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Abstract

In this paper, we study McKean-Vlasov SDE living in R? in the reversible case without
assuming any type of convexity assumptions for confinement or interaction potentials.
Kramers’ type law for the exit-time from a domain of attraction is established. Namely,
in the small-noise regime, the limit in probability of the first exit-time behaves ex-
ponentially. This result is established using the large deviations principle as well as
improved coupling method.

Having removed the convexity assumption, this work is a major improvement of the
previously known results for the exit-time problem, the review of which is provided in
the paper.
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1 Introduction

Let us consider (X7, ¢t > 0) a measure-dependent stochastic process (also called
McKean-Vlasov diffusion [16, 17]), solution of the following stochastic differential equa-
tion (SDE):

dX? = 0dB; — VV(X?)dt — VF « pg (X7)dt, X§ = T € RY. (1.1)

Here (B;, t > 0) stands for the d-dimensional Brownian motion, V represents the
environment which is assumed to be a multi-well function (also called confinement
potential in this work) and F' is the interaction potential corresponding to the form and
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strength of interaction of the process with its law. This specific form of the McKean-
Vlasov diffusion is also known in the literature under the name of self-stabilizing diffusion
or SSD (see [15]).
The aim of this study is to describe how long the stochastic process stays in a domain
D, which is a neighbourhood of a local minimum of V, before its first exit from this
neighbourhood. Therefore, the main object of interest in this paper is the following
stopping time:
5 =inf{t >0: X7 ¢ D}. (1.2)

The precise assumptions under consideration are given later on.

1.1 Organization of the paper

The current section is followed by presenting and discussing assumptions on poten-
tials V and F' and domain D, exit-time from which is considered. An existing result
on existence and uniqueness of the process under almost identical assumptions are
provided in Section 1.3 with a discussion on how its proof can be adapted to our case.
The large deviations principle for this system is provided in Section 1.4.

Main results of this paper are formulated in Section 2. Namely, the Kramers’ type
law for exit-time and the exit-location results for both cases of bounded and unbounded
domain D. This theorem is followed by Section 2.4 comparing them to previously known
results for exit-time problem in the case of self-stabilizing diffusion.

Section 3 contains intermediate lemmas that are necessary for the proof of the main
theorem of the paper. These lemmas are proved in Section 5. Section 4 contains the
proof of the main theorem provided in Section 2.

We finish the paper with Section 6 discussing open questions and possible extensions
of our findings.

1.2 Assumptions
Here, we give the assumptions on the potentials and on the domain.

Assumption A-1. Let us consider the following hypotheses concerning the confinement
potential:

(V — 1) The confinement potential is a regular function V € C?(R¢).

(V —2) V is uniformly convex at infinity. Namely, there exists §; > 0 and R > 0 such
that for all x € R? satisfying |z| > R we have

V2V (z) = 6,1d,
where Id is the identity matrix.

(V' —3) There exist r € Z, and a constant C' > 0 such that

IVV(z)] <O +|z[*~1), forall zeR%
(V —4) There exists a € R? such that VV (a) = 0 and V2V (a) = p;1d for some p; > 0,
where Id is the identity matrix.

(V —5) The function VV is locally Lipschitz. More precisely, for any = € R? and y € R¢,
we have:
[VV(z) = VV(y)| < Ol —yl(1 + [« + [y[*71), (1.3)

where r has been introduced in (V — 3).
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Assumption (V' — 1) is natural since we will use It6 calculus to obtain some of our
results. Thus, we require that V is of class C2. Assumption (V — 2) is taken to ensure
that the confinement potential forces the diffusion to stay in a compact set and thus
that the process does not explode. Assumptions (V — 3) and (V — 5) are required to
comply with the theory developed in [2] for ensuring the existence of the self-stabilizing
diffusion when the drift is superlinear. Assumption (V' — 4) means that there is a local
minimizer with a non-degenerate Hessian. We point out that VV is not assumed to be
globally Lipschitz.

Assumption A-1 covers a wide range of possible multi-well potentials. An analytical
example of such a potential V' that satisfies Assumption A-1 in dimension d = 1 could be
the classical double-well potential (see Fig. 1)

2P

V(z) := 7 7

In dimension two, the following function

V(xl, .’L‘Q) =

N w

1 1
(1-a?-23)"+ 3 (21— 2)" + g (@ +a)? - 1)*
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could be an example of a double-well potential satisfying these assumptions. Fig. 2
shows its level sets.
We now give the assumptions on the interaction potential.

Assumption A-2. Let §; and r be the positive constants introduced in (V' —2) and (V —3).
Consider the following hypotheses concerning the interaction:

(F — 1) The interaction potential is a regular function F' € C?(R%).

(FF—2) F(0) = 0 and VF is rotationally invariant, that is there exists a continuous
function ¢ : [0; 00) — R with ¢(0) = 0 such that

VF(z) = %qs(m).

(F — 3) There exists a constant C’ > 0 such that

IVF(z)] <C'(1+|z*7Y), forall z€R<.
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Figure 1: Example of V in dimension d = 1. Figure 2: Example of V' in dimension d = 2.
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(F — 4) The function VF is locally Lipschitz. More precisely, for any z € R? and y € R¢,
we have:
IVF(z) = VF(y)| < C'Jle —y|(1+ |21+ |y[* 7). (1.4)

(F — 5) There exists a constant §; > 0 such that for any x € R? we have
V2F () = —6,1d,
where Id is the identity matix. Moreover, 6; > 05.

Again, Assumption (F — 1) is natural since we will use It6 calculus. Assumption
(F — 2) is taken to ensure existence and uniqueness of the process following the work
[15], where a similar assumption was introduced. We point out that the exact value of
F(0) does not have any effect on our methods, however, taking it equal to 0 simplifies
the writing. Note that we do not use assumption (F — 2) for proving the exit-time result.
Assumption (F' — 3) is required for using the method developed in [2, 15] about the
existence of the self-stabilizing diffusion when the drift is superlinear. We point out that
VF is not assumed to be globally Lipschitz. Assumption (F — 5) is taken in order to
guarantee that the attractive behaviour at infinity of V' will not be overcome by F', which
is essential for existence and uniqueness results (we provide this result in Section 1.3).

Assumption A-2 covers a wide range of possible interaction potentials defining various
behaviour with respect to the law of the process (attractive, repulsive or the combination
of two). A classical analytical example of the interaction potential in general dimension
dis

F(z):= i%m?,
with a > 0. In the case of F(z) = $|z|? (see Fig. 3 for its depiction in d = 1), the
interacting potential is globally convex and induces attracting behaviour, whereas it is
globally concave and thus repulsive with the negative sign. Another possible example of
a potential is

F(z) = Ceslel? ,

with # > 0 (for its graph in d = 1 see Fig. 4). In this case, the function is neither convex
nor concave, but, after a careful examination, we can see that it still exhibits repulsive
behaviour, though dissipating at infinity. Note that here, despite assumption (F — 2),
F(0) # 0. As was pointed out above, the translations of F' do not influence the dynamic
of (1.1).

In the following, we introduce the assumptions on the domain. First, we define the
effective (in the small-noise limit) potential.

Definition 1.1. Let a be the local minimizer of V introduced in A-1. Then, W, € C?(R%)
such that W, :==V + F x§, =V + F(- — a) is called the effective potential.

F(x) F(x)
T T
Figure 3: Example of a convex F'. Figure 4: Example of a non-convex F'.
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The name “effective” comes from the fact that, as will be proved below, before the
exit-time from the stable domain D, for small o, the potential V' + F' x ¢, inducing the
drift term of our process, is well approximated by W,.

In order to ensure that, in the small-noise limit, our process behaves well around the
attractor a, we need to assume that a is also a stable local minimizer of the effective
potential. Consider the following assumption

Assumption A-3. The matrix V2W,(a) = V2V (a) + V2F(0) is positive definite.
Note that Assumption A-3, along with the continuity assumptions on V2V and V2F

(Assumptions A-1 and A-2), leads to the fact that we can find an open neighbourhood of
the point a such that W, is convex inside it. Consider:

Definition 1.2. Let p > 0 be a small enough positive number such that W, is convex
inside B,(a). Let Cywy > 0 be a constant such that for any « € B,(a):

VW, (x) = V*V(z) + V?F(z — a) = Cwld,

where 1d is the identity matrix.

Let us now introduce assumptions regarding the domain of interest P C R?, exit-
time from which will be considered in the future. First assumption on domain D is the
following:

Assumption A-4. D is a bounded connected open subset of R? containing the point a.

Remark 1.3. Without loss of generality, we choose p > 0 from Definition 1.2 to be small
enough such that we have the following strict inclusion B,(a) C D.

The boundedness of the domain D will be relaxed later. However, the fact that D is
connected and open is mandatory and classical from [7, 10].
The following assumptions on D are mandatory:

Assumption A-5. The domain D contains the deterministic path (v, ¢ > 0) solution of
the following dynamical system

d
Fril V'V (%), Y0 = Tinit- (1.5)

We assume furthermore that lim; .., 7 = a.

This assumption is important for the type of exit-problem that we consider here, which
is exit created by the small noise from a domain of attraction. We will see further, using
the large deviations principle (LDP), that for any T > 0, the processes (X7,0 <t < T)
and (4,0 <t <T) are close in supremum norm with high probability when o is small
enough. In the case where T} := inf{t > 0: v ¢ D} < oo, it is easy to show, using LDP,
that 73 ~ T; for small ¢. In other words, it is impossible to obtain the Kramers’ type law
without Assumption A-5.

Now, we present the definition of a stable domain.

Definition 1.4. We say that an open connected subset G of R¢ is stable by the vector
field —VW, if for any t > 0, for any = € G, ¢,(xv) € G where the process 1(x) is the
solution to the following dynamical system:

Yi(z) =2 — /0 VWa(ts(x))ds.

This leads to the following assumption on the domain D that is standard for the
Freidlin-Wentzell theory, see [7, 10].
Assumption A-6. The open domain D is stable by the vector field —VW,. Moreover, for
any z € 9D, . ligrn P (2) = a.
—+0o0
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Figure 5: Examples of V, F', W,, and D in dimension d = 1.

Remark 1.5. Note that by continuity argument we can expand domain D such that
Assumptions A-5 and A-6 still hold in the enlargement. Namely, for any « > 0 small
enough there exists an open connected bounded set D¢ C {zx € R? :inf,cp |2z — 2| < K}
such that Assumptions A-5 and A-6 are satisfied for Df. Obviously, the same holds
for constrictions: for any x > 0 small enough there exists an open set DS C {z € D :
inf,ecop |z — x| > Kk} satisfying Assumptions A-5 and A-6.

We can also define their exit-costs as H; := ing {Wa(2) — Wye(a)} and Hf :=
z€0Dg,

inf — ively.
zelgD;{W“(Z) W, (a)} respectively.

We conclude the section by providing an example of ¢ and D, satisfying Assumptions A-

3 - A-6, that we can choose in dimension d = 1 for the double-well confinement potential
332 .

V(z) = % - 1—22 and the interaction potential F'(z) = 3e~ = (see Fig. 5). As the attractor

of interest, we can choose the point a = 1. Thus, the effective potential takes the form:

2t 2?2 3 @12
2

Wl(.’l}'):i_g"—ze 7,

with first and second derivatives being:

x—1 2
Wi(z) = 2(2? — 1) — Z(x e T,

(z=1)2
ECESY

Wi (z) =322 — 1+ % (-1 —1)e

Note that W7’(1) > 0, which means that Assumption A-3 holds. Moreover, as the domain
D we can take any open interval (d;,ds) such that % <d; <1< dy < +oco. Indeed, the
upper bound obviously holds, since —W{(x) < 0 for any « > 1, which means attraction
towards the point a = 1. As for the lower bound, note that for any % < x < 1, we have

3
—Wi(z) > (z—1) (:c2 +a— 4> > 0.
Therefore, this example satisfies all the assumptions A-1-A-6 of this paper.

1.3 Existence of the process

The problem of existence and uniqueness of the SDE (1.1) was studied in [15]. Mutatis
mutandis from [15, Theorem 2.13], we get the following proposition:
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Proposition 1.6. Let r be the positive constant introduced in (V — 3). For any ¢ > 0,
under Assumptions A-1 and A-2, the SDE (1.1) has a unique strong solution that we
denote by (X7 ,t > 0). Moreover, there exists a constant M > 0, such that

sup supE[|X§’\8"2} <M. (1.6)
0<o<1t>0

Note that the assumptions used in [15, Theorem 2.13] are slightly different from ours,
particularly for the interaction term. Assumption (F' — 2) of A-2 allows ¢ to be negative
and thus to exhibit repulsive behaviour, while in [15] ¢ is set to be a positive increasing
function. To neutralise possible problems that this relaxation could pose, we introduce
assumption (F'—5). The fact that §; > 6, guarantees that, regardless of 17, the drift term
of our process is always attractive outside of a compact set. Namely, for any y € P(R%)
and for any r € R? such that |z| > R, we have V2V (z) + V2F x u(z) = (6; — 6>)Id and

thus

(x;=VV(z) = VF * u(z)) < —(6, — 0)|z|*.

This guarantees non-explosiveness of the process in finite time. After this observation,
the proof in [15] can be easily adapted for the case of Assumptions A-1 and A-2.

1.4 Large deviations principle

The large deviations principle (LDP) for the process (1.1) was also proved in [15].
Unlike in the case of Proposition 1.6, the adaptation of these results for our assumptions
on the interaction term is immediate. The authors proved the following result:

Proposition 1.7 ([15, Theorem 3.4]). Let v be the unique solution of the ODE

d

Fritih ~VV (%), 7Y = Tinit-

Then for any T > 0, the probability measures induced by the processes (X7 ,0 <t <
T)o0 on C([0,T]) satisfy the LDP with convergence rate %2 with the following good rate

function:

IR
()= 3 [ 10 TV (00 + VF (=l (1.7)

for any ¢ € H,, the set of absolutely continuous functions from [0;T] to R? such that
©(0) = Tiniy. Otherwise, I7(p) := +oo.

If we denote by (v7),~0 the family of probability measures induced on C([0,T]) by
(X7,0 <t <T) forrespective o > 0, then the proposition above takes the following form.
For any measurable subset I' C C([0,7]), we have:

2 2
—inf I(f) < liminfa—logl/”(F) < limsupa—logz/"(F) < —inf I(f).
fFeb a—0 2 o—0 2 feT

Note that most authors use the convergence rate o2 and, consequently, the term in
front of the integral in (1.7) is % instead of i. However, we choose to take as convergence
rate the coefficient in front of the Laplacian in the associated partial differential equation.

Note also that in this proposition v represents the deterministic limit of the sys-
tem (1.1). When o is small, we expect our process to stay close to v for fixed time
intervals. Thus it does not come as a surprise that it is J, that replaces . in the rate
function.

2 Main results

In this paragraph, we list the main results of the paper.
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2.1 Exit-time

We now give the main results concerning the exit-time, for the case when D is a
bounded domain.

Theorem 2.1. Let H be the exit-cost introduced in Assumption A-6. Under Assump-
tions A-1-A-6, the following two results hold

1. Kramers’ law: for any 6 > 0, the following limit holds:

. 2 - 2
;%P[exp{ﬁ(H5)}§TD§exp{02(H+5)H =1 (2.1)
2. Exit-location: for any closed set N C 0D such that inf,.cy W,(z) > H the following
limit holds:
lim P(X7, € N) = 0. (2.2)
o—0 D

Proof of Theorem 2.1 is provided in Section 4.

2.2 Control of the law

We now present a result on the control of the law in the case where D is bounded.
The following theorem rigorously states that, starting from some uniformly bounded in
o time, the law of the process u“ stays close to J, long enough to obtain the result of
Theorem 2.1.

Theorem 2.2. Under Assumptions A-1-A-6, for any x > 0 small enough there exist
Tw(k) > 0 and o, > 0 such that

sup sup Wo(uf;ds) < k.

0<o<ox . 2H
te |Tu(k)se o2

This theorem can be easily proven using Lemmas 3.1 and 3.6 provided in Section 3.
It is left for the reader

2.3 Unbounded case

We now present the generalisation of the results above to the case where D is not
bounded.

Corollary 2.3. If D is an open and connected subset of R%, under Assumptions A-1-A-3
and Assumptions A-5, A-6, the statements of Theorem 2.1 hold.

The control of the law also holds immediately even if D is unbounded.

Corollary 2.4. If D is an open and connected subset of R?, under Assumptions A-1-A-3
and Assumptions A-5, A-6, the statement of Theorem 2.2 holds.

Proofs of Corollary 2.3 and Corollary 2.4 are postponed to Section 4.

2.4 Comparison to previous results

In the seminal work [15], S. Herrmann, P. Imkeller, and D. Peithmann, the authors
study the exit-time problem for the self-stabilizing diffusion in the irreversible case. First,
existence and uniqueness of the process was proved. The assumptions, under which
this result was shown, correspond to A-1 and A-2 if confinement and interaction were
gradients of some regular potentials, except for a slight difference in the interaction
term (this difference was discussed in Section 1.3). After that, the authors show the
exit-time result for SSD, but, in order to do that, they had to assume convexity of the
confinement and the interaction, despite this assumption is not used in the classical
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result of the Freidlin-Wentzell theory for the exit-time of the linear It6 diffusion. The main
hurdle when considering the exit-time problem for SSD (and other non-linear processes)
comes from the fact that comprehending the dynamics of the interaction term VF x u7,
while only manipulating the position of the process, is challenging. However, in the
convex case, this task becomes simpler as it can be demonstrated that the law u7 tends
to concentrate around the sole global attractor, thus giving a control of the interaction
term.

Removal of the convexity assumption, that we present in this paper, is a big improve-
ment of previous results. However, unlike in [15], we solve the exit-time problem in
the reversible case (confinement and interaction are gradients of some regular func-
tions). Nevertheless, we could treat the general situation, see Section 6 on the possible
extensions of our results.

Another difference between our approach and the one presented in the paper [15]
is that we use coupling techniques to prove the exit-time, while the approach used
by S. Herrmann, P. Imkeller, and D. Peithmann consists in reconstructing the Freidlin-
Wentzell techniques and taking advantage of the contractivity of the drift.

In [23], J. Tugaut focused on the reversible case of the SSD with potentials V' and F
being convex. He proved a similar to ours result by using another method than in [15].
The approach of [23] was to apply the Freidlin-Wentzell theory without adapting it to the
McKean-Vlasov diffusions. In this work, the classical large deviations principle theory
for processes is used to the associated system of particles

N
AxN =gdB, — | vV(XIY) + % S OVRXPY - x{N) | dt, (2.3)
j=1

after which a trajectorial uniform propagation of chaos is established. Using the propa-
gation of chaos, the author obtained the Kramers’ type law.

In [24] J. Tugaut employed a different method, applicable to the case where the
parts of the drift term are not necessarily assumed to be gradients of a regular function,
although they remain globally contractive. This method primarily revolves around
controlling the law at time ¢ of X7, denoted as ;. Notably, J. Tugaut demonstrated
that this law converges to §, in Wasserstein distance for ¢ — +oo. Subsequently, a
synchronous coupling with a diffusion, where the drift is represented as x — —VV (z) —
VFx0,(x) instead of © — —VV (z) — VFxuf (z), is employed. Exploiting the contractivity,
it is straightforward to prove that the two diffusions remain close. Consequently, the
exit-time of X? behaves similarly to that of the coupled diffusion.

This approach has been extended to non-convex scenarios in the reversible case,
as described in [25]. In this context, V is not necessarily convex, although F' exhibits
sufficient convexity to ensure convexity of the effective potential W, =V + F(- — a). As
a result, coupling between the two diffusions is straightforward, allowing us to infer the
exit-time of X? from that of the coupled diffusion.

The convexity assumption on W, has been removed in [27], though this result is
limited to the one-dimensional case. Unfortunately, the method used there cannot be
directly extended to the general-dimensional case. Thus, it becomes essential to find an
alternative way to control the law.

In [26], J. Tugaut demonstrated that ©” does not always converge to J,. This limitation
arises when W, fails to reach its global minimum at a, therefore, in order to control the
law of the process (at least until exit-time) other methods should be used.

Despite all these developments, the exit-time problem for SSD with general (non-
convex) coefficients was an open problem throughout all these years. We solve it in this
paper by significantly improving the coupling method introduced in [24].
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3 Intermediate results

In this preliminary section, we will give the key results which allow us to prove the
main theorems related to exit-time in Section 4. Their proofs are given in Section 5.

3.1 Stabilisation in finite time
Let us define the following two deterministic times for any « > 0 small enough:
TS(k):=inf {t >0 : Wo(uy;ds) < K},
Sg(k) ==1inf{t = T(r) : Wa(ui;da) > K}

and we let the infima to be equal to +oc if respective sets are empty.
First key result consists in obtaining the existence of a time 7" such that Wy (u?;d,) is
small and such that X7 is concentrated around a.

Lemma 3.1. Under Assumptions A-1-A-6, for any « > 0 there exist Tst(n) >0ando, >0
such that:
To(k) < Te(k) forany0 < o < o.

Moreover,
limlP(‘ g a’>n>:0.

o0 Tu(r)
An important implication of this lemma is that, with high probability, the exit from
the domain D does not occur before time Tst(n) (see Section 5 for the proof). Consider
the following corollary.

Corollary 3.2. Under Assumptions A-1-A-6, for any x > 0 the following limit holds:

;ig%)IP(T% <Tu(k)) =0.

3.2 The coupling method

We now introduce the diffusion Y7 := (Y7, t > T3(x)) solution to the following linear

SDE:
t

Y = Xfo () + 0(Bi — Brg(n) — / VV(Y?)ds

t
—/ VF (Y? —a)ds,
T3 (k)

where (B;,t > 0) is the same Brownian motion that drives the main equation (1.1).
Note, that this SDE has a unique solution (see for example [20, Theorem 10.2.2, p. 255]).

Note also that Y7 is a linear diffusion. As a consequence, we can apply the classical
Freidlin-Wentzell theory, see [7, 10], for estimating the first exit-time as the diffusion
coefficient tends to 0.

Apart from the processes (Y7)o<s<1 that is defined by SDE (3.1), we also define the
following family of processes that constitute It6 diffusions and will help us to study
stochastic properties of Y. For any y € R? and for any 0 < o < 1 define (Y,"?,t > 0) as
the unique solution to the following SDE:

t t
VT =yt - [ Vvarnds— [ VE@rT - ads, (3.2)
0 0

Following the standard notation for diffusions, we will drop the initial point y for Y%7,
as well as for all random variables that are functions of Y¥:7, and put it as a subscript
under the probability measure. Namely, for any y € R? we introduce a probability
measure P, that is simply a restriction of IP to the measurable space (Q, oY)t > 0))

The following proposition is a classical result of Freidlin-Wentzell theory for the
exit-time of linear diffusions of the type (3.2). Consider:
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Proposition 3.3 ([7], Theorem 5.7.11). Let Assumption A-1 be satisfied and let G C R?
be a domain such that Assumptions A-4-A-6 are satisfied for it and its exit-cost Hg :=
i%fg{Wa(z) — Wa(a)}. Let K C G be a compact set. Define 7" := inf{t > 0: Y7 ¢ G}.
zE

Then, for any § > 0 we have

lim sup P, (exp{w} < Tg’g < exp{w}> =1

o—boyeK 0'2 0'2

Obviously, this theorem also holds when G is the domain D{, defined as in Remark 1.5
and Hg = Hf, := infocope {Wa(x) — Wa(a)} respectively.

Let us now describe how both diffusion processes X (the targeted diffusion) and Y
(the auxiliary one) are coupled. We are especially interested in describing the distance
between them.

Proposition 3.4. Under Assumptions A-1-A-6 there exists n > 0 such that for any x > 0
small enough, we have

lim P(sup | X7 — Y| > k) =0,

oc—0
where supremum is taken overt € {T;{(n); SG(K) A exp{Q(Hij")H .

ag
As it is shown below (Corollary 3.7), this result can be improved by removing the
time SZ(k), since, as it turns out, the destabilization of the law of the process can not
happen before its exit-time from the domain D.
The following lemma is an important result stating that, at each point of time, the
diffusion Y7 is close to a with high probability.

Lemma 3.5. Let p be a positive constant introduced in Definition 1.2. Under Assump-
tions A-1-A-6 there exists ) > 0 small enough such that for any x > 0 small enough:

supIP(Yt" ¢ Bp/g(a)) = 0,(1),

where supremum is taken overt € {T;{(n); exp{z(Hij")H .

Note, that the position of supremum in Lemma 3.5 is important. Indeed, according to
the Freidlin-Wentzell theory for It6 diffusions, the exit-time of Y7 from B, /Q(a) is, with
high probability, of order exp{2H,,/»/0”}, where H, /5 := inf.cop, ,@){V(2) + F(z — a) -
V(a)}, which means, among other things, that we can not expect P (sup [Y;” —a| > &) to
be equal to o,(1). Instead, what Lemma 3.5 states is that for all ¢ before the exit of Y7
from a small enlargement D;,, the probability that Y is not close to a tends to 0. We
come back to this description in Section 5.3.

3.3 Control of the law

In this section we present a result regarding the control of the law of the process
after the stabilisation time. Consider the following lemma.

Lemma 3.6. Under Assumptions A-1-A-6 there exists n > 0 such that for any x > 0 small
enough there exists o, such that for any 0 < ¢ < o,, we have

Sa (k) > exp{Q(h;;_n)}.

This lemma together with Proposition 3.4 immediately gives us the following corollary:

Corollary 3.7. Under Assumptions A-1-A-6 there exists n > 0 such that for any x > 0
small enough, we have

lim P(sup | X7 Y| > k) =0,

og—

. H
where supremum is taken overt € {T;{(ﬁ); exp{ 2(07;”7) }] .
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4 Proofs of the main results

Here, we give the proofs of the main results.

4.1 Exit-time and exit-location

Step 1. To prove the lower bound of Kramers’ law, consider the following inequality. For
any 6 > 0 and for fixed x > 0 small enough we have

P (7 <on{ 221 g < 13000

+P(T%<exp{@}7 sup \Xf—Yt”\gfi)

2H
tE[TZ (k)se o2 ]
—|—IP( sup \Xf—Yt"|>/<;).

28
tE[TF (k)se o? |

(4.1)

By the construction of the domain D¢ (see Remark 1.5), d(DS,9D) > k. Let us define
0, = H — H. Note that Hf —> H due to the continuiuty of the effective potential W,.

Therefore, we can choose « to be small enough such that §, < §. Then the following
inequality holds:

2(H — 6
P (5 <ew{ 220 wuplxr - vy <)

<p( > o (D) [ 0

2(HS +6,, — 0)
<P(|X7o(y —al >k)+ sup P (TC >exp{ = }) 0,
( T3 (%) | ) veBa(a) v\ ™D 2 o

where the convergence to 0 is due to Lemma 3.1 and Proposition 3.3, since 6, — J < 0.
The other probabilities in (4.1) converge to 0 by Corollaries 3.2 and 3.7.

Step 2. To prove the upper bound of Kramers’ law, consider the set D¢, (see Remark 1.5):
enlargement of D for small enough « > 0. Let > 0 be the positive constant defined in
Corollary 3.7. Without loss of generality, let us fix positive § < 7. Consider the following
inequalities.

P (T% > exp{ H+5 }) P(r3 < TS (k))
+
o2

+ IP(TD > CXp{ } sup | X7 - Y7 < /1)
2(H+8)
te[TZ (r)ie <2 ]

(4.2)

+IP( sup \X{’—Yf|>f<;).
2(H48)

te[T(r)ie o? ]

2(H+56)

If g > eXp{Q(HH)} and sup {|Xt‘7 Y7 te[Tg(k);e
2(H+6)
of time e o the process Y7 is still inside Df. Define 6, := H; — H, decrease « if

]} < k, then at the point
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necessary such that §, < §, and consider

sup (X7 =Y <k

2(H+6)
— 2

H
P |73 >exp{2( 02_6)}7

te[Tg (k)e

SIP(T%/;: >exp{2<H+5)}:exp{Q(H”_5”+6)})

o2 02

2(H, — 6, +9)
<P(|X%o(.,—al>k)+ sup P (TY;U > exp{ }) 0,
(‘ 3 (k) ‘ ) yEB.(a) Y Ds, 0'2 o—0

where the convergence to 0 holds due to Lemma 3.1 and Proposition 3.3. We finalise the
proof of Kramers’ type law by observing that, as in Step 1, all the others probabilities
in (4.2) also tend to 0 by Corollaries 3.2 and 3.7. That proves Kramers’ type law.

Step 3. Let us now show the exit-location result. Fix a set N C 9D such that Zlél]fv {Wa(z)—

Wa(a)} > H. Let us choose ¢ > 0 to be small enough such that { < ( 1é1]fv{Wa(z) -
z

Wa(a)} — H) /2. Let us define the sublevel set Ly, . := {z € R? : Wy (x) - Wa(a) < H+&}
(without loss of generality by L e We will denote the unique connected component
of the sublevel set that contains a). By geometric properties of the effective potential
(regularity and convergence at infinity for big |z|), Ly, +e satisfies the Assumptions A-4-A-
6. Thus, after the initial convergence of X7 to a and its law u? to d,, the Kramers’ type

law holds for the exit-time 77_ , that is, for any § > 0,
H+¢

. 2(H+E-5) 2(H+£+6)
lim P (o7 <rr <ot o) =0, (4.3)
o—0 H+¢

including for 6 = £/2. We could easily show geometrically that exiting D in the set N
means crossing the boundary Ly ¢ := 0L before leaving the domain D. Therefore,
we get the following inequality:

H+¢

P(X, € N) < P(rf < TS(r) + P(r]- < 73).

H+¢£

The first probability converges to 0 by Corollary 3.2. Let us look at the second
probability:

- o - 20H4¢/2) - o 2014€/2)
P(rf- <13)<P(mp>e - +P (7. <71Hp<e - — 0,
LH+§ LH+§ o—0

where th first probability tends to 0 by the Kramers’ type law (Step 2) and the second
probability tends to 0 by (4.3) if we take § = £/2.

4.2 Proof of Corollaries 2.3 and 2.4

We consider an unbounded domain D with finite exit-cost H > 0. Then, set L, e =
{z e R? : W,(z)— Wy(a) < H +&}. Let us assume without loss of generality that @ini €
Ly, ¢ (otherwise, the uniform in o convergence in finite time inside L, . can be easily
proven using LDP, similarly to Lemma 3.1).

Let us define D' := D() Ly, .. Immediately, D’ is bounded. Indeed, since W, () tends
to infinity as |z| goes to infinity, the level set Ly, , . is compact. The domain D’ is also
stable by —VW,, since both the domains D and L, . are stable by definition. Thus, the
domain D’ satisfies all the assumptions of Theorem 2.1 with the height of W, inside D’
being equal to H. Therefore, for any ¢ > 0 we have:

lim P (e%(Hfg) <7'(0) < ea%(HJrg)) =1

’
o—0
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were, 7/(0) is the first exit-time of X¢ from D’. Indeed, the exit-cost is H.
Note that, by construction of the domain D’, and by continuity of W,, for any £ > 0
we have
inf {Wa(z) — Wey(a) : 2 € CI(OD" \ D)} > H,

where Cl stands for closure. It means that the exit-location result of the main Theorem 2.1
holds for N = CI(0D’ \ D), namely

lim P (X:,((,) € Cl(oD\ ap)) =0.
That essentially means that

. / oy
;%IP(T (o) =73) =1,

which proves Corollary 2.3.

The second corollary can be proved the same way by choosing £ > 0 to be small
enough such that the set under consideration N C D lies entirely beyond the level set
Lyie

5 Proofs of the intermediate results

5.1 Stabilisation in finite time: Proof of Lemma 3.1 and Corollary 3.2

The proof is based on LDP ideas and the fact that, for small o, the process X7 is
attracted towards a. Fix some x > 0. By Assumption A-5, the path of the deterministic
solution to the following equation

d .

prilla =VV(v), withy = Zini, (5.1)
is contained in D, i.e. {y;,¢t > 0} C D, and tends to a. Let us decrease « > 0 to be small
enough such that the distance between the set (v, ¢ > 0) and 9D is strictly greater than
#/3. Let us define T'i;(x) as the first time when v; € B, /3(a). The following inclusion of
events takes place:

P (‘Xntm) - a‘ > 3> =P (‘Xit(n) T MTu(w)| = §) <P(X7€9),

where @ := {¢ € C ([0;T«(x)]) : [l¢ — 7llc = #/3}. By Proposition 1.7,

2

limsupg—logIP(XU €d) < —

ol 2 2 T (2 (52)

Note that, by definition of the rate function I, and by uniqueness of solution to equa-
tion (5.1), function v is its only minimizer such that Iit(m) (v) = 0. Since Ir is a
good rate function, its infima are achieved over closed sets. Note that v ¢ ®, thus
A= Iz () (¢) > 0. That proves the second result of the Lemma 3.1, since it guarantees
that there exists o, > 0 small enough such that for any 0 < o < 04:

24
o2

- 2K _
P (‘ fm — > 3) <e (5.3)

For the first statement, consider the following equality:

2 2
2 o . _ o _ o
W (Mﬁm"sa) =E ‘Xim - ‘1‘ =E DXT“(K) - a‘ Tixe 632;(&)}}

Tt (r)

2
+E U Ton) ~ a‘ ]l{X;stmgB?;(“)}] .
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Therefore, by Cauchy-Schwarz inequality, we can bound the difference between the two
measures by:

4k2 4 2K
2 o . o o
W (uit(ﬁ),éa) <5+ \/E‘Xit(ﬁ) —a’ \/]P (’XT“(K) —a’ >3 )

By Proposition 1.6, there exists M > 0 such that supy.,; sup;>¢ E|X{ — af> < M2
This estimate along with equation (5.3) gives us:

4 2
W2 (u%st(n);éa) < % + Me—A/7"

That expression can be bounded by x? if we choose o, > 0 to be small enough, which
proves Lemma 3.1.
Corollary 3.2 can be also easily proven by choosing « such that

inf inf | |> 2
inf in -z > =.
t>02€0D i 3

In this case, the following estimate holds:

o
M

— 0.
o—0

P (13 <Tx(k) <P(X ¢ @) <e -

5.2 The coupling estimate: Proof of Proposition 3.4

In this section we prove Proposition 3.4. The idea of the proof is based on the fact
that, since the processes X? and Y? are coupled by the same Brownian motion and
by the properties of convex sets, whenever both X and Y belong to the set B,(a)
(Definition 1.2), the distance between them decreases a.s. (we show this in Lemma 5.1).
At the same time, whenever the two processes belong to the region D \ B,(a), their
maximum scatter can be controlled in terms of the time spent inside D\ B,(a) (Lemma 5.2
below). The proof is finished by observing that, before exiting D, the processes X°
and Y7 spend inside B,(a) long enough time comparing to the total time spent inside
D\ B,(a), that the attracting effect surpasses the scattering one.

Before proving the proposition rigorously, let us present the following notions. Let
us decrease without loss of generality x > 0 to be smaller than p/4. Let us also fix
some enlargement of the domain D of some radius R > 0: D§, (see Remark 1.5 for the
definition). Decrease &, if necessary, so that x < R/2. Consider the following sequence
of stopping times:

01 :=inf{t > T3(k): Y ¢ B,/2(a)},
Ty i= inf{t > 0,, : Y7 € B,/4(a) UODR}, (5.4)
Omy1 = inf{t > 7, : Y7 & B,s(a)}.

We also define the following stopping times that will allow us to study the behaviour

of 0;, 7; for different i using the strong Markov property of diffusion Y?. For any y € R?

consider:
0o :=inf{t > 0: Y7 ¢ B,5(a)},

. o (5.5)
10 :=1inf{t > 0:Y”? € B,/4(a) UOD}}.
Consider the following
Lemma 5.1. Define for some K > 0 the following family of mappings @7 : « — xe KT +

0, (1) for any T > 0, where o,(1) — 0. Then, under Assumptions A-1-A-6, there exists
K—

a constant K > 0 such that for any « < p/4, for any m > 1, and for any x > 0 small
enough:

P ( [ sup ‘Xta - Y;‘,U‘ > PO i1 —Tim (Oz),A) =0,
te

7’m§9m+1]
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where A := {0,411 < S;‘t(/i),suptg,rm | X7 =Y <a}

Proof. Let us define random time 7 := inf{t > 7,,, : X7 ¢ B,(a)} - first time when X7
leaves the convexity area B,(a). Obviously, for almost every w € A, we have 7 > 0.

Step 1. Let us define £(t) := | X7 — Y?|?. The way functions X and Y are coupled
provides us with the fact that ¢ is differentiable in the usual sense. Its derivative is equal

to:
§(t) = —2(X7 = Y75 VWL (X7) — VIV, (YY)

— (X7~ Y7 VE % uf (X7) — VE % 6,(X7).
Since in this lemma we consider only outcomes such that Wy(u7;d,) < x and [ X7 —
Y7 | < a,ie. w € A, after integrating over the time interval [7,,; 6,,,41 A 7| and applying

Assumption A-3 (see also Definition 1.2), we get the following estimate. For any ¢ > 0
and for P-a.e. w € AN{t € [Trn; Oms1 AT}

t
&) < X7, — Y —2 / (X7 — Y5 VWA(XT) — VW, (Y7)) ds

Tm

t
+2/ X7 — YO||VF # pS(X7) — VF % 6,(X7)| ds (5.6)

m

t t
<a? 20w [ &(s) ds+2/ \/g(s)’VF*M‘S’(X;’)—VF*(SG(X;T) ds.

Tm

Since the term ‘VF *u?(X7)—VFx Ja(Xg)’ is hard to analyse, we study it separately.
Step 2. Consider the following inequality. By Assumption (F - 4) of A-2, we can express:

o

<c / 2 —al (14 XS — 27 4 X7 — o) (d2)
R4

VF(X? —2) - VF(X? —a)|u?(dz)

< C//d ‘Z B a|(1 + 92r—1 |X;r‘2?”*1 + 22r72‘z|2r71 + 22T72|a\2“1)u‘;(dz).
R

In the following, we will denote by C the generic constant that may depend on r, p
and other parameters defined in assumptions. The bound thus takes the form:

C [ 1= al(C+ CIXTF™ 4 o+ ol (a)
Rd

sc\/ / |z—a|2uz<dz>\/c+cXg|4r‘2+|a|4r—2+ / 24242 (ds)
R4 Rd

Since we only consider w € AN {t € [Tn;0ms1 A T]}, X7 belongs to B,(a) and is
thus bounded by a constant. Moreover, Wy(ug;da) < £ and [Yy7| < sup,cope |2 —
by the definition of the set A. At the same time, by Proposition 1.6, we know that
[ |z*"=2dpg < M for any time ¢ > 0 and for any 0 < o < 1. Therefore, for any ¢ > 0 and
for any w € AN {t € [7n;0m+1 A T} we have

o

Step 3. Let us come back to equation (5.6). Given the calculations in Step 2, the final
bound takes the following form:

VF(X? —2) - VF(X? —a)

pg (dz) < Ck.

£(t) < a? — 20w /t &(s)ds+ QKC/t\/f(s) ds.
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It means that, if we introduce the deterministic function ¢ that is the unique solution
of equation

Y(u) = a® — 20w /Ou P(s)ds + 2kC /ou V(s)ds,

then &, 4., < %, for any positive u < ¢t and for P-a.e. pointw € AN {t € [1,;0m+1 A T}
Ifa> C’:V , we can solve this equation explicitly and get:

2C
_ _ C —2Cwu C
P(u) = (a 5C /{) e + 50 (5.7)

Otherwise, we can simply bound #(u) by

C
Y(u) < i K2, (5.8)

since ¢’ (u) < 0 whenever ¢ (u) > Cx?/(4C3%,). Thus, ¢ can be expressed in the form:

Vi(u) < ae 29" 4o, (1),

In particular, it means that if there is some random time S defined for w € A and such
that for P-a.e. w € A we have 7,,, < S < 0,41 AT, then:

£(S) < ae 2 WS 4o, (1)

for P-a.e. w € A.

Step 4. To finalise the proof, let us show that for P-a.e. w € A, we have 7 > 0,,,41.
Indeed, if it is not true, then there exists a set B C A with P(B) > 0, such that for any
we B, X7 ¢ By(a), but Y7 € B, /5(a). Yet, by derivations of Step 3, for P-a.e. w € A:

C
X7 -Y7| < s ——K | .
| X5 —Y7| < max (a, 2CWK)

Therefore, without loss of generality, we can choose x > 0 to be small enough to get the
contradiction. That proves the lemma. O

For control outside of the set B,(a) consider the following lemma.

Lemma 5.2. Define for some constant L > 0 and for any T > 0 the following mapping:
Y T zeLT. Then, under Assumptions A-1-A-6, there exists a constant [ > 0 such
that for o < p/4, for any m > 1, and for any « > 0 small enough:

P ( sSup ng - Yrtﬂ > meGm(a)aA> =0,

tE[0m;Tm]
where A := {7, < Sg/(k), sup,<y, |X7 —Y7| < a}

Proof. As in the proof of Lemma 5.1, we first introduce £(t) = | X7 — Y,|? and then
differentiate this function with respect to time. The difference is that now we can not
use convexity properties of the set B,(a). Moreover, we will not be able to provide a
good upper bound for | X7 |, since Y7 and X? drift apart from each other.

Step 1. The following inequality holds for P-a.e. w € A A {t € [0,n; Tn] }:

t
£(t) < X5, ~YE P -2 /9 (X7~ Y2 VV(XT) - VV(Y7)) ds

t
2 [ (X7 - YTIVP (XD - VE(YY - ) ds.
Om
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Using Cauchy-Schwarz inequality, we can obtain the following bound:
t
() <at 2 [ VEGH TV - vV ds
Om

t
—1—2/ VE(S) [VF# pl(XI) = VE(YS —a)|ds = a® + 1) + L.
(2

Let us consider I; and I, separately. In the following, C will denote a generic constant
that may depend on parameters defined in the assumptions.
Step 2. For the first expression I;, we use Assumption (V - 5) of A-1 and get:

t t
2 [ VEG) [VV(X7) = VYD) ds < C o)L+ X7 e ) ds.
Om Om

By adding and subtracting Y7 in the expression above, we can upper bound it by

2r—
P

c/{}:g(s) (c+c5(s) g |Y;’|2H)ds.

Moreover, since we consider only those w for which ¢ < 7,,, Y7 belongs to D%, which is a
bounded set. Therefore, the upper bound takes the final form:

L<c /et £(s) (c +E(s) ’) ds. (5.9)

Step 3. For the second expression I, let us use assumption (F - 4) of A-2 and get:
t
I < C/ ¢£(s>/ X7 =2 =Y +a|(1+ (X7 = 2" + V7 — a7 )pg(dz) ds
O R
t
<c [ [ €@ IXT - 1Yy -l T g ds
O JRE

t
€ [ [ VEBe =l X7 T Y2 =0l () ds.
O JRA

Let us denote the two expressions above as A; and A,. For A;, we add and subtract
Y7 inside | X7 — 2/*"~! and get:

27

t
mrzc [ [ ) (0 Cele) 5 eyt P ) () ds.
Om JRA

As was pointed out above, since ¢ € [0,,; 7], |YY — al is bounded for P-a.e. w € AA{t €
[0m; Tm|}. Moreover, by Proposition 1.6, there exists M > 0 such that [ |z|*"~'du? < M.
Thus:

A gc/gt £(s) (c+§(s)”51)ds.

Similarly, for As:

t
Mzc [ [ VEDL-al (el T+ CIYIP 4 P o) g (de) ds.
0 JRE

By Cauchy-Schwarz inequality and since both [, [2[du? and [g, |z|*"~?dug are bounded
by a constant, we get:

Ay < C/e NGONCET O
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which gives the following bound for I:

e [ (e (e ™) + VERIVETERTT) an

Since for any a > 1 we have z® < \/z + 2**! and since \/z < 1 + x, we can roughly
bound I, by the following expression:

I < c/; (g(s)r+1 + \/5(7)) ds (5.10)

m

Step 4. From (5.9) and (5.10) we get that for P-a.e. w € AA{t € [On; 7] }:

) <o +cC /Gt (Cg(s)’“+1 + \/S(T)) ds.

m

Obviously, £(t) is bounded for respective w and ¢ by a function of the form:

vl =a? ¢ [ (Culs) 4 Vi) ds,

which in its term is bounded by the following expression. Note that for each period of
time when ¥ (u) < 1, it is simply bounded by a linear function:

Y(u) < o + Cu.

Otherwise, its upper bound take the form:

u
Y(u) < a® + c/ Y(s) tds,
0
which is a polynomial. By choosing the right constant L > 0, we can easily bound v by
’l/)(u) < a2€2Lu’

which proves the Lemma by using the same approach as in Steps 3 and 4 of the proof of
Lemma 5.1. O

The following lemma establishes the maximum number of excursions of the pro-
cess Y7 from B,(a). Let us define the height of the effective potential inside the
sets of the form B, /»(a) as Q° := inf.cs, ,a){Wa(2) — Wa(a)}. We remind that H :=
inf.cops, {Wa(2) — Wa(a)} is the height of the effective potential inside the set D%. Con-
sider the following lemma:

Lemma 5.3. Let N* := 2 [exp{ % (H} — Q° + k) }|. Let 7y+ be defined as in (5.4). Then,
for any x > 0 small enough:

1. ]P(TZ})/%: > TN*) E) 0.

2. There exists T} > 0 such that P(Fi < N*: 0, — 1,1 > T1) —— 0.

o—0

Proof. We separate the proof into 2 steps.

Step 1. Let us prove the first part of the lemma. Note, that if 7+ is less or equal then
exp{ % (H§ + %)}, then necessarily the number of intervals of the form [r;_1;6;] such
that 6; — 7,1 > exp{ % (Q° — %)} can not exceed N*/2 by definition of the latter. Based
on this observation and using Proposition 3.3, we have

P (7 > ) < P(TN* < < e%<H%+%>) P (ng > ea%(Hiﬁ%))
o o) N® (5.11)
SP(#{ZSN .91-77'1-,1<602 2 }>7)+00(1),
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where o, (1) is an infinitesimal with respect to o. Consider

P<#{i SN™ 0 -7 < 6722@67%)} > ﬁ)

2
k
z Y PN {r o@D}
N*—l (7,1 ,lk) j 1 (5-12)
* 2 cC_ K k
Z oN ( sup Py(ﬁo <exz(@ _5)>> ,
k:|—NQ*‘| yEBp/4(a)
where (i1, ... ,ix) stands for all possible choices of k¥ numbers i; < -+ < ij from the
set {1, ... ,N*}. Note that the number of such combinations can be roughly bounded

by 27", The last inequality in (5.12) we get due to the fact that Y is a strong Markov
process and 6, is defined in (5.5). By the exit-time result for diffusions of type Y7 (see
Proposition 3.3), for any x < p/4:

sup Py (0 < e @H) = 0,(1).
y€B,/4(a)

After adding this bound to equations (5.12) and (5.11), we get:

P(rpe > v+) < 2% 0, (1) ] 10,1

T or(1) = 00(1)

Step 2. For the second part of the lemma, we use [7, Lemma 5.7.19], that is the fact
that there exists 77 > 0 big enough such that
2

limsupa—log sup Py(ro>T)) < —(Hg —Q°+1). (5.13)
o—0 y€EB,/2(a)

Consider the following equations:

N
P(3i < N*:7—0; >T)) <Z]P i —0;>T)<N* sup P,(r0>T),
i=1 yeBp/2(a)

where the last inequality is due to the Markov property of the diffusion Y?. Finally,
by (5.13), we get:

]P(El'l, < N* - 9 > Tl) 2 (62(H?2*QC+H)/0'2 + 1) 6*2(H?—¢7QC+1)/02
— 0,
o—0
which proves the lemma if x is chosen to be small enough. O

Now we are ready to prove Proposition 3.4.

Proof of Proposition 3.4. Since, by Lemma 5.3, each time spent outside of B,/3(a) is
bounded by a constant 77 > 0 with high probability, we are interested in the composition

Oy, 0 dy(x) = xeET=KD o (1)elTr < eFT=KD 1 (1). (5.14)
Let us introduce the following mapping:

Uy (z) = wel T =K 1o, (1).
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Then the results of Lemmas 5.1 and 5.2 can be rewritten in the following form: for
any « > 0 small enough, for any m > 1 and for any a < k:

IP( sup |Xg - }/tg| > \IJQerl—Tm (a);
tE[Tm;Tm+1]

(5.15)
Tmt+1 < Sg(k), sup | X7 —Y7| < 04) =0.
t<Tm

Let us now come back to the statement of the proposition. Fix some 0 <n < H; — H.

Note that, if sup, | X7 — Y| > «, for t € [Tg(k); SG(K) A e722(H+’7)], then it should happen

for ¢ belonging to one of the periods of time of the form [r;_;;7;] that are before

S&(k) A e=z(H+1)  Moreover, since we know, by Lemma 5.3, that 7y~ happens after

S (k) Ae=? HEM) with high probability, the number of periods of the form [r;_1; 7%, during

which | X7 — Y,?| can surpass the level «, is bounded by N*. Given these observations,
consider the following line of equations:

P(sup{\xg—y;y e [T;;(n);s (k )/\exp{ (H+n)}” >a>

SIP(TN* < Sg(k )/\exp{ (H+77)}> +PEm <N*:7 — 0, >TY)
+IP(3k* <N*:  sup |X7—Y7|>aand (5.16)
tE[Thx —13Th*]
T < S_ft(n)/\exp{;(H—i—n)} Vim < N* : 7 — O < Tl,)
=11 + 1>+ I3.

For the first probability:
2
L <P (TN* < TDe ) +P (TDe < TN+ < eXp{ (H+77)}>

o 2
<P (TN* < T%/;R) +P(|X1gw) —al > k) + yes;lp(a)P (7‘1)e exp{JZ(H + 77)})

— 0,
o—0

by Lemmas 5.3, 3.1 and Proposition 3.3, and since H + n < H§. At the same time, by
Lemma 5.3, the second expression:

I, —— 0.
o—0

What is left is the third expression. Note that, by (5.15), I3 is bounded by:

> P(Wo,. g 00U p 0 _q(s) 00> k).
k*=1

We get that expression by observing that, if there exists £* such that inequality

sup | X7 =Y >k

tE[Thn s Thox 41]

holds, then, given that this difference is smaller than x for times smaller than 75+, we
can control this difference in terms of ¥y, _, _, by (5.15).
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Let us study the sum above. By definition of ¥, we have

o
> P(Vg gy, 0

o ---0\1192_7—1 O\IlelfTst(H) o0 > /‘i)
k*=1
k*—1 . k*
Z P> ol(l)expq » (LTy — K(0; — m5-1)) p +0f (1) >
k*=1 i=1 j=i

We can continue the calculations and get the following upper bound

E*

.
— 1
Z P sup  exp Z(LTl -K@O; —7-1)) p > r—ox ()
= \a<i<kee—1 — k*—1
= Jj=t
. L
<> P sup > (LT - K0 —75-1)) p > —log(k™ — 1)
] 1<i<ke -1 | 55

Note that, if there are more than (k* — ¢ 4+ 1)/2 intervals of the size (§; — 7,_1) >
exp{ W } then necessarily

k* . o
LTy —KO; —7i_1)) < (k* —i+1LTy — k=it 1)) 2@e

20 (0 — 1)) < ( ) 5

j=i

o

K 2@ —=
< (K —i+t 1)(LT1 - Eew >)

<k (LT1 _ geiﬂfi“)).

(@ —r)
Since k* > log(k* — 1) for any £* > 1 and since (LT1 - §e2 o2 ) is negative for small
enough o, we get

o

sup Z(LTl —K(0; —7j_1)) p < —log(k*
1<i<k*—1

j=i

-1,

which means that it is impossible to have more than (k* — i + 1)/2 intervals of the size
0; —Tj—1 > exp{@}. Therefore, we have:

E*

P LTy — K(8; —75-1)}) > —log(k" — 1
1;;@4{2( 1= K(0; — 75-1)}) > ~log(k* — 1)

j=i

SP(ViSk*—l:#{j:iSjgk*:Hj—Tj_lSexp{w}}

N k*—i+1>
=7

S z (g e ]

o2
’”*’“J (J1yeeesdn)
Since the number of combinations of the form (ji, ..., j,) can be roughly bounded by 2",
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we can deduce

| min_ i >oop <l_ﬁ1 {eﬂ Tj-1 <exp{2<Q;2_K)}}>
o=

n=| ESEL | (1,00nn)
»{*4}))

yE€B,/4(a)

K
< Z 2”( sup P
]

k 2+1J 14 00(1)L’TJ
- 1—o0,(1) ~’

by Proposition 3.3.
Combining inequalities above, we can come back to (5.16) and conclude that /5 also
tends to 0 with ¢ — 0, for each x > 0 small enough, which finalizes the proof. O

5.3 Control of Y?: Proof of Lemma 3.5

We can show, using large deviations techniques, that there exists a uniform upper
bound on the time of convergence of Y7 inside B,/4(a). Namely, for any » > 0 small
enough, there exists 7' > 0 such that

sup Py (YZ & B,/a(a)) — 0.
yeDs, oc—0

The construction of such a T can be found in [7, Proof of Lemma 5.7.19].
Therefore, for small enough o > 0, given only r and p, we can choose a continuous
function 6(c) such that o(o) — 0 and we have
o—

sup P (Y ¢ B,/4(a)) <o(o), (5.17)
yeDe

for all o > 0 small enough.
Moreover, by Proposition 3.3, we know that for any 6 > 0 we have ]P(TDe <

exp{m ) — 0. After fixing some positive » > 0 and choosing § to be small
enough such that H < Hf — 4§, we can define n > 0 as a small enough number such that
H +n < HS — . In the following, we can restrict ourselves only to those trajectories

that do not leave domain D;. before time eXp{ 2(H ) +’7) } < exp{m}. Define the event

A= {r5° > exp{@}}.

Consider the following inequalities. By Lemma 3.1 and the definition of Y7, for any
x> 0, we can introduce 0, (c), the modification of function o(¢) such that 5.17 still holds
and also we have

P(Y7s () & Bpjala), A) < 0x(0). (5.18)

At the same time, using the Markov property of diffusion Y, for small enough o > 0, we
have

(Y7, o7 & Bojala), 4)

< sup Py (YZ ¢ Bpala), A)P(Y7e () € Byala), A)
y€B, 4(a)

+ sup Py(YTor ¢ Bpa(a), A)IP(YT;(K) ¢ B,/a(a), A)
y€DE\B,/4(a)

< 0x(0) +05(0),
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by Equations (5.17) and (5.18), while ]P(Yj‘ff(ﬁ) S B,J/4(a),A) is bounded by 1. For the
next step consider:

IP(Y;;’ (k)+2T ¢ B,/a(a), A)

< sup Py(YTE ¢ B,,/4(a),A)IP(Y7‘f (o)1 T € B,/a(a), A)
y€B,/4(a)

+ sup Py (YF ¢ Bp/4(a),A)IP(YT"U(K)+T ¢ B,a(a), A)
y€DE\B,/4(a) *

< 0,(0) [1 +0x(0) +5i(0)} )

similarly to the previous computations. For any fixed x > 0 and ¢ > 0 small enough, we
can repeat this procedure N (o) := L% exp{ @ }J times, thus while A still holds. We
finally get the following upper bound:

N(o)

sup P(Y.?, =& B,(a),A) <o.(c ol(0) < —
2 PO g ¢ Bya@:A) S3:(0) 3 5100) < 12570

0y (0)

(5.19)

This allows us to confine with high probability Y for points of time of the form T (k) +nT
inside the ball B,/4(a).

The last steps that one has to make in order to prove the lemma is, first, to control
the probability P(Y ¢ B,/>(a)) in between points of time of the form T (x) + kT and
TJ(k)+ (k+1)T and, second, remove event A. Note that

sup P(Y,? ¢ B, /3(a)) < P(A) + sup P(Y,” ¢ B, /2(a), 4),

where the suprema are taken with respect to t € {Ts{(n);exp{@}}. The first
probability tends to zero by Lemma 3.1 and Proposition 3.3, since

— 2(HE — 0
P(A) < P(|XF¢(s) —al > k) + sup P, <Tgf < exp{ ( o )}> 0.
st YEB,. (a) s g o—0
For the second probability, consider the following inequalities for any « > 0 and for
any o > 0 small enough. Using the Markov property of Y7, we have

sup P(YS ¢ B,s(a), A) < 21}1[1() )IP(YTZ?(N)JrnT € B,/4(a), A)

< swp supPy(VF ¢ Byala), A)
y€B,/4(a) t<T

+ sup P YO'U _¢B a ’A
n<N(o) (Tst(n)+nT¢ p/4() )

x sup sup P, (Y ¢ Bp/g(a),A).
y€Ds t<T

Let us use (5.19) and bound by 1 the probabilities that are not needed for our
derivations. Finally, we get for any x > 0 and ¢ > 0 small enough:

Ox (o
supP(Yy” ¢ B,a(a), A) < sup supP, (Y & B,/a(a)) + 14
t yEB, 4(a) t<T —0x(0)

Note that {Y;” ¢ B,/2(a)} C {Tg’;(a) < t}. Therefore, we have
P

sup supP, (Y ¢ B,/2(a)) < sup Py(Tg’[f?(G) <T)——0,
VEB,a(a) t<T vEB,/4(a) o 70
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by Proposition 3.3. This finally shows that we can find > 0 such that for any « > 0
small enough, we have

sup P(Y ¢ B,/2(a)) — 0,

v [T (w)sexp{ 24 ] 70
which proves the lemma.

5.4 Control of the law: Proof of Lemma 3.6

In this paragraph, we prove Lemma 3.6. In order to do that, we first provide and
prove Lemma 5.4 below, that is a modification of a technique introduced by ]J. Tugaut
in [25]. Let £(t) := W3 (uy; d,). Consider the following lemma:

Lemma 5.4. Under Assumptions A-1-A-6, there exist Ky, K5 > 0 such that for any t > 0:

() < —Ki&(t) + do® + Ko /P(X7 ¢ B,(a)).

Proof. The proof is similar to the one of [25, Lemma 4.1] although it is strongly different.
Step 1. First of all, by It6’s formula, we have

t t
X7 —al?> = |Xo —a|* + 20/ (X% —a;dB,) — 2/ (X7 —a;VV(X7))ds
0 0
t
- 2/ (X7 —a; VF % p2 (X)) ds + do’t.
0

For the next step, we take the expectation and derivative with respect to t. We get:
¢ (t) = do® —2E[(X7 — a; VV(X7) + VF * uf (X7))] .-

Step 2. Let us introduce F € C?(R?) - a modification of the function F such that F
is “convex enough” around 0. Namely, if V2F(0) = C7W1d, where Cyy is the positive
constant from Definition 1.2, then we simply let F=F.If not, we introduce a matrix
M = —V?F(0) + %*1d and define F(z) := F(z) + 3 (x; Mxz).

In the following, without loss of generality, we consider the case V2F(0) < CTWId.
Moreover, without loss of generality, we assume that F' is locally convex inside the
ball B,(0), where p is the radius of convexity of the effective potential introduced in
Definition 1.2. Indeed, since V2F is continuous, we can always choose p in Definition 1.2
to be small enough such that V2F(z) — V2F(0) = —<1d for any « € B,(0). Note, that,
under these assumptions, M is a positive definite matrix.

Step 3. By definition of F, we have:

E[(X7 —a; VF # uf (X7 )] = E[(X] — a; VF * u (X7))] = E(X] — a; M(X7 — E[X7]))]
= E[(X7 —a; VE * 4] (X7))] = BIX] — a; M(XT — a))]
— E[(X7 — a; M(a — E[X7]))].

Let Y,” be an independent copy of X/. Since M is positive definite, this gives us the
following lower bound:

E[(X7 —a; VF « 4 (X7))] > E [(X7 - a; VA(X? - ¥7)]
—E[(X7 — a; M(X] - a)))-

(5.20)

Step 4. We now focus on the first term of the inequality above and. Let us consider
separately the parts of the process X lying outside and inside the ball B,/>(a). Using
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the polynomial growth (Assumption A-2), for some generic constant C, we get:
E[(X7 - VE(X7 = Y7)| 2 B [(X7 — 6 VE(X] = Y dxzen, alvees, s
—CE {(1 + ‘Xta-|2T)Ile¢Bp/2(a):| -

Since I is convex inside B,(0) and the moments are uniformly bounded (Proposi-
tion 1.6), by using the Cauchy-Schwarz inequality, for any 0 < ¢ < 1, we immediately
obtain the existence of a positive constant K > 0 such that:

E[(X7 —a; VE(X? - ¥7)| > —K\/P (X7 ¢ B,a(a).
We plug this inequality in Equation 5.20 and get:
E[(X] — a; VF * uf (X7))] =2 ~E[(X{ — a; M(XT — a))]
~ K\[P (X7 ¢ B,s(a).

Step 5. We now focus on the term involving VV. According to Definition 1.2, for any
x € B,(a), we have:

(5.21)

V2V (z) = Cwld — V*F(z — a).
At the same time, by the definition of M:

V2F(0) = —M + CTWId.

Since V2F is continuous, we can, without loss of generality, decrease p if necessary so
that —V2F(z) = —V2F(0) — 9¥1d for any « € B,(0). Therefore, for any = € B,(a), we
have:

V2V (z) = %ﬁd + M.

Using the same logic as in Step 4, we get:
E[(X7 — a; VV(X7))]
= E[(X7 —a; VV(X?)xseB, 2] + B(XT —a; VV(XT ) xr ¢, ) (a)]

>E {(Xf _a; (CZVId n M) (X7 — a))} — K\[P (X7 ¢ Byja(a)) . (5.22)

Final step. As a consequence, putting 5.21 and 5.22 in the Step 1, we get:

Cw
§(t) < do® — SVE(t) + 2K P (X7 ¢ Byjala)
which concludes the proof. O
Now we are ready to prove Lemma 3.6 itself.

proof of Lemma 3.6. In order to prove the lemma, we first use Lemma 5.4, that is

inequality:
€' (t) < =2p"&(t) + do? + K\ /P(X] ¢ B,(a)).

After that, we use Lemma 3.5 along with Proposition 3.4 in order to show that the term
P(X7 ¢ B,(a)) tends to 0 with o — 0 for any T (k) <t < 5% (k) A exp{@}, which,

in its term, means that we can choose o to be small enough such that £(t) < k? for all
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o

such ¢. Final step is to show that SZ(x) can not be less or equal than exp{Q(Hij")} or
else we get contradiction between the fact that £(S5(x)) < % and definition of Sg (k).
Consider the following inequalities. For any T (k) <t < SZ(k) A eXp{ @ }:

P(X7 ¢ By(a)) < P(YY & Bya(a)) + (Y — X7| > p/2) = 05(1),

by Lemma 3.5 and Proposition 3.4. Thus, by Lemma 5.4, £(t) = W3(j;6,) is bounded
for any ¢ considered above in the following way:

g'(t) < =2p/€(t) + do® + Koo (1).

Therefore, we can decrease x and then ¢ to be small enough such that £(¢) < 2 for any
TS (k) < t < S5(k) Aexp{ 21},

The last step is to note that if SG(k) < exp{Q(Hij”)}, then we get a contradiction

ag

between the definition of SJ (k) and the fact that £(S5(x)) < x2, which proves the lemma.
O

6 Discussions on extension

In this section, we provide some possible extensions to our results.

6.1 Non-identity matrix as the diffusion coefficient

In this work, we have simplified the study by assuming that the diffusion coefficient
takes the form oId. However, for certain algorithmic applications such as molecular
dynamics, it could be beneficial to consider scenarios where the diffusion coefficient is
not directly proportional to the identity matrix, as discussed for example in [6].

To make further progress, it would be a significant improvement to include the
scenario where the diffusion coefficient is given by ¢ M, with M being a non-degenerate
matrix. This particular situation has been studied in, for instance, [8, 9, 18].

The techniques developed in the present work can be readily adapted for this non-
identity diffusion coefficient case.

However, a more challenging extension would involve considering cases where M is
degenerate. This would allow us to address the Langevin kinetic diffusion, where both
position and velocity play crucial roles. Combining techniques we have developed with
those from [6], we firmly believe that we can obtain valuable insights into the asymptotic
behaviour of the first exit-time.

6.2 Initial random variable

Another possible extension is related to the initial random variable. In the current
work, we establish the asymptotic behaviour of the exit-time for Xy := zin;; € RY.
However, for studying the basins of attraction, as was done in [28], it is crucial to
consider scenarios where uf := £(X{) is not necessarily a Dirac measure. Specifically,
we may be interested in cases where uf := jp, with the measure p being compactly
supported in D.

In this situation, we need to make a slight modification to Assumptions A-5. Instead of
considering v/ (t) = —VV(7:), we would need to consider the partial differential equation:

D4 = div (4(VV + VE ),

with p8 = uo. This corresponds to the granular media equation with zero noise. The
associated dynamical system that approximates the diffusion X° on [0; 7] (with 7' > 0)
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due to the large deviations principle is thus given by:

¢ ¢
Pt (Tinit) = Tinie — / VV (ps(init)) ds — / VE # 112(ps(Tinis)) ds
0 0

for any zinix € supp(po). In this case, Assumptions A-5 would be: for any xj,;; € DN
supp(uo) and for any ¢ > 0, we have p;(xinit) € D.

The techniques developed in the present work can be seamlessly adapted to handle
this situation.

6.3 Reflexion on the boundary

In this work, the diffusion process takes place in the entire phase space R?. However,
we can consider a subspace of R? instead. This could be achieved by introducing a
reflection on certain boundaries, as it was done, for example, in [22]. Such an extension
would be a significant improvement compared to [1], where the uniform convexity of
both confinement and interaction potentials was assumed.

In the mentioned article, the domain G in which the diffusion takes place satis-
fies d(@; ag) > 0, which simplifies the study. We believe that techniques we have
developed could treat this case. However, considering scenarios where D N G° # ()
is more challenging. This could require extending the large deviation techniques for
processes with reflection, something that is not done yet even for linear case.

6.4 More accurate estimates

In this paper, our focus has been on establishing the Kramers’ law, that is a limit in
probability of "; log(73) as o approaches 0, as well as the exit-location result. However,
in [15], the authors have obtained a more precise estimate, which could be of interest
in our context. For example, the so-called Arrhenius law was established, i.e. the

convergence of
2

7 logE(r3) — H > 0.
2 o—0

Unfortunately, since we do not provide the control of the law of the process after the
exit-time, we could not use the standard method to show the Arrhenius law in the current
work.

Additionally, it is well-known, as discussed in [19], that the first exit-time 77, for a
linear (It6) diffusion satisfies the following limit:

L
Efrg] oo ¢\

where the convergence is meant in law, and £(1) is the exponential law with a parameter
equal to 1. The same behaviour for self-stabilizing diffusions is not established yet even
in the case where both V and F' are convex.

In [3, 4], A. Bovier, M. Eckhoff, V. Gayrard, and M. Klein studied the exit-time
problem for linear reversible diffusion process using potential theory approach. Using
these techniques, the authors could not only establish the Arrhenius law for multi-well
potential in R¢, but also prefactor of the convergence. Namely, the following equality
was established:

E[rg] = C*e* (14 O(o|log(o)]),

where the constant C* > 0 depends on the derivatives of the potential V' at the point of
attraction a as well as the saddle points surrounding the well under consideration. For
the explicit form of the prefactor see [3].
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Similar methods could be also used for the self-stabilizing diffusion. However, that
would imply studying the associated PDE for the law of the process:

a o 0.2 (o2 : (on (o
Feht = 5 A+ div (u (VV + VE* i),

which is considered to be a hard problem due to its non-linearity. These questions could
be the focus of future studies.

6.5 Non-reversible case

In this work, we have focused on the case where both the confinement and the
interaction terms are gradients of some potentials. However, it would be valuable to
consider non-reversible situations of the form:

t t
Xt:X0+aMBt+/ a(Xs)der/ b p?(X,)ds,
0 0

where a and b are general vector fields on R?. It is worth noting that in previous
works such as [6, 15, 24], the authors have successfully addressed this problem, but in
the contractive (convex confinement and interaction) case.

The techniques developed in this paper can readily be adapted to handle the non-
reversible case. However, the exit-cost is not explicit in this situation, which is why we
have described the reversible case here.

6.6 More general McKean-Vlasov diffusions

A broader class of nonlinear diffusion processes can be considered. For example:
dX; =0dB; — VV(X;)dt — b(Xy, pf) dt,

where the nonlinear drift b takes the form
b(w, p) := / B(z,y)u(dy).
Rd

Here, the function B is required to be regular and maps from R? x R? to R?. Such a
generalization would have significant implications for theoretical purposes (as shown
in [14]) as well as applications (see e.g. [13]). We firmly believe that the techniques
developed in this work can be adapted to handle a wide range of situations within this
framework.

For algorithmic applications, it would be also interesting to include jumps in the
process, as discussed in [11, 12]. This could be a subject of future studies.

6.7 Extension on the domain D and metastability

An important yet challenging extension concerns the domain D itself. In this work,
we have confined our study to cases where D is stable under the effective potential
W,. However, the most interesting scenario arises when the saddle point lies on the
boundary of D.

Moreover, it would be interesting to establish some metastable properties of X7, that
is considering ¢(o) as a function of ¢ and investigating X{‘(J) in metastable confinement
as it was done in [10]. Complexity of this problem in the case of SSD is that the drift
itself (the effective potential) may change after the transition of the process from one
metastable state to another. These questions could be the focus of future studies.
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6.8 System of particles

For algorithmic applications, it is essential to consider the associated system of
particles described by Equation (2.3). In this system, the measure p;* is replaced by
LY =g Z;V:I 5xg-

In [23], J. Tugaut has obtained the exit-time of the McKean-Vlasov diffusion from
the system of particles in the convex case. Consequently, it appears feasible to do the
opposite and establish the exit-time of the system of particles based on the exit-time of
the McKean-Vlasov diffusion. Similar techniques like a trajectorial uniform propagation
of chaos (see for example [2, 5, 21]) can be used. However, in [23], convexity was
essential for controlling the law, which is now also available in the general situation due
to the current work.
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