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Abstract
The paper deals with the fast-slow motions setups in the continuous time %Et(t) =
Lo(X(t)&(t/e?) + b(X°(t)), t € [0,T] and the discrete time Xy((n + 1)/N) =
Xn(n/N) + N~Y26(Xn(n/N))E(n) + N7'0(Xn(n/N)), n = 0,1,...,[TN] where o
and b are smooth matrix and vector functions, respectively, £ is a centered stationary
vector stochastic process and ¢,1/N are small parameters. We derive, first, esti-
mates in the strong invariance principles for sums S (t) = N™"? 35, _ v, €(k) and
iterated sums $% (t) = N ! 2o<n<i<(ni §i(k)E; (1) together with the corresponding
results for integrals in the continuous time case which, in fact, yields almost sure
invariance principles for iterated sums and integrals of any order and, moreover,
implies laws of iterated logarithm for these objects. Then, relying on the rough paths
theory, we obtain strong almost sure approximations of processes X° and Xn by
corresponding diffusion processes =° and =y, respectively. Previous results for the
above setup dealt either with weak or moment diffusion approximations and not with
almost sure approximation which is the new and natural generalization of well known
works on strong invariance principles for sums of weakly dependent random variables.
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1 Introduction

The study of the asymptotic behavior as ¢ — 0 of solutions X¢ of systems of ordinary
differential equations having the form

dXe(t 1
PO _ Lp(x(0)€0/%) + 06X (1), €0/, 1€ 0.7] eRY
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Diffusion approximation

has already more than a half century history. Here B(-,£(s)) and b(-,£(s)) are (random)
smooth vector fields on R and ¢ is a stationary process which is viewed as a fast motion
while X°¢ is considered as a slow motion. Assuming that

EB(z,£(0)) = 0 (1.2)

for all z it was shown in a series of papers [30], [43] and [6] that X*® converges weakly
as ¢ — 0 to a diffusion process provided ¢ is sufficiently fast mixing with respect to
o-algebras generated by ¢ itself. The latter condition is quite restrictive when ¢ is
generated by a dynamical system, i.e. when £(¢) = g o F* where g is a vector function
and F* is a flow (continuous time dynamical system) preserving certain measure which
makes £ a stationary process. In order to derive weak convergence of X*¢ to a diffusion
for ¢ built by a sufficiently large class of observables g and dynamical systems other
approaches were developed recently based mainly on the rough paths theory (see
e.g. [33, 34, 1, 14, 13, 20]). All above mentioned results can be obtained both in
the continuous time setup (1.1) and in the discrete time setup given by the following
recurrence relation

Xe((n+1)e%) = X°(ne?) + eB(X°(ne?), £(n)) + £2b(X°(ne?), £(n)) (1.3)

where 0 < n < [T'/€?] and £(n), n > 0 is a stationary sequence of random vectors. We
will study (1.3) for Xy = XYVYN as N — co. The above results can be viewed as a
substantial generalization of the functional central limit theorem since when B(z, {) does
not depend on z and b = 0 the process X¢ weakly converges to the Brownian motion
(with a covariance matrix).

Motivated by strong invariance principle results for sums (see, for instance, [9], [36],
[17] and more recent [41] and [27]) the second author obtained in [31] and [32] certain
results on strong LP diffusion approximations of solutions of (1.1) and (1.3) under the
condition (1.2). In this paper we are interested in strong diffusion approximation results
in a more traditional form saying that X¢ (or X ) can be redefined on a richer probability
space where there exists a diffusion process Z° (or Zy) such that e~ supy, <7 | X°(t) —
Z4(t)| (or N° maxo<n<7n |Xn(n/N) — Ex(n/N)|) remains bounded almost surely (a.s.)
foralle > 0 (or N > 1) where § > 0 does not depend on ¢ or N. All papers on almost sure
approximations (strong invariance principles) dealt before with sums (or integrals in
time) of random variables (or vectors), and so the limiting process was always a Brownian
motion while almost sure diffusion approximation results do not seem to appear before
in the literature. These results do not follow from [31] and [32] and, on the other hand,
our methods do not yield moment estimates from these papers.

Our methods rely on the rough paths theory [39], as exposed in [24, 22], and in
order to adapt the equations (1.1) and (1.3) to this setup we consider (as in [33, 14],
but see Remark 2.7) a more restricted situation assuming B(z,£(-)) = o(x){(-) where
&(k), k > 0 is a ¢-mixing sequence of random vectors, o(z) is a smooth matrix function
and b(z,£(+)) = b(z) does not depend on the second variable. We obtain, first, strong
invariance principles for sums Sy (t) = N~1/2 > o<k<(ny §(k) and iterated sums S%(t) =
N7 Y ockal <y &i(K)&;(1) in p-variation rough path sense, which is a stronger result
than the standard strong invariance principle, and then, relying on a quantitative form of
the local Lipschitz property of the It6-Lyons map for cadlag rough differential equations
[25], in conjunction with a law of iterated logarithm type growth control for Brownian
rough paths, we obtain our estimates for strong diffusion approximations of processes
X¢ and Xy. This is in contrast to [33, 14] and subsequent works which “only” rely on
continuity of the It6-Lyons map. Similar results will be derived here in the continuous
time setup (1.1) with B(x,&(-)) = o(x)&(-) where £(¢), t > 0 is a vector stochastic process
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constructed by a suspension procedure over a ¢-mixing discrete time process. Again, we

-2
obtain first strong invariance principles for integrals ¢ fot S (s)ds and iterated integrals

2 otaiz &(s)ds [, & (u)du and then rely on the rough paths machinery.

In fact, rough paths theory yields an extension to almost sure invariance principles
for iterated sums and integrals from second to any order and as a byproduct of these
results for weakly dependent random vectors we obtain for these objects corresponding
laws of iterated logarithm. Almost sure diffusion approximations, strong invariance
principles for iterated sums and laws of iterated logarithms for them never appeared
before in the literature. We also note the current interest of iterated integrals and their
discrete counterparts from a data science / time-series perspective [5, 21, 16].

The structure of this paper is as follows. In the next section we describe our precise
setup and main results. In Sections 3 and 4 we prove the strong invariance principles in
appropriate variational norms for sums and iterated sums, respectively. In Section 5 we
obtain the strong invariance principles in the continuous time setup for integrals and
iterated integrals. In Section 6 we provide a brief introduction to rough paths theory
and show how together with the above strong invariance principles it yields our strong
diffusion approximations results. In Section 7 we obtain extensions to strong invariance
principles for iterated sums and integrals of any order which yields also laws of iterated
logarithm for these objects.

3

2 Preliminaries and main results

2.1 Discrete time case

We start with the discrete time setup which consists of a complete probability space
(Q, F, P), a stationary sequence of e-dimensional random vectors £(n), —oco < n < oo and
a two parameter family of countably generated o-algebras F,, ,, C F, —co <m <n < 00
such that F,,,, C Fpyy C Fif m' < m < n < n’ where F oo = Un:n>mFmn and
F_oon = Um:m<nFmn. We will measure the dependence between o-algebras G and H by
the ¢-coefficient defined by

$(G,H) = sup{| "S53 — P(A)|: P() #0,T € G, A e H} (2.1)
= 1sup{||E(9|G) — Eg|| : g is H-measurable and ||g||c = 1}

(see [8]) where || - || is the L*°-norm. For each n > 0 we set also
d)(n) = sup gb(ffoo,m;fmjtn,oo)« (22)

If $(n) — 0 as n — oo then the probability measure P is called ¢-mixing with respect to
the family {F,,,}. Unlike [31], in order to ensure more applicability of our results to
dynamical systems, we do not assume that £(n) is F,,,-measurable and instead we will
work with the approximation coefficient

p(n) = Slnllp 1€(m) — E(§(m)|Fm—nmtn)lloo- (2.3)

To save notations we will still write F,,,, ¢(n) and p(n) for Fi,, i, ¢([n]) and p([n]),
respectively, if m and n are not integers, where [-] denotes the integral part.
We will deal with the recurrence relation

X +1/N) = Xn(/N) + o (X (n/N))e(m) + HXn (/) 24)

and this definition is extended to all ¢ € [0,T] by setting Xx(¢) = Xy (n/N) whenever
n/N <t < (n+1)/N. We will assume that

E£(0) =0 (2.5)
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and that o is a d x e matrix function and b is a d-dimensional vector function both defined
on R?. To avoid excessive technicalities these coefficients and the process ¢ are supposed
to satisfy the following uniform bounds

lolles, [blles < L (2.6)
and
1€(0) o0 < L 2.7)
for some L > 1, where || - ||¢s is a matrix or a vector function C® norm and || - || is the
L norm.

Introduce the e x e matrix ¢ = (5;;) where

= Jim - Z ng —m), and g;(n — m) = E(&(m)&(n)) (2.8)
m=0n=0

taking into account that the limit above will exist under conditions of our theorem below
(see (4.6)-(4.7) in Section 4 below). Define also

00;; R ,
Z Z & %Ukl(a?), i=1,..,d (2.9)
J,l=1k=1
where
G = Jim *Z Z Gin —m) = > B(&(0)&(n)) (2.10)
n=0m=—k n=1

and the latter limit exists under our conditions (which follows from (4.6)-(4.7) below).
Let = be the unique solution of the stochastic differential equation

d=(t) = o(E(1))dW (t) + (b(E(t)) + c(E(t)))dt (2.11)

where W is the e-dimensional Brownian motion with the covariance matrix ¢ (at the time
1). In what follows we will write A(u) = O(a(u)) a.s. for a family of random variables
A(u), u € U C R and a nonrandom sequence a(u), u € U C R if A(u)/a(u) is bounded
for all u € U by an almost surely finite random variable.

Theorem 2.1. Suppose that Xy is defined by (2.4), (2.5)-(2.7) hold true and assume
that

sgp0 n*(p(n) + p(n)) < co. (2.12)
Then the stationary sequence of random vectors {(n), —oco < n < co can be redefined
preserving its distributions on a sufficiently rich probability space which contains also a
e-dimensional Brownian motion VV with the covariance matn'x ¢ (at the time 1) so that

for each T > 0 and Zy solving (2.11) with W (t) = Wx(t) = N"'/2W(Nt), 0 <t < T,
sup |Xn(t) —En(t)|=O(N"°) as. forall N >1 (2.13)
0<t<T

where X n(0) = ZEx(0) and 6 > 0 does not depend on N > 1.

We stress that a sufficiently rich probability space has here a quite precise meaning
that one can define on it a sequence of independent uniformly didtributed on [0.1] random
variables which are independent of the sequence {(n), n € Z (see Theorem 3.8 below).

Under certain additional conditions, which are always satisfied when d = 1 and
o is bounded away from zero, the problem can be reduced to the strong invariance
principle for sums (cf. [32]) which is well known and this would imply then Theorem 2.1.
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Nevertheless, in the multidimensional case such reduction requires substantial additional
assumptions on o (see [32]). For the proof of Theorem 2.1 we will follow, first, the strategy
appeared more than forty years ago in [9] leading to the strong (almost sure) invariance
principle in the supremum norm. Moreover, we extend this to estimates of the almost
sure invariance principles in a p-variation norm both for sums Sy and iterated sums 3y
given by

Sn()=N""2 3" k) and SF(H) =N Y &(k)EGQ), (2.14)

0<k<[Nt] 0<k<I<[Nt]

where Sy (0) = S%(O) = 0, and then rely on the local Lipschitz property of the Ito-
Lyons map for rough differential equations (see, for instance, [22]) together with the
growth estimates of the corresponding Lipschitz constant (see Theorem 6.1 in Section
6). Observe also that by (2.10),

lim ESY(t) = t<;.
Jim ESg () =t

As it is customary in the rough paths theory we use slightly different definitions for
processes denoted by usual letters and the ones denoted by blackboard letters. Namely,
for a process Q(t), t > 0 we write Q(s t) Q(t) — Q(s) when t > s. On the other hand, if

Q1) = > g<pcr<pen MK)C(1) or Q1) fo u) (where n and ¢ are one-dimensional
processes and when the latter integral makes sense) then

Q)= > n(k)¢() and Q(s, 1) = / (n(u) = n(s))dC(u),

[sN]<k<I<[tN]

respectively (see Section 6.1.1 for some recalls). These notations affect the following
definition of p-variation norms. For any path ~(¢), t € [0, 7] in a Euclidean space having
left and right limits and p > 1 the p-variation norm of v on an interval [U, V], U < V is
given by

1
o = (s S (s, 6)7) " (2.15)
[s,t]eP

where the supremum is taken over all partitions P = {U =ty < t; < ... < ¢, = V} of
[U,V] and the sum is taken over the corresponding subintervals [t;,t;4+1], ¢ = 0,1,...,n—1
of the partition while ~(s, t) is taken according to the definitions above depending on the
process under consideration. The main step in the proof of Theorem 2.1 is the following
result.

Theorem 2.2. Suppose that (2.12) holds true. Then the stationary sequence of random
vectors £(n), —oo < n < oo can be redefined preserving its distributions on a sufficiently
rich probability space which contains also a e-dimensional Brownian motion VW with the
covariance matrix ¢ (at the time 1) so that for each T > 0 and Wy (t) = N~?W(Nt), 0 <
t<T,

IS8 = Wi llpor) = O(NT?)  as. (2.16)
and
1 17 -5
1gg§dl\% ~Wyllz 00 =0(N"°) as. (2.17)

where p € (2,3), § > 0 does not depend on N > 1 (and may be different from ¢ in (2.13)),
Sn, S are given by (2.14) and

Wi (1) /WN )AW (s +tZE§z )&i(1))- (2.18)
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Observe that the estimate (2.16) obtained in the p-variation norm is a stronger result
than the standard strong invariance principle considered in other papers such as [9],
[36], [17], [41] and [27]. The strong invariance principle for Sy, i.e. an a.s. eventual
estimate of |Sy — Wiy | in the supremum norm, is essentially well known but in [9] and
[36] it is proved assuming that the o-algebras F,,, are generated by the random vectors
&(m),...,&(n) themselves (which restricts applications) while in [41] and [27] this is
proved also under different from ours conditions. Thus, we cannot rely here on a direct
reference and will provide the proof of this part, as well. In fact, we will need not only
this result itself but also the specific construction of the Brownian motions Wy emerging
there which is used in the proof of (2.17). The strong invariance principle for iterated
sums in the form (2.17) does not seem to appear in the literature before. Moreover, we
will see in Section 7 that the strong invariance principle for second order iterated sums
obtained in Theorem 2.2 implies strong invariance principles for multiple iterated sums
of any order which, in turn, yields laws of iterated logarithm for them relying on the
laws of iterated logarithm for multiple stochastic integrals fot AW (ty) Ot"' Ot 2dWh ()
(see [2]).

Corollary 2.3. Under the conditions of Theorem 2.2 for all{ > 1 and 0 < iq,...,7p < d,

. Zogkl <ks<..<ke<t fn (kl)fig (]432) T fiz(ké)
P{ lim sup
00 (2tloglog t)t/?

= di17i27---7il} =1

where 1 < i; <iy < ... <14y < e and the constant d;, ;,....;, can be computed from the
formula given in Corollary 7.10.

Important classes of processes satisfying our conditions come from dynamical systems.
Let F be a C? Axiom A diffeomorphism (in particular, Anosov) in a neighborhood of
an attractor or let F be an expanding C? endomorphism of a Riemannian manifold
(see [7]), g be either a Holder continuous vector function or a vector function which is
constant on elements of a Markov partition and let (n) = {(n,w) = g(F"w). Here the
probability space is ({2, B, P) where P is a Gibbs invariant measure corresponding to
some Holder continuous function and B is the Borel o-field. In this setup the assumption
(2.6) on boundedness of £ turns out to be quite natural. Let  be a finite Markov partition
for F' then we can take Fi; to be the finite o-algebra generated by the partition ﬂﬁsziC .
In fact, we can take here not only Holder continuous g’s but also indicators of sets
from Fj;. The conditions of Theorems 2.1 and 2.2 allow all such functions since the
dependence of Holder continuous functions on m-tails, i.e. on events measurable with
respect to F_,_m Or Fp, o, decays exponentially fast in m and the condition (2.12) is
even weaker than that. A related class of dynamical systems corresponds to F' being
a topologically mixing subshift of finite type which means that F' is the left shift on a
subspace (2 of the space of one (or two) sided sequences w = (w;, @ > 0),w; = 1,...,1g
such that w € Q if 7,,,,,, = 1 forall i > 0 where II = (;;) is an Iy x lp matrix with 0 and
1 entries and such that II" for some n is a matrix with positive entries. Again, we have to
take in this case g to be Holder continuous bounded functions on the sequence space
above, P to be a Gibbs invariant measure corresponding to some Holder continuous
function and to define Fj; as the finite o-algebra generated by cylinder sets with fixed
coordinates having numbers from k to I. The exponentially fast ¢)-mixing, which is
stronger than ¢-mixing required here, is well known in the above cases (see [7]). Among
other dynamical systems with exponentially fast ¢)-mixing we can mention also the Gauss
map Fx = {1/x} (where {-} denotes the fractional part) of the unit interval with respect
to the Gauss measure GG and more general transformations generated by f-expansions
(see [28]). Gibbs-Markov maps which are known to be exponentially fast ¢-mixing (see,
for instance, [41]) can be also taken as F' in Theorem 2.1 with £(n) = g o F™ as above.
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2.2 Continuous time case

Here we start with a complete probability space (2, F, P), a P-preserving invertible
transformation ¥ : 2 — 2 and a two parameter family of countably generated o-algebras
Fmn CF, —00 <m < n < oo such that Fpy, C Frrr € F if m’ < m < n < n’ where
Fmoo = Un:n>mFmn and F_oop = U m<nFmn. The setup includes also a (roof or ceiling)
function 7 : 2 — (0, 00) such that for some L >0,

L'<r<L (2.19)
Next, we consider the probability space (Q, F,P)such that @ = {& = (w,t): we N, 0<
t <7(w)}, (w,7(w)) = (Yw,0)}, F is the restriction to  of F x By, i), where B ;, is the
Borel o-algebra on [0, L] completed by the Lebesgue zero sets, and for any I' € F,

PIT) =71 /]Ip(w,t)dth(w) where 7 = /TdP =ET

and E denotes the expectation on the space (2, F, P).
Finally, we introduce a vector valued stochastic process £(t) = (¢, (w, s)), —0o0 < t <
00, 0 < s < 7(w) on € satisfying

E(t, (w,5)) = E(t+ 5, (w,0)) = €(0, (w,t +5)) if 0 <t + s < 7(w) and
E(t, (w,5) = &0, (PFw,u) if t + s =u+ Y5, 7(HFw) and 0 < u < 7(9*w).

This construction is called in dynamical systems a suspension and it is a standard fact
that ¢ is a stationary process on the probability space (Q, F , 13) and in what follows we
will write also &(¢,w) for £(¢, (w, 0)).

We will assume that X¢(t) = X¢(¢,w) from (1.1) considered as a process on ({2, F, P)
solves the equation

d)i;(t) = %ff(XE(f))&(t/e?) +b(XE(1)), t € [0,T] (2.20)

where the matrix function o and the process ¢ satisfy (2.6). Set n(w) = fOT(w) &(s,w)ds
and
p(n) = sup,, max (|7 0 9™ = E(r 0 0™ | F—n.m-4n)loo; (2.21)
||€SS SupOSsST(E’mw) |€(07 (ﬁmw7 S)) - E(f(O, (ﬁmw’ S))‘]:mfn,ern)‘ Hoo) .

Observe also that 1(k) = 7 o ¥* is a stationary sequence of random vectors.
Next, we consider a diffusion process = solving the stochastic differential equation

d=(t) = o(2(t))dW (t) + (FB(E(L)) + c(2(t)))dt, (2.22)

with d-dimensional Brownian motion W having the covariance matrix ¢ = (g;;) at the
time 1 given by

1S
Sij = Jim_~ > E(mi(k)n; (1) (2.23)
k,l=0
and with

ci(x) E]l 1 Ek 1 6‘3‘;)&1 <flj + fOT(w) &(s,w)ds fos fl(u,w)du)okl(x), (2.24)
Gij = limnsoe 2 0o SOt Emi(Dn (K)) = 3202 E(ni(0)n;(n)).

The limits in (2.23) and (2.24) exist in view of estimates similar to (4.6)-(4.7) below.
Notice the difference in the definitions of ¢(z) in (2.9) and in (2.24) which is due to the
fact that ¢(z) is defined here in terms of the process 1 and not £. The following result
is a continuous time version of Theorem 2.1 which can be viewed also as a substantial
extension of [17].
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Theorem 2.4. Assume that Fn = F fOT &(t)dt =0 and (2.6), (2.7) and (2.12) (for p defined
in (2.21)) hold true, as well. Then the stationary vector process &(t), —oo < t < 0o can
be redefined preserving its distributions on a sufficiently rich probability space which
contains also a e-dimensional Brownian motion YV with the covariance matrix ¢ (at the
time 1) so that for each T > 0 and =° solving (2.22) with W (t) = W¢(t) = eW(e72t), 0 <
t<T,

sup |X°(t) — Z°(t/7)| = O(£°) a.s. (2.25)

0<t<T

where X¢(0) = =°(0) and 6 > 0 does not depend on ¢ > 0.

We observe that if the stationary process ¢ on the probability space (Q, F , }5) would
be sufficiently fast mixing then the proof of Theorem 2.4 could proceed essentially in the
same way as in Theorem 2.1 and, in fact, the former could be derived from the latter
by discretizing time. But, in general, this is not the case in applications to dynamical
systems no matter what speed of decay of the coefficients ¢ and p on the base space
(Q, F, P) is assumed, and so substantial additional work is required here. The key step
in the proof of Theorem 2.4 is to obtain a continuous time version of Theorem 2.2 which
is the following result proved in Section 5. After that we will rely on rough paths theory
arguments of Section 6. Set

tre™? tre™? s
VE() :5/0 E(s)ds, Vi;(t) :52/0 gj(s)ds/o &(w)du, i, =1,...,d

and observe that in view of estimates in Section 5.3, more precisely (5.16),

0 7(w) s
tiy 55,0 = > B 0) + B [ gis.ts [ ituian).
=1

Theorem 2.5. Suppose that (2.12) and (2.19) hold true with p defined in (2.21). Then the
stationary vector process {(t), —oo < t < co can be redefined preserving its distributions
on a sufficiently rich probability space which contains also a e-dimensional Brownian
motion W with the covariance matrix ¢ at the time 1 given by (2.23) so that for each
T>0and We(t) =eW(e 2t),0<t<T,

Ve —we|

plo] = O(E°)  as. (2.26)

and
V5, = W5 |lpj2,0m = O(°)  a.s. (2.27)

where p € (2,3), 0 > 0 does not depend on ¢, a.s. is taken simultaneously overe € (0, 1)
and

t 0 7(w) s
W) = [ WeaW; () + ¢ 30 B +B( [ gswds [ luw)du).
=1

Again, as explained in Section 7 the strong invariance principle (2.27) for second
order iterated integrals implies strong invariance principles for iterated integrals of
all orders. Taking this into account we can use Theorem 2.5 not only for the proof of
Theorem 2.4 but also can apply (2.27) and its extension to multiple iterated integrals in
order to obtain laws of iterated logarithm for iterated integrals of any order relying on

the laws of iterated logarithm for multiple stochastic integrals (see, for instance, [2]).

Corollary 2.6. Under the conditions of Theorem 2.5, for all ¢ > 1,

fot &, (te)dte Oté &ipy (te—1)dto—1 -+~ fotz &iy (t1)dty

P limsu =d;, ; =1
{ t~>oop (2tloglog t)t/2 “’12""’”}
EJP 29 (2024), paper 111. https://www.imstat.org/ejp
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where 1 < i; < iy < ... <ip < e and the constant d;, ;,,...;, can be computed from the
formula given in Corollary 7.13.

The main application to dynamical systems we have here in mind is a C? Axiom A flow
F' near an attractor which using Markov partitions can be represented as a suspension
over an exponentially fast ¢-mixing transformation so that we can take £(t) = g o F'* for
a Holder continuous function g and the probability P being a Gibbs invariant measure
constructed by a Holder continuous potential on the base of the Markov partition (see,
for instance, [10]).

Remark 2.7. It is not clear how to extend our methods to derive Theorems 2.1 and 2.4
for the processes X and X¢ given by the general equations (1.3) and (1.1), respectively.
This would require, say in the discrete time case, to obtain estimates for strong (almost
sure) approximations for the sums Sy(z,t) = N~1/2 Yo<k<nvy Bz, &(k)) and iterated
sums 8% (z,t) = N~ > o<k<i<ny Bi(@,&(k))B;(z,£(1)) in the supremum (even a Holder)
in x norm. This, essentially, amounts to a strong invariance principle in a Banach space
which was proved for sums in [36] but only with logarithmic estimates which does not
seem to allow to extend it to iterated sums and to p-variation norms. If this were possible
then we could proceed relying on local Lipschitz continuity of the Banach space version
of the It6-Lyons map for rough differential equations (see, for instance, Theorem 3.6 in
[13]; also [34, 1]).

Remark 2.8. Our results can be obtained assuming moment rather than uniform bounds,
namely, in place of ||| < oo we can assume that ||¢]|,, < oo for some m big enough.
To do this it is helpful to replace the ¢-mixing coefficient by more general dependence
coefficients between pairs of o-algebras G, H C F defined by

wyp(G,H) =sup{||E(9|G) — Eygl|l, : g is H — measurable and ||g|, < 1}.

The proofs proceed then essentially in the same way estimating moments of conditional
expectations not by Lemma 3.1 below, as we do here, but by Corollary 3.6 from [35] and
relying on some related estimates from Section 3 there.

Remark 2.9. Our method in the proof of Theorem 2.5 can be slightly modified to extend
Theorem 2.2 to random vectors built by nonuniformly hyperbolic dynamical systems
modelled by Young towers which are discrete time suspensions assuming boundedness
of appropriate moments of the return time function.

3 Strong approximations for sums

3.1 General lemmas

First, we will formulate three general results which will be used throughout this
paper. The following lemma is well known (see, for instance, Corollary to Lemma 2.1 in
[30] or Lemma 1.3.10 in [29]).

Lemma 3.1. Let H(r,w) be a bounded measurable function on the space (R x 2, Bx F),
where B is the Borel o-algebra, such that for each x € R? the function H(z,-) is
measurable with respect to a c-algebra G C F. Let V be an R%-valued random vector
measurable with respect to another o-algebra H C F. Then with probability one,

[E(H(V,w)[H) = (V)| < 2¢(G, 1) || H]|o (3.1)

where h(z) = EH(z,-) and the ¢-dependence coefficient was defined in (2.1). In partic-
ular (which is essentially an equivalent statement), let H(x1,z3), z; € R%, i = 1,2 be
a bounded Borel function and V; be R% -valued G;-measurable random vectors, i = 1,2
where G,,G, C F are sub o-algebras. Then with probability one,

|E(H(V1,V2)|G1) — h(V1)] < 26(G1, Go) || H | oo-

EJP 29 (2024), paper 111. https://www.imstat.org/ejp
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We will employ several times the following general moment estimate which appeared
as Lemma 3.2.5 in [29] for random variables and was extended to random vectors in
Lemma 3.4 from [31].

Lemma 3.2. Let (2, F, P) be a probability space with a filtration of o-algebras G;, j > 1
and a sequence of random d-dimensional vectors 7;, j > 1 such that n; is G;-measurable,
j =1,2,.... Suppose that for some integer M > 1,

Aoy = SHI;Z 1 E(mj|Gi)ll2m < o0
3

21>

where |1, = (E|n|?)'/? and |n| is the Euclidean norm of a (random) vector . Then for
any integern > 1,

B miPM < 3(2M)1dM AZnM. (3.2)
j=1

In order to obtain uniform moment estimates required by Theorem 2.1 we will need
the following general estimate which appeared as Lemma 3.7 in [31].

Lemma 3.3. Let 1,132, ..., 7y be random d-dimensional vectors and H1 C Hy C ... C Hy
be a filtration of o-algebras such that n,, is ‘H,,-measurable for each m = 1,2,...,N.
Assume also that E|n,,|** < oo for some M > 1 and eachm = 1,...,n. Set S,, = Do My
Then

Emaxy<m<n [Spm[*M < 22M-1((G2ML)2M S, [2M (3.3)

B max; cment | 0 pn Bl [Hon)[2M) < 22M=1AZM (3(2M0)1dM 0 4 )

where As)s is the same as in Lemma 3.2.

The following result will be used for moment estimates of sums and iterated sums of
random variables, the latter part seems to be completely new.

Lemma 3.4. Let ((k), u(k), k = 0,1, ... be two sequences of random variables on a
probability space (2, F, P) such that

EC(k) = Eu(k) = 0 for all k > 0, supyq E(C(K)[?M + [u(k)[*M) < oo and
IC(k) = E(C(R)[Fr—n k+n)ls [1(k) = E(u(k)[Fr—nk+n)| < p(n)

where the probability P is ¢-mixing with respect to the family of c-algebras Fy; (as
described in Section 2) with ¢ and p > 0 satisfying Y~ ,n(p(n) + ¢(n)) < co. Set

n

k—1
R(tmyn) =Y Y (C(G)uk) = BCG)nk))

k=m j=0(k)

where 0 < m < n are integers and 0 < ¢(k) < k is an integer valued function (maybe
constant). Then

E max_ |R({,m,n)*™ < CSH(MY(N —m)™ max (k — 0(k)M (3.4)

m<n<N m<k<N
where C%*(M) > 0 does not depend on N, m or (. In fact, C*(M) depends only on M, p

and ¢ while it does not depend on the sequences ((k) and p(k) themselves. In particular,

E max | p(k)PM < Oy (M)(N —m)M
k=m

m<n<N

EJP 29 (2024), paper 111. https://www.imstat.org/ejp
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which is obtained simplifying the proof below just by disregarding the sequence ((j). If
&(k), k=0,1,... is a sequence of random vectors with the components &;(k), i =1,...,d
satisfying the conditions above, then

E max | zn: ER)PM < CHM)(N —m)

m<n<N
< e

for CS(M) = d?M-1 "% C1% where |- | denotes the Euclidean norm in R®.

Proof. Set
G (k) = BC(R)|Firaerr) and g (k) = E(u(k)|Firpotr)-
Then
Ck) = Tim Goe(k) = Ga +Z@r ~ G (R)
and

p(k) = lm o (k) = p (k) + Y (par (k) — par—1 (k)

1—00

where convergence is in the L>° sense since

G2 (k) = Gor=1 (k) oo, Ilp2r (k) — par-1 (k)| < 2(p(27) + p(2771)).

For ¢, =0,1,... denote

0q.r (4, k) = (C2a () — Caa=1(7)) (par (k) — par—1(K))
—E((Caa(j) — Gaa-1(5)) (nar (k) — pror-1 (k)))

and Q- (k) = Z;:él(k) 0q,+(j, k) where we set for convenience p(271) = sup;>o([[¢(k)[|2n+
le(k))|2ar) and Co-1(j) = pg-1(k) = 0 for all j, k > 0. Then

R(¢,m,n) ZZQ%

q,r=0 k=m

Next, introduce G,, = G" = F_ m+max(24,2r) and observe that Q, (k) is Gy-measurable.
We will apply Lemmas 3.2 and 3.3 to the sums R (¢, m,n).
First, write

Qq,r(k) = Qg}z,n( ) + Qq,r n( ) + Qq,r n( )
where

Q). (k) = > 0q.(: k),

£(k)<j<EE™ —2max(29,27), j<k

qun( ) Z Qq,r(jyk)a

Efn 2 max(29,27)<j< BE™ 42 max(29,27), j<k

and Q) (k) = > 04,0 (3, )

EEN 12 max(29,27)<j<k

If k —n > 4max(27,2") then £ — max(29,2") — n — max(27,2") > 0 and we can write

1E(QS ()G ll2as < 20 E(E(par (k) — prar—+ (B)| F_ g s aae o)
x Z[(k)§j<k+7"72max(2¢1,27“)’]‘<k(62q (J) — Caa—1(j ))|gn) 201
< 2||E(par (k) — M2T*1(/€)|}—_OO,kg’L—max(zq,zr))
x Z[(k)<j<k+"’—2max(2q 27y, j<k(<2q (J) — Caa—1(45))ll2ns
< 86(552)(p(27) + p(2771) 2y, jen(Ca(d) = Cam1(3) 2

EJP 29 (2024), paper 111. https://www.imstat.org/ejp
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where we use (2.1), (2.2) and that k — 2" — ’”?" + max(29,2") > ’“’T” Ifo<k-n<
4max(27,2") then we estimate

IE(QS2(K)|Gn)|2r
<4(p(2") + P2 NI Tory<i< b2 max(arar), jek (G20 () = Caamr (7)) ll2-

In order to bound the 2M-moment norm of the last sum we will use Lemma 3.2 setting
H; = F_o,i+2¢ and relying on (2.1)-(2.2) we estimate for j > i + 2¢+1

1B (Caa (5) = Con1 () Ha)l2nr < 4(p(27) + p(277 1)) (j — i — 2777).
Fori < j < i+ 297! we use just the obvious estimate
1B (G (5) — Goa1 (1) [Ha)l2nr < 2(p(27) + p(2771)).
Hence,
Ay = Sugz 1B (Caa (5) = Cour (7)[Ha)ll2ar < 2(p(27) + p(277 1)) (27 + 2 6(0)),
t=Y > i=0
and so by Lemma 3.2,
|| Ze(k)§j<%_2 max(zq,gv-),j<k(c2q (]) — Gaa—1 (]))HQM
< (B(2M))Y2M/AAS, , max,,<p<n /K — ().
Next, by (2.1) and (2.2),
[B(QE2n(8)|Gn)] < ken s (e 20 << 1 12 maxaa,20), < [ E(0q.r (3, K)|Gn)]
< 64max(27,2)$(A5" — 4max(29,27))(p(2") + p(271))(p(29) + p(2971))

since each g, (4, k) here is F%fg max(21,27),00-M€asUrable, kin _ 3max(29,27) — n —
max(29,2") = ’“*T" — 4max(29,2") and we take here ¢(x) = 1 for any = < 0. Using again

(2.1) and (2.2) we have also

3 .
\E(ngn(k)|gn)| < EHTn+2nlax(2‘1,2T')§j<k |E(Qq,r(jak)|gn)|
< 8(p(2") + p(27 1) (p(27) + p(21~ 1))k — m)o(5")
since each g, -(j, k) here is ]—"HTH -measurable and £ + max(27,2") —n —

max(29,2") = =1
Hence, by Lemmas 3.2 and 3.3,

+max(29,27),00

. N M M 1/2M
I, 55,1 3 Qur (R)lar < 245, (MY = m)¥ + N =)
=m

where by the above

Ag}& = SUPg<n<N Zan |‘E(Qq,r(k)|gn)||2M
< 64(p(27) + p(277H))(p(29) + p(2971))
* ((BMINYEMVA(SZ ¢ (i) + max(29,27))* maxpm<j<n v/ j — £(j)
+max(27,2") (4 max(29,2") + 3275, 6(i)) + 3072, i(0)).
This together with

o0 n
[ mj;cNm(&m,n)\HzM < Z Hmrgim%chkz Qq.r (k)| 201
=m

m<
- q,7=0
yields (3.4) completing the proof of the lemma. O
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3.2 Characteristic functions estimates

Next, we will follow the same path as in [9] (see also [17] and references there) which
leads to strong approximation (almost sure invariance principle) theorem for sums of
weakly dependent random vectors. For each n > 1 introduce the characteristic function

n—1

fu(w) = Eexp(i(w, n™/2 Y " &(k))), w € R
k=0

where (-, -) denotes the inner product. In the same way as in Lemma 3.10 from [32] we
obtain

Lemma 3.5. Foranyn > 1,

) = exp(—3 (s, w))| < Coe®n (3.5)

for all w € R® with |w| < n®/? where we can take p < - and a constant Cs > 0
independent of n and e.

Next, we follow [9] and [36] introducing blocks of high polynomial power length with
gaps between them. Set mq = 0 and recursively ny, = my_1 + [k°], mp = ng + [E%/4], k =
1,2, ... where 8 > 0 is big and will be chosen later on. Now we define sums

Qk =, <jeny EEDIFj-1-1)20 g4 1 (6-1)2/4)
and Rp=>, i, E0) k=12,..

where the first sums play the role of blocks while the second ones are gaps whose total
contribution turns out to be negligible for our purposes. Set also ¢y (t) = max{k : my <
Nt} and KN = EN(T)

Lemma 3.6. With probability one forall N > 1,

sup |Sn(t) — N71/2 Z Qr| = O(N7?) (3.6)

0st<T 1<k<ln (t)
provided § > 0 is small and 8 > 0 is large enough.

Proof. Denote the left hand side of (3.6) by I, then

I< sup Ii(t)+ sup Ix(t)+ sup I5(¢).

0<t<T 0<t<T 0<t<T
Here,
L(t) = N71/2| ZlSkSZN(t) (ka-—l <j<ng (€(9) 3.7
*E(f(j)p:'—%[(k—1)ﬁ/4],j+%[(k—1)5/4])) |
SNV E o MBIk = 1)P1]) < N~
since TN
(5 )7 —2 < Uy < (TN)7T (3.8)

and by (2.12),

It remains to estimate

I(t) = N~'/2| D i<hetn () Lomp<j<m E0)]
and I3(t) = N~'/?| 2 me 5 <i<INY] £(7)|-

EJP 29 (2024), paper 111. https://www.imstat.org/ejp
Page 13/56


https://doi.org/10.1214/24-EJP1174
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Diffusion approximation

By (3.8) and Lemma 3.4 with Cy (M) = C5(M),

_ 2M
Esupgc,cr Y (1) < N"M 3 0cch E| Do 1<k<t Dang<j<my 361

< CLUMINTM gy (Ccpag /M < Cu(M)N 3G w0 M

where Cy(M) = C;(M)3(1+2M+1_ By the Chebyshev inequality

P{ sup Iy(t) > N} < N*M°F gsup I2M(1). (3.9)
0<t<T 0<t<T

Choosing § > 0 big and § > 0 small enough so that ﬁ + 8/ <1 and taking M > 6 we

obtain that the right hand side of (3.9) is bounded by N2, and so by the Borel-Cantelli
lemma

sup Ir(t) = O(N~°) a.s. (3.10)
0<t<T

Next,

supg<;<r I3V (1) = N™M max)cp<oy Maxm, <j<mpy ANt | Do, <ic; (0

<NM doi<h<tn ka§j<mk+1 |2 me<i<y (0)PM.

By Lemma 3.4 with Cy (M) = C5(M),

Bl Y &0PM <M —mi+ DY,

my <i<j
and so by (3.8),
ZN M
E sup I3M(t) < CL(M)N™M Y " (mpyr —my + DM < Cy(M)N 7+
0<t<T P

where C5(M) = C;(M)3M+1. By the Chebyshev inequality

P{ sup I3(t) > N} < N*°F sup I2M(¢). (3.11)
0<t<T 0<t<T

Choosing 6 < m and M > 12(3 + 1) we bound the right hand side of (3.11) by N2

which together with the Borel-Cantelli lemma yields that

sup Is(t) = O(N7%) a.s. (3.12)
0<t<T
Finally, (3.6) follows from (3.7), (3.10) and (3.12). O
Next, set
gk; = ‘F—oo,nk-‘r%[kﬁ/‘l]’ (313)

and so Q) is Gi-measurable. The following result is a corollary of Lemmas 3.1 and 3.5.
Lemma 3.7. Forany k > 1,

|E(exp(i(w, (n — mi—1)~2Qu)|Ge—1) — exp(—{cw, w))| (3.14)
< 26(3[(k — DP/) + p(3[(k — 1)P/4) + Cod®[k?)~

for all w € R® with |w| < (ng — my_1)?/2.
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Proof. Set
Fy, = exp(i{w, (ng — mk—l)_1/2Qk>)~

Then by Lemma 3.1,
1
|E(Fr|Gx1) = EFy| < 20(5[(k ~ 1)%/4),

Since |e!(*t) — ¢ < |a
&(k)’s that,

, we obtain from (2.3) taking into account the stationarity of

EFi ~ fy oy, ()] < [0l 2003 [(k — 1P/,

and (3.14) follows from (3.5). O

3.3 Strong approximations

We will rely on the following result which is a version of Theorem 1 in [9] with some
features taken from Theorem 4.6 in [17] (see also Theorem 3 in [42]).

Theorem 3.8. Let {V},, k > 1} be a sequence of random vectors with values in R®
defined on some probability space (2, F, P) and such that V}, is measurable with respect
to Gi, k =1,2,... where Gy, k > 1 is a filtration of countably generated sub-c-algebras of
F. Assume that the probability space is rich enough so that there exists on it a sequence
of uniformly distributed on [0, 1] independent random variables Uy, k > 1 independent
of Vi.>1Gy. Let G be a probability distribution on R® with the characteristic function g.
Suppose that for some nonnegative numbers v,,,d,, and K,, > 1034,

E’E(exp(i(w,Vk>)|gk_1) - g(w)‘ <y (3.15)

for all w € R® with |w| < K}, and
1
G{l’: |(E| > iKk} < 0. (3.16)

Then there exists a sequence {Wy, k > 1} of R¢-valued random vectors defined on
(Q, F, P) with the properties

(1) Wy, is Gy, V o{Uy }-measurable for each k > 1;

(ii) each Wy, k > 1 has the distribution G and W}, is independent of o{Uy, ...,Up_1} V
Gr—1, and so also of Wy, ..., Wi_1;

(iii) Let o, = 16K, ' log K}, + 2v,/ > K{ + 25,/*. Then

P{|Vi; = Wg| > o1} < k. (3.17)

In order to apply Theorem 3.8 we take Vi = (ny — mi_1)~/?Qp, Gi given by (3.13)
and

() = exp(— 5w, w))

so that G is the mean zero d-dimensional Gaussian distribution with the covariance
matrix ¢. Relying on Lemma 3.7 we take p = 55,

Kk = (nk — mk_1)p/4d < (nk — mk_l)p/Q and Vi = C@k_ﬂp
for some Cs > 0 independent of k > 1. By the Chebyshev inequality we have also
Glz: |z| > B} = P{|W] > L(ng — my_1)9/*}

< Ad||s||(nk — mp—1) /2 < Crk—9B/2d
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for some C'; > 0 which does not depend on k.

Now Theorem 3.8 provides us with random vectors Wy, k > 1 satisfying the properties
(i)-(iii), in particular, the random vector W, has the mean zero Gaussian distribution
with the covariance matrix ¢, it is independent of W7, ..., Wy _; and the property (iii) holds
true with

or = 4§(nk — mk,l)_p/‘ld log(ng — mg—1) + 20&/%—,@;/4 + ZC;/Qk_BWZLd.

Next, we choose 8 > 160d which gives
ok < Cgk™® (3.18)

for all £ > 1 where Cg > 0 does not depend on k.

Next, let W (t), ¢t > 0 be a e-dimensional Brownian motion with the covariance matrix
¢ at the time 1. Then the sequence of random vectors W, = (ng — my_1)~2(W(ns,) —
W(mg—1)), k = 1,2,... and Wy, k > 1 have the same distributions. Moreover, we can
redefine the process {(n), —oo < n < oo and choose a Brownian motion W (s), s > 0
(with the covariance matrix ¢ at the time 1) preserving their distributions so that the joint
distribution of the sequences of pairs (Vj, W) and of (f/k, Wk), where V, is constructed
as Vj, but using the redefined process £(n), will be the same. Indeed, by the Kolmogorov
extension theorem (see, for instance, [4]) such pair of processes exists if we impose
consistent restrictions on their joint finite dimensional distributions. But since the pair
of processes £(n), n > 0 and Wy, k > 1 satisfying the conditions of Theorem 3.8 exist as
asserted there, these conditions are consistent and the required pair of processes indeed
exists. A more precise justification of this relies on Lemma Al from [9]. Namely, let R be
the joint distribution of the process {(n), —oco < n < oo and of the sequence Wy, k > 1
and let R be the joint distribution of the sequence Wk, k > 1 and a e-dimensional
Brownian motion W (¢), ¢ > 0 with the covariance matrix ¢ at the time 1. Since the
second marginal of R coincides with the first marginal of R, it follows by Lemma A1l
of [9] that the process ¢ and the sequence Wy, k > 1 can be redefined on a richer
probability space where there exists a Brownian motion W (t), ¢ > 0 with the covariance
matrix ¢ (at the time 1) such that Wy, = (ng — mp_1)~2(W(ni) — W(ms_1)), and so
from now on we will rely on this equality and assume that these Wy ’s satisfy (3.17) with
or. satisfying (3.18). It follows by the Borel-Cantelli lemma that there exists a random
variable D = D(w) < oo a.s. such that

Vi — Wi| < DE™? as. (3.19)

Now we can obtain the following result.
Lemma 3.9. With probability one,

sup | Y Q- W(N)| = O(VE) o
0<t<T 1<k<ln(t)

for some § > 0 which does not depend on N.

Proof. We have
N =1 Y Qu-WN) < JIP )+ I
1<k<ln(t)
where by (3.8) and (3.19),
IV =Y (e —me) AV - Wi <D YD k)Y < D2f/2N 0o

1<k<ly(t) 1<k<{n

(3.21)
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and

T () = W(IN) = W(megw) + > (W(me) — W(n).
1<k<in(t)

Clearly, JJ(\?) (t), t > 0 is a martingale in ¢, and so

2
Esupoycr |[JG ()M < (52M0)2M E|JG (T)2M (3.22)
3 )
< (FE2M(BIW(TN) — W (magy ) [2M + E[TQ(T)2M)

where Ji (t) = Y2, <, (W(my) — W(ny,)). Now, by (3.8),

M o
EW(TN) =W (mey )M < (|62 (T2 (27 — 1) (2630 (3.23)

< ||g1/2H2M\/m2MN(1—ﬁ)M.
Next, JJ(\?') (T) is a sum of independent random vectors and we will estimate last term

in the right hand side of (3.22) relying on Lemma 3.2 with n; = W(m;) — W(n;) and
G; =o{W(t),t <mj}forj=1,..,¢n. Then

Aoy = supz |E(;1Gi)ll2ar = sup ||ﬁz||2M < V2M(ty +1)P/8,

izl j>i
and so by Lemma 3.2,

E|JS(T)2M < 3(2M ) (2M)M (£y + 1)M+D) (3.24)

< 3(2M) (QM)M2A4(1+ )N x (1+[3+1)
By (3.22)-(3.24) and the Chebyshev inequality
P{supoc,r |73 (0] > NE-0} < N-MO=20 Bsupy_, o [T OPY (3.25)
< Cg(M)(NﬁM(ﬁizé) + NfM( ﬁ+1 26))

where Cy(M) > 0 does not depend on N. Now choose 3 > 2, § < ; /3+1) and M > 2(8+1)
then the right hand side of (3.25) forms a converging sequence, and so by the Borel-

Cantelli lemma

sup [JZ (1) =0O(N?7%) as.
0<t<T

which together with (3.21) completes the proof of Lemma 3.9. O
Now combining Lemmas 3.6 and 3.9 we obtain that for some § > 0 and all N > 1,

sup [Sn(t) — Wx(t)| = O(N~°) as., (3.26)
0<t<T

where Wy (t) = N~'/2W(tN) is another Brownian motion.

3.4 p-variation norm estimates

Thus, (2.16) is proved in the supremum norm and we will extend it next for the
p-variation norm. First, for any a € (0,1) and 8 € (0,1/2) (which has nothing to do with
[ in the previous subsection) we estimate by Lemma 3.4 and the Chebyshev inequality

Sn(/N)—Sx (k/N
P{max(r Nja (k4 N) 315530 | N|((z/ k;/N‘N%(,,é A > 1} (3.27)
< D rniater vy siskso P ke €0 > NP (L — K )27}

<N M S i aneysisisoll = K)TMFEMEI Y ()M
< Cf(M)TNl_QﬁM ZNazj21j26M < 225M+101£( )TN 26M(1-a)+1+a
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Next, we choose M > Qﬁzﬁfa) which makes the right hand side of (3.27) a term in a

converging series. Hence, by the Borel-Cantelli lemma for any « € (0,1) and 5 € (0,1/2)
there exists a finite a.s. random variable C’QS, 5= Ci 5(w) such that forall N > 1,

Ik
\SN(Z/N)fSN(k:/N)ISCfﬁ]NfNP Pk N >I>k>0,l<[TN]. (3.28)
Next, define
) Nt k+1 k
v =B = 3 D cwa (),
0<k<[Nt]

Let0 =ty < t; < ... < t,, =T and observe that if [t; N] = [t;+1 V] then

Sn(tis1) = Sn(t:) and Wiy (tip1) = W ().

Hence,
Y o<icm 1SN (tix1) = W (tiy1) — Sn(t:) + W (t:)[? (3.29)
kJ 1
=Y ocjen SN (L) = Wi (R52) — Sn (%) + Wi (5P
< gV 41 4+ Q)
where
1 k‘+1 k +1 k. k:
Iy = 4 Z |Sn ( é\f ) — W ( ;\f )_SN(NJ)+WN(NJ)|I)’
0<j<n,kjr1—k; >N
0= Y s —seyp
N , N N/
0§_]<’I’L,kj+1—k‘j§NC‘
= e Cwy
N N N )

0<j<n, kjt1—kj <N«

kj = [t;;N] and 0 = t;, < t;, < ... <t;, = T is the maximal subsequence of to,1, ..., t,
such that [t;, N] < [t;;,,N], j =0,1,...,n — 1.
In order to estimate J J(\} ) we use (3.26) and observe that there exist no more than

[TN'~] intervals [k;, k;11] such that k1 — k; > N® which gives that
Jz(vl) < W) y1-a-pd (3.30)

for some a.s. finite random variable C(*) = C)(w) > 0 which does not depend on N, n
or on the choice of ¢4, ..., t,, and we choose « so close to 1 that 1 — a — pd < 0. In order
to estimate JI(Vz) we use (3.28) and observe that » ., _,, |kj+1 — k;j| < TN which gives

(2) (CS )prp(%fﬁ) Zogj<n,kj+1—kj§Na kjp1 — kﬂ?(%*ﬁ) (3.31)
< (Ciﬁ)pTN*(lfa)(%*lfpﬂ)

where we use that
1 1
|kja — kPG < NOPGD7D |k, — k|
when |k; 11 — kj| < N® and assume that
1 1
0<fB<=—~- (3.32)
2 p
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which is consistent since p > 2.

It remains to estimate J](\‘?) (which essentially is contained in the proof of Holder
continuity of the Brownian motion). We start with the estimate similar to (3.27) relying
on the Chebyshev inequality and the standard moment estimates of Gaussian random
vectors,

Wi (I/N)— Wy (k/N
P{maxznia(k+No)>15k>0 l N|El/fk))/N\g£B/ A > 1} (3.33)
W (I/N)— W (k/N
< D TNIAGEN®)>15k0 P{I Nl(l/_ki/mg_ﬁ > 1}

< Clo(M)N725M(1fa)+1+a

where C10(M) > 0 does not depend on N > 1. Choose again M > % which makes
the right hand side of (3.33) a term in a converging series. Again, by the Borel-Cantelli
lemma for any a € (0,1) and 8 € (0,1/2) there exists a finite a.s. random variable
Co.p = Cq p(w) such that forall N > 1,
l kii-p.

- — fk+N*>1>k>0,l<[TN]. (3.34)

Wav(1/N) = War(k/N)| < Cpl 55 =

Proceeding as in (3.31) we obtain that
J](\?) < Cg,BTN_(l_O‘)(%_l_Pﬁ) (335)

where we assume again (3.32). Finally, we conclude from (3.29)-(3.31) and (3.35) that

ISy = W llpory = O(N™°) as., (3.36)

where § = min(a+pd—1, (1—a)(§ —1-ppB)) > 0, assuming (3.32) and choosing a > 1—pd.
Next, set

Wi () = / Wi (u)d W (u)

and
s L+ o o1
iJ (1) _ J _wi (O
0<I<[Nt]
The relation (2.16) from Theorem 2.2 follows from (3.36) and the following result which
will be used also in Sections 4 and 5.

Lemma 3.10. Forall T > 0 and p € (2,3),

Wy = Wil =0N"?) as.as N>1 (3.37)
and
T YR _ -5
122§d||W1\7, -~ W3Rz 0o =0ON"") as.as N>1 (3.38)

for some § > 0 which does not depend on N > 1.

We postpone the proof of this result till the end of Section 6. Observe that Lemma 3.10
gives estimates for a version of the Euler-Maruyama rough paths approximation in p-
variation norms for a family of processes depending on a parameter which by itself
controls the step of approximations.
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4 Strong approximations for iterated sums

4.1 Estimates in the supremum norm

As in the previous section we will prove first the estimate (2.17) in the supremum
norm and then will extend it to the p/2-variation norm. Set my = [N!~*] with a small
k > 0 which will be chosen later on, vy (l) = max{jmy : jmy <1} ifl > my and

kmel
Ri(k) = Ri(k,N)= > &(l) for k=1,2,..,tn(T)
I=(k—1)mn

where 1y (t) = [[Nt]my']. For 1 <i,j < e define

LN(t)mN 1 VN l) (l*l)mel
U =N" > Z &(k) = YR Y &), @
l=mn 1<I<uen(t) k=0
Set also
$%(t) - tz E(&(0)¢;(1)

We will need the following result.
Lemma 4.1. Foralli,j=1,...,.eand N > 1,

sup [S%(t) — U (t) = O(N~) a.s. (4.2)

0<t<T

for some §; > 0 which does not depend on N.

Proof. First, we write

IS9(6) — U] < |25 )] + 123 ()| + 129 ()] + 15 (8)] (4.3)
where
3 v (t)my—1 -1
IYV0 =T =N"1 3 3 (&K - BEEDER))),
l=mpn k= VN(Z) “+1
- [Nt]-1 -1
I =137t =N 3 N (&) — BEWER)),
l=un(t)mn k=0
my—11-1
IO () = 3 ( 3TN (G WER) — BEDE(R))
=1 k=0
and
I (8) = IyY (8) = TN (1) = Iy (1)
with
[Nt]—1 (-1 0o
Iy (t) =N~ E(&(N&(k) —t Y E(&(0)(1)
=1 k=0 =
and
Nn(@E)my—1vn (1)
¥ () = N~ Z Z
l=mpn
EJP 29 (2024), paper 111. https://www.imstat.org/ejp
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By Lemma 3.4,

Esupgcicr I8 (0)2M = Emaxocpera 1Z877 (k/N)[2M (4.4)
< C(M)TMN~M%, Esupycyor [ZG7 (8)]PM < Cry (M)TM N-M5
and Esupg<ir [T (1) < Ciy(M)N—2M+

where C11(M) > 0 does not depend on N. Choosing 4; and M such that §; < 1n and
M > 2(k — 25;)! we use, first, the Chebyshev inequality and then the Borel—Cantelh
lemma to obtain that with probability one,

supg<i<r [ZG77 ()] = O(N=), supge, o IG5 ()] = O(N ) 4.5)

and supge, <7 |Z87 ()] = O(N—20).

It remains to estimate I<4“)( t). By (2.3), (2.6) and Lemma 3.1,

|E(& (D& (k)] < 2Lp([k = 11/3) + [E(B(& DI F1- 13 et a2 5—1) (4.6)
XE(gi(k)U:kf[%\kfl\],k+[%|kfl\]))| < 2L(Lo(|k —1]/3) + p([k = 1]/3)).

By the stationarity

-1 l
S EEGM&(R) =D B(&(n)&(0)
k=0 n=1

and by (2.12) and (4.6) the limit

thmZEfj ZE@

n=1 n=1

exists and, moreover,

-1 o
N B 0&R) — Ll <203 (Lo(n/3) + p(n/3)). 4.7)
k=0 n=[+1

It follows from (2.12) and (2.23) that

[o ol o]

sup |ZGH ()] <2LNTVYT ST (Lo(n/3) + p(n/3)) + N7V Lyl < CraN™' - (4.8)
0st<T 1=0 n=I+1

for some (15 > 0 which does not depend on N.
Finally, by (4.6),

l/N(l)

| D BEGME&K) < 2L Z (Lo(n/3) + p(n/3)),

k=0 n=l—vn(l)
and so by (2.12),
mpyN 0o
sup |ZGH ()] < 2LTN-U 3" N (Lg(n/3) + p(n/3)) < CisN~179 (4.9)
0<t<T =1 et

for some (3 > 0 which does not depend on N. The lemma now follows from (4.5), (4.8)
and (4.9) together with the Chebyshev inequality and the Borel-Cantelli lemma. O
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Now set

Sh(t)=N"2 3" &(k 1,...e

0<k<[Nt]
and observe that
U= Y (s () s (L s (L,
2<I<un (1)
Define
Vi = Y () g (g (L
2<I<un (t)

where Wy = (W, ..., Wg) is the e-dimensional Brownian motion with the covariance
matrix ¢ (at the time 1) appearing in (2.16) which was constructed in Section 3. Then

SUPg<t<T |U§\J/(t) - V%(t” < 22<1<LN(T) ((‘SJ (ZMN) W3 (ZMN)’ (4.10)
+Sh () = W () ) sk ()|

WA () = WA (S5m0 ) [ sk (=5) = W (F=372) )

By Lemma 3.4,

E  max |S?V(7(l 7]1V)mN)|2M

< Cu(M)TM (4.11)
2<I<un (T)

for some C14(M) > 0 which does not depend on N. By the Chebyshev inequality for any

v >0,

(l — 1)mN
N

Taking M > ! the right hand side of (4.12) becomes a term of a converging series and
by the Borel-Cantelli lemma we obtain that for any v > 0,

P{ max [Si(

)| > N7} < Cra(M)TM N2M, (4.12)
2<1<un (T)

max |S}V(7(l = Dy

= O(N” .S. 4.1
2<1<un (T) N )| O(N7) as (4.13)

Next, write

Emaxoci<,(r) Wi (12) — Wi, (LRm) Y

< Yocicon(r) BIWA (5) - Wi () |2M-

Using the standard moment estimates for the Brownian motion and relying on the
Chebyshev inequality and the Borel-Cantelli lemma we obtain similarly to (4.12) and
(4.13) that for v < /2,

lmN ; (l*l)m]\/ _
22X Wi (—— N )—WJ{,(TH:O(N ") as. (4.14)

Now, combining (2.16), (4.10), (4.13) and (4.14) we obtain that

sup [U% (1) — V(1) = O(N~%) as. (4.15)
0<t<T

where §; = § — Kk — v and we choose «k and v so small that 5 > 0.
Next, observe that

Supg<i<r | f(f Wziv(s)de (s) = W?/(tﬂ (4.16)

1;4, 2: (344,
< SUPg<i<T |J( j)( )]+ SUDg <y <y N1 |J( 7 ()| + supg<;<r |J ])( t)l
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where
y tma N I~ 1)m
i, i i N j
Ww- 3 (Wi(s) ~ wi () yaws o),
2<i<uy (1) 7 =My N
.. t . . s t . .
@) () — / Wi (s)dWWY (s) and J&) (1) = / Wi ()dV (s).
0 (I,N(t)\/l)m,NN71

By the standard (martingale) moment estimates for stochastic integrals (see, for instance,
[40], Section 1.7),

E sup |JE @M < Cys(M, T)N-M7,
0<t<T

E  sup  |[JE@)PM < Cy5(M,T)N"M* and
0<t<myN-1

3;1,7
Esupgeir [ IS (8)]2M

(I—=1)my+u)N~! i j
< Y ocicin(r) EsWocucmy | [ pyman-t Wi (s)dWR (s)*

< Ci5(M, )N~ M= Dr
where C15(M,T) > 0 does not depend on N. Taking 63 < $x and M > (2k + 1)(k — 263)

and employing the Chebyshev inequality together with the Borel-Cantelli lemma in the
same way as above, we conclude that

sup |J](\,yi’j)(t)|+ sup |J](\?;i’j)(t)|+ sup |J](\?;i’j)(t)|:O(N_63) a.s. (4.17)
0<t<T 0<t<T 0<t<T

This together with (4.2), (4.15) and (4.16) completes the proof of (2.17) in the supremum
norm.

4.2 p/2-variation norm estimates

Next, we extend the supremum norm estimate of Section 4.1 to the p/2-variation
norm estimate which will yield (2.17) of Theorem 2.2. First, we will derive certain Holder
continuity type estimates for our sums. For 0 < s <t <Tandi,j=1,...,e set

S =N" 3 &R)ED) — (t—5) Y BEO)E D),

[sN]<Ek<I<[Nt] =1

and so

$5(s.1) = S5 (s.0) + (t — ) 3 BE(0)6 (1), (4.18)
=1

recalling that by (2.12) and (4.6) the series in the right hand side of (4.18) converges
absolutely.

Lemma 4.2. There exists a finite a.s. random variable C’g‘;ﬁ > 0 which does not depend
onn,m or N such that

;omon 3

|S%(N7 N))| < Ca,ﬁ

n m

v N\l—ﬁ provided m + N*>n>m >0, [[N] >n. (4.19)

Proof. We will estimate S%(s, t) relying on Lemma 3.4. Set

-1 [tN]—1
pyg = §5(1) Zfi(r) and 3 (s,t) = N7* Z (IJ’EN]Z - EMEN]J
r==k I=[sN]
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By (2.3), (2.6) and (4.6) for 0 < m < n < [TN],

i M N Mmoo n m =
Sl] R Y Zl] . — - 4.20

Next, for any «, 8 € (0,1) by the Chebyshev inequality

nid
P = P{max,, nosnsm>0, [TN]>n % > 1} (4.21)
< Yt NoSns>m>0, [TN]>n P{ Zm§r<n(MmT — Bpij, )| > N%(n )0}
< N—2M Zm+N"‘Zn>m20, [TN]>n(” —m)72M1=F)
XE' Zm§r<n(ug’r‘ - E/’L#LT)PM
By Lemma 3.4,

Bl (i, — B, )P < Cro(M)(n — m)* (4.22)

m<r<n

for some C16(M) > 0 which does not depend on m,n or N. This together with (4.21)
yields that

P< 017(M)N72Mﬁ(lfa)+1+a (4.23)

where Cy7(M) = Ci6(M)22MA+1(2M B + 1)L, For any a, 3 € (0,1) we pick up M > 1
such that 2M (1 — a) — 1 — a > 2 which makes the right hand side of (4.23) a term of a
converging sequence. Thus, by the Borel-Cantelli lemma we conclude that there exists a
finite a.s. random variable C? ; = C¥ ;(w) such that forall N > 1,

Do 2—%P’ﬁ provided m + N* >n>m >0, [TN] >n

< O

which together with (4.18) and (4.20) yields (4.19) forall N > 1. O

Next, we proceed similarly to Section 3.4. For 0 < s <t < T define

Wit = 3 WA - W) - W)

[Ns]<I<[Nt]

and

W)= [ (Wirla) = Wi(s) Wi, (w)

while W¥(0,¢) and W% (0,t) will be denoted, as before, just by Wi (¢) and W% (t),
respectively. Let 0 <ty < t; < ... < t,, =T and observe that if [t,N] = [t;+1/N] then

W%(tqvthrl) =0and |S%(tq»tq+1)| = Dij(tgr1 —tq) < DijN_l
where D;; = | Y72, E(&(0)¢;(1))] < co. Hence,

EO<q<m |Sij (tqa tq+1) - WU (tqa tq+1)|p/2 (4'24)
< ZO<r<n |Sl] N’ kr+1) WU( T r+1 )‘P/Q
+IY < IQ + TG 22T ) - J( o,
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where
IO =D 3T e — 12 < DYPTNTGY, (4.25)
@:ltgr1—tq|<N T
1 Qg kr errl 249 kr kr+1 p/2
JN - Z |SJ\JI(ﬁa N )7 J\jf(ﬁa N )| )
0<r<n,kr41—k >N
7@ _ 3 |Sz‘j(& kr+1)|p/2 and
N N N? N )
0<r<n,kyy1—k <N
(3) _ 1707 k’r' kr—l—l 2

0<r<n,ky41—k,<N«

k, = [tg. N]and 0 =ty <ty < ... <tg, =T is the maximal subsequence of g, 1, ..., t,
such that [t,, N] < [t4, ., N], 7=0,1,....m — 1.
Observe that

qr+1

S (s, t) = S (1) = S (s) — S (s)(Sh (1) — S (9)),
Wi (s,t) = W (t) = W (s) = Wi () (Wh (1) = Wi (s))
and

W (s.6) = WE ()~ W) = Wi (G035 - W (D).

In order to estimate J](Vl) we use (2.16) and (2.17) for the supremum norm proved in
Sections 3.3 and 4.1 together with Lemma 3.10 and observe that there exists no more
than [TN'~?] disjoint intervals (k;, k,11) in [0, [T'N]] with the length exceeding N* which
gives as in (3.30) that

TG < CisNTTOR (1 sup [SL(OIP2 4 sup (WP + sup [WE (D) (4.26)
0<t<T 0<t<T 0<t<T

where Cig > 0 is an a.s. finite random variable which does not depend on N or on the
choice of t1, ..., t,,. Using (2.16) we have

sup |S%, (1)[P/2 < 2P/27H(C1gN P2 4 sup |W (t)[P/?) whenever 1 < j <e (4.27)
0<t<T 0<t<T

where C19 > 0 is an a.s. finite random variable which does not depend on N. By the
standard martingale moment estimates for the Brownian motion for any M > 1,

E sup |W1{,(t)|pM < Cq0(M,T) < oo whenever 1 < j <e,
0<t<T

where Co(M,T) > 0 does not depend on N. Applying as above the Chebyshev inequality
and then the Borel-Cantelli lemma we see that for any v > 0,

sup |Wi(t)| = O(N?) as.

0<t<T
This together with (4.26) and (4.27) gives
I = O(N1-emrd/2mm/2y (4.28)

where we choose « so close to 1 that 1 — a — pd/2 < 0.
By (4.19) we obtain similarly to (3.31) that

2 _ _ _
IN) S CS GNP byanmbyn Rt = Ky [P/ (4.29)
< CE ﬂTN—(l—a)(%—l—pﬁﬂ)
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where we assume that )
0<p<l—- (4.30)
p

which is consistent since p > 2.
In order to estimate Jz(\?) we proceed in the same way as in (3.33)-(3.35) and (4.21)
writing

Wi (L) Wi () (Wi (£)-Wi (2
P{max,, { No>n>m>0, [TN]>n |2 ren (W N‘(L_m])v/(ﬁﬁ)—(a M) =W ()] (4.31)

> 1} < N2M(1-8) Em+Na2n>mzo, [TN]>n(n _ m)—2JVI(1—B)
l j 9 i (m 2M
<E| Y pctcn WD = W)W () = Wi ()
< Cor(M)N2MP N Nesnsmso0, s (0 — m)*M7

< Oy (M)TN—QMB(I—a)+1+a

where Cy; (M) > 0 does not depend on N > 1 and we rely on the Chebyshev inequality
and the standard moment estimates for the martingale M, = >  _, <7L(WIJV(HT1) -

WL (Wi (&) — Wi (%) (see, for instance, [40]) or, alternatively, use Lemma 3.4.
Choosing M > (3 + )(28(1 — a))~! we obtain in the right hand side of (4.31) a term of
a converging sequence and application of the Borel-Cantelli lemma provides us with a
finite a.s. random variable Ozlfﬂ > 0 such that forall N > 1,

N i i j n mi1—
| (Wi (u) — Wiy (m/N)) AW, (u)] < Oy — 217

4.32
N 5N "N (4.32)

whenever N* > n —m >0, n < [TN], m > 0. In the same way as in (4.29) we have now
JE < CW TN~ (- w/2-1-p5/2), (4.33)

Collecting (4.18), (4.24), (4.28), (4.29) and (4.30) we obtain (2.17) for some ¢ > 0 which
together with Lemma 3.10 completes the proof of Theorem 2.2. O

5 Continuous time case: proof of Theorem 2.5

5.1 Basic estimates
First observe that by (2.6), (2.19) and (2.21),

[(n 0™ (w) — E(n o 0™ | Fnnmtn)(@)] (5.1)
=1 J77" ) e, 9mw)ds — BT 65,9 w)dsl o) (@)
< 2L 0 9" (w) = B(r 00" | Fon ) )| | J77 T g (s, 0m)
—E(&(s,9"w)| Fonnmen) (@))ds| < (2L + L)p(n),
and so the sequence 7)(k), k € Z satisfies the conditions of Theorem 2.1.
With a slight abuse of notations we set now for each t € [0, T,

Sc(t)=e > mk)andSP(t) =& > k().
0<k<[e—2t] 0<k<I<[e—2t]

In view of the assumptions of Theorem 2.4 we can apply Theorem 2.2 to S, IVN and
5, /vN to obtain

15, /v = W llpor) = O(N™°)  as. (5.2)
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and -
Jmax 187, = Wil = ON?) - as. (5.3)

where Wy = N~Y/2W(Nt) and W is the universal Brownian motion constructed via
Theorem 3.8 for the sequence 7(k), k € Z in place of the sequence £(k), k € Z considered
there. Here

Wit /WN YW, (s +tZEnZ (0)n; (1))
=1

Next, set N. = [¢72]. Then, by (2.6) and (2.19),
|Se(t) = Siyn. (B)] < levV/Ne = IUNZH Yo cie g 1(F)] (5.4)
+¢| Z[Nst]§k<[a—2t] n(k)| < 52|Sl/m(t)| +e(T +1)LL.
This together with (5.2) and the arguments similar to Section 3.4 yields easily that
1S = Wie=2lp. 0,1 = O(°) a.s. (5.5)

for some § > 0 where a.s. is simultaneously over ¢ € (0, 1).
Next,

S9() — 89, (O] < |2VNZ — NS Sgcpetem.n 105D (5.6)
+e? |ZN5 f<i<] —2t]7lj( )Zk onz( )|
<€2|$1/\/—( )| +ELL|Z[NEt]§l<[6’2t] Sl/m(( _1)52)‘

Relying on (5.2), (5.3) and the arguments similar to Section 4.2 we derive easily that
IS =Wy llpj2, 0 = O(°) ass. (5.7)

for some 6 > 0 where a.s. is simultaneously over ¢ € (0,1). In fact, employing the
standard moment estimates for the Brownian motion together with its Hélder continuity
and the Borel-Cantelli lemma we can replace Wi.—2)(t) = [e2]"Y/?W([e~2]t) in (5.5) by
WE(t) = eW(e?t) and ng,Q] in (5.7) by

W ( /WE )AWE (s +tZEm (0)n, (1))
=1

Hence, in addition to (5.5) and (5.7) we have also

15 = W*|

plor] = O(E%) as. (5.8)

and
8¢ — W?j”P/Q,[O,T] = 0(56) a.s. (5.9)

5.2 A renewal type lemma

The following result will be used several times in this section and though it is
essentially known we will provide its self-contained proof for completeness.

Lemma 5.1. Let n(s) = n(s,w) = 0 if 7(w) > s and

n(s) = n(s,w) = max{k : ZT 0¥ (w) < s}.

7=0
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Then for any M > 1 and s,t > 0,

Eln(s7) — s|* < K(M)sM and E sup |n(s7) — s|*™ < K(M)tM+1, (5.10)
0<s<t

where K (M) > 0 does not depend on s and t, and for any v > 0,
In(s7) — 5| = O(s277) a.s. (5.11)

Proof. Observe first that without loss of generality it suffices to prove (5.10) and (5.11)
fors =k, k=1,2,... since n(s7) — n([s]7) < L? in view of (2.19). Next,

o0
m~MEn(m7) —m* <1+ Z P{|n(m7) —m| > EY/?M/m}. (5.12)
k=1
Now we have the following events inclusions
{|n(m7__) - m| > k1/2M\/m} - {ZOSjgm+k1/2M\/ET o < mf}
U{ZOSjSm_kl/gju\/mT o] 'l9‘7 > m7_—} C Fk U Ak

where

Tp=H{ Z (ro —7) < 7[k1/2M\/E]7__}

Ogjgm_;'_kl/ﬂw /m

and

Ae={ Y (re# 7> KM ml).

OSjSm_kl/zM /m

Next, by Lemma 3.4,

E( Y (row? = 7)™ <07 (3M)n*

0<j<n—1

where the index 7 in C7 means that we apply Lemma 3.4 for sums of 7’s in place of £’s
there. Hence, by the Chebyshev inequality for k,m > 1,

max(P(y), P(Ay)) < CT(BM)(m + k'/2M/m)M [k1/2M /] ~6M 7= 6M
< K(M)k=3/?

for some K (M) > 0 which does not depend on k and m. Summing in k > 1 we obtain the
first estimate in (5.10) from (5.12). The second estimate in (5.10) follows by

E =\ o 2M 2 o 2M M
ogfrflg[}f]ﬂ [n(mT) —m|*" < Z E|n(m7) —m|*™ < K(M) Z m
0<m<[t]+1 0<m<[]+1

Finally, by (5.10) and the Chebyshev inequality,
P{|n(m7) —m| >m>t7} < K(M)ym~MO+20mM — K(M)m =27

Choosing M > ~~! we obtain in the right hand side here a term of a converging sequence
and by the Borel-Cantelli lemma (5.11) follows. O

EJP 29 (2024), paper 111. https://www.imstat.org/ejp
Page 28/56


https://doi.org/10.1214/24-EJP1174
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Diffusion approximation

5.3 Proof of (2.26) and (2.27) in the supremum norm
Set

Ustty=e Y (k) and U5;(t) =¢° > i (k)1 (1)

0<k<n(tTe—?2) 0<k<l<n(tre—2)

Then for M > 1,

supg<, <7 [S=(t) — U= (t)[*M
2

=€ M SupOStST ‘ Zmin([s*zt],n(t?s*z))§k<max([s*2t],n(t7’-s*2)) n(k)PM
k
<e2M Zogm§5—2T SUPg<i<T MAXQ<E< |n(t7e—2) —e—2t] \ Zl:o n(l + m)|2M
k
<eM ZogmgsﬁT maXp<p<e—3/2 | Zl:o n(l + m)PM

2M k 2M
+e Zogmgg—2T MaXg<p<ri2e—2 | Zl:o n(l +m)| ]IsupOStST |n(tre—2)—e—2t|>e—3/2

since |n(t7e2) — e~ 2t| < TL%~2. Applying Lemmas 3.3, 3.4 or Theorem B from [44] to
sums Zf:o n(l) and taking into account stationarity of the sequence 7(l), | > 0 we obtain

that
k

E ma n(l 4 m)|[*M < Cyq(M)e=3M/2
o, | (1 m) < Caa(0)
for some C22(M) > 0 which does not depend on ¢ > 0. Using, in addition, Lemma 5.1
together with the Cauchy-Schwarz and Chebyshev inequalities we derive that

‘QJVI]I

k
E(maxogkngng | Zz:o n(l +m) SUPg< i< \n(t%a—Q)—s—2t|>s—3/2)

k M
< (Bmaxycpeppes | 2o n(l +m)PAMHD) ¥
X (P{SUPogth In(tTe=2) — e 2t| > 5_3/2}) T
< C(M)(TL2e 2+ 1)MB3M+)(p SUpg<j<7 [(t7e72) — a_2t|2(M+1)2)#+1
< Coz(M)e™M
for some C'(M), Cy3(M) > 0 which do not depend on ¢ € (0, 1).

Hence,

sup [So(t) — US(8)|2M < Con(M)Te™ 2 4 Chg(M)eM 2,
0<t<T

and so by the Chebyshev inequality,

P{ sup |S.(t) = U=(t)| > €'/%} < (Cas(M) + Coy(M))Te™ 2.

0<t<T
Taking M > 24 and € = ¢,, = n~'/? we obtain by the Borel-Cantelli lemma that

sup |Se, (t) — U (t)| = O(n~"1/1%) a.s.

0<t<T
When (n +1)71/2 < e <n~'/? then
|S.(t) — S., ()] < (2T +1)Ln~? and |U*(t) — U (t)| < (2T + 1)LLn~"/?,
and so

sup |S=(t) — US(t)] = O(¢'/?®) as. (5.13)
0<t<T

Next we estimate

S [82(t) — UG, (1) < 22M 1M (2 + 1251 125)
<t<
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where

Ie1 = supg<i<r | Emin([s—?'t];n(t‘T'e_z))§k<l<max([s_2t],n(tfs—Q)) i (k)n; (1],
leo = |ZO§k<min([5—2T],n(Tf—e—Q)) ni(k)| and
I3 = SUPg<t<7 | 2omin(e-2t)n(tre-2))<t<max((e-2t)n(tre-2)) T (D]
Similarly to the above

Bre Y Y Pams Y Y Pm)

0<m<e—2T 0<n<e—3/2 0<m<e=2T 0<n<LLTe—2

where

J(m,n) = Zogk<l<n ni(k +m)n;(l +m) and

Je (ma n) = J(mv n)]ISUPogth [n(tFe—2)—e—2t|>e—3/2-
By the stationarity of the sequence n(r), r =0,1, ...,
EJ*M(m,n) = BEJ*™M(0,n) < 22M=YEJ2M (n) + EJZM (n))

where

Ji(n) = J(0,n) = Jo(n) and Jo(n) = > E(ni(k)n; (D).
0<k<l<n

By Lemma 3.4,
EJM(n) < Cos(M)n*M

for some Co4(M) > 0 which does not depend on n.

In view of the assumptions of Theorem 2.4 on the coefficients ¢ and p the estimates
(4.6) and (4.7) considered for the sequence 7(r), r > 0 (in place of £(r), » > 0 there) hold
true, as well, which implies that

| J2(n)] < Casn

for some Cs5 > 0 which does not depend on n. Now, by the Cauchy-Schwarz and
Chebyshev inequalities, similarly to the above,

EJ*M(m,n) = E(Ji(n) + Jo(n))*MI

supg<i<r |R(ETe72)—e 2t >e—3/2
_1
< (E(Jl(”) + J2(”))2(M+1))#il (P{SuPogth [n(tre=?) — e~ 2t| > 5_3/2}) M
< Cog(M)n2MeM
for some Cy6(M) > 0 which does not depend on n and . Collecting the above inequalities

we obtain that,
€4MEIEZ,1¥[ S 027(M)€M74

for some Co7(M) > 0 which does not depend on «.
Next, relying on Lemma 3.4 considered for the sequence 7(r), » > 0 and taking into
account that n(T7¢~2) < TL?c~2 we obtain that

Elijy S 0288_2M
for some (3 > 0 which does not depend on ¢. Since,

Iz =e"" sup |S.(t) —U(t)|
0<t<T

we can use the estimates at the beginning of this subsection to obtain that

M
eMB(IZYI2Y) < Coge= 72
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for some Co9 > 0 which does not depend on € > 0. Proceeding similarly to the above
with the Chebyshev inequality and the Borel-Cantelli lemma we arrive finally at

max sup |S. Vs (4)] = O(c'/®) as. 5.14
0<Z7]<do<t§T| (t) = U5 @) =0(E"7) (5.14)

Next, we compare V¢ with U¢ and V* with U¢ with V¢ and V*® defined before Theo-
rem 2.5. Clearly, by (2.6) and (2.19),

sup |Ve(t) — US(t)| < eLL. (5.15)
0<t<T
Next,
sup V(1) — tEFy — U0 < sup A+ swp B0+ suwp |50 (5.16)
0<t<T 0<t<T 0<t<T 0<t<T
where F;(w fOT(w) &i(s,w)ds [y & (u,w)du,

n(s)—1 ,
Jl(t):52/t K /gl duds, o(s) = o(s,w) = 3 7B (w),

Jj=0

o(t7e™?) s
Ta(t) = £( / &(s) / ¢:(w)duds — n(tre"2)EF,)
0 o(s)
and Js(t) = (tEF;; — e*n(tTe 2)EF})).
Now, by (2.6) and (2.19),

|J1(>\<L62f”;5 ds| [y &(u)dul (5.17)

< I2Le? + LLe?| [ &(u)du| < L2Ee?(1 + L) + LLe? 1) (k).

By (2.6), (2.19) and (5.11) for any v > 0,

n(tre?) te™2]-1
el N mlk)— > mk)| =0 as.
k=0 k=0
It follows that
< 1= 4 [Le? 1
OiltlgTul(t” < Cs0e 7+ LLe 1<krr<1%ﬂxsi2 |Zm (5.18)

for some a.s. finite random variable C5y = C30(w) > 0 which does not depend on «.
Next, applying Lemma 3.4 to the sequence 7(k), kK > 0 which is possible in view of
(5.1), we obtain

k—1

oM (1\12M n M _—2M
max_2]|2m| < X B m@PM <cianrte

1<k<[T5 1<k<[Te-2]  1=0
where C7 > 0 does not depend on ¢. Hence, by the Chebyshev inequality

k—1
P{e? ; = <o (M)TM MY, 5.19
{e 1<krgﬁg<€_2]\2n )| > < oYM T (5.19)

Taking € = ¢, = ﬁ, v € (0,1), M > 2/~ and applying the Borel-Cantelli lemma we
obtain that

max |Zm =0(n 20" as.

1<k<[Tn]
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If ﬁ <e< \/% then
e? max; <p<pre-2) | Yo 7i(0)]
< A maxicpeirny | S ()] = O(n~2077)) = O(e') ass,
and so
sup |Ji(t)] = O(e'77) a.s. (5.20)
0<t<T
Next,
n(t?efQ)
| Jo(t)] = €% Z (Fijj o 0% — EFy)| < |Ju(t)| + 2(LL)2 3 |n(t7e %) — [te ™3|  (5.21)
k=0
where
[te =2

]

k=0

Now observe that by (2.6), (2.19) and (2.21),
|Fij o 0% — E(Fyj 0 0% Frnkn)| (5.22)
To9F (w s .
— [T (s, w)ds [ €(u, Few)du
_‘E(f()Tm9 “ fj(s’ ﬁw)ds fos 51 (’LL, ﬂkw)du|fk7n,k+n)‘
S 2LL|T o ﬁk(w) — E(T o 'l9k|]:k—n,k+n)(w)| + Gij(E(T o ﬁk|.7'—k,n,k+n)(w)7 w)
where
Gij(r,w) = |for fos (gj (5, 9%w)&; (u, V*w) — E(ﬁj(s,ﬁkw)fi(u,ﬁkw)|]-"k_n7k+n))dsdu|
< 2Lr?%p(n).

Hence, the left hand side of (5.22) does not exceed 2LLp(n)(1 + L), and so we can apply
Lemma 3.4 with F;; o 9*’s in place of £(k)’s to obtain that

Esupgcicr JPM () < e™MEmax, <, cipe-2) | Yoy (Fij o9 — EF;)PM - (5.23)
<eMoF(mym™

where Cf" > 0 does not depend on ¢. Arguing as for (5.20) we see that for any v > 0,

sup |Ju(t)] = O(e'™) as.
0<t<T

which together with (5.11) and (5.21) gives that for any v > 0,

sup |Jo(t)] = O(e'™7) as. (5.24)
0<t<T

Estimating J3 by (5.11) we obtain that for any v > 0,

sup |J3(t)| < |EF;;| sup |t —e®n(tre ?)| = O0(e'77) as. (5.25)
0<t<T 0<i<T

Finally, collecting (5.8), (5.9), (5.13), (5.14), (5.15), (5.18), (5.24) and (5.25) we obtain
(2.26) and (2.27) but only for the supremum norm.
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5.4 Completing the proof of Theorem 2.5
For 0 < s <t set

tre 2

VE(s,t) =VE(t) — VE(s) = 5/7 . &(u)du,
Us(s,t) = U(t) = U(s) = € 2oy (sre—2)<kan(ire—2) M(K)
and U(s,t) = €2 se—2)<hefte—2] M(K)-
First, observe that by (2.6) for any 8 € (0,1/2),
[Ve(s,t)| < e 'LA(t —s) < L7t — s)7 P (t —s)2P = O((t — 5)27P) (5.26)
provided ,
(t—s) = O(cT2). (5.27)

Next, we are going to obtain Holder type uniform estimates of |V(s, t)|(t — s)(z %)
similar to (5.26) for small ¢ — s satisfying

s+l >t>s4+e2>5>0 (5.28)

where « € (0,1) is close to 1 and it is chosen similarly to Section 3.4. Observe that by
(2.6) and (2.19),

[VE(s,t) — VE([se2|e?, [te %]e?)| < 2¢LL,
and so under (5.28),

Vsl _ 5 [Ve(lse™?]e?, [te—2]e?)|

< +2e2°L L.
(t—s)2"" ([te=2] — [se~2])2~Pel~28

Hence,

[VE(s,0)] 5.29
SUPg<s<ste2<t<stel—o, t<T TR ET (5.29)

Ve (ke?, 1e?)] 2877
< s VIR )] .
< V2maXgcpoicppe-ta), j<Te-2 (k)3 —Pei-2s +2eLL

In order to estimate the moments of the right hand side of (5.29) we introduce

7 IT+u

Vo =c [ o @uldo=c [ €, @.0)d
kT kT4+u
and observe that by (2.6) and (2.19),
|VE(ke?, 1e?) — Vi (w,u)| < 2uLe < 2LLe. (5.30)

Since ¢ is a stationary process on the probability space (Q, F , ]5) we see that

/ 1V (w0, )M dP(w, u) = / Vw0, w)PMdP(w, u),

and so by (5.30),

E|Ve(ke2,1e2)2M < 24M =212 |V (0, (1 — k)e2)|2M (5.31)
+24Mfl (22M + l)i(Li)2M€2M'
By (5.15), )
[VE(0, (1 — k)e?) — U(0, (I — k)e?)| < 2¢LL,
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and so
E|VE(0, (I — k)e?)|?M < 22M71E|U#(0, (I — k)e?)|?M 4 2*M~1(LL)?M M (5.32)
In order to estimate the right hand side of (5.32) we observe first that
U2(0, (1 = K)e) = UF(0, (1 = k)e*)| < eLLIn((l = k)7) = (L= k)],
and so

E|U=(0, (I — k)e2)|2M < 22M=1E|(7=(0, (I — k)e2)|2M (5.33)
+22ML(LL)2M2M Bn((1 — k)7) — (1 — k)[?M.

By Lemma 3.4 applied to sums of 7(k)’s we obtain that
E|U%(0, (I — k)M < O7(M)(I — k)M M (5.34)
where C’? > 0 does not depend on ¢,/ and k. By (5.10) and (5.31)-(5.34),
E|Ve(ke?, 1e%)*M < C316*M (1 — k)M (5.35)

for some C3; > 0 which does not depend on ¢,k and [. Hence, by the Chebyshev
inequality

[VE (ke?, 1e2)]
P{maxocpci<pte- 040, 1<Te-2 7@ 1 P2 > 1} (5.36)
| VE (ke 1e7)] (ke?, 1e?)
< Yockaighpe-0rm, 1<re—2 P{ > 1}

(1— k;)i_ﬁsl 2ﬁ
< Zo<k<l<k+5_(1+n)7l<%_2 672M(1725)(l _ k) M(1-2p) E|V€(ka2, 152)|2M

48M 2B8M 2BM(1—a)—4
< Csie p 20§k<l§k+5*(1+“),l§Ts*2 ({—k) PM < C51Te AM(1-a)—4,

Now, take e = ey = \/Lﬁ and M > 4371(1 — a)~}, then the right hand side of (5.36) is
a term of a converging sequence, and so by the Borel-Cantelli lemma there exists an a.s.
finite random variable C35 > 0 which does not depend on ¢, k and [ and such that

Ve (ke?, 1€%)| < Caa(le? — ke?)z—F

whenever e~ (1+®) > — k> 1. Since for any \/ﬁ <e< \/—% wehave N +1>¢"2> N,
and so
sup |VE(s,t) = VN (s,t)] < 2T Le,

0<s<t<T

we conclude from here and from (5.29) that
VE(s,)| < Coplt — 5277 (5.37)

whenever (5.28) holds true, where C, g > 0 is a a.s. finite random variable which does
not depend on s,t and . Taking into account (5.26) and (5.27) we conclude that (5.37)
holds true just under the condition |t — s| < gl72.

Now we can complete the proof of (2.26) from Theorem 2.5. Set N, = [¢~?] and define
We(t) = We(NV[N.t]). Let 0=ty < t; < ... < t,, = T. Next, we proceed similarly to
(3.29)—(3.35) writing

D VE(ti tigr) = WE(ts, tig)[P < J§ + 2071 (J5 + J5)

0<i<m
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where for a € (0,1),

Ji = > [V (tistiga) = W (ti, tiga)|P,
0<i<m, tiqyr—t; >N A7)
J5 = > \VE(ti, tis1)|P? and
0<i<m, tiqy1—t; <N 7
J3 = > W (ti, tia) |-
0<i<m, tigy—t; <NG 7
Taking into account that
VE(ti tigr) = VE(NZH[Neti], N2 [Netiga))] < 26(1 = %) 7' LL,

that there exists no more than [TN!~¢] intervals [t;, ;1] with t;,1 —t; > Ns (1-a)
relying on the supremum norm estimate in (2.26) we obtain that

and

JE < 220-1P(LL)Pep—2(1-0) (1 — g2)~P
_ k; Kk crerky Ky
+2r71 20§j<n,kj+1—kj>Ng Zogj<n,kj+1—kj>Ng |V€(Vl? 17\;;1) B VVE(NJE7 ijtl )P

< 221720 ((LLYPeP(1 — £2) 7P 4 O("?))

where k; = [t;;N.] and 0 = t;, < t;; < ... < t;, = T is the maximal subsequence of
to,t1, ..., ty, With [ti].+1N5] > [tist]-

Next, using (5.37) we obtain similarly to (3.31) that
1_
Js < Cg,ﬁ ZO§i<m,ti+17ti§N§(17°‘) |ti+1 - ti|p(2 8) (5.38)

—(1-« i-B8)-1 —_a)(B-1—
< Cg,ﬁNE ( )(p(5—8) )ZOSZ‘<7” |ti+1 o t’L‘ < 0576T€2(1 )(5-1 pﬁ)

Proceeding similarly to (3.33)-(3.35) for W€ we obtain also
J: < C'g’ﬁTg(l—a)(%—l—pﬁ)

where C, g, C’w > 0 are a.s. finite random variables which do not depend on ¢ > 0 or
the choice of ¢y, ..., t,,,. Taking « so close to 1 that pd > 2(1 — «) and choosing § satisfying
(3.32) we obtain that

||VE - W6| p,[0,T] = 0(66) a.s.

for some 4 > 0 which does not depend on & > 0. This together with Lemma 3.10
completes the proof of (2.26) from Theorem 2.5.
It remains to complete the proof of (2.27). For 0 < s < t set
V?_( ) =¢? :;Efz fj( )dv fg.,-sfz fz(u)
IU? (S t) =€ Z (s7e2)<k<l<n(tTe2) l(k) (l)’
Us(s,t) = ¢ 2 lse—2<hei<ite— Mi(k)n; (1) and
WEi(5,8) = X w e (WE(52) = WE (G (WE () — W ()

while ng(o, t) equals ij(t) defined before Lemma 3.10. By (2.6) for any 8 € (0,1),

[VE(s,t)] < e 2Lt — 5)? < LP7(t — s)' P2t — )PP = O((t — 5)'F) (5.39)

provided
(t—s)=0(em7). (5.40)
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Next, we are going to obtain Hélder type estimates of |V, (s,t)|(t — 5)~(1=P) similar
to (5.39) for t — s satisfying (5.28). Observe that by (2.6) and (2.19),

V5 (5,8) — V5 ([s 22, [te=2)e?)] < 2(LE)2 4+ €2L [T do] [, &i(u)dul

+e2| [T g (v)dv [ a] €i(u)dul
< 4e2(LL)* + eLL(VE (s, )] + Vi (s, 1)),

and so under (5.28),

Ve (s,t V&, ([se™2]e?, [te?]e? . . L |VEG, B+ [VE(s, t
VEE.OL _ Vs 0oy IV 014 IV (a.0)
(t—s)t=8 ([te=2] — [se—2])1—Be2(1-H) (t —s)2(1=P)
Hence,
[V, (s:t)]
SUPg< s<ste2<t<stel—a ¢t<T 7@ T (5.41)
\ij(ka ,1e?)]

2
< 2MAXg<pichpe (4w, 1<Te2 Gopi-seaey + 462 LL

+LL€’8 sup0§s<s+52§t§s+81_a7t§7~ (tfs)%ufﬂ)

In order to estimate the moments of the right hand side of (5.41) we introduce

7

Vi D)(w,u) =2 [ &0, (w,u))dv ]: E(w, (w,u))dw

k7
and observe that by (2.6) and (2.19) similarly to the above,
VS, (ke?, 1e2) — V5, (k, ) (w,u)| < 4e*(LL)? + eLL(\VF (ke?, 1e2)| + [VF (ke2,1€%)]).  (5.42)

Again, we use the stationarity of the process ¢ on the probability space (Q,]:' , 15) to
obtain that

/ij(k,l)(w,u)|2MdP(w,u) :/ij(o,z—k)(w,u)PMdP(w,u),

and so by (5.42),

E|V§; (ke?,1e2)|2M < 28M=2[2B|V5 (0, (1 — k)e?)|?M (5.43)
+26M71(22M + 1)£(L£)2M54N1
+24M_252]\/[(LL)QM(E“/;E(]{EQ, 152)|2M + |‘/js(k‘€2, ZEQ)PJW).

Next, by (5.16), (5.17), (5.21) and (5.25),
|V§j(0, (1—k)e?) —e2(l - k)EF;; — lUfj(O, (1 —k)e?)| (5.44)
< (LL)%e%(1 — k) + L?Le?(2+ L)
+HA(LL)2 (L — k)7) — (1 — k)| + €% Sy L (Fyj o 0™ — EFy)|
where we took into account that |Fj;| < (Lﬁ)z. Also, we obtain easily by (2.6) that
|U5(0, (1 = k)e?) — T5;(0, (1 — k)e?)] (5.45)
<e2L?n((l - k)7) — (I = k)]> + 2LIn((l — k)7) — (I — k)||U5(O, (1 —k)e?)|.
By Lemma 3.4,
E|US(0, (1 — k)e*)PM < Cyge*™ (1 — k)*M
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where C33 > 0 does not depend on [, k or e. Combining this with (5.10), (5.23), (5.34),
(5.36) and (5.43)-(5.45) we obtain that

E|VE,(ke?, 1) PM < Caye™ (1 - k)*M (5.46)
for some C34 > 0 which does not depend on ¢, k or [. Hence, by the Chebyshev inequality

VS, (ke?, 1e?)|
P{maxgcpcjcpic-ra) j<re-2 i > 1} (5.47)

Ve, (ke?, 12)|
< D 0<h<i<hte— () 1<Te~2 P{i([_k)l—ﬁ&&(l—ﬁ) > 1}

4 M 28M 2MB(1—a)—4
< 0345 20§k<l§k+€_(l+“>,l§T€_2 (l — k) B < 0346 pl-c)

where « € (0, 1) is close to 1 and it is chosen similarly to Section 4.2. Takinge = e = Tlﬁ
and M > 3ﬁ*1 (1—04)*1, using (5.39) when (5.40) is satisfied, relying on the Borel-Cantelli
lemma and arguing as for (5.37) we obtain that

VS (s5,)] < Caglt —s|'=# (5.48)

whenever |t — s| < ¢!~ holds true, where C, 3 > 0 is another a.s. finite random variable
which does not depend on s,t and &.
Let0 =ty <t1 <..<t, =T and write

D Ve (tg tar1) = Wi (tg tgs) [P < T5 +2571(T5 + T5)

0<g<m

where for a € (0,1),

It = > IVE (tgs tar1) — WE (b, L) P72,
0<q<m, tip1—t; >N 7
T = Z V3 (tg; tq+1)\p/2 and
0§q<m,tq+17tq§N;(lfa)
I5 = Z (W, (tg, tq+1)|p/2.

0<g<m, tgp1—tg <N =)

Observe that
V5i(s,t) = Vi;(t) = Vi;(s) = ViE(s) (VS (8) = Vi (s))

and
Wi (s.) = Wy (1) — W5 (s) — WE(s) (W (1) — Wi (s).

J J

We estimate J; taking into account Lemma 3.10, the supremum norm estimates in (2.26)
and (2.27), the fact that there exist no more than [T N!~] intervals [t,, t,+1] with length
exceeding N¢ (1-a) and then proceed similarly to (4.26)—(4.28) obtaining that

jle — O(€P§+2(a71))

where 1 — « > 0 can be taken arbitrarily small and § > 0 comes from Lemma 3.10 and
the supremum norm estimates of Theorem 2.5. Next, J5 is estimated using (5.48) taking
into account that ZO§q<m [tg+1 — tq] = T and arguing similarly to (3.31) and (5.38).
Finally, J5 is estimated similarly to (3.33)-(3.35) and (4.31)—(4.33). This completes the
proof of (2.27). Now, Theorem 2.4 follows from Theorem 2.5 and the rough paths theory
arguments given in Section 6.4.2 below.
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6 Rough paths and diffusion approximation

We start this section with a review of some elements of rough path theory, pointing
whenever possible to [22]. Most results therein are formulated in Holder spaces, the
extension to cadlag p-variation spaces is found in [23, 25].

6.1 Review and local Lipschitz continuity of It6-Lyons map
6.1.1 Rough paths

Consider a cadlag path U : [0,7] — R¢ of finite p-variation on [0, 7], so that

b
Ullpjory == | sup > [U(s, )P | <oo (6.1)
[s,t]leP

with path increments U(s,t) := U(t) — U(s) € R¢, additive in the sense that Uf(s,t) +
U(t,u) = U(s,u). For p € [1,00) this defines a seminorm (it does not separate constants).
For p = 1, iterated Riemann-Stieltjes (RS) integration defines second order increments
U(s,t) € R ® R, cadlag in both variables,

Ui (s, 1) ::/ (Ui(r—) — Ui(s))dU (), 1<ij<e. 6.2)
(s:t]

Such increments are non-additive; elementary (additivity) properties of the integral gives
Chen’s relation (cf. [22, Ch. 2])

U(s,t) +U(s,t) @U(t,u) + Ut,u) =U(s,u), 0<s<t<u<T, (6.3)

with tensor notation that relieves us from spelling out coordinates. Thanks to classical
works of Young (cf. [22, Ch. 4]) this extends to p € [1,2), such that!

p

||1U||(p/2)7[07T]: sup Z |1U($,t)‘% < 0. (6.4)
P step

Let now p € [2,3). There is no more (Riemann-Stieltjes or Young) meaning to (6.2),
instead we consider U as part of what we mean by a path: by definition, a (level-2,
cadlag) p-rough path (over R¢, on [0,71]) is a pair U = (U, U), cadlag, where one imposes
the algebraic Chen relation (6.3) and the analytic regularity conditions (6.1), (6.4), so
that

10 lp.10.17 := 1Ullp.j0,77 + Ul (py2),10,17 < o< - (6.5)

If U(0) is fixed, or upon identifying paths with identical increments, one can equivalently
regard U as 2-parameter (cadlag) function (s,t) — U(s,t) = (U(s,t),U(s,t)) € R°@(R°®
R¢) =: G, a (Lie)group equipped with multiplication (a, M)+ (b, N) = (a+b, M +a®b+ N),
inverse (a, M)~! := (—a, —M+a®a), and identity (0, 0). Addivity of U and Chen’s relation
then take the appealing form

U(s,t) * U(t,u) = U(s,u). (6.6)

From U(s,t) = U(0,s)! « U(0,t) we see that ¢ — U(0,¢) contains all information which
suggests an essentially equivalent definition of rough path as genuine G-valued cadlag

1The spaces R, R¢ ® R® are equipped with compatible norms, all denoted by | - |, compatible in the sense
that [v ® w| < |v||w]| for all v, w € Re.
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path ¢ — U(t), with induced group increments U(s,t) = (U(s,t), U(s,t)) = U(s)" 1 xU(t),
subject only to the regularity condition (6.5).

In many cases U arises from some sort of (possibly stochastic) integration of some
path (or process) U against itself, and hence scales like A% upon replacing U by AU. This
suggests a purely analytic dilation of rough paths, with pointwise definition

\U(s, t) := (\U(s, 1), \*U(s, 1)). (6.7)

The homogenous rough path norm

1/

st L

2
10,71 = 1Ullp, 0,71 + 10Ul 5,2y 10,77 < 0© - (6.8)
then has the desirable property |[[6,Ul||,.10,77 = All|Ul|[p,0,77, A > 0, and is often prefer-
able to its non-homogenous counterpart (6.5). The latter however gives rise to the

(inhomogenous) p-rough path distance?

IU: Ullp 0 == IU-T

011 = 11U = Ullpo,r) + 10 = Ullpy2).00775 (6.9)

with respect to which the It6-Lyons map turns out locally Lipschitz continuous. (At
occasions, its homogenous counterpart can also be useful.)

6.1.2 Semimartingales as rough paths

The main motivation for this construction comes from stochastic analysis. Indeed,
if U = U(t,w) is cadlag semimartingale, on R¢, then a.s. its It6 lift U°(t;w) =
(U(t;w), UY%(0, t;w)), with increments U (s, t;w) = U(t;w) — U(s;w) € R® and

U (s, 1) = ( /( ﬂ(U%r—)—Ui(s))de(r)) @), 1<ij<e  (6.10)

has the correct p and p/2 variation regularity, any p > 2, and hence constitutes a p-rough
path, for any p € (2, 3), over R¢ and on compact time horizon [0, 7). The afore-mentioned
p-variation regularity of a semimartingale is classical (see [38, Thm. 1]; the argument
relies on representing a cadag martingale as time-changed Brownian motion). In case
e = 1, this already gives (via It6’s formula) the p/2 variation regularity of U'®; for the
general case of multidimensional cadlag semimartingales see [12, 26], for the continuous
case see [24, Ch.14] and references therein.

6.2 Rough differential equations

Let b and o4, ..., 0. be vector fields on R¢, sufficiently smooth for all derivatives below
to exist. As is common in this context, we regard (o4, ...,0.) as (d x e)-matrix valued
function o : RY — L(Re, ]Rd). By one of several equivalent definitions, e.g. [22, Ch.8.7],
it is said that Y solves the (cadlag) rough differential equation (RDE)

dY =b(Y " )dt + o(Y " )dU
iff forall0 <s<t¢<T,andi=1,...,d one has®

Yi =Y, =b(Ys)(t —s)+0(Ys)Ust + Do(Ys)o(Ys)Usy + Rs 1 (6.11)

2The notation ||U; U]| p,[0,7] is @ gentle reminder of the non-linear nature of rough path spaces, as is evident
from Chen’s relation.

i y
3In coordinates, (Do (Ys)o (Ys)Us,t); = Pi<tj<e 2or<k<d Woii (Ys)ow (YVs)UY,.
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with small remainder R, in the sense that

sup Z |Rs | =0 ase—0,
P(e) [s,0€P(e)

with supremum taken over all partitions P(e) of [0, 7], with mesh-size less than ¢. This
definition first encodes that (Y,Y’) = (Y,0(Y)) € 2%/, is a controlled (cadlag) rough
path, cf. [22, Ch.4]), [25], and “p/2”-remainder Y, = Do(Y;)o(Y;)Us; + Ry for which
||Y# |(p/2) < 0. As a consequence (of cadlag rough integration theory [23]), we can sum
over [s,t] € P, which is a partition of [0, u], and see that Y satisfies a bona fide rough
integral equation (RDE), for all u € (0,77,

Y.=Y+ / b(Y, )ds + / (Y, )dU. (6.12)
(0,u] (0,u]

Conversely, (6.11) is satisfied by every solution of this integral equation. We are inter-
ested in discrete-time approximations. Concerning the drift term this amounts to replace
ds by dAN with the step function AY := [sN]/N. We note that AY := s — AN(s) — 0,
uniformly, with the rate 1, i.e. |[AY|, = O(N~1). We also have uniform 1-variation
bounds on compacts. By an easy interpolation argument (see e.g [24, Sec. 8.5]),
AN lg.0,77 < ||AN||(1>§1/q||AN||i/[g7T], we see that we have ¢-variation convergence with
the rate (1 — 1/¢) > 0, whenever ¢ > 1. This motivates to consider extensions to more
general drift terms of the form

dY =b(Y " )dA + o(Y ™ )dU. (6.13)

with cadlag ¢ — A(t) of finite ¢-variation. For ¢ < p/2 and bounded b, which suffices for
our purposes, the contribution of this drift term can be absorbed in Y#, hence can be
treated as a perturbation of the drift-free case. The following theorem gives (well-known)
conditions for well-posedness and a quantitative, local Lipschitz estimate for the solution
(a.k.a. Ito-Lyons) map, comparing Y to the solution of another RDE,

dY = b(Y")dA + o(Y™)dU. (6.14)

6.1 Theorem. Letp € [2,3),q € [1,p/2] and b,0 € C}. Then there exist unique cadlag
solutions to (6.13) and (6.14) with given initial data Yy and Y,. Moreover, the solution
map is locally Lipschitz in the precise sense

. 3 . N -
1Y = Y001 < Ce“ {IIA = Allg 0,17 + I|U = Ullp o,y + [Yo — Yol}
for some C = C(p; b, o), whenever

maX{HAHq,[O,T]a ||’L~1Hq,[0,T]7 H|U|||p,[O,T]7 |||I~J|Hp,[0,T}} </

Remark 6.1. (i) In our application p > 2 so we can take ¢ > 1, as fits our needs. (ii) In a
setting of continuous geometric rough paths this estimate is found in [24, Thm 10.26].
The cadlag extension is found in [25, Thm 3.9] but only written in the drift free case b = 0.
The Lipschitz estimate for cadlag RDEs with drift appears in [13], but without explicit
dependence on /. (ii) We have not pushed for optimal assumptions on b, 0. In the present
form, this gives us the convenience, used in the proof below, to reduce everything to the
drift-free case.

Proof. As noted before (6.11) we write (o1, ..., 0.) <> o, i.e. identify the noise vector fields
with the map R¢ 3 y — ((¢%) = X, 0i(y)€") € L(R®, R?Y). We can treat (6.13) and (6.14)
as (drift-free) RDEs with vector fields

ext

(b,01, ..., 0¢) > o,
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with ¢®t(y) € L(R'*¢,R?), driven by the U*t, the canonically defined rough path
associated to (A, U, U), with all “missing” iterated integrals (between A and components
of U) canonically defined in the Young sense (see Section 4.1 in [22]). Moreover, standard
estimates for Young integrals imply

Oy 0,21 < e(114llg 0,71 + 1O, p0.71)
for some constant ¢ = ¢(p, ¢), as well as,

JUsst = G| o, < e 6(J14 - 4

o) +10 -0

plo1))- (6.15)

The claimed estimates then follow by applying [25, Thm 3.9]. O

We state a corollary for families of RDEs, indexed by N € IN, of the form
dYy = b(Yy)dAx +0(Yy)dUy, dYy =b(Yy)dAx +o(Yy)dUy

with initial data Y (0) = Y'(0) and Yy (0) = Y (0), respectively.

Corollary 6.2. Let p, ¢, b, o be as in the previous theorem. Assume Y (0) = Y (0) and let
there exist constants C' and § > 0 such that for all N € IN we have

|An — An

lgs0,7) + 10N — Unllpsor) < CN72, (6.16)
as well as
[ An g0, + ”ANHQ;[O,T] <C

and
110N l[psjo,1) < C'loglog(N V 3). (6.17)

Then, for any ¢’ € (0,0), and some constant C' not dependent on N,

sup |V (t) — Y (t)] < C'N~,

0<t<T

Proof. Without loss of generality 7' = 1 and C > 1. Apply Theorem 6.1 with U = Uy, U=
Uy and

10N, +11/Un — Ux|[lp < Cloglog(N v 3) + C =: £y
It is easy to see that, for every n > 0, and as N — oo,
Cexp(Cl3) = O(N™).

In combination with ||[Uy — fJN||p;[O,T] = O(N7?) the results follows. O

A word on the assumptions of the previous corollary. With Ay (s) := [sN]/N and
A ~n(s) = s, we already pointed out, as part of the motivation that led us to (6.13), an easy
interpolation argument that gives ||[Ay — ANH(];[O,T] = O(N~(1=1/9), More interestingly,
the iterated-logarithmic bound (6.17) precisely holds for families of rescaled Brownian
rough paths, as we will now see.
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6.3 Brownian rough paths with parameters (X, T")

6.3.1 Brownian rough paths

Consider a e-dimensional Brownian motion W = W(w) with a given covariance ¥ =
EW(1) @ W(1)] € R° ® Re. Specializing (6.10) to the present situation, we have the It6
Brownian rough path W' = (W, W*®), For any I € R® ® R¢, we may then consider the
second level perturbation W = (W, W), with

W(s,t) = WH(s,t) + T(t — 5) = /t(W(r) —W(s)) @ dW(r) +T'(t — s). (6.18)

This yields a class of Brownian rough paths, with law determined by the parameters
(3,T"). Such a Brownian rough paths is really a (Lie) group-valued Brownian motions
in the sense that t — W(t) € G has stationary and independent (group) increments,
with Brownian scaling valid in the sense that t — 5\ W (t/A2), A > 0, is again a Brownian
rough path, equal in law to W. (Dilation § was introduced in (6.7).) A familiar situation is
= %E, the resulting Brownian rough path is then precisely the Stratonovich Brownian
rough path, with

WSRO (g 1) — / (Wi () — Wi(s)) 0 dWH(r) = W5 (5,1) 4 LS9t — 5).

If we furthermore specialize to ¥ = Id, so that W is a standard Brownian motion, the
Brownian rough paths with parameters (Id,0) (resp. (Id, Id)) will be referred to as
standard It6- (resp. Stratonovich) Brownian rough paths. See Chapter 4 in [22] for a
detailed discussion.

6.3.2 Differential equations driven by Brownian rough paths

Call Y = Y(w) the solution to the rough differential equation driven by a typical realiza-
tion of the Brownian rough paths, that is

dY = b(Y)dt + o(Y)dAW = b(Y)dt + o(Y)d(W, W).

It is well-known [22, Theorem 9.1] that this yields a solution to the Itd, resp. Stratonovich,
stochastic differential equation whenever W = W0, resp. WStato  (This extends
further to semimartingales, [24, Ch.14], [12].) For a general Brownian rough path,
with W(s,t) = W!(s ¢) + I'(t — s) as given in (6.18), the very definition of a RDE
solution (6.11), with (U 4, Uy ;) replaced by (W, ,, W ;) immediately shows that

dY = b(Y)dt + o(Y)d(W, W) = b(Y)dt + o(Y)d(W, W*?) (6.19)
with the drift vector field b = b + ¢ determined for i = 1,..,d by

ci(y) = Do)oWD)i= > Y 0koi;(Yo)om(Y)TY. (6.20)

1<l,j<e 1<k<d

The reason is simply that the defining second order term, part of the very definition (6.11),
expands as

DY Okou (VoYW = > Y ko (Ya)ou (YW + et — ).

1<1,j<e 1<k<d 1<1,j<e 1<k<d
Appealing again to [22, Theorem 9.1], we see that the (random) RDE s~olution to (6.19),
with deterministic initial data is a strong solution to the It6 SDE dY = b(Y)dt + o(Y)dB.
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6.3.3 Rescaling Brownian rough paths and LIL type estimates
Consider now a Brownian rough path W = (W, W) with parameters (¥, T') and introduce
Wy (t) =0n-12W(N?)

for N € IN. With Wy = (Wy, Wy) this means Wy (t) = N~'/2W(Nt) and
¢
Wi (s,t) = N-'W(Ns, Nt) = / (Wi (r) = W () @ AW (r) + T(¢t — s)

so that each (Wy, Wy) is a Brownian rough path with the same parameters (', ¥).
Proposition 6.3. ForeveryT > 0, andp > 2,

1[Wrllpo.) < Cr(w)/log log(N V 3).
for some a.s. finite random variable Cr, and all N € IN.

Proof. By assumption, Wy is obtained by scaling from W = (W, W), a Brownian rough
path with parameters (X,I"). It suffices to treat the case of standard Stratonovich
Brownian rough path, i.e. (£,T') = (Id, £1d)), as introduced in Section 6.3.1. Indeed, this
reduction is easily obtained from writing W = v/~ B in terms of a standard e-dimensional
Brownian motion B and

Wi(s,t) = /t W(s,r) ® odW(r) + (I' — 11d)(t — s)

so that, for some constant ¢ = ¢(X,T',T'),

Wllp/2),00,77 < llBll(p/2),00,77 + 1)
where

IB(s,t):/ (B(r) — B(s)) ® 0dB(r).

We thus consider the case of the standard Stratonovich Brownian rough path from
here on. This allows to use directly the Strassen law established in p-variation rough
path topology [37] which states that, with iterated logarithm log, = logolog,

ZN = 5(2N log, N)71/2W(N~)
is a.s. relatively compact, in the space of geometric p-rough paths. The set of limit points
given the canonical lift of the Cameron-Martin unit ball, that is

T
{(H, H) : H : [0,T] — R®, absolutely continuous: H(0) = 0,/ |H(t)|%dt <1, } ,
0

where it is understood in the above that H(s,t) = fst H(s,r)® H(r)dr. Using in particular
Cauchy-Schwarz,

1/2

T T
| E 0,21 < 1 Hjo.21 = / [ (8)ldt < VT ( / H()dt)

also, the right-hand side of [H(s,)[*/? < [|H ||y (s < /]t — s|\/f; |H(r)|2dr telescopes to
VT/ foT |H(t)|2dt upon summation over any partition of [0, 7], hence

T
18|20 071 < [Ell g2y, 07 < T / \F (1) .
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Restricting to H in the Cameron-Martin unit ball,

1/2 .
1y 011 = 1Hlp 0.2y + IHI < 2VT||H|| > < 2VT.

(p/2),0,T]

By Strassen’s law for the Brownian rough path [37], a.s. with N — oo,

Jinf ||Zws H|lp o) = 0,
lH|l 2 <1

so we can pick (Hy) in the Cameron-Martin unit ball so that, a.s. |||Zy; Hx|||, — 0. But
then
|||ZN‘HP,[O,T] < |||ZN§HN|| p,[0,T] + |HHNH p,[0,T] = O(l)

so that |||Zy]||, < C(w), for some a.s. finite random variable C'(w) = Cr(w). Now

N Znllp,jo0.11 = (210g N) ™2 |||6x-1/2W(N) ]y 0,7) = (210gy N) ™2 W[l 0,17

hence, absorbing 2'/2 in the constant C'(w), we have
W lllpfo.77 < C(w)(logy N)Y2. O

Remark 6.4. Proposition 6.3 holds with integer N replaced by 1/¢, as a.s. estimate,
uniform over all ¢ € (0, 1]. A suitable “continuous” formulation of the Strassen law for the
Brownian rough path is found in [24, Ex. 13.46], always in conjunction with Brownian
scaling and the remark that Holder - refines p-variation (rough path) topology.

6.4 Diffusion approximations

6.4.1 Discrete dynamics and proof of Theorem 2.1

We rewrite (2.4) as

Xn((n+1)/N) = Xn(n/N) + 5b(Xn(n/N)) (6.21)
+o(Xn(n/N))(Sn((n+1)/N) = Sn(n/N))

and further as a cadlag differential equation. Specifically, we regard the rescaled partial

sum process Sy as piecewise constant (cadlag) process and also write ¢y := [tN]/N so

that
AXy = b(Xy )dtn +o(X5)dSy.

This equation makes sense (equivalently) as Riemann-Stieltjes integral equations and as
(cadlag) rough integral equation, written as

dXy = b(X];)dtN +o(Xy)dSy,

where Sy = (Sn,3$n) is the (pathwise) canonical lift of Sy, a piecewise constant cadlag
process. The assumptions of Theorem 2.1 guarantee, by Theorem 2.2, that

ISns Wallp o1 =O(NT?)  as.

where, in the terminology of Section 6.3.1, we have that Wy = (Wy, Wy ) is a Brownian
rough path, obtained by rescaling a universal Brownian rough path, with parame-
ters (X,T') identified in Theorem 2.2, with covariance ¥ = ¢ from (2.8), and I" = ¢
from (2.8), (2.9), with components given by,

k n-1 oo
I'jj =¢; = lim %Z Z E(&i(m)g;(n)) = E(Zfi(o)fj(l))a i,j=1,..e.
=1

n=0m=—k
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With Section 6.3.2, we see that Proposition 6.3 applies to the family W and we can
conclude with Corollary 6.2 that

sup |Xn(t) —En(t)|=O(N7°) as.as N>1

0<t<T
where = is the unique solution of the rough differential equation
d2n(t) = o(En(t))dW N (t) + b(EN())dt = o (En (1)) dWR (1) + b(EN(t))dt  (6.22)
with b = b + ¢ where thanks to (6.20), ¢ = ¢(z) is given by

Z Z 801 5j0kz(x)7 i=1,..,d.

7,0=1k=1

By basic consistency results of stochastic and rough integration ([12], also [22, Ch. 5])
the (random) RDE solution =y is also the (unique) solution to the classical It6 stochastic
differential equations

d=Zn(t) = o (En()dWN () + B(EN(t))dt.

6.4.2 Continuous dynamics and proof of Theorem 2.4

We recall from Theorem 2.5 the definition

—2

VE(t) s/OTE &(s)ds

where 7 € (0, 00). Performing a deterministic time-change ¢t — ¢/7 if necessary, we can
assume 7T = 1 and write (2.20) as

dX*(t) = b(X°(t))dt + o(X°(¢))dV?®,
and further (equivalently) as rough integral equation
dXe(t) =b(X®(t))dt + o(X°(¢))dV®, t € [0,T],

where V¢ = (V¢,V?) is the (pathwise) canonical lift of V<, i.e. V&(s,t) = f;(éVE)(s, r)®
dVe(r). Theorem 2.5 tells us precisely that

Ve We|

p,[0,T] = 0(56) a.s.

for some § > 0 a.s. taken simultaneously over ¢ € (0,1). By construction, preceding
equation (5.8), the family of Brownian rough paths {W¢ : ¢ € (0,1)} is obtained by
rescaling a universal Brownian rough path. In the terminology of Section 6.3.1, we have
that W¢ = (W¢,W¢) is a Brownian rough path (by construction, with parameters (3,T")
where the covariance Y = ¢ is given by (2.23) and I' comes from Theorem 2.5, i.e.

z]—CZJ—FE/ Swds/ &(u,w)du, 1,7 =1,...,d.

To describe the limiting dynamics consider, for each ¢ € (0, 1), the unique solution to
the (random) rough differential equation

d=Z2(t) = o(B°(1))dWE(t) + b(Z5(t))7dt = o (25 (t))dW S () + b(Z=(t))dt (6.23)
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with b = b7 + ¢ where, thanks to (6.20),

Z Z 80” Fl: ok ().

Jl=1k=1

The basic continuity result for RDEs, Theorem 6.1, applies a fortiori to continuous
p-variation rough paths, so that the arguments given in the cadag setting in the previous
section, adapt immediately (cf. Remark 6.4) to the continuous setting. In particular, we
see

sup |X°(t) —E°(t/7)| = 0(55) a.s. (6.24)

0<t<T
We then remark that, by basic consistency results of stochastic and rough integration
([22, Ch. 5]), each process =° is also the (unique) solution to the classical It6 stochastic
differential equation .

d=°(t) = o(E°(t))dW*=(t) + b(Z°(¢))dt
and we obtain (2.25). O

6.5 Euler-Maruyama approximation of the It6 Brownian rough paths

We recall the setup. Let {Wyx : N € IN} be a family of Brownian motions defined on
the same probability space and Wy = (Wy, Wy ) be the corresponding It6 Brownian
rough paths. Set

Wy (t) = W (EN]/N), Wi(s,t) = /( W) = Wix(s) @ ()

so that (WN, W ~) is the canonical (cadlag) rough path lift of piecewise constant approxi-
mations to Wy. We now prove Lemma 3.10, restated here for the reader’s convenience.

Lemma 6.5. For any T > 0 and p > 2, there exists § > 0 such that, almost surely,
IWx = Wxllpor =ON°), Wy —Wylzp0m=0N").

Proof. We proceed in four steps. (1) We first get an L?-version, any ¢ < oo, of these
estimates in case p = oo where we recall || X||oc,j0,7] = sup | X (t) — X (s)| with sup taken
over all (s,t) € Ap := {(s,1) : 0 < s <t <T}. (2) Uniform (in N) p-variation estimates,
any p > 2. (3) An interpolation argument gives us L?-estimates in p’-variation, any p’ > 2.
(4) At last, the Borel-Cantelli lemma allows us to switch to a.s. convergence. (We insist
that all (Wy, Wy ) had identical law, so that in the steps (1)-(3) we could have written
(W, W). In the step (4) however, this notation is fully justified.)

Step(1) Write ¢~ := [N#]/N,tt = t~ 4+ 1/N so that Wx(t) = Wyx(¢t"). Trivially,
Wy = Wy at times t € Dy := {t; =i/N : 0 < i < NT}. For arbitrary times (s,t) € Ay
we use the Holder modulus, with exponent « < 1/2, to see

sup  |(W(t) = Wi (s)) = (Wn(t) = Wi ()| < 2 sup [W(t) — Wn(t7)|
(s,t)EAT te[0,T]

2[Wnllasio, (1/N)®.

By a classical result of Fernique (cf. below for a more general result with precise
reference) the law of ||[Wix||q;j0,7] (independent of N) enjoys Gaussian concentration,
in the sense that ]E(eCHWNHi) < o0, for some ¢ = ¢(«,T) > 0. By expanding exp(.) we
see that the L9-norm of any r.v. with Gaussian concentration is finite, and in fact, for a
constant C = C(a,T),*

W = Wi lloo 071l 200y < CVa(l/N)™.

4Here and below we dependencies of constants w.r.t. ¢ are made explicit when easy to do so, although this
is not required for this proof.

IA
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For second level estimates, we first consider the case of partition points, i.e. (s,t) €
Ar n = Ar N D%. In this case,

n—1

W (s,t) = Wy (s, t) = > (Wy)(ti, tiy1) =: S(n) — S(m)

i=m

noting that S(n) = 27" (Wx)(t;,ti+1) defines a random walk with centred independent
increments, hence a discrete martingale. We then have

su W S,t 7WAV 57t S max S(n)| =: S* NT].
(m)e&,N' n(st) = Wals, )] < | max  |S(n) (INT))

To deal with non-partition points we focus on s~ < s < sT <t =t". (The general case,
with t~ < t < tT, is treated in the same fashion.) With Chen’s relation, we have

(i) == Wi (s, t) — Wy (st,t) = Wn(s,sT) + Wn(s,sT) @ Wn(sT,t)+
and hence (cf. footnote in Section 6.1.1 on compatibility of norms on R? ® R? and R%),
()] < IWll2a, 0.2 (1/N)** + W[l 0,79 (1/N)*[t = s
Similarly, using the very defininition of (WN, W ~), we have

|(i0)] = (W (s,t) = Wi (sT0)] = [Wa(s,sT) @ W (s™, 1) + Wi (s, s
= ‘WN(S_78+) ® WN(5+7t)|
W12 0 (L/N)* [t — 5[

A

The terms (i), (4i) account for the difference between s and st € Dy. Similarly, one

accounts for the difference between ¢t~ € Dy and ¢ with terms (i), (i7), with identical
estimate, so that

(Wi(s,t) = Wi(s,6)] < [Wa(sT,t) = W (s™, )] + ()] + ()] + ()] + (@)

* Ta
S*(INT]) +2([[Wi|l2q m)
Using Doob’s inequality, the fact that S([NT1]) is an element in the second Wiener-Ito

chaos (and integrability properties thereof, see e.g. Theorem D.8 in [24], and finally
independence of the Wy (¢;,t;+1), we can bound

IA

[0.7] Nza +2HWN||3,[0,T]

I8*(INTDllze < 25 ISUNT] e S gl SINT) 2o

[NT]-1
a| D Wnltintin)| =g

i=m

Nt T+1

> (atin)? <g N

i=0

L2
On the other hand, Fernique estimate for Brownian rough paths, Corollary 13.14 in
[24], gives Gaussian concentration of |[|[Wx|||a,10,4 = W ||a,j0,77 + HWN”;Q[O,T] which
implies a O(q)-bound for the L-norm of both ||Wx||24,0,7] @and ”W”i,[O,T]' Putting it all
together, we see for some constant C' which does not depend on N or g,

| sup [Wi(s,t) = Wn(s,0)llls < O
(s,t)eAT

Step(2) From Proposition 6.17 in [25] we can see that for some constant C = C(p,T)
but not dependent on g,

Sup WA llp/207 120 < Cg < oo,
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(The corresponding first level estimate is trivial in view of the w-wise estimate
supy |Wallp.jo.7] < W ||, 0,7] and Gaussian concentration of the right-hand side.)

Step(3) We proceed by interpolation, as e.g. in Lemma 5.2 in [25]. Let 2 < p < p’. In
what follows, we spell out the second level estimates (the first level estimates are similar
but easier),

Wy~ Wil o < Wy = Wnll S8 IWa = Wil
< ||WN WNHl P/P KP/P( )
with Kf(,/”/(w) can be taken as 2¢/P' times ||W\/N||p/2 o T ||WNHZ§§:[0,T]' Let 1/q =

1/¢' +1/4¢"” and apply Holder’s inequality to see, also setting 7' = ¢'(1 —p/p’), " = ¢"p/p’
3 1—
MWy = Wil oo llzae) < 1IWx =Wl ,,/p ol 1P/ || o

= W = Wl 5277 K 1272
Thanks to step (2), we have bounds on || Ky ||~ which are uniform in N and in fact such
that supy || Kn ||~ < Cr” for some constant C' > 0 which does not depend on N and r”.
But then
W = Wl 20,11 | Lagey < C(r/(1/N)")=P/P (7 yP/P
for another constant C' > 0 which does not depend on N, r’ and r”’. The precise choices
are not that important but we can take p = (p’ + 2)/2, ¢ = ¢’ = ¢/2. In the end,

W = Wlly 20,11l 2a0) < C()a(1/N)"

with o' =n(1 —p/p’) >0
Step(4) A Borel-Cantelli argument then leads to the a.s. estimates. Indeed, for any
e € (0,n') pick ¢ > 1/ so that, from Chebyshev-Markov’s inequality,

P{N" ¥ | Wy — Wl /20,01 > 1} < N9 E(|Wy — W% O(N™%).

p’'/2,[0, T])

Since ge > 1, this bound is summable in N and the Borel-Cantelli lemma tells us that
Wy — '=¢ for all N > N, for some Ny = Ny(w). The almost
convergence thus holds with rate § = ’ —e > 0. (The first level estimates are similar.) O

7 Rough paths and law of iterated logarithm for iterated sums
and integrals

The present section is devoted to higher order extensions of Theorem 2.2. In con-
junction with a higher-order Strassen law for Brownian rough paths, also shown below,
we arrive at a (functional) law of iterated logarithm for iterated sums. We rely here on
some higher-order concepts of rough paths. (Detailed references are given but without
a systematic review.)

7.1 Lyons’ extension for cadlag rough paths

Let X = (X, X) be cadlag p-rough path, p € [2,3). One defines inductively iterated
rough integrals

Xt(s,t) = X s, r—) @ dX(r—) e (R®)®*
(s.t]

The entire stack Ext(X)(s,t) := X(s,t) = (1,X!(s,t),...,X*(s,t),...), with values in the
tensor series over R, is known as Lyons’ extension of X. It is equivalently given as
X(s,t) = X~1(s) ® X(t), in terms of a linear rough differential equation

dX(t) = X(t—) ® dX(t), X(0) = 1.
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Example 7.1. If X(s,t) = fSt(X(r—) — X (s)) ® dX(r) for some cadlag bounded variation
path X, then, for all levels £ > 1,

{s<r1 << <t} A

14
s,t

(In case of a piecewise constant cadlag path X, this becomes an iterated sum.)

Example 7.2. In case of (It0, resp. Stratonovich) Brownian rough path, we have

V—Vlté;e(s7 t) — / AVR®- - ® dW, ‘,;_Vsmrato;(?(s7 t) — / odW ® - -+ ® odW
A

L L
As.t st

in the usual It6- resp. Stratonovich sense.

Example 7.3. In case of a general Brownian rough path W = (W, W) with parameters
(¥,T'), we can understand its Lyons extension W = Ext(W) elegantly as solution to the
It linear rough differential equation

dW () = W(t) @ dW (t) + W(t) @ T'dt, X(0) =1,

followed by setting W (s,t) = W(s)™! ® W(t). Given any word w = (i1 - - -4¢) € {1, ...,e}¥,
of length |w| = ¢, and writing e,, = ¢;,...;, = €;, ®---®e¢;,, the components of W* € (R¢)%*
also admit explicit combinatorial expressions, namely

(W (s,1),e0) = (W'(s, 1), e0) + Y co(W(s, ), €)

with summation over all words v obtained from w by contracting one or more neighbour-
ing pairs (i;,i;41) € {1,...,e}? to a single letter 0, with the additional convention that
Wo(t) = t. (That is, W™° here should really be understood as the stack of iterated Itd
integrals of (1 + ¢)-dimensional time-space Brownian motion (Wy, W).) The constants c,
are multiplicative functions of I'. For instance, if v is obtained by contracting, say, two
pairs, (ij, ij+1), (ikaik+1)' with 1 < ] 4+ 1< k < ¥, then Cy = Fij,,»jHFik,ikH. This follows
in exactly the same way as [11, Prop. 22] and can be seen as algebraic renormalization
procedure for rough paths.

Theorem 7.4. Let X = (X, X),X = (X, X) be cadlag p-rough paths, p € [2,3), with
11X [[p, 10,27V [[1X[[]p,0.77 < R € [1, 00).
Then, for every ¢ € IN there exists c = O(R'), as R — oo, such that
[Ext(X)" = Ext(X)lp/e,0,11 < e(1X = Xllpory + 1X = Xl 2.10,7)-

Proof. This is a variation of [39, Thm 2.2.2], see also [22, Ex 4.6], though what we
need is not a direct consequence of these statements (which are given in terms of
continuous control functions w(s,t) resp. in a Holder setting with w(s,t) =t — s). We
only illustrate the case ¢ = 3, the general case being similar, giving a new argument
based on local Lipschitz of higher-oder rough integration. (The case ¢ > 3 goes along
the same lines, cf. [22, Sec 4.5].) Recall that the space of (first order) controlled rough
paths, V = (V, V') € 2%/?is Banach with norm® IVIxp2 =16V =V'6X]|,/2+||V||- For
a p-rough path X = (X, X) we have

_ 3
Vx X o (/04 V)~d(X,X),V, V’> =:(2,2',2") = Z € DY

SHere and below, (§X)(s,t) = X (t) — X (s) denotes the increments of paths in a linear space. We also write,
accordingly, (6V — V/6X)(s,t) =V (t) — V(s) = V' (s)(X(t) — X (s)), (Z2""X)(s,t) = Z"(s)X(s,t) and so on.
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where @;’(/ ®, the space of second order controlled rough paths, is Banach with norm
12llxsp/3 =102 = 26X = Z"X|lpy3 + 162" = Z"6X |2 + 1 2" -

Given another rough path X, the generic (local) Lipschitz estimate for rough integration
gives

1252l x xpys = 162 = 26X = Z2"X = (Z = Z'6X = Z"X) /3
+ 62" = 2"6X —(Z' — Z"6X)||p)2
+ 12" = 2"y < c(1X = Xllp + 11X = X2 + Vi Vil 510)

where a constant ¢ can be taken uniformly provided X, X and V,V remain bounded
in their approriate (rough resp. controlled rough path) spaces, and ||V;\~)|| X, Xip/2 =
|V = V||, + |6V = V'6X —(V — V’éX)Hp/Q. We can now apply this with (V, V') = (X, X),
and (V, V') = (X, X), the crucial remark being that in this case

||V§]>HX,X;1)/2 - ”X - XH;D + ||X - X”p/?'

A moment of reflection (and Chen's relation) reveals that the p/3-variation component of
125 Zllx x,p/3 is then nothing but the p/3-variation of the map

t t
(s,t) — / X(s,r—) ®@dX(r) 7/ X(s,rf) ® dX'(r);
we thus see that, for / = 3,
[Bxt(X)" — Ext(X)* (|, /e, 0,17 < e(IX = XIlp + [1X = X[|/2)-

The argument shows that ¢ can be taken uniformly as X, X remain in a bounded set,
such as a ball of radius R. To make~ the dependence on R explicit, we use scaling. Note
that Y := §;,zX, and similar for Y, are of (at most) unit size in the norm ||| - |||, j0,7]-

Application of the above estimate, noting Ext(Y)* = (1/R)‘Ext(X)*, similarly for Y, and
1Y = Yilp + 1Y = Yo = RTHIX = X[l + R72IX = X[lpyo < 1X = X[l + [1X = X|p/2,
using R > 1, shows that c can be taken as O(R). O

7.2 The law of iterated logarithm for iterated sums
7.2.1 Almost sure invariance principle in rough paths metrics beyond level-2

Theorem 7.5. The conclusion of Theorem 2.2, with fixed p € (2,3), can be extended to
any level ¢ € IN. That is,

PRV _
ISx — WNHp/é,[o,T] =O(N 5) a.s.
where §f\,(s, t) is given by the rescaled (-fold iterated summation

ig _ e
Sn(s,t)=N""? > Eh) @ @&(ke) € (RO’
[Ns]<ki<--<ke<[Nt]

and Wy = (1, Wy, Wa.,...) can be given as the solution of a “drift-corrected” Itd
stochastic differential equation

AWy =Wy @ dWy + Wy ®Tdt, Wy(0) =1,
with associated increments W y(s,t) = W x(s)"' ® W x(t), and driving Brownian motion

Wy (t) = N7V2W(Nt).
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Remark 7.6. Decomposing W¥(s,t) = > (W(s,t), e,)e, with sum over all words of
length |w| = ¢, we note that an explicit combinatorial expression of these coefficients, as
linear combinations of iterated It6-integrals of time-space Brownian motion, was given
in Example 7.3.

Proof. By Theorem 2.2 the claimed estimate holds true for { = 1, 2 so that a.s.
Ipo.7) + 185 = Willp/2 0. = O(NT).

Thanks to p € (2,3), we can appeal to Theorem 7.4, noting that the polynomial growth
¢ = ¢(R) therein is more than enough to allow us to proceed similarly to Section 6.4
(Proposition 6.3 and Corollary 6.2). It then suffices to recall that the Lyons extension
Ext(Sx,Sy) is precisely given by Sy, as was pointed out in Example 7.1, and that the
description of W y = Ext(Wyx, Wy) is given in Example 7.3. O

[1Sn — Wi

7.2.2 Strassen’s functional LIL for Brownian rough paths

A (possibly degenerate) covariance matrix gives rise to a (possibly degenerate) in-

ner product structure, (#,9)y-1 = (v,0) = 3.7 v? when ¥ = Vv and +oc else.
1

Note that (v,v)s-1 = (X7 'v,v) in the non-degenerate case. An absolutely contin-
uous path H : [0,7] — R with H(0) = 0, is called Cameron-Martin path if
||HH§+[0 7] = .[0T<H(t),H(t)>Z—ldt < oo. Every such path lifts canonically to a rough
path (H,H) with H = [ 6H ® dH, i.e. H(s,t) = [1(H(r) — H(s)) ® H(r)dr. We take T = 1
in what follows and also need the Cameron-Martin unit ball,

IC = {H S H . ||H||’H[01] < OO}

Let now W = (W, W) be a Brownian rough path with parameters (X, T"), with incre-
ments of its Lyons extension of the form

W(s,t) = (1, W(s,2),..., W(s,t),...).

Set also

K':={H': HecK}, Hf(s,t)z/ dH ®...® dH. (7.1)
Al

Proposition 7.7. For any / € IN and p > 2, as n — oo, a.s.

1 - A ¢ . J) — L
}}IgCH(?rzloglogn) :W'n,n)—H

p/¢;[0,1]

and the set of limit points of the above sequence equals Kt

Remark 7.8. The same proof yields the same statement in stronger a/-Hoélder sense,
a=1/pe(1/3,1/2).

Proof. Strassen’s functional LIL for Brownian motion is a well-known consequence of
Schilder’s theorem. Typically formulated in co-topology (e.g. [19]), extensions to iterated
stochastic integrals [2] and to a-Holder topology [3] have appeared in the literature.
Similarly, a Schilder theorem for the Brownian rough path gives Strassen’s law in rough
path topology, as was first seen in the p-variation, then a-Holder rough path topology,
see [37, 24] and references therein.

Since the afore-mentioned results only deal with standard Brownian motion B with
B = [ §B ® odB we quickly treat the case of a general W = (W, W), a Brownian rough
path with parameters (3, T'). To this end, let ¢ = v/ and note that

W = (0, B(t)), W(s,t) = <U®U,/6B®dB> +T(t—5)=(c®@0,B) +L(t —s),
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with Ité-Stratonovich corrected I' = I' — ¥/2. The map
(B,B) = (W,W) = W — (W' ... W) =w=s¢

is continuous between the appropriate rough path spaces, the contraction principle then
shows that
{(eW!, ... "W e >0}

satisfies a LDP with speed ¢? in p-variation (or 1/p-Hélder) rough path topology, with

good rate function
1
I(H) = §HHH§-{;[O,1]

whenever H = (H',... H’) is the canonical lift of H, and +oc else. Note that this
rate function depends on X but not on I'. As in [37, 24], it then follows that Strassen’s
functional LIL holds in the stated higher order generality,

H(inoglogn) 2W£(n n ICZHP/[ o —n—oo 0,

together with the stated characterization of the limit points of this sequence. (We used
notation ||z; A|| = inf,e4 ||z — yl|.) O

7.2.3 Strassen’s theorem for iterated sums

Consider

Emmn):= Y Eh)o k)

m<ki<---<kg<n
and recall that  C A defines the unit Cameron-Martin ball.
Theorem 7.9. Forany/ € N andp > 2, as N — o, a.s.

nf H (2N loglog N)"2€°(IN ], [N)) HfH om0 (7.2)

and the set of limit points given by (7.1). In particular,

. £ 4
jnf |(2N loglog N)~ = > E(ky) @ - @ E(ke) — HY0,1)[ — 0, (7.3)
0<k1<--<ke<N

with set of limit points given by {H‘(0,1) : H € K}.

Proof. (i) Recall §f\,(s,t) = N-U2g"([Ns],[N1]) is precisely the Lyons lift of (Sy,S$x).
Recall also Wy (s,t) = N~“/>W'(Ns,Nt). Then Sy(-,-) — W (-,-) = O(N%) from
Theorem 7.5 above shows

_e —_
E (N [N]) - W' (N, N = O(N'/25),
always in p/¢-variation sense on [0, 1], hence

(2N loglog N)"2€'(IN'],[N1]) — (2N loglog N)"#W'(N-,N-) = o(1)

— . —;
and so the functional LIL for 52, as stated in (7.2), follows directly from the one for W
in Proposition 7.7 above. As for (7.3) it suffices to note that any variation norm on [0, 1]
dominates the increment over the unit interval. O
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The following corollary can be seen as generalization of [2, Cor. 3.2] which dealt with
iterated Brownian integrals.

Corollary 7.10.Let A ¢ (R°)®’ and define the tensor contraction X§ :=
<A, 20§k1<--~<kg<N€(k1) R §(k¢)> with values in the reals. Then

. XL
P|limsup ———— =M | =1
N-oo (2N loglog N)z

M = sup{<A,/
AZ

0,1

with

Proof. Immediate from (7.3) and accompanying description of the limit set. O

7.3 The law of iterated logarithm for iterated integrals

The arguments of the last section immediately extend to the case of iterated integrals,
and in particular lead to a proof of Corollary 2.6. The analogue of Theorem 7.5 reads

Theorem 7.11. The conclusion of Theorem 2.5, with fixed p € (2,3), can be extended to
any level ¢ € IN. That is,

Vi = Willpeorm = ON) as.

where VZ is given by the rescaled {-fold iterated integrals,

Vi(s,1) ZEZ/ E(r) ®- - @&(re)dry - - drg

{sTe2<r < <rp<tFe—2}

and Wy = (1, Wy, Wx,...) exactly as in Theorem 7.5, just with updated covariance

for the Brownian motion W}V = Wy, namely the covariance given in Theorem 2.5, and
I'={T;; : 1 <4,j < e} given by

o (W) s
Ty = 3 B0 () + ([ gewis [ euw).

Proof. Similar to Theorem 7.5: by Theorem 2.5 the claimed estimate holds true for
¢ = 1,2 and thanks to p € (2,3), we can appeal to Theorem 7.4, noting that the Lyons
extension of V¢ is precisely given by V- = (Ve ve). O

We can now deduce, as in the discrete case, a functional LIL for iterated integrals
from the corresponding statement for Brownian rough paths; Proposition 7.7. We set

EZ(S’t) . /{ <ry<--<re<t} g(7"1) @ ®£(7'£)d7"1 ceedry € (Re)@M’

Theorem 7.12. Forany{ € N and p > 2, as N — oo, a.s.

—0
p/Z;[O,l]

H(leoglogN)*%é‘(fN.,fN.) _H

inf
HeK
and the set of limit points given by (7.1). In particular,

inf. ‘(ZN loglog N)~£€°(0, 7NV) — H(0, 1)| 0.

with set of limit points given by {H*(0,1) : H € K}.
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We have, as before,
Corollary 7.13. Let A € (R°)®‘ and define the real-valued tensor contraction X% =
<A, & (0, N)>. Then, with M given in (7.4),

Xt
P|limsup —N = M/7| =1.
N—oo (2N loglog N)2

7.4 Remarks on iterated sums and integrals

Iterated integrals and sums of the type considered in Corollaries 7.10 and 7.13
are of interest in data science. Specifically, iterated integrals have given rise to a
popular feature set of machine learning applications, the lectures notes [15] constitute
an excellent source of information. Iterated sums, a.k.a. iterated-sums signatures are
a natural variant, specifically for feature extraction of time-series, see e.g. [5, 21, 16].
Strictly speaking, they allow for additional integer powers of the ¢’s. An extension of
Corollary 7.10 in this direction is not difficult, e.g. using results of [25], but this would
require an algebraic setup in terms of quasi-shuffle or Grossmann-Larson Hopf algebras
that would lead us too far astray.
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