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Abstract: There are two classical very different extensions of the well-
known Gaussian fractional Brownian motion to non-Gaussian frameworks
of heavy-tailed stable distributions: the harmonizable fractional stable mo-
tion (HFSM) and the linear fractional stable motion (LFSM). As far as we
know, while several articles in the literature, some of which appeared a long
time ago, have proposed statistical estimators for parameters of LFSM, no
estimator has yet been proposed in the framework of HFSM. Among other
things, what makes statistical estimation of parameters of HFSM to be a
difficult problem is that, in contrast to LFSM, HFSM is not ergodic. The
main goal of our work is to propose a new strategy for dealing with this
problem and constructing strongly consistent and asymptotically normal
statistical estimators for both parameters of HFSM. The keystone of our
new strategy consists in the construction of new transforms of HFSM which
allow to obtain, at any dyadic level and also at any two consecutive dyadic
levels, sequences of independent stable random variables. This new strat-
egy might allow to make statistical inference for more general non-ergodic
harmonizable stable processes and fields than HFSM. Moreover, it could
turn out to be useful in study of other issues related to them.
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1. Introduction and statement of the main results

A real-valued harmonizable fractional stable motion! (HFSM), denoted by
{X(t)}+er, is a paradigmatic example of a continuous symmetric stable self-
similar stochastic process with stationary increments. It was introduced, about
35 years ago, by Cambanis and Maejima in [10]. Basically, it depends on two
parameters: the Hurst parameter H belonging to the open interval (0,1), and
the stability parameter a belonging to the interval (0,2]. Among other things,
the parameter H governs roughness of sample paths of {X (¢)}:er and its self-

1Notice that the HFSM is sometimes called harmonizable fractional stable process.
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similarity property:

{a=" X (at) }tE]R {X(t)}ter, for any fixed a € (0,+00),

where = means that the equality holds in the sense of the finite-dimensional
distributions. While the parameter « determines, for each ¢ # 0 (notice that
X (0) *=0), heaviness of the tail of the distribution of the random variable X (¢),
whose characteristic function ®x ;) satisfies ®x(;)(A) = exp (— o(X(2))*|A|%),
for all A € R, where o (X (t)) > 0 is the scale parameter of X (¢). Indeed, except in
the very particular Gaussian case v = 2 in which the probability P(| X ()| > z)
vanishes exponentially fast when z — 400, for any other value of «, one knows
from Relation (1.2.10) in the well-known book [21], that one has, for some finite
constants 0 < ¢'(t) < ¢'(¢t),

)z~ <P(IX(t)| > 2) <"(t)2~*, forall z € [1,+00),

which in particular implies that E(|X (¢)|”) < +oo only when v € (=1, ).
The HFSM {X (¢) }+cr is defined, for all ¢ € R, through the stable stochastic
integral in the frequency domain:

—re( [ Jj;}a 2(©). (1)

where Ma is a complex-valued rotationally invariant a-stable random measure
with Lebesgue control measure. A detailed presentation of such a random mea-
sure and the corresponding stable stochastic integral and related topics can for
instance be found in Chapter 6 of the book [21]. The following remark, which
provides two very important properties of this stochastic integral, will play a
fundamental role in our work.

Remark 1.1. (i) The stable stochastic integral [; (-) dM, is a linear map
on the Lebesgue space L¥(R) such that, for any deterministic function
g € L*(R), the real part Re { [; g(¢) dM,, ()} is a real-valued Symmetric
a-Stable (SaS) random variable with a scale parameter satisfying

o(re{ [ 9©)di1©})" = [ late)]"as. (12)

The equality (1.2) is reminiscent of the classical isometry property of
stochastic Wiener integrals; it implies that Re{ fR gn (&) dﬁa(f)} con-
verges to Re { [ g(§) dM,, (£)} in probability, when a sequence (g, ), con-
verges to g in L*(R).

(1i) Let m € N be arbitrary and let fi,..., f,, be arbitrary functions of
L*(R) whose supports are disjoint up to Lebesgue negligible sets, then the
Sa$S random variables Re { [, f1(€) dMa(€)}, ..., Re{ [ fin(€) dM,(€)}

are independent.
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In the very particular Gaussian case where the stability parameter a = 2,
the HFSM represented by (1.1) reduces to the very classical Gaussian fractional
Brownian motion (FBM) with Hurst parameter H, denoted by { B (t) }+er. One
refers to the two books [21, 13] for detailed presentations of FBM and many
other related topics. It is well-known that, up to a deterministic multiplicative
constant, the Gaussian process { By (t) }ter can also be represented as a moving
average stochastic Wiener integral in the time domain, whose integrand is no

longer the complex-valued function £ — ‘51“;7;}2 but the real-valued function

5+ ((t - s)f_l/2 - (—s)f_l/z). One recalls, in passing, the usual convention

that, for all (x,3) € R?, one has (:c)f_ =27 if > 0 and (a:)f_ =0 else.
When the stability parameter a # 2, the HFSM in (1.1) can no longer be
represented as a moving average stable stochastic integral in the time domain.

Actually, it is very different from the real-valued linear fractional stable motion
(LFSM) {L(t)}ter defined, for each t € R, by

£e) = [ (=97 = (=) ants), (13)

where M, is a real-valued a-stable random measure. The large differences be-
tween the two processes {X (t)}er and {L(t)}+er can be explained by several
reasons. Two important ones of them are: (i) in contrast to the process { L(t) }+cr
the process {X (t)}ter is not ergodic (the latter fact results from Theorem 4 in
[9]), (i) behavior of sample paths of {L(t)}+cr and {X (¢)}ier is far from being
the same. Indeed, sample paths of {L(t) }+cr are multifractal functions (see [6]),
which become discontinuous when H < 1/« and even unbounded on any inter-
val when H < 1/« (see for example [21, 13]). While those of {X (t)}+cr are, on
each compact interval, Hélder continuous of any order strictly less than H, for
every value of H € (0,1) (see [14, 15, 21, 13]); namely, for each fixed 6 > 0 and
T > 0, one has almost surely

sup {M} < +00. (1.4)

_T<tr<tr<T |t’ _ 7f//|H—5

Moreover, sample paths of {X(t)};cr are monofractal functions; the latter fact
results from their Holderianity property combined with Corollary 4.4 in [5].
Also, for later purposes, one mentions that as regards their behavior at infinity,
one can derive from Corollary 4.2 in [1], that, for all fixed § > 0, one has, almost

surely,
| X(®)] }
sup < +00. 1.5

t1>1 { ||+ (15)

Let us now present the main motivations behind our present work and its
main contributions. Statistical estimators for the parameters H and « of the
LFSM {L(t)}+cr and related moving average stable processes have been pro-
posed in several articles in the literature (see for instance [24, 20, 3, 2, 11, 18,
17, 16]), some of which appeared a long time ago. However, as far as we know,
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in the framework of the HFSM {X (¢)}+cr and related harmonizable stable pro-
cesses and fields no statistical estimator for any one of these two parameters
has yet been proposed in the literature. Also, according to what is mentioned in
Remark 1.2 (D) of the very recent article [7], their statistical estimation in such
a framework is far from being an obvious problem due to the fact that HFSM
and related harmonizable stable processes and fields are not ergodic. The main
idea behind our strategy for dealing with the latter problem is to construct new
transforms of HFSM which allow to obtain, at any dyadic level j € N, a se-
quence {Yj i }ren of independent real-valued SaS random variables whose scale
parameters o(Y; i), k € N, are closely connected to the unknown parameters
H and « of HFSM through simple formulas which are rather easy to handle.
Also, we emphasize that the two sequences of random variables {Yj2,—1}pen
and {Yj41,2p—1}pen are independent. Roughly speaking, these new transforms
Yik, (j, k) € N%, of HFSM are at the same time inspired by discrete wavelet
transforms W; i, (j, k) € N?, of HFSM and significantly different from them.
Indeed, while W;, is defined (see e.g. [12, 19]), sometimes up to normalizing
factor, as the pathwise Lebesgue integral

Wj,k = /ij’k(t)X(t) dt,

where A
Yiu(t) =Yt —k), forallteR, (1.6)

with ¢ being a “nice” real-valued function; we define Yj; as the pathwise

Lebesgue integral
2

Yip =
Ik 2T R

Re (sz,k(t))X(t) dt, (1.7)

where 1), . is the Fourier transform of ;1.

Remark 1.2. Throughout our work, we use the very common convention that,
for any function f € L'(R), the Fourier transform f, also denoted by F(f), is
defined as

T = F(t) = / e~ F(€)dg, for all £ € R. (1.8)
R
While, the inverse Fourier transform of f, denoted by F~1(f), is defined as
1 ,
TN = 5 / GELF(t)dt, for all € € R, (1.9)
T Jr

It is well-known (see e.g. Chapter 1 of the book [23]) that the two maps F and
F~1 can be extended to L?(R), and satisfy

FH(F(9) =F(F (g9)) =g, forevery g€ L*(R). (1.10)

We always assume that the function ¢ in (1.6) and (1.7) satisfies the two
general assumptions (A;) and (Az) that we are now going to give.
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(A1) ¢ is an even (i.e. (=€) = ¥(§) for all £ € R), real-valued, continuous
function on R, with a compact non-empty support, denoted by I, such
that

I:=suppyp:={E€R, (&) A0} C[—47",471]. (1.11)

Observe that this assumption (.4;) implies that n (the Fourier transform of 1)
is a real-valued, even, continuous function on R. Thus, it follows from (1.6),
(1.7) and elementary properties of Fourier transform that

21=J
2w

Yip— / cos2 TR OBRIDX(t)dt, for all (k) € N2 (1.12)
R
In view of (1.5) and continuity on R of sample paths of the HFSM { X (¢) }+cr, in

order to guarantee the existence and finiteness of the Lebesgue pathwise integral
in (1.12), we impose the following assumption (Az) to the Fourier transform of

P

(A2) There exists a constant ¢ such that
W(t)‘ <c(l1+ |t|)_2, for every t € R. (1.13)

Remark 1.3. Observe that there are many functions satisfying the two general
assumptions (A;) and (As), as for instance the piecewise linear triangle function:

(&) := (L_qay % L_q,1)(8E) = (2 — [8€])A_y=1 4—1}(§), for all £ € R,

where “x” denotes the usual convolution product. Also, observe that there is no
need to impose to ¥ to have any vanishing moment, while such a condition on
moment(s) of ¥ plays a crucial role in the case of the discrete wavelet transform
W; k.

Before stating the first main theorem of our work, one needs to make the
following remark.

Remark 1.4. For all a € (0,2], one denotes by W(a) an arbitrary real-valued
SaS random variable with scale parameter equals to 1; thus, its characteristic
function Py, satisfies, for all A € R, @y, (A) = exp(—|A|?) (see e.g. [21]).
Notice that in the very special Gaussian case a = 2, the random variable Wy,
has a centered Gaussian distribution with standard deviation equals to 2!/2
(and not 1). One knows from Theorem 3 in [22] and from the classical equality
E(|W2)|?) =2°T((1+ p)/2)/T(1/2) that, for every a € (0,2],

_20((A+p)/2)T(1 = pa!)

M(p,a™t) :=E(|Wl*) T(1/2)T(1 - p/2) ’

for all p € (-1, a),

(1.14)
where a~! = 1/a and T is the usual “Gamma” function. Moreover, denoting by
log, the binary logarithm (that is logy(x) := log(x)/log(2), for all x € (0, +00),
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where log is the Napierian logarithm) and by 0, the partial derivative operator
with respect to the variable p, one has, for all a € (0, 2], that

(10g(2))1E(10g2|W(a)|) = (9,M)(0,a~1) (1.15)
and (log(2))2E((log2|W(Q)|)2) = (853%)(0,@‘1);

since
p |Gy (0)] = [Wia)l?| log [Wial|
and

2
p = |Gy, (0)] = [Wia|” (log [Wiw)])",

the absolute values of the derivative functions of orders 1 and 2 of the function
p = Gw,,(p) := [W(q)|’, are, on a deterministic neighborhood of 0, bounded
by an integrable random variable not depending on p; more precisely, let pg €
(0,4 ') be arbitrary and fixed, and let B,, be the positive integrable random
variable defined, almost surely, as

By i= (IWiay| 77 + [Wie 1) (1o Wi | + (log W) ).

using the inequality |z|? < |z|7°0 + |z|?°, for all z € R\ {0} and p € [—po, pol,
one has almost surely,

s {IGiy, (o) + Gl (I} < By
PE[—po,po]

One can derive from (1.15), (1.14) and standard calculations, that o=
Var(log2|W(a)|) is an explicit continuous polynomial positive function of de-
gree 2 in the variable a~! € [271, +00), whose coefficients can be expressed in
terms of the “Gamma” function. The positive continuous function G is defined
as

~1/2
Gla™) = (2Var(log2|W(a)|)) , foralla=! € [271 +00). (1.16)

Theorem 1.5. For every n € N, one sets

_ RS
By log, = - (Z (logz\Y1,2p—1| - 10g2|Y2,4p—1)> ; (1.17)

p=1

where Y1 op—1 and Y2 4p—1 are defined through (1.12). Then, the following two
results hold.

i) @ L is a strongly consistent (almost surely convergent) estimator of the
n,log,
inverse o' of the stability parameter o of HFSM.



Estimation of HFSM 4465

(it) For all n € N, the random variable D3 p 1og, is defined as

D3 1og, = G(max{ozn logy? 1}) 1/2(/\;110& — ofl)7 (1.18)

where the positive continuous function G is as in (1.16). When n goes to
+00, the random variable Da y 10g, converges in distribution to a random
variable having a N(0,1) Gaussian distribution.

In order to state the second and the third main theorems of our work, one
needs the following definition.

Definition 1.6. For every (j,m) € N2, the statistics V7

og, and V", v being a
fixed positive real number, are defined as

7, log2 . ZlogQ |Y 2p— 1| (119)

and .
Vit = [Viepal, (1.20)

p=1

where Y 2,1 is defined through (1.12).

Theorem 1.7. For every n € N, one sets

~ 1 )
HnaIOgQ = ;(V2710g2 - ‘/17f10g2)7 (121)

where V" are defined through (1.19). Then, the following two

1,log,
results hold.

and VJ*

2,log,

(i) Ern,logz is a strongly consistent (almost surely convergent) estimator of the
Hurst parameter H of HFSM.
(it) For all n € N, the random variable D1 p 1og, s defined as

Dlnlog2 = G(maX{OLn log, 1}) 1/2( n,log, — H), (122)

where G and @ log are as in (1.16) and (1.17). When n goes to +oo, the
random variable D1 .n,log, converges in distribution to a random variable
having a N'(0,1) Gaussian distribution.

Theorem 1.8. One assumes that a € [a, 2], where the lower bound a € (0, 2] is
known. Also, one assumes that v € (0,47 ') is arbitrary and fized. Let (m;);en
be an arbitrary non-decreasing sequence (that is m; < mji1, for all j € N) of
integers larger than 2 which satisfy the condition

m; > j, foralljeN. (1.23)

For all j € N, one sets

Tnj
H;. :=~"" log, ( 2*7.) (1.24)
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V7”j+1
a =yt (1—logy [ 2 | |, (1.25)
) V17’y

where Vfg, V;Z/’ and V;ﬁj“ are defined through (1.20). Then, the following two

results hold.

and

(i) I;Tjﬁ is a strongly consistent (almost surely convergent) estimator of the
Hurst parameter H of HFSM.
(i) Under the condition

. Mj41
lim lo It ) =1, 1.26
j—igloo g2< m; > ( )
62{71 is a strongly consistent (almost surely convergent) estimator of the

inverse o' of the stability parameter o of HFSM.

Before stating the fourth and the last main theorem of our work, one needs
to make the following remark.

Remark 1.9. Let a € (0,2] be as in Theorem 1.8 and let v be arbitrary and
such that

a
0 = 1.27
<V<gaio (1.27)
which implies that
2y(H +1/a) <1, forall (H,«a)€[0,1] x [a,2]. (1.28)
For every (H,a™!) € [0,1] x [271,a™!], one sets
E(|W|") (1 = 29(H + o~ 1))/
F,(H,a™ )= ' , (1.29)

(Var(|Wia )2 (1 = v(H + o))

where W, denotes an arbitrary real-valued SaS random variable with scale pa-
rameter equals to 1. One can derive from (1.29), (1.28) and (1.14) that the pos-
itive function F’, can be expressed in an explicit way in terms of the “Gamma”
function, which allows to show that F., is continuous on the compact rectangle
0,1] x [271, a7 1.

The following theorem provides Central Limit Theorems for the two estima-
tors introduced in Theorem 1.8.

Theorem 1.10. Let (mq ;)jen and (mz ;) jen be two arbitrary non-decreasing
sequences of integers larger than 2 which satisfy the condition (1.23). Also, one
assumes that (mq ;)jen satisfies the following strengthened version of the con-

dition (1.26):
log, (M) - 1' =0. (1.30)

lim (mo,;)/? .
2]

j—+oo
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Let « be as in Theorem 1.8 and let v € (0,47 ') be arbitrary and such that
(1.27) holds. For each j € N, one denotes by ITILM the strongly consistent
estimator of the Hurst parameter H of HFSM defined through (1.24) with m; =
m1,j, and one denotes by agj{v the strongly consistent estimator of the inverse
a~! of the stability parameter o of HFSM defined through (1.25) with m; = mo
and mjp1 = ma j41. For all j € N, the two random variables D1 ;. and Dy ;-

are defined as
Dy =272 (log(2))7F, (ri(H s ) 72(@5) ) (ma ) /2 (ﬁlm_H) (1.31)

and

Da iy 1= (2/3)/2 (10g(2)7F, (11 (H1 i) 72 @5),)) (may) /2 (G5, = a7t
(1.32)
where F, is the positive continuous function on [0,1] x 271, a~ '] defined in Re-
mark 1.9, and 7, and 1o are the two continuous “truncation” functions defined,
forallx € R, as

71(z) := max {O,min {=, 1}} and T2(x) := max {2*1,min {x,gfl}} .
(1.33)
When j goes to 400, the two random variables D ;. and Do ;. converge in
distribution to a random variable having a N'(0,1) Gaussian distribution.

Remark 1.11. (i) We believe that the new strategy introduced in our present
work would open the door to statistical estimation of parameters of har-
monizable stable processes and fields extending the HFSM, as for instance
the harmonizable fractional stable field studied in e.g. [5], or the harmo-
nizable fractional stable sheet studied in e.g. [4].

(74) In our present work, the four estimators a;llogz, ﬁn’logz, I;fj’7 and ajj,yl,
are obtained from the observation of a sample path of the HFSM X in
continuous time, we believe that it would be possible to extend our estima-
tion procedures and the associated Central Limit Theorems to frameworks
where only a discretized sample path of X is observed.

We intend to study these two issues (i) and (4¢) in future works.

The remaining of our present work is organized in the following way. In
Section 2, basically we show that the real-valued SaS random variables Yj z,
(4,k) € N2, defined in (1.12), can be represented in terms of the stable stochastic
integral fR () dﬂa (see Lemma 2.1); two important consequences, for any fixed
j € N, of this representation are: the independence property of the random
variables Yj r, k € N, and the independence property of the two sequences of
random variables {Y] op—1}pen and {Yj1,2p—1}pen. Section 3 is devoted to the
proofs of Theorems 1.5 and 1.7, Section 4 to that of Theorem 1.8, and Section 5
to that of Theorem 1.10.
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2. The keystone

The main goal of the present section is to prove the following very crucial lemma
and to derive important consequences of it.

Lemma 2.1. For all (j, k) € N2, Y; . (defined in (1.12)) is a real-valued SauS
random variable which can almost surely be expressed as

¢ =Re( R%d%(é)), (2.1)
where B . 4
Vi k() =27+ k) + (27§ — k),  for every £ € R. (2.2)

Remark 2.2. One knows from (2.2) and the assumption (A;) on 1 (see Sec-
tion 1) that, for all (j,k) € N2, 1, is a real-valued even continuous function
on R with compact support, denoted by I; x, such that (see (1.11))

I, :=supp zzj,k (2.3)
cl—292_poigi-2_ k2‘j] u [— 9=i=2 4 |99 9=i2 4 k2—j] .

Then, in view of the fact that k& > 1, it turns out that the function §
||~ H -1/ ;. 1(§) belongs to the Lebesgue space L*(R), which guarantees that
the SasS stochastic integral in (2.1) is well-defined.

The proof of Lemma 2.1 will be given by the end of the section. For the
time being, we focus on the following very fundamental lemma which provides
3 important consequences of Lemma 2.1.

Lemma 2.3. For each fized j € N, the following three results hold:

(i) {Yjv’“}keN s a sequence of independent random variables.
(i) The two sequences of random variables {Y'gp 1} and { G+1,2p— 1} pEN
are mdependent One points out that the latter fact zmplzes for all

(m/,m") € N2, that the two random variables ]“fog and VJrl logy (see

(1. 19)) are independent, and also that the two random variables V]”}Y and

V;_’ﬁl , (see (1.20)) are independent; actually the sums in (1.19) and (1.20)
have been restricted to odd integers for having this independence property
with respect to j.

(iii) The two sequences of random wvariables {Y—j’k}keN and {Q(j’l)HYLk}keN
have the same distribution.One points out that the latter fact entails, for
every m € N, that the two random variables V', ~and Vi, +m(j—1)H
have the same distribution, and also that the two random variables Vi

and 200-1 VHVTY have the same distribution.

Proof. Part (i) of the lemma follows from (2.3), which clearly implies that the
compact supports of the functions v, k& € N, are disjoint. Indeed, in view
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of (2.1) and of Remark 1.1 (ii), the latter fact entails that the SaS random
variables Y} 1, k € N, are independent.

For proving Part (ii) of the lemma, one has to show that for each two finite
non-empty sets Py C N and P; C N and for any two finite collections of real
numbers (Ao p)pep, and (A1,p)pep,, the two real-valued SaS random variables

5 Vi = e ([ 1757 (5 Nz (©) diL(©))  (24)

pEPo pEPo

and

Z AMpYir12p-1 = Re (/R |£|7H*1/a( Z )\1,;0{/;]'+1,2p71(§)) dﬁa(ﬁ))

pEP pEPy
(2.5)

are independent. Thus, in view of Remark 1.1 (i), it is enough to prove that the

compact supports of the functions Zpe% o, p¥j2p—1 and Zpepl M p¥jt1,2p—1
are disjoint. One knows from Remark 2.2 that

supp Z Ao,p¥j,2p—1 C U Iiop—1

pEPo pE€Po

and supp g A p¥it1,2p-1 C U Tjt10p—1-
pEPL peEP1L

Then, for proving that these two supports are disjoint, it is sufficient to show
that
Ij’gpofl n Ij+1,2p171 = (Z), for all (po,pl) c PO X Pl. (26)

One knows from (2.3) that
Ljopo—1 N Ij1,2p -1 (2.7)
= {x ER, |lz] — (2po— 1)277| < 27772

and [z — (2p1 — 1)2777!| < 2_j_3} .

Suppose ad absurdum that, for some (py,7;) € Po X P1, there exists some T €
I 2p,~1 N Ijy1,2p,—1- Then one can derive from (2.7) and the triangle inequality
that

|(2py — 1)277 — (2p, — 1)277 7|
< |(27_’0 —1)277 - |f|| + ||§| —(2p, — 1)2*j*1‘ <3.27973,

which implies that
12(2p — 1) — (2p, —1)| <3/4 < 1.

This cannot happen since 2(2p, — 1) is an even integer while 2p; — 1 is an odd
integer.
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For proving Part (i7i) of the lemma, one has to show that for each finite
non-empty set P C N and for any finite collection of real numbers (Ag)gep, the
two real-valued SaS random variables ), 5 ArYjx and 2U-H Y okep ARY1k
have the same distribution, which, in view of Remark 3.1 in Section 3, amounts
to prove that their scale parameters are equal. One can derive from (2.1), (2.2)
and Remark 1.1 (7) that these scale parameters satisfy

o( X MY /|§| el SN (26 + )+ u(2i€ — )| de
kepP keP
and

CT(Q(jfl)H Z )\kyl,k> @

keP

=20 [ et $7 0 (w20 + )+ (20— )|

keP

Thus, it results from the change of variable n = 2771¢ that
(D MYix) = o (20797 3 M) O
kEP kEP

From now on, our aim is to prove Lemma 2.1, to this end we need the following
definition and some preliminary results.

Definition 2.4. For all (j, k) € N2, let {/;Jk be the same function as in (2.2)

and let 1’/;]-1 . be its Fourier transform. For every n € N, the random variable ank
is defined as the finite sum:

Y
dn,wH»IQ
> Xldw) [ Gt (2.8)
|| <4n dn,m
n,m-+1 —_—
/R Ry / i€ 1) (1) dt | dVEa(€) )
\m|<4”

where, for each (n,m) € N x Z, the dyadic number d,, ,, :=27"m

Remark 2.5. Notice that the last equality in (2.8) results from (1.1) which
allows to express Y/, as

B e[ St

[m|<4n

dn,m4+1 ~ idn,m& _ N
ke [ Y (5 /m U it) [ S il | (29)

|m|<4n
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where the last quality results from the fact that the deterministic Lebesgue
integrals fjn’f;;”“ 12]») i (t) dt are real numbers. Then, using the fact that the sum
Z|m\§ 4n -+ in (2.9) consists in only a finite number of terms, and the linearity
property of the stable stochastic integral [; (-)dM, and of the deterministic
Lebesgue integrals fj"’m“ ( . ) dt, one obtains the last equality in (2.8).

n,m

Remark 2.6. Let (j, k) € N? be arbitrary and fixed. One can derive from (2.2)
and standard calculations that the Fourier transform of ¢, ;, is given by

$;(t) =279 cos(277kt)p(277t) forall t € R. (2.10)

Thus, (1.12) reduces to

1 =
Yik= 5 / GonOX (b dt. (2.11)

Moreover, it follows from (2.10) and (1.13), that, for some finite deterministic
constant ¢(j) > 0, only depending on j, one has

~

|¢j’k(t)‘ <c(j)(1+ |t|)_27 for every t € R, (2.12)

which implies that Jﬁk belongs to L}(R) N L%(R).

Lemma 2.7. Let (j,k) € N? be arbitrary and fived. The continuous function
V; ks can be expressed as

~

bk (€) ! / (et —1)4; ,(t) dt, for all € € R. (2.13)
R

T o

Proof. First, observe that the fact that Jj’k is a continuous function on R results

from (2.2) and the assumption (A;) in Section 1. Then, since ’z,’Z;jyk belongs to
LY(R) N L?(R), one knows from Remark 1.2, and more particularly from (1.10)
in it (see also Corollary 1.21 in Chapter 1 of the book [23]), that the function

;1 can be expressed as

o

b k(6) = 1 / eiftij,k(t) dt, forall ¢ € R. (2.14)
R

Thus combining (2.14) with (2.3) and the fact that the integer k£ > 1, one obtains
that

1 = ~
o /ij,k(t) dt =, ,(0) =0. (2.15)

Then (2.14) and (2.15) imply that (2.13) holds. O
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Lemma 2.8. Let (j,k) € N2 be arbitrary and fived, one denotes by Y/j,k the
right-hand side of (2.1), namely Y/Jk is the Sa.S random variable defined as

Yix = Re ( () dm(g)). (2.16)

R [E[HF/

Moreover, using the same notation as in (2.8), for each n € N, the SaS random
variable Ry is defined as

Rl =Y — Y (2.17)
Then, for any arbitrary fized real number T satisfying
0<7<min{H,1-H}, (2.18)

there is a finite constant ¢ > 0, which does not depend on n and k, such that
the scale parameter o(R7} ) satisfies

o(R})) <e27m. (2.19)

Remark 2.9. Let ® R?, be the characteristic function of the SaS random vari-
able R, defined in (2 17) Using (2.19) and the equality

Ppn (A) =exp (—o(R})|N*), forall XeR,

one obtains, for every A € R, that lim ®g-» (A\) = 1. Therefore, when n goes
n—-+oo 7k

to 400, the random variable R;.L,k converges in distribution to 0, which also
means that it converges in probability to 0. Thus, it results from (2.17) that
Y, converges in probability to Yj r when n goes to +oc.

Proof of Lemma 2.8. Let (j,k) € N> an n € N be arbitrary and fixed. Putting
together (2.17), the second equality in (2.8) and (2.16), it follows that the SaS
random variable R”k can be expressed as

;tk_Re</|§| - W(% > /’" € 1)) (1) dt

m|<4n
—%,k@)) dm@)) :

Therefore, (2.13) implies that

n

:Re</R|s|—H‘”“( > / o€ 1), (1) d

‘<4n
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S N N0 dt) dz\“ia(g)>

_gR

1 —H-1 s idn,m e\ .
= %Re</R|§| /a< > /dm (ednmE — e"C)ep. \ (t) dt

|m|<an

— / (i€ 1)1@ (1) dt) dM,(€) .
{tg[—2m 20 +2-7)} ’

Thus, one can derive from Remark 1.1 () that

a(R} )" (2.20)

1 —aH-— doymis e\
- T / Dy / (citnm _ €Y (¢ dt

|m|<4m

- / (e —1)4, ,(t) dt| de.
{tg[-2n 2n+2-))

Then, combining (2.20) with the triangle inequality and the inequality |a+b|* <
2%(|a|™ + [b|*), for all complex numbers a and b, one gets that

(R < 27 (W, + V1), (2.21)

where

dn,m+1 ) ~ o
i ::/R£I°‘H1< > /d |el(d""'"t)€—1||1/1j7k(t)|dt> g (2.22)

|m|§4" n,m

and N
= / ||t -1 (/ | — 1]|1h; . (1)] dt) d¢. (2.23)
R {It|=2"}
Let By :=[—1,1] and By := R\ By. For deriving appropriate upper bounds for
the integrals U’ and \7;’7,@, we need to split them as
Pe=W00 U and VI =V 4V (2.24)

where, for [ € {0,1},

’I’L,l —Q —
wi= [ e (
B,

and

dn,,m 1 = «
> /d ' ‘ei(d”*m_t)g—1||wj7k(t)‘dt> d¢ (2.25)

|m|§4" n,m

V;{;ﬁ ::/ |§|—@H—1</ |eité — 1szj,k(t)‘dt) de. (2.26)
By {It|>2"}
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Let us now bound u;?;,? and V;Lkl To this end, we will make use of the classical
inequality A
|el9—1} <min{|¢|,2}, forall 6 €R. (2.27)

Combining (2.25), with [ = 0, and (2.27), one gets that

d’!L.?TL+1 = (03
U < /B |£|a<1H>1( > /d |tdn,m||wj,k<t)}dt> dg
0 n,m

|m|<4m

dp,m+1 ~ a
= </BO jg[ati—H)=1 d£>( Z /d’ |t = dnn| |01 ()] dt) .

|m|<qn = S
Then, the inequality
[t —dpm| <277", forall (n,m) e NxZand t € [dnm,dnmt1], (2.28)

and the inequality (2.12) imply that

o < ( /B 0 §|‘*“‘H)‘1d€>< / n@,m\dt) 2na < e amme (2.29)

where c¢; is a finite positive constant which does not depend on n and k. On
another hand, combining (2.26), with [ = 1, and (2.27), one obtains that

prl < g /B e oH ( /{ o 500 dt) ¢

> Ye —aH—-1 :_ “
—2 (/B €] dé)(/{lt|>2n} |wj,k<t)|dt> |

Then, the inequality (2.12) and standard calculations entail that
Vi <2, (2.30)

where ¢, is a finite positive constant which does not depend on n and k.

In all the sequel, the fixed positive real number 7 € (0, 1) is as in (2.18). Let
us now bound U?,: Using (2.27) and (2.28), one has, for all £ € By and for
every (n,m) € Nx Z,

dn,m41 X =
/d | (dnm =08 _1||¢h  (t)| dt

n,m

dn,m+1 . 1—-7 4 i
_ / ‘ez(dn,m—t)i _ 1’ ’el(d"vm_t)é - 1| Wj,k(t)’ dt
d

n,m

1 dn,m+1 =
<2l [ e [ 00

n,m

dnm+1 ~
< (21-%7 / »¢j,k<t>|dt)2—“f.

n,m
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Then, one can derive from (2.25), with [ = 1, that

uz,kl < <2a(17')/B |§|7a(H7'r)*1 df) <[R |1Zj,k(t)| dt) 9—nat <y ana‘r’
1 (2.31)

where c3 is a finite positive constant which does not depend on n and k, the
latter fact follows from (2.12) and the inequality 7 < H (see (2.18)).

Let us now bound V;l,? Using (2.27) and (2.12), one has, for all £ € By and
for every n € N,

/{|t>2”} ‘eitﬁ _ 1H1Zj,k(t)’ dt = / ’eité B 1’T|€it£ _ 1|1_T|7Zj,k(t)’ Ut

{It=2"}

T -7 —‘r: T —T —1-7
<ol [l e le T [ i) T
{lt1=2"} {

[t|=2m}
S s |£‘177 277177

where ¢4 and c¢5 are two positive finite constants not depending on n, k and £.
Then, one can derive from (2.26), with [ = 0, that

\7;{7,? < cg27MOT, (2.32)

where cg is the positive finite constant, not depending on n and k, defined as
cg = cg fBo |¢|*(0=7=H)=1 d¢ Notice that the finiteness of cg results from the
inequality 1 — 7 > H which is a consequence of (2.18).

Finally, putting together (2.21), (2.24), (2.29), (2.30), (2.31) and (2.32), it
follows that (2.19) is satisfied. O

We are now ready to prove Lemma 2.1.

Proof of Lemma 2.1. In view of Lemma 2.8 and Remark 2.9, it turns out that
for proving Lemma 2.1, it is enough to show that, when n goes to +oo, the SaS
random variable Y, (see (2.8)) converges almost surely to the random variable
Yj i (see (2.11)).

One recalls that, for each (n,m) € N x Z, the dyadic number d,, ,,, := 27" m.
Let N be an arbitrary fixed positive integer. One sets

1 [N=
Y=o [ )X ()t (2.33)
—-N
and, for every integer n > N,
N 1 N2 -1 dn,m+1 =
Y=o > X(dn,m)/d ¥ (1) dt. (2.34)
m=—N2" n,m

Notice that, it easily results from (2.33) that

N2™—1

N 1 dnymat =
Y=o > /dﬂm X (t)e; () dt .

m=—N2"
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Then, using (2.34), (1.4) with 7" = N, and the inclusion [dy 1, dpmt1] C
[N, N] when —N2" < m < N2"™ — 1, one gets, on an event of probability
1 depending only on N and denoted by Q3, that

N2"—1 —_— ~
- s T [ O - X0
—N2m
N2" -1 "
<CN6 Z / ‘t_ nm|H 5"1/ij |dt

—N2n n m

(Cm/}z/}]k |dt) nH=8), (2.35)

where ¢ is an arbitrarily small fixed positive real number, and C'; 5 is a positive
finite random variable, only dependlng on N and §. Also, notice that (2.12)

entails that the integral / |1/)j’k (t ‘dt in (2.35) is finite. Next, let 2* be the
R

event of probability 1 defined as the countable intersection Q* := [y oy Uy
One can derive from (2.35) that

lim [V} (w) = Y™ (w)| =0, forall N €Nandwe Q. (2.36)

n—-+oo

On another hand, it follows from (1.5) that there are Q** an event of probability
1 and C§* a positive finite random variable only depending on ¢, such that

| X (t,w)| < C3*(w)|t|7°, forallt ¢ (—1,1) and w € Q**. (2.37)

Combining the first equality in (2.8) and (2.34) one obtains, for every w € **
and positive integers N and n > N,

Y% (w) = V3" ()]
+o0 domit ~
<> Xam)| [ 0]t
m=N2n dn,m
—N2™"—1 dnymt1 =~
s |X(dn7m,w)}/d [, 1 (1) dt.

Therefore, (2.37) and (2.12) entail, for all w € Q** and positive integers N and
n > N, that

[¥i() = V5" )]
= Hys [Imm+r 2
<cir@ | X launl™ [ 0] at
m=N2" dn,m

—N2"—1 Hts dn,m+1 ~
+ Z |dn,m| /d |¢j,k(t)| dt)

m=—oo n,m
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+oo ~
(Z / I | (1)
m=N2n Y dn,m

—N2"—1 —— H+6
+ Z / (1+ [¢]) \ (t)| dt
N teo Ht6—2
< 2¢(5)C5* (w) (1+1) dt
N
<201 —H —6) " e(j)Or (w)N~U—H=9), (2.38)

where ¢(j) is the same finite constant as in (2.12). On another hand, putting
together (2.11), (2.33), (2.37) and (2.12), it follows that, for all w € Q** and
positive integers N, one has

Vi) = YA (w) g/{mw}} O] X (8)| de

)

—+o0
SQc(j)Og‘*(w)/ (14 6)7F02 gt
N

<2(1—H —6) " e(j)Of (w)N—U-H=9), (2.39)

Finally, observe that, for all positive integers N and n > N, and for each
w € Q*NOQ** (the event Q* N Q** is clearly of probability 1), using the triangle
inequality, (2.38) and (2.39), one gets that

|Yj,k(w) ank(w)|
< |Yir(w) = V%) + [V (w —Y |+|YN" (W) = Y% ()]
< 41— H — )" e(j)C5* (w)N~ <1H5+} ) = YN (w))-

Thus, one can derive from (2.36) that, for all positive integers N and for each
w € QF NO**,

limsup |V 4 (w) — Y% (w)| < 4(1 — H —8) " e(j)C3* (w)N~E=H=9 " (2.40)

n—-4o0o 7
Finally, when N goes to 400, (2.40) implies that

limsup |Yjx(w) — Y% (w)| =0, for all w € Q* NQ*,

n—-+4oo

which shows that Y7, converges almost surely to Y 5, when n tends to +oo. [

3. Proofs of Theorems 1.5 and 1.7

For proving Theorems 1.5 and 1.7, one needs the following three preliminary
results.
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Remark 3.1. For any arbitrary a € (0,2], let W be an arbitrary real-valued
SaS random variable with scale parameter equals to 1. Then, for each real-
valued Sa$ random variable Z with scale parameter o(Z), one has Z = o(Z)W
(equality in distribution). This equality is a straightforward consequence of the
fact that ®z and Py, the characteristic functions of Z and W, satisfy (see e.g.
[21]), for all A € R, ®z(A) = exp (— 0(Z2)*|A\|*) and Py (X) = exp (— [A]?).

Lemma 3.2. For all (j,k) € N2, the scale parameter of the real-valued SauS
random variable Y, (see (1.12) and (2.1)) satisfies

41 a 1/«
o(Yj) = 20H 1/ (/41 ﬂ{% dn) , (3.1)

which clearly implies (see (1.11)) that

—(H+1/o)

[[| oy 27 Y (K + 471) (3.2)
H+1/a)

< 0 (Vjk) < [[@ll oy 27712 (e — a7 1) ~HH),

olle = ([l an) = ([ oo an) ™

Proof.  One knows from (2.1), (2.2), Remark 1.1 (¢) and (1.11) that, for all
(4,k) € N2, one has

W [TORED [p(@ie ) 2R [ — k)|
o(Yjk) :/2 ’ €|aH+l‘ dg + ‘|£|a—H+1’d§'

where

—i(—k—4-1) 2-3 (k—4-1)

Then, using the fact that v is an even function (see the assumption (A;) in
Section 1) and the change of variable n = 27¢ — k i.e. £ = 277(n + k), one gets
that

(V)" 2 /2"’““*4‘ e o an /4‘ pwl*
” 23 (k—4-1) (§)H+ a1 (n+ k)eH+1

O

Lemma 3.3. For any fized positive real number -y, there exists a finite constant
¢ = c(y), such that, for all p € N, one has

41 ey v/
<‘/_4_1 (1 + (2p)|1/}1((7777)| 1))QH+1 dr’) - ||¢||2a(R) < Cp_l. (33)

Proof. For each p € N, one sets

" /_4—1 (1+ (2p)|¢1((77n)| ) /_4—1 winldn. (34
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Using the fact that there exists a positive finite constant ¢; such that one has
(1 R 1| <cilz|, forevery z € [-5/8,5/8],
one gets, for all p € N and n € [-1/4,1/4], that

))—aH—l

‘(1+(2p)_1(77—1 —1‘ <c@2p)tn-1<ep,

and consequently (see (3.4)) that

Irp] <cop™', forallpeN, (3.5)

—1

where the finite constant ca = ¢; fil,l lzﬂ(n)‘adn = 1|9l fa(r)- Next, one
notices that, since [|¢| o ®) > 0, there are two positive finite constants o and
c3 such that

ey +9) = 1l | < eslyl, for every y € [~yo,50].  (3.6)
(R)

Moreover, one knows from (3.5) that there exists pg € N such that, for all p > py,
one has |r,| < yo. Thus, one can derive from (3.4), (3.6) with y = r,, and (3.5)
that, for all p > py,

v wm)|” e
‘(/ (1+ <2p>|1<n : 1) in) =l

= [0Sy + 7)™ = 160 )|

< eslrp| < ezeap™t

which shows that

su . W(n”a /e B o
PGE {p 8 </41 (1 + (Qp)_l(n - 1))OzH+1 dn) ||1/’\ } < +00,

which means that (3.3) is satisfied. O

Y
Lo (R)

Proof of Theorem 1.5. One knows from Lemma 3.2 that the scale parameters
of the SaS random variables Y are strictly positive. For each p € N, the two
SaS random variables with scale parameters equal to 1, Wi 2,1 and W 41,
are defined (see Remark 3.1) as

Yoap—1  Youpa (3.7)

Yi 9,
Wiop—1 = L2p—] =g .
o (Youp-1)  2Ho(Yi4p 1)

(Y1,2p-1)

Observe that the equality o(Y24p—1) = 270 (Y7 4p—1) results from (3.1). Next,
it follows from (1.17) and (3.7) that, for all n € N, one has

and W274p, 1=
g

~—1 -1
an,log2 -
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n

1
=3~ (1ogs[Yi2p1| — logs [Yaap1| — logy (21/°)) (3.8)
p=1

n

1 O'(Y1 2p,1)
— I Wiop_1| —1 Wo ap— 1 : .
n p§:1 <og2| 1,2p—1| — logy|Wa 4p—1| + log, (2H+1/a o(Y14p—1)

Observe that one knows from the very fundamental Lemma 2.3 and (3.7) that

(10g2|W1,2p—1| - IOgQ\W2,4p—1|>
peEN

is a sequence of independent, identically distributed, centered and square inte-
grable random variables. Thus, one can derive from the very classical strong law
of large numbers that

1o as.
- z‘: (10gz|W1,2p—1| - 10g2|W2,4p—1\) Pyl (3.9)
-

Moreover, one can derive from the very classical Central Limit Theorem that

n

1/2
1 d
logs |Wi 21| — log|[Wa.sp_1] ) —— N(0, 1),
<2Var(log2W(a)|)n> pz:; ( Og2| 1.2p 1‘ Og2| 24p 1|) n——+oo ( )

(3.10)
where W, is as in Remark 1.4, and where % N(0,1) denotes the conver-

gence in distribution to a random variable having a A'(0,1) Gaussian distribu-
tion. Thus, in view of (3.8), (3.9) and (3.10), it turns out that for proving the
theorem it is enough to show that

10g2< o(Vi2p-1) >’0. (3.11)

2031/ o (Y1 4p-1)

li L En
m
n——+oo n1/2

p=1

Indeed, it easily follows from (3.8), (3.9) and (3.11) that

~_1 1 a.s.
O log, — —WX’ 0, (3.12)

which shows that Part (i) of the theorem is satisfied. Moreover, (3.8), (3.10)
and (3.11) clearly entail that

1/2
n ~—1 -1 d
o 4 N(0,1). 3.13
<2Vaf(10g2|W(a)|)> (Grtos, = 7) i MO )
Therefore, combining (3.13) with the fact that
~_1 1 1/2 a.s.
G(max{am%, 2 }) (2Var(log2|W(a)|)) ==, (3.14)
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one gets Part (i7) of the theorem. Notice that (3.14) results from (3.12) and
Remark 1.4.

From now on, one focuses on the proof of (3.11). Observe that (3.1) implies,
for all p € N, that

U(Yl,Zp—l)
2H+1/e g (Y1 4p-1)

41 a -1/«
— 9—(H+1/a) W(??)‘ d
(/41 (4p+n_1>04H+1 n
1 o /o
! ¥ ()] '
d
X (/_4_1 (2p+n71)aH+1 n

4-1 a 1/«
_2H+1/a |1/}(77)| d
<‘/_4_1 (4p+n71)o¢H+1 ui

-1

41 a -1/«
_ (9p)H+1/a ()] d)
) </4‘1 (1+ (4p)~L(n — 1)~ !
_ 1/
(H+1/a) ‘ |
x| (2p)” (/ 1+ 1))aH+l dn)

" (
_(H41/a) </4 1 "l/} |a dn) 1/
1+ 4p) ( 1))aH+1
_ </41 |¢(7])’ dn) -1/
4t (14 (dp) =iy — 1)
! )| ] )1/“ -
. ((/41 (1+(2p)=L(n— 1)) ! (319)

- </4_1 |w(n>‘a dn)l/a |
—am1 (L4 (dp)~L(n — 1))

On another hand, for all p € N, one has

vl C o
/_471 (1+ (4p)~(n — 1))aH+1 dn > /_471 =T 1|)QH+1 d

aH+1
16 .
> () Il

Thus, one can derives from (3.15) and the triangle inequality that there exists
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a positive finite constant ¢; such that, for all p € N,

o(Yi2p-1)
2H+1/a 0(Y1,4p71)

a1 [v(m)|” v
= </_41 (1+(2p)~t(n— 1))0‘H+1 dn ¥l Lo ®)

. 41 }1/}(77)|a 1/a )
o (/_41 (1 + (4p)~1(n — 1))aH+1 dn ”wHLa(IR)

Then, combining (3.16) and (3.3) (with v = 1), one gets, for some positive finite
constant co that

_ 1' (3.16)

U(YL?p—l)
20+ o(Y1 4p-1)

— 1‘ <cypt, forallpeN,

which in turn implies that there exists a positive finite constant c3 such that

0(1/1,217—1) 1
log, <2H+1/a o (Yiap 1) <ecgp~ ', forevery peN.

Therefore, one obtains, for all n € N, that

(Y1,2p-1)
< .
log, (2H+1/a o (Viag 1) c3 E p- (3.17)

<es (1 + /j zt daz) < c3(1 +log(n)).

Then, one can derive from (3.17) that (3.11) holds. O

n

D

p=1

Proof of Theorem 1.7. One knows from Lemma 3.2 that the scale parameters
of the SaS random variables Y} are strictly positive. For each p € N, the two
SaS random variables with scale parameters equal to 1, Wi 2,1 and Wa 9,1
are defined (see Remark 3.1) as

Y1 2p—1 Y5 0p—1 _ Y5 0p—1
o(Y1,2p-1) o(Yagp1) 2Ho(Yigp1)

Observe that the equality o(Ya,2,-1) = 20 (Y1,2,-1) follows from (3.1). Next,
using (1.21), (1.19) and (3.18) one has, for all n € N, that

Wl,gpfl = and Wgygpfl = (318)

ﬁn Jog, T H
1 n
= > (10g2|Y2 2p—1] — 10gy|Y1 2p—1] — log, (QH))
p=1

[
S|e
NE

(10g2|W2,2p—1| —1og,|W1 2p—1| + 10gy (0(Y2,2p-1))

=
Il
—
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—10g2 (2H0'(Y1’2p_1 )))

1 n
= — " (10gs|Wa2p-1] — loga| W1 2p11)- (3.19)

p=1

Next, observe that one knows from the very fundamental Lemma 2.3 and (3.18)
that

(10g2|W2,2p71| - 10g2\W1,2p71|>
peN

is a sequence of independent, identically distributed, centered and square in-

tegrable random variables. Thus using (3.19), the very classical Strong Law of

Large Numbers, and the very classical Central Limit Theorem, one obtains Part

(i) of the theorem, and that

~

1/2
n d
Hytog, — H) —2— N(0,1), 3.20
<2vm(bg2mqaﬂ)> (Hrtog, = H) 22 NO1) (3.20)

where W(,) is as in Remark 1.4. Finally combining (3.20) with (3.14), one gets
Part (i4) of the theorem. O

4. Proof of Theorem 1.8

The two main ingredients of the proof of Theorem 1.8 are the following two
lemmas.

Lemma 4.1. Under the sole condition (1.23) on the sequence (m;);cn, one
has, for all fized v € (0,47 1a),
m m
1 2

lim Z@J = lim ’%j =1,
Jrtoo E(VL'}I ) Jtoo E(Vé,'y )

(4.1)

where the convergences hold almost surely.

Lemma 4.2. Let o € (0,2] be as in Theorem 1.8 and let v be arbitrary and
such that

@
0 S 4.2
<T<LiT (4.2)

which clearly implies that
v(H+1/a) <1, forall (H,a)€[0,1] X [a,2]. (4.3)

When the stability parameter o of the HFSM belongs to |, 2], there exists a
finite constant ¢ such that, for all (j,m,n) € N®, one has

AT (o, H, )| < om0 r/)=1) (44)
where
E(VH:
AT (v, H,y ) := log, <W> —yH — (1—~y(H+1/a))log, (%) . (4.5)
3
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For proving Lemmas 4.1 and 4.2 one needs two preliminary results. The fol-
lowing remark is a straightforward consequence of Remark 3.1 and of Lemma 3.2.

Remark 4.3. Let v € (0, ) be arbitrary. For all (4,p) € N?, one has

E(ijﬂp—lp)
. . Y
_ YY1 H+1/a) |b(n)] v
E(|[Wiw")2 </_4_1 (75 2p — 1A dn (4.6)
o . .
= B(|Wiay )20 D7 (H 1) * ()] ; ¥
(@) p - )
—4=1 (14 (2p)~(n —1))

where W(,) denotes an arbitrary real-valued SaS random variable with scale
parameter equals to 1.

Lemma 4.4. Let vy be such that (4.2) holds. When the stability parameter « of
the HESM belongs to |a, 2], there exists a finite constant ¢ such that one has,
for all (j,m) € N2,

27 U=y Y@ (VI ) — Ay, Hy )| < em? VO (47)

where the finite positive constant

Ay, Hy @) = E(|[Wey ") (1 = v(H +1/a)) ¢

Tem) (4.8)

As usual, W, denotes an arbitrary real-valued SaS random variable with scale
parameter equals to 1.

Proof. Tt follows from (1.20), (4.6) and the triangle inequality that, for all
(j,m) € N2, one has

9= (F=DvH ,y(H+1/a)—1 E(Vanzy) _ E(|W(a)|7) “¢||’YQ(R)2(j—1)’YH Zp—'y(H+1/a)

p=1

< B(|W[1)m (1411 (4.9)

x 3 pH/)

p=1

o [v(n)|* e
(L. (L+ o)ty - 1) i)~ Wi

Moreover, (3.3) entails, for every m € N, that

m -1 o «
Syl ([ O i) 1ol
aH+ @
=1 —a7t (1+(2p) (= 1))
m +oo
<oy p YT <oy p IO < oo (4.10)

p=1 p=1
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where ¢p denotes the finite constant ¢ in (3.3). Then, one can derive from (4.9)
and (4.10) that there is a finite constant ¢; such that, for all (j,m) € N2,

9= (=DvH y(H+1/a)—1

m
E(V]%) — E([Wa ) [0 2007 3 p 141/
=1

p=

< ¢y mYHEF @)=L (4.11)

Next, observe that, for every m € N, one has that

m (m+1)/m
‘mvwﬂ/a)l ) / o—(HA1/a) g
p=1 1/m

dx .

§ i /(erl)/m ‘(p/m) —y(HAL/e) _ —y(H+1/a)

p=1Yp/m

Moreover, the mean value theorem allows to show, for all p € {1,...,m} and
z € [p/m,(p+1)/m], that

‘(p/m)_"/(H+l/a) —.’I}_’Y(H—"_l/a) —y(H+1/a)—1 .

<m~!(p/m)

Then, using the previous two inequalities, one gets, for every m € N, that

m (m+1)/m
‘mwﬂﬂ/a)l St / o WHF1/) gy
p—=1 1/m
< m—2 (p/m)_V(H-l—l/Oé)_l < Cs m'y(H-‘,-l/a)—l , (412)
p=1

+oo

where the finite constant ¢y := Zp‘”(HH/O‘)_l. Also, notice that, in view of
p=1

(4.3), one has, for all m € N, that

(m+1)/m B
/ gV HTY) gy — (1 —~y(H +1/a)) )

1/m

= (1 —~(H+ 1/04))71‘(1 + mfl)lfv(HH/a) _ ] gy HA/ )1
< 2(1—y(H + 1/a)) "m0/, 13)

Next, observe that, one can derive from the triangle inequality that, for all
(4,m) € N2,

(- a)— m -1
9= (G=1)vH ,v(H+1/a) 1E(Vjﬁ)—]E(|W(a)|7)(1f’y(H+1/oz)) ”vaa(R)

< 97 U=DvH py(H+1/0)—1 E(V]%)
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m
—E(|Wo)") ||¢||’YQ(R)2(J*1)’YH Zp*’Y(H%&/a)

p=1
R (Wi [ [ gy [ H Y1 1)
p=1
(m+1)/m
_/ x—’Y(H-i-l/a) dCL'
1/m

+E(Wia) ") 11| 7e (my

(m+1)/m .
/ o D) qy — (1 — y(H + 1/a)) " |.
1/m

(4.14)

Finally, putting together (4.11), (4.12), (4.13) and (4.14), one gets (4.7). O

Proof of Lemma 4.2. Observe that, one knows from Part (ii7) of Lemma 2.3
that, for all (j,m,n) € N, one has

E(Vﬂ-lﬂf) o 2jWHE(VlT,L'V) o E(Vln'v)
1%( evy) ) % s mmgyny ) T ) ) T

1,y

Thus, letting A~!(y, H,«) be the inverse of the positive constant A(vy, H, )
(see (4.8)), and using (4.5) and standard calculations, one obtains, for every
(4,m,n) € N3, that

A1 JH, 'y(H+1/a)—1]E vn
A?’"(%H,Oé)—b&( 0. 1 con Vi) :

A—l(% H, a)m’y(H-i-l/a)—l E(Vf:nW)

which implies that
|A;n)n(7a Ha Oé)| S ‘10g2 (A_l(’% H7 a)n’y(H-i-l/a)—l E(VliLy)) ‘ (415)
+ ’10g2 (Afl(fy,H, a)mV(HH/O‘)*1 E(Vf@))’ .
Next observe that one knows from (4.7) and (4.3) that

lim ‘A_l('y,H,0()17"L"’(H+1/°‘)_1 E(V/") — 1’ =0. (4.16)

m——+oo

Moreover, it can easily be seen that one has, for some finite constant cy,
llogy (14 x)| < c1]x|, for every z € [-271, +00). (4.17)

Thus, one can derive from (4.16), (4.17) and (4.7) that there exists mo € N and
a finite constant co > 0, such that for all m > my,

[log, (A7 (v, H, a)m /- B (v ) )|
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< e o By
< cym(HAL o)1

which entails that

sup mi—v(H+1/a) 10g, (Afl(% H, Oé)m'Y(H+1/Oé)*l E(Vlwfy))’ < 400. (4.18)
meN
Finally, it follows from (4.15) and (4.18) that (4.4) is satisfied. |

Proof of Lemma 4.1. One will only show that
™m;

li L7 =1 (almost surely), 4.19
jAim (V™) (almost surely) (4.19)

since the proof of the fact that
mj

lim 2’;:, =1
Jj—+oo }E(Vz,,yj)

(almost surely),

can be done in the same way. First notice that using Markov inequality, for each
7 € N, one has

P(\E&m 1 zmpe) = (|v - B 2 B0
Vm7 _ ij 4
<’ a (E(V; ))5)} ) (4.20)
1y

where p is a fixed positive constant small enough, which will be chosen more
precisely later.
Let us now provide an appropriate upper bound for the expectation

E(v7 — B,

which is finite because of the assumption v € (0,47 'a). One can derive from
(1.20) and the fact that, for any fixed j € N, the centered random variables
[Yjop—1]" — E(|Yj2p—1]|7), p € N, are independent (see Part (i) of the very
fundamental Lemma 2.3) that

(v 50zl = 35 8{ [ (omotr- B

P1y-ees Pa=1 =1

< (ZE<||Y1,2;7—1|7 - E(|Y1,2p—1|7)‘4)> (4.21)
p=1

m, 2

+3<ZE(||Y1,217—1|’Y — E(}/lﬂp—1|ﬂ{)|2)> .
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Moreover, one knows from Remark 3.1 that, for each (j,p) € N? and for all
q € {1,2}, one has

2
E(|[Yizp-1" = E(Yizp ) = cqo(Vizp1)™, (4:22)

where the positive finite constant ¢, := E(’ WY —E(|W|") ’2(1) does not depend
n (4,p). Then, it follows from (4.21), (4.22) and the second inequality in (3.2)

that
B(IV ~B0I)I)

m;
S C2 (ZO’ lepfl 47) +3C%<
p=1
m; 2
(ZU (Y1 2p—1) 7) <C4<
p=1 P

2
m
<ci ((4/3)27<H+1/a> +/ (20 — 5/4) " 27UHY) dx)
1

3

ANgE

J

2
a(Yszl)%)

<

nj

2
(2]? _ 5/4)—27(H+1/o¢)>
1

2
< s (1 + 10y (29(H +1/a)) log (m;) + m;z”(’”l/”‘)> . (4.23)

where c3, ¢4 and c¢5 are three positive finite constants not depending on j. On
another hand, observe that, in view of the fact that v € (0,4 1a) C (0,47 ta),
one knows from (4.7) and (1.23) that

lim m{ RV = A4y, H @) > 0,

j—+oo Ly

which implies that there exists a positive finite constant c¢g such that, for all
Jj=1

(EWV™)) < m;h(HH/a)%. (4.24)

1,y

Next, combining (4.23) with (4.24), one gets, for some finite constant ¢; and for
all 7 € N, that

m4p % (|Vm7 B )|4>
’ (E(vmﬁ)

1y

2
<cr mj*4(1fP*’Y(H+1/a)) <1 + 11y (27(H + 1/a)) log (m;) + mjl_QFy(HJrl/a))

<C7< —2(1—p—y(H+1/e))
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2
100y (23 £ 1))y 200 D g () m;<1—2p>>

< 3¢r (m}“(l—p—wHH/an (4.25)
+ 1y (Q’Y(H + l/a))mj._4(1_p_7(H+1/a)) log? (mj) n mj—2(1_2p)> .

Next, notice that, since 4(1 — y(H +1/a)) > 4(1 —47'a(H 4 1/a)) > 1, the
positive constant p can be chosen small enough so that one has

41=p—~(H+1/a)) >1 and 2(1-2p)>1. (4.26)

Then, it follows from (4.25), (4.26), (1.23) and (4.20) that
+oo m;
‘/'1 J
([ o 2m) < o
; E(ViS) !
Therefore, (4.19) results from Borel-Cantelli Lemma. O

We are now in position to complete the proof of Theorem 1.8.

End of the proof of Theorem 1.8. In view of the two equalities

Vi VR E(GY) B
VTR ROV

Vol Bt E(GYT) E(MY)
iy EOLYT) O E(VY) O W

it results from (1.24), (1.25), (4.5) and standard calculations that, for all j € N,
one has

- V' Vi —
YHj —vH = log, : — log, : + AT (v, H o) (4.27)

E(V7) E(V/Y)
and
’Yajt“/l —ya”!
Vlmj V2mj+1
=1 T -1 —=r 4.28
Og2 <IE(VL,YJ)> Og2 <E(V2”Yj+l) ( )

J

—AT (v, Hya) + (1= y(H +1/a)) (1 — log, (mn{L“ )) .
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Moreover, Lemma 4.2, the inequality v(H + 1/a) — 1 < —1/4 and (1.23) entail
that

lim A" (y,H,a) =0 (4.29)
j—+o0
and
lim A" (y, H,a) =0. (4.30)
j—+o0

Then, one can derive from (4.27), Lemma 4.1 and (4.29) that

Hj, — H —~>0.
j—+oo

Moreover, it follows from (4.28), Lemma 4.1, (4.30) and (1.26) that

o~ — a.s.
a7l —a !t 22 0. O
1Y j—+oo

5. Proof of Theorem 1.10

For proving Theorem 1.10 one needs several preliminary results.

Proposition 5.1. Let v be arbitrary and such that (1.27) holds. For every
(j,m) € N2, let V™, be as in Definition 1.6. The random variable R}, is defined

as
- LU T R

m (Var(ij’}Y)) 2 (Var(VJf’,‘y)) 2 E(ViZ)
Let (mj)jen be an arbitrary non-decreasing sequence of integers larger than 2
which satisfies the condition (1.23). When j goes to 400, the random variables

RT’ and RQ& converge in distribution to a random variable having a N(0,1)
Gaussmn distribution.

Proof. First notice that it follows from Lemma 2.3 (¢3¢) and (5.1) that, for every
jeN, RT,JY < R;nfy Thus, we give the proof only in the case of RT,JY In view
of (5.1), (1.20) and of the fact that the random variables ‘Ymp_l’ﬂ{, p € N,
are independent, one knows from the Lyapunov Central Limit Theorem (see for
instance Theorem 7.3 on page 44 in [8]) that it is enough to show that, for some
fixed § > 0 small enough so that (2 + d) < a, one has

m 245
jETw (Var V J ZE(“K 2p— 1| (|Y1,2p—1|’y)‘ > =0. (5.2
The independence property of the random variables |Y1_,2p,1 |V, pe{l,...,m;},

implies that

Var( VmJ ZVar |Y1 2p— 1| (5.3)
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Then, one can derive from (5.3) and Remark 3.1 that
m;
Var(Vy") = Var(|[W|") Y " o(V1,2p-1)". (5.4)
p=1

Also, Remark 3.1 entails that
mj 245
S5 ([[Yiaal =l )
p=1

—g(|w ) ) ot 69

p=1

Next notice that it follows from (5.4), the first inequality in (3.2), (1.28) and
standard calculations, that one has for some constant ¢; > 0 and, for every
JeN,

248 (2+5) a)—

(Valr(vlr”?yj)) 2 < Clm]‘ 5 (2v(H+1/«) 1)’ (56)

Also notice that it results from (5.5), the second inequality in (3.2) and standard
calculations, that one has for some constant ¢y > 0 and, for every j € N,

Yy 2+6
ZE(“Ymplh - E(‘Y1,2p71|7)‘ ) < c2<log(mj) + mglfv(H+1/a)(2+§)))'
p=1

(5.7)

Finally, combining (5.6) and (5.7) one obtains, for some constant ¢ > 0 and for
all j € N, that

e 248 my 2+6
(Var(V)")) " 2 ZE(“Ymp—lP *E(|Y172p—1|7)‘ >
p=1

CE2 (2y(H+1/a)

_ _s
<cs (mJ Y log(m;) +m; 2) .

Thus, one can derive from (1.28) and (1.23) that (5.2) is satisfied. O

The following remark is a straightforward consequence of Remark 3.1 and of
Lemma 3.2.

Remark 5.2. Let v € (0,27 ) be arbitrary and let W, be an arbitrary real-
valued SaS random variable with scale parameter equals to 1. For all (j, p) € N2,
one has

Var(|Yj,2p,1|7)

_ Y\o2v(JH+1/a) o |w(n)|a d /e
= Var(|W(a)| )2 i (T] T 2p — 1)aH+1 Ui (5.8)

= Var([W )20 D2 p=2y(H+1/e)

4t « 2y/a
- </ (1+ <2p>w1(<nn) | ) dn> '
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Lemma 5.3. Let v be arbitrary and such that (1.27) holds, and let W,y be
an arbitrary real-valued SaS random variable with scale parameter equals to 1.
There is a finite constant ¢ such that, for all (j,m) € N2, one has

9= (F—1)2vH  2v(H+1/a)—1 Var(ij’;)

—Var (W) |") (1 = 2y(H + 1/0)) " |07 )

< em2HAL/)=1 (5.9)

Proof. For proving (5.9), one uses the equality
Var(V;™) ZVar Y 20-1]"),

the second equality in (5.8) and arguments similar to those which allowed to
obtain (4.7). O

Proposition 5.4. Let v be arbitrary and such that (1.27) holds. For all (j,m) €
N2, the random variable R, is defined as

vm
R :=F,(Ha" )m1/2< 20 —1), (5.10)
E(V})

where H € (0,1) and « € [a, 2] are the unknown Hurst parameter and stability
parameter of the HFSM {X (t) }+er, and F., is the positive continuous function
introduced in Remark 1.9. Let (m;);en be an arbitrary non-decreasing sequence
of integers larger than 2 whz’ch satz’sﬁes the condition (1.23). When j goes to
“+00, the random variables R1 5 and R2 5 converge in distribution to a random
variable having a N'(0,1) Gaussian distribution.

Proof. First notice that it follows from Lemma 2.3 (¢i¢) and (5.10) that, for

every j € N, }NEL R2 Thus, we give the proof only in the case of R1 5-In
view of Proposition 5.1, 1t is enough to show that

lim ]E(|RL7 Ry 2) = 0. (5.11)

Jj—+oo
It follows from (5.1), (5.10) and (1.29) that, for all j € N,
S Vi
R — R\" =v; mi/? (7;2 - 1>
Y Y J E(Vj,fyj)

and consequently that

): 2XM7 (5.12)

Y ')

1,y

(’Rl,v RTZ
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where

- ( E(V,) _ IE(IW«})\”)(l;27(H+1/04))1/2 ) (5.13)
(m; Var(Vi))® (Var([Wiey 7)) (1 = 7(H + 1/a))
Observe that Lemma 4.4, (1.28) and (1.23) imply that
E(Wa) ") 19117« (r)
(1 =y(H +1/a))
Also, observe that Lemma 5.3, (1.28) and (1.23) entail that

(Var([Wiay ")) 1011 o ey

H+1/a)—-1 m;

lim m7
j—+oo

tim _(m?” O Var(V)) F =

jros ’ (1—2y(H +1/a))"/?
Thus, using the equality
IE(V;';”) - = m;(HH/O‘)*l E(V{T;]) -, forall jeN,
(m;Var(V)77))? (771]2-7([{“/0‘)71 Var(V,"7))?
and (5.13) one obtains that
jiiinoo v;i =0 (5.14)
and consequently that
. m;Var(V;"7) _ Var (|[Wa?) (1 — v(H + 1/04))2 . (5.15)
e BV (W) (1= 29+ 1/a)
Finally, putting together (5.12), (5.14) and (5.15), one gets (5.11). O

Corollary 5.5. Let v € (0,47 ') be arbitrary and such that (1.27) holds. For
all (j,m) € N2, the random variable AT is defined as

vm
m . -1 1/2 5
AT i=log(2)F, (H,a " )m"/ 1og2<]E(‘J/j¥2)>, (5.16)

where H € (0,1) and a € [a,2] are the unknown Hurst parameter and stability
parameter of the HFSM {X (t) }+er, and F., is the positive continuous function
introduced in Remark 1.9. Let (mj);en be an arbitrary non-decreasing sequence
of integers larger than 2 which satisfies the condition (1.23). When j goes to
400, the random variables Arlnfy and A;niy converge in distribution to a random
variable having a N'(0,1) Gaussian distribution.

Proof. First notice that it follows from Lemma 2.3 (i4) and (5.16) that, for
every j € N, AT,”Y < A;niy Thus, we give the proof only in the case of Arlnfy In
view of Proposition 5.4, it is enough to show that

—* 5o, (5.17)
J—+oo

mj  pmj
Al,v Ry
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where % denotes the convergence in probability. Let € be an arbitrary fixed
Jj—4o00

positive real number. One clearly has, for all j € N, that

P(|AT — B =€)

my o pmj Vlrﬁ/j -1 Vly,ri/j 1
<e({lan - Ayl z <o (e 227) P (i <)

Moreover, one knows from Lemma 4.1 that

v,
lim IP’( Ly o7l =
i—too \E(Vi])

Thus, for proving (5.17) it is enough to show that

. m; M V7:’7'7 —
jgxfmp({mm—zzw zg}m{w‘;i&j)zz 1}) —0. (5.18)

It can easily be shown that one has, for some deterministic constant ¢; > 0,
that

| log(2)logy(1 + x) — x| < c1z?, for all w € [-271, 400). (5.19)

Then, in view of (5.10) and (5.16), setting ¢y := 1 F,(H,a™!) > 0, one can
derive from (5.19) with « = Vid 1 that

E(Vi)
P(4|AT] - R | >ebn Vis o5
1,y 1,y = € ]E(Vlmj) -
Y
ij 2 ij'
N\1/2 e 1y -1
= P<{62(m3) (]E(Vlf“;) 1) = E} : {E(Vl’f;f) 22 }>
Vi 2
< . 1/2 1,y _ —1
< Pl (i 1) = 4%)
Var (V]
< cpe ™t (my)Y/? #”)2 (5.20)
(E(W))

where the last inequality follows from Markov inequality. Finally, combining
(5.20) and (5.15), one obtains (5.18). O

We are now in position to complete the proof of Theorem 1.10.

End of the proof of Theorem 1.10. One can derive from Theorem 1.8 and from
the continuity property of the functions F,, 7y and 7> (see Remark 1.9 and
(1.33)) that

. 7y ~_—1 —1y\ 1
lim F,Y(Tl(HLj,,Y),TQ(OéQJ-’,Y)) (Fy(H,a™")) =1, (almost surely).

j—+oo
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Thus, for proving the theorem it is enough to show that

2712 (log(2)) 7Py (H, ™) (m ) V2 (i — H) —25 N(0,1) (5.21)

Jj—+oo
and

(2/3)"/2(10g(2) 7P, (H. a7 (may)* (@5}, = a7') —2= N(0,1), (5.22)

j—+oo

where (m1 ;) en, (M2,j)jen, }AILJW and &ij-lﬁ are as in the statement of Theo-
rem 1.10. One knows from (4.27) and (5.16) that, for all j € N,

2712 (log(2)) Py (H, ™Y (o 1)/ (Ha iy — H) (5.23)

=271/2 (A;'f;*j — A7+ (log(2))vFy (H, a7V ) (ma ;) 2 AT (%H,a)) :

Moreover, it follows from (4.4), (1.28) and (1.23) that the deterministic quantity

2712 (log(2))vF, (H,a™ ") (my ) V2AT ™ (v, Hya) ——— 0. (5.24)

Jj—+oo

On another hand, Corollary 5.5 and the fact that, for all j € N, the two random
variables A{.7 and Aj')7 are independent (see (5.16) and the fundamental
Lemma 2.3 (44)) imply that

272 (A7 — A7) S N0, (5.25)

Thus, combining (5.24) and (5.25), one obtains (5.21).
Let us now prove that (5.22) holds. It follows from (4.28) and (5.16) that, for
all j € N,

(2/3)"/2(10g(2))7F, (H, 0™ ) (ma) 2 (651, = a™")

/2 Am2; ma,j Y2 m2 41
=(2/3) A7 = —— Ay (5.26)

ma j4+1

— (log(2))vFy (H,a™Y) (ma, ;)2 A7 ™24 (4, H, @)

+ (1og(@)1 %, (H. ™) (1= 5 + 1)) 0ma )2 (1 tog, 2552 ) )

ma,;

Moreover, (4.4), (1.28), (1.23) and the inequality mo ; < mg j+1 imply that the
deterministic quantity

(log(Q))’yF’Y (H’ ail) (m27j)1/2Agn2J7m20+1 (77 H7 a) - 07 (527)

Jj—+oo
and (1.30) entails that the deterministic quantity

(log(Q))'yF,y (H,a_l) (1 —v(H + 1/a)) (5.28)
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-
< na (1t (722 ) g
5]

On another hand, it results from Corollary 5.5, (1.30) and from the fact that,
for all j € N, the two random variables A}"27 and A;"27*" are independent (see
(5.16) and the fundamental Lemma 2.3 (7)), that

1/2 ma,; ma j 1/ ma, j+1 d
(2/3)2 (Ao — (220 ) 0 gz ) L w0, 1), (5.29)

2 .
’ ma j+1 2 j—+o0

Finally, putting together (5.26), (5.27), (5.28) and (5.29), one gets (5.22). O
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