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Abstract

Generalized Pélya urns with non-linear feedback are an established probabilistic model
to describe the dynamics of growth processes with reinforcement, a generic example
being competition of agents in evolving markets. It is well known which conditions
on the feedback mechanism lead to monopoly where a single agent achieves full
market share, and various further results for particular feedback mechanisms have
been derived from different perspectives. In this paper we provide a comprehensive
account of the possible asymptotic behaviour for a large general class of feedback,
and describe in detail how monopolies emerge in a transition from sub-linear to super-
linear feedback via hierarchical states close to linearity. We further distinguish super-
and sub-exponential feedback, which show conceptually interesting differences to
understand the monopoly case, and study robustness of the asymptotics with respect
to initial conditions, heterogeneities and small changes of the feedback mechanisms.
Finally, we derive a scaling limit for the full time evolution of market shares in the
limit of diverging initial market size, including the description of typical fluctuations
and extending previous results in the context of stochastic approximation.
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1 Introduction

In the near future, customers who intend to buy a new car will have the choice
between several different technologies like modern cars powered by fossile or synthetic
fuels, hydrogen or batteries. Although electric cars seem to be in the pole position in the
race for the future car market, it is still open which technology will win or whether there
will be a mixture of different technologies. The economist Brian R. Arthur suggests in
[4] to model the competition between technologies as a generalized Pdélya urn, which
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Asymptotics of generalized Pélya urns

was basically introduced by Hill, Lane and Sudderth in [24]. In this model the decision
which technology to choose depends on three factors. First, it supposes that each
technology has an intrinsic deterministic attractiveness or fitness. Second, the decision
depends on the choice of earlier customers. For example, if many bought an electric car
before, there will be a dense charging infrastructure and thus electric cars get more
attractive for future customers. A second argument for this reinforcement is that high
revenues in the past provide financial means for a faster technological development
as well as cheaper prices because of lower production costs per unit. The resulting
overall attractiveness of technology ¢ is now modeled as a hypothetical feedback-function
F;(X;) > 0 depending on the number X; € IN = {1,2,3...} of customers, who chose
technology i before. High values of F;(X;) indicate high attractiveness of technology
i. A typical example is F;(k) = a;k®, where a; > 0 models the intrinsic attractiveness
and S > 0 the reinforcement effects in the market. The third determinant of customers
decision is their personal preference, which is difficult to include in a deterministic model
and probabilistic approaches are more appropriate. We assume that customers enter
the market sequentially and have full information. Given the current state (Xi,...,X4)
of the market, a customer will opt for technology 7 with probability

Fi(Xi)
Fi(X1)+ ...+ FA(XA)7

where A > 2 is the number of different technologies. The market size X7 + ... 4+ X4
increases by one in each step. If F;(k) = k, then this corresponds to the original Pélya
urn, which was introduced by Pélya and Eggenberger in [19]. Depending on the feedback
function, monopoly may occur where one technology achieves full market share, as well
as random or deterministic non-zero asymptotic market shares for several technologies.
The monopolist is in general random and depends on the behaviour of the young market.
Analyzing which feedback function leads to which regime provides an understanding of
the determinants of the long-time behavior of markets.

Mathematically, this setup corresponds to a discrete-time Markov process, which is
called a (generalized) non-linear Pélya urn in the following and introduced in detail in the
next Section. Apart from the competition of technologies, many other interpretations and
applications of generalized Pélya urns are possible. An obvious one is the competition of
companies in the same market for new customers or the competition between regions for
new companies to settle. The dynamics of household wealth is another growth process
with reinforcement (see e.g. [20] and references therein) that can be modelled with urns.
[39] summarizes further applications in psychology or evolutionary biology, and more
recently, [44, 41] use Pélya urns in the context of cryptocurrencies. In the following we
will adapt the more general terminology of agents {1,..., A} instead of technologies.

Mathematical properties of non-linear Pélya urns have been examined before, often
focused on polynomial feedback functions [29, 17, 30, 37, 24, 28, 12, 33] or homogeneous
models with F; = F' [38, 36, 34]. In applications, the feedback functions are usually a
hypothetical construction that can barely be measured in real systems similar to utility
functions in economic situations, thus a general mathematical understanding without
restrictive conditions on F; is important. This paper investigates the long-time behavior
of non-linear Pélya urns for a very general class of feedback functions. F; could even be
decreasing or exponentially increasing, which reveals some surprising differences to the
usually studied polynomial case. An important restriction is, however, that F; depends
only on X;, which excludes stationary limit cycles as studied e.g. in [13].

In Section 2 we introduce the model, give a detailed summary of previous related
results and highlight the main novelties of the paper. In the monopoly case, we present
in Section 3 an asymptotic result for large initial market sizes on the distribution of
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the winner, extending previous results for particular feedback functions. In the non-
monopoly case we present in Section 4 a novel approach to compute the deterministic
long-time market shares, which do not depend on the initial condition or early dynamics.
In Section 5, we study in detail the transition between both cases for almost linear
feedback functions, which are particularly relevant in various applications including
wealth dynamics [20]. Moreover, we derive in Section 6 a law of large numbers for the
dynamics of the process for large initial market size, which is asymptotically described
by an ordinary differential equation and has previously been studied for particular
feedback functions in the context of stochastic approximation [11, 39, 42]. Extending
these results, we also establish a functional central limit theorem to describe typical
dynamic fluctuations by a system of SDEs in Section 7. The question of a Gaussian
approximation of the dynamics of Pélya urns has also been addressed in recent research,
see [10] and [16]. Predictable behaviour can only be expected for large initial market
size, the behavior of very young markets is intrinsically random. While bounds on the
probabilities of certain events can be obtained, we focus here mostly on asymptotic
results and provide a rather complete account of the possible dynamic and long-time
behaviour of generalized non-linear Pélya urns. To our knowledge this paper provides
the first complete account for the generalized non-linear Pdlya urn, which is a classical
model for reinforcement dynamics.

More generalisations of Pdlya’s urn (e.g. for infinitely many agents and more complex
replacement mechanisms) have been addressed in further recent research [32, 13, 5, 27,
7,31, 42,48, 49], and in [1, 2, 3] the authors include a rescaling mechanism to inhibit
long-range dynamic dependencies. The study of generalized Pélya urns is also closely
related to reinforced random walks, see e.g. [15, 45, 14]

2 The generalized Pélya urn model

2.1 Basic definitions and background

We now formally introduce the model. All random variables are defined on some
large enough probability space [2,.4,P]. Let A > 2 be the number of agents and
F;: N — (0,00) be the feedback function of agent i € [4] := {1,...,A}. We define a
homogeneous, discrete-time Markov process (X (n))nen, = (X1(n),..., Xa(n))nen, on
the state space IN4 with initial condition X (0) = (X;(0),...,X4(0)) € N4 such that
X;(0) > 1 for all ¢ € [4], and transition probabilities

Fi(Xi(n))

P (X(n+1) = X(n) + e |X(n)) S AT ESE e ov Ak R A

where () = (51',;');1:1 is the i-th unit vector. We denote by N := X;(0) +... + X4(0) > A
the initial market size. Whenever needed, we set F;(0) = 0, and whenever useful, we
take continuously differentiable extensions F; : (0,00) — (0, 00) to the positive real line,
which is supposed to be monotone on intervals of the form [n,n + 1],n € IN. In many
applications, F'is increasing, but most of our results also hold without this assumption.
We interpret X;(n) as the number of customers of agent ¢ at time n and define the
corresponding time-inhomogeneous Markov process (x(n))nen, of market shares

Xz(n) .
i = € 0,].7 :1,‘..,147 G]N 5
xiln) = 3 € 0., n e,
with x(n) = (xa(n),...,xa(n)) € A%_,, where A9 _, is the interior of the unit simplex
Aa_1={(21,...,24) €[0,1]*: 21 + ... + 4 = 1}. Moreover, we establish the notation

x(00) = lim x(n)

n—roo
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for the long time market share whenever it exists. We will see throughout the pa-
per that x(oco) is well defined in all generic situations, but it is possible to construct
counterexamples (see Example A.8). For later use we introduce the notation

. o Fi(kx;)
p(k‘,.l?) - (pz(kvx))zE[A] - (Fl(kl'l) iy FA(kxA)>le[A] (2.2)

for the transition probabilities, where k € N and = = (x1,...,24) € Aa_1.

A useful alternative construction of the process is provided by the so-called expo-
nential embedding (see e.g. [38] and references therein). We take independent random
variables 7;(k), i = 1,..., A, k € IN, where 7;(k) is exponentially distributed with rate
parameter F;(k). For each i we define the corresponding continuous-time counting
process (Z;(t)),., with

l
k=0

These are independent birth processes with Z;(0) = X,;(0), where the time between the
k-th and (k + 1)-th event of Z; is given by 7;(X;(0) + k). If 0 = tg < t; < t3 < ... is the
sequence of jump-times of the process Z(t) = (Z1(t),...,Z4a(t)), i.e.

ti1 = min {t > t, : 2(t) # ()},

then Rubin’s theorem (proven in e.g. [38]) states, that the jump chain (E(¢,): n € Np)
has the same distribution as the process (X (n): n € INy). Thus we can define:

X(n) = Z(tn) (2.4)

In fact, the birth processes E;(t) can explode as the sum Z}ixi(o) 7;(k) might be finite.
We therefore define the random explosion times

oo

Ti(X:(0) == > 7i(k)€ (0,00, i=1,...,A
k=X;(0)

In the following we are especially interested in the occurrence of monopoly, which
requires some definitions.

Definition 2.1. Fori € [A] we define the events

1. weak monopoly

wMon;(x(0), N) = {w €Q: lim x;(n)(w) = 1} = {xi(o0) =1},

n—oo

i.e. the market share of agent i converges to one;
2. strong monopoly

sMon;(x(0),N) = {7}1—{202)(](”) < oo},
i

i.e. agent i wins in all but finitely many steps;
3. total monopoly

tMon;(x(0), N) = {Vn >0V € [A]\ {i} : X;(n) = Xj(O)},

i.e. agent i wins in all steps.
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Obviously, a total monopoly is also a strong monopoly and a strong monopoly al-
ways implies a weak monopoly. Via exponential embedding one can express the event
sMon;(x(0), N) by the explosion times through

sMoni(x(0), N) = ({Ti(X:(0)) < T;(x;(0))} (2.5)
j#i

as equality of finite explosion times has probability zero (see below). With the observation

L(Xi(0) <00 & ELXG(0) = ) F%k) <o) Fik) -
k=X;(0) " k=1""

one can easily derive the following generally known criterion for the occurrence of
strong monopoly (see e.g. [15, 38]).

Theorem 2.2. Strong monopoly occurs with probability one, i.e.

A
P (U sMoni(X(O),N)} =1,

i=1
if and only if

=1
— < f t least i M
,;1 (R oo for at least one 1 M)

otherwise the probability is zero.

If (M) holds, the density of the explosion time T;(X;(0)) (computed in [47]) as a sum
of exponential variables has support on the whole positive real line for all choices of Fj.
So the probability of sMon;(x(0), N) is positive if and only if agent 7 fulfills (M) and the
monopolist is random among all agents i € [A] that satisfy (M). For the polynomial case
Fi(k) = aikP,0; >0, 3R, ic [A], Theorem 2.2 implies that strong monopoly occurs if
and only if 8 > 1.

On the other hand, when no agent fulfills (M), X;(n) — oo almost surely for all i € [A],
and we have the following consistency property.

Proposition 2.3. Assume that none of the F; satisfies (M). Define a’partial’ Pélya urn
process X (n) for a subset B C [A] of agents with the same feedback functions F; and
initial condition X (0) = (X;(0) : i € B). Then the process (X(n)), ., can be identified

as a (random) subsequence of (Xz(n) 11 e B)ne]NO.

Proof. The independence property of the exponential embedding provides a canonical
coupling of the processes X and X. For that, define recursively so = 0 and

Spy1 = Inf{s > s,: F € B: E;(s) # Zi(sn)}-

1\~Iote that s,, < oo is well defined for all n > 0, since none of the F; fulfill (M). Then set
Xi(n) == E;(sy), which directly implies the claim since (s,,) is a subsequence of (). O

In particular, if one of the limits

Y(00) := lim ~1(n) B(c0) := lim Xi(n)
xeo): nl%oo<X1(n)+...+XA(n)>ie37X( a nl%oc(Xl(”)‘f'-n"'XA(n))ieB

exists, then so does the other and both have the same distribution. This implies further
neutrality of the limit y(oo) in the sense of [26], so that it has a (possibly degenerate)
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Dirichlet distribution on A 4_;, whenever it exists. In the degenerate case, the Dirich-
let distribution is either deterministic or concentrated on the vertices of A 4_; with

P (UiAz1 wMon;(x(0), N)) = 1. This will be discussed in several examples in Sections 4

and 5. Note that in the case of weak monopoly this corresponds to hierarchical states,
where the asymptotic distribution among losing agents again exhibits a weak monopolist.

2.2 Review of previous results

As already described in the introduction, generalisations of Pélya urns have been
studied in numerous papers. In this section, we shortly present a selection of results
related to our work. To our knowledge, the most comprehensive result concerning the
long time limit of the process (x(n)), of market shares is the following.

Theorem 2.4. [11, Theorem 3.1] Suppose that p(x) := limg_,o p(k,z) (cf. (2.2)) exists
for allx € A4_1 and that even

< 00 (2.6)

i supyen,_, (K, z) —p(a)]]
k=1 k
holds. Moreover, assume that there is a twice differentiable Lyapunov function for the
vector field (G(z))zen,_, = (p(¢) — )zen,_,- Then x(n) converges almost surely for
n — oo and the limit is either in {x € As_1: G(x) = 0} or the border of a connected
component of this set.

Note that a Lyapunov function does always exist in the case A = 2 and when p is
differentiable with equal feedback functions for all agents. Moreover, [11] shows under
mild technical assumptions that each stable fixed point of the vector field G is attained
in the limit n — oo with positive probability, whereas unstable fixed points are never
attained.

Theorem 2.4 allows to compute the long time market shares in generic situations,
like F;(k) = a;k®. Nevertheless, condition (2.6) is not fulfilled e.g. for F;(k) = log(k) or

In the monopoly case described in Theorem 2.2, the monopolist is in general random.
Consequently, one is interested in the probability that a specific agent is the monopolist,
at least in the limit N — oo. [34] derives such a result in a situation with only two
symmetric agents.

Theorem 2.5. [34, Theorem 2] Let A = 2 and I}, = F» = F. Assume that F fulfills (M)
and that

liminfxilo F(z) > E and lim i10 F(z)=0

z—oo  dx 8 2 z—o0 dx & -
Moreover, suppose that there is a constant C > 0 such that for all € € (0, %) and allx >0
large enough
tdlog F(t)

7 -1
r4-log F'(x)

< Ce

sup
r<t<zplte

holds. Let X(0) = (N + Aq(N),N — Xq(N)) for N, A > 0 and ¢(a) = WFWH'
da

Then the probability of agent 1 being the monopolist converges to ®(\) for N — oo,
where ® denotes the cumulative distribution function of the normal distribution.

For F(z) = 2, B > 1 these assumptions are fulfilled and ¢(a) = \/;g% is of order
v/a. This means that even a small initial advantage (compared to N) of one agent leads
to this agent being the monopolist with high probability. Note that the assumptions of

Theorem 2.5 are not satisfied for exponentially increasing feedback.
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Under similar assumptions as in Theorem 2.5, [38] shows that the number of steps,
in which the looser wins, has a heavy tailed distribution. Moreover, if x;(0) < 4 for an
agent 4, then P(sMon;(x(0), N)) is exponentially decreasing in N, i.e. the first steps
of the process decide who wins. [18] provides similar results for the asymmetric case
Fi(z) = ayz”,i € {1,2},8 > 1,a; > 0. More recently in [33], a result for polynomial
feedback with different exponents was shown.

Theorem 2.6. [33, Theorem 2.2] Let A = 2 and F;(k) = k% with 1 < 3, < (.. Define the
critical values

B1—1 e
Qop = and v. = ab? '
B2 — 1

Moreover, set X(0) = (z, va® + o(z®)) for o € (0,1),v > 0.

1. Ifeither a < e Or oo = Q¢ @and v < v, then lim,_, P(sMon, (X (0))

1.
2. If either a > e Or @ = Qe @nd v > ver, then lim, oo P(sMon2(X(0)) = 1.

Hence, even the agent with inferior feedback can be the monopolist with high
probability when there is a strong enough imbalance in the initial composition of the
urn, i.e. X2(0) ~ X;1(0)* for o < a-. In addition, [33] provides a result for the critical
case a = Qgp, V = Vep.

For F;(k) = k”, i € [A] with 8 < 1, we know from Theorem 2.4 that lim,,_,, x;(n) = +
almost surely for all i € [A] irrespective of the initial configuration x(0). The rate of
convergence is specified in [30].

Theorem 2.7. [30, Propsition 3] Let F;(k) = kP for alli € [A] and B3 € (0,1).
1. If < 3 <1, then

1

nt=? (X(n) — A) 222, ¢ almost surely

for a random, nonzero vector C.

2. If0< B < % andi € [A], then

Vn <X1(n) - A) — N (0, Ml?ﬂ)) in distribution,

where N denotes a Gaussian distribution.
3. If 3= 1 andi € [4], then

log(n) (Xz(n) B A) —N (0’ A) in distribution.

The convergence in part 2 and 3 can be extended to the vector x(n). Part 1 implies
that the leading agent does only change finitely often. According to [36, Theorem 1],
this happens also for general feedback functions F' = F; = ... = F if and only if

=1
ZF(kj)2 < o0,

k=1

where also a technical condition liminfy_,, F'(k) > 0 was assumed, including cases
where F'is not monotone increasing.
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2.3 Main contributions of this paper

One important purpose of this paper is to provide a comprehensive approach and a
complete picture for the asymptotics of the generalized Pélya urn model, which applies
for a large class of feedback functions. This allows us to fully characterize the emergence
of monopoly in a transition from sub-linear to super-linear feedback, where the system
exhibits interesting behaviour including hierarchical states and weak monopoly.The
following table provides an overview of results for the different classes of feedback
functions and the corresponding regimes of the generalized Pélya urn model. These are
derived in Sections 3 and 4, where also details on the assumptions and examples are
given.

Table 1: The different regimes of the generalized Pdlya urn model (Sections 3 and 4).

Class of feedback Examples Assumption Main result
limsupFi(k) S o | Fi(k) = agel* Vj#ias N = oo | P(tMon;(x(0), N))
k—o00 I=k Fi ) Fi(xi (0)N) N—oo
< 00 a; > 0,6, >0 W%OO ——— 1 (Cor. 3.7)
pIR A < o0 and Fi(k) = ok ' WEEE h]{[nj})lop P(sMoni(x(0), N))
o0 1 (67 > 0,/8 > ]., Z Fi(k)71 N—oo 1
Ei(k) > 7 Fi(k) = aik(log k)P | #2xion P
=k 2 Fi(k)Tt (Thm. 3.12)
k—o0 a; >0,6>1 k>x;(0)N
2 Fik) = 0o and o
]:(lk) K Fi(k) = a;k(log k)? | VI #i: o P(wMon;(x(0), N))
L)) 0 a;>0,8<1 limsupziy <1 | =1 (Prop. 4.8)
= — 00
k—o0
— 00
b & Fi(k) = a;k?
,5 ) > Fil(l) a; >0,8<1; Vj # i Xi(00) = ﬁ
= Fi(k) = a;(logk)? | Lilk) k2o,
k—»o00 € (0, 00) i(k) = a;(logk) (k) —Cj (Cor. 4.7)
¢ » 00 a; >0,8eR

In the case of total or strong monopoly, we show that the assumption is satisfied
for almost all initial shares x(0), such that the state space A 4_; can be dissected into
asymptotic attraction domains (Theorem 3.4). In Section 5 we also discuss in detail
the transition from monopoly for super-linear feedback to deterministic limits x(co) for
sub-linear feedback, summarized in the following table for homogeneous models.

Table 2: Transition from monopoly to non-monopoly for almost linear feedback in

homogeneous models with F} = ... = F4 = F (Section 5).
Class of feedback fct. | Examples Main result
L 7 = oo and F(k) = k(logk)® | P(U;L, wMon;(x(0),N)) = 1

F(k)/k 222 B€(0,1) (Cor. 5.3)

Jim F(k)/k € (0,00) | F(k) =k

Xx(o0) has a continuous
distribution (Cor. 5.3)

—~ 1
3w <ocand | P(k) = k(logk)? | xi(00) = (4, %)
8<0 (Cor. 5.3)

F(k)/k 220

Since total monopoly is a special case of strong monopoly, the asymptotic behaviour
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(d) Fi(k) =Vk,i=1,2,3

Figure 1: Simulated evolution of the market shares x;(n) for the first 100 steps of a
generalized Pdlya urn with different feedback functions. Here A = 3 and X (0) = (1,1,1).

of the generalized Pélya urn exhibits four main regimes describing the emergence of
monopoly, which are also illustrated in Figure 1:

(a)

(®)

(c)

(d)

If I satisfies (M), then the process exhibits strong monopoly (Theorem 2.2 above).
The monopolist is random, but can be predicted with high probability for large
initial values, such that the space A4_; can be dissected into explicitly computable
attraction domains (Theorem 3.4).

If F' does not satisfy (M), but limy_,, =~ = oo still holds, then the process exhibits
weak monopoly with a random monopolist (Corollary 5.3) and hierarchical states
with weak monopoly among the losing agents (Proposition 2.3 above).

%’“) € (0,00), then x(c0) exists almost surely and has a non-degenerate
Dirichlet distribution. This includes the classical Pélya urn (Corollary 5.3).

If F is sublinear, then x(co) exists almost surely and is deterministic with limit
given by Corollary 4.5 (under mild, but necessary technical assumptions).

F(k)

If limk_)oo

These regimes react differently to unequal fitness of agents. For F;(k) = «; F (k) with
a; > 0 distinct, we show the following properties:

(a)

(b/c)

EJP 29 (2024), paper 92.

If F satisfies (M), then the process still exhibits random strong monopoly with well-
defined attraction domains, which continuously depend on «;. For exponentially
increasing F', these domains do not depend on «; (Theorem 3.12, Corollary 3.7).
If F' does not satisfy (M), but limg_, % € (0, 00], then the agent with the largest
fitness «; is a deterministic weak monopolist (Proposition 4.8) and we have hierar-
chical states.
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(d) If F is sublinear, then x(co) still exists and is deterministic. The dependence of x(o0)
on «; can be either continuous (Corollar 4.5) or discontinuous (Proposition 4.8).
For exponentially decreasing F, there is no dependence on «; (Appendix A.2).

Furthermore, we derive a scaling limit for the time evolution of market shares in The-
orem 6.1 and characterize the fluctuations in the Functional Central Limit Theorem 7.1.
This part uses standard techniques from stochastic approximation, but we include it to
provide a complete picture of the asymptotics of the generalized Pélya urn.

3 Asymptotics for the strong monopoly case

We assume that at least one agent ¢ fulfills (M), so that a random strong monopoly
occurs with probability one. To characterize the asymptotics, we have to distinguish two
different types of feedback functions with slightly different behavior.

Definition 3.1. Let agent i (or F;) fulfill (M). We call i (or F;) of type P (for polynomial)

if
o0
. 1
klgrolo F;(k) I:E > F) 00 (3.1)
and of type E (for exponential) if
=1
lim sup F; (k) E = <o (3.2)

k— o0 I—k 1(”

For the rest of this section we assume that all agents with feedback functions that
fulfill (M) are either of type P or type E. Of course it is possible to construct counter-
examples (see Example A.5), but these two types still cover a very large range, including
most previous results.

Proposition 3.2. If

d x oo
- log(F(2)) =20 (3.3)
X
then F' is of type P, and if
e d
hzlglololf e log(F(z)) >0 (3.4)

then F' is of type E.

The proof is provided in Appendix A.3. As explained in Example A.5 (a), these criteria
are not necessary for being of type P resp. E. This criteria means that functions that grow
exponentially or faster are of type E whereas functions that grow slower than exponential
(like polynomials) are of type P. Note that Oliveira’s “valid feedback functions” in [38] or
[36] are of type P, which includes furthermore all regular varying functions. Example A.5
(b) presents a construction of a feedback function that is neither of type P nor type E.

3.1 Asymptotic attraction domains

If at least one agents fulfills the monopoly condition (M), we know by Theorem 2.2 that
there is a strong monopoly, where all agents satisfying (M) have a positive probability
of being the monopolist. Thus, the monopolist is in general random. Nevertheless, in
most situations it is possible to predict the winner with high probability for large initial
market size.

Definition 3.3. The asymptotic attraction domain of an agent i € [A] is defined as

D; = {X(o) €A%_y: Jim P(sMoni(x(0), N)) = 1} c A9

EJP 29 (2024), paper 92. https://www.imstat.org/ejp
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1.0 1.0- 1.0
):D.G' D2 QOB' D2 ;0.6' Dz
02- Ds D1 0.2- D; D; 02- D,
0.0 0.2 0.4 M 0.6 0.8 1.0 0.0 0.2 0.4 o 0.6 0.8 1.0 ch 0:2 0:4 “ D:E OIB 1'0
(@) F1(k) = Fa(k) = F5(k) = k% (b) F1(k) = Fa(k) = 2k2, (c) Fi(k) = Fa(k) = k3,
F3(k) = k? F3(k) = k?

Figure 2: Asymptotic attraction domains in the case A = 3 with various feedback
functions.

Obviously, the asymptotic attraction domains are disjoint, since P(sMon;(x(0),N)) <
1—P(sMon;(x(0), N)) for j # i. The main result of this section states that the asymptotic
attraction domains cover the whole simplex up to boundaries under mild regularity
conditions.

Theorem 3.4. Let at least one agent satisfy (M) and all agents satisfying (M) are either
of type P or type E. Moreover, assume that one of the following conditions holds:

1. At least one agent is of type E and for all x(0) € AY_4, i,j € [A]

.. Fi(u(0)N) . Fi(x:(O)N) _
l}\rfr:lgofW—O and hj{,njllopW—oo

do not hold simultaneously.
2. No agent is of type E and all agents of type P (there is at least one) fulfill

o0

1
lim sup EFl(k) Z

k—o0 I—k

X0 < 00. (3.5)

In addition, suppose that limy_, o I{fg’;i((g))%))

[A].

€ [0, 00] exists forall x(0) € A% _,,i,j €

Then the asymptotic attraction domains are polytopes that dissect the simplex up to
boundaries, i.e.

A
UDi=24,
i=1

where (-) is the topological closure. If agent i does not satisfy (M) then D; = ().

As a direct consequence of the exponential embedding, P(sMon;(x(0), N) = 0 for all
agents that do not fulfill (M). Hence, their attraction domains are empty. The rest of
Theorem 3.4 basically follows from the results presented in the following subsections,
where e.g. explicit conditions for

lim P(sMon;(x(0),N)) =1
N—o0

as well as bounds of P(sMon;(x(0),N)) are derived. The final proof of Theorem 3.4 will
be presented in subsection 3.4. It will turn out that the explosion times 7T; from Section 2

EJP 29 (2024), paper 92. https://www.imstat.org/ejp
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concentrate around their expectations, i.e.

L T(Nx(0)

N—oo ET;(Nxi(0))
only for agents of type P, but not for type E, so we need to study these two types
of feedback functions separately. The technical conditions in each case are mild and
will be discussed in the following subsections. For example, (3.5) excludes feedback
close to the identity such as F;(k) = k(logk)?, 8 > 1, where the explosion times of all
agents concentrate around the same value irrespective of initial conditions as shown
in Proposition 3.15. This special case is discussed in Example A.6. Condition (3.5)
ensures that explosion times depend on the initial condition which therefore determine
the attraction domains, and this is satisfied for generic feedback such as F;(k) = ak?,
B > 1. Another characteristic of type E is, that a strong monopoly is typically even a
total monopoly, at least when N is large.

=1 almost surely,

Theorem 3.5. Let Assumption 1 in Theorem 3.4 be satisfied. If agent i is of type E and
x(0) € D¢ is in the interior of D;, then

]\}im P(tMon;(x(0),N)) = 1. (3.6)

Theorem 3.5 is a direct consequence of Theorem 3.6 given below. As explained in
Corollary 3.10, total monopoly does in general not occur, if x(0) is on the boundary of
the attraction domain. In addition, it turns out that in generic situations the probability
of total monopoly is bounded away from one, if all agents are of type P.

3.2 Agents of type E and total monopoly

This subsection examines the process, when at least one agent is of type E. The
following results basically imply the first part of Theorem 3.4 as well as Theorem 3.5 as
described in Section 3.4. The main result of this subsection provides a useful lower and
upper bound for the probability of total monopoly.

Theorem 3.6. Let agent i fulfill (M). Then for all x(0) € A9 _, and N > 1

[Teod ~FB0GON) > s b < PEMon(x(0).5)

%

J#i k=xi(0)N
< Hexp —enFj(x;(0 Z !
J#i k=xi(0)N (k)
where
cy = inf Fi(G(ON + k) >0.

keNo F5(Xi (0)N + k) + 32,4, Fi(x;(0)N)

Proof. Direct calculation yields

o= Fi(xi(0O)N + k)
P (tMon; (x(0), N)) = ,E FiCa(ON + k) + 5,2, F5 0 (0)N)
_ S Z”’“F( ex — 3 :

using the inequality e < ﬁ for z > —1. For the upper bound, we estimate

_H F(xi(0)N + k)
o FiG(O)N + k) + 32, Fi(x; (0)N)

P(tMon;i(x(0),N))

EJP 29 (2024), paper 92. https://www.imstat.org/ejp
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= exp Z log(F;(xs(0)N + k) —log | Fi(x:(0O)N + k) + Z F;(x;(0)N)
k=0 j#i

*k _i Z];ﬁzF(X](O)N)

- — FiOG(ON + k) + 32, Fi(x; (0)N)

k
1
:HGXP{ Fi(x Z N+k)+zﬁét (XJ(O)N)}

i k=0
< Hexp —cenFj(x;(0 Z Fi(x N T k) }
VE k=0
using log(z +y) — log(x) > ;4 in»x. O

An immediate consequence of Theorem 3.6 is, that for any agent fulfilling (M) the
probability of a total monopoly is positive but less than one. In addition, the theorem
reveals a significant behavioural difference between agents of type E and type P: whereas
total monopoly is very likely for type E agents when the initial market size NNV is large, it
is rather untypical for type P, which is explained in the following corollary and example.

Corollary 3.7. 1. If agent i is of type E, then for all x(0) € A9_, the following are

equivalent:
Ei(xi(0)N) vy
NgnocF OGON) =oo forallj#1i (3.7)
A}lm P(tMon;(x(0),N)) = 1. (3.8)

2. If agent i fulfills (M), then for all x(0) € A% _,

N—oc0

> 1
> 20 270 forallj #i (3.9)
k:xi(O)N

is sufficient for (3.8). If in addition F;(k) is monotone for large k, (3.9) is equivalent
to (3.8).

Proof. 1. If ¢ is of type E, then (3.7) implies

oo
1 const. N 00

mw = G ON EoR 0

Fj(x;(0)N)
k=x:(0)N

using (3.2), and (3.8) follows from the lower bound of Theorem 3.6. The necessity of (3.7)
follows from

| Fi(xi(0)N) 0 N -

2. (3.9) implies that the lower bound of Theorem 3.6 converges to one so that (3.8)
holds. Now we assume that (3.9) does not hold. If FE’;’i((OO))N)) does not converge to

infinity for some j # 4, then with 1., (3.8) cannot hold. Thus we can assume (3.7)
for all j # 4, which implies ¢y N 1 for the upper bound in Theorem 3.6 due to
asymptotic monotonicity of F;(x;(0)N + k) as N — oo. The upper bound then implies
that P(¢Mon;(x(0), N)) does not converge to one. O

EJP 29 (2024), paper 92. https://www.imstat.org/ejp
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Example 3.8. 1. In the polynomial case F;(k) = a;k% with o; > 0,4 = 1,..., 4 and
1< By <...< 4 condition (3.9) is equivalent to 84 > Sa4_1+1 forall x(0) € AY_,.
If 84 = Ba—1+1, then

o ) Ba—1
lim P(tMona(x(0), N)) = :HF exp{ai ()’%) } € (0,1)

since ey ~—>% 1 and limy_, 00 P(tMon;(x(0), N)) = 0 for j # A. If B4 < Ba_1 + L,
in particular if 81 = ... = B4, then limy_, o, P(tMon;(x(0), N)) = 0 for all agents.

2. When Fj(k) = a;e®* for o; > 0,3; > 0,7 = 1, ..., A, then condition (3.7) is equivalent
to Bixi(0) > Bx;(0).

Remarkably for type E agents, if F;(k) = «o;F (k) for all 7 and a function F' fulfilling
(3.2), then for large N the almost surely deterministic monopolist does not depend on
the attractiveness-parameters «;, but is only determined by the initial condition due to
the strong feedback effect of type E functions.

Moreover, Theorem 3.6 provides information about the rate of convergence in (3.8)
and (3.15). If agent i is of type E, then Theorem 3.6 states together with 1 + z < e” and

Zf=1(1 —z)>1- Zf—l Tiy T1,. .. T 20

x; (0)N) > ;(0) N)
P(tMon,;(x >H<1— — o >1—CZ
ki I(XI(O)N) i z O N
where
=1
= sup Fy(k) S —
C = Fik) D gy <o

1=k
because of (3.2). Thus the convergence can be considered as quite fast. For example for
A =3, Fi(k) = Fy(k) = F3(k) = ¥ and X (0) = (6,4,4) the bounds in Theorem 3.6 are:

0.652 ~ e~2/(¢c=1) < P(tMony (x(0), N)) < e=2¢/(e=D2=¢%) ~ 0714

Indeed, condition (3.7) is fulfilled for an 7 in most generic cases, when at least one
agent is of type E. To be more precise: If the expression in (3.7) neither tends to infinity
nor to zero, then an arbitrarily small change in the initial market shares provides (3.7).

Proposition 3.9. Let agent i be of type E.

1. Ifj is of type P for all j # i, then (3.7) holds.
2. Ifj # i is of type E and

lim inf

ANV} (3.10)
N—oo Fj(x;(0)N)

then for any € > 0:
o B0 +ON)
im =
N=oo Fi(x;(0)N)

Proof. 1. By (3.2) we have for agent i of type E that

oo 1
I=k+1 B@) _

ik Fil(l) Fi(k) 3202, F,;l(l)

for some ¢ € (0,1) and k large enough, thus the sequence (Zfixi(o)]\, ﬁ) ,, converges

<l-c (3.11)

to zero faster than (1 — ¢)V/xi(°), For an agent j # i of type P we have by (3.1) for any
d>0

I —>1—d
D=k Fjl(l) Fj(k) 32202 k Fj(

EJP 29 (2024), paper 92. https://www.imstat.org/ejp
Page 14/56


https://doi.org/10.1214/24-EJP1157
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Asymptotics of generalized Pélya urns

1
F; (1)

for k large enough, thus the sequence (Z;’ixj (O)N
(1 — d)N/xi(9) Together this yields

) converges to zero slower than
N

Z?ix;' (0O)N Fjl(l) N— o0

) O
Zl:Xi(O)N %(l)

exponentially fast as d is arbitrarily small. Finally (3.7) follows from

00 1
EQa(ON) 2= ON HO 1 N0
Fi(ON) = 2 ovmg F0GONEZE oy 50

as F(x;(0)N) 372, (o)n T gy — ©© slower than exponentially.

2. Now let agent j # i be of type E and assume (3.10). Then with (3.2):

00 (3.12)

00 1
lim inf ZELW > lim inf const.iFi(Xi(o)N) >0
N—oo Zl:xi(O)N 210) N—oo Fj(x;(0)N)

Iterated application of estimate (3.11) yields

es} 1
2l (xi (0)+6) N Q)

< (1—c)leN N2 for some ¢ € (0,1),

0 1
Zl:xi (0)N F; (1)

and as a consequence

00 1 00 1 o] 1
Zl:(xi(O)-i—e)N Fi(l) Zl:(xi(O)—i-e)N F; (1) Zl:xi(O)N Fi(l) N—oo
) 1 - S 1 : %) 1 0
22 ON B0 LIEGONR@ i ON H0
Once again, the estimate in (3.12) proves the claim together with (3.2). O

Corollary 3.7 implies that for any agent i € [A] of type E
{x(0) € A%_;: (3.7) holds} C D;.

Due to Proposition 3.9, these sets are even equal up to boundaries under Assumption
1 of Theorem 3.4. Moreover, the first part of Proposition 3.9 states that the attraction
domains of all agents of type P are empty, if there is at least one agent of type E. Recall
that for finite N the probability of monopoly is positive for all agents satisfying (M).

Finally, one can ask what happens for large N and critical market shares, i.e. for x(0)
lying exactly on the edge between the asymptotic attraction domains. It stands to reason
that in this situation the monopolist remains random even for large N. Nevertheless, the
exact limiting behaviour depends on whether the feedback functions grow exponentially
or even super-exponentially.

Corollary 3.10. Let all agents be of type E and consider x(0) € A9 _,, such that

) Fi(xi(0)N)
limsup ————~——= < © (3.13)
N—oo Fj(x;(0)N)
for all i, j € [A]. Then the following holds:
1. For all agents i € [A] we have liminfx_,o. P(tMon;(x(0),N)) > 0.
2. If for all agents i € [A] we have super-exponentially growing feedback, i.e.

. Fi(k+1)
m ———= =
k— o0 Fz(k) o
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3. If for all agents i € [A] we have at most exponentially growing feedback, i.e.

lim su M < 00
ke Fi(R) ’

then limsupy_, . P (UiA:1 tMon;(x(0), N)) < 1.

The proof is given in Appendix A.3.

Example 3.11. Let F;(k) = e+’ for a; > 0,8 > 0 and all i € [A]. Then condition
(3.13) is equivalent to a;x;(0)® = «;x;(0)? for all i,j € [A]. According to Corol-

lary 3.10, we have in this case limy_,.c P (Uj‘:1 tMoni(x(O),N)> —1for§ > 1and
limsupy_, o P (UiA:1 tMoni(X(O),N)) <1lforp <1

We summarize the main conclusions for total mononpoly in the limit of large initial
market size N — oco: If for all agents the feedback functions grow super-exponentially,
the winner of the first step will win all steps. This does not hold for any x(0) € A9 _, if
all feedback functions grow at most exponentially. In general, total monopoly of an agent
1 can occur with probability one according to Corollary 3.7: if i is of type E and (3.7)
holds, or if (3.9) holds.

3.3 Agents of type P

Let us now turn to the more widely studied case when all agents are of type P. We
already saw in Example 3.8 that in this case a total monopoly is rather untypical. Since
the definition of type P includes the monopoly condition (M), strong monopoly still occurs
with probability one. Again, it is possible to predict the monopolist in the limit N — oo.
Theorem 3.12. Let all agents be of type P (in particular (M) holds) or not fulfill (M). If
there is an agenti € {1, ..., A} of type P such that

1
2 ke s ()N Fi()
1

<1 forallj#i, (3.14)

lim sup —=
N—0o 2 kox; (0N F;(R)

then
lim P(sMon;(x(0),N))=1. (3.15)

N—oo
Note that condition (3.14) can be replaced by the easier, but stricter condition
Fj(x; (0)N) - x;(0)

lim sup —
Nooo Fi(xi(0O)N) ~ xi(0)

since
S . " ——du Xi (0) v
lim sup —fo xi(ON Flik) = lim sup )&(O)N F’i ) = lim sup —Fl(Ml(O)N)
Nooo DN HE Voo Lgon B@mdt Noe XiO) g om

due to de I'Hospital’s Theorem. This implies that for regular varying F;(k) = a;k° L(k),
where § > 1 and L is a slowly varying function, the attraction domains are equal to the
polynomial case, where F;(k) = a;k”. Moreover, the attraction domains do not change if

F; is replaced by another function }7“,- satisfying limy_, ?EZ% =1.

Proof. This is an immediate consequence of the following Lemma 3.13 and the exponen-
tial embedding representation (2.5) of the strong monopoly via

TOG(ON)  ET;06(0)N)  ETi(a(ON) _ 1)

Xi
P UL Oa(ON) < L0 (0N} = (ETi(xi(ow) T,06(0N) T, (x,(0)N)
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N—oc0

1

)

since ET;(xi(0)N) = 3232 o)n 7o+ O

Lemma 3.13. If agent i is of type P(in particular (M) holds), then:

T0a(ON) \ N
var (m(xi(om) 0

Proof. We can find an appropriate regular extension of F;, such that foralln > 1

i 1 * dx > 1 *©  dx
ZFi(k):/n R 2 Zw)f/n F@)?

k=n k=n

By the theorem of de L'Hospital and (3.1) this implies

b Var (DO6ON - Do mwE g Juon eE
N—oo ET,'(XZ'(())N) N —o00 o 1 N —o0 o dz
<Ek:Xi(O)N Fi(k)) (in(O)N F; z))
1
= lim =0

O

Example 3.14. If F;(k) = a; kP for all i and B > 1, then the condition (3.14) is equivalent
to a;xi(0)°~1 > a;x;(0)’~L. Thus, in contrast to the type E case (Example 3.8), the
attractiveness-parameters «; affect the monopolist.

Lemma 3.13 uncovers another behavioral difference between type P and type E
agents: For type P agents the explosion time concentrates on its expectation, whereas
the variance of T;(x;(0)N)/ET;(x;(0) N) remains bounded from below for type E agents
by an analogous argument, using (3.2). For many type P agents, including F;(k) = a;k%,
it is possible to prove that the convergence of T;(x;(0)N)/ET;(x;(0)N) is even almost
sure (see the proof of Proposition 3.17 together with the Lemma of Borel-Cantelli).

It is now natural to look for an analogy to Proposition 3.9 for type P agents in order to
make sure that (3.14) is fulfilled for almost all initial market shares x(0). Unfortunately,
this attempt is meant to fail as the example F;(k) = Fj(k) = k(log k)® for a > 1 shows. In
this case

S e [ s o

k=Da(ON) ;(o)n z(logz)® 1—a

where for sequences (ay)n and (by)ny we write ay ~ by if ay/by — 1 for N — oo.
Therefore (3.14) is not fulfilled for all choices of x;(0), x;(0), since

— b <log(N)+log(xz-(0)))1_a 1
N o0 ZEO:XJ(O)N 0] N—oo \ log(N) + log(x;(0))

Nevertheless, with a further condition we can find a similar result as Proposition 3.9.

Proposition 3.15. Suppose that for some i # j

S 1
lim Zk:Xi(O)N T (k)

his —1. (3.16)
N=00 3 kil G ON F5(R)
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1. If there exists C' < oo such that for all k € IN

then for all e > 0

2 k(s (0)+ON T
1

lim sup <1.
N=oo D ikex;(O)N F5(F)
2. If
klggo 2L Z Fz = oo (i.e. 1 is in particular of type P) (3.17)

and (3.16) holds for one choice of x;(0), x;(0), then (3.16) holds for all choices
xi(0), x;(0) > 0 with x;(0) + x;(0) < 1.
Proof. 1. We have by (3.5)

Z;O:Xi(o)zvﬂ Fik) —1_ 1 <1-— _ (3.18)
ER N T FOONZwonmm  OaON

and iterated application of this yields

[eN]
2k (0)+e)N L2 ® < (1_ 1 ) Novoo —orimrg <1
Zk xi(0)N T (k) C(Xi(o) + )N
Finally, this implies
(%) 1 e’} 1 0 1
limsup ZEZQ0@ION FIE _ o S=(e@+N FI | Zk=a@N B _
Nooo Vi ONTHE Vo0 DieON TR ke ON T

2. The second part follows by similar arguments, using Condition (3.17) for an “>"-
estimate in (3.18), where C' = C(N) is arbitrarily large. O

Example 3.16. If F;(k) = «;F (k) for all i € [A] and a feedback function F fulfilling
(3.17), e.g. F(k) = klog(k)® for 3 > 1. According to 2. of Proposition 3.15, we then have

lim = lim = — forall x(0) € As_
N=oo S ON T VTR 6 oN Y

[e%s} 1 [es} 1
Dk xi(0)N T (& DIy xi(0)N F(k) Qa;
1

and, hence, D; = A9 _, if o; > o5 forall j # 1.
If all agents are of type P, Theorem 3.12 implies that for any agent i € [A]

{x(0) € AY_,: (3.14) holds} C D;.

Assuming 2. in Theorem 3.4, we get from Proposition 3.15 that the sets are equal up to
boundaries.

In the situation of the second part of Proposition 3.15, the explosion times concentrate
N—o0

asymptotically on the same value, i.e. T;(x;(0)N)/T;(x;(0)N) —— 1 in distribution.
Thus, it is not possible to predict the monopolist for large N by the means of this section.
We discuss this special situation in Example A.6. If «; = ... = a4 and x;(0) = i for all
i, then P(sMon;(x(0),N)) = % holds for all N for symmetry reasons, i.e. x(0) does not
belong to any attraction domain as the monopolist remains random even in the limit
N — oco. Example A.7 underlines that this property does not hold in general, because in
some cases the boundary between the attraction domains belongs to one of them.

We finish this subsection with a result on the rate of convergence in (3.15). [18]
presents a bound for P(sMon;(x(0),N)) in the case F;(k) = F;(k) = k%, but a straight-
forward generalization of this procedure is possible.
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Proposition 3.17. Let all agents be of type P with monotone feedback functions. If
(3.14) and (3.3) hold for agent i € [A], i.e. x(0) € D,, we have

A o)
P(sMon;(x(0),N)) >1— Z exp | —(dj —¢€), | Fj(x;(0)N) Z Ftk)
j=1 k=x;(O)N "7

for any € > 0 and large enough N, where

Y hexs(ON Ti(R) 1
dj=g (hm sup M >0 with g(z):= -7 forj #i
N2 Dok, (0N T () Lo

and di = minj# dj.

This means that the rate of convergence in (3.1) gives a lower bound for the rate of
convergence of P(sMon;(x;(0)). The proof is provided in Appendix A.3.

For Fy(k) = ok’ we have F;(k)}.°, 7y ~ t1-5 thus the convergence of
P(sMon;(x;(0)N)) can be considered as fast. Hence, P(sMon;(x(0),N)) is close to
one even for moderate N, when x(0) € D; is in the asymptotic attraction domain.

In the type E case we saw that a total monopoly is very likely whereas in the type
P case the losers might also win in some steps. It is now a question of interest how
many steps the losers win, i.e. the value of X;(co0) = lim,,_,. X;(n) if agent j is not the
monopolist. Results on this question can be found in [38] and [47]. It is remarkable
that for polynomially growing feedback functions the distribution of X;(co) has heavy
tails. [14, 47] also present results on the time when the monopoly occurs. Further
asymptotic results on strong monopoly, mainly in the type P case, can be found e.g. in
[30, 34, 37, 18, 17, 33, 28].

3.4 Proof of Theorem 3.4 and Theorem 3.5

Finally, we shortly explain how Theorem 3.4 and Theorem 3.5 follow from the results
of the previous sections.

First, assume that Assumption 1 of Theorem 3.4 is satisfied, i.e. at least one agent is
of type E. Then Corollary 3.7 implies that for any agent i € [A] of type E

D; = {x(0) € A%_;: (3.7) holds} C D;.
Obviously: i (ON)
= . i\Xi
D; = 0)e A%Y_q: hmzoo}
N o ains i RGN

Due to Proposition 3.9, there is a ratio r; ; € [0, oc] such that

e xi(0)
lim Fi(i(0)N) _ ) if % > 7Ty
Nooo Fi(G(ON) |0 if 23 <y

for each pair i # j of agents. Note that

(v F (@GN
o By B (Y

Hence,

Di = ﬂ {X(O) S A%flt ;Z((g)) > ’I“i’j}
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is an intersection of half-spaces and the simplex, i.e. a polytope. Moreover, D1, ..., D4
cover the whole simplex up to boundaries, since the “winning”-relation

limpy oo M = o0 is transitive. Thus, D;,..., D4 cover the simplex up to bound-
F;(x; (0)N)

aries as well and D; equals D; up to boundaries. According to Corollary 3.7, we even
have P(tMon;(x(0), N)) — 1 for N — oo, if x(0) € D,. Hence, Theorem 3.5 is proven,
too.

If Assumption 2 of Theorem 3.4 is satisfied, the proof is analogous using Theorem 3.12
and Proposition 3.15. Note that

Fi(x;(0)N Iy 7 (0
i BOGOIN) 0,00] — lim =EXONFE _ xi(0)
N —o0 Fj(Xl(O)N) N —o0 Zk:xj(O)N A0 X](O)

due to the Theorem of de I'Hospital.

In summary, for finite IV the monopolist is random and even disadvantageous agents
can win. If the initial market size N is large, it is possible to predict the winner with
high probability depending on the initial market shares.

4 The non-monopoly case

Now we consider the case when no agent fulfills (M), such that no strong monopoly
occurs. It is known that in the case of a standard Pélya urn, i.e. F;(k) = k for all agents,
the limit x(o0) = lim, _,» x(n) exists almost surely and x(oc) has a Dirichlet-distribution
with parameter X (0) (see e.g. [21]). Thus, in the long run all agents have a stable,
non-zero, random market share.

It is basically known (e.g. from [11]) that if the feedback functions grow significantly
slower than linear, then y(oo) is deterministic. We present an alternative approach
to the sub-linear case, which allows some additional insights. For example, the case
F;(k) = log(k) is not included in the results of [11]. In addition, our approach allows to
construct feedback functions such that x(n) does not even converge for n — co. In order
to get deterministic limits in our approach, we will need a condition, which ensures that
the feedback functions grow slow enough. We will mainly use:

< 00 “4.1)

1
lim sup — F;(k
mswp  Fi(D) ) 55

Note that this already implies that ¢ does not fulfill (M). We add some examples to
gain an understanding of this restriction.

Example 4.1. 1. For F;(k) = k(log(k + 1))* with a € R (4.1) is not fulfilled as

Yy 7oy ~ (log k)=,
. k 1-8
2. If Fy(k) = ak? for a > 0,8 < 1, then (4.1) is fulfilled as >_,_, FLU) ~ ﬁ.
. k
3. For F;(k) = log(k +1) (4.1) is fulfilled as 3>, 737 ~ 120
4. (4.1) is fulfilled if lim infy_, o F;(k) > 0 and lim sup;,_, ., Fi(k) < oo.
In fact, condition (4.1) contains a monotonicity in the following sense.
Proposition 4.2. If F; fulfills (4.1) and for some j # i
lim su /u ilo (F;(z)) — ilo (Fi(z)) | dz € [—00,00)
uaoop . dz g\Lj dz g\ s »
then F; fulfills (4.1) as well.
EJP 29 (2024), paper 92. https://www.imstat.org/ejp
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The proof is presented in Appendix A.3. Proposition 4.2 implies in particular that if F;
satisfies (4.1) and -L log(F}(z)) < -Llog(Fj(z)) for all = > 1, then F} satisfies (4.1), too.
This includes the case F; (k) = const.F;(k).

In general, our approach even allows feedback functions that converge to zero as
long as this convergence is not to fast, which is ensured by the condition

1
FL > 0 for some p > 3" 4.2)

Mw

il

l:l

Note that (4.2) is fulfilled for any feedback function with lim infy_, », F;(k) > 0 as well as
for F;(k) = k=, a > 0, but not for F;(k) = e~*. In analogy to Proposition 4.2 we get a
monotonicity here in the sense that if F; fulfills (4.2) and

u d d
liurisolip/l (d:z: log(F;(x)) — . log(Fj(:lc))) dx € [—00,00),
then F} fulfills (4.2), too. We are now prepared for the main result of this section
regarding the counting processes (2.3) of the exponential embedding from Section 2.

Theorem 4.3. Let F; fulfill (4.1) and (4.2). Then

=it
_’1( ) 2% 1 almost surely ,
a; (t)

(2

where a; ' denotes the inverse function of a;(t fl Fi(a):

Note that ai_ exists as a; is strictly monotone. The asymptotics of birth processes
have been studied in the literature before, e.g. in [6]. One main result of [6] will be used
for a special case in Section 5 to abandon condition (4.1). The following lemma provides
the first step of the proof of Theorem 4.3, using standard ideas from renewal theory.

Lemma 4.4. If F; fulfills (4.2) forp > %, then

(Ei(t
ai(Ei(t) 1201 almost surely .

Proof. (4.2) implies

k k k
. 7:i(1) ) 1 . const.
lim 3 —lm Y < lim Y
a2 ver <ai(l)) im0 2 Fi(2ai(1)? = i 2 0 S0

using a; (k) ~ Zf’zl %W for k — oo. According to the Kolmogorov criterion (see e.g. [23],
Section 6.2) this is sufficient for

Si(k oo
i(k) k201 almost surely,
ai(k)

where S;(k) = ZL 7;(1). We use this and Z;(t) — oo a.s. for the final estimate:

1= lim — 4(E) < lim “E®) o ai(Ei(t))
00 Sy (5i(1) — Si(Xi(0) — 1) T oo o S(Ei(D) + 1) — Si(X:(0) — 1)
< fim @GO+
t—o0 Sz(:*z(t) + 1)
O
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Now Theorem 4.3 is easy to prove.
Proof. Lemma 4.4 states
ai(Zi(t)) =t+o(t) < Zi(t)=a;'(t+o(t)) almost surely
(using the Landau o-notation). It thus remains to show that

L (o)

t—00 ai_l(t)

=1. (4.3)
The condition (4.1) implies using a; (k) ~ Zle %m for k — oo

lim oa; (1)) )

t—o0 t

=0

and hence, replacing ¢ by ai_l(t) (note: ai_l(t) — 00), we get:

Fy(a;'(t
lim o(t)w =0
t—o00 ai (t)
Finally,
-1 t+o(t) t+o(t) d ,—1
a, (t+0(t))> / d —1 / =% (2)
1 D NPT OV | . dr = dzi 7 g
Og( 0 L @l @)de= o S
t+o(t) p(q-1
[ B,y e,
t a; ()
which includes (4.3). O

Theorem 4.3 implies that the market shares in the exponential embedding are asymp-
totically given by
Zi(t) a; (1)

= — ~ fort — oo.
Ei(t) + .. +Zalt)  ai'() + . +ayt (D)

Via (2.4) we can now conclude for the discrete-time urn model.
Corollary 4.5. Let all agents fulfill (4.1) and (4.2). If the limit

_ a; (1)
i(00) == lim 1 -1
X ( ) t—oo g (t)+~~~+aA (t)

€ [0,1] (4.4)

exists for an i € [A], then

xi(n) === yi(o0) almost surely .
If the limit in (4.4) does not exist, then x;(n) does not converge for n — oc.
If the limit in (4.4) exists for all i € [A], then x(n) ~— x(c0) € A4_, almost surely.

Note that the a; * do not depend on N and x(0), thus the long time behavior of market
shares (x(n))nen in the generalized Pélya urn does not depend on initial conditions if
(4.1) and (4.2) are satisfied. If the limit in (4.4) exists, a market modeled by a Pélya urn
under the assumptions of the corollary reveals stable and deterministic market shares
in the long run and these market shares do not depend on the current market situation
and can also take values in (0, 1). If the limit y(co) exists it is in A4_;, since Ay_; is
compact and therefore the laws of x(n) form a tight sequence. The corollary provides a
way to explicitly calculate these long-time market shares.
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Example 4.6. 1. If Fj(k) = a;k® with a; > 0,8 < 1,i=1,..., A, then
a7 (t) = (u(1 = B)t + 1) 77

and hence:

Xi(00) = —— : — €(0,1)
al P4 tay”

Consequently, the impact of the fitness parameters «; in the long-time limit in-
creases with 3, where

( )—>1 for f — and x;(c0) & for =0

(o0 — —00 i(00) = ———— =0.

X A X al + ...+ oy
The limiting case § — 1 will be discussed later in Proposition 4.8.
2. If Fi(k) = a; log(k + 1) with ; > 0,i =1,..., A, then

a7t (t) ~ aitlog(ayt) fort — oo

7

and thus:
Q;

o]+ ...+ aa

Note that this is the same asymptotic market share as if the customers’ decisions
were independent (with constant feedback functions as for g = 0 above), so that
the strong law of large numbers applies.

xi(o0) =

It is also possible to find examples where the limit (4.4) does not exist. In the situation
of Example A.8, the market share of the agents oscillates with constant amplitude but
increasing period. We now add a criterion that ensures the existence of the limit in (4.4).

Corollary 4.7. Suppose that for an agent i the following tightening of (4.1) holds,

F;(k) 1 koo
- ;Fi(l) ce(0,00), (4.5)

and that the limits

2 )

Then the limit in (4.4) exists and

=c¢; €[0,00] existforall j #i. (4.6)

~1
xi(00) = [ 143 e
J#i
In particular, P(wMon;(x(0),N)) = 1 if and only if all ¢; are infinity, otherwise

P(wMon;(x(0),N)) = 0. If all ¢; are one, then the condition (4.5) can be replaced
by (4.1) and x(c0) =1/Aforallj =1, ..., A.

Proof. Recall that a;(t) = flt Fq(g;) is strictly increasing. For a fixed j # ¢ we show that
Ej(t)/Zi(t) converges to c; ‘. First, we assume 0 < ¢; < oo, such that agents i and j

fulfill (4.1) and (4.2). (4.6) implies via the theorem of de I'Hospital a;(t)/a;(t) — ¢; for
t — oo and consequently a]-_l(t) = a; '(4(t)t) for a function & with §(t) oo, 1/¢; < c0. In
combination with Theorem 4.3 it remains to show that a; ' (5(¢)t)/a; ' (t) converges to
c}l for ¢ — oo. For this we consider

log <a’al?(f((:))t)> = /j(t)t % loga; ! (z)dx = /f(t)t Fzé?a:if))dx
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sy,
~ / —dx = clog(4(t))
. x

as (4.5) implies via time-shift

Thus:

a; " (t S0t . oo
il() :a”L 7(1()) ~5(t)° t— e ¢
a; (1) a; (1) !
For agents j with ¢; = 0 the asymptotic market share is for sure bigger than in a
situation where Fj is replaced by C'F;,C > 0, i.e. E,(t)/=Z;(¢) is for t — oo larger than

any C. Hence, it converges to infinity. Similarly for agents with ¢; = oo. O

Note that in the case ¢ = 1 (including e.g. feedback functions such as logk, 1/log k
or functions converging in (0, o)) the limit y;(co) is equal to the case F;(k) = const., i.e.
draws from the urn are independent and the usual strong law of large numbers applies.
So this weak reinforcement does not play any role in the long run.

So far, we did not consider cases near the classical Pélya urn with F;(k) = k, where
random limits y;(co) are possible. Nevertheless, as Lemma 4.4 does not require (4.1),
our approach provides some insight into such asymmetric cases as well. The symmetric
case with feedback functions close to the classical Pélya urn is treated in Section 5.

Proposition 4.8. Let an agent ¢ fulfill

F;(k) 1 roso
. ;Fi(l) 0, 4.7)

but not (M), i.e. > =, ﬁ = co. If

lim sup =2

then P(wMon;(x(0), N)) = 1.

<1 forallagentsj #i, (4.8)

Proof. First note that via exponential embedding, the event wMon;(x(0), N) is equivalent
t—o0

to Z;(t)/Z;(t) —— oo for all j # i. Obviously, agent ¢ fulfills (4.2). First, we assume that
agent j does, too. Define

Y(t) = /Ot %;)dm = /let %dw = a,(e")

and thus a;l(t) =¥ (1), Assumption (4.8) implies that for any j # i there is a constant
¢ < 1 with a,(t) < ca;(¢) for large enough ¢ and consequently aj_l(t) < a; '(ct). Lemma 4.4
states that =;(t) = a; ' (t + o(t)) and Z,;(t) = a;l(t +0o(t)) < a;*(ct + o(t)) almost surely.
Thus it remains to show that

0t o(t) oo,
a; "(ct + olt))

t—o0

which is equivalent to ¢! (t + o(t)) — ¥~ (ct + o(t)) ——=> oo. It is sufficient that

d F, (ew’l(t))
-1 =1 =
t%’(/) (t)=t RSO t
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which follows since a; ' (t) 12%°, ~ and Assumption (4.7) is equivalent to FiT(t)a,; (t) 1o,
00.

If agent j does not fulfill (4.2), then F; is bounded from above and hence Z; is stochas-
tically dominated by a homogeneous Poisson process (with constant rate). Consequently,
=;(t) grows asymptotically not faster than linear and hence =;(t)/Z;(t) — oo almost

surely. O

Condition (4.7) includes feedback functions of the form F;(k) = a;k(logk)” for all
B < 1, including the linear case F;(k) = a;k for § = 0. If in addition (4.8) holds, i.e.
a; > «j for an agent ¢ and all j # 7, then we have an almost sure weak monopoly
for agent ¢. This is consistent with the strong monopoly for 5 > 1 as described in
Example 3.16. Note that the weak monopoly in Proposition 4.8 is almost sure even for
finite N, in contrast to the results on strong monopoly derived in Section 3, where the
strong monopolist is random and can only be predicted in the limit N — oo.

On the other hand, condition (4.1) includes sublinear feedback functions of the form
F;(k) = a;kP with 8 < 1, which have positive long-time market shares for all agents as
discussed in Example 4.6.

Exponentially decreasing feedback functions were not taken into account so far as
they do not fulfill (4.2). Since such cases do not seem to be of great importance for
the mentioned interpretations of the model, we are content with an example, which we
discuss in Appendix A.2 using the method of stochastic approximation.

We conclude the presentation with a short overview of further related results. [35,
37, 29] discuss another change of behaviour that is not apparent from our approach.
Consider the case

1 J—
Fi(k) >

Fy=Fy=..=Fs, liminfF(k)>0 and kz_l

If > W < o0, e.g. for F;(k) = k, then the leading agent changes only finitely often
k=1""

[ee]
with probability one, whereas in the case ) W = oo this probability is zero.
=1 "

For Fy(k) = ... = Fa(k) = k%, it is shown in [30] that x;(n) converges to 1/A at rate
n®~1 for 1/2 < B < 1 (almost surely), at rate n~/2 for 0 < 3 < 1/2 and at rate +/log(n)/n
for 8 =1/2 (in a weak sense). For 0 < 5 < 1/2, a central limit theorem holds.

In the case A = 2 and F;(k) = o;k® [28] derives the tail distributions of the number
and last times of ties X;(n) = Xa(n).

5 Feedback functions close to the classical Pélya urn

We know from Theorem 2.2 that a generalized Pélya urn reveals strong monopoly
if and only if at least one feedback function grows significantly faster than linear, i.e.
fulfills (M). As described in Section 4, linear feedback functions imply random long-time
market shares, whereas a deterministic limit occurs for feedback functions growing
significantly slower than linear, i.e. those fulfilling (4.1). Nevertheless, some feedback
functions that are close to linear (like F;(k) = k(logk)?, 8 # 0) are not covered by our
results so far. To our knowledge, the literature does not provide results on the long
time behaviour of a generalized Pélya urn with almost linear feedback. For instance, if
F;(k) = kL(k) for a slowly varying function L, then Theorem 2.4 does not determine the
long-time limit, since limy_, p(N,z) = x for all z € A4_;. We approach this question
exploiting general results on birth processes, which require that F; does not fulfill (M)
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but inverted squares are summable, i.e.

= 1 - 1
ZFM) =00 and o} = Y FE < (5.1)
k=1 k=X, (0)

Recall the exponential embedding from Section 2 and notations introduced therein. For
this section, it is convenient to adapt previous definitions using

Xi(0)+t g Xi(0)+k
a;(t ::/ and S;(k) = (1), (5.2)
o=/ . 5w W= 3 w0

and to extend F; on (0, 00) by a right-continuous step function. The key to the desired
results is provided by the following result in [6].
Theorem 5.1. [6, Theorem 3.3’, Theorem 3.4, Lemma 3.1] Assume that F; fulfills (5.1).
Then t — a;(E;(t)) and S;(k) — a;(k) converge almost surely fort — oo resp. k — oo to
the same random variable U; € R. Moreover, a? is the variance of U;.

We can now apply this general result in our situation.
Corollary 5.2. Assume that F; fulfills (5.1). Then:

Fi(k)
k

1. Iflimy_, o =0, then

=it oo
_1( ) 121 almost surely.
a; (1)

?

2. Iflimy oo £ = ¢ € (0, 00), then

=i (t U
it) 12 e=<Ui  almost surely.

3. Iflimy_., 2% — oo, then

=, t—U;—o(1)
a:zl(ét)) = exp </t hz(s)ds)

for a (deterministic) function h; with lim_, . h;(s) = oco.

Proof. Theorem 5.1 implies ¢ — a;(Z;(t)) = U; + o(1) and hence
Ei(t) = a; ' (t = Ui + o(1))

Using 4a;'(t) = Fi(a; ' (t) + X;(0)) in the logarithmic derivative yields

o (/ T log (a7 (1)) ds) = exp (/Ot Fi(“i_lcff)lg)x”(o))ds) (5.3)

(2

and consequently

() _att=Ui—o) _ (VW Fiar'(s) + Xu(0)) )
W a'® p</ ats )

3

(1]

= |

Now, be aware that lim;_, ., ai_l(t) = oo as F; does not fulfill (M) and that the limit of
F(k + const.)/k for k — oo is equal to the limit of F'(k)/k. Then all parts of the corollary
follow directly from their assumptions. O
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Like in Section 4, we can now conclude from the exponential embedding to the
evolution of market shares in the Pélya urn via
lim Xi(n) = lim — il )_ ,
n—oo x1(n) 4+ ...xa(n) t=oo Zi(t) +...24(t)

provided that the limit exists.
We are now particularly interested in cases with equal feedback functions for all
agents, since agents with different attractiveness are already covered by Proposition 4.8.

Corollary 5.3. Assume that all agents have the same feedback function F; = F' and that
F fulfills (5.1). Then for all x(0) € A _;:

1. Iflimy_oo %) = 0, then

xi(n) 2= 1 almost surely, for alli € [A] .
2. If limy_s oo % = ¢ € (0,00), then the limit x(co0) = lim,_ x(n) exists almost
surely and has a non-degenerate Dirichlet distribution on A4_1.
3. Iflimy o0 @ = o0, then x(o0) = lim,,,~ x(n) exists almost surely and the process

exhibits a weak monopoly;, i.e

A
P <U wMoni(X(O),N)> =1 such that P (wMon;(x(0),N)) >0 foralli € [A].

i=1

In other words: If the feedback function grows any slower than the identity, then the
market shares converge to a deterministic limit as time tends to infinity, and the limit
does not depend on the initial condition. If the feedback functions grow any faster than
the identity, the process exhibits weak monopoly, which is not strong as (M) is necessary
in Theorem 2.2. The weak monopoly can been seen in the Simulation shown in Figure 1
(d). In contrast to the non-symmetric situation of Proposition 4.8, the monopolist is
random with probability depending on the initial condition y/(0).

Proof. Note that the U; from Theorem 5.1 are independent with distribution depending
on x(0) and N. In addition, their distribution is continuous as U; emerges from a sum of
independent, centered exponentially distributed random variables. By definition (5.2)
we get a;(t) = a;(t + const.) + const. with constants depending on the initial conditions
and F, and after inversion we have a; ' (t) = aj_l (t+ const.) + const. for all i, j € [A]. With
(5.3) this implies

t+const. [ .—1 X (0
a7t (t) = a; ' (t) exp (/ (a; () + X ))ds> + const. , (5.4)
t

Z ’ a;'(s)

and note that a;l(t) — 00 in all cases.

1. In this case (5.4) implies that a; ' (t) ~ a;l(t). Then the claim follows directly from
Corollary 5.2 via
Zi(t) a; (t) 1

lim Xi(n) = lim — — = lim T T = -
n—oo x1(n) +...xa(n) toeEi(t) +...Za(t) tocal(t)+...a, (t) A

2. Here, again with (5.4), ai_l(t)/aj_l(t) converges to a finite, non-zero constant for
all i, j € [A], such that Corollary 5.2 yields

. . e Vial(t)
lim — — = lim — —
t—oo By (t) +...2Ea(t) toc e Uigl ! (t) +...emVaa,'(t)
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-1

-1
a. (t
=1+ E e“Wi=Ui) lim j_l()
et t—o0 (t)

J#i v

Hence, lim,, ., x(n) exists almost surely and has a continuous distribution, which is of
Dirichlet type according to Proposition 2.3 and [26].
3. Due to Lemma 5.4, we can assume X (0) = (1,...,1), so that a; = a; and h; = h;.
Then:
—1
. Ei(t) . ()
tlggoEl(t) +...2a(t) tlggo bt ; Ei(?)

t—Uj;—o(1) t—U;—o(1)
= tlif?o 1+ Z exp /t hj(s)ds — /t hi(s)ds

-1

JFi
t=U;—o(1) ) 1 ifU; <Ujforall j #i
=lim |1+ Zexp / hi(s)ds = ! iFi
t—o00 o thifo(l) 0 else
Recall that lim,_, hi(s) = oo. Again by Lemma A.10, the unboundedness of the U;
implies that P (wMon;(x(0), N)) > 0 forall i € [A]. O
Lemma 5.4. For all choices of F, ..., F,, we have

P (Uuatons ((55)4)) =1

A
s P (U wMoni(X(O),N)> =1forall x(0) € AY_;, N e N.
i=1
Proof. The implication <« is trivial. Thus, assume that the process X(n) starts in
X(0) = (1,...,1) and that P (UiA:l wMon; ((%,...,%) ,A)) = 1. Moreover, take any
x € A%_;, M € IN. Then the claim follows directly from the Markov property,

1:IP<LAJwMom ((;DA) |X(M—A):Mx> :]P(OwMoni(a:,M)> ,

i=1 i=1
since P (X (M — A) = Mz) > 0. O

The following example presents a class of feedback functions, for which four different
regimes are possible.

Example 5.5. Let F;(k) = k(logk)® for all i € [A] and 8 € R. Depending on 3, four
different regimes occur for n — oo:

1. For 8 < 0, x:(n) for each agent i converges almost surely to % independently of
x(0).

2. For 8 = 0, the market shares x(n) converge almost surely to a random limit
x(00) € A4_1, which is not a corner point and its distribution depends on the initial
condition x(0).

3. For 8 € (0,1], the process exhibits a weak monopoly which is not strong, i.e. all
agents win in infinitely many steps, but the market share of one agent converges to
one. The monopolist is random, and the distribution of y(oc) on the corner points
of A4_; depends on x(0).
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4. For g > 1, there is a strong monopoly. The monopolist is random and the distribu-
tion of x(c0) on the corner points of A4_; depends on the initial condition x(0) as
well.

n—o0

According to Theorem 5.1, we have ¢, — a;(X;(n)) —— U; by definition of the
exponential embedding with jump times ¢,,. If limy_, o, F'(k)/k = oo, this convergence can
be specified by replacing ¢,, by a deterministic function and by computing the distribution
of Ul

Theorem 5.6. Assume that F; = F does not fulfill (M) and that F(k)/k £2%, 0 holds.
Then there exist independent random variables Uy, ...,U,4 such that
X;(0)—1 X;(0)-1 1
n—oQ
(ai(n) — ai(Xi(n)))ie[A] — (U Z F ]E[A Z F(k)

1€[A]
almost surely. Moreover, the cumulant generating function (CGF) of each U, is given by

oo l oo
A+ log (B ZAT > F (5.5)

=2 k=X,(0)

and the radius of convergence is min> x, oy F'(k).

In particular, there is exactly one agent, namely the weak monopolist, such that the
limit of a;(n) — a;(X;(n)) is zero. The proof of Theorem 5.6 can be found in Appendix A.4.
According to Theorem 5.6, X;(n) is asymptotically well described by

Xi(n)%ail( i(n) —U; +m1nU)
j€lA]

where U; == U; — ZX 501 F(k) for all j € [A]. Now, consider two distinct agents i, j
and assume for simplicity of notation that X;(0) = X;(0), such that a;(k — X;(0)) =
a;(k — X;(0)) =: a(k). Then Theorem 5.6 states that

a(Xi(n)) — a(X;(n)) =% U; — U; almost surely.

Moreover, the CGF of U; — U; is the sum of the CGFs of U; and U; due to independence.
Hence, EeMYi~V9) is finite if and only if [A| < mings x, (o) F (k). Thus, the distribution of
U; — U; has exponential tails, and these findings can be used as follows.

Example 5.7. Let F;(k) = F(k) = klog(k) and X;(0) = X,;(0) = 1 for two agents i, j € [A],
so that a;(t) = a;(t) = loglogt. Then the continuous mapping theorem yields

log Xi(n) n—oo, u,-v,

log X, () almost surely,

where ¢Us~Ui has a power-law distribution due to the explanations above. Remarkably,

the log-ratios 1og))§ En; and {25 ;(’,83 are asymptotically also independent for distinct pairs

of agents (i, j), (i’,j’).

An important application of Theorem 5.6 is its implication for the rate of convergence.
In fact, the convergence of the process of market shares x(n) to an edge of the simplex
can be considered as logarithmically slow.

Corollary 5.8. Assume that F; = F and L(k) .= F(k)/k is increasing, but (M) does not
hold. Then there is a random constant ¢ > 0 such that

xi(n) > e ") foralln > 1 andi € [A].
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Proof. Since the limit in Theorem 5.6 is finite, there is a constant ¢ > 0 such that

c> / ——ds = / ds > / —ds
X X S

Xi(n) F(s) (n) sL(ns)  — L(n) (n)
_ log(1+ X,(0)/n)  log(xi(n)
L(n) L(n)
Since lim,, o 71%(1?&)(0)/”) = 0, we have

log(xi(n))
T Im)

for an updated constant ¢, which proves the claim. O

In particular, x;(n) converges to zero slower than any polynomial when
lim,,—, o L(n)/log(n) = 0. Example A.12 underlines that this bound can be considered as
sharp in a generic situation.

If the second part of (5.1) is not fulfilled, i.e. af = 0o, then W fulfills the
=1 F, ()2

Lindeberg condition. Hence, Theorem 5.1 and its implications are wrong if we drop the
condition o7 < cc. As already described at the end of Section 4, [30] derives a central
limit theorem for polynomial feedback functions with o? = co. Moreover, [35, 37, 29]
present another transition between functions satisfying this condition and those who do
not.

Another remarkable property is the following: The proof of part 3 of Corollary 5.3
reveals that ﬁggzg — 0 or oo for n — oo for all ¢ # j. This corresponds to a hierar-
chical structure of asymptotic market shares consistent with weak monopoly and the
consistency property in Proposition 2.3, such that within each subset of agents a weak
monopolist has full relative market share. Such hierarchical structures are often ob-
served at phase transition points, in our case the transition between strong monopoly
and deterministic limit shares.

6 A law of large numbers for the dynamics

So far our investigations focused on the analysis of the long-time behavior of a
generalized Pdlya urn. This section examines the dynamics of the process in the limit
for large initial market size N, based on the concept of stochastic approximation (see
e.g. [11, 39, 42, 9]), which traces back to [40]. Note that X(n) and x(n) depend

on N, thus we establish the notation X () (n) = (XEN)(n),...,Xﬁ\N) (n)) = X(n) and
XN (n) = (XgN) (n), ..., X4 (n)) = x(n) for this section and assume that x(")(0) is equal
for all N (up to roundings).

Theorem 6.1. Define forx € Aa_q

G(k,z) =p(k,x) —x and G(x)= klim Gk, z), (6.1)

where we assume that G(k, (-)) converges for k — oo uniformly to a Lipschitz-continuous
function G on an open neighborhood D C A 4_; of the image of the solution Z: (0,00) —
A 4_1 of the differential equation

d _G(Zw)
%Z(t) o1+t

Moreover, we define the following sequence of stochastic processes in A 4_1:

(ZM))y = (Z(N)(t): t> o)N - (X(N)(LNtJ): t> o)N

with Z(0) = x(0). (6.2)
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Then: ZN) converges to Z weakly on the Skorochod space D([0,00), As_1).

Similar ODE approximations of the generalized Pélya urn model have also been de-
rived in [43, 8], but they rather focus on the embedded process Z(t) from the exponential
embedding and on the limit { — oo instead of N — oo.

Proof. By construction, we have ||Z()(t) — 2N (s)|| < M=2EL for all ¢, 5 > 0, where
I/l = |lcc denotes the supremum norm. This implies by [25, Proposition VI.3.26] that
the sequence (Z(M)y is tight in D([0, 00), A4_1), with the additional property that all
weak limits of converging subsequences are concentrated on the subspace of continuous
functions. We now take any converging subsequence and show that the limit solves
(6.2). As the solution of (6.2) is unique due to the assumed Lipschitz-continuity of G, this
implies the claim. For simplicity of notation assume that the subsequence is (Z (N )) N
itself. Then we can write the increments as

XN (n41)
N+ 1) = M) = 2t Dy
X+ 1) =X (n) = = =X ()
_ (N +n)x™M(n) + XM (n41) = XN (n) M)
N4n+1
1
— = () x (V) 1) — x(V)
a1 (X XV (1) - X))
1

“Nintl (G(N +n,xM(n)) + §(N)(n))

with EM(n) = XM (n+1) = XM (n) = G(N +n, XM (n)) — x™)(n). Note that £V (n) is
]:T(Lji)l-measurable, where (]'—r(LN))nzo is the filtration generated by the process (x(™)(n)),.
Furthermore,

E [g“V)(m) | I,QN)] —0 form>n

since with (6.1) E [XUV) (n+1)— XM(n) | f,sm} = G(N + 1, xM(n)) + x™(n). The

¢WN)(n) are also uncorrelated, as for m > n

E [gz?N) (n)et™ (m)} B [5}” (n)E {§§.N) (m) | ffjf’lH =0 foralli,je[4]. (6.3)
Summing up the increments yields the standard Doob-Meyer decomposition
A ™M) = XM () + HN (n) + M (n)

with predictable and martingale part, respectively

n—1 n—1
G(N + k,xN (k) 1
HMN)(n) = i MMy =Y —— W)y . A

(n) ];) N+k+1 and (n) kZ:ON—i—k—&-lf (k). (64)

With uncorrelated and centered increments (M) (n)),> is a centered martingale with
respect to the filtration (]-"le))nZO, thus Doob’s inequality yields for any € > 0:

P (35 € [0,00) £ [MO(Ns])| 2 ) = Jim P (35 <t [MOV(Ns])] > )

[Nt]—1

A 1
i (N) 2 _ 1500 22 s (N) 2
< lim S [IMO(INe)IP] = lim 5 > wrreTt [ (k2]
A = 1 N—o0
< = 0 6.5
<GS i =
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since [[€™)(k)| < 1 almost surely by definition. Hence, the sequence
(M®™)(Nt): t > 0),, of stochastic processes converges to zero weakly on D([0, 00), R*).

Now we turn to the predictable part H("). By the Skorochod representation theorem
we can find a probability space such that the convergence of (Z())y is almost sure.
Then for fixed w €  (ZV)) y converges with respect to the Skorochod norm to a process
Zon A A—1. As 7 is continuous, the convergence is uniform on bounded time intervals.
Denote ty € (0,o0] the stopping time, when Z first leaves D. Then for any t < to and
large enough N = N(t) we have Z(¥)(t) € D and consequently

EO (N = 30 GO R E) T L GOV bV )
- - N k 1
= NAREL k=0 I+ y+x
N—o0 /t G(Z() .
0 ]- +u
as the sequence (u — G(NtiZ—fi(N“))) N of functions converges uniformly to u — W
N
on bounded time intervals. Thus we have for t < t, that (Z(V))y converges weakly on
D([0,00),Ax_1) to Z(t) )+ ft Gz x))d:n which fulfills (6.2) and by uniqueness of
solutions we have Z = Z and tg = oo. O

This means, that (x)(n)),,>¢ is asymptotically deterministic and driven by the vector-
field (G(z))zea,_, modulo a time change. Let Y: [0,00) — A 4_; be the solution of the
time-homogeneous differential equation

d

ZY() =GV (1) with Y(0)=x(0). (6.6)

so that Z(t) = Y(log(1 +t)). Then for large N the process (x(V)(n)),>¢ is approximately
given by (Y (log (1 + %>))n>0' We can use this result e.g. to estimate the number of
steps until the process reaches a given neighborhood of its long-time limit for large V.

Corollary 6.2. In the situation above let D C A4, be an open neighborhood of
lim;_,~ Y (¢) and define the following last entrance times:

t* =sup{t >0:Y(¢) ¢ D}
ty ==sup{n >0: x™N(n) ¢ D}

Then we have
tﬁN N2 et" _ 1 in probability .

This follows directly from the Theorem 6.1 via the continuous mapping theorem.

Another interesting consequence of Theorem 6.1 is the following. In the monopoly
case described in Section 3, we may start our process in an unstable fixed point x(0)
of the vector field G. Although we know that the process exhibits strong monopoly, we
have Z(t) = x(0) for all times ¢ > 0 in Theorem 6.1. This implies that a linear scaling of
time is not sufficient to capture the escape from an unstable equilibrium.

Corollary 6.3. In the situation of Theorem 6.1, let G(x(0)) = 0. For ¢ > 0 define the
escape time

tn(€) = inf{n > 0: [[x(n) — x(0)| > €}.
with the convention inf ) = co. Then

tN (6) N—co

N oo in probability .
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Figure 3: The vector field G for different feedback functions and A = 3. Here e marks
the stable and o the unstable fixed points of the dynamics (6.2). In addition, Figure (a)
shows the asymptotic attraction domains as derived in Example 3.14.
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Proof. This follows from Theorem 6.1 via

P (“V]\(f) > t) —Pp (||z<N>(s) — x(0)]| < ¢ forall s < t)

=P ( sup ||ZWN)(s) — Z(s)|| < e) ey

0<s<t
for all ¢ > 0 since Z(s) = x(0). O

Simulations for F;(k) = k”, 3 > 1 indicate that the escape from an unstable equilib-
rium is faster the larger (3 is. Recall that for superexponential feedback functions (see
Corollary 3.10) the winner of the first step wins in all further steps with high probability
if N is large. Hence, it only takes O(N) time to escape from an unstable equilibrium in
this case. Nevertheless, this does not pose a contradiction to Corollary 6.3 since the con-
vergence of G(k, (-)) to G is not uniform in an unstable equilibrium. Thus, Theorem 6.1
is not applicable and the assumption of uniform convergence can not be removed.

Figure 3 shows the dynamics of the process (x(n)), in various generic situations.
The fixed points of the dynamics, i.e. the zeros of the vector-field GG, are the long-time
market-shares of our generalized Pélya-urn, but only the stable fixed points are attained
with positive probability. Figure (a), (b) and (c) comply with the properties found in the
sections before, i.e. monopoly in the superlinear case and stable, non-zero market-shares
in the sublinear case. Figure (d) underlines that the set of stable fixed points is not
necessarily discrete. Note that when F;(k) = kL(k) for all agents i € [A] and a slowly
varying function L, then the field G is constantly zero, such that all points are fixed
points. In particular, this holds for the original Pélya urn, where L is a constant function.
If L diverges, then the process exhibits weak monopoly resp. deterministic limits for
finite N (see Section 5), which is again not captured by Theorem 6.1 as it takes more
than O(N) steps to reach the long-time limit.

Moreover, the assumptions of Theorem 6.1 are not fulfilled for exponential feedback,
since G is not continuous. Nevertheless, the dynamics in the limit N — oo are already
described by Corollary 3.7, which states that all steps are won by the same agents as
long as x(0) is not on the boundary between the attraction domains. Note that this is
consistent with Theorem 6.1, i.e. (6.2) still holds.

Since F; only depends on X; and not X, j # i there are no limit cycles and the
dynamics tends to a fixed point, as opposed to models discussed in [13].

7 A functional central limit theorem for the dynamics

In Section 6 we derived a functional law of large numbers for the process of market
shares for large initial values, which states that the time-scaled process Z(V) can
be well approximated by a deterministic process Z for large N. In order to gain an
understanding of the fluctuations around this limit, we prove a corresponding functional
central limit theorem in this section. Let us first state our main result. We use the
notations introduced in Section 6 and establish furthermore the notation

p(z) = (pi())icia) = kli_g)lop(k,w) , (7.1)

for all x € A4_1. Note that the existence of p is equivalent to the existence of G. Denote
by

A
TAA_4 ::{(a:l,...,xA)E]RA: in:O} (7.2)
i=1

the tangent space of A4_;.
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Theorem 7.1. Suppose that

klim Vk sup ||G(k,z) — G(x)| = 0. (7.3)

o TEAA_1

Moreover, let G be continuously differentiable on A% _,. Then we have

VN (2M@) - 2(1) S5 (Z(W)iz0 weakly on D([0,00), TAx-1),

t>0

where Z is the solution of the system of stochastic differential equations

dZi(t) = bez) , 5 tydt + W i(1), ic[A] (7.4)

1+t 1+t
+ m +

Here, DG; denotes the differential operator of G; and B; ; is a standard Brownian motion,
which is independent of By, ; if {i,j} # {k,l} and B;; = —B; j fori # j.

The differential operator DG;(z): TAy — R, 2 — TA4_1(z) @ Z for z € A9 _, is the
product with the gradient VG;(z), when G is defined on an open neighbourhood of
TA,_, in RA. [9] presents a central limit theorem in a general stochastic approximation
setting. Further functional central limit theorems in the context of Pélya urns have
recently been studied in [10] and [16].

For the proof, we use again the method of stochastic approximation. In the Doob
decomposition (6.4), we prove separately a limit theorem for the martingale part M ()
in Subsection 7.1 and for the predictable part H™) in Subsection 7.2, which directly
imply Theorem 7.1 by summing up both. Note that Theorem 7.4 for the martingale does
not use the rather restrictive condition (7.3). Within these Subsections, we discuss in
detail the properties and interpretation of the diffusion part and the drift part of (7.4).

Figure 4 shows the process Z(V) — Z for large N. We can observe that Z(™)(t) — Z(t)
is close to zero for large t. Indeed, this complies with formula (7.8).

Proposition 7.2. In the situation of Theorem 7.1, assume that Z(o0) = limy_,o Z(t)
exists and that DG(Z(c0)) is a negative definite operator. Then

Z(t) 12,0 in L* and almost surely.

The proof can be found in Appendix A.5. In generic examples one can show that
DG(Z(x0)) is indeed negative definite, but it is also possible to find a counterexample.

Example 7.3. Let F;(k) = a;k® for a; > 0, B > 0, such that

B
L ; forallz € A _q.

—x;
alz? +...01A£Ei

GZ(SL') =

Since there is an obvious extension of G to R*, the operator DG(z) is negative definite
if and only if the well-defined differential matrix ( B G, (x)) N is negative definite.
i,j=1

1. Consider the monopoly case S > 1. Moreover, let x(0) be in the attraction domain of
t—o0

agent i, i.e. Z(t) ——» e(). A simple computation shows VG;(e() = (=4, ;)1=1,..a
for all j € [A], where §; ; denotes the Kronecker delta. Hence, DG(e(")) is negative
definite.

2. In the monopoly case § > 1 assume that x(0) is the unique unstable fixpoint of
the vector field G. Then Z(co) = x(0) and DG(Z(o0)) is positive definite. Thus,
E||Z(t)||> =% o follows by similar argumentation.
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Figure 4: The processes VN (Z(N)(t) — Z(t)) for A = 3 and N = 10.000.

3. For 3 =1, we have H(t) = 0 since G(x) = 0. In this case Z(t) does not converge to
zero for ¢ — oo. This is due to the fact that for 5 = 1 and large (but finite) N the
time-limit lim,, ;. x"¥)(n) is close to x(0), but still random. For 3 # 1, the long-time
limit can be predicted precisely for large N (at least with high probability).

4. Now, let 5 < 1. For simplicity, assume «; = 1 for all i € [A], but a similar argument
is possible in a non-symmetric situation. Then Z(c0) = lim¢_,o, Z(t) = (4

It can be shown that VG;(Z(0)) = (¢d;; + d(1 — 6;5))j=1

i.e. DG(Z(0)) is negative definite.

)izl,...,A'
4 for some ¢ < d <0,

yeeey

Note that the time-change factor %th in (7.4) does not change the long-time limit of

the dynamics, but slows down the rate of convergence. The Gronwall estimate in the
proof of Proposition 7.2 implies that Z (t) converges to zero at least at rate t~2*. For the
classical Polya urn we have A = 0, such that there is no convergence to zero.

As we can see, the first steps of our process are of particular interest. In order to put
focus on this, Appendix A.1 examines the limiting behaviour of (x(|N®t]));>o for N — oo
and non-linear time scale 3 € (0, 1).

7.1 Convergence of the martingale part

This subsection examines the martingale M (N) = (Ml(N), e MIE‘N)) as defined in (6.4).
We have already seen in Section 6 that M (") vanishes for N — co. Under appropriate
scaling, we can yield the following central limit theorem, which accounts for the diffusion
part of (7.4). For simplicity we will at first only consider one fixed agent (without loss of
generality agent 1) while keeping A > 2 general.

Theorem 7.4. We assume that the convergence (7.1) is uniform on an open neighbor-
hood of the image of Z and that p is a Lipschitz continuous function on this neigh-
bourhood. Moreover, denote by (M;(t)):>o a time-inhomogeneous Markov process with
generator

Lef = gt (26D - m(Z), 520

and M;(0) = 0. Then

VN (MM (INt])) A (M (1)iz0 weakly on D(0,00),R)

t>0
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Alternatively, the inhomogeneous Markov-process M is characterized as the solution
of the stochastic differential equation

v = VPO =00 ) 0y =,

where B denotes a standard Brownian motion. Thus, M; is a time-changed Brownian
motion. To be more precise, M;(t) = B({M);), where

o (Z(s)(1 = p1(Z(s ¢ 1 1
m<M1><t>::/O n <>2§+Sz)»2< <>>>dt§/0 <

is the quadratic variation process of M;. Note that (M;)(t) is deterministic and monotone
increasing in t, and thus M (t) converges almost surely for ¢ — oo and the limit has a
centered Gaussian distribution with variance lim;_, o (M7)(t).

For the proof of Theorem 7.4, we first show tightness of the sequence
(\/JVMl(N)(LNtJ): t> O)N on D(]0,00),R) and then prove that the limit of any con-
verging subsequence is a Markov-process with generator (L;)sso. For later use in
Appendix A.1, we keep the tightness result a bit more general than necessary.

Lemma 7.5. The sequence of martingales (leng(N)(LNBtJ): t> O)N is tight for all
g € (0,1].

Proof. We use a version of the Aldous criterion in [46, Lemma 3.11] for this. See
Appendix A.5 for details. O

By the definition of tightness and Theorem 6.1, we also get tightness of the joint
sequence (Z(M), N1=5 M) (| N#(-)|)) . Before we turn to the proof of Theorem 7.4, we
add another helpful lemma.

Lemma 7.6. With p as defined in (7.1) and 8 € (0,1], we have for all smooth test-
functions f: R — R with compact support

Elf (N EMM ) - f (N EmM ) |7V

N2-8 s
= s i (VM ®) U xN0) (1= + kXY E)
+o (N’ﬁ)
as N — oo.
Proof. This follows from Taylor expansion. See Appendix A.5 for details. O

Now we are well prepared for the proof of Theorem 7.4.

Proof. We show that for any limit (Z,M;) of a convergent subsequence of
(ZWN), \/NMI(N)(LN()J))N M, is a Markov process with generator (L;)s~¢. For sim-
plicity of notation, assume that the sequence is convergent itself.

Take a smooth test-function f: R — R with compact support. Then for each N

f (VM (N))) - £(0) - LNilE [ (VMM e+ 1) = £ (VMY 1) AV
k=0
(7.5)
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is a martingale in continuous time t > 0 as (Z(V ),Ml(N)) is a discrete-time Markov
process. The continuous mapping theorem implies that f (\/ﬁ MI(N)(LN ()j)) converges
to f(M;) in D((0,00),R). Due to Lemma 7.6, the sum converges as follows:

Lth 1

E|f (VNN 1) - r (VM 0) |FY]
LNtJ [2 NTETD 51 (fM N)( )) pi(N + k,xMNM (k) (1 —p1(N + kaX(N)(k))>
k=0
o(1/1)]
INt|—1
B kZ:O 2N (1 + 1}@ Pyl <\/NM1(N) (Nz@)) b (N+k’Z(N) (Jlff))

: <l—p1 <N+k, Z(N)(]]@)) +0(1)

t en t
N—oo T (My(s)) /

Z 1—-p1(Z ds = Lsf(M d
| Stz (= m(ze)ds = [ Lons)is
Convergence for N — oo holds almost surely on an appropriate probability space by
Skorochod’s representation theorem, which implies weak convergence. Summing up,
we have that (7.5) converges to

FOML (1) — £(0) - / Lof(Mi(s))ds 7.6)

for N — oco. As f and f” are bounded, the sequence in (7.5) is obviously uniformly
integrable in N. Thus, [46, Theorem 5.3] implies that (7.6) is a martingale as well.
Moreover, the solution of the martingale problem (7.6) is unique as a time-changed
Brownian motion is always the unique solution if its corresponding martingale problem.
Hence, M is a time-inhomogeneous Markov-process with generator (L;)s>o. O

Example 7.7. 1. Let F;(k) = e“*, o; > 0, i € [A] and suppose that x;(0)c; > x;(0)a;
for an i € [A] and all j # i. Then M;(t) = 0 almost surely for all ¢ > 0, since
p(z) = e for x € D;, in particular on the path of Z. This complies with the idea of
a total monopoly described in Section 3.

2. If Fi(k) =k, i € [A], then Z(s) = x(0) forall s > 0 and p(z) =z forall x € Ay_;.
Hence, (M7)(t) = x1(0)(1 — x1(0)) (1 - 1+t) for all ¢ > 0. Note that in this case
the martingale part M) = x(™) — x(M)(0) encompasses the whole dynamic as
HWN)(t) =0 forallt > 0.

3. Let Fy(k) = k”, x;(0) = % forall i € [A] and 8 > 0. Since we start in a stable or un-

stable equilibrium point, we have Z(t) = x(0) and hence (M;)(t) = (1 - 1Tt>

for all ¢ > 0. In particular, M; does not depend on £.

For non-linear, polynomial feedback functions and general initial market shares, the
expressions for Z are lengthy or even not explicit. Figure 5 shows some realisations of
the process M;. It can be seen that the convergence of M (t) for t — oo is faster the
faster the feedback functions grow. In the monopoly case, the variation of M; is small if
x(0) is already close to zero or one.

So far in this section, we only considered one fixed agent. Nevertheless, one can
obtain an extension of Theorem 7.4 for all agents by a completely analogous, but lengthy
argument, which we leave to the reader.
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0.4

| — My(t)

0.2 1

0.2
0.14

0.0 0.0

—0.21 ~0.1 1

—0.24

—0.34

0 2 4 6 8 10 12 14 6 i 4‘1 é é 1’0 1‘2 1'4
t t
(@) Fi(k) = Fa(k) = F5(k) = Vk, (b) Fi(k) = Fa(k) = F3(k) = k2,
x(0) = (&, 15, ). Here lim¢ o0 (M1)¢ ~ 0.2474.  x(0) = (3, {5, 5 ). Here lim¢—oc (M1)¢ ~ 0.1908.

Figure 5: Realisations of the process M for different feedback functions and A = 3
generated by the Euler-Maruyama method for (7.7) with bandwidth 100

Theorem 7.8. Suppose that the assumptions of Theorem 7.4 are fulfilled. Moreover,
denote by (M(t)):>0 an A-dimensional time-inhomogeneous Markov process with gener-
ator

~ A Z‘ZS l—iZS 82 A iZS jZS 32
L@ =3 " b et = 3 HELEE) O sa)

with z € R4 and M (0) = 0. Then

VN (M(N)(LNtJ)>t>O Mooy (M (t))iso weakly on D([0, 00), R4).

The specific form of the generator is due to the conditioned covariance matrix of the
increments ¢(V), which is for j # i:

E ™ 0™ FN] = =pilk ™ ®)) (1= pilk x ™ (0)) ) py (ks XV (R)
= 23 (b, XN ()i XN () (1 =y (s X ()
(1= ik XN (k) = ik, XN (8)) ) e X ) () (ks X ()
= —pi(k, x ™ (k) (k, X ™ (k)

Alternatively, the A-dimensional generator L, can be rewritten as

Z pi(Z(s)p Z( ) ( 0 5])21*(3;), x €Ay,

— 2(1 —|— s) Ox; Ox;
5
fé) 2 \? a2 82 9% At ;
where ( B, Wj) = Gz + GERER 252 oz, 18 the second derivative along the diagonal

xz; = x;. From this form of the generator it is easy to see (e.g. by a coordinate
transformation) that M solves the system of stochastic differential equations

Ve ZW)w;(Z[1) .
=> IOV i), i=1,...,A (7.7)

14t

Jj#£i
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where B, ; is a standard Brownian motion, which is independent of By, ; if {¢,j} # {k, [}
and B;; = —B; ; for i # j. It follows immediately that (Zle dMi(t)) = 0 forallt > 0.

Hence, the sum 224:1 M;(t) = 0 is a conserved quantity. Consequently, the state space
of M is the tagent space T'A 4_1. This allows the following interpretation of the limit
process M: Each pair of agents exchanges mass according to a time-changed Brownian
motion and the exchange of several distinct pairs of agents is independent. Figure 5
finally shows two simulations of the process M with polynomial feedback.

7.2 Convergence of the predictable part

In order to complete the proof of Theorem 7.1, let us now turn to the predictable part
HW®W) in the Doob decomposition (6.4), which accounts for the drift part of (7.4). It is
important to recall that H")(| Nt|) is deterministic when M (V) (| Ns|) is given for s < t.
Because of that, it is possible to express the limit process of VN (x(0)+H ™) (| Nt|)—Z(t))
for N — oo in terms of the limit M of v/ NM(N). In Section 6, we derived that x(0) +H®)
converges to the deterministic process Z for N — oo and the following result describes
the deviation under appropriate scaling.

Theorem 7.9. Suppose that the assumptions of Theorem 7.1 are fulfilled. Then

VN (x(O) + HN(|N]) - Z(t))t>0 N2 ([(t))s0 weakly on D([0,00), TA4_1) ,

where H is the solution of the system of random ordinary differential equations (RODE)

4 - D)

GHO === e (H)+ M), H(©) =0. (7.8)

Here, DG(z): TAa_; — R# denotes the differential operator of G at the point
z € AYy_, C R4, i.e. DG(z) ez is the derivative of G at z in direction x € TA4_;. Note
that H(t) as well as M (¢) (as described in the previous section) are in the tangent space
TAs_; C R (7.2), and therefore also H(t) + M(t) € TAa_;. If G is well defined on an
open neighbourhood of A 4_; in RA (like in Example 7.3), then DG can be interpreted
as the common differential matrix and e as the matrix-vector product.

The solution of a RODE is defined pathwise, in the sense that for any fixed realisation
w € Q M(t) = M(t,w) is a deterministic function, such that H(t) = H(¢,w) is the solution
of the ordinary differential equation (7.8). Further details on the theory of RODEs can
be found e.g. in [22].

Consequently for fixed w € €2, (7.8) is a linear, time inhomogeneous ordinary differen-
tial equation, whose solution can be expressed as the matrix exponential

t
H(t) = o DGl(fS(S))dS/ e Dc1<f75u>>duD61¥(f(s)) o M(s)ds.
O S

An important part of the proof of Theorem 7.9 will be the tightness of the sequence
of processes V'N (x(0) + H™N)(|Nt]) — Z(t)),. . For that, we bound its increments by
).

t>0°
the supremum of the martingale M

Lemma 7.10. In the situation of Theorem 7.9 we have with probability one for all
0<s<t<T

IO (INt]) =2 (t) — Y (INs]) + Z(s)]

t—s 1
< const. | (t —s) su M (| Nu _|-_|_)7
< const.((1=9) sup_ MOV + 2 4

where const. is a constant only depending on G and T'.
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Proof. The prove uses Gronwall’s inequality. See Appendix A.5 for details. O
We are now ready for the proof of Theorem 7.9.

Proof. Via [25, Proposition VI.3.26], we get tightness of
(\/]V (x(0) + HM)(|Nt]) — Z(t))t>0)N from Lemma 7.10 and the stochastic bounded-

ness of the sequence (v NMN) (| Nt|));>o (see proof of Lemma 7.5). Now we show that
the limit of any convergent subsequence is as desired. For simplicity of notation, assume

that the sequence is convergent itself. Since Theorem 7.4 applies we can take an appro-
N—o0

priate probability space 2, such that the convergence v N M W) (| Nt|,w) —= M (t,w)

holds locally uniformly almost surely. Note that this already implies Z V) (w) Nooo, 7

locally uniformly. Now, fix w € Q2. Using (6.4) and the mean value theorem, we get

|Nt|—1

VN (x(0) + HM(INt) - 2(0) = VN [ 3 GIN +k xM(k) / G(2(s))

[Nt]—-1 G(X(N)(k)) tG(Z(S)) [Nt]—-1 G(N+k7X(N)(k))7G(X(N)(k))
-V kZ:O N+k+1 _A s F kZ:O Ntk+l
_ LG(M(INs)) - G(Z(s)) 1 |
ey T 5+0 () +(5) 2 NTETT
tG(xM(|Ns|)) — s
:m/o G(x (LNl fl G(Z( ))dero(l)
¢ mMN () e (v (I Ns|) — Z(s
:\/ﬁ/o DG( (s) ixH(LN 1) —Z( ))d5+0(1)
- /OtDG(m(N)(S)). VN ((x(0) +H(N)(U\;5i)s— Z(s) +M(N)(LN8J)dS+O(1)

N /t DG(Z(s)) e (H(s) +M(S))ds7

1+s

where m(N)(s) is an intermediate value between Z(s) and x(™) (| Ns|). In line 3, we used
assumption (7.3) once again. The claim follows since (7.8) has a unique solution due
to the Theorem of Picard-Lindeléf, and H(t) € TAa_; since H™) (k) € TA4_; for all
N> 1. O

Figure 6 shows a simulation of the process v'N (x(0) + H™)(|Nt|) — Z(t)) for large
N and small ¢. Note that the limit process (7.8) has continuously differentiable paths,
their regularity is equivalent to that of integrated Brownian motion. As a consequence
of Proposition 7.2, H(t) is convergent for ¢ — co with random limit — lim;_, ., M(t) in
generic examples. Combining Theorem 7.8 and Theorem 7.9 yields the desired central
limit theorem for the difference ZW") — Z = x(0) + H™) — Z + M),

A Appendix

A.1 Functional limit theorems with non-linear time scale

From a stochastical point of view, the first steps of a generalized Pélya urn are of
special interest because the randomness plays a significant role. In the later stages
of the process, the market shares and thus the probability of winning in a certain
step remain almost invariant, such that the sequence of winners (X(n + 1) — X(n)),
is almost independent and identically distributed for large n. Even in the Central
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vot0d — A(t) — HM () —~
) A 054 Ay
— AWM /J 0.05 — mve /
0.005 -
0.00 1
0.000 ~/
—0.05 1
—0.005 -
-0.101
—0.010 1
—0.15 1
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
t t
(@) F1 (k) = Fo(k) = F3(k) = Vk (d) Fi(k) Fg(k;)) :3F32(k) =k?
Figure 6: The processes HM@) = (@EN @), BN @), 8NV 1) =

VN (x(0) + H™M (| Nt]) — Z(t)) for A =3 and N = 100.000.

Limit Theorem 7.4 the limiting process M becomes virtually constant for large ¢. In
order to particularly focus on the early stages of the process, we analyse the process
Ni-% (XM ([NP])),., for large initial market size N and § € (0,1). Recall the Doob
decomposition (6.4) and the notations from Section 6.

Theorem A.1l. Suppose that the assumptions of Theorem 7.4 are fulfilled and denote by
(By)t>0 a standard Brownian motion. Then for any 8 € (0,1) we have weak convergence
to a Brownian motion on D([0, c0):

N4 (Ml(N)(LNBtJ))tZO 2o Vo (x(0) (1 — p1(x(0))) (Be)iso

Proof. We will only sketch the proof as it is quite analogous to the proof of Theo-
rem 7.4. We use the tightness given by Lemma 7.5 and assume that the sequence

Ni-% (MfN)(LNB(-)J)) converges to a process M;. Then we take a smooth test-
N
function f: R — R with compact support and consider the martingales

F(VEM(N)) - £(0)

[NPt]—1

= Y B (VM) - r (NN m) |7

k=0

Then we know that f (leng(N)(LNBtJ)) converges to f (Ml(t)> and via Lemma 7.6
we get:

[NPt|—1
> B[V EMM e ) - r (v EMM ) 7]
k=0
[INPt]—1 N2-B 5
= Y v (N30 (0)) pa (N -+ x ™ () (1= pa (N + kX (1))
k=0
Nt pr (N RN (V)

2NB(1+ £ 4 L2

O (SR ))
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N—oo tf//(Ml(s))
| =5z ) 0= iz is.

where we have used 8 < 1 and k/N — 0 in the last step. This implies that M, is a Markov
process with generator pi(Z(0)) (1 — p1(Z(0)) L-. Hence, M, is the desired Brownian
motion. O

Note that Theorem A.1 is consistent with Theorem 7.4 for small ¢. This limiting
Brownian motion can be understood as a consequence of Donsker’s invariance principle,
since the shares do barely change at the beginning of the process for large initial values.
Again, a straight forward extension to higher dimensions is possible.

Theorem A.2. Suppose that the assumptions of Theorem 7.4 are fulfilled and let 8 €
(0,1). Then the sequence of processes N1~ % (MM™)([NPt])),., converges for N — oo to
a time-homogeneous Markov process with generator B

A 2
Lf@) =5 3 20200 (55 - 5 ) f@) 2B

weakly on D([0,00),TA4_1).

As in Subsection 7.1, the limit process can be interpreted as independent exchanges
of mass between pairs of agents according to a Brownian motion.
We already know from Theorem 6.1 that x)(| N®t]) converges to x(0) for N —

oo, when 3 < 1. Moreover, Theorem A.1 states, that the process (M) (|NAt)))

converges to zero at rate V 1*% In addition, it follows from

t>0

[NPt]—1

N'""PHWMN(|NPt|) = N'-F Z G(N +k, x"(k))
k=0

N+k+1
INPt]—1 N k ‘
1 GV +kx™M (NP ) v /
= : G(x(0))du = G(x(0))t,
kZZO 3 T ELT o) (x(0))

that (HN)(|N¥t])),., converges to (G(x(0))t),5, at rate N'=7, which immediately
implies the following law of large numbers. -

Corollary A.3. Under the assumptions of Theorem A.1 we have

N1-F (X<N>(LN/% 1) - X(O))t>0 N2 (G(x(0))t)es0  weakly on D([0, 00), R4) .

Combining these results for an analysis of the deviations of x(N) (| NAt]) requires
further distinction of § as specified in the following functional CLT.

Corollary A.4. Let 8 € (0,1) and v > 0 as specified below. Suppose that
lim k¥ sup ||G(k,z)—G(z)|| =0.

k—o00 TEA A1

Moreover, let G be continuously differentiable. Then

NT (NP (XN = x(0) = GOO)) = (Z(0)ezn

weakly on D([0, 00), R*), where the limiting process Z is defined as follows:

1. For 3 > 2 sety =1 — f3. Then:
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—0.01 4
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—— VN O(NED — x5(0) = G (x(O))t
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(@) Fi(k) = Fa(k) = F3(k) = Vk, (b) Fi (k) = Fy(k) = Fs(k) = k2
X0) = (G, 5. ) X0)= (5,45, )
Figure 7: Simulation of the processes Y™ (|N®t]) — x(0) and

N'- 5(X<N>(LNﬁtJ) x(0)) — G(x(0))t for 3 = % and N = 10°. We took A = 3,

Fi(k) = Fy(k) = Fs(k) = k2 and x(0) = (0.5,0.3,0.2).

2. For3 = 2 sety = . Then

1 N
Z(t) = 5DG(x(0)G(x(0))#* + M(t),
where M is the limiting process from Theorem A.2.
3. Forf < 2 sety=2%. ThenZ =M.

Proof. We only sketch the proof as it is widely analogous to the proof of Theorem 7.9.
Again, we use the decomposition (6.4) and rephrase as follows:

N (N (M (INPE) = x(0)) - G0t
= N7 (N'PHNM(INH) = G(0)t) + NPT M (NP1

— N7 / O™ (NPu) — G(x(0))du + o(1) + N'=F+7 21N (| NB¢))

= N7 / DG(x (X<N>(Nﬂu) - X(O)) du + o(1) + NP7 MM (| NPt))
_ NTHIDG(y / N1 (YN (V%) — x(0)) du+ 0(1) + NP IATN) (NP1
Finally, the claims follow via Theorem A.2 and Corollary A.3. O

The assumptions of Theorem A.4 are satisfied e.g. for F;(k) = a;k”. To sum up,
in the limit N — oo the process x(V)(| NAt]) stays at x(0) for all time ¢. After scaling,
Corollary A.3 reveals a linear drift into direction G(x(0)). The fluctuations around this
linear drift can itself be described by a random SDE for § < % and by a deterministic
ODE for 8 > % since second order terms dominate the randomness for too large 5.
These findings are illustrated by Figure 7.

A.2 Some atypical examples

The following example shows, that the criteria of Proposition 3.2 is not necessary and
that there are feedback functions that are neither of type P nor type E.
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Example A.5. 1. The conditions from Proposition 3.2 are not necessary for being
type P resp. E. For instance take any function F' of type E and define F(Qk) =
F(2k 4 1) = F(k). Then F is also of type E, but does obviously not fulfill (3.4).

2. A possible construction of a feedback function that is neither of type P nor type E,
but satisfies (M), is the following. Take a function F' such that

. — 1
0<klirgoF(k);m<oo.

holds, e.g. F(k) = e*. Then define a new feedback function F by replacing each
F (k) by k elements that all equal kF'(k), i.e.

(F(1),F(2),...) = (F(1),2F(2),2F(2),3F(3),3F(3),3F(3),...) .
One can easily check that F; has the desired properties.

We now discuss a situation, where condition (3.5) is not satisfied, but where we can
still identify attraction domains.

Example A.6.Let A = 2 and F(k) = Fi(k) = Fy(k) = k(logk)”® for 3 > 1. Assume
x1(0) > x2(0). Then
ET>(Nx2(0)) — ET1(Nx1(0))

x1(0)N—1 1

= > W”ﬁ<<log<><2(o>N>>1-ﬂ—<log<xl<o>N>>1‘5)

k:XQ(O)N
~ const.(log N)™# for N — oo,
but for the variance we have

s 1 const.
Var(Ty(Nx:(0) = > F)2 ™ N(log ) for N — oo
k:xi(O)N

due to Karamata’s theorem. Using Chebyshev’s inequality as in Example A.7, we get that

N—oc0

P(sMony(x(0), N)) = P(T2(Nx2(0)) > T1(Nx1(0))) 1.

Hence, x(0) € D is in the attraction domain of agent 1. An analogous argumentation is
possible for 5 = 1.

Next, we present a situation where the boundary between attractions domains
belongs to one of them.

Example A.7. Consider the process for A = 2 and F (k) = k?, Fy(k) = K’ for B8>1

THk—5
and § € (0, 3). Then we have
> 1 > 1 1 > 1 > 1
Z Fy(k) Z (kﬂ + k5+5> ~ Z LB Z Fi(k)
k=x2(0)N k=x2(0)N k=x2(0)N k=x2(0)N

and

= 1 = 1

Y EmaE~ 2 T

k=x2(0)N (k) 2 1(k)

for N — oo. Moreover, set x1(0) = x2(0) = %, such that (3.16) holds, and define
en = cN'=8=9 for a constant ¢ > 0 as specified below. Chebyshev’s inequality yields

< Var(Ti(x1(0)N)) _ ZZ‘LN/Z Fl(lk)Z N—soo

P (T1(x2(0)N) > ET1(x1(0)N) + en) < 5 5 0
€N €N
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since 307 n /o Frimz ~ a5 (V/2)' 7?7 and § < 3. Similarly,

P (121 (00N) < BT (01N) = ey) < P00 Z’“—Ne/i U Noee,

In addition, we have for sufficiently large /N and small ¢ > 0 that
ETl(Xl(O)N) +eny < ]ET2(X2(O)N) — €N,
because

1
B+o—1

ET3(x2(0)N) — ETy(x1(0)N) = Z k51+6 (N/2)' =53,

k=N/2
Thus for large N
P(sMoni(x1(0), N)) = P(T1(x1(0)N) < Tz(x2(0)N))
> ]P(Tl(Xl(O)N) <ETi(x1(0)N) +en A Ta(x2(0)N) > ET5(x2(0)N) — GN)
= P(T1((0)N) < ETi (1(0)N) + e ) P(T(x2(0)N) > ETa(x2(0)N) — e )

N—o0

1

using the independence of T} (x1(0)N) and T»(x1(0)N). Hence, x(0) € D;.

The following example presents a feedback function, for which the market shares
x(n) do not converge for n — co.

Example A.8. Take A = 2 and set
ayt(t) =t (sin(log(t)) +2) and a;'(t) =t

This corresponds to Fy(t) = v/t and F,(t) = (%(a;l)‘l(t))_l, which is well defined due
to La;'(t) =t (2sin(log(t)) + cos(log(t)) + 4) > 0. Then Theorem 4.3 implies
=1(¢) N sin(log(t)) + 2
Z1(t) + Ea(t)  sin(log(t)) +3

and hence x;(n) oscillates between 1/2 and 3/4.

Let us finally discuss the long-time limits of a Pdlya urn with exponentially decreasing
feedback, since this case is not covered by our previous results.

Example A.9. Let A = 2 and F;(k) = e %%, a;, B; > 0,5 = 1,2. As explained in detail
in Section 6, we can write

x1(n) = x1(0) + Hi(n) + M1(n) forn >0,

where (M;(n))nen, is an almost sure convergent martingale and

is predictable with G;(k, x) = p1(k, (2,1 —x)) — x, « € (0,1) given by centered transition
probabilities (2.2). In the case of exponentially decreasing feedback, we have the
following convergence:

1—x, ifef < (1—1x)5
k .
Gi(k,x) === Gi(z) = 22— —x, ifaf = (1—2)B (A.1)
-, otherwise
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The convergence is locally uniform in (0, 1) apart from the point z = g : = 53 + ﬂ . Take
e > 0. For large enough k, G1(k, (+)) is sufficiently close to G; outside an e-neighborhood
of zy. If for alarge n, |x1(n)—zo| > ¢, then the process (x1(n)),, enters the e-neighborhood
of x( in finite time because of the convergence of the martingale. As the same holds for
€¢/2 instead of ¢, we get that the process leaves this e-neighborhood only finitely often.
This yields

x1(n) === x, almost surely.

Thus, the limit is not only independent of the initial market shares, but also of the
fitness-parameters «; (in contrast to polynomially decreasing feedback). Note that
these findings are consistent with Corollary 4.5, i.e. (4.4) still holds. Because of the
independence property in the exponential embedding in Section 2, this can easily be
extended to general A. For different (at least) exponentially decreasing feedback, we
basically only need a convergence as in (A.1) for an analogous result.

Remarkably, Example A.9 reveals the following behavioural difference between
exponentially decreasing and polynomial feedback. Suppose that there are agents i, j
such that Bk

lim i(F)

Then agent ¢ is marginalized, i.e. lim,, o, x:(n) = 0, if F; satisfies (4.5), in particular if
F;(k) = a;kP for B; < 1. On the other hand, for exponentially decreasing feedback like
in Example A.9, we might still have lim,,_, x:(n) > 0.

=0.

A.3 Supplementary proofs for Section 3 and Section 4

First, we give a short proof of the criteria for an agent to be of type P resp. E
presented in Proposition 3.2.

Proof of Proposition 3.2. First we assume (3.3) and observe that

Flk+1) Mg ko
W = exp {/k % 1og(F(a:))da:} — 1. (A.2)

Consequently, for any given € > 0 there exists kg such that Vk > ko : Fi(k+1)/F (k) < 1+e.
Then we get for k > ko:

The result for type E follows similarly. O
Second, we give a proof for Corollary 3.10.
Proof of Corollary 3.10. 1. This follows directly from Theorem 3.6 and (3.2):

o0

1
P(tMon;(x(0)) > H exp{ —F;(x;(0)N) Fj(k)
i#£] k=x;(0)N
(i (0) N)
> H exp {—const
i#j (3 (0)N)
2. First, we write
A
P (U tMon;(x(0), N))
i=1
EJP 29 (2024), paper 92. https://www.imstat.org/ejp
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A

j=1
A

J

and then apply Theorem 3.6 and (3.2):

1

P <tM0nj <N1+1 (X(O)N + e<j>) N + 1)) > [Jexp{ —Fi(xi(0)N) i !

i#]

i#£]
N—o0

1

i#]

3. Similarly to the second part, this follows from

(
X(ON)  Fi(x

Sp <U tMon,(x(0), N) |X (1) — X (0) = eU)) P (X(l) —X(0) = e(j))

P (tMonj (Nl+1 (MON +e?) . N+ 1)) P (X(1) - X(0) = )

k=x; (0)N+1 F; (k)

E(a(O)N) | _ F;
> Hexp {_ConSt'Fj(Xj(O)N—i—l)} = Hexp {—const. :

0)N) }

i
EFj(O)N) - F5(x;(0)N +1)

F(X(ON +1)

P (tMonj (Nl+1 (X(O)N n e(j)> N+ 1)) < T

-1

_ () | Fi((0)
L R0 B

N+1)+30. Filxi(0)N)

O

Next, we derive the rate of convergence for the probability of strong monopoly in the

type P case, which is given by Proposition 3.17.

Proof of Proposition 3.17. Once again, the proof uses the exponential embedding from

Section 2. Lett > 0 and s = (Z;’i & ﬁ) *. Then the Markov-inequality and monotone

convergence yield for all j € [A] and ¢ > 0:

where ¢;(k) == exp <<1_1)2> Setting
Ao
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(which is positive for ¢ small enough since d; > 0 for all j € [A]) yields

2 ij()— d; — € ci(k)ex —d»—eL
<ZlkF(l 1>(z ))S J() p (z )

Zlkj()_ —(d; — € ex — i — €
(le( 1< —(d; ))g p(1—(dj—¢)

Both estimates then imply for large enough N together with (2.5):

P(sMon;(x(0), N)) = 1= 3 (1= P(T(xi(0)N) < T3 (x;(0)N)))
J#i

>2- A+ P (oT;‘(Xi(O)N)l <1+ (dj— e)) P (Z;j(xﬂ'(o)ml >1—(d —e))

i Zk:Xi(O)N Fi(k Zk:x_j ()N F;(k)

22-A+ [1-¢(x:(0)N)-exp —(di—f)\lFi(Xi(O)N) > F_l )

S 1—exp 1—(dj—€)JFj(Xj(0)N) > Fl(k))
k=x; ()N "7

i

kf:Xi (O)N

21-(A=1Dci(xi(O)N) - exp | —(di — G)J F(xi(ON) > Zt/k))

~ 3 exp 1—d—e)\l oGNS thk)>
k= ()N

J#i

In the last inequality we use (1 —z)(1 —y) > 1 —z — y for z,y > 0. Next, we observe that

1 1 k—o0
= exp

ﬁ ’
(1~ =im) R TON >
Fi(k) /S i

because F? is also of type P due to (3.3). Using (3.1), this finally leads to

)

= 1
P(sMon;(x(0) >1—Zexp —(d; —26)\JFj(Xj(O)N) Z F](k))
k=x;(0)N
for large enough N. O
The following is a short proof of Proposition 4.2.
EJP 29 (2024), paper 92. https://www.imstat.org/ejp
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Proof of Proposition 4.2. The assumption implies via (A.2)

Fi(k+1) Fi(k+1)
W > const.W

for all k£,1 € IN and hence:

"1 1 &K Ek) 1 <~ F(k) u
k)ZFl(l) = %Z 0 zconst.%z 0 —const ZFJ

=1 =1 =1

A.4 Proof of Theorem 5.6

This Subsection provides a proof for Theorem 5.6 and a related example. First, we
characterize the distribution of U; by computing its CGF. For that, we exploit that U; is
also the limit of S;(k) — a;(k) for k — oo according to Theorem 5.1.

Lemma A.10. Assume that F; = F fulfills (5.1). Then the CGF of U; is given by (5.5) and
the radius of convergence is miny> x, o) F'(k).

Proof. The CGF of the limit U; = limy_cc Si(k) — a;(k) = limpse by o) (n(l) - %)

is the pointwise limit of the CGFs:

1
log (EeAU"): hm log | Eexp | A Z ( F(l)>
1=X;(0)
= log ﬁ e_)‘/F(k’)EeATz‘(k) — i log <Ee>\ﬁ(k)) _ A
F(k)
k=X;(0) k=X, (0)
> F(k) A = A A
= 1 - = log (1 — AT
> s (e 2s) 7] = 2, [ (- 70m) + 770
k=X;(0) k=X, (0)

We now use the series representation of x — log(1+x) and change the order of summation
due to absolut convergence:

v [e'e] [e%¢] 1 )\ l [e'e] [e'e] 1 l
log (BeX) = 3~ [Zl<m> ) S Zl( >
k=X,(0) Li=1 k=X,(0) I=
S U 1
:;7 2 F(k)!

= k=X;(0)

Note that >} o ¢ %W < oo for I > 2. Now, define M = {k > X;(0): F(k) =

(
ming> x, o) F'(1)} and let ko € M. The radius of convergence of the power series represen-

tation of the CGF is given by

—1/1 -1/l
1~ 1 . F(ko)'
llggf 7 Z 0L = F(ko)hllgégf #M + Z F k) = F(ko)
k=X;(0) k>X;(0), kg M
since ;.- v, (o), kg M P;(g‘;){l 129 0 and #M < oo if F(k)/k 272 o0 O

In particular, EU; = 0 since the first term in the series is )2, and the I-th cumulant of
Ujis (I —1)! Z;C:Xi(o) ﬁ for [ > 2. For the proof of Theorem 5.6, it remains to show
that t,, — a;(n) converges as desired.
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Lemma A.11. In the situation of Theorem 5.6 we have

t, —a;(n 27%% min U,—c¢ij),
() 22 min (U —c.,)

X;(0)—1 Xi(0)—1 .
where ¢; j = S 30\ ORS X:(0) 7oy fori,j € [A].

Proof. By definition of ¢,, and a,;(n) and by Theorem 5.1, we have

t, —a;(n) < min S;(n) — a;(n)

JjelA]
= min (Sj(n) = aj(n) + a;(n) — a;(n)) === jﬂel[ig](Uj —¢Cij)
as a;(n) — a;(n) “== ¢; ;. Furthermore,
tn, —a;(n) > min S;(n/A) — a;(n)
jelAl
= min (S;(n/A) = a;(n/A) + a;(n/A) — a;(n) + a;(n) — a;(n)) == min (U; - ¢;5).
JelA] JelA]

This holds because

X;(0)+n 1 n 1 N
avn—a-nA:/ — ds=(n—-=)—— %0
() = aj(n/4) X, (0)4n/a F(5) ( A> F(my,)

k—o0

for a mean value m,, € (X,(0) +n/A, X;(0) +n) using F(k)/k —— oo. O

An important consequence of Theorem 5.6 is Corollary 5.8, which provides a lower
bound for the rate of convergence lim,,_, x(n). We finally discuss that bound based on
an example.

Example A.12. Let F;(k) = F(k) = k(logk)® for 3 > 0. For 8 = 0, the lower bound
e~°L(™ is constant since y;(n) does converge to a non-zero limit. For 3 € (0,1), the
bound converges to zero slower than any polynomial, whereas it is of order n=° for 5 = 1.
Note that ¢ is random and unbounded. Finally for g > 1, the process reveals strong
monopoly such that x(n) converges to an edge of the simplex at rate 1/n. In that specific
case for 8 < 1, we can also derive an upper bound for x;(0), provided that agent i is not
the monopolist. Since the limit in Theorem 5.6 is non-zero and a;(t) ~ (logt)!~?#, there is
a positive constant such that

0 < const. < (logn)'=# — (log(X;(n)))* =

and consequently

1

log(X;(n)) < ((logn)' " — const.) ™7 .

Defining e(n) = L (n'=# — const.) ™ yields:
XZ(TL> < e(logn)e(logn) = Xl(n) < e(logn)e(logn)—logn — e—(logn)(l—e(logn))
> n >

Note that 1 — ¢(n) > 0 converges to zero at rate 1/n'~”, so that we finally get the
following estimate:

—const.(logn)?

xi(n) < const.e

Thus, the bound in Corollary 5.8 can be considered as sharp.
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A.5 Proofs for Section 7

First, we prove Proposition 7.2 which shows that the fluctuations Z(t) vanish for
t — oo.

Proof of Proposition 7.2. As explained in Subsection 7.1, the generator of Z is given by

2 DG(Z(t i(Z(1) 0
Ltf(“’):Z; i—k(t)) 8:1:1 Zp )1+t)( ()))ax2f()

A
pi(Z(t)p;(Z(t)) 9
+2 0407 dmdz,’ @

i#]

forz = (z1,...,24) € TAs_1. Thus, for f(z) = 22 + ... + 2% we have

A
Lofr) = 30 DGZ0): l+zpz D= pi(Z())

2T 1+t)
2 o)
= T \PeE)z, x>+(1+t)

for a bounded function b(¢). Since t — DG(Z(t)) is continuous and DG(Z(x0)) is negative
definite, DG(Z(t)) is also negative definite for ¢ > ¢(, when ¢, > 0 is large enough. Thus,
there is A > 0 such that

(DG(Z(t)z,x) < =N||z|®

for all z € R4 and ¢ > t,. In summary, we get

22 b(t
Jo? + 2

L < —
f@) < -0 (1+1)2
for t > ty. Now, applying Dynkin’s formula yields
d_. = ~ 2\ b(t)
—E|Z#)|> = EL.f(Z(t)) < ———E||Z(t)|* :
GO =BLIZ0) < -7 EIZ01P+

for t > ty. Finally, the claim follows from Gronwall’s inequality:

B1201 < (| 55t r BIZG1 oo ([ 13 0s) =0

For the almost sure convergence we fix a realisation w € €, such that
m = limy_, o, M (t)(w) exists. Then we get from (7.8) and the Cauchy-Schwarz inequality
that

d
—||H (¢ 2
dtH (t) +m|

= 2 ((DG(ZW)H() + m), HE) + m) -+ (H(E) +m, DG(Z() (M) ~ m)
< o (= AHE) + P+ [H ) + )l - [ DG (M) — m)l)

for ¢t > t;. Hence

d DG(Z())(M(t) —
L smr >0 = IPCEDMOZON Sy ) oy,

which implies ||H(t) + m| “=2% 0 as | DG(Z(£))(M(t) — m)]|| =2 0. O
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Next, we prove Lemma 7.5, which claims tightness of the sequence
(Nl—ng(N)(LNBtj): t> o)N.

Proof of Lemma 7.5. According to a version of the Aldous criterion in [46, Lemma 3.11],
the following two properties are sufficient for the tightness.
1. Stochastic Boundedness: For C,T > 0 we have by Doob’s inequality and (6.3)

IP( sup N2 | MM (INPt))| > c) < N (Mfm(wﬁﬂ)?)

0<t<T C?
Br|_ By
NP LN§ 1 1 E<€(N)(l<:)2) < N2-8 LN§ 1 1
c2 &= (N+k+1)? ! -0 & (N+k+1)?
N2-B (WITIEN N6 1 N2-8 | NAT|
< —ds=—s = - < :
c? Jy 52 ¢z \N |NPT|+N cz N?

< const.(T)/C? )

uniformly in .
2. Similarly, we get for 0 <t <T and 0 < u < §:

E {(Nl—f;Ml(N)(LNB(t +u)]) - N1—§M1<N>(LNB75J))2 |]—'$2”}

LN? (t4u)] —1 . LN? (t46)] -1 )
< N2-8 Ele™M (2| 7)) | <« Ny2-8
- 2 (N+k+1)2 { ) ‘fLNﬁtJ} - 2 (N+k+1)2

k=|N#At| k=|N#At]
[NB(t+8)|+N
< NM/ Lds = N25( L ! )
o8 [N+ N NP +0)] + N
NB(t+6)] — NPt
< NZH. NPt +9)] = INTH < const.(0) 220, 9
N2
uniformly in N, finishing the proof. O

Proof of Lemma 7.6. Taylor-expansion of f with Lagrange’s remainder yields:

B (N3 + 1) - 5 (N5 1)) | AV

= NE (NS () B [ (k1) = )| FY

N2F
_|_

B [77 (w0 m) (0 + 1) - 3™ 0) £

- 2(J\fjjtkil) {E (V5™ ) ) € ()2 Y] + 0(1)]
B ijkil)?fﬂ (35 0) (1= m1 N + kx ™ ()) pa (Y + k) ()

+pi(N + kN (k))? (1 —pi(N +k, X(N)(k))) ) +o (N’ﬁ)
2-8 ,
= s (YR 0) a8 k8 (1= i+ kY 0)
+o(N7F)

Here, m¥)(k) denotes a (random) intermediate value between leng(N)(k) and
N—o0

N2 MM (k +1). Note that m™ (k) — N1=5 ™ (k) 222 0 at rate N~ 5. O
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Proof of Lemma 7.10. Let L > 0 be a Lipschitz constant for G. We use (6.4) and calcu-
late:

IO (INt]) = Z(t) = HY(INs]) — Z(s)]

[Nt|—1
S EA Sl By O
k=|Ns| N+k+1 s 1+U/
[Nt]—1
. G _ [ G,
Wy NEEHT ) T
Nt|—1 Nt]—1
LSO k) S G )
k=|Ns] Nkl k=|Ns] N+k+1
< "GN ([ Nu))) — G(Z(u))duH N const. N const. ! 1
= 1+u N VN SR N+k+1
GO (| Nu))) — G(Z(w)]| const. t—s
/ Tt du + N +const.\/ﬁ
llx N) (|Nu]) — Z(u)]| t—s const.
< —
L/ T u du + const \/N-i- N

s  const.

< L/S ™) (V) —Z(u)||du+const.t\/_ﬁ T

< L/: Ix(0) + HM (| Nu)) — Z(u)||du+L/: ||M(N)(LNuJ)||du+const.t\/_f\; + coj‘VSt'
¢ (V) ul) — Z(w) — HN) s Mdu + cons t—s const.
< 1 [ IO ()~ 2~ HO(NS) + 2(9)du-+ const. 22 et

L [ () + HOU(Ns)) = Z6)du+ Lt =) sup_ [MO([Nu))|

s 0<u<T

const.
\F N
+ L= )O) + B (Ns)) = Z(s)] + Lt = ) sup M)

:L/f’ HH(N)(I_NUD_Z(u)_H(N)(LNSJ)—i—Z( Hdu-l—const

In line 2, the second summand is of order 1/\/N due to assumption (7.3). Now Gronwall’s
inequality yields:

IHM(INt)) — Z(t) — HN(|Ns]) + Z(s)|| < ™) . (const.t\/_NS + C"Xft'

+ L(t = 8)x(0) + HY(INs]) — Z(s)|| + L(t — 5) S IIM(N)(LNUJ)II)

Repeating the same calculation with 0 in the place of s and s instead of t yields:

t.
0) + HM(INs|) — Z(s)|| < e - (Ls su MM (| Nu —|—const.i + cons )
[[x(0) (INs]) = Z(s)| < OSuETH ([Nu))|l i N

Combining these two inequalities proves the claim. O
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