] < B[OV <
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(keep in mind that b € R>; and H\X/Hio = 1) for each t € R we have
2 2(c—1
E[ln(Z0)) < W5, E[27 ] < =: 7.
Finally, consider ¥. Recalling the normalised Mellin function process ¢,, defined

in (38) (with 8 = ¢ — 1) for all t € R we have m~'/?W(t)c,,(t) = 7. Since
(B2 V)Y < ®UFCTV) Y2 <y and

E[Z7 " log(21)"] = BIU7“ ™ [ Log(Un) )10, (Uf ™)
< B[V log(Uh)] < o

from Proposition 4.4 it follows

E |:sup |vt|} =m~ /2K Lsup W(t)|cm(t)|}

teTm

m

<2 |[len oy | <m0, p) = 0

—1/2

Due to Lemma C.1 with &k, := (7, — 2€(nu, p))m € Rso we obtain

P (3t € [-ome ol + i) ~ B2 0)] > 31Mo (0]

<P <sup 7| > Tmm_1/2> =P (sup 7| > m~Y22€(ny, p) + fim)

tETm tETm
T — 2€(n, )2 M2 (1 — 2€(ny,
< 3exp (_%l(( 772(77U ) ( s (nu p)))) _
U

Setting b = 2m/ 22 /(1,0 —2€(nr, p)) = m/2(logm)~/2ny €}/ € Rsy (keep (40)
in mind) it follows

P (31 € [kl 812(0) ~ EISL20)] > 5 Mo (0)])

m 2 ) 2
< 3exp (—Ctal (r 2?7(2771] P)) > =3m~2. (63)
U

Consider the second term on the right hand side of (62). For each ¢t € R (keep
b € R>1 in mind) we have

~ ub 1 _ - _
My ()] < — S USTIRT A1 eey (UST)
J€lm]
1 c— c— 2 c— c—
s Y U+ Do) (U < o Y U e (U5

j€lm] jelm]
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~ ub _

and hence [E[N; (£)]] < 26 'E[UZ Y] < 2612 = m~V2(r,,, — 2€(nu, p)).
Multiplying the density function w : R — (0, 1] given in (39) and making use of
the definition (41) of ky, it follows (with €(ny, p) € R>1)

~ ub

P(at € [ k] < NI (1) — E[SE (8] > é|MU<t>|)

ub

<P( 3t € [k, k] : My ()] > %v-v<t>| My (t)] — E[M}}b(tm)

IN

2 c—1 c—1 1 . —
P(E S U ey (UF) > = inf ()| My ()]

el 6 ve[—Fkm km]

— m_l/Q(Tm —2¢(ny, p)))

<SP Y Ui e (U;) > €y, pym'/?

J€lm]
< m/2E [Uf_l]l(b,oo)(Ulc_l)} < m1/2b—6E[U17(c—1)]
< C;L?nUm_l/z(logm)3m_2 < (6/6)365577Um_2 < 11@;5’77Um_2.

Combining the last upper bound, the upper bound (63) and the decomposi-
tion (62) we obtain the claim which completes the proof. O
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