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Abstract

We prove sample path moderate deviation principles (MDP) for the current and the
tagged particle in the symmetric simple exclusion process, which extends the results
in [39], where the MDP was only proved at any fixed time.
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1 Introduction

The exclusion process is informally defined as a family of indistinguishable particles
performing random walks on some graph subjected to the exclusion rule, i.e., there is
at most one particle at each site. It has been a long-standing problem to investigate
the behaviors of a typical particle in the exclusion process, which is called the tagged
particle. Due to the interactions with the other particles, the replacement of the tagged
particle itself is not a Markov process. Despite that, much progress has been made since
Spitzer introduced the exclusion process in [36]. We refer the readers to [24, 21] and
references therein for an excellent survey on the tagged particle process.

The model is usually called the symmetric simple exclusion process (SSEP) if the
underlying graph is the one-dimensional infinite lattice Z and a particle jumps to its left
and right neighbors at equal rates 1/2. Since the total number of particles is conserved
by the dynamics, the Bernoulli product measure with constant density p € [0, 1], denoted
by v,, is invariant for the SSEP, see [23] for example. Assume the initial distribution
of the SSEP is the Bernoulli product measure v, conditioned on having a particle at
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MDP for the current and the tagged particle

the origin, and let X (¢) be the position of this tagged particle at time ¢. Since particles
cannot jump over each other in the SSEP, the tagged particle turns out to be sub-diffusive.
Precisely speaking, Arratia [1] and De Masi and Ferrari [5] showed that

Xi

W@N(0,0’%{), t—>+OQ7
where N (0, 0%) is the normal distribution with mean zero and variance c% := /2/7(1 —
p)/p. The above central limit theorem was then extended to the invariance principle by
Peligrad and Sethuraman [27],

:ogth}:{Bg/“:ogth}, N — +oo,
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where B/* is the fractional Brownian motion with Hurst index 1 /4 and T > 0 is fixed.
Jara and Landim [15] also proved central limit theorems for the tagged particle when
the initial distribution of the SSEP is non-equilibrium. Recently, Conroy and Sethuraman
[4] showed that the scaled position of the tagged particle converges to a Gumble limit
law when the process starts from the step configuration.

Large and moderate deviation behaviors of the tagged particle in the SSEP have also
been studied. The large deviation behaviors were investigated in [33, 12]. When the
initial distribution of the SSEP is the Bernoulli product measure v, conditioned on having
a particle at the origin, the same authors [39] proved that for any ¢ > 0, the sequence
{X(tN?)/an}n>1 satisfies moderate deviation principles with decay rate a3 /N and with
rate function v27pa?/[4(1 — p)v/1], where VN < ay < N.

We comment that the above deviation results only considered the behaviors of the
tagged particle at any fixed time ¢. The main aim of this paper is to investigate sample
path moderate deviations for the tagged particle. Roughly speaking, we proved that
when the SSEP starts from the same initial distribution as in [39], the sequence of
processes {X(tN?)/an : 0 < t < T}y>; satisfies moderate deviation principles with
decay rate a3/ /N, where /NlogN < ay < N and T > 0 is fixed. Moreover, the
moderate deviation rate function is proportional to the large deviation rate function of
the fractional Brownian motion with Hurst index 1/4. See Theorem 2.2 for details.

Since the relative ordering of the particles is conserved in the SSEP, closely related
to the position of the tagged particle is the current of the process. This current-tagged
particle relationship has been used in the above literature [5, 15, 33, 39]. To prove
Theorem 2.2, we also proved sample path moderate deviation principles for the current,
which is the content of Theorem 2.1 and has its own interest.

The main idea of the proof is as follows. As in [39], by using moderate deviation
principles from hydrodynamic limits of the SSEP [10], we first prove finite-dimensional
moderate deviation principles for the current and the tagged particle, where the rate
function is given by a variational formula. In [39], this variational problem was solved
by constructing a minimizer of the problem directly and cannot be extended to the
finite-dimensional case straightforwardly. Instead, we use the Fourier approach and
then obtain an explicit formula for the finite-dimensional deviation rate function. Then,
we need to prove the exponential tightness of the sample path of the current and the
tagged particle, which requires more delicate analysis compared with [39] since all the
estimates should be uniform in time. Finally, using standard results from large deviations
theory, we obtain another variational formula for the rate function of the sample path,
which could be solved easily from known results on fractional Brownian motion.

Very recently, the first named author in [38] proved non-equilibrium moderate devia-
tions from hydrodynamic limits of the SSEP. It remains a challenge to extend the results
in this paper to the non-equilibrium case by using the above results. Another possible
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direction is to consider the sample path moderate deviation principles for the tagged
particle in the SSEP in random environments or in the asymmetric exclusion process.
We leave those as future works.

1.1 Related literature

For the tagged particle in exclusion processes, Saada [29] and Rezakhanlou [28]
proved the law of large numbers. When the process starts from its equilibrium measure,
except the literature mentioned above, central limit theorems and invariance principles
were proved by Kipnis and Varadhan [20] in the symmetric case in all dimensions except
the one-dimensional nearest neighbor case, by Varadhan [37] in the asymmetric mean-
zero case, by Kipnis [18] in the one-dimensional nearest neighbor asymmetric case
and by Sethuraman, Varadhan and Yau [35] in the asymmetric case in three or higher
dimensions. In dimensions d < 2 when the underlying random walk has a drift except for
the one-dimensional nearest-neighbor case, a full CLT or invariance principle remains
open. However, Sethuraman [31] proved that the tagged particle is diffusive in this case.

Jara [13] and the second named author [40] proved CLT for the tagged particle when
particles perform random walks with long jumps. The tagged particle in the SSEP with
bond disorder was considered in [16]. In [22, 25, 26], the authors considered the tagged
particle process in order to check the validity of the Einstein relation. The heat kernel
bound for the tagged particle in the SSEP was also obtained in [11]. In [30, 34], the
authors investigated large deviations of the tagged particle in the asymmetric exclusion
process. Besides on the integer lattice Z?, the tagged particle was also considered on
regular trees [2] and on Galton-Watson trees [9].

The behavior of the tagged particle has also been investigated in other interacting
particle processes, such as in zero range processes [14, 17, 32] or in stirring-exclusion
processes [3].

1.2 Notation

For integers m,n > 0 and U,V C R, let C"™"(U x V) be the space of functions on
U x V which are continuously m (resp. n) times differentiable on the first (resp. second)
variable, and let C*"(U x V') be those functions in C™"™(U x V') with compact support.
Let S(R) be the space of Schwartz functions on R and let §'(R) be its dual space, i.e.,
the space of tempered distributions. For a metric space (X, d(,-)), let D([0, 00), X) be the
space of cadlag functions equipped with the Skorohod topology.

For any column vector a = (a1, as,...,a,)" € R", denote by [|al|le := sup; <<, o]
the uniform norm of a. For a € R, let [a] be the largest integer smaller than or equal to
a. For two positive sequences {ay} and {by}, we write ay < by if limy_oo an /by = 0.

1.3 Outline of the paper

In Section 2, we introduce the model and state the main results of the paper. We
recall moderate deviations from hydrodynamic limits of the SSEP and prove several
basic properties of the rate function from hydrodynamic limits in Section 3. Section 4
is devoted to identifying the rate function of the tagged particle or the current with a
variational formula. We prove the exponential tightness of the tagged particle and the
current in Section 5. Finally, the proof of Theorems 2.1 and 2.2 is presented in Section 6.
To make the paper easier to follow, we put the tedious calculations in Section A.
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2 Model and results
2.1 Model

The state space of the one-dimensional symmetric simple exclusion process (SSEP) is
= {0,1}%. For a configuration n € ©, n(x) = 1 if and only if there is one particle at site
x. The infinitesimal generator of the process acts on local functions f : Q@ — R as

20) =5 S AT - f)}- @.1)

TEZ

Above, we call f alocal function if it depends on 7 only through a finite number of sites,
and ™Y is the configuration obtained from 7 by exchanging the values of n(x) and n(y),
that is,

n(z) ifz#z,y;
nY(z) = qnly)  ifz =
n(x) ifz=y.

For each p € [0, 1], let v, be the Bernoulli product measure on 2 with marginals given by

v{n :n(x) =1}y =p, VxeZ.

It is well known that v, is reversible and ergodic for the SSEP, cf. [23] for example.

Denote by {7;}+>0 the Markov process with generator .Z. For a probability measure
p on 2, denote by PP, the measure on the path space D([0, c0), 2) of the process 7, with
initial measure p, and by E, the corresponding expectation.

2.2 MDP for the current

We first recall basic facts of the fractional Brownian motion. Let {Bt1 / 4}t20 be the
fractional Brownian motion with Hurst parameter 1/4, which is a mean-zero continuous-
time Gaussian process with covariance given by

Cov (Btl/4,B;/4) = % (t1/2 + 52—t — 5|1/2> =:a(t,s)

for any s,t > 0. It is shown in [6] that the fractional Brownian motion has the following
representation,

t
BYA = / K(t,5)dB,, ¥t >0, (2.2)
0

where {B; };>0 is the standard one-dimensional Brownian motion starting from the origin,
and the kernel function is explicitly given by

K(t,s) = wF(lm —1/4,3/4,1 — E)
’ VVT(3/4) ’ T s
for any 0 < s < t, where
y o BTG/ s/ o 5z = S~ @Bk

|
™ = (k!

with (a);, defined as I'(a + k)/T'(a). Moreover, it is easy to see that for any s,¢ > 0,
tAs
/ K(t, 7)K(s,7)dr = a(t, s).
0
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Fix a time horizon T > 0. Let H be the set of cadlag functions f : [0,7] — R such that
there exists a function hy € L?[0, 7] satisfying

t
f(t) = / K(t,s)hs(s)ds, V0O<t<T.
0
For any f € D([0,T],R), define

T .
%fo (hf(s))st if feH,
+o00 otherwise.

Ipath(f) = {

By (2.2) and [7, Theorem 3.4.12], Ipath(f) is the large deviation rate function of the
sequence of the processes {\/%33/4 0<t<T}n>1.

For each z € Z, let J, »+1(t) be the net number of particles across the bond (z,x + 1)
up to time ¢, i.e., the number of particles jumping from z to x + 1 minus the number of
particles jumping from x + 1 to = during the time interval [0, ¢].

The first result concerns moderate deviations for the path of the current when the
process starts from the initial measure v, for some p € (0,1). Throughout the article, we
assume {ay }n>1 to be a sequence of positive numbers such that

. an . NlogN
lim — = lim ——=— =

N—oco N N—oo a?\,

0.

Theorem 2.1. Fix p € (0,1). For f € D([0,1],R), define

Icur(f) = O_lgzpath (f)

where o2 := 0% (p) := \/gp(l — p). Then, the sequence of the processes

1
{J_Lo(tNQ) 0<t< T}
an N>1

satisfies moderate deviation principles with rate af\, /N and with rate function Z.y;.
Precisely speaking, for any closed set C C D([0,T],R),

N 1
li 2 ]Pl,( T o(IN?):0<t<T C><—‘fIr :
fimsup 2z~ log Py, {aN 10(tN?) : 0 <t < }6 < - inf Zey (f)

and for any open set O C D([0,T],R),

N 1
liminf —- log P, ( {Jm(u\ﬂ) 0<t< T} e (9) > — inf Zoy (f).
N—+oo afy an feo

2.3 MDP for the tagged particle

Note that the particles in the SSEP are indistinguishable. In this subsection, we
distinguish one particular particle, put it initially at the origin, and call it the tagged
particle. Denote by X (¢) the position of the tagged particle at time ¢. By convention,
X (0) = 0. Since particles cannot jump over each other, the relative ordering of the
particles is conserved.

Observe that the tagged particle process {X(t)};>¢ itself is not Markovian. How-
ever, both the coupled process {(n:, X(t))}:>0 and the environment process {¢;};>o are
Markovian, where &;(z) = (X (¢) + z) for x € Z and ¢t > 0.
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For p € (0,1), let v; be the measure obtained from the Bernoulli product measure v,
conditioned on having a particle at the origin, i.e.,

V(1) = vp(- [n(0) = 1).

It is also well known that v is invariant and ergodic for the environment process {&}i>0-
The second result of the article concerns moderate deviations for the sample path

of the tagged particle when the process starts from the initial measure v, for some

p€(0,1).

Theorem 2.2. Fix p € (0,1). For f € D([0,7],R), define

1

Itag(f) = szath(f)
0x
where ag( = %%p. Then, the sequence of the tagged particle processes

1
{X(tNQ) 0<t< T}
an N>1

satisfies moderate deviation principles with rate a% /N and with rate function Z,,.
Precisely speaking, for any closed set C C D([0,T],R),

N 1
lim sup —- log P, ( {X(tNQ) 0<t < T} € C) < —inf Tha0(f),
Nostoo O3 *\ lan fec
and for any open set O C D([0,T],R),

N 1
lim inf — log P« ( {X(tNQ) 0<t< T} € (’)) > — inf Zyay(f)-
N—+o0 Ay e an feo

3 Preliminary estimates

3.1 Moderate deviations from hydrodynamic limits

We first recall moderate deviation principles for the empirical measure of the SSEP
when the process starts from its invariant measure v, for some p € (0,1), see [10] for
details. For each N > 1, the centered empirical measure p)¥ € S'(R) of the SSEP, which
acts on Schwartz functions G € S(R), is defined as

1
<.U£V7G> . Z (77tN2(33) - P)G(x/N)-
N TEZ
In this subsection, we assume the sequence of positive numbers {ay } y>1 satisfies

. an . N
lim — = lim — =0.
N—ooo N N—oo ajy

Let D([0,T],S'(R)) be the set of cadlag functions from [0, 7] to S’(R) endowed with the
topology under which lim,,_, 4, 6" = 0 in D([0,T], S’(R)) if and only if

{607 (G) Yo<t<r — {0:(G) Yo<e<r
in D([0,T],R) for any G € S(R). For G € C1*>*([0,T] x R) and u € D([0,T],S'(R)), define
the linear functional I(-,-) as

1, G) = (. G) = G Go) = [ (e 0.+ (1/2)5%) G,
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Above, Gs(u) = G(s,u) and (-, -) is the bilinear form on §’'(R) x S(R) such that (u, g) =
u(g) is the output of p acting on g for p € S’(R) and g € S(R). The rate function
Qr(u) == Qr,dyn (1) + Qolpo) is defined as

T
Orapn(n) =  sup {z<u7G>—X(Q’” [ <auG>2<s,u>duds},
Gect*(]0,T]xR)

Qo (ko) = sup {(uo, /¢2 }
$eCe(R)

where x(p) = p(1 — p) is the compressibility of the SSEP.

Theorem 3.1 ([10]). Let p € (0,1). The sequence of processes {u : 0 <t < T}y>1
satisfies the MDP with decay rate a% /N and with rate function Qr(u). More precisely,
for any closed set C C D([0,T],S’(R)),

N
limsup —log P, ({p) :0<t < T} €C) < — inf Qp(u),
N—oco A} pnel

and for any open set O C D([0,T],S'(R)),

hmmfﬁlog P, ({piv :0<t<T}eO)>— inf Qp(p).
Ay pneo®©

N—o0

Remark 3.2. Let . and 7" be two SSEPs with initial distributions v, and v, respectively.
By the basic coupling (see [23] for example), one could couple 7. and 1’ together such
that n:(x) = 0y (z) for all but one z. As a consequence, the associated empirical measures
of the two processes satisfy

[1Gllee

Vt >0, VG € S(R).
an

[t — ", G| <
Thus, the above theorem also holds under ]P,,;.

3.2 Properties

In this subsection, we establish several properties of the measure p when it satisfies
Qr(u) < oo. Before that, we first introduce some notation. For H,G € C1%([0,T] x R),
define

(H, G - //aﬂtu)aG(tu)dudt

In order to make [, -] an inner product, we say H ~ G if [H — G, H — G] = 0. Let #! be
the Hilbert space obtained as the completion of C1:?([0,7] x R))/ ~ with respect to the
inner product [, ].

Lemma 3.3. Let u € S'(R). If Qr(u) < oo, then there exist functions v € L?(R) and
H € H! such that, for any ¢ € S(R),

(Ho, ¢ /1/)

and that p is the unique weak solution of the following PDE

Oppu(t,u) = (1/2)02pu(t,u) — x(p)02H(t,u), t>0, ueR, 3.1)
1(0,u) = ¢(u), ueR. '
In particular, p = p(t, u) is a function. Moreover,
1122 ) x(p)
Qo(po) = ————1 Qrayn(p) = === [H, H].
EJP 29 (2024), paper 91. https://www.imstat.org/ejp
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The proof of the above lemma follows directly from Riesz’s representation theorem.
We refer the readers to Appendix A.1 for its proof.

In the above lemma, we say p is a weak solution to (3.1) if for any G € C}2([0,T] x R)
and forany 0 <t < T,

/]R,u(t,u)G(t,u)du:/Rw(u) (0, udu+/ / s,u)(0s + (1/2)0%)G(s,u) du ds
+ () /O /}R 0G5, )00 H (s, 1) du ds.

Actually, i has the following explicit expression: for any ¢ > 0 and for any u € R,

p(t,u) = / pe(u —v)Y(v)dv — / /p75 s v)0y H(s,v) dvds, (3.2)
R
where p;(u) is the heat kernel

1
L e

pt(u) = \/T]Tt

and pj(u) := 5opi(u).
Using the explicit formula of i, we have the following lemma, which states that the

macroscopic current is well-defined and can be explicitly characterized if the MDP rate
function of the fluctuation fields is finite. Below, we shall approximate i by a sequence
{pr} in A (introduced in Subsection 3.3), and the following lemma allows us to calculate
the limit of the current associated to the sequence {u"}, see the proof of Proposition 4.2
and Lemma 6.3.

Lemma 3.4. If Op(p) < oo, then the limit

e’} M
|ttt = 0w =t [ ) = 0,0

M—o0 0

is well-defined. Moreover,

[e’e] t 1 ,
|ttt = p0.in = [ [ = Sl + xhpros (010, H(s.0) | v s
Proof. By (3.2),
M
|ttt = 0. 0jau =11

where

I:/M/ [pi (1 = v) = po(u — 0)]6(v) dv du,

IT = x(p) // /pt s(u—v)0,H(s,v)dvduds.
For the first term, we write it as
M t
I:/ //ps(u—v) Ydsdvdu = = / //péu—v v)dsdvdu
o JrJo
-5/ / [PL(M — v) — ()] ¥(v) ds dv.
2 JrJo
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Above, ps(u) := %ps(u) and we used the identity ps(u) = (1/2)p%(u). For the second

// pi—s(M —v) = pi—s(v)] 0, H(s,v) dv ds.

Thus, we conclude the proof once we show that

t
Jim (/ PL(M — ) ds)z/;(v) dv =0, (3.3)
lim / /pt s v)0,H(s,v)dvds = 0. (3.4)
M—o0

One could check directly that, for any ¢ > 0, ps(u) € L*([0,¢] x R) and

t
/ p.()ds € L*(R). (3.5)
0

We refer the readers to Appendix A.2 for the proof of (3.5). Finally, (3.3) and (3.4) follow
from the following claim: if f, g € L?(R), then

lim / f(M —u)g(u)du = 0.

M—oo JR

The similar result holds when f, g € L?([0,t] x R). Indeed, by splitting

/ FOM — w)g(u)du = /u|>M/2f(M‘“)g(“)d“+ /|U<M/2f(M—u)g(u)du,

and by Cauchy-Schwarz inequality, we bound

[ ror =t < Wt ([ aPan) " gl (|

u>M/2

)

which converges to zero as M — oo. This concludes the proof. O

Remark 3.5. By repeating the above arguments, one could also show that if Q7 (u) < oo,
then forany 0 <t < T,

M
A}igloo %/0 u[p(t, u) — p(0,u)] du = 0.
Remark 3.6. Using (3.2) and Lemma 3.3, it is not difficult to show that the moderate
deviation rate function Q(-) is good. Here we give an outline of the check of this
property. The property that Or(-) is lower semi-continuous follows directly from the fact
that Qr(-) is the supremum of a class of continuous functions from D([0,7],S’(R)) to R.
Consequently,

{pn: Qr(p) <c} =L

is closed for any ¢ > 0. Hence, we only need to show that L. is compact. Us-
ing (3.2), Lemma 3.3, the formula of integration by parts, Cauchy-Schwarz inequality
and 9;p(t,u) = 302p(t,u), we have

[, £ < 101 2y 1 f | 22wy +X(p)ﬁ||f,HL2(]R)\/ (H, H]
= V2x(p) Qo (o) | fll 2wy + VT 'l 12wy \/ 2X(P) O styn ()
<2Vx(0)Qr () I/l + \/Tllf’l\mm))
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and
(e, 1) = (s, )]
< 1 ol + x(VE= S /T H)
MO )T oy T ]
< 2QT(u)x(p)(t;S ! ”'Imm)

for any p such that Qr(p) < +oo, any f € S(R) and any 0 < s < ¢ < T. Therefore, for
any f € S(R), {pe(f): 0 <t <T},cr,. are uniformly bounded and equicontinuous. As a
result, the compactness of L. follows from Ascoli-Arzela theorem.

t—s

3.3 Alternative formulas for O

Introduce
A = {p: there exist H € C}*([0,T] x R)) and ¢ € CZ(R) such that p satisfies (3.1)}.

One could check directly that if 4 € A, then for any ¢ > 0, u(t,-) is integrable on R and
vanishes at infinity. For u € A, define J the macroscopic instantaneous current as

1
J = —50un + x(p)0u H. (3.6)

Obviously,
Define K (t,u) the macroscopic current across the macroscopic point « during time [0, ¢]
as

t
K(t,u) := / J(s,u)ds.
0
Then, foru € Rand ¢t > 0,
OuK (t,u) = p(0,u) — pu(t, u). (3.7)
By direct calculations, for u € A,

X(p)Qr (1) = x(p) Qr (1o, K) : / / (0:K)” (t,u)dudt + le/R(auK)Q (T, u)du
1" X ) ,
+§/0 /}R(auuo(u) — 02K (t,u)) dudt+§/]R (15 (w) = po(w)0u K (T, u)|du. (3.8)

The above formula is exactly [39, Eqn. (3.8)], whose proof is presented in Appendix A.3.

4 Variational formula for the rate function

In this section, we present a variational formula for the rate function Z,,. For any
n > 1, any column vector a« € R™ and any 0 < t; <ty < ... <t,, let

T (@) = Lara-t (4.1)

1)y 2% i,

where A, |, is the n x n matrix with (k, /)-component equal to a(t,t,) for 1 < k,¢ <n.
1 tj=1
Recall a(-, ) is the covariance function of the fractional Brownian motion with Hurst
parameter 1/4.
The following variational formula relates 7., the rate function of the sample path to
the corresponding finite-dimensional rate functions, which is a direct consequence of [8,

Theorem 4.28].
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Proposition 4.1. For any f € D([0,T],R),

Ipath(f)
:sup{I{tj};IZI (f“j}?d) > 1L,0<t <ty <...<t, <Tt;€ASforalll << n}

where f,, ;. = (f(t1), f(t2), ..., f(tn))" and A is the set of continuities of f.

Proof. 1t is well known that for any 0 <y <ty <...<ty, I, ,n ) (+) is the large devia-
jfj=

. . . 1 1/4 1/4 1/4
tion rate function of the sequence of Gaussian vectors {\/—ﬁ (Bt1 By By )}Nzl'
and Z,qn(+) is the rate function of the sequence {\/iﬁBtl/4 0<t< T}N , see [7] for
>1
example. Then, by [8, Theorem 4.28], the result follows immediately. O

The following lemma gives a variational formula for the finite-dimensional rate
function appearing in the last proposition, which is the main result of this section.

Proposition 4.2. For any positive integer n, any column vector a = (ay, ..., a,)T € R",
andany 0 <t; <ty <...<t, <T, we have

inf{QT(,u) : /Ooo[u(tj,u) — p(0,u)]du =a;, 1 < j < n} = 4;/(?77;) oA e, (4.2)
where A = A{tj};:1 for short.
Note that
4\;?7;) alAla = ;%I{tj};_l (o).

In the rest of this section, we prove Proposition 4.2.

4.1 Restrictedto e A

We first show that we could restrict the infimum in Proposition 4.2 to u € A, which is
the content of the next result.

Proposition 4.3 (The case n > 1). For any positive integer n, any column vector o € R",
and any 0 <t; <ty <...<t, <T, we have

v

TA7 o, (4.3
ax(p)” @ (43)

oo
inf{QT(u) cp €A, / [ty u) — p(0,u)]du = aj, 1 <j < n}
0
where A=A, ., .
{617y
We first prove Proposition 4.2 from the last result, and then prove the last proposition
in the next subsection.

Proof of Proposition 4.2. By Proposition 4.3,

it {00+ [ lutty0) — pO.ldu = 1 <5 < < 220

and it remains to prove the opposite direction of the last inequality. Take u such that
Or(p) < oo and

a’A ta,

/ [ty u) — p(0,u)]du = aj, V1 <j <n.
0

Then, by Lemma 3.3, there exist ¢ € L?(R) and H € H! such that y is the unique weak
solution to the PDE (3.1). For e > 0, let ¢° € C3(R) and H® € C}2([0,T] x R) such that

Y* = in L*(R), and H® — H inH!, &—0.

EJP 29 (2024), paper 91. https://www.imstat.org/ejp
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Denote by p° the solution of the PDE (3.1) associated with ¢° and H¢. Finally, let

a5 ::/ [ (ty,u) — p°(0,u)]du, V1<j<n.
0
By Lemmas 3.3 and 3.4,

g _

lim Qr (k) = Qr(p), limaf =aj, V1<j<n.

Thus,

— €

Qr(p) = lim Qr (1)
> limsup inf {QT(u) T €A, / [u(ty,u) — p(0,u)ldu= a5, 1 <j < n}
e—0 0
V2
= lim sup ()LET/FlozE = ﬂ a’Ata,
=0 4x(p) Ax(p)

where a. = (af,a5,...,a5)T. We conclude the proof by taking the infimum over x on
the left-hand side of the last inequality. O

4.2 Proof of Proposition 4.3

The proof of Proposition 4.3 is based on Fourier approach and is divided into several
lemmas. Observe that if p € A, then by (3.7) and the fact that i vanishes at infinity,

K(t,0) = /Ooo[u(t,u) — w(0,w)]du, t>0,

which allows us to reduce the constraints inside the infimum in (4.3) to K (tj, 0) = o for
1 < j < n. Obviously, we also have K (0,u) = 0 for any v € R by the definition of K (¢, u).

First, we consider the case n = 1 and K(7,0) = « for some « € R. The following
result was proved in [39] by constructing the minimizer of the variational problem
directly. Here, we present a different approach, which allows us to generalize it to the
casen > 1.

Lemma 4.4. Fix o € R. Then,
_ V2ra?2
Ax(p)VT

Proof. Recall that we sometimes write Qr(u) as Or(uo, K) to indicate the dependence
of Qr on pg and K, see (3.8). The proof is divided into several steps:

inf{Qr(u): p e A, K(0,-)=0, K(T,0) =a} (4.4)

Step 1. We first minimize QO (po, K) subject to K(0,-) = 0 and K (7, -) being a known
function. We claim that the infimum is attained at the point (K7*%, /,LOT’O‘) such that

1 1
—O2KT(t,u) + Za;ﬁKT»a(t,u) - Za;‘quT’a(u) =0, (4.5)

T 1T 1
—Zﬁiug’a(u) +3 / KTt u)dt + pd* (u) — iﬁuKT’a(T, u) = 0. (4.6)
0
Indeed, the above equations are obtained by solving, for any py and K such that
K(Ov) :K(Ta) :O'

d o o d o o
£QT(N0T’ + epo, KT ez = £QT(M0T’ S KT 4 e K)|eeg = 0.

EJP 29 (2024), paper 91. https://www.imstat.org/ejp
Page 12/39


https://doi.org/10.1214/24-EJP1155
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

MDP for the current and the tagged particle

For any function f € S(R), define the Fourier transform of f as

_ L e
ff(f)—m/Re flwdu, €£eR.
Then, (Ff')(§) = —i€Ff(£), £ € R. This permits us to rewrite (4.5) and (4.6) as

54 i

—RFET(1,€) + 2 FETO(1,6) — 7]:0 (=0, (4.7)

{1+ ﬁ}f Tax(g) — —i{g}'KT’a(T, o)+ % /O FET(t et} (48)

Solving (4.7), we have
iFpg*(€)
§

for two functions C;(¢) and Cy(¢). Since we assumed K7%(0,:) = 0 and K7%(T, ") is
known, the coefficients are determined by

FET(t,€) = C1(€)es /2 4 Ca(€)e /2 4 (4.9)

iFug (8 _
{Cl(£)+02(§)+ 3 0, (4.10)

CL(E)ETE /2 + Cy(€)e T8/ + L&) — FRTe (T g),

Inserting (4.9) into (4.8), we have

Fude(€) = ’5{ FETT,€) + CLO["C 2 = 1] + Gt -T2} @)
Finally, using (4.11), and solving (4.10), we have

{01(5) = m]:KTa(T £),

T£ /2

Ca(§) = —m]:KT’a(T, £).

In conclusion, we have shown that, for0 <¢ < T,
g
Fg(€) = —;FKT"*(ﬂ £), (4.12)

SHE2/2 _ (T-0)E)2
eT€?/2 — 1

FET(1,€) = %[ +1]FET(T,¢). (4.13)

Step 2. By Parseval’s identity and (3.8),

T
Qr. k)= [ [ F0FK0.OF + 5 —ieFu(©) + EFRO[ facar

1
+1/R{\fuo<£)!2+|fuo(£)+i§fK(T,§)y2}dg. (4.14)

For example, to obtain the last line, just note that

1 @ @adut 5 [ ) = ()0, KT w)] i

= E/RM}—K(T’ &) de + %/}R [|}'u0(§)\2 + i€ Fuo(§) FK(T, €)]d¢

=1 [{IFmle) + 7o) + PR T o) pas.
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The first term on the right hand side could be calculated similarly. Inserting (K 7%, ;LOT’&)
into (4.14), and by (4.12) and (4.13),

x(p K”)
2 2
/ / 3] Tsz/Z PP TOF (e /2 nr2 ) o (€202 ) g at
6
52 T ) 52 TE /2 T, )
/ S\ FET(T,€)| de = e ] \]-"K (T )2 de. (4.15)

Step 3. Finally, we need to optimize Qr(ug'*, K7'*) over FKT-%(T,¢). The boundary
condition K7°%(T,0) = « is equivalent to

Ta —
m/]—'K (T, €)d¢ = a. (4.16)

By Cauchy-Schwarz inequality,

([ Frmomow) < ([ e pircrmera)( [ 1550 ).

Thus, the infimum of (4.15) is attained at the point

a1 — e TE/2)

FKTT, €) = ,
T8 =—Jre
and equals
TE?/2 _ g _ o —TE?)2 _1 2
[0 N2 4(e ) /o 4(1—e ) V27
(V2ma) ( /]R £2cTE 2 ) = (Va2ma)® ( /R 2 df) T WT
In the last identity, we used Equation (A.1). This concludes the proof. O

The next lemma extends the last result to the case n = 1and K(¢,0) =afor0 <t <T
and o € R.

Lemma 4.5. Fix0 <t < T and o € R. Then,

2
inf{Or(p) : p€ A, K(0,:)=0, K(t,O):a}:@. (4.17)
Ax(p)Vt

Proof. Foranyt > 0, let p%a be the minimizer of (4.17), which does exist by the following

construction. Denote by HfTa the function H in (3.1), respectively K;“ the function K

in (3.7), associated with the function ;%*. We call u5*, or correspondingly (K%, ufﬁ))

the minimizer of the rate function Qr(u) with current « at time t. In particular, when
T =t,

MT — :uTa’ T — H%",a’ KT — ij:’a,

the precise expressions of which are given through the proof of Lemma 4.4.

We claim the infimum in (4.17) is attained at the point utT’a such that

(i) for 0 < s < t, the function utqla is the unique solution to

t,o _ 192, to _ 2 rt,«
{asuT (s,u) = 202U (s,u) — x(p)O2H(s,u), u € R, (4.18)

7 (0,u) = pg*(u), u€R,

where H"® is the function H associated with the minimizer of the rate function
Q,(u) with current « at time ¢;
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(ii) fort < s < T, the function /fT’O‘ is the unique solution to

{5su?a(&10:= 10205 (s,u), uwER,

o (4.19)
P (L) = 1t (tu), u€ R,

Roughly speaking, the minimizer utT’a evolves as the minimizer of the rate function Q;(u)
with current « at time ¢ during time interval [0,¢], and then evolves according to the
hydrodynamic equation of the SSEP after time ¢. This claim is obvious since

Qr.an() = X211, ),

and thus
inf{Qr(u): p€ A, K(0,:)=0, K(t,0)=a} > inf{Q:(u) : n € A, K(0,)=0, K(¢,0) = a}

Moreover, by Lemma 4.4, the left-hand side of (4.17) equals

T 2o’
Qr (i) = Quu) + [ 0ds =
g ' t Ax(p)Vt
which concludes the proof. O

One could check directly that the functions u * and ( T’O‘, /LT ) constructed in the
last proof satisfy the following properties:

(P1) for0 < s <t,

Fuzip(€) = ZEfKt (9, (4.20)
s o [t -
FK(5,6) = 5 | ——mm—— + 1| FE"(,9), (4.21)
where )
1— e t€ 2)
FRbo(t e = 2= ),
(t,€) N
(P2) fort<s<T, )

FEp*(5.) = 5 [1+ e 082 FR (1,9). (4.22)

Moreover, by direct calculations (see Section A.4), for0 < s < T,

aal(t,s)
\/E )

where a(t, s) = 3(Vt++/s—+/|t — s|) is the covariance function of the fractional Brownian

motion with Hurst parameter i.
(P1) is exactly (4.12) and (4.13). (P2) follows from (4.19) and (3.7). Indeed, by (4.19),

K7 (s,0) /]—'Kta €)d¢ = (4.23)

Fuk®(s,€) = Fube(t,€)e =02 <5< T,

and by (3.7),
— i FK7%(s,6) = Fug () — Fuz®(s,€), s>0. (4.24)
Taking s =t in the last expression, and then using (P1), we obtain
t,a ’Lg t,a
Fui(t,8) = 5]-'[(’ (t,&).
EJP 29 (2024), paper 91. https://www.imstat.org/ejp
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Therefore, by (4.24), for s > ¢,

: a v o o —(s—t)&2 i —(s—t)¢£? «
TR (5,6) = — S PR (1,6 Fu (1, e -0 = - (140082 PRt 1),

as claimed.
Finally, we are ready to prove Proposition 4.3.

Proof of Proposition 4.3. Let

no{ty iz {agtiog no{ts}iofesio | ndtitio{es}ia

= s (K ) = (Kp b )

be the minimizer of (4.2). We claim that

n 5,1 n tj,1
Kp=Y BiK{", o= Binfy (4.25)
j=1 j=1

for some coefficients 3; € R, 1 < j < n. Recall that for 1 < j < n, (Kt 1”“;01) is the

minimizer of the rate function Q7 (u) with current one at time t;, and is constructed
in (4.18) and (4.19). We prove claim (4.25) in Section A.5. The coefficients {Bj} satisfy
the following constraints

Zﬂj Htr,0) =, 1<k <n (4.26)
By (4.23), the last line is equivalent to
" alty,ty
j=1

Let D = diag(d;)1<;<n be the diagonal matrix with d; = 1/,/%;. Let 8 = (b1,...,3,)" be
the column vector. Then, we have shown that

=a, 1<k<n.

ADB = «a.

Note that AD is invertible, which ensures the existence and uniqueness of 3.
Inserting (4.25) into (4.14), we have

x(p)Qr (o, K7) = B QB, (4.27)

where Q = (gjr)1<j,k<n is the matrix with ¢;; being the real part of

T
| {orsi e.oaFry e

2 [ i€ FuE () + EFRE 0] [~ i€Futy () + CFKEN(1,6)] fag at
1 7
+3 [ {7 o7 ©

+ [Fuli (&) + ieFK2 (T, )| [FultiF(€) + ie FKI-N(T,€))] }dg.

| =

After a long computation (see Section A.6), we have

V2r

A _ 4.28
djk 4\/th]€&]16 ( )
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Equivalently,
Q= @DAD.
Therefore,
xX(p)Qr(pt0, K1) = \/ﬂ a’A a,
which concludes the proof. O

5 Exponential tightness

In this section, we prove the sequences of the two processes
{J_10(tN?)/an : 0 <t <T}ys>1 and {X(tN?)/an :0 <t <T}yys1
are exponentially tight.

5.1 A uniform super-exponential estimate

We first state a super-exponential estimate for the space average of the current. The
following result was proved by the same authors in [39] without the supremum over time
inside the probability.

Lemma 5.1. For any § > 0,

nN-—1
lim sup lim su 10 IP( su ’ o w1 (EN? ‘ > 5) = —00 (5.1)
e N—>oop s ogth nNayn ;) a+1(tN7)

under both P = ]P,,ﬂ and P = ]Py;.

Proof. By Remark 3.2, we only need to discuss the case where P = P, . By Markov’s
inequality, for any K > 0, the expression in (5.1) is bounded by

nN—1
— 6K—|— logE [exp{oililgT‘% QUZ:O Jx@H(tNg)‘H. (5.2)
Since K could be taken arbitrarily large, we only need to prove that, for any fixed K > 0,
anK nl !
hgsolip h]rvnjgop ) log E, [exp { oiltlgT NT ;J Jx7x+1(tN2)IH =0.

By using the inequality

exp{ sup frdl} < expf sup ) + exp sup (~0)
0<t<T

for any trajectory {z;}, and log(a + b) < log2 + max{log a,log b} for any a,b > 0, without
loss of generality, it suffices to prove that, for any fixed K > 0,

nN—1

N any K
lim sup lim sup — log |, {ex { su o1 (tN? H 0. 5.3
n—>oop N—>oop a?\f & ’ P O<t£T TLN2 Z +1( ) ( )

Since for each = € Z, {J, »+1(t)} is a compound Poisson process with intensity

1 t
3 | )=o)
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and there are no common jumps between those compound Poisson processes,

nN-—1
anK
MY = eXP{ nj_\;[vz E Jows1(EN?) — FnN,’é(t)}
=0

is a mean-one exponential martingale, where

nN-—1
1

tN?
R0 =5 30 (oY) 1) [T (o)~ nula + )i,
z=0 0

Then, by Cauchy-Schwarz inequality, the expectation in (5.3) is bounded by

E,, | sup {MtN’l}exp{ sup FnNil((t)H
0<t<T o<t<T

1/2 1/2
< IE),,p[ sup (MtNl)Q} E,, {exp{ sup 21“2[11(@)}] .
0<t<T 0<t<T

As a consequence, the expression in (5.3) is bounded by
N N N N
ﬁlog]Eup[ sup (M, ’1)2} + 5o logky, [QXP{ sup 2Fn,}1<(t)H-
N 0<t<T A 0<t<T

For the martingale term in the last line, we have

N-1
N,1y2 _ 1rdayK " 2 N,2 N,2 N,1
(M;7)" =expq 5 N2 Z Jx,x+1(tN )_2Fn,K(t) +Fn,K(t)_2Fn,K(t)
=0
= (") exp {TN () = 200k (1)},
where ,
N,2 1nN71 dan K/(nN?) o
VR =5 D (e “1) [ (@) = mo(w+1))ds,
=0 0
and

Aa Kanl

3 N ’

MtN‘Q = exp {W Z Jx,x+1(tN2) - 2F71X12<(t)}
=0

is also a martingale. By Doob’s inequality and Cauchy-Schwarz inequality,

N Nlogd N
- logEy, [ sup (M| < =255+ S log By, [
N 0<t<T an aN
Nlogd N N
< af + 55 logE, [Mé“] + 57 logE, [exp {zrfjf{(T) - 4Ffj}1{(T)}]. (5.4)
N N N

Note that the second term on the right-hand side of (5.4) is zero. Since ay > V/N, the
first term on the right-hand side of (5.4) converges to zero as N — oo. Therefore, to
prove (5.3), we only need to prove

N
limsup limsup —5- logIE,, [exp { sup QFS’}l{ (t)H =0, (5.5)
n—oo  N—oo QG,N 0<t<T ’

since the third term on the right-hand side of (5.4) could be treated in the same way.
Since |e® — 1 — z| < (22/2)el®,

2

tN 2 2
N1 aNK CNmtaNK
Pexc® < g i f, (10 = ma(nN))ds &+ =gme—
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where Cy ,, is uniformly bounded in N and n. Thus, we are left to show

. ) N anK [
lim sup limsup —- log E,, {exp{ Sup —— (ns(0) — ns(nN))dsH =0. (5.6)
nooo  Nesoo Q3 g o<t<t nN? Jo

Since
2
anK tN anK EN an K
su s(0) —ns(nN))ds < su s(0) — ns(nN))ds + ,
S oz [ (O =nN)ds < sup o ) (1:(0) = ns(n V) N

where the supremum on the right-hand side is over integers k, the left-hand side in (5.6)
is bounded by

) . N anK [N
lim sup limsup —-log £, [exp { sup  —— (ns(0) — ns(nN))dSH .
n—oo N—ooo QAN o<k<TN MIN? Jo

Using the inequality

TN
log I XM <1 IE[ Xk}<1 TN +1 log E[e**],
og [exp{ogig]v 1}] < log ;;)6 < log(TN +1) + max log Ele™]

and since ay > /N log N, we only need to prove

N K [N
limsup limsup max —-loglk,, [exp {aNiz/ (ns(0) — ns(nN))dsH =0, (5.7)
nN? J,

n—oo N—ooo 0SESTN ayy

which has been shown in the proof of [39, Lemma 4.1]. We also refer the readers to
Section A.7 for details. This concludes the proof. O

5.2 Exponential tightness of the current

To show the sequence of processes {J_Lo(tNQ)/aN :0 <t < T}n>1 is exponentially
tight, we only need to prove the following estimates for the current.

Lemma 5.2. We have the following estimates for the current under both P = ]PVP and

IP == IPV;.'
1. for any fixed T > 0,
. . N 1 9
hmsuphmsupTlogIP( sup —|J,1_ro(tN )| > M) = —o0; (5.8)
M—oco N—ooo QA% 0<t<T AN

2. foranye >0,

N 1
lim sup lim sup sup TlogIP( sup —‘J,Lo((t—i-r)NQ) — J,LO(TN?)’ > 5) = —0o0,
§—0 N—ooo 1€Tp ON 0<t<s AN i
(5.9)

where T is the set of all stopping times bounded by T'.

Proof. As in the last lemma, we only need to deal with the case where IP = IPVP. For any
n > 0, introduce the function G,, : R — R as

Gn(u) = (1 —u/n)"1{u >0}, ueR.

Then, one could check directly that, for any n > 0,

nN-—1
1 1
—J_10(tN?) = (u,Gn) — (i, G, T wir1(tN?). 5.10
. 10(EN?) = (', G ) — (g » Gn) + Naw ;::O a+1(EN7) (5.10)
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Thus, we only need to show that the estimates in the lemma hold respectively for the
terms on the right-hand side of the last line, i.e.,

nN-—1

2 [
N ;O Jpas1 (EN )‘ > M) — 0, (5.11)

N
limsuplimsuplimsupTlogIPyp< sup ’
n—oo M—oo N—oo On 0<t<T

lim sup lim sup lim sup sup
n— 00 §—0 N—oo TETT

nN-—1
N
—-log P, ( su Jow t+7)N%) = Jp i1 (TN? ‘>€)=—oo, (5.12)
o gLy, ogtlg)a nNay IZZO[ a+1(( JNZ) a1 ( )
and

N
lim sup lim sup lim sup log IPUP( sup |<uiV,Gn>’ > M) = —00, (5.13)
0<t<T

n—oo M—oco N-—oo

N
lim sup lim sup lim sup sup —- log IPVP< sup K,uﬁ” — ,uiV,Gn>| > 5) = —o0. (5.14)
0<t<s

n—00 §—0 N—oo 7€Tr @

Note that the left hand side of (5.11) is bounded by

lim sup lim sup —- log P, ( sup ‘

nosoo  Neoo % o<t<T ! nNay

nN-—1
Z J$7x+1(tN2)’ > 1) .
x=0
Thus, (5.11) is true by Lemma 5.1. Since the probability in (5.12) is bounded by

nN-—1

3 JMH(tNQ)’ > 5/2),
=0

2P,, ( sup

‘ 1
0<t<T

nNay

the estimate in (5.12) also follows directly from Lemma 5.1.
The estimates in (5.13) and (5.14) have been proved in [10, Lemma 3.2] for Schwartz
test functions. Thus, we only need to find G,, € S(R) such that, for any € > 0,

N ~
lim sup lim sup —- log IPVp( sup Kuiv, G, — Gn>’ > 5) = —00. (5.15)
0<t<T

n—o0  N—oo N
We underline that this is not obvious since we only have the priori bound

~ N
|<U£van - Gn>’ < C(n)a

and note that ay < N. To this end, we choose G,, € S (R) such that
16, (u)] := |G (u) — Gp(u)] < Cn~Y, VueR,

and that the support of §,(-) is contained in [—2n,2n]. For 0 < i < N3, let t; = iT/N3.
Then, the probability in (5.15) is bounded by

IPVP( sup |<ut, >|>5/2>+IPVP( sup |<uiv,5n>|f sup Kut, >‘>5/2). (5.16)

0<i<N3 0< 0<i<N3

For the first term in the last line, since the process is stationary,

IPVP((KSLip [l 00| > /2) < (N 4+ DRy, (|(ud,80)] > /2).
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Then, using ay > /N log N, for any A > 0,

n—oo N—oo

lim sup lim sup — ﬁ logIP,,p( sup ‘<ug, 5n>| > 5/2)
a% 0<i<N3

= lim sup lim sup ];7 logIPl,p(|<pév,5n>| > 5/2)
an

n—oo N-—oo

<—A7+11msuphmsup ];[ IOgEup[eXP{7|Z770 (x/N)’H

n—oo N—oo

As before, we could remove the absolute value inside the exponential in the last line.
Since v, is a product measure, and by Taylor’s expansion up to second order, we bound
the last line by

Ae A
-5 + hisolip l%njélop GN E logIE,, {exp{ 1]\\[[ ﬁo(x)csn(x/N)H
Ae CA As
< —— + limsup limsup —— (52 (/N .
2 n—)oop N—>oop Z / ) 2

T€EZ

Since A could be arbitrarily large,

lim sup lim sup — logIPyp( sup  [{pgy,60)| > 5/2) = —00.
n—oco N-—oo aN 0<i<N3

It remains to bound the second term in (5.16). Before that, we first recall the stirring
representation for the symmetric exclusion process. Initially, we put a particle at each
site of Z. Those particles are distinguishable. For each bond (z, z + 1), we have a Poisson
process with parameter % and assume those Poisson processes are independent. When
the Poisson clock associated with the bond (z,z + 1) rings, we exchange the particles at
sites x and x + 1. Let & be the position at time ¢ of the particle initially at site x. For
n € Q,let

m(z) =1 ifand onlyif ¢/ =z for some y € Z such that n(y) = 1.

Then, {n;} is a version of the SSEP with initial configuration 7. Note that for each z, {£/}
is a continuous-time simple random walk with jump rate one. Using this representation,
for any s,t > 0, we have

1 gy Y
(Ui’ = 0n) = — [5”(%2) —~ 5n(STN2)]no(y)-
N YyeZ
Thus, we bound the second term in (5.16) by
Py, ( sup |(ul¥ )| = sup [(u,dn)] > 2/2)
0<t<T 0<i<N3

< IPVP( sup  sup  [{ud’ — pp) )] > 6/2) < NSIPVP( sup [ {pg’ — ug’ )] > 5/2)
0<i<N3 t;<t<t;j41 0<t<ty

=3 [ (52) 5. (%) I > o72).

a
N YEL

= N31Pl,p ( sup

0<t<t;

To conclude the proof, it is sufficient to show that, for any n > 0,

. > {571(%2) *5n(%)}no(y)‘ > 5/2) =—o0. (5.17)

a
N yezZ

N
limsup —-log P, ( sup
N—oo GN 0<t<t;
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For the above sum over y € Z, we consider the two cases |y| > 3Nn and |y| < 3Nn
respectively.

For the case |y| > 3Nn, 6, (y/N) = 0 since the support of §,, is contained in [—2n, 2n].
Then, we bound

P, ( sup
0<t<t;

e
N

1
Loy
AN | IS3Nn

< IPVP( sup [¢/y2] < 2Nn  for some |y| > 3Nn)
0<t<t,

)| > /2)

< 3 Py swp [ ol > Iyl - 2Nn).
ly|>3Nn 0<t<t;

Since for each y, §fN2 —y| is stochastically bounded by a Poisson process with parameter
tN2, and recall t; = T/N?3, the last line is bound by

§ efc(|y\72Nn) < echn
|[y|>3Nn

for some constant ¢ > 0. Therefore,

€ Z &,(ggjvvz)ﬁo(y)’ > 5/2) = —o0.

N
lim sup —-log P, ( sup
a an
|ly|>3Nn

Nooo Ay 0<t<t;

It remains to bound

L5 (o (%) o ()]

a
N lyi<ann

P, ( sup

0<t<t;

L5 ) -3l > ) a),

<P, (AY) + Py, ({ sup

0<t<t;

a
N yi<an

(5.18)

where

3/2 n7—
An = { sup  sup [y —yl < a]\{ N 1/2}.
|y|<3Nn 0<t<t;

Standard large deviation estimates yield

P,,(A%) < TNne ¥ N

for some constant ¢ > 0, and thus

N
limsup —-log P, (A%) = —oo.
N—oo On

We claim that the event inside the second probability on the right-hand side of (5.18)
is empty for N large enough, which is sufficient to conclude the proof. Indeed, first
note that J,, is only discontinuous at the origin. Moreover, on the event Ay, for each
0 <t < ty, the cardinality of

By ={ly| <3Nn:y>0,&. <0ory<0,&y. >0}

is bounded by 2¢%/>N~1/2. Thus, on the event Ay,

1 &ine y 4 fay
o 2 [CF) (@) < Y
an Z { N (N my)| < n\ N

yEBN ¢
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which goes to zero as N — co. By the piecewise smoothness of ¢,

1 39 y ay
sup |— 3 [a(PE) = au(5) | mow)| < coy /5
0t<t TON || <3Nny¢ B o
which also vanishes as N — oo, thus concluding the proof. O

5.3 Exponential tightness of the tagged particle

As in the last subsection, if follows from the following estimates that the sequence of
processes { X (tN?)/ay : 0 <t < T}x>; is exponentially tight.

Lemma 5.3. We have the following estimates for the replacement of the tagged particle:

1. for any fixed T > 0,

N
lim sup lim sup —- log P, ( sup —|X tN2 ‘ >M) —00; (5.19)
M—oco N-—oo aN 0<t<T AN

2. foranye >0,

N 1
lim sup limsup sup —- logIPl,*( sup —|X((t+7)N?) — X(TN?)| > 5) = —o0,
520 N—ooo 7€Tr @ ? \o<t<s AN
(5.20)

where T is the set of all stopping times bounded by T'.

Proof. We first prove (5.19). Since the process is symmetric with respect to the origin,
we could remove the absolute value inside the probability in (5.19). If X (tN?) > ayM
for some 0 < ¢ < T, then J_; o(tN?) > > 1 “NM] vz (z) for some 0 < ¢t < T. Thus, the
probability in (5.19) is bounded by

[aNJM]
. _ B> i )< ( _ 2 > )
IPD”<0;1£TJ 1,0(tN°) *ogutliT EZ: mnz(z)) < Pos OE?ETJ 1,0(tN*) > panM/2
aNM
# P (1L, D0 () < pah)2).

=0
To finish the proof, it remains to show that
hmbuphmbup log P, ( sup J_10(tN?) > paNM/2) = —00,
M—oo N-—oco aN 0<t<T
which follows directly from (5.8), and that, for any fixed M > 0,

[an M]

. N
hjflnjllopaloglﬂ,;< <11t1£T Z NNz (T <paNM/2> —00. (5.21)

Now, we prove (5.21). For 0 < i < N?, define t; = iT/N?. Then, fort; <t <t; 1,

[an M] lan M)]
Z ninz(T) = Z M2 (@) + J1,0(EiN? EN?) = Jjay i) fay a1 (6N EN),
=0 =0

which implies that

aNM CLNM
inf Z 2 inf Z 2(
0<t<T e o< <N2 Mt N
2 2 2
— sup sup |J_170(tiN ,tN )’ — sup sup |J[aNM]7[aNM]+1(tiN JEN )|
0<i<N2 t;<t<t;y, 0<i<N2 t;<t<t;y1
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This permits us to bound the probability in (5.21) by

aNM

V*( inf Z N2 (2) < 3paNM/4)

0<i<N2

+IPV;( sup sup |J_170(tiN2,tN2)} ZPGNM/8>

0<i<N2t;<t<t;y1

+ Py ( sup sup |J[aNM]7[aNM}+1(tiN2, tN2)| > paNM/8>.
0<i< N2 t;<t<ti}1
By Remark 3.2, we could replace the above ]Pl,; with P, . Since v, is invariant for the
SSEP, using the large deviation principle of the sum of i.i.d. random variables, there
exists C' > 0 independent of N and 1 < i < N? such that

[G,NJ\/[]
hmsup—log]Pl,p( Z N, Nz (x) < 3paNM/4) =-C
N—+4oco ON =0

forall 1 <i < NZ2. Then, since ay > /Nlog N and

lan M] lan M]
P, (,nf, Z meva(2) < 3pan M/4) < (N2 + )Py, ( 2% mo(@) < 3pan M/4),
we have
N lan M)
%H:}ilig Z logIPl,p( HifN2 Z N, Nz (x) < 3paNM/4> —00. (5.22)

Since a particle crosses an edge at rate at most 1, {|J_170(tiN2, tN?) | }i>1, is stochastically
dominated from above by a Poisson process with rate 1. Thus,

P,,( sup sup  |J_1,0(t;N?,tN?)| > pan M /)
0<i<N?2t;<t<tit1

<N°P,,( sup |J_10(t;iN? tN?)| > payM/8) < CN?exp{—CayM}
t;<t<tit1

for some constant C' > 0, which implies
N
lim sup —- loglPl,p( sup sup |J_170(t¢N2,tN2)| > paNM/8) = —00. (5.23)
N—+oco @ 0<i<N2t;<t<t;q1

By translation invariance, (5.23) still holds when J_; o(t; N?,tN?) is replaced by

Jjax M) an M)+1 (LN EN?),

thus concluding the proof of (5.21).
Now we prove (5.20). We first remove the absolute value inside the probability
in (5.20) as before. For any M > 0, we define

1

Buns = { sup  —|X(tN?)| < M}
0<t<T+6 AN

By (5.19),

N
lim sup lim sup —- log P« (Bjy; v 5) = —00.
M—+00 N—+co CLN g o

Hence, to prove (5.20), we only need to show that
N 1 9 9
lim sup limsup sup —- log IPU;( sup — (X((t+ 7)N?) — X(TN?)) > E,BN,I\/[’(;) = —00

§—~0 N—ooo 7€Tr @ 0<t<s AN
(5.24)
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for any M > 0. We further define
lane]

paNs
C - { inf Z 2(a + k)
NM.es —aNM<k<aN]V[ O<t<T+6 N

where the infimum is over integers k. Then, by (5.21),

N .
limsup —-log P+ (CR p,e,5) = —00.
N—+4o0 aN T
Therefore, to prove (5.24), we only need to show that, for any M > 0,

N 1
lim sup lim sup sup —- logIP ( sup — (X((t+7)N?) — X(TN?)) > ¢,
§—0 N—oo 7€Tr @ 0<t<s AN

BN,M,57CN,M,5,5) = —oo. (5.25)

Conditioned on the event By a5 () Cn.a.c.5, we have X (7N?) = k for some —ayM <
k < anM. Moreover, if - (X((t+7)N?) — X(7N?)) > ¢ for some 0 < ¢ <, then

X((t+7)N?)
J’C—Lk((t"'T)NQ) - Jk—l,k(TN2> = Z 77(t+T)N2(a?)
=k
k+[ane] lane] pane
N
> Z (H»'r)N2 Z N(t+7)N2 (LL' + k) 9
=k =0

for some —ayM < k < ayxM. Thus, to prove (5.25), we only need to show that

N
limsup limsup sup —- log
§—0 N—oo 1€Tr @

€
X Z IPV;< sup 7(Jk Le((t+7)N?) = Ty k(TN?)) > [)2):_00’ (5.26)
ki|k|<an M 0<t<s AN

which follows immediately from (5.9) since ax > /N log N. This concludes the proof. O

6 Proof of Theorems 2.1 and 2.2

In this section, we prove Theorems 2.1 and 2.2. We first state two lemmas concerning
finite-dimensional moderate deviation principles for the current and the tagged particle.

Lemma 6.1. Foranyn > 1 and forany 0 < t; <ts < ... < t,, the sequence

1
{a (Jo1,0(t1N?), ..., Jo1,0(tnN?)) }Nzl

satisfies moderate deviation principles with decay rate a?V/N and with rate function

a}zI(t_}n under both ]P,,p and IPZ,;. Recall the definition ofI{tv}n from (4.1). More
Jfj=1 Jfj=1

precisely, for any closed setC C R",

1 1
li logP | — (J_10(t1N?),...,J_10(t,N? C)<—inf . 6.1
sy 6 (G (o0, T1a60) €€) < = i 5T, (), 6
and for any open set O C R",
1 1
li f—l P(— (Jo10(tiN?),...,J_10(taN?)) € O) > — inf ., (@),
Aminf oo log (aN< O ) 2 7 ey ()
(6.2)
where P =P, orP = IPV;.
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Lemma 6.2. Foranyn > 1 and forany 0 < t; < t; < ... < t,, the sequence

{i (X(LN?),..., X (£, N2)) }

an N>1

satisfies moderate deviation principles with decay rate a?V/N and with rate function

QI“ iy . More precisely, for any closed setC C R",
N 1 9 9 1
lim sup —- log P, | — (X(t1N?),...,X(t,N?)) €C) < — inf — Z,, L, (), (6.3)
N—+oo @ an acC 0'
and for any open set O C R",
lim inf ﬁlogIP . 1 (X (t1N?) X(t,N*) €O ) > — inf — ! (). (6.4)
N*>+OOO,N V an 1 Yty n aEOU {1}71 . .

We shall prove Lemmas 6.1 and 6.2 in later subsections. Now we utilize these two
lemmas to prove Theorems 2.1 and 2.2.

Proof of Theorems 2.1 and 2.2. We first prove Theorem 2.1. In Lemma 5.2, we have
shown that the sequence {ﬁJ_LO(tNQ) :0 <t <T}n>1 is exponentially tight. Using [8,
Theorem 4.28] and Lemma 6.1, the sequence {ﬁJ_LO(tNQ) 10 <t < T}y>1 satisfies
moderate deviation principles with decay rate a% /N and with rate function given by

1
sup{ I{H (f{tj};;l): n2170§t1<t2<..‘<tn§T,tjGA‘}foralllgjgn}

for all f € D([0,7],R), where f, ,, and A} are defined as in Proposition 4.1. Using
iti=1 .
Proposition 4.1 again, the last supremum equals

;%Ipath(f) = Icur(f)7

which concludes the proof of Theorem 2.1. For Theorem 2.2, we use Lemmas 5.3 and 6.2
instead. O

6.1 Proof of Lemma 6.1
For « € R™ and r > 0, let

Bla,r)={BeR": ||B—-alx <r}
be the cube of radius r centered at . For any M > 0, shorten
By =B0,M)={aecR": |a]. < M}.
We first prove the lower bound (6.2).

Proof of (6.2). For any open set O C R™ and for any point o € O, using (5.1) and (5.10),
for sufficiently small € > 0 such that B(a,e) C O,

N 1
liminf —-log P, ( — (J_1,0(t1iN?),...,J_10(toN? o
lim inf 2 108 (aN (Jo10(t1N?), ..o T 0( ) € )

> liminf lim inf —1ogIP ({<ui\;,Gm> — <uév,Gm>}rll € B(a,e/2),
j=

m—+0o0 N—+o00 G‘N

! Z Jzerl(tN)

mNaN =0

‘ mN—1

<5/2f0ra111<]<n)

= liminf liminf — N 5 logP,, ({</Lg,Gm> — <uéV,Gm>}r,L

m—+00 N—+oo @ N

) € B(a,s/2)) . (6.5)
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Note that G,,, ¢ S(R). By (5.15) and Theorem 3.1, the last line is bounded from below by

lim inf lim inf EQ logP,, <{<ui\j7ém> - <uév7ém>}7 L€ B(a,5/4)>
j=

m—+00 N——+oo (5

> —lim sup inf {Qtn(,u) : {(utj,ém> — <u0,Gm>}::1 € B(a,5/4)}.

m——+oo

no{t o1 {ag}

Let pf' = pu 7=! be the minimizer of the following variational problem

n

inf {Qt” () :p € A, /0 [(ty, u) — p(0,u)]ldu =aj, 1 <j< n}

which was introduced in the proof of Proposition 4.3. Since pj’ € A, by the explicit
expression of 1 given in (3.2), uf (t,u) € L*(R) for any ¢ € [0,t,]. Thus, by dominated
convergence theorem, forall 1 < j <n,

lim (! (t,-) — . (0,-), ) = / i (t0) = i (0,0)|du= a5 (6.6)
0

m——+00

This implies that, for m large enough,

{2 (1), Gy = (17 0).Gu) } € Blae/4).

j=1
Consequently,

. .. N 1
lim inf 5 lOgIP,/p (aN ((]_170(t1]\72)7 ey J_170(tnN2)) c O)

N—+oco aN
V2 oy 1

Z*Qtn(“tn,)zle)((p)a {tj};»:la:*g

Since a € O is arbitrary,

... N 1 5 9
}\}gfgglog]&,‘) <GN (Jo1,0(t1N?), ..., J_10(taN?)) € (9> > 21611% 5Ly, ()
. 1
=~ nf ey (@)

By Remark 3.2, the lower bound also holds under lP,,;, thus concluding the proof. O

Now, we prove the upper bound (6.1). By exponential tightness of the current (see
Lemma 5.2), we only need to prove the estimate for any compact subset in R".

Proof of (6.1). As in the proof of the lower bound, we only need to deal with the case
where P = P, . Let K C R" be any compact subset. For any r > 0, we could find a
sequence of points o/ € K, j = 1,2,...,{(r), such that

¢
K C U B(aj,r).
j=1
By (5.10), for any m > 0 and any r > 0,

N 1
limsup —- logP,, ( (J,l)o(ﬁlNQ)7 . J,Lo(tnNQ)) € lC)
N—+oco A an

< max limsup —-

T ISiSE N oo Ay

mN—1
1 n .
IOg IPV,, <{<,LL£Y,Gm> - <,LLEZ)V;Gm> + mNaN ;} Jz,z+1(tiN2)}i:1 S B(oﬂ,r)) s
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Using Lemma 5.1, the right-hand side of the last inequality is bounded from above by,
for any r > 0,

lim sup maX hmsup 2 loglP,, ({(ut , m> <uév,Gm>}?:1 € B(aj,Qr)).

m—oo 1<j< N—>+

By (5.15), we could replace the above G,, with the Schwartz function G,,. Then, using
moderate deviation principles from hydrodynamic limits (see Theorem 3.1), we finally
bound the last expression from above by, for any r > 0,

lim sup maé(eflnf{Qt NE {<,uti,ém> - <u0,ém>}j:1 € B(a’,3r)}.

m—oo 1<5<

We first show that there exists some constant Cy independent of r, j, m such that, for
m large enough,

n

inf {Qtn (/-L) : {<,utm GN(m> - </l,0, é7rL>}i:1 € B(aj’ ST)} < C'O- (67)

Indeed, let p;" [ - Iy, m{tiding feddin be as in the proof of (6.2), where a is the i-th
component of ol for 1 g i < n. By (6.6), for m large enough,

{(ut? () = 1827(0), G )}, € B(a?,37).

Therefore, the infimum in (6.7) is bounded from above by

; Vo, ; Vo
Oy, (7)) = oﬂTfr1 a’ < su oAl a:=Cy,
e (12,7) 4X(P)( T aer x(p) " LT
which proves (6.7).
For any r,j,m and any € > 0, there exists /™ such that
{<u Jym — ™0, -),G‘m>}?:1 € B(a,3r), (6.8)

and
Q;, (uhi™) — ¢ < inf {Q. (1) : {<Mti,ém> — <,u0,(~}’m>}::1 € B(aj,3r)}.

Moreover, by (6.7),
sup Qy, (ul?™) < Gy +¢. (6.9)

r.J,m

So far, we have shown that, for any ¢ > 0,

N 1
lim sup — logIP ( (Jo1,0(t1N?), ..., J_10(taN?)) € lC)
N—+4oco @ an

< —liminf liminf min Q; (u ’]’m) +¢e=—liminf liminf Q; (u ’j’m) +e, (6.10)

r—0 m—+o00 1</ r—0 m—+oo

where j := j(r,m,¢) := argminj < j<¢ Q, (uI7™).

By (6.9), we could extract a subsequence along which the limit on the right-hand side
of (6.10) is attained as r — 0, m — +o00. According to Remark 3.6, {Mg%m : 1y j,m}is
a subset of the compact set g, .. Hence, by further extracting a subsequence, there
exists p* such that 27 converges to pf in D([0, 7], S'(R)), and by the compactness of
K, there also exists some a = (o, as,...,qa,) € K such that o’/ converges to a along
this subsequence. Then, by the lower-semicontinuity of 9;,,

Oy, (p2) < liminf liminf Oy (u 7“J7m)7

r—0 m—4oco
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and thus,

N 1
limsup —-log P, ( (Jo1,0(t1N?), ..., Jo10(taN?)) € IC) < —Q (uX)+e. (6.11)
N—+oo A an

Moreover, by Lemma 6.3 below,

/ [k (ti,u) — p2(0,u)|du = a;, V1 <i<n. (6.12)
0

Therefore, by Proposition 4.2,
. N 1 9 9
limsup —-logP,, | — (J,l)o(th )se oy Jo1,0(tn N )) e
N—+oco A an

< — inf inf {Qt"(u) : / [(tisu) — p(0,u)]du = a;, V1 <i < n} +e
K n 0

ac
1
= — inf —

ack Uﬁz{tj}?:l () +e.

We conclude the proof of (6.1) by letting ¢ — 0. O

It remains to prove the following lemma.
Lemma 6.3. If the sequence u™ € D([0,T],S'(R)), m > 1, satisfies that

lim p™ = pin D([OaT]a‘S/(R))v sup Qr(um) < Co

m—o0 m>1

for some p € D([0,T],S'(R)) and for some finite constant Cy, then for any 0 <t < T,

lim [ [™(t,u) — p™ (0, 1)]G o (u) du = /Ooo[u(t, u) — p(0,u)] du.

m—r oo R

Proof. For any m > n, we write

/R [t 4) — (0, )]G () ds
= [t = 0] (Gon () = G+ [ (17 (00) 700G () du. (6.13)
R R

We first prove that the first term on the right-hand side in the last identity converges
to zero as m — oco,n — co. By Lemma 3.3, Eqn. (3.2) and the uniform boundedness of
Or(um), there exists some constant Cy such that, for any ¢ > 0,

sup [|u" (¢, )| 22wy < Ch-
m>1

Since |G, — Gm||2Lz(1R) < Cm™!, by Cauchy-Schwarz inequality, we only need to show
that

lim lim [™(t,u) — u™(0,w)][Gm(u) — Gp(u)] du = 0.

n—,oo m—roo R

We could also find /i € A such that ||z (¢, -) —u™ (t, ) ||72 gy < Cm 2. Since |G |72m) <
C'm, using Cauchy-Schwarz inequality again, it is sufficient to show that

lim lim [t u) — 2™ (0,w)][Gm(u) — Gp(u)] du = 0. (6.14)

n—oo m—oo R
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Let J™ be the current associated with am, ie., O™ + 8ujm = 0. Since

if uw<0oru2>m;
if 0<u<mnm;

u
m
£ if n<u<m,
m

using integration by parts formula, we rewrite the left-hand side in (6.14) as

- — — //Jmsududsf—// (s, u)duds.

Note that by (3.6) and the uniform boundedness of Or(u.,), there exists some constant
Cs such that supy<, <7 Sup,;,>1 ™ (¢, )|lz2(ry < Ca. Then, by Cauchy-Schwarz inequality,
the last expression is bounded by C(n~'/? +m~'/2), concluding the proof of (6.14).

For the second term in (6.13), letting m — oo, it converges to

/ [t 10) — (0, )]G (10)
R

Note that yu(t,-) may not be in L!(R), and thus we cannot use dominated convergence
theorem directly. Instead, we first replace G,,(u) with G,,(u) as in the above argument,
and then only need to deal with

n

n 1 n
[t = (001Gt = [ p(t20 = 0.0l = [t ) = 0. 0]

by the definition of G,,. At last, letting n — oo and using Lemma 3.4 and Remark 3.5, we
conclude the proof. O

6.2 Proof of Lemma 6.2
We start with the lower bound (6.4).

Proof of (6.4). Observe that if J_1 ¢(¢) > 0, then

X(t)-1 X(t)-1

Tty = D m@) = > (u(@)—p)+pX(t), (6.15)

=0 =0
and if J_; o(¢) < 0, then

-1 -1

Toao(t) == D ml@) == D (m(x)—p)+pX(t). (6.16)

=X (t) =X (t)

For any given a = (o, ..., ;)7 € O and any € > 0, by (6.2),

N 1
liminf —-logP,: { — (J- N2, . T 1 ot N? B(pa,ep/1 6.17
A}rgiréo Z og <aN (J Lo(tiN?), ..., J-10( )) € B(pa,ep/ O)) ( )

1
> — inf I .
o ,BEB(;E ep/10) 0' {t; } (/3) o0

For M > 0, let Dy n be the event that |X(th2)| <ayM forall 1 <j <n. Using (5.19),
we have

N
lim sup limsup —-log P« (Dfs,n) = —00.
M—4o00 Nostoo 0%

EJP 29 (2024), paper 91. https://www.imstat.org/ejp
Page 30/39


https://doi.org/10.1214/24-EJP1155
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

MDP for the current and the tagged particle

Hence, there exists M; > 0 such that

1 2 2
}&%H&iabg? <aN (Jo10(t1N?),.. ., Jo10(tnN?)) € B(pex,ep/10), Dy N

)
)

(8). (6.18)

N 1
_1 fil ]Pl/* _ J7 thj...’J7 tnNQ GB 7 10
i int 08P (o otV T 10(V%) € Blpanep0

inf (e,
ﬁEB(pcx sp/lO) 0'

Let Fiy be the event that | -1 5" (n, y2(2)—p)| < & and |2 201 (1, n2(2) —p)| < &5
forall 1 <k < Mjay and all1 < j <n. By Remark 3.2 and standard large deviation
results, we have
lim sup — logIP < (Fy) <0
N—+oo AN
and thus
lim sup —— N logIP (Fﬁ,) = —00. (6.19)
N—+oco @
Using (6.18) and (6.19), we have

P N 1 2 2
jl\lfril}gcli a log IPV; <aN (J—l,O(th )a ceey J—l,O(tnN )) € B(paa Ep/]-o)a DMl,Na FN>
1

>_  inf T, . 6.20
=~ pen L, 10 73 T (B) (6.20)

Conditioned on the event Dy, n () Fn, according to (6.15) and (6.16), if
1
o (Jo1,0(t1N?), ..., J_1,0(taN?)) € B(po,p/10),

then

1

7X(th2) — aj
an

Consequently, for sufficiently small € > 0 such that B(a,¢) C O, we have

<e/5<e, VI<j<n.

N 1
liminf —-log P, < (X(t1N?),..., X (t,N?)) € O)
N—+oco aN an

N 1 9 9
> }&Tf&ﬁ alogl? (aN (X(t1N?),..., X (t,N?)) € B(a,s))

... N 1
> liminf alogl?,,; (aN (Jo1,0(t1N?), ..., Jo10(taN?)) € B(pa,sp/lo),DMl,N,FN)
1

2 - inf I{f j 3 (ﬁ)

ﬁEB(pa ep/10) O’ J=1

Since ¢ is arbitrary and Z

(8,17 is continuous, let ¢ — 0, we have
Jfj=1

1 9 9 1

jl\lflz)l}gég a log ]Py* <an (X(th )7 [N ,X(tnN )) (S O) 2 _0_7‘2]1{?7};,,:1 (pa)
1

o2 T, (a)

Since a € O is arbitrary,

N 1 1
liminf —-log IP,- < (X(t1N?),..., X (t,N?)) € (9) > sup (21'{”” 1(oz))
a 0% M-

N—+o00 aN N acO
1
=—inf T a
acO o2 {tf}le( )
and the proof is completed. O
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At last, we prove the upper bound (6.3).

Proof of (6.3). According to Lemma 5.3, we only need to prove (6.3) for all compact set
K C R™. For any compact set K C R", there exists My > 0 such that X C B),,. For given
0 <& < 1and each N > 1, we denote by Vy the event that |- S o (e nz(@) —p) | <e

and |- St (me,n2(2) —p)| < eforalll <k < (My+1)ay and 1 < j < n. Then,

similar with (6.19), we have
lim sup —- logIP +(VN) = —o0
N—+4o0o @

and thus

1
hmsup ]ogIPy* ( (X(thQ),,X(tnNZ)) E’C)
N—+co A an

N 1
= limsup —- log P« ( (X(thQ), ... 7X(tnNz)) eK, VN) . (6.21)
N—+o0 aN P \an

Conditioned on Vy, if - (X (t1N?),..., X(t,N?)) € K, then, by (6.15) and (6.16),

1
a (Jflyo(t1N2), ey J,L()(tn]\]q)) S (pIC)e s

where pK = {pB: B € K} and for some subset A C R™ and some a > 0,
A, ={BeR": ||B— 9|l < aforsome~ € A}.

Since K is compact, (pK). is also compact for all € > 0. As a result, by (6.1), for any
0<e<l,

N 1
limsup —- logIP,,* ( (X(t1N?),..., X (t,N?)) € IQVN)
N—+oco @ ° an

N 1
< lim sup —- logIPu* < (J—l,O(thz)a SR J—l,O(tnNz)) € (,OIC)E)
N—+4oo aN an

< — inf ! I{t o (B)-

BE(pK)e UJ J=1

Since Z, ,, is uniformly continuous on Byr,+1 and (pK). is compact,
J15=1

1 1 1
gl—rg)ﬁel(r;lﬂfog JJI“ }i= 1(ﬁ) o ﬁlenpflc ;JI“ = (6) - olzrelgc o3 I{t = (a)
Therefore, by (6.21),
1 9 o 1
ljirrgi-lga) Z logIP (GN (X(t1N?),..., X (t,N?)) € lC) < —‘;Ielfc =) Z,, yn (oz)7

and the proof is completed. O

A Calculations

A.1 Proof of Lemma 3.3

We only prove the statement for Or 4,,, and the remaining is much simpler. If
O7.4yn (1) < oo, then there exists some constant A > 0 such that, for any G € C1->°([0, T x
R),

.G) - i a < 4
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Replacing G with aG for any a € R, we have that
al(p, G) — aQ@[G,G] <A, VacR.
Optimizing over a,
(1, G)? < 2x(p)AIG,G], VG € CE(10,T] x R).

Since C}>°([0,T] x R) is dense in H!, I(z, ) is a linear bounded functional on #'. Thus,
there exists some function H € H! such that

(1, G) = x(p)[H,G], VG eH.

In particular,

1
Orap) =xt) s - Lo} = iy
GeC ™ ([0,T]XR)

which concludes the proof.

A.2 Proof of (3.5)
In this subsection, we prove that, for any ¢t > 0,

t
| iras e .
0
where p;(-) is the heat kernel. By direct calculations,
u
Pi(u) = =—ps(u)-

Making the change of variables u?/2s — T,

t ’ t u 2/(2 ) oo 1
)ds = ————e /s = — e Tdr.
frow= - Jo v

‘/ Ps(u ds‘ <Cm1n{|\[ —u?/(21) 1}

ul

Thus,

for some finite constant C', which concludes the proof.

A.3 Proof of (3.8)

Recall in Lemma 3.3 we have shown that

_xlo) (" 2
O dyn (1) = 9 /0 /IR(@“H) (t,u)dudt.

Replacing 8, H with x(p) ~*[J + 10,u], we have

X(P) O, dyn (1 A / { J2(t,u) + (8uu)2(t,u)+;J(t,u)ﬁuu(t,u)}dudt.

Integrating by parts and using 9y + 9,J = 0,

// —J(t, u) Oy u(t, u)dudt = /{,u T, u) /~L0 }du
Thus,

O / /{ T2t u) + 8(ﬁuu)z(t,u)}dudt—l—i/}R{uz(T,u)—,u%(u)}du.

Finally, we obtain (3.8) by using (3.7) and the formula for Qj in Lemma 3.3.
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A.4 Proof of (4.23)
Recall that for 0 < s <,

FE7(s,€) =

« 2 2 2
~(t-s)E2/2 _ —s£2/2 —t€2/2
e —e +1—e ,
2V/1€2 [ ]

andfort<s<T,

FEE(5,6) = a [e*(sft)g/z —e 2 e*t52/2].

2V/€?
Using the integeral formula
1 — e’
——————dx =2+/ma, a>0, (A.1)
R CC

one easily proves (4.23). To prove (A.1), the left-hand side of the identity equals

// e_ymzdydx:/ ﬁdy:%/ﬂ'a,
R Jo 0o VY

as claimed.

A.5 Proof of (4.25)

We prove (4.25) by calculus of variations. For any uo, /0 € C2(R) and K,K €
CL2([0,T] x R), we denote by A ((/Jm K), (f10, X)) the positive-definite quadratic form

/ / 20, K (t,u)0, K (t, u)dudt
b [ & Gunt — 52K 0w) (duiot) - 9280, 0) dua
+/]R : (uo( ) — —a K (T, u)) <ﬂo(u) - %&J((T, u)> du+/méauK(T, )0 K (T, u)du,
Then, using (3.8), we have

x(p)Qr(ko, K) = A (1o, K), (po, K)) - (A.2)

For any given fip € C2(R) and K € €2 ([0, T] x R) such that K (0,-) = 0 and K (t;,0) =
0, we define

Gi(e) = A (70 K1) + elio, K, (it K™) + 270, K) )

for all € € R. By Lemma 4.5,

d
2:Gi(e) =0
and hence
A K£™), (a0, K)) = 0. (A.3)

For any given y € C2(R) and K € C}? ([0,7] x R) such that K(0,-) = 0 and K(¢;,0) = «;
foralll <j <n,let

K=K - ZBJ K andNO—NO_ZﬁjuT07
Jj=1

Jj=1
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where {f,},>1 satisfy (4.26), then
K(0,-) =0and K(t;,0) =0
for all 1 < 5 < n. Consequently, by (A.3),

A ZBJMT07ZBJ MoyK) =0. (A.4)
Foranye¢ € R, let

é(g):A Zﬂjﬂ%baZﬁj Kt ,LLo, Zﬂjﬂ%baZﬂj Kt Jr5(,1107f()
j=1

By (A.4), foralle € R,

G(e) = A ZBJMT07Z/3; ZWTWZB} K2 | | + €2Aljio, K)

> A ZBJNTmZﬁJ ZﬁjuTmZBJ t B

Therefore,

A((p10, K), (1o, K)) = G(1) > A ZBJMTO,ZBJ Kz Zﬁjum,zﬁj K7

and (4.25) follows from (A.2).

A.6 Proof of (4.28)
As in the proof of Proposition 4.3, g;. is the real part of

// 8]—"Kt (s, )0, F K (s, €)

+3 L[ P €) + TR (5,6)] [~ 6Pty (6) + EFKE (5,6)] }df ds
1 tr, = tr,l/en
+1 [P O ©
+ [Pl (&) + i€ FKY™ (1, €)] [Fulk(€) + € FKI (T, 5)}}d§. (A.5)

Also recall from (P1) and (P2) after the proof of Lemma 4.5 that

« 2
F t,a (s 1— —t&%/2 ,
(€)= (ig) g gl — e
t,o __ @ _—te?)2 —(t—s)€2/2 _ —st?)2
FK7, (s,{)—%ﬁ@[l e +e e ], 0<s<t,
FKL(s,6) = Y t?2 4 (D€ /2 _ €72 , t<s<T.
T ( f) 2\/££2[ ] P >~

Without loss of generality, assume ¢; < t;. Since for 0 < s <,

O FKL(s5,6) = —_[e~(1=)8"/2 | =s€%/2),

4Vt
. o o .
715]:116206(5) + 52‘/.'.K;’a(575) = 7[6 (t—s)€%/2 _ ,—s¢ /2]’
) i
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and fort <s<T,

O FK%(s,€) = X e (s=0E/2 | —352/27
7(5:6) = 1 7le el
. a «a (07 C(s—t)e2 g2

—iEFprp(€) + EF K" (5,6) = gople” TIN — e,

the first two lines in (A.5) equal A(0,t;) + A(¢;,tx) + A(tx, T), where
A(0,t) = #/

T 32/t
+[e” (tj—5)E2/2 _ s /2” —(tk—s)€%/2 _ 67852/2}}d€d8

tv
—s)€? =&\ 1¢ ds — VT /] 1 1 d
16./tt / / te }és 165t Jo { t_7'+tk_s+\/§} 5
2

el )

]. tr 2 2 2 2
At 1) = { —(tk—9)87/2 | ,—567/2)[_ = (s—1;)€%/2 | ,—s€?/2
(tj,tr) SN /tj /]R e +e [—e +e ]
+ e th=9)E/2 _ =58 /2)[o~(s—1))E/2 _ 6*552/2}} dé ds

1 b 2 (s liye Nz t; t;
_ =58 _ o= (=) | e ds = tr— St — 4t — L el
16/7,1, /t /R{e ¢ } §ds &r‘jtk{\ﬁ’“ Vi =\t = 5ty 2}’

and

A(ty, T) = / / (=02 | (=5 /2[_o~(s=t)E /2 4 o=5 /2
32Ft 7
[T o[t 2 o=/ L e s
1 /T/{ _(S_M)£2 _ &-2 _(s_ﬁ)£2 —(S—tfk)£2
= e 2 +e % —e 25 —e 2 }dfds
16\/% ti R
VT {\/ th +t; \/ \/ t; \/ te  [te
= T- - Tf— R - b
8Vt 2 ST V- + 2 2 V2

Thus, the first two lines in (A.5) equal

VT {\/tj+tk \/tk—tj t;  [te \/ ty +t; \/ t; \/ tr
9 Ty )Ly ey fr -2 Jp W7 }
NG 2 2 YT+ A 2 2 2

Similarly, since

tj . .
/ [e*(tjfs)g/? S22y ms6?/2)

«a . ,o e —(T— 2 —Te?
Fuiio(€) +i6F Ry (T.€) = ople” 082 — 7002,

the last two lines in (A.5) equal

1 2 —t;62/2 —te€2/2] | [,—(T—t,)€%/2 _ ,~T€>/2
1— e €21 — et &2 _ (=TS
e [ e e e eTEN)

x [~ (T—t0€/2 _ e—T&W]} de.
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Using the integeral formula

1— —ax?
/ eidx =2y/7ma, a >0,
R

x2

the last two lines in (A.5) equal

A N

Therefore,
G = S (Vi — i)
J 8./tT 17
as claimed.

A.7 Proof of (5.7)
By Feynman-Kac formula ([19, Lemma A.1.7.2]), we may bound the expression in (5.7)
by

nN—1

o s LIS ()~ e+ ) fawildn) — (= 2VEND, ).

AN fiv,—density nN?

Above, we call f is a v,— density if f > 0 and [ fdv, = 1, and for two local functions
Hg: Q—=R,

(1.9), = [ Fogn)v,an).
Since v, is invariant for the SSEP,
(= 2V, =7 [ (VR = V) vy,
IGZ

Making the change of variables n — n***! and using the Cauchy-Schwarz inequality, for
any A > 0, we bound the first term inside the above brace by

a2 X [ o) =t 1) (100 = 10
<pE Xy {af wa’”%—mmmdnng [ (= T i)

aNKA

< < g\[ \[> aNK

Taking A = nN?/(ay K), we finally bound the expression in (5.7) by kK?/(Nn). Since
k < TN, the proof is concluded.
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