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Abstract

In this paper, we study the law of the local time processes (L7 (X),z € R) associated
to a spectrally negative Lévy process X, in the cases 7' = 7", the first passage time of
X above a > 0 and T' = 7(c), the first time it accumulates c units of local time at zero.
We describe the branching like structure of local times and Poissonian constructions of
them using excursion theory. The presence of jumps for X creates a type of excursions
which can contribute simultaneously to local times of levels above and below a given
reference point. This fact introduces dependency on local times, causing them to be
non-Markovian. Nonetheless, the overshoots and undershoots of excursions will be
useful to analyze this dependency. In both cases, local times are infinitely divisible
and we give a description of the corresponding Lévy measures in terms of excursion
measures. These are hence analogues in the spectrally negative Lévy case of the first
and second Ray-Knight theorems, originally stated for the Brownian motion.
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1 Introduction

Let X = (X;,t > 0) be a real valued spectrally negative Lévy process, that is, a
stochastic process with independent and stationary increments and no positive jumps.
Denote by S = (S, t > 0) its running supremum. Its Laplace transform exists, character-
izes its law and can be expressed as

E [e)‘Xt] = et\p()‘), t,A>0,
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Ray-Knight theorems for SNLP

where the function ¥ is called the Laplace exponent of X. ¥ can be expressed by the
Lévy-Khintchine formula

T(\) =d\+ %22/\2 + / (e —1— Azl{_1<,)(dz),
(—00,0)
where the triplet (d, X, IT) consists of d, ¥ € R and a o— finite measure II over (—c0, 0)
satisfying the condition f(fo@o)(l A 2?)TI(dx) < co. We assume w.l.o.g. that U(1) = 1. We
will denote by ¢ the inverse of ¥, which is the Laplace exponent of the inverse local time
of X reflected at its running supremum process.
From now on, we consider X to be a SNLP such that:

(A) it is of unbounded variation (which is equivalent to 3 # 0 or fi)l |z|TI(dz) = 00),
and either
(B1) X; — oo a.s. ast — oo (which is equivalent to the condition ¥/(0+) > 0);
or
(B2) X oscillates as ¢ — oo (which is equivalent to the condition ¥’(0+) = 0).

One can actually remove these conditions, but we will not tackle this task here. For
deeper insight in the theory of Lévy processes, we refer to [1], [12] and [20] as our
standard references.

We are interested in studying the local time process associated to X, which is here
denoted by (L7(X),t > 0,z € R). Essentially, one interprets L7 (X) as the amount of time
spent by X at level = on the interval [0, ¢]. Formally, L7 (X) is defined as the a.s. limit

1 t

LY (X) := limsup—/ 1 x,—z|<c}ds, z€R,t>0. (1.1)
esot 26 Jo

Under rather general conditions (see [1, Ch. V]), the convergence holds also in L?

and uniformly over compact sets of t. Furthermore, local times satisfy the so-called

occupation density formula, that is,

/0 U H(Xa)ds /R F(@)L(X)da,

for any f > 0 measurable and bounded and stopping times 7.

Our aim is to describe the local time process (L%(X),z € R), where T is a fixed
stopping time. In general, local times indexed by the spatial variable are not easy to
describe. Nonetheless, this has been a matter of research interest since early times
of the theory of stochastic processes, perhaps originated by the pioneering works of
Ray and Knight in the decade of 1960. In particular, the theory around the so-called
isomorphism theorems, has proven to be one powerful tool to study properties of local
times.

Ray and Knight completely characterized the law of the local times in the case X is a
standard Brownian motion and 7' is either the first time X is above a positive level a or
the first time it accumulates a certain amount of local time at zero. These results are
known as the first and second Ray-Knight theorems, respectively, and they are expressed
in terms of squared Bessel processes as follows.

Theorem 1.1 (First Ray-Knight theorem). Let X be a Brownian motion issued from zero,
a > 0 a fixed level and
i =inf{t >0:X; >a}

the first passage time above a. Then,
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i) the process (L *(X),z € [0,a]) has the same law as a squared Bessel process of
dimension 2 started from 0;

ii) the process (Li;Z(X), z > a) has the same law as a squared Bessel process of

dimension 0, issued from L2+ (X).

Moreover, conditionally on L(T’a+ (X) the two parts are independent.

Theorem 1.2 (Second Ray-Knight theorem). Let X be a Brownian motion issued from
zero, ¢ > 0 a constant and

7(c) = inf{t > 0: LY(X) > ¢}

the first time 0 has accumulated c units of local time. Then, the process (LZ(C)(X), y >0)
is distributed as a squared Bessel process of dimension 0, started from c. By symmetry
of X, the law of the process (L;(yc) (X),y > 0) is also that of a squared Bessel process of
dimension 0 started from c and it is independent from the first one.

Further details on these results can be found for instance in [16] and [17]. Because
of technical reasons and convenience on the narrative, we will present first the results
concerning an analogue of the second Ray-Knight theorem and then the first. For
Brownian motion, both theorems can be expressed using excursion theory (we refer to
Section 2 for notation and more information on excursions). Indeed, if Ny and N are the
measures of the excursions away from 0 for X and the reflected process S — X on the
space D = D(0,00) of cadlag paths, respectively, then local times up to 7(c) have the
representation

Lf(@(X):/O /Df(y)f((ds,df), y € R, (1.2)

where K is a Poisson random measure related to Ny. The local time process up to 7,
can be expressed as

zAa
Lj;(X):/O /De(z—s)K(ds,de), 23>0, (1.3)

where K is also a Poisson random measure but related to N. Actually, as a consequence

of Lévy’s identity (|X:/, LY(X))i>0 @ (St — X¢, St)+>0 for Brownian motion, we have that

N = QNJr , where Ng' is the restriction of Ny to completely positive excursions. Hence,
equations (1.2) and (1.3) can be written in terms of a single Poisson random measure.
See Theorems 3.1 and 4.1 below for a proof of these representations in a more general
setting.

On both Ray-Knight theorems, the properties of Brownian excursions play a key role
to prove the independence of the two parts involved. Consider for instance the second
Ray-Knight theorem, in which local times of levels above and below zero are independent.
Since the Brownian motion has continuous paths, one can split the set of excursions
away from zero into two disjoint sets: the excursions completely above zero, £, and
the ones completely below, £_ (see also Figure 1(a)). Observe that only excursions in £
contribute to the local time of positive levels, and the same is true for £_ and local times
of negative levels. So, given the fact that excursions form a Poisson point process, its
restrictions to £; and £_ are independent and this results in the independence of the
processes (Li’(c)(X), y > 0) and (L;(i)(X), y > 0). This fact can also be used to explain
the Markov property of local times. Indeed, conditionally on the information of the local
time at a reference level, local times of levels above and below are independent.

Another important remark about both theorems is that a squared Bessel process
of dimension 2 started from zero is in particular a continuous state branching process
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Excursions away from zero Excursions away from the supremum

Do AN T AT
Y

(a) (b)

Figure 1: (a) Graphic representation of equation (1.2). Excursions away from 0 appear
until 0 accumulates ¢ units of local time and each one can contribute to the local time of
levels y > 0 and 3’ < 0. (b) Graphic representation of equation (1.3). For the level a — z
with z € [0, a], its local time comes from the contribution of each excursion away from
the supremum starting above that level, whilst for a — z’ with 2z’ > a, all excursions can
contribute.

(CSBP) with linear immigration 1 (z) = 2z and branching mechanism ¢(z) = 2%/2.
A squared Bessel process of dimension 0 started from c is also a CSBP with the same
branching mechanism ¢ but no immigration. They satisfy the stochastic differential
equations

t
Z— / VZ.dBs +2t, t>0,
0
and

t
Zt:C+/ \Y4 stﬁs, tEO,
0

respectively, where [ is a Brownian motion. These facts reflect the branching nature of
local times and bring interest on finding out if similar stochastic integral equations are
satisfied by them in a more general setting.

We would like to explore if we can obtain analogues of the Ray-Knight theorems in
the case in which the process does not have continuous trajectories, more specifically
for SNLPs. One important issue here is a consequence of a result in [8]. N. Eisenbaum
and H. Kaspi proved that if the local times of a process X have the Markov property,
then X necessarily has continuous paths. This implies that for instance, if X is a Lévy
process with negative jumps, the processes (Li}Z(X), z>0) and (Lf(c)(X), y € R) are
not Markovian. Hence, trying to characterize the law of the local time process yields to
a finer study of the structure of dependence between the local times at different levels.
We will explore this via excursions. Additional to the sets £, and £_, an excursion away
from a point, say 0, can also be an element of a third set: £1 (see also the forthcoming
Figure 2). This set consists of excursions starting above 0 and then jumping below, hence
having the possibility to contribute to local times of both positive and negative levels.
The positions (Op,Up) of the excursion prior to and at the first passage time below 0 are
called the overshoot and the undershoot, respectively, and will be relevant to describe
the law of local times.

Recent efforts have been made in this direction for Lévy processes. In [13], B. Li and
Z. Palmowski gave an expression for the Laplace transform of functionals of the form
fOT f(X,)dt in terms of generalized scale functions, where T' = 7,5 A 7, is the first exit
time from the interval [b, a]. These functionals are strongly related to local times via the
occupation density formula mentioned before. Later, in [14] B. Li and X. Zhou obtained
joint Laplace transforms also in terms of generalized scale functions and they related
the law of local times under a change of measure with permanental processes.
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In 2023, V. Rivero and ]. Contreras [4] extended Li and Palmowski’s results for
functionals also involving the supremum S of X. Actually, we can make use of the
results there in order to gain some information on the local time process up to 7.,
(L?:*(X),z = 0). According to their notation, for a measurable and bounded function

f ‘R R, the generalized scale function Wy is defined by

Wf(x,b):W(x—b)exp{/ dsN(1—e—fo‘de<s—e<T>>,H<s—b)}, z>b> —oc.
b

(1.4)
It is known that when the second entry, say v € R, is fixed, Wy(-,v) is also a solution of
the integral equation

Wf(u,v):W(u—v)—l—/ud,zW(u—z)f(z)VVf(z,v)7 u > v,

up to a positive constant. In case the function f is constant, say f = ¢, W, coincides
with the usual ¢— scale function associated to X and when f = 0 we will just write W
(see [11] for further reference). In this paper, the function Wy : [0,00) — R defined by

Wy () = biilfloo m = exp {/0 dsN (1 —eJs d”f(se(r)))} , x>0, (1.5)
will play an important role. See Sections 3 and 4 to observe its connections with the
analogues of the Ray-Knight theorems in the spectrally negative case.

Finally, in [21], W. Xu explored the local times of a spectrally positive a— stable
process Y up to 7(c¢). Since X := —Y is spectrally negative, a consequence of their
results is that conditioned on 7(c¢) < oo, the process (L;(yc)(X), y > 0) has the law of a
non-Markovian branching system which they called rough continuous state branching
process. This class of processes is characterized for being a weak solution to certain

stochastic Volterra equations, and in particular (L;(i) (X),y > 0) satisfies

y oo rZs -
Zy:c(l—bW(y))—i—/O /0 /0 W(y—s)—W(y —s—u))Ny(ds,du,dz),

where b is the drift of Y, W is its scale function and ]\N/'a is certain compensated Poisson
random measure. Note that this stochastic equation is more involved than those pre-
sented before for Bessel processes. We do not intend to tackle this point of view in this
article and let it for future studies.

The content of the article is organized as follows. Section 2 is dedicated to introduce
notation and recall some properties of excursions. In Sections 3 and 4 we state our
main results. In Section 3, we perform a study of local times constituting an analogue
of the second Ray-Knight theorem. Here, we provide a Poissonian construction for
(LZ(C) (X),y € R), proving that it is infinitely divisible, giving its corresponding Lévy
measure and emphasizing the importance of the overshoots and undershoots with respect
to zero. Regarding the process (L?.*(X), z > 0), Section 4 contains an analogue of the
first Ray-Knight theorem. We derive a Poissonian construction and describe its law as an
infinitely divisible process, focusing on the joint law of local times under N. Section 5 is
based on the decomposition of the Lévy measure of an infinitely divisible process found
in [7], applying the ideas there to the Lévy measures of the processes of local times.
Finally, Section 6 contains some results which are useful for the main theorems and
Section 7 compiles all the proofs.

2 Preliminaries on excursions

First, we deal with the excursions away from the supremum, or equivalently, the
excursions away from 0 for S — X. Let us introduce the space £ of positive right
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continuous paths with left limits and defined on an interval:
E={e:[0,{] = [0,00) | ¢ € (0,00], €((0,¢)) C (0,00) and e is cadlag} .

This space is usually regarded as a subset of the more general space D = D(0, c0) of
cadlag paths, so we might write one or the other depending on the context. For an
element e € &, the right endpoint of its interval of definition is called duration or lifetime
and it is denoted by ((e). The supremum of e is called height and it is denoted by
H(e) = sup,¢p ¢ €(v).

For a SNLP X, it is well known that one can take S as the local time at the supremum
and that its right continuous inverse is the subordinator (7;%,¢ > 0). For ¢ > 0, such that
7t # 7,7 := lims 757, the supremum is constant and equal to ¢ on the interval [r;", 7;7].
Therefore, we can define

e (v):=(S—-X),_ 0<v<7 —7",

tt-&-u’
the excursion of S — X at local time ¢. In this case, e; € £ and actually, ((e;) = 7,7 — 7," .
In case 7,7 = 7,~, one assigns e; = §, where § ¢ £ is an auxiliary state. See also [2] and
[9] for more information.

A result of excursion theory (see for example [12, Th. 6.14]) states that there exists a

measure space (£,%, N) such that ¥ contains the sets of the form
{ec&:¢(e)e A H(e) € B,e(¢) € C},

where A, B, C are Borel sets on R. Furthermore, if limsup,_,., X; = oo a.s. (that is, iff
U/(0+) > 0), then {(¢,e;) : t > 0,e; # 6} is a Poisson point process of intensity ds ® N (de).
For a deeper insight on this excursion measure, we refer to [3] and [6]. This fact explains
our hypotheses (B1) and (B2) in Section 1. In the other case, if ¥'(0+) < 0 one obtains
a killed Poisson point process and thus similar tools are available to obtain the results.
We have chosen not to deal with this case, as to adapt the identities we have obtained,
we require more space and the paper is already rather long.

For excursions away from a point we have a similar situation, but we need a different
subordinator. Taking as a reference a given point y € R, there exists an associated
subordinator ¢¥ = (¢¥, s > 0) defined by the right inverse of the local time as follows

o =inf{t >0: LY(X)>s}, s>0.

To formally define the excursions away from a point, we work with ¢¥. For each s > 0, ¢¥
corresponds to the first time the process X accumulates s units of local time at level y.
We can define the excursions by looking at the constancy times of LY (X), or equivalently,
at the increasing times of o¥. Indeed, for each u > 0 such that ¥ > ¢_ := limg, 0¥, we
define the excursion by

ey (t) = X0317+t’ 0<t<of—oy_,

and the quantity ((e¥) := 0¥ — ¢¥_ is called its length. We also denote its height by
H(e})) = sup,¢(o,¢) €% (v). The excursion process is a Poisson point process on the space
[0,00) x £Y, where £V is the space of cadlag paths with lifetime, starting and ending at
y, and the intensity is given by the product of the Lebesgue measure and the so-called
It6 measure: ds ® Ny(de). Again, this space can be seen as a subspace of D. More
information on the excursion measure away from a point can be found in [18]. The
previous paragraphs allow to use the tools from the theory of Poisson point processes,
such as the compensation and exponential formulas, to perform computations related to
excursions of X.

The following Proposition involving scale functions and quantities related to N, will
be useful in some of the results later.
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Proposition 2.1. Let f : R — R, a measurable and bounded function. Then, the
function Wy in (1.5) is well defined and it is a solution of the following equation involving
the scale function W of X:

2) :1—/000 d=(W(z) — Wz — 2) (@ — 2)F(2), > 0. @.1)

Moreover, define

and
gp(@) =N {1 _e ks drfme(r))} -~ {1 e dyf(w—y)Lg(e)}  zeR

Then,

G () = Wy () = exp {— I dsgf<s>} |

and in particular we have the relation
d
(-~ logGp)(a) = g7 (a).

Notation We end this section introducing some further notation. Throughout this work,
we will write P, and [E, to denote the law of X started from x € R, and by IAP:E and ]@w
the law of the dual X of X (we omit the subscripts when x = 0). Additionally, several
excursion measures will appear, including N, the excursion measure away from the
supremum for X, and N, and Nz, the excursion measures away from z for X and X )
respectively. Concerning local times, we will indicate between parentheses the reference
process for which local time is being measured, e.g., L7(X) for the local time at = up
to time ¢ for the process X. On the other hand, when making computations under the
excursion measures, we will write ¢§ for the local time at = up to time ¢ of a generic
excursion, and we refer to the corresponding excursion measure to identify the type of
excursion involved and the conditions for it. For instance, N, (¢! € dz, 7, < () stands for
the law of the local time at y up to time ¢ of an excursion away from x for X, for which
its first passage time below zero occurs before its lifetime (. Finally, for any w € RE,
we write w = (w_,w, ), with w_ € lRi_oo’O] given by w_(y) = w(y), y <0 and w, € RO
given by wy(z) = w(z), z > 0.

3 Second Ray-Knight theorem

Recall that a non-negative infinitely divisible process ) = (¢, x € E) is characterized
by its Lévy measure yu, and as such it satisfies

E [6_ Je f(x)lﬁmdw} — exp {_ /R (1 e Je f(x)w(ac)dz> u(dw)} ,
R+

for any non-negative, measurable and bounded function f. In [7], N. Eisenbaum provides
a deeper understanding of the Lévy measure by decomposing it into two parts, essentially
corresponding to the information of a process between the first and last visits to a point
and the complement. In our case, we will explore this decomposition in Section 5.

We begin with the following theorem, which also holds for more general Markov
processes with local times, but it is included here for sake of completeness. It establishes
that the local times up to 7(¢) are infinitely divisible and also provides a Poissonian
representation of them.
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Theorem 3.1. Let X be a spectrally negative Lévy process and denote by N, the
associated excursion measure away from zero for X. Assume X satisfies hypothesis (A)
and (B2). Then, the local time process (LZ(C) (X),y € R) is infinitely divisible and its

Lévy measure u(c) is given by
1149 (dw) = cNo(£; € dw),

that is, the image of the excursion measure away from zero Ny under the function that
maps an excursion into its local time process up to its lifetime (. Moreover, local time
process admits the representation

L%(X):/ /f(y)f((ds,dﬁh y €R, (3.1)
’ o Jp

where K is a Poisson random measure of intensity ds ® M(dﬂ), M being the image of
Ny under the map that associates an excursion e its local time process up to its lifetime:

e (EE(e),r € R).

This representation for local times is similar to that in [15, Ch. 6] for CSBP processes.
In that context, the intensity of the Poisson random measure K is ds ® Qu and Qg
is a measure that has the information of both an entrance law and the transitions of
a branching process and it is known as the Kuznetsov measure (see [5, Ch. XIX]). In
our setting, M cannot be a Kuznetsov measure, since otherwise local times would be
Markovian.

Our main purpose is to get a finer description of the Poissonian construction in (3.1)
and provide information on ;(?). For that end, we start by defining the concept of
overshoot and undershoot of a path. These quantities tell us the relative position of
the path prior and at the first passage time below a given level x. In general, for a
cadlag path Y having only negative jumps and a level x such that Yy > x, we denote by
(OL(Y),U,(Y)) to the pair of values

(0:(Y),Us(Y)) = (YT;(Y)— =Yy z),

where 7, (Y) = inf{t > 0 : Y} < z}. Notice that if Y crosses down z continuously,
both quantities are equal to zero. That is the reason we did not see their role in the
Brownian motion case, since it has continuous paths. Nonetheless, since in this case the
trajectories have negative jumps, they will arise naturally and will be really important
for path decompositions.

According to [18], Ny is now carried by the partition of the space of excursions into
the sets £, U E_ U &4, which consist in completely positive, completely negative and
mixed excursions, respectively. Observe that an excursion e € £, contributes only to
the local times of positive levels. Similarly, e € £_ only contributes to negative levels.
But, unlike the Brownian motion case, when the process has one-sided jumps there is
an additional kind of excursions, £+, which can add to the local time of both positive
and negative levels. As a consequence, we cannot split the information of local times
above and below a point into functions of disjoint sets of excursions, hence losing the
independence mentioned for the Brownian motion in Theorems 1.1 and 1.2. This also
translates to the absence of the Markov property for the process of local times.

A typical excursion e € £ starts positive and then it jumps below 0, at time 7 (e).
After this time, since the path does not have positive jumps, it will creep upwards 0 and
end at its lifetime ((e). Therefore, we can decompose e into the paths £ and e, where

et =el(y () —1)=), 0<t<r(e)
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Figure 2: Typical excursions away from zero in (a) &, (b) £_ and (c) &+.

and
g(t)=e(ry (e) +1), 0<t<((e)—1; (e)

As we mentioned before, the position relative to 0 before and at first passage are
called the overshoot and undershoot at 0 of the path, that is, Oy(e) = e(7; —) > 0 and
Up(e) = e(7; ) < 0. By the strong Markov property at time 7, it turns out that £ and <Y
are conditionally independent given (Og,Uy). Moreover, the reversed path & has the
same law as the dual X started from Oy and killed at its first hitting time of 0, denoted
by EY, . On the other hand, &, has the same law as X started from I/, and killed at its
first hitting time of 0, denoted by Ego. We can actually compute the joint law of (Og,Up)
in the set £+ under Ny, as can be read in Lemma 6.1. This helps to obtain the following
refined version of Theorem 3.1.

Theorem 3.2. Let X be a spectrally negative Lévy process satisfying (A) and (B2).

Then, the Lévy measure ;) associated to the local time process (Lﬁ(c) (X),y € R) can
be decomposed as

19 (dw) = cNo(l; € dw) = eNo(l; € dw, &) + cNo(l; € dw,E) + cNo(l; € dw, Ex),

and when restricted to 4,
NO(E'C €dw,Ex) = / / dbIl(du — b)IAEg ® Eg(L'C € dw);
(0,00) J (—00,0)

where
B 0 BO(L; € dw) = B, (L'T, (X) e dw+) E, (L'T+ (X) e dw_> .
0 0
In particular, for any f : R — [0,00) measurable and bounded, if we write f = f, + f_,
with fi = fl(o,0c) @and f— = fl(_ ), the Laplace transform of f]Rf(y)LZ(c)(X)dy is
given by

E [e— Ju f(y)LZ<C>(X)dy] — exp { —eNy {1 _e e f(y)éé’dy} }

I
@

{_
Xp {—CNO {1 _ e Jooo f+(y)flg’dy7 &r} }
{,

X exp 4 —cNy [1 _ e Jn ff(y)égdy’g_} }

e {_C /((),oo) /(oo,()) de(du o b) [1 N Wer’b(b)WfﬁU(_U)} } 7

where Wy, , and Wy_ , are defined as in (1.5) with f, ,(r) := fy(—r +b) and f_ ,(r) :=
J-(r +u).

In particular, since in Xu’s a— stable case [21] there is no Brownian component
(therefore Ny is only carried by £ ) and they only consider negative levels, the expression

EJP 29 (2024), paper 109. https://www.imstat.org/ejp
Page 9/39


https://doi.org/10.1214/24-EJP1169
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Ray-Knight theorems for SNLP

above in that case simplifies to

E {e— Jioo0) ﬁ(y)LgM(xmy}
= exp {—C/ No Uy € du, Ex) [1 ~ K (e*f(,x,o) f—(y)Lg(X)dy)} }
(—00,0)
= exp {—c/ db/ II(du — b) [1 — Wf_,u(—U)] } )
(0700) (—00,0)

The consideration on the overshoots and undershoots also allow to provide a further
Poissonian construction involving them. Some results on transformations of Poisson
point processes will be used and we refer to [10, Ch. 12] and [19, Ch. 4] for further
details.

Suppose that X satisfies hypotheses (A) and (B2) and let us assume for now that it
does not have a Brownian component. Then, all excursions of X away from 0 belong
to the set £.. Using the additive property of local times, for any y > 0, LT © (X) can be
decomposed as the sum of the local time at y of each excursion (s,e) away from 0 up to
local time c. Observe that, for a generic excursion e’, given its overshoot b = Op(e?), the
law of the reversed path e O under Ny is Y, that is, the same law as X started from b and
killed at the first hitting tlme of zero. Therefore, conditionally on Oy (e’), this path can be
decomposed again in excursions away from the infimum, say {(r,e,) : 0 < r < Op(e’)},
and express the local time at y in terms of the local time at y — r of e.. A similar
computation can be performed for Lj(c) (X), for any z < 0, by decomposing the path g)O
into excursions away from the supremum, say {(v,€,) : Uo(e Y) < v < 0}. Observe that
the law N of the excursions away from the infimum for X coincides with N because of
duality and hence everything can be expressed in terms of this measure. Figure 3 shows
a graphic representation of this decomposition.

Figure 3: Representation of a typical excursion away from zero e € £, split into &
and e. The reversed path £ is further decomposed into excursions away from the
infimum which contribute to the local time of levels y > 0 and e is decomposed into
excursions away from the supremum, contributing to the local time of levels z < 0.

Repeating the above construction for each excursion away from 0, we have that the
excursions away from zero can be seen as an atom in a marked Poisson point process
that can be written as

{(s, Oo(eg),l/lo(eg), ((r,e)),0<r< Oo(eg)), ((v,€),Up(e ) <wv<0)),s>0}. (3.2)

To be more formal, denote by M the space of Poisson random measures over
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(0,00) x D. We define a Markovian kernel % from (0, c0) to M by

R(b,dY) = (Z I(re,) edY) b>0,Y € M, (3.3)

0<r<b

that is, the law of a random variable taking values in M, which is given by a Poisson
random measure with intensity drl{re(o,b)}ﬁ(e € dw). This kernel will be useful in
Section 4 to establish the law of local times under N. For a non-negative and measurable

function G : M — R, we write
G( > 5(,,.797"))] :
o<r<b

Furthermore, for later use, for any measurable functional H : R® — R* we define

(Z 0 zeRﬂ (3.4)

0<r<b

R(b,G) = /Mﬁ(b,dY)G(Y -

k(b H (L, z€R)):

One example of functional that will arise often in our calculations is, for any positive and
measurable test function f : R — R' and any measurable set A,

i ( g,zela):exp{—/Af(z)Lgdz};

and for such a functional we have
exp { Z / f(z EZ "( }] .
0o<r<b

(b eXp{ /f Lcdz}) _

Analogously, we define a kernel « from (—o0,0) to M by

k(u, dZ) <Z S(v.8,) edZ) u<0,ZeM, (3.5)

u<v<0

which corresponds to the law of a random variable on M, which is a Poisson random
measure of intensity dvl{ve(ujo)}ﬁ(e € dw).

Observe that, since the set {(s,e’) : 0 < s < ¢} of excursions away from 0 form a
Poisson point process, then the corresponding overshoots and undershoots

{(s,(Oo(e)),Un(e)))) : 0 < s < c}

are also a Poisson point process, now with intensity m4(ds,db,du) := ds @ Nop(Op €
db,Uy € du,Ey). Therefore, the intensity of the marked process is given by

my (ds, db, du,dY,dZ) = m4(ds,db, du)k(b,dY )k(u, dZ).

Let M (ds,db,du,dY,dZ) be a Poisson random measure on (0,00)? x (—o00,0) x M? with
intensity m (ds, db, du, dY,dZ). By the above considerations, we can describe the local
time process in terms of M. Moreover, since the generic Poisson random measures
Y and Z can be writtenas Y =} _._, O(re,) and Z = > u<v<09(v8,), With an abuse
of notation we can regard M. as a Poisson random measure over (0, 00)? x (—o0,0) x
((0,00) x D)? with intensity m (ds, db, du, dr, de, dv, de), where (dr,de) and (dv, de) are
the atoms in (3.2). In order to provide separate expressions for local times of positive
and negative levels, we denote by

M3 (ds, db, dr,de) = My (ds,db, (—c0,0),dr,de, (0,0), D),
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the restriction of M4 to the information on the overshoots and by
M2 (ds,du, dv,de) = M (ds, (0,00), du, (0,00), D, dv, de),

the marginal related to the undershoots.

Now, if we remove the condition that X does not have a Brownian component, we
additionally have to deal with excursions belonging to £, and £_. Let M, (ds,de) and
M_(ds, de) be Poisson random measures on (0, c0) x D with intensities dsNy(de, £1) and
dsNy(de, E_), respectively. Since £, £_ and £1 form a partition, the measures My, M_
and M. are independent. Hence, we obtain the following Poissonian representation for
local times of positive and negative levels up to 7(c).

Theorem 3.3. Let X be a SNLP satisfying (A) and (B2). Then, the following Poissonian
representations hold:

bAy
T(C / / o (e)M, (ds,de) / / / / fc(e) Mi (ds,db,dr,de), (3.6)

for ally > 0, and

T((‘) / / gz e) M— dS de / / /uvz/ [U Z Mﬂ: dS du dv de) (3.7)

forall z < 0.

Remark 3.4. Recall that in the case of continuous paths, the processes of local times
(LZ(C) (X),y = 0) and (L% (X),z < 0) are independent without any conditioning, as in
Theorem 1.2. In our case that is not true but as a consequence of the above Poissonian
construction, if we condition to the whole Poisson point process of overshoots and
undershoots at 0, the independence is recovered (notice that M, and M_ do not alter

the conditional independence, since they are carried by disjoint sets of excursions).

4 First Ray-Knight theorem

As in the previous section, we start showing that local times up to 7 are infinitely
divisible and admit a Poissonian representation.

Theorem 4.1. Let X be a spectrally negative Lévy process and denote by N the associ-
ated excursion measure away from zero for S — X. Assume X satisfies hypothesis (A)
and (B1) or (B2). Then, the local time process (LZIZ(X), z > 0) is infinitely divisible

and its Lévy measure %) is given by
(9 (dw) :/ N([{Sl{._wo} € dw)ds,
0

where for each s, N(E *1{._s>0} € dw) is the image of N under the map that assigns
to each excursion its Iocal time process shifted by s. Moreover, local times admit the
representation

a—z f f dS df) z € [O,CLL
LT+ (X) = {fz fz K(ds,dt), z>a, (4.1)

where K is a Poisson random measure of intensity ds @ M (d(), M being the image of N
under the map that associates an excursion e to its local time process up to its lifetime:

— (ﬁz(e),r € ]R).
This representation is similar to that in [15, Ch. 6] for CB processes with linear
immigration but, as in the case of 7(c), M cannot be a Kuznetsov measure. Nonetheless,
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certain branching-like structure can be recovered for local times, in the sense that
we now explain (see also Figure 4 below). The local time of X at each level can be
decomposed as the sum of the local time contributions of these excursions to that
level. We view the excursions from level a downwards and think of them as individuals
immigrating. The linear behavior of immigration comes from the fact that the supremum
is linear on the local time scale. Since S takes values on [0, a], there is no extra immigrants
for negative levels, which explains the difference in the representation in Theorem 4.1
for levels in [0, a] and levels in (—o0, 0]. For the branching part, if 0 < x < y, an excursion
which has a contribution to the local time at a — x will also have a contribution at a — y if
the excursion is deep enough. So, we can interpret the contribution of an excursion to
LZ;y(X) as a “mass branching” from L?7*(X), and because of the lack of positive jumps
we can “track” the descendants of level a — z.

Trajectory of X

a

Levels

z 0 ay ax

Time

Figure 4: A path of X (bold line) and its supremum (dashed line) up to the time it
surpasses level a.

We can get a better understanding of the Lévy measure v(*) by studying the law of
local times under N. This turns out to be difficult if one wants to consider all the levels
but it is tractable when considering a positive reference level x > 0, which can be made
arbitrarily small.

Given = > 0, an excursion e away from the supremum with height H(e) < z has local
time equal to zero at levels y > x. Hence, we will restrict ourselves to those excursions
satisfying H(e) > x. On the event H(e) > x, we know that, by the absence of negative
jumps under N, the first hitting time 7).(e) occurs before the lifetime ¢(e). Then, by the
strong Markov property and the additivity of local times we can write

C oy (@) = L7 o)(e) + () 00r, (), y>um,
which splits the local time process for levels y > «x into two independent components: the
information before hitting x and the information after, the latter being able to be written
in terms of the excursions away from z. Both terms can be described in a Poissonian
way, similar to the one in the previous section, as we will see next.
We begin with (£7, ()(€),y > x). We only need to consider the event T (e) < Ty(e) <
¢(e), since on the event 7,7 (e) = T} (e), the accumulated local time up to 7 (e) is zero
for levels y > x. Therefore, the first overshoot of the excursion at x will play a key
role (see Lemma 6.2 for its law under N) and conditionally on it, we can use a similar
decomposition of the path into excursions away from the infimum as in the previous
section. This yields the following theorem.

Theorem 4.2. [et X be a spectrally negative Lévy process satisfying (A) and (B1)
or (B2), and N its excursion measure away from the supremum. For any measurable
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functional F : R%"">) — R, with F(0) = 0, we have that
N(F(}, ,y>x),H>x)= /O N(O, € db, 7,7 < T, <QR(b, F(LY ",y > x)),

with K as in (3.4). In particular, for any f : (x,00) — R, measurable and bounded,

N (exp {— /:O f(y)é?rwdy} H > x)

I : (-0 W@
=) e T w0 (G =) s

where II is given by ﬁ(A) =1I(—-A), fep(z) = f(x+b—2), z<band Wy, , as in (1.5).

Now focus on (ég(e)(e) 001, (e),y > x). Starting from time 77, (e), we can decompose
the path into excursions away from x. This bears some similarities with the situation of
the second Ray-Knight Theorem in which we had “c” excursions away from 0, but in this

case we have as many excursions away from x as the local time Ef(e) (e), which can be

proved that is exponentially distributed with parameter ¢ := ]\AfI(TO_ < (). This and the
distribution of the overshoots of the excursions away from x (see Lemma 6.4) lead to the
following theorem.

Theorem 4.3. Let X be a spectrally negative Lévy process satisfying (A) and (B1) or

(B2) and N its excursion measure away from the supremum. Denote ¢° = N, (1o <£)'

Then, ¢° = 1/W(x) and L*_ is exponentially distributed with parameter ¢° under E,.
To

Moreover, for any measurable function f : (x,00) — R, we have that

N(exp{—/Oo f(y)éé’OHTzdy} ,H > m)

=N(H > x)]/E\)w {exp {_L%NI (1 —e I f(y)zgdy, T, > C:) H (4.2)
_ W' (x) 1

Wi(z) 1 4 W(x)ﬁg; (1 — e T Ty T, > §) .
The term under ﬁw can be further decomposed into
N, (1 — e TS WY o C) - N, (1 _e f(y)fgdy’g_T_)
+ ]\Afx (1 _e T f(y)egdy,n; > (,Efé) ,
where £Y is the set of excursions which are completely above x and £% are the excursions
away from x which start negative and then jump above x. For this latter set, we have

the following expression in terms of the law of the overshoot:
N, (1—e 5 IwRay 75 > ¢ g1
~ b J— oo Yy—xr—s
:/ Ny (O € dby7y > (,EF) |1 —exp */ dsN (1 — e JT FWEE dy)
(0,00) 0
- /( R0 €7y > GED) [1- Wi, 0]
0,00
where f,,(z) = f(x +b—2), 2 <band Wy, , as in (1.5).
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Remark 4.4. Observe that the identity (4.2) is reminiscent of the branching property.
Indeed, we can rewrite it as

N (6_ e f(y)egOQdey, H> x)
N(H > )

= B [oxp {27, N (1 IO 77 > )}

The left hand side can be seen as an expected value conditioned to H > x, which is
equivalent to having a positive amount of local time at . And on the right hand side,

we have that the contribution to the local time of each level y is coming from the Lf,
0

“individuals” present at level z. In this case, the term corresponding to Nm can be
interpreted as the corresponding cumulant. Besides, if we consider a single level y > z,
the Proposition 4.7 below provides an explicit expression for this cumulant.

It turns out that, without splitting the information at time 7 (e) for local times of
levels bigger than «, a similar property is satisfied. Actually, we can consider a functional
of all levels above x as before or just consider a finite set of points, as the following
proposition states.

Proposition 4.5. Let X be a spectrally negative Lévy process sat1sfy1ng (A) and (B1)
or (B2), N its excursion measure away from the supremum and N, N the excursion
measures away from z for X and its dual X, respectively. Let z > 0 and f : (x,00) = Ry
a measurable and bounded function. Denote by

ug (f) = N, (1 —e &7 f(y)zgdy,qf > C) = N (1 —e I f(y)zz_ydymj > C) .
Then,
N (1 M-S f(y)egdy) -~ (1 = Oua ()= [2° F(y) LY, dy) A> 0.
Alternatively, if 0 < x < y1, ...,y are n distinct points and

< — Yi_..._ Yn —
Uiy ooy (B15 - -+, Bn) = Ny (1 — e M1k Bnt ,Tog > C) )
then, for any A, f1,...,8, >0,

N (1 _ e—xez—ﬁlegl—»--—B,,Legn> -~ (1 o~ sy (ﬂl,...,an))ezfﬂleé;,—-~—ﬂne@4;> .

We end this section with explicit expressions of the law of the local time of a single
point under N and N,, which can be given in terms of scale functions.

Proposition 4.6. Let X be a spectrally negative Lévy process satisfying (A) and (B1)
or (B2) and N its excursion measure away from the supremum. Let

Uy (A) ::N(l—e_ﬂq, y>0, A>0.

This quantity can be expressed in terms of the scale function W as follows

AW (y)

A) = ——F— A > > 0.

Proposition 4.7. Let X be a spectrally negative Lévy process satisfying (A) and (B1)
or (B2) and N the excursion measure away from z for X. Let us define, for any x > 0,

Vg y(A) 1= Z\Afw ((1—67)\42) 1{TJ>C})’ y>x, A>0.
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Then,

AW (y — )

vry(N) = N (H > y) (1+Aw<y—:c>

)7 /\20792%

where NO(-) := N, (-;75 > ). Moreover,

S _ W (y—=)
NS(H>y)—§m

TW(x —z) oo —) — wF Wu+z+y—x) o | ds
+ | S <H< S e e )>d'

5 Decomposition of Lévy measures

Recall that a non-negative infinitely divisible process ¥ = (¢, z € E) is characterized
by its Lévy measure u. Given a reference state h € E, Eisenbaum [7] also describes
in their Theorem 1.2 a way to decompose y into pup + 7i,. The measure pp(dw) =
Lw(h)=0}i(dw) is the Lévy measure of the process ) conditioned to ¢, = 0 and hence, the
measure fi;, (dw) = 11,(n)>0}#4(dw) corresponds to the information of the process between
successive visits to state h.

As an application, we provide some information on this decomposition of the Lévy
measures 1), relative to (LY ,(X),y € R) and v(*), corresponding to (L22F(X), 2 2 0).

Consider first the measure y(®), which is given by u(®)(dw) = ¢No(¢; € dw). For a posi-
tive level h, we can identify one of the components of the corresponding decomposition
in terms of an exit problem (and hence in terms of scale functions), as can be seen in the
next proposition.

Proposition 5.1. Let 1(°) be the Lévy measure of the process (LZ(C)(X),y € R) and
h > 0 fixed. Decompose

) (dw) = 1y (dew) + T (dew) = Lpony—oy 1 (dw) + L0y 1 (dw).

Then,
i (dw) = eNo [0 € duw, 7t > (] = eNo [€ € dw, il > ¢, €] + eNo [¢; € dw, E_]

! c/(o,h) /(—oo,o) dbl(du — b)Y & Bi(Le € do,if > C),
where B © EQ(L; € dw, 7} > ¢) i= By (L'TO, € dwy, > T(;) E, (L'T+ c dw,). In par-

ticular, if X does not have a Brownian component (¥ = 0), then fozt") any f : Ry - R
measurable and bounded,

h W(—b, —h)
_ o [ f@w(x)da) () — P S i A
/lle_ (1 e Jo )uh (dw) C/o dbII(—o0, —b) W0, —h) )

o~

where f(s) = f(—s) and Wy as in (1.4).

Proof of Proposition 5.1. In this case, we know that (%) (dw) = ¢No(¢; € dw). Hence, for
h > 0, we have that E’g = 0 under N, if and only if the excursion e away from 0 does not
reach level h. This means that positive excursions must not have height bigger than h
and that the paths £ for mixed excursions have overshoots less than h and from this
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point, the reversed path must exit the interval [0, ] by below. So we identify in this case

yglc) as

,uglc)(dw) = cNy [EC € clw,r,ir > C} = cNy [EC € dwn‘,j > C,5+] + ¢cNy [EC € dw,g,]
+ c/ / dbIl(du — b)E) @ BY(L; € dw, 7, > ).
(0,h) J(—00,0)

In particular, if one only considers positive levels the last term simplifies to IE);,(L'C €

dwy, ;7 > 75), which is the law of local times of X issued from b and seen up to first
time it exits [0, k] from above. An expression for Laplace transforms of this exit problem
is given in terms generalized scale functions (see (1.4)). Indeed, if f is measurable and
bounded and has support on R,

-~ o z ~ — [2° f(x)L*_dx
B (o 71080 7> ¢) =By (01 )
= Eb <e_ fOTO_ f(XS)dS’T;' > 7—0_)

PPN
=E_, (6 Jo? F(Xods 17 s T(T)

WH(~b,~h)
T WHO,—h)

Hence, if X does not have a Brownian component, we conclude that

J

Now consider the Lévy measure v(*), which from Theorem 4.1 is given by »(%) (dw) =
CN(7515. _go0r € dw)ds. It turns out that, for a fixed h > 0, we can make use of the
0 ¢ H—s>0}

W (b, —h) _

h
_ o [o7 f@)w(z)dx - o0, =) T
(1 e Jo )Vh(dw) c/o dbII(—o0, —b) W0, ) .

R
+

results of Theorems 4.2 and 4.3 to describe certain functionals of both 1/2“) and ﬁé“).

Proposition 5.2. Let v(*) be the Lévy measure of the process (L?:7(X),z = 0) and
h > 0 fixed. Decompose ‘

VD (dw) = 1 (dw) + T\ (dw) = 1 oiny=0y P (dw) + im0y (dw).

Then,

aNh a
v\ (dw) = / dsN(£7*1(_gs0y € dw, 73—, > C) + / hdsN(e'gS1{._s>o} € dw).
0 al

Moreover, if F' is any non-negative, measurable and bounded functional,

APy = W) = [ dsNE@ =5 > 1.0 > h)

= / ds/( )W((’)h edb, 1, <Tp < C)E(b,F(Lé"S"",y — s> h)),
0 0,00
with k¥ as in (3.4), and on the other hand,

TPl > 1) = [ AN 00,y = 5> 0.0 > h).
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Proof of Proposition 5.2. In this case one has that E?‘S = 0 if and only if either s > h or
s < h and the excursion away from the supremum does not reach level h — s. Therefore,
we obtain

V}(La) (dw) = (9 (dw)

{w(h)=0}

aAh
:/ dsN(fC l{._s>0} € dw, . >0 / dsN ( s 10y € dw),
0

where the last term disappears if &~ > a. Recall that Theorem 4.2 gives an expression
for the law of local times of levels bigger than a reference level h > 0 under N. Since
the process (E"}h ,y > h) codes the information of the local times of levels bigger than A
previous to its first hitting time, this implies we can actually use that result to provide
information on y,(l“). Therefore, if F' is any non-negative, measurable and bounded
functional,

VD (Fwy,y > h)) = /0 dsN(F(¢%,°,y — s > h), H > h)

= / ds/ N(Oy, € db, ;7 <Tj < C)E(b,F(Lgfsfh,y — s> h)).
0,00)

Similarly, in Theorem 4.3 the process (ééf o fr,,y > h) encodes the information of the
excursion from the first to the last visit to h, which implies we can recover information
on the measure ?g“). Then, for any measurable, bounded and non-negative functional F’,

vga)(F(wyvy > h)) = /O CZSN(F‘(KZCJ_g ° GT}my — 5> h’)7H > h) D

In particular if the functional on the above proposition is of the form F'((w,,y > h)) =
exp{— [ f(y)wydy}, we can write

vy (F(wy,y > 1))
/ ds/ de/o . Ti(db + OW (z — 0) (MV;((;C__;)) - V;;g;) Wy, .. (b),

where f,; s(2) = f(xr +b+ s —z), z < s+ b. Similarly,

7 (F(wy,y > h)) = N(H > h) /a sy, [exp {7L}TL0‘ N, (1 — e I I C) H '
0

6 Auxiliary results

The next lemma provides the joint law of the overshoot and undershoot of an excursion
under the measure Nj.

Lemma 6.1. Let (UUy(e), Op(e)) = (e(7; ),e(r5 —)) be the undershoot and overshoot of
an excursion e away from zero. Then,

No (h(Uo, Oo), Ex) :/ dZ/ (dy)h(z +y, 2)L{zqy<0}s (6.1)
0 00,0

for any measurable and bounded function h : (—o0,0) x (0,00) — R4.. Said otherwise,

No(Z/f() S dy, 00 € dz,é'i) = dzH(dy — 2)1{Z>0}1{y<0}. (6.2)
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Taking marginals in the above expression we get that, for any f : (—o00,0) — R, and
g : (0,00) — R, measurable and bounded,

No (f (Uho), £2) = /0 dz / R CYICRRi T

:A dz/(oovz)ﬂ(dy—Z)f(y)l{Ko}

and

No (9(O0), £4) = / " dzg(2)T1(~o0, —2).

Proof of Lemma 6.1. Recall that £, corresponds to the set of excursions for which
{0 < 757 < ¢}. Observe that this condition is fulfilled if and only if there exists an
s € (0,¢) such that A; := e(s) —e(s—) < 0, e(s—) > 0 and e(s—) + A; < 0. Let us
define

Gs(y) = h(e(s—) +y,e(s—))1y<o0y Lie(s—)>0} L{e(s—)+y<0} L{s<c}-

Then, we have the following identity

h(e(TO_)ae(To_f))l{o<q—0*<g} = Z Gs(As)l{AﬁéO}'

0<s< 00

Indeed, by the observation above the indicator on the left hand side is non-zero if
and only if there exists an s € (0,00) satisfying the previous conditions. Moreover,
by the absence of positive jumps that s is unique and coincides with 7;". Therefore,
we can use the compensation formula under N, (see for instance [18, Eq. (18)]) to
obtain

Ny (h< (73 )se(75 )L gocrs <<})

(e o)

(/0 dS/ 0) (S)+yve(5))1{y<0}1{e(s—)>0}1{e(s—)+y<0}1{s<4}>
(/0 dsl{e(s—)>o}/( 0 H(dy)h(e(s—) +yve(5_))1{e(s)+y<0}> :

Since the set of times {s : e(s—) # e(s)} in which the excursion is discontinuous has
Lebesgue measure zero, we can replace e(s—) by e(s). Therefore,

¢
=Ny (/ d51{e(s)>0}/( )H(dy)h(e(s) + y,e(s))l{e(s)+y<o}>
0 —00,0

¢ ~
=Ny (/0 dsl{e(s)>o}h(e(3))> 5

where h(z f( s0.0) H(dy)h(2+Yy, 2)1{z+y<0}- Then, using the fact that ©(0) = 0 because
of assumptlons (Bl) or (B2) and using identity (20) from [18] with X | 0, we conclude
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that
Ny (h(e(To_)ve(To_ )1 {o<ry <g} (/ d51{9<7— }h e(s )))
oo
:/ dzh(z)
0
:/ dz/ h(z +y,2) 1z y<0}
0 ( oo,O
— [ @[ Ty - om0
0 (—00,2)
oo
:/ dz/ II(dy — 2)h(y, 2).
0 (—00,0)
The rest of the proof follows readily. O

The following lemma expresses the law of the overshoot with respect to a positive
reference level under the measure N.

Lemma 6.2. For any = > 0 and any measurable and bounded function f : R> — R,

02 " 2
N (etr) =ani <¢) = 5 Mook - wa).

and

N (fletrt et et > 27t <¢) = [ anvie—o) (W=D W)

0
x / T(dy) (2 — Loz — € — ) Lgosrnyy-

In particular, taking f to be a function of only the overshoot, f(e(t, —),e(7,])) =
g(e(r) — z), and with the notation II(A) := II(—A), we have that

N (gle(r) —z); T < 7 <()

/déWa:—K)(W/(( f
/ AW (z — 0) (W/((x 5 — VMV//((LB)))/Oooﬁ(dy+€)g(y)1{y>0},

which provides the law of the overshoot with respect to z under N.

~—

_ ?{/ég) /O T(dy)g(y — €)1(y>0)

~_

8

~

Proof of Lemma 6.2. We will use here a result from L. Chaumont and R. Doney in [3]
which tells us a way to approximate N as a certain limit involving E. Indeed, if gg(z) =

%, z € R, using that in our case ®(0) = 0 we have that

lim z)=—z, 2 <0.
lim gs(2) := g(2)

Their result states that

1 =~
lim —B.(F,t<t)=N(F,t ,
zi}(r)l* g(Z) ( < To ) ( < C)

for any functional F up to time ¢t and N being the excursion measure away from the
supremum for X. (We notice that the cited result from [3] includes a multiplicative
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constant depending on the normalization of the local time, and in our case it equals 1
because we assumed that ¥(1) = 1 = ®(1).) This is translated to N as

~ —

1
lim —F_,(Ft<717)=N(Ft<{),
2_13})17 g(Z) ( < To ) ( < C)

or equivalently,
1~ _
lim —-E,(F,t <7, )=N(F,t<().

z—0t 2

The so-called Kesten’s identity (see for instance [11]):

P, (XTJ 0,75 < oo) - %(W’(z) —BO)W(2), z>0,

will also be useful for the result.
We will use the above facts for the following computation. We can calculate, for
x>0
_ 1~
N (e(r)) ==z, 7f <¢) = lim -E, (ij =z,7} < 7'0_>

€T

1 _
iy (oo ar <)
.1 _
= 21_1:%{r 2 [E XT’,I =z—u,7, , < oo)
—IE (X,rf = z—z,Tj < T;_x)} .

Then, using Kesten'’s identity and the fact that ®(0) = 0, we get

N(G(T;—) :_LC,T;_ < C)
= Zlir& % _J;W’(x -2)—-FE (IPZ (XTz__x =z—x,7, , < oo) T < Tz_z):|
= Zlir(r){r é U;W’(x —2)-P, (XTO_ =0,7, < oo) W{E{f(;)z)]
L T
_ a* lim [W’(az —2z)— W'(x) N Wi(@) Wi(x)W—2z) W)+ W(x)]
2 z-o0t z z W (z z
_ a? lim |:W/(.Z‘ —z)=W'(x) Wi()W-z) - W(x)]
2 z-0+ z W(I)
S v
02 /(I) 2 1
-5 e )

where in the second line we used the strong Markov property at time 7" and the fact
that er = z because of the absence of positive jumps. We conclude that

+ [ (@)]?

N(e(r) =a, 7} <) = % — W ()] .
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For the other identity, consider g : R — R measurable and bounded. We will use
the fact that the potential of X killed when it exits the closed interval [0, z] for the first
time is given in terms of scale functions, as can be seen in [12, Theorem 8.7]. Indeed,

we have
R R T;/\T(; 7':1,/\7'0+
U%(z):=E, / dtg(X;) | = E_. / dtg(—X;)
0 0

7";/\7';r
=F,_, / dtg(— X + x)
0

This and the previous limit result of Chaumont and Doney allows to give an expression
for the potential up to 7,7 under N. Namely,

.
—f (7= 1
N o+ = lim -

(/O dtg(e(t)), 7, < C) Jim -~

_ /Om dv (W’(v) - W) 9(v),

Il
g
I
O\H
QU
7N
=
PN
8
81
&
=
PN
S
\
=
D
\
&
N——
Q
—
S

where we have used that

1 (W(x—=z) 1 W(x —2) — W(x) +W(x) T s
(M) - we-) = ] T W) - W(o-2)
(Bl W M) W= W)
z W(ac z
/ W(0)W'(x)
— W'(v) W

as z — 0.

We will now use the compensation formula, as in the proof of Lemma 6.1, to com-
pute the joint law N (f(e(r}f—),e(r;))),e(r;f) > z, 7} < () in terms of the jumps A, of
the excursion. Indeed, the event {77 < (,e(7}) > m} is equivalent to the existence of
s € (0,¢) such that sup, ¢ e(r) < z and e(s—) + A; > = (observe that such s is unique

by definition). Define then

Gs(y) = f(e(s_)ae(s_) + y)l{supm,s) e<z}1{e(sf)+y>a:}1{s<g“}7 s> 0,

to write

f(e( ;__)76(7—;_))7 {e(t) >z, 74 <C} Z G 1{A >0}-

0<s<o0
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Using the compensation formula we get
N (f(e( :;r_)7e(7-;r))7 1{e(~r§)>x,7’j<<}) = N < Z GS(AS)I{A5>O}>

0<s<o0
0 (0,00)

=N I(dy) G (
=N /0 ds /(O | ﬁ(dy)f(e(s_)a e(s—) + y)l{sup(mw e<x}1{e(s)+y>z}1{s<C}>

=N (/OTJC ng(e(S))’T;_ < C) )

where g(v f (0,00) dy) f(v,v+y)1{y1y>z}. Therefore, applying the previously obtained
formula for the potential under N, we conclude that

N (Fer )0l e ot <cr) = [ 0 (W00 = P20 ) a0
= [ (o - SRR [ et
= [Cae (wrie - - o =0) [ TR e T

Wie—0) W)
/ dEW JI - Z) ( (l‘ g) W(CE) ) /(—oo,()) H(dy)f(.’l) - g,.ﬁ —l— y)1{0>£+y}7

completing the proof. O

The next result is an auxiliary lemma to compute the law of the overshoot under Nm

Lemma 6.3. Letx >0, ¢ > 0 and f : R — R, measurable and bounded. Then,

T;r(e)/\‘rg(e) x (q) _
No ( / e-qff<e<t>>dt> -/ Wﬂy)dy. 6.3)

Proof of Lemma 6.3. Denote by 7(e) = 7,/ (e) A7, (e). From the Markov property at time
€ > 0, we have

-r;f (e)ATy (e)
No ( / ot f(e(t))dt)
0

7(e)
i —qe o —q(t—¢)
El_l)r(r)1+ Ny (/6 e e fle(t))dt,e < (A T(e)>

/Tm " e_qtf(Xt)dt] ,E< g ANCA T(e)> ,
0
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where e, is an independent exponential random variable of parameter ¢. On one hand,
by the resolvent formula in [11, Theorem 2.7], we have that for any z € (0, z],

TJAT(; T (Q) T —
E. /O e_q’ff(Xt)dtl :/0 [WW(q)(z) —W(Q)(z—y)] f(y)dy
T IW(D (g — WD (5 —
:WMK@A {pm;@fx_ W&&fhwgﬂf@My

Therefore,

I
1 o ATo TW@(xz—y)
. —qt —
Z%WW@M ef%@ o W VW

as a consequence of the dominated convergence theorem, since 0 < %f(;)y) <1 f
is bounded and 1;,<.} | 0 as z | 0. On the other hand, from [18, Lemma 3], there is a
function h, such that
: hq(2)
21—1>I(IJ1+ W(Q)(Z)

Actually, the result is for the quotient h,(z)/W(z), but it is also proven there that
W@ (z)/W(z) — 1 as z — 0, which leads to the above limit. Additionally, from the proof
of their Theorem 3 [18, pp. 97], the function h, also satisfies

—1- T

2

lim No (hg(e(e),e < CAT (€) = 1= Z-®'(q)2(q).

Furthermore, from here we can also prove that

2

. _ _ i /
51_1>%1+ No (hg(e(e)),e <egANCAT(e)) =1 5 '(q)®(q),
since, for ¢ small, the Ny— measure of excursions that surpass level z in [0, ] is small
and tends to 0 as ¢ — 0" and also lie,>cy Tlase — 0T. Putting all the previous pieces
together, and using that on the event ¢ < 7(e) the excursion is positive in (0,¢], we
conclude using a dominated convergence argument that

T (e)ATy (e)
No ( / e‘qtf(e(t))dt>
0

'r;f/\r(;
= lim N <Ee(€) / e_qtf(Xt)dt] ,E<eg ANCA T(G))
0

e—0+
) 1 AT W@ (e(e))
= 515& No <W(q)(e(€))Ee(a) [/O e ? f(Xt)dt] th(e(f))l{xeqmm(e)})
TW(z—y)
= ; Wf(y)dy O

This lemma gives the law of the overshoot under Nm in terms of the scale function W
and the jump measure II.

Lemma 6.4. Let g : R — R, measurable and bounded and denote by I1(dy) = II(—dy).
Then,

~ _ . W -z ~

N (0007 > ) = [ asEE [ i+ 2yt
0 W(z) (0,00)
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Proof of Lemma 6.4. By space invariance and duality, we have that

Nz (Q(Om)a T(; > C75:T:) = NO (9(00)77—:1 > C7g:|:)
= N (g(—Z/{O),T; > C7Eﬂ:) ’
which is almost the law of the undershoot we have computed in Lemma 6.1 but with the
additional condition {7,;” > ¢}, which means that the excursion prior to 7;" does not go

above z. Let h(u,b) := g(—u). Mimicking the computations in the proof of the op. cit.
lemma but now considering

G, (y) = h(e(s_) + v, e(s_))]'{y<0}]-{e(s—)E(O,m)}1{e(s—)+y<0}1{S<C}1{sup7,e(o,s) e(r)<z}s

we get that
No (9(=Uo), 75 > ¢, €x) = No (/ ds/( )H(dy)Gs(y)>
0 —00,0
¢
= No /0 dsl{e(s)e(o,x)}1{supre(0,s)e(r)<x}/( O)H(dy)h(e(s)+y7e(5))1{e(s)+y<0}

¢
=Ny </0 d81{e(s)€(0,z)}1{s<7—0*/\7—;f} /( 0 H(dy)h(E(S) +, e(s))l{e(s)+y<0}>

T:/\T(;
=Ny </0 dsl{e(s)>0}h(e(s))> .

Applying Lemma 6.3, we obtain the claimed identity. O

7 Proofs

We start by presenting the proof that the local time process (LY, |,y € R) is infinitely

7(c)?
divisible and its Poissonian representation.

Proof of Theorem 3.1. Recall from Section 2 that
o) =inf{t >0: LY(X) > s}, s>0,

is the right continuous inverse of the local time at zero. Then, for those times s such that
00 > 0% :=limy, of, we define the excursion away from zero at local time s by

eg(u) = XUS_Jruv (A [0702 - 0—27}’

and the set of excursions {(s,e!) : s > 0} is a Poisson point process of intensity ds® Ny(de).
Let M (ds, de) be the corresponding Poisson point measure. From the occupation formula,
for any function f measurable and bounded we have

/ L (X) (y)dy = / e
R T(C) 0

On the other hand, by regularity of X for (—o0,0) and (0, 00) (which is a consequence
of hypothesis (A)), we can decompose the integral on the right hand side into the
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contributions of each excursion away from zero as

7(c)
f(X,)dt = / f(X,)dt =
/0 Dt = Y t

0<s<c 0<s<c
= Z / (e (@) f(y)dy
0<s<e
:/ (Z EC(eU) ) ( )dy,
0<s<c

where in the second in last line we used again the occupation density formula for the
local times of each excursion. We can write the last line in terms of M as

/61’ o) dy—/ (/ /4 (e) ds,de)> f(y)dy.
[ttty = [ ([ [ toents.de)) rwa
r \Jo Jp

and since this holds for any measurable and bounded function f, we conclude that

/ / (2 ) (€)M (ds, de),

for a.e.-y. Then, the full identity follows using the right continuity in the space variable
of local times. Finally, if K is the image of M under the function that maps e to its local
times (hence with intensity ds ® M (d¢) and M (d¢) being the image of Ny under the same

map) then
/ / ds ,dl).

We now prove the infinite divisibility. From the strong Markov property of X and the
fact that local times are additive, it follows that for any n > 1 we can split the local times
into the information up to 7(¢/n) and the information after as

Therefore,

LY (X) =LY .y (X) + LY ) (X) 00r(c/n), Y ER.

Since X;(/n) = 0, we can write Lﬁ(c) (X) 0 0;(c/n) in terms of the process (X't =
Xr(¢/n)+t,t > 0) which is independent of the information up to 7(c/n) and has the
same law of X. Indeed,

Li}-(c)( ) © HT(C/TL) ~(n 1 )(X)7
where 7(*— L¢) is the first time X accumulates “=L¢ units of local time at 0. Hence,

Repeating the argument for X and using induction, we conclude that we can write

d n
LY () E YT LY (XD, yeR,
k=1

where X(*) are i.i.d. copies of X starting from zero and the stopping times 74(c/n) =
inf {t > 0: LY(X®) > ¢/n} are the first times each copy accumulates c/n units of local
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time at 0. This proves that the local time process is infinitely divisible. We can identify
the associated Lévy measure (%), that is, a measure that satisfies

E[effmﬂymz(c)(xmﬂ —expd - /
R

for any non-negative, measurable and bounded function f. Using the occupation formula
one has that

<1 —e Jr f(y)W(y)dy) ,u(c)(dw)} )

R
+

[, o= | " s
R () 0 7

and decomposing the integral on the right hand side into excursions away from 0 as
before, from the exponential formula we obtain

E [e— J f(Xs)ds} — exp {_C/ (1 e fRﬂy)/z-z(e)dy) No(de)} .
D
The latter yields the following identity for the Lévy measure of local times up to 7(c),
19 (dw) = eNo (4 € dw). O

We now present the proof of the expression of the refined version of the Lévy
measure ;(¢).

Proof of Theorem 3.2. For the representation of Ny in the set £+ we just condition on the
overshoot and undershoot (O, U) of the excursion e and use the strong Markov property
at time 7, to get the conditional independence of the paths e and .. Lemma 6.1 pro-
vides an expression for the joint density of (Og,Up), proving the second expression. And
for the last one, using the occupation formula and decomposing the path in excursions
away from the supremum as in the proof of Proposition 2.1, one obtains for u < 0

A+
E (¢ fiomn S0 _, (e— I f_(Xr)dT>

0
= €xXp {_/ dSW |:1 —e foc f- (S—G(T))d'r:| }

=Wy_ (—u).

Proceeding analogously for b > 0, we obtain the desired expression for the Laplace
transform. O

The next proof concerns the Poissonian representation of (Lﬁ(c), y € R) involving the
overshoots and undershoots.

Proof of Theorem 3.3. We only show equation (3.6), as the proof of (3.7) is analogous.
We will do it by considering Laplace transforms. Let f : (0,00) — R4 measurable and
bounded and call G(y) the right hand side of (3.6). For an element Y € M, the space of
Poisson random measures, we will denote by (Y, F') at the integral of a functional F' with
respect to Y. In particular, when F is the functional fooo f(y)(é’f'(-)l{y_.w}dy, recalling
that a Poisson random measure Y € M is written in terms of its atoms Y = Z7'>0 6(,.&),
we have that

(Y, F) = <Y, / °°f<y>ez'-'<->1{y.>0}dy> = / T W @) sy dy.

r>0
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Using that M, and M! are independent we have that

oo {- [~ swewi}]
e ([ o))
E Cxp{—/oc /(0700) /M <y< OOO f(y)eg—'(.)1{y_.>0}dy>>Mj[(ds,db,dY)}
Using the exponential formula, the first term equals
AT ——
exp{ / / dsNo(de, £, )(1 — e~ I~ f ”“’dy)}

= exp {—CNQ (1 —e JT W) egdy,é’_,_)} .

Similarly,

E |exp 7/ / / < </ f(y () gy—. >O}dy>>MjE(ds,db,dY)
0 J(0,00) J M

zexp{—/ / / dsNo(Og € db, EL)R(b,dY) (1 —(<Y ST rwee <>1{y->0}dy>)}
0 J(0,00) J M

= exp {—c/ dbII(—o0, —b)E (1 —exp { Z / fly ﬁy_ )1{yr>0}dy}> }
(0,00) 0<r<b

bAy - - v

= exp {—c/ dbII(—o0, —b) <1 — exp {—/ drN (1 — e JoT rwe dy) }) } )

(0,00) 0

Therefore, comparing with the Laplace transform in Theorem 3.2, we conclude that

E {exp {/OOO f(y)G(y)dyH =E {exp{/ooC f(y)LZ(c)(X)dyH )

which proves the Poissonian representation of local times. O

The following proof concerns the Poissonian representation and the infinite divisibility
property of the local time process (LZIZ(X), z > 0).

Proofs of Theorem 4.1. Let M'(ds,de) be the Poisson point measure of excursions away
from the supremum and f : R?> — R, measurable and bounded. Again, hypothesis (A)
implies that 0 is regular for both (—o0,0) and (0, 00) and [12, Th.6.7] implies that the set
of times in which X reaches new suprema on compact intervals has Lebesgue measure
0. Therefore, we have the following decomposition:

/OT“ F(Se — Xy, Xp)dt = Z/ F(Se — Xy, Xy )t

0<v<a
¢(ew)
S / Fle(t), v — ey(t))dt.
0<v<a 0
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Applying the occupation density formula, we can express the latter quantity in terms
of M’ as

¢(ew)
3 / fle(t).v

0<v<a

-y / fu ¢ o le)du

0<v<a

Z /[0 - flu,v— u)ﬂg“(e) (e)du

O<v<a

/[o,oo) </oa /D Flu,s —u)lie (e)M'(ds, de)) du.

Now we use Fubini’s theorem and the change of variables z = s — u to obtain

S )d . Ced s d
0 f( +— X, Xy)dt = A / (/f C( )(e)l{s >0} Z>M( s, de)
- ](/ / 5Oz M () ) S5 2

On the other hand, from the occupation formula for X and taking f only depending
on the second entry we have

/(m] FL (s = [ ¥
/ 0o.d] </ /62(5) )l .0y M'(ds, de)) F(2)dz,

and since this holds for any test function f, we conclude that

X) - A /D ZZ(_GZ) (e)l{s—z>0}M/(ds,de)

for almost every z € (—oo, a]. The last equality holds for all z by using the right continuity
of local times.

To complete the proof we focus on the reversed process L%, T2(X), with z > 0.
Since Lebesgue measure is invariant under translations, the Poisson point measure
M (ds,de) := M'(a — ds, de) for s € [0, a] has the same intensity as M restricted to [0, .
Hence, we can write

Ly X / /Q(SM €)l{s—atz>0} M’ (ds, de)

/ /EZ(e; l{z S>0}M(d5 de)

{fo fDKC(e) e)M(ds,de), z€[0,al,
)

Is o 62(5 e)M(ds,de), z > a,

{fo f’D K(dsvde)a Z € [O,G],
fo fD z— 8)K(ds,de), z>a,

which concludes the result.
We now show that local times are infinitely divisible. We split the information up to

T;r/n and after to obtain for any n > 1 that
LI (X)=L" (X)+ LI (X)o0, o z €R.
a a/n a a/n
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Since X + = a/n, we can write L?, (X)o0_+ in terms of the process (X, = Xy ntt —

a/n a a/n
a/n,t > 0), which is independent of the information up to 7-:/” and has the same law as
X started from 0. Indeed,

L (X)ob,: = L°7Y"(X), z€R,
@ a/n Tn-1,

where ?f L, is the first passage time above =Ll¢ for X. Applying this argument induc-

tively, we conclude that

where X(*) are i.i.d. copies of X started from 0 and ’7'+/k are the corresponding first

passage times above a/n. This implies the infinite divisibility of (L7, (X),z € R).
We now identify the corresponding Lévy measure. Indeed, using that

/ fly Lay dy—/ fla—2)L dz-/ fla—X

and decomposing the last integral into excursions away from the supremum, again from
the exponential formula one gets

= exp{ / / 1—e" fo (a— S+e(r))dr) N(de)d }
D

1— e I f(afs+z)ff(e)dz) N(de)ds}

(

A
zexp{ /O /1)(1—e I f<@+2>fz<e>dZ)N(de)ds}

S A

T f<y>fé"5<e>“y*s>“}dy> N(de)dS} :

—+
E {efoa f(axgﬂ

= exp

Therefore, we can write

Ele Ioe f(y)L:a;y(X)dy] — exp {_/ (1 B effRf(y)w(y)dy) V(a)(dw)} :
R

where

a
V(@ (dw) :/ dsN(7° 1 _g50y € dw). 0
0

The following two proofs show the law of local times prior to the first hitting time of
a positive level x and between the first and last visits to it.

Proof of Theorem 4.2. For x > 0, it might happen that 7,7 (e) = T} (e), which implies
that the excursion reaches x for the first time continuously and coming from below.
In this case, LY. (e )( e) = 0 for any y > z. Then, we only have to deal with the case
7.7 (e) < T, (e) < ((e) in which the excursion goes above z for the first time by a jump,
hence having a first strictly positive overshoot O, (e) with respect to z. Conditionally
on O, (e) = b > 0, by the strong Markov property the path between 7.7 (e) and T} (e) has
the law ]Ei 1 Which is the law of X started from z + b and killed when it reaches  for
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the first time. This, together with the expression for the law of the overshoots from
Lemma 6.2 implies

N[F(ty,,y>x),H>z] =N {F(ﬁ«}m,y > x)l{r$<n<<}}
N (140t ey Bt (F( 0> )

:/ N(Os € db, 7t < T < OBy (F(LV="y > 1)),
(0,00) 7o

and for each y > z, the total local time Ly *(X) is decomposed under IE, in the contribu-

tions to it of the excursions away from the infimum {(r,e,), » > 0} as

Yy JC Yy—xr— r
LY (X = > L (@) py-asry-
o<r<b

Hence,

N[F(Z%z,y>x),H>x]

:/(OOO) N(O, € db, T <T, <<) < (Z Lg(e:r) T(eT)l{y_m>r}7y>f,C>>

0<r<b

:/ N(O, € db, 7} < T, < QR(b, F(LL™",y > x)),
(0,00)

proving the result. For the particular case, we have
N [exp {_/ f(y)é%,dy} ,H > x}
— T
=Nl cqpexpy — f(e(s))lie(s)>ards

0
¢
:/ N(O, € db, 7t < T, < (B2 <exp{/ f(XS)1{XS>w}dS}>.
(0,00) 0

For the expected value, we use duality to obtain

~ ¢ T
b (exp{—/o f(Xs)ds}> =T (exp{—/o f(a:+b—Xs)ds}>

and we decompose as usual the right hand side into excursions away from the supre-
mum:

Tt b
Eo <6XP {/ b flx+b— Xs)d5}> = exp {/ dsN {1 —e o d’“f(“”*b’”e(r))} } .
0 0

And by defining f, ,(2) := f(z + b — 2), z < b we have that

b b
exp{—/ dsﬁ[l —els drf(”b’”e(”)] } = exp{—/ dsN{l —e Is drfz,b(sfe(r))} }
0 0

= Wr,,(b)- m
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Proof of Theorem 4.3. Equation (4.2) comes from the strong Markov Property. Since X
has no positive jumps, paths under N have no negative jumps. Hence, in the event H > z
we necessarily have that T,;(e) < ((e), that is, the excursion hits z before its lifetime.
Conditioning on 7 (e), in which we know that e(7,,) = z, from the Markov property we
have

N <exp {— /:O F)to HTl,dy} JH > x) =N (]Em {exp {— /:O f(y)LgodyH JH > :c>
=NH>a2)E, [exp {— /:o fL dyH .

From here, to compute the expected value we could proceed as in the last part of the
previous proof, since by the occupation formula,

. [ow{~ [t a}| = e {— / " e Xs>1{xs<o}dsH -

Nonetheless, in order to emphasize the role of the excursion overshoots and give

insight in the branching-like structure of local times, we will next make the computation

in a different way. Indeed, recall that under E,, the local time L”_ determines the
To

number of excursions away from x that the dual process X performs before passing
below 0. Actually, we will verify that it follows an exponential distribution of parameter
ﬁw(Tg < ¢). Hence, conditionally on this quantity, we will determine the value of the
additive functional f >~ fly) Ly, dy from the contributions of each of the excursions from .

We begin with the dlstrlbutlon of Lm . For any t > 0, under E,, the event {L”” >t}

corresponds to the event in which none ‘of the excursions away from x up to local “time ¢
has visited (—o0,0). By denoting {(s,€%) : s > 0} the Poisson point process of excursions
away from z, with corresponding intensity measure V., we have

P, (L;f, > t) =P, (#{(s,87):0<s<t, 75 (&) < (@)} =0)
0
_ e—tﬁm(ﬂ;<()
= e_qgt7

which proves the assertion. We now compute ¢). Observe that, by duality, ]\Afx(ro_ <()=
No(7;7 < ¢). Intersecting the latter event with the partition of the set of excursions away
from 0, we obtain

No(tf <€) = No(F < ¢, &) + No(riF < ¢, E-)+ No(mf < ¢, E)
= No(r < ¢, 19 =C) + No(rf < (¢, 79 =0)+ No(ryf <0<y <()
:NO(T;F<T(;:C)+NO(T;F<TJ < ().

From the last identity on the proof of Theorem 3 in [18], there exists a constant c; (which
is equal to 1 using the same argument as in the proof of Lemma 6.2) such that

No(rf <75 <) =cxN(rf <(e(¢—) >0),
whilst from (ii) in the same theorem we have that

No(m)f <75 =¢) =c.N(1) < e(¢—) =0).
Adding these two identities we obtain

4y = No(r;7 < ¢) = N(7,f <),
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and it is known that this last quantity equals ﬁ (see [1, Proposition 15, Ch. VII]).
Now, conditionally on L”_, we decompose the functional f;o f (y)Lf, dy into the sum
To 0
of the corresponding contribution of each excursion away from z: (€%,0 < s < L*_).
To

As pointed above, each one of these excursions satisfy 7; (e?) > ((e?). Using the

exponential formula we obtain l

N [e'e] y 7 [e'e] 0 7“10/\ Je's] Y~

E, [eXp{/ f(y)LTO_dyH —/ drqye ", eXp{ > / f(y)fc(es)dyH
z 0 O<s<rv?®

/ drqge—rqg exp {—rﬁl_ [1 R f(y)fgdy7 > C} }
0

o5 8- )
o
0+ N, [1— eI IW D s (]
1

1 + W(x)ﬁz [1 —e jzoo f(y)dey, 7_0, > C:| )

which implies the first part of the theorem.

For the second part, we know that under ]\Afx, excursions away from z are partitioned
into those completely above x (81), those completely below x (£*) and those starting
below and then jumping above z (£}). Excursions in £ do not contribute to the local
times of levels bigger than x and hence we restrict to the other two sets. In £7, the
condition 7; (e) > ((e) is automatically fulfilled, so we can omit it. Finally, for an
excursion in £%, there is an unique positive overshoot O, (e) at time 7, (e) and the part
of the excursion contributing to levels y > z is from 7,/ (e) to ((e), which, conditionally
on O,(e) = b, we have seen that has the law IE; 1, and therefore can be decomposed
into excursions away from the infimum, as in the proof of Theorem 4.2. Using the
computations there we have that

~

N, [1 —e J f(y)egdy,ﬁ; > C,gi}

(oo}
/ No(O, € db, 7y > ¢, EL) By [1 —e
0

b
1 —exp {—/ dsN {1 —e 7 f(y)élclfm*slw—sw}dy} }] ;
0

which concludes the proof. O

- f(y)Lfdy]

:/ No(O, € db 15 > C,E2)
0

Finally, the proofs of the proposition relative to the scale function W, and the
propositions from Section 6 can be found below.

Proof of Proposition 2.1. The function Wy from (1.5) is well defined, since

o Wp00) L (D) " s — J§ drf(s—e(r))
W W) o W= ) O - N (- H <s=b)

. W (b) p— — J& drf(s—e(r))

The first quotient equals Py (7,7 < 7_,) and converges to Py(7;7 < 0o) when b — oo, which
is equal to one because of hypothesis (B1) or (B2). And when b — oo, the condition
H < s+ binside the exponential is replaced by H < oo but again, since under (B1) or
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(B2) we have limsup,_,., X; = oo, this implies that the excursions with infinite height
have zero mass under N.

Now let us check that Gy defined as in the statement coincides with W, and solves
equation (2.1). For z > 0, assumptions (B1) and (B2) imply that limsup,_, ., X = o0
and therefore 7, < oo P,— a.s. Then, for z > 0,

Gf(x):IAEI exp{/OT0 dsf(sz)}]
=1-IE, lexp{/o dsf(:rXs)H
=1-E, /o dtf(a:Xt)exp{/t dsf(st)}],

where in the last line we use the fact that if f(t) := exp {— f[‘; dsf(x— XS)}, tel0,7 ],

then f/(t) = f(z— X,)f(t) and f(r ) — f(0) = 1 —exp {— J7o dsf(x — Xs)}. Applying the
Markov property at time ¢ inside the expression in the last line we obtain

exp{—/OTO dsf(x—Xs)}H

/0 " dtf - X»GAX»] ,

~

Gi(x)=1—E, / dtf(z — X))Bx,
0

~

=1-B,

which can be written in terms of the potential U° of X killed at Ty as
Grla) =1~ [ 0(w.d2)f (o~ )G (2).
0
According to [12, Corollary 8.8], U° can also be expressed in terms of scale functions as

Gi(z)=1- /000 dz(W(z) — W(x — 2)) f(zx — 2)Gs(z).

This and the fact that G;(0) = 1 because of the assumption of unbounded variation,
implies the equation (2.1).
For the other part, we notice that

ol [faren)
exp {— /0 dsf(Xs)H ,

and decomposing into excursions away from the supremum between 0 and x and using
the exponential formula we get

Gy(x) = exp {/ dsN [1 —e 5 duﬂve(u))} }
0

zeXp{—/Omdsgf(s)},

which also proves that G;(z) = Wy(z). The relation - (—log Gy)(z) = gs(x) now follows
from a simple differentiation of the latter equation. O

~

Gf(x) =E, =E_,

exp{—/OT0+ de($+Xs)}‘|

:EO
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Proof of Proposition 4.5. We start by noticing that

N ((1 - et sy g, ) o,

since for an excursion to accumulate local time at x and the levels above, it must have
height bigger that . Then, on the event H > z, applying the Markov property at time
T, (e) we have that

N (1 B e y)[ydy) ((1 o ME= [ f(y)egdy) 1{H>x}>

N
- N ((1 P f(y)é%wdy) 1{H>:1:})
N

+ ( RERAZL X o [1—e_ALfo’_f" f(y)L;ody] 1{H>m}>.

It is known that under ]/E the total local time at x up to the first passage time below
0, Lm,, follows an exponential distribution of parameter ¢, = N (15 < () (see the proof

of Theorem 4.3). Also note that the total local time at levels y;, ...y, > z, is the addition
of the accumulated local time inside each excursion from z. This implies

—~ 7)‘L:—720<f,<LI foo y)[y(ef)dy
=E,[1l-e¢ © .

~ “AL®_—[> f(y)LY_d
E, [1—@ "o Lriw) 0 y]

Denote by (eZ(r; > (s),s > 0) the excursions away from z that occur before 7 .
Then,

x

=/000 dtgze ™" NE, <exp{— > Oof(y)ﬁé’(ei(n? >Cs))dy}>

0<s<tv?®

= / dtqee™ "%~ exp {—t]\A/'lc (1 —e f(y)égdy7,]_0— > ()}
0

= / dtq, exp {—t {qx +A+N, (1 — e ST Wy = C)} } ,
0

where the second equation holds by the exponential formula. Recalling that u,(f) =
N, (1 — e LTIWE o C) =N, (1 — e LTy o C), we conclude

~ AL —[XfLY] A — (e (F)LT
Em{l - (P a()) :|Em|:1€(+ (N To],

Using this, we get

N (1 oML .f(y)égdy> W

[ SALT_— [ f(y)LY
5 [e O TO]

(1= e IO 1)

e f(y)fiyrmdyfaz [1 B e_ALm e f(y)Ly } 1{H>l})
(1 e f(y)f%mdy) 1 {H>z})

eI f(y)L%zdyEgE [1 _ e—(A—i-um(f))L” ] 1{H>x})

(1 _ g Otua($))eEobr, — [ F(u)lh, dy)

+
=

Il
=
MmN N N N/

1{H>w})
_ N(l — ORI W )
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where the last expression follows from the fact that since an excursion does not accumu-
late local time at x prior to its first visit to it, then (¢ (e) o 07, ) = (¢(e). The result on
the joint law of local times at n different points, Eé“, e ,Eg" is proved in the same way,
just replacing everywhere the integral by the sum ZZ=1 ﬂkﬁg“'. O

Proof of Proposition 4.6. By the Markov property under N applied at time T,

) =N (1= ) =N (1) 1oy )
=N (H >y) - N (M 1asy)
=N (> - N> B, ()
~NH>y)-N(H>yE <ewi—y>

As in the proof of Theorem 4.3, L°_ follows an exponential distribution with parameter
-y

N()(T:y < () under IE, where we have also calculated that

~ 1
- _ + _
NO(T71/<C)_N0(T1/ <C)_ W(y)’ y>0
The rest of the calculation now follows from the fact that
~ W'(y)
N(H >vy) = , y>0,
=9 = 57)
(see [12, Lemma 8.2]). O

Proof of Proposition 4.7. Observe that v, ,(\) = ng 1— e_Mg). Since the excursion
does not accumulate local time if the path does not reach y, then

N (1=e) = N [(1 =) Lym ey
From the Markov property at time T} (e),
o) = R [(1 - ) 11,0 |
N? {1{Ty<C}IAEy (1 - e_/\L%’)]

= NO[T, < ¢] - N2 [T, < ¢ g (e—AL%T_y) .

Because of regularity and the absence of negative jumps, 7, = 7,_, under IAEO. As
in the previous proposition, LS, follows an exponential distribution of parameter

T—y

~ L L —ALY

No(my—y <€) = No(,_, < () = 37,—5. which implies Eq (e T“) = TWe
Therefore,

MW (y — x)

vay (V) = N2 [T, < (] T AW(y—2)

Now, under Ng the event {7, (e) < ((e), 7,/ (e) > ((e)} has zero measure because of
regularity of 0 for (0,00). Since there are no negative jumps under JVE, we also have

{r,f(e) < ((e)} C {T,(e) < ((e)}. Hence,

NO[T, <) =N2 [T, < Crf >+ N2 [T, < ¢y <] = N2 [rf <],
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and therefore,

NOT, < =N, [rf <C<rg ] =No[r) s <(<72,] =Nolro, <(<i].

To provide an expression for the last expression this in terms of W, we intersect the
event inside Ny with the partition £, £_, £1. Excursions on £, are completely above
zero and therefore do not reach the negative level x —y. On £_ excursions are completely
negative, and hence the condition 7, (e) > ((e) is fulfilled. Additionally, from Theorem 3

in [18] we know that Ny on £_ is a multiple of N , which is the pushforward of N under
the map that sends each path to its negative. Therefore,

2

o 2
2

o
2

=

No [ro , <¢<mhE|=Nolr,, <(E-]= (7o, <¢l =N . <],
and using the fact that W is differentiable and W’(z) = W(z)N(H > z) (see [12, Lemma
8.2]), we conclude that

2 2 2 1177
_ o W'y — )
No[ri, <¢<mhe] = TN LA ki }
Finally, on £4 excursions start above zero, then jump below and die at the next hitting

time at zero. Therefore,

N()[Tz <C<$,5:|:]: O[T_y<C<T;70<T(;<C]

—NO[ sup e(s) <z,7,_, <(0<7 <(C
s€(0,75 ]

From the Markov property at time 7 (e), the excursion after the jump follows the
same law as X started from e(7, ) and killed at the first passage time above zero. This
fact together with a conditioning on the time the jump occurs implies that the expression
on the right hand side of the display above equals

N 1 ]P - < +
’ [ {Supge(o Tf]e(8)<x} e(,,.o ) (Tx_y TO )]

:NO

- +
_1{sup56<0 (s ><x} Le(ry 120,007 <0} Petry) (Tomy < 70)

0

=No /O B L p, oy o)<} Helt—)>0} /_Oo
0

ropoo
= No _/O dtl{supse(ovt] e(s)<x}1{e(t)>0} /—oo il

= [ [ ety et (D)

H(du)1{e(t—)+u<O}IPe(t—)+u (T:;fy < T(;r):|

(du)1 ety 4 u<0y Pe(tytu (To—y < TOJF):|

where

0 —z
h(z) = / H(du)lfquco} Payu (TI__y < TS_) = / II(du)P 4y (TI__y < TS_) , z>0.

Observe that if u < —z — (y — z) then P., (7,_, < 7y) = 1. On the other hand, if

—z—(y—x) < u < —z then the latter probability is just the exit problem from the interval

[z — y, 0] starting from z + u, 50 P4 (7,_, < 79) :1—%
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From the same computation as in the proof of Lemma 6.4, we know that

No {1{sume<o,t] e(s><z}1{e<t>>0}h(e(t))}

x 1 x
_ —®(0)z - —®(0)z . .
/0 dze h(z) W) /0 dz (e W(z) — W(x z)) h(z)
Wz —2)
= dz———=h(z
J =i e
Wz —2) /_Z Wu+z+y—x)
= dz——— | II(—00, 2) — II(du .
L = ( N SN TRy
Putting the previous computations together we conclude that
2 1
50 _ oWy —=z)
TOW(r—=2) /72 Wu+z+y—x)
+/ dz——— | II(—00, —2) — II(du .
0 W(S(}) ( ( ) —z—(y—zx) ( ) W(y - l‘)
O
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