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Abstract

We study the distributional properties of jumps of multi-type continuous state and
continuous time branching processes with immigration (multi-type CBI processes).
We derive an expression for the distribution function of the first jump time of a
multi-type CBI process with jump size in a given Borel set having finite total Lévy
measure, which is defined as the sum of the measures appearing in the branching
and immigration mechanisms of the multi-type CBI process in question. Using this we
derive an expression for the distribution function of the local supremum of the norm of
the jumps of a multi-type CBI process. Further, we show that if A is a nondegenerate
rectangle anchored at zero and with total Lévy measure zero, then the probability that
the local coordinate-wise supremum of jumps of the multi-type CBI process belongs to
A is zero. We also prove that a converse statement holds.
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1 Introduction

Multi-type continuous state and continuous time branching processes with immigra-
tion (multi-type CBI processes) are special Markov processes with values in [0, c0)? that
can be well-applied for describing the random evolution of a population consisting of
individuals having different (finitely many) types. In this paper we study the distribu-
tional properties of jumps of such processes. Given a multi-type CBI process (X )u>0,
a Borel set A of [0,00)?\ {0} and ¢ > 0, let us introduce 74 := inf{u > 0: AX, € A}
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and Ji(A) := card({u € (0,¢] : AX, € A}), with the convention inf((})) := oo, where
AX, :=X,—X,_,u>0,and card(H) denotes the cardinality of a set H. One can call
AX, € [0,00)% and its Euclidean norm, the size vector and the size of the jump of X at
time u > 0, respectively.

In case of a single-type CBI process (X, ),>o (i-e., d = 1), He and Li [14, Theorem 3.1]
studied the distribution of J;(A) and 74, namely, they showed that P(J;(4) < c0) =1,
t > 0, and derived an expression for P(74 > ¢t| Xy = z), t > 0, > 0, in terms of a
solution of a deterministic differential equation provided that the set A has a finite
total Lévy measure, which is defined as the sum of the measures appearing in the
branching and immigration mechanisms of (X,),>0. He and Li [14, Theorem 4.1] also
proved that the total Lévy measure in question is equivalent to the probability measure
P(supse(m] AX; € -| Xy = x) for any ¢t > 0 and x + v > 0, where v is the drift in the
immigration mechanism of (X;);>0. The above recalled results of He and Li [14] on the
distributional properties of jumps of single-type CBI processes are also contained in
Sections 10.3 and 10.4 in the new second edition of Li’s book [26].

In this paper, we generalize some results of He and Li [14] on the distributional
properties of jumps of single-type CBI processes. Before presenting our new results, we
recall and summarize some related research on the distributional properties of jumps of
CBI processes. Jiao et al. [19] considered a so-called a-CIR process, which is a natural
extension of the standard Cox-Ingersoll-Ross (CIR) process by adding a jump part driven
by an a-stable Lévy process with index « € (1, 2]. This is a new short interest rate model.
They derived expressions for the Laplace transform of the number of large jumps in a
finite time interval whose jump sizes are larger than a given value (see Jiao et al. [19,
Proposition 5.1]), and for the distribution function and expectation of the first large jump
time (see Jiao et al. [19, Corollary 5.2 and Proposition 5.4]). Ji and Li [18, Proposition 4.5]
considered the expectation E(f(X¢)1¢,>¢ ), t = 0, where k is a positive integer, (X¢)¢>0
is a single-type CBI process starting at 0, the random variable (j is the k-th jump time of
(X¢)i>0 with jump size in (1,00) and f : [0,00) — [0,00) is a convex and nondecreasing
function satisfying some further properties (including integrability ones). They derived
an upper estimation for E(f(X¢)1{¢, > ) in terms of E(f(Xs)1¢¢,_,>¢—s}), s € [0,], and
the distribution function of (;. Chen and Li [9, (1.7) and (1.8)] introduced the notion of a
continuous time mixed state branching process, which is a two-dimensional branching
Markov process (Yt(l), }Q(Z))t>0 taking values in [0,00) x {0,1,2,...} given as a pathwise
unique strong solution of a two-dimensional SDE. Among others, the authors derived
an expression for the distribution function of inf{s > 0 : AYS(D >7ry or AYS(Q) > ro}in
terms of the solution a two-dimensional system of deterministic differential equations,
where 71,73 > 0, see Chen and Li [9, Theorem 5.3]. Horst and Xu [16, Subsection 5.1]
used Theorem 3.1 in He and Li [14] and the arguments in its proof to describe the joint
distribution of the arrival time of the last jump whose magnitude belongs to a given set
and the number of jumps with magnitudes in the same set up to a given time point for
a two-dimensional continuous time stochastic process of which the second coordinate
process is a single-type continuous state and continuous time branching process (single-
type CB process). The two-dimensional continuous time stochastic process in question
plays an important role in financial mathematics, and its second coordinate process is
called a volatility process.

According to our knowledge, multi-type CB processes were first introduced in 1969
by Watanabe [29] as special measure-valued branching processes, for more details on
the history, see Li [26]. There are different characterizations of multi-type CBI processes,
for example, using their Laplace transform (see Duffie et al. [10]), or viewing the process
as the pathwise unique strong solution of an SDE (see Ma [28] and Barczy et al. [2]),
or as the unique solution to a time-change equation (see Caballero et al. [7]). Through
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these approaches, many authors have addressed several questions for multi-type CBI
processes, among others, their asymptotic behaviour [6, 25, 4, 5], extinction times
[24, 8], existence of densities [13], and behavior at the boundary [12].

Now we turn to summarize the content of our paper, it is structured as follows. At
the end of the Introduction, we collect all the notations that will be used throughout the
paper. In Section 2, we recall the definition of multi-type CBI processes, a result on their
representation as pathwise unique strong solutions of some SDEs (see (2.5)), and the
notion of irreducibility.

Section 3 is devoted to study the integral of a multi-type CBI process. We recall that
a (2d)-dimensional stochastic process having coordinate processes a d-type CBI process
and its integral process is a (2d)-type CBI process, see Proposition 3.1. Moreover, one
can give a formula for the Laplace transform of the integral of a multi-type CBI process,
see Proposition 3.2. We also study the limit behaviour of a function which appears in
the formula for the Laplace transform of the integral of a multi-type CBI process, this
function is a solution of a deterministic differential equation, see Proposition 3.4. This
result can be considered as a multi-type counterpart of Proposition 2.2 in He and Li [14].

In Section 4, we investigate the distributional properties of jump times of multi-type
CBI processes. Given a multi-type CBI process (X, ),>0, under some moment conditions,
for any Borel set A in [0,00)? \ {0} having finite total Lévy measure, we show that
E(J(A)) < oo, t > 0, and we derive an expression for P(r4 > t| Xo =), t >0, © € R%,
in terms of a solution of a deterministic differential equation, see Theorem 4.2. Our result
is a generalization of Proposition 3.1 and Theorem 3.1 in He and Li [14] to multi-type CBI
processes. We mention that part (iii) of our Theorem 4.2 has just appeared as Example
12.2 in the new second edition of Li’s book [26]. The two research works have been
carried out parallelly, so we decided to present our result as well. However, in this paper,
we do not include our proof, the interested readers can find it in our arXiv version [3]. For
a discussion on the comparison of the two proofs, see the second part of the paragraph
before Theorem 4.2. In Corollary 4.4, among others, we derive some sufficient conditions
under which P(74 = 00| Xg =) =1 or P(74 < 00| X¢ = ) = 1 holds, respectively. We
also present some conditions under which the probability P(r4 = oo| X = «) can be
expressed in terms of the inverse of the branching mechanism of (X,),>0, introduced
by Chaumont and Marolleau [8, Theorem 2.1].

In Section 5, first we deal with the local and global supremum of the sizes of
the jumps of multi-type CBI processes. We derive expressions for the probability
IP(supse(Oyt] [AX || < r|Xo =), r>0,t>0 =€ R and, if, in addition, the to-
tal Lévy measure of RY \ {0} is finite, for P(sup,c([|AX ]| = 0| Xo = @), ¢t > 0,
T € IRSlr, as well, see Proposition 5.1. This result is a generalization of Theorem 4.1
in He and Li [14] to multi-type CBI processes. In Proposition 5.4, we derive sufficient
conditions under which sup,¢ (o ) [[AX || is a constant with probability one given any
initial value = € [0, 00)¢. This result is a multi-type counterpart of Corollary 4.1 in He
and Li[14].

In order to formulate the main result of the paper, for all ¢ > 0 and x € [0, oo)d, let us
introduce the probability measure 7 ., on ([0, 00)<, B([0,00)?)) defined by

ﬂt,m(A) :IP( Sl(l(})t] AX,eA| Xy =$>, Ae B([O,oo)d),
s€(0,

where sup,¢ ) AX s denotes coordinate-wise supremum. Further, let
d
Raq:= {(H[O,wJ) \ {0} :wy,...,wg > 0}

i=1
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be the collection of nondegenerate rectangles in [0, o0)? anchored at 0, but not containing
0. Under some moment conditions, we show that if A € R, is such that its total Lévy
measure is zero, then m; (A) = 0 forall t > 0 and « € [0, 00). Conversely, if 7, z(A) = 0
for some t > 0, x € (0, oo)d and A € R,4, then the total Lévy measure of A is zero.
Furthermore, in case that the immigration mechanism of (X, ),>0 has a drift 8 with
strictly positive coordinates, then we can extend it to = € [0, 00)¢ as well, see Theorem 5.6.
This result can be considered as a multi-type counterpart of Theorem 4.2 in He and Li
[14], which is about single-type CBI processes. In Remark 5.8, we point out the fact
that in case of d > 2, part (i) of Theorem 5.6 does not hold for a general Borel set A in
[0,00)?\ {0}, which also shows that, in general, the total Lévy measure of (X,)icr, is
not equivalent to the probability measure 7, 5, where x € Ri and ¢ > 0. In Remark 5.9,
we highlight why the case x = 3 = 0 is excluded in part (ii) of Theorem 5.6. We also
mention that the proof of part (ii) of our Theorem 5.6 and that of Theorem 4.2 in He and
Li [14] use quite different arguments.

In the paper, we omit some proofs and details, for these details, see our arXiv version
[3].
Next, we summarize some of the difficulties that we encountered when passing from
single-type CBI processes to multi-type ones. First of all, we point out that, according
to our knowledge, only few results are available for the analysis of the distributional
properties of the jumps of multi-type CBI processes, see Chen and Li [9, Theorem 5.3],
Horst and Xu [16, Subsection 5.1] and Li [26, Example 12.2]. Compared to single-type
CBI processes, the notion of irreducibility plays an important role in the multi-type case,
in particular, we assume that the underlying multi-type CBI process is irreducible in part
(iii) of Proposition 3.4, in Corollary 3.5, in part (iii) of Corollary 4.4, in Lemma 5.3, and in
Proposition 5.4. Concerning our main Theorem 5.6, on the one hand, note that it is valid
for a general multi-type CBI process satisfying the moment condition (2.2) (in particular,
for reducible ones as well), on the other hand, we can handle only nondegenerate
rectangles in [0, o0)¢ anchored at 0 instead of a general Borel set of [0, 00) \ {0}.

Finally, we introduce the notations that will be used throughout the paper. Let
Z., N, R, Ry, Ry, and C denote the set of non-negative integers, positive integers,
real numbers, non-negative real numbers, positive real numbers and complex numbers,
respectively. For each d € IN, let U, := R4 \ {0}. For z,y € R, we will use the notations
x Ay :=min{z,y} and 2+ := max{0,2}. Forx = (21,...,24)" andy = (y1,...,%4) " € RY,
the inequality « < y means that z; <wy;, ¢ € {1,...,d}, the inequality « < y means that
z<yandx #y, and (x,y) := E?Zl x;y; denotes the Euclidean inner product. Given a
function f : R? — R? (where d,p € IN), we say that f is increasing, if f(z) < f(y) holds
for any x,y € R? with < y, and we say that f is strictly increasing if f(x) < f(y) holds
for any z,y € R¢ with < y. For a function g : Ry x RY — R¢, 9,g denotes the partial
derivative of g with respect to its first variable (provided that it exists). By ||| and || A||,
we denote the norm and the induced norm of € R? and A € R%*¢, respectively. The
null vector and the null matrix will be denoted by 0. The open ball around 0 with radius
e > 0in RY is denoted by K. := {y € R4 : ||y|| < ¢}. Moreover, I, € R%*? denotes the
identity matrix, and egd) S, efid) denotes the natural bases in R%. The Borel o-algebra
on a subset U of R? is denoted by B(U), and recall that B(U) = U N B(R%). By a Borel
measure on a Borel set S € B(RY), we mean a measure on (S, 5(S)). Every random
variable will be defined on an appropriate probability space ({2, F,P). Throughout this

paper, we make the conventions f: = [(a and J2" = Jiane) forany a,b € R with a < b.
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2 Preliminaries on multi-type CBI processes

Definition 2.1. A matrix A = (a; ;) je{1,...ay € R**¢ is called essentially non-negative

.....

if a;j € Ry whenever i,j € {1,...,d} with i # j. The set of essentially non-negative
d x d matrices will be denoted by Rfj)d.

Definition 2.2. A tuple (d,c,3,B,v,u) is called a set of admissible parameters if

(i) deN,
(ii) ¢ = (¢i)ieqa,...ay € RL,
(i) B = (Bi)ieq1,...ay € ]Ri,
(iv) B = (bij)ijeq1,...a € R?f)d,
(v) v is a Borel measure on Uy satisfying fud(l A7) v(dr) < oo,

(vi) p = (p1,...,pa), where, for each i € {1,...,d}, u; is a Borel measure on Uy
satisfying
[ 5 aas)|ume) <. CXY
Ua JE{LidN\ (i}
Note that v and pu;, ¢ € {1,...,d}, are o-finite measures, following from, e.g.,

Kallenberg [20, Lemma 1.4].

Theorem 2.3. Let (d,c,3,B,v,u) be a set of admissible parameters. Then there
exists a unique conservative transition semigroup (Pt)telR+ acting on the Banach space
(endowed with the supremum norm) of real-valued bounded Borel measurable functions
on the state space ]Ri such that its Laplace transform has a representation

/ e~V Py (x, dy) = e’mv(t’)‘))’-ﬁ;w(”(37)‘))d5, T e ]R‘i, A€ R‘i, te Ry,
RY
where, for any A € R%, the continuously differentiable function Ry >t — v(t,\) =

(v1(t,N),...,va(t,X))T € R% is the unique locally bounded solution to the system of
differential equations

81Ui(t,A) = —@i(v(t,)\)), te R+, vi(O,)\) = /\i, 1€ {1, . ,d},

with
wi(A) = ci)\? — (Begd)7)\> —|—/ (e_<)"z> —14+XN0A zl)) wi(dz)
Ug
for Ae R, i€ {l,...,d}, and

BN = (B, A) +/u (1—ec ™M) p(dr), AeRL.
d
Theorem 2.3 is a special case of Theorem 2.7 of Duffie et al. [10] with m =d, n =0
and zero killing rate. For the unique existence of a locally bounded solution to the
system of differential equations in Theorem 2.3, see Li [26, page 48] or Duffie et al. [10,
Proposition 6.4].

Definition 2.4. A conservative Markov process with state space ]R‘i and with transition
semigroup (Pi)icr, given in Theorem 2.3 is called a multi-type CBI process with
parameters (d,c,3, B,v,p). The function R% 2 X — p(X) = (p1(A), ..., 0a(A)T € R?
is called its branching mechanism, and the function ]Ri > A= Y(A) € Ry is called
its immigration mechanism. When there is no immigration, i.e., 3 = 0 and v = 0, the
process is simply called a multi-type CB process (a continuous state and continuous time
branching process).
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Given a set of admissible parameters (d,c,3, B,v,u), we get that v and p;, @ €
{1,...,d}, are Lévy measures on Uy, since, by parts (v) and (vi) of Definition 2.2, we have

7‘21/ T 'S 14 'S OO,
/udmn %) <d></ (LA 7] v(dr) <

Ug

and

| ansP ) < [ (el AP @) <oe, i (L d)
Ug Uqg
For this reason, we call v + Zle 1; the total Lévy measure corresponding to a multi-type
CBI process with parameters (d, ¢, 3, B, v, ).

By Barczy et al. [2, Remark 2.3 and (2.12)], for each 7 € {1,...,d}, the moment
condition (2.1) is equivalent to

/Z/{d|:||Z|/\||z||2+ > Zj}m(dZ)<oo,

Je{1,....d}\{i}

which coincides with the moment condition in Example 2.5 in Li [26, page 48] for
multi-type CB processes, where multi-type CB processes are considered as special
superprocesses.

By Li [26, Theorem A.7], (Xt)t€R+ has cadlag realizations, and any such realization
of the process has a cadlag modification (it)t@h, and hence P(X; = 3@) =1te Ry,
and all the sample paths of (/)Zt)teR , are right continuous at every ¢t € R, and possesses
left limit at every ¢t € R4 .

Now, we present a property of 1, which will be used in the proof of Corollary 4.4 as
well.

Lemma 2.5. If the immigration mechanism 1 given in Definition 2.4 is not identically
zero, then () >0 forall X € (0,00)4.

Proof. Let us suppose that v is not identically zero. Then 3 # 0 or v # 0. If 3 # 0,
then, using that 8 € ]Ri, there exists ip € {1,...,d} such that j;, > 0, and hence,
for all A € (0,00)¢, we have () = (B3,A) > \;,8, > 0. If 3 =0, then v # 0,
and, similarly as before, for all A € (0,00)%, we have (\,r) >0, r € Uy, and hence
1—e A" >0, » €Uy. This together with v(Uy) > 0 (following from the fact that v is
not identically zero) yield that ¢(A) = [, (1 —e~*")y(dr) >0 forall A€ (0,00)%. O

For a multi-type CBI process (X;)icr,, © € R%, an event A € o(X,,t € R;) and
an RP-valued random variable £ which is 0(X,t € R )-measurable (where p € IN), let
P.(A):=P(A| Xo=x) and E;(§) := E({| X, = ), respectively.

Let (X;)ier, be a multi-type CBI process with parameters (d,c,3, B,v,u) such
that the moment condition

/ ||T||1{‘|TH>1} V(d’l") < 0 (2.2)
Ug
holds. Then, by formula (3.4) in Barczy et al. [2] (see also formula (79) in Li [27]),
- t

Ep(X,) =e'Bax + /O e"BBdu, xeRY, teRy, (2.3)

where
B = (bij)ijeq,.ay  biji=bi +/ (zi —0:i5) " pi(dz),  B=pB+ / rv(dr),
Ud v Z/{al
(2.4)

EJP 29 (2024), paper 70. https://www.imstat.org/ejp

Page 6/39


https://doi.org/10.1214/24-EJP1125
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Distributional properties of jumps of multi-type CBI processes

with §;;:=1 if =7, and §;; :=0 if ¢ # j. Note that, forall = € R4, the function
Ry >t — Eg.(X:) is continuous, and B c ]R?:)d and B e ]Rilr. Indeed, part (v) of
Definition 2.2 together with the moment condition (2.2) and Barczy et al. [2, Remark 2.3
and formulas (2.11) and (2.12)] yield that

/ ||| v(dr) < oo, / (z — 6i7j)+,uj(dz) < oo, i,7€{l,...,d}.
Ud Z/{d

dxd
(+)

condition (2.2) does not hold, however, the vector E belongs to ]Ri if and only if the
moment condition (2.2) holds.

Given a set of admissible parameters (d, ¢, 3, B, v, u) such that the moment condi-
tion (2.2) holds, let us consider the stochastic differential equation (SDE)

Here we point out that the fact that the matrix B belongs to R even if the moment

t d t
X, :XO—I—/ (B+BX,) du—l—Z/ \/QCgmax{O,Xu,g}qu,g eﬁd)
0 = Jo

d t t
—|—Z/ / / 21 w<x, 3 Ne(du, dz,dw)—|—/ / r M (du,dr)
= 70 Jug Juy ’ 0 Jug

for t € R, where X, ,, £ € {1,...,d}, denotes the ¢*" coordinate of X, (Wy1)icr,, - -
(Wi.d)ter., are standard Wiener processes, Ny, ¢ € {1,...,d}, and M are Poisson
random measures on U; XUy xU; and on Uy x U, with intensity measures du py(dz) dw,
¢ e {1,...,d}, and duv(dr), respectively, and Ny(du,dz,dw) := Ny(du,dz,dw) —
dupe(dz)dw, £ € {1,...,d}. We suppose that (|| X,||) < co and that Xo, (Wi 1)ier,.
.., Wea)ier,, Ni, ..., Ng and M are mutually independent. The SDE (2.5) has
a pathwise unique ]le_-valued cadlag strong solution, and the solution is a multi-type
CBI process with parameters (d, ¢, 3, B,v, ), see Theorem 4.6 and Section 5 in Barczy
et al. [2], where (2.5) was proved only for d € {1,2}, but their method clearly works
for all d € N. Consequently, given a cadlag CBI process (X;);cr, With parameters
(d,c, 8, B,v, ) such that E(|| X o||) < co and the moment condition (2.2) hold, its law on
the space of R%valued cadlag functions defined on R coincides with the law of the
pathwise unique cadlag strong solution of the SDE (2.5). In the remaining part of the
paper, when we refer to a CBI process (X);cr, with parameters (d,c,3, B,v, u) such
that E(|| X||) < oo and the moment condition (2.2) hold, we consider it as a pathwise
unique cadlag strong solution of the SDE (2.5).
Finally, we recall the notion of irreducibility for a matrix and for a multi-type CBI
process. A matrix A € R?*? is called reducible if there exist a permutation matrix
P c R¥™? and an integer p with 1 <p <d—1 such that

PTAP — (Al Az)

(2.5)

0 As;

where A; € RP*?, A, € RP*¥d-p) A, ¢ RE@-P*(=p) and 0 € RE@P)*P js a null
matrix. A matrix A € R?¥¢ is called irreducible if it is not reducible, see, e.g., Horn and
Johnson [15, Definitions 6.2.21 and 6.2.22]. We do emphasize that no 1-by-1 matrix is
reducible.
Definition 2.6. Let (X;);cr, be a multi-type CBI process with parameters (d,c,(3, B,
v,p). Then (X,)cr, is called irreducible if B is irreducible.

We point out the fact that for the definition of irreducibility of a multi-type CBI process
in Definition 2.6, we do not need the moment condition (2.2) on v, so the notion of
irreducibility is a property only of the branching mechanism of a multi-type CBI process.
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Note that every single-type CBI process is irreducible, and hence irreducibility comes

into play for multi-type CBI processes with at least two types. Recall that Be R‘(ij)d is

irreducible if and only if !B ¢ R‘iﬁd for all ¢ € Ry (see Barczy and Pap [6, Lemma
A.1]). If (Xt)te]R+ is an irreducible multi-type CBI process and x € R‘i is such that at
least one of its coordinates is positive (i.e.,  # 0), then (2.3) yields that E,(X;) € R%,
for all ¢ € R4 . Roughly speaking, irreducibility of a multi-type CBI process implies that
each type continuously generates mass of all the types.

3 A multi-type CBI process and its integral process

The next result states that a (2d)-dimensional stochastic process having coordinate

processes a d-type CBI process and its integral process is a (2d)-type CBI process, where
d e N.
Proposition 3.1. Let (X)cr, be a multi-type CBI process with parameters (d,c, (3, B,
v, ) such that E(||Xo||) < co and the moment condition (2.2) hold. Let Y, be an R%-
valued random variable such that E(||Y¢||) < co and it is independent of (W;1)ier,. -- -,
(Wid)tery» Ni, ..., Ng and M appearing in the SDE (2.5). Let Y, :=Y + fot X, du,
t € Ry. Then (X, Y)cr, is a (2d)-type CBI process with branching mechanism
‘P* . ]R2+d N Rle

@ (AN = (91 (A) = Aty 0aN) = Ag,0,...,0), (A, A) € R2Y,
and with immigration mechanism * : ]Rid - Ry,
VAN = 9(A), (A A) e R,

where ¢ = (p1,...,04) : RL - R? and ¢ : RY — R, is the branching mechanism and
the immigration mechanism of (X;);cr,, respectively, and A= (Xl, e ,Xd).

The fact that (X, Y)cr, is a (2d)-dimensional CBI process follows from Filipovi¢
et al. [11, paragraph before Theorem 4.3] or Theorem 4.10 in Keller-Ressel [21], where
this property is stated for general regular affine processes. Filipovi¢ et al. [11] did not
give any proof, Keller-Ressel [21] gave a proof, where he calculated conditional moment
generating function of (X;,Y);cr, . In our arXiv version [3], we give a different proof
based on the SDE (2.5) for (X)icr, -

Next, we present a result on the Laplace transform of the integral of a multi-type CBI
process. It is a special case of Theorem 9.22 in Li [26] for immigration superprocesses or
of Corollary 4.11 in Keller-Ressel [21] for analytic affine processes. In our arXiv version
[3], the reader can see another proof based on Proposition 3.1.

Proposition 3.2. Let (X)cr, be a multi-type CBI process with parameters (d,c, 3, B,
v, ) such that the moment condition (2.2) holds. Then

E, <eXp {_ <X, Ot X, du>}> = exp {—<x,5(t,i)> - Otzb(%(s,X))ds}

for t € Ry, A€ RL and = € RL, where, forall X = (Ai,...,\s)| € R%, the
continuously differentiable function Ry 3¢+ (¢, A) =: (01(t,N),...,04(t, X)) T € RE is
the unique locally bounded solution to the system of differential equations

N (t,A) =N — i (B(t,N),  wi(0,A) =0, ie{l,...,d}. (3.1)

Now, we specialize Proposition 3.2 to multi-type CB processes (see Definition 2.4).
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Corollary 3.3. Let (Z;);cr. be a multi-type CB process with parameters (d, c,0, B,0, u).

Then
~ t ~ ~
E, (exp{— <)\,/ Z., du>}> = ¢ (&V(EA) (3.2)
0

for te Ry, AeRL and z € RL, where Ry 3t o(t,A) = (0.(t,A), ..., 0a(t, X)) T €
Ri is the unique locally bounded solution to the system of differential equations (3.1).
We recall a result on the existence of an inverse of the branching mechanism ¢

of a multi-type CBI process with parameters (d,c,3, B,v,u) due to Chaumont and
Marolleau [8, Theorem 2.1]. Let

Dy={XeR%:p;(N)>0, j=1,....d}

If D, is not empty, then there exists a mapping ¢ = (¢1,...,¢4) : RL — R% such
that ¢(A) € D, forall X € (0,00)%, and the restriction ¢| oc)a : (0,00)% = D, of
the mapping ¢ onto (0,00)? is a diffeomorphism (a differentiable bijection with a
differentiable inverse) such that its inverse is ¢|p, : D, — (0,00)? satisfying

P(6N) =,  Ac(0,00)?, and  G(p(A)=A,  AeD,  (33)

For simplicity, we will call ¢ the inverse of the branching mechanism ¢. Here, we
note that one can indeed apply Theorem 2.1 in Chaumont and Marolleau [8], since
pi, 1=1,....d (given in Theorem 2.3), can be written in the form of (5) in Chaumont
and Marolleau [8], and the moment condition (2.1) implies the moment condition after
formula (5) on page 3 in Chaumont and Marolleau [8] (for details, see our arXiv version
[3D).

The next proposition can be considered as a multi-type counterpart of Proposition
2.2'in He and Li[14].

Proposition 3.4. Let (d,c, 3, B,v, u) be a set of admissible parameters. For all X eR?,
let us consider the continuously differentiable function

Ry 5t 3(t,A) = (0 (t,N), ..., 0a(t, N) T € RY, (3.4)
which is the unique locally bounded solution to the system of differential equations (3.1).

(i) For all B S ]Ri, the function (3.4) is increasing, and, consequently, the limit

B(00, A) = (T1(00, A), ..., Da(00,A)) T := Jlim B(t, ) € [0,00]  exists.

(i) Let (Z;)icr, be a multi-type CB process with parameters (d,c,0,B,0,u). If
A€ (0,00)% and i€ {1,...,d} are such that v;(co,\) = oo, then

IP&d)(HjE{l,...,d}l/ Zuﬂ»du:oo):IPe@)(/ Zudu¢1R1>=1.
¢ 0 ¢ 0

(iii) If in addition, B € R{}\" (given in (2.4)) is irreducible, then, for all X € R% with
A #0, we get v(oo, ) € (0,00]%.

(iv) If, in addition, Dy # 0, then forall X € (0,00)¢ satistying ©(c0, ) € (0,00)%, we
have that ©(co, A) = ¢(X), where the diffeomorphism | oc)a : (0,00)% = Dy, is
the inverse of ¢|p, : Dy, — (0,00) (see (3.3)).

EJP 29 (2024), paper 70. https://www.imstat.org/ejp
Page 9/39


https://doi.org/10.1214/24-EJP1125
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Distributional properties of jumps of multi-type CBI processes

Proof. (i): First, note that the function v only depends on the parameters ¢, B and
u, since the functions ¢1,...,pqs appearing in the system of differential equations (3.1)
depend only on these parameters. Hence, in order to prove part (i), it is enough to
consider a multi-type CB process (Z;);cr, with parameters (d,c,0,B,0,u). For all
z € ]R‘i and \ € ]R‘i, the left hand side of (3.2) as a function of ¢ is decreasing and hence
the same holds for the right hand side of (3.2). Consequently, for all z € Ri and \ € IR‘i,
the mapping R4 > ¢ — (z,v(t, X)) is increasing. By choosing z = egd), i=1,...,d, we
have that for all A € Ri, the mappings R 3 ¢ — v;(t, X~) 1=1,...,d, are increasing.
This implies that the function (3.4) is increasing for all A € Ri. Consequently, for all

X € R¢, we have that 010;(t, X) >0,teRy, i=1,...,d, and the limit

B(00, A) = tlggo B(t,A) € [0,00]¢  exists.

(ii): Let X € (0,00)? and i € {1,...,d} be such that ;(co,A) = co. Then we

have e (e B(tX) — —5i(tX) 5 0 as t — co. Hence, using (3.2) and the dominated

convergence theorem, we have that

t
0= lim E (g (exp{—<)\,/ Z, du>}>
t—oo € 0
= Ee§d> (exp {— <)\,/0 Z. du>} l{fooo Z, ducRd ) ,

Pegd) (eXp { <>\a/0 Zu du>} l{fooo Zu d’ME]Ri} - 0> = 1

This implies (ii).

(iii): Similarly as it was explained at the beginning of the proof of part (i), it is
enough to consider a multi-type CB process (Z;);cr, with parameters (d,c,0,B,0,pu).
Since B is irreducible, by Definition 2.6, we have (Z;)ier , is irreducible. Let
A=(1,..., ) € R¢ be such that X # 0. We need to check that

yielding that

5;(c0,A) >0 foreach je {1,...,d}. (3.5)
On the contrary, let us assume that there exists i € {1,...,d} such that v;(oo, A) =0.

Then, since the function Ry >t~ 7;(¢,A) is non-negative and increasing (see part (i)),
we get T;(t,\) =0, t € R,. Using (3.2) with the choice z:=e'?, it implies that

)

t
Ee(d) (exp{— <)\,/ Z, du>}> =1, te Ry.
‘ 0

Consequently, we have that

t
P_w (/ (N, Z,)du= O) =1, teRy. (3.6)
¢ 0
Next, we check that (3.6) yields that
Y 70 o) — :
P ()\JZt —0)=1, teRy, jell,....d. 3.7)

It will easily follow from the following auxiliary lemma.
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Auxiliary lemma: If t > 0 and f : [0,¢{] — R is a cadlag function such that f(u) =0
Lebesgue a.e. u € [0,¢], then f(u) =0 forall u € [0,1).

Proof of Auxiliary lemma: By the assumption, there exists a Lebesgue measurable set
S C [0,t] having Lebesgue measure 0 such that f(¢t) = 0 for u € [0,¢] \ S. Let ug € [0,1)
be arbitrary. Since S has Lebesgue measure 0, there is no right neighbourhood of uq
contained in S. Hence for all ¢ > 0, we have [ug, ug +¢) € S, yielding that for each n € IN,
there exists u,, € [0,¢] \ S such that u, € [ug,up + 2). Then u, — uy as n — oo, and
f(u,) =0, n € N. Since f is right continuous, we get f(u,) — f(ug) as n — oo, yielding
that f(ug) = 0, as desired.

We start to check (3.7). Using that <)\, Z,) €Ry,ue Ry, ifweQandt € Ry
are such that fo X, Z,(w))du = 0, then (X, Z,(w)) = 0 Lebesgue a.e. u € [0,t]. Since
(Z4(w))uer, is cadlag, we have that (A u(w)))u€R+ is cadlag as well, and hence, by
the Auxiliary lemma above, we get that (A, Z,(w)) = 0 for all u € [0,¢). Using that
<)\ Z,(w))=0 h01d51fandon1y1f )\ Z( )( )=0, j€{l,...,d}, wegetthatifwe Q
and ¢ € R, are such that fo X, Z,(w))du = 0, then XjZﬁj)(w) = 0 for all u € [0,¢),
j €{1,...,d}. Taking into account (3.6), it implies (3.7).

In particular, (3.7) with j := i and ¢:= 0 yields that P ) Az =0) =1, and

hence Xi = 0. Further, (3.7) also yields that
P (Zf” = 0) =1, teR,,

foreach j € {1,...,d}\{i} with X > (. In particular, it implies that E (d>(Z(j)) =0 for
each je{1,.. d}\{} with X; > 0. By (2.3), we have that (e!”)Te? e _ | o0 (Z zZ9),

and hence (ef") =0 foreach j € {1,...,d}\{i} with )\ > 0. Since B is irreducible,
we have eB ¢ R‘iﬁd (see, e.g., Barczy and Pap [6, Lemma A.1]), which yields that there
does not exist j € {1,...,d} \ {i} with )\ > 0. Taking into account that \; = 0, it
implies that A=0, leadlng us to a contradiction. That is, we get (3.5), as desired.

(iv): Let us suppose that D, # (), and let X € (0,00)% be such that ¥(co,A) €
(0,00)¢. Let i € {1,...,d} be ﬁxed. Recall that ¢; is continuous. Hence the limit
My o0 @5 (D(E, X)) = 901( (00, A)) exists. Further, using (3.1) and that 8;3;(t,A) > 0
t € R4 (following from part (i)), we get

ei@tN) =X — Tt A) < Niy  tE Ry,
which yields that ¢; (v (o0, )\)) (—o0, XZ] Applying again (3.1), we have

Jlim Nt N) = A — Jlim @i (D(t, X)) = A — @i (v(c0, X)) € [0, 00). (3.8)
Using that Ry > ¢ — (¢, A) is increasing, 3;(co, A) € (0, o) and that lim; o, O1;(t, A) €

[0,0), an elementary calculus shows that lim;_, . 017;(t, A) = 0. Indeed, for all t € R,
by the mean value theorem, there exists & € [t,¢+ 1] such that

Ti(t+1,X) — Ti(t, X) = D10 (&, N).
By taking the limit of both sides as ¢t — oo, we get
(00, A) — T (00, A) = lim 01,1, ),
implying that lim;, 019; ,A) = 0, as desired. Hence, by (3.8), for all X € (0, 00)?

(t
satisfying (oo, A) € (0,00)%, we have
hy

(,01‘(5(00, >‘)) =

& i=1,...,d, thatis, @(¥(c0,)) = A.
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Using (3.3), we have ©(¢(X)) = A, and hence ¥(co,A) = ¢(A) forall A € (0,00)¢
satisfying (oo, A) € (0,00)4, as desired. O

The following Corollary 3.5 can be considered as a multi-type counterpart of Corollary
2.1 in He and Li [14], which is also contained as Corollary 5.21 in Li [26].

Corollary 3.5. Let (Z;);cr, be an irreducible multi-type CB process with parameters
(d,c,0,B,0,u) such that D, # (). Then

E. (exp { <A/O Z, du>} 1)z, duG]Ri}) = e~ (=T(0X) = o= (=b(X)

forall z € R%, and X € (0,00)? satisfying v;(c0, A) < oo, i € {1,...,d}.

Proof. It follows from dominated convergence theorem, Corollary 3.3 and Proposition 3.4.
O

We observe that Corollary 3.5 can also be derived by the theory of spectrally positive
additive Lévy fields. According to Proposition 2.1 in Chaumont and Marolleau [8],
if Zy = z € ]R‘i, then fooo Z,du = T, holds [P-almost surely, where T, is the
(multivariate) first hitting time of the level —z by the spectrally positive additive Lévy
field corresponding to the branching mechanism of (Z;);cr,, see Proposition 1 in
Chaumont and Marolleau [8]. Then using Theorem 2.1 in Chaumont and Marolleau [8]
and the convention e~ := 0, we get Corollary 3.5.

4 Distributional properties of jump times

Recall that B(U;) denotes the set of Borel subsets of U;. Forall t € Ry and
A€ BUy), let

T4 =inf{ueRyy : AX, € A}, Ji(A) = card({u € (0,] : AX,, € A}),

with the convention inf(@) := co, where AX, =X, — X,_, u € R44, and card(H)
denotes the cardinality of a set H.

In the forthcoming results, given a set A € B(Uy), the condition v(A) +ZZ:1 e(A) <
oo will come into play. In the next remark, we give a sufficient condition under which it
holds.

Remark 4.1. First, recall the notation K. = {y € R% : |ly|| <e}. If A€ B(Uy) is such
that there exists ¢ € (0,1) with A C R% \ K. (or equivalently, A € B(Uy) is such that
0 is not contained in the closure of A), then v(A4)+ Z‘Z:l 1e(A) < co. Indeed, by part
(vi) of Definition 2.2, for each ¢ € {1,...,d},

1
pe(A) < pe(RY\ K2) < =

| I#I? ) + [ 2l =) < o
2 Jizetty : e<=ll<1)

{zelUy: ||z||>1}

and one can argue similarly in case of v. |

The next result is a generalization of Proposition 3.1 and Theorem 3.1 in He and Li
[14]. We mention that Theorem 3.1 in He and Li [14] is also contained as Theorem 10.13
in Li [26]. For completeness, we note that He and Li [14] do not assume the moment
condition (2.2) for deriving their results, however we will assume this condition in order
to derive our forthcoming results in Theorem 4.2. The moment condition (2.2) is needed
for our approach in order to be able to use Theorem 4.6 in Barczy et al. [2] about the SDE
representations of multi-type CBI processes, and in order to ensure the finiteness of the
expectation of the norm of a multi-type CBI process at a given time point. Further, as we
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already mentioned in the Introduction, the vector B belongs lR:lL if and only if the moment
condition (2.2) holds. Under the condition (2.2), we can prove not only that J;(A) is finite
almost surely for all ¢ € R4, but also that J;(A) has a finite expectation, see part (i) of
Theorem 4.2. We also mention that part (iii) of our Theorem 4.2 has just appeared as
Example 12.2 in the new second edition of Li’s book [26]. The two research works have
been carried out parallelly, so we decided to present our result as well. However, in this
paper, we do not include our proof, the interested readers can find it in our arXiv version
[3], here we only make a comparison of the two proofs. Concerning the proof of Example
12.2 in Li [26], Li derived his Example 12.2 as a special case of Theorem 12.22 in Li [26],
which is a measure-valued generalization of Theorem 3.1 in He and Li [14]. The proof of
Theorem 12.22 in Li [26] is based on the fact that a cadlag immigration superprocess
can be represented as a pathwise unique cadlag strong solution of a stochastic integral
equation (see Theorem 12.14 in Li [26]). In our proof, we directly use the SDE (2.5) for a
multi-type CBI process, which may be more easily accessible than that of immigration
SUperprocess.

Given a set of admissible parameters (d,c, 3, B,v, u) and a Borel set A € B(U,) such
that v(A) + Y20_, ju(A) < oo, let us introduce B e Rff)d, pWa\A) - and pUa\A) by

(BW), ;= bi,j+5i,j/A((zi—1)+—zi)m(dz), i,je{l,...,d},

VU vy,

[.L(ud\A) = (ugud\A), ‘e ,,ug'{d\A)) with ,ugud\A) = Mdud\A’ {e {17 e ,d}

(4.1)

Then one can easily see that (d,c,3, B™W, pU\A) [ (a\D)) is a set of admissible
parameters. Indeed, for each i € {1,...,d}, we have [, |(z — 1)" — z|pu(dz) =
S zil<ay pi(dz) + [, Tiss1y 1i(dz) < 2p:(A) < oo. Further, given a multi-type CBI
process (X);cr, with parameters (d,c,3, B,v,u) and a Borel set A € B(l;) such that
v(A) + Z?Zl we(A) < oo, let (XEA)>telR+ be a multi-type CBI process with parameters
(d,c, B, B pMa\A) [ a\D) guch that X = X,. Intuitively, the process (XEA))t€R+
is obtained by removing from (X);cr, all the masses produced by the jumps with size
vectors in the set A. This argument is made precise in mathematical terms in the proof
of our next Theorem 4.2. Note that if the moment condition (2.2) holds for (Xt)t€R+,
then it also holds for (XEA))t€R+, since

/u 7| L g1y @\ (dr) :/ A 7| Lgry=13 v(dr) < oo. (4.2)
d

d

For the branching and immigration mechanisms, and an SDE for (X §A))teR . see Theo-
rem 4.2 and (4.13), respectively.

Theorem 4.2. Let (X);cr, be a multi-type CBI process with parameters (d,c,3, B,
v,pu) such that E(||Xo|) < co and the moment condition (2.2) hold. Then for all
A € B(Uy) such that v(A) + Y0, ui(A) < oo, we have

(i) E(J:(A)) < oo, t € Ry, which, in particular, implies that P(J;(A) < o0) = 1,
teRyy;
(ii) forallt € R,

d

t
P(ra > t]| Xo) = e VAR (exp {—ZMg(A)/ qu‘;) du} ‘X()) , (4.3)
0

{=1
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where (XgA))tGRJ’ is a multi-type CBI process with parameters
(d7 ¢, /67 B(A), V(ud\A)’ u(ud\A))

such that XéA) = X,, where BW, yUa\Y)  and pMa\4)  are given in (4.1), and
Xt(f?) denotes the (*" coordinate of XEA) forany t € Ry and ¢€{l,...,d};
(iii) forall t € Ry and = = (z1,...,24)" € RY,

Py(ta > t) zexp{ t—Zwvz (t, pu( ))_‘/0 w(A)(ﬁ(A)(s’p,(A))) dS},

(4.4)
where
! e fanction
RE 5 X = () = (B, ) + /u \A(1 —e XM y(dr) € Ry (4.5)

is the immigration mechanism of (Xﬁ“))tem,
e the continuously differentiable function

Ry >t 5t u(A4)) = @V (1 p(A), .. 00 (4 u(4)T €RL (4.6)
is the unique locally bounded solution to the system of differential equations

ATV (t, mw(A) = pa(A) — o@Dt u(A)),  ie{l,....d},

“4.7)
o0, m(A) =0,  iefl,....d},

where the function R% 3 A @W(A) := (oM (N),..., 0l (A)T € R? with
AN =N+ [ (=) fdz) .8
A

for \ € ]Ri, ¢e{l,...,d}, isthe branching mechanism of (X§A))te]R+.

Concerning the notations in Theorem 4.2, we note that (A) in the superscript of a
formula (e.g. in that of gog ) means only that the corresponding expression depends
on A (however, it may depend on U, \ A as well). Nonetheless, the restrictions of the
measures v and g onto U;\ A are denoted by v“\4) and p®a\4Y, respectively, in
order to avoid some possible confusion.

Proof of Theorem 4.2. First, note that, by (2.3), we have

| EX )l = | B | Xo)l < B(IE(X | Xo)l) < [[oF | E(IXol) + 1B / B | au
for t € R,. Consequently,
/ IE(X.,)| du < E(|Xo|) / B du+ \|ﬁ||/ / B dvdu<oo,  teRy,
(4.9)
since the function R4 3 u +— He“ﬁ || is continuous.
EJP 29 (2024), paper 70. https://www.imstat.org/ejp
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Let A € B(Uy) be fixed such that v(A4) + Zzlzl 1e(A) < co. The proof is divided into
Steps 1-7.

Step 1. Roughly speaking, the jumps of (X;);cr, are associated with the jumps
of the mutually independent Poisson point processes corresponding to the mutually
independent Poisson random measures Ny, ¢ € {1,...,d}, and M. In what follows, we
make it precise. We can rewrite the SDE (2.5) in the form

t d t
Xt:Xo+/(ﬁ+BXu)du—Z// / 214(2) Liwex, ,y duue(dz) duw
0 0 Ug J U,
d t
+Z/ /260 max{0, X,, ¢} AW, g el + // Py a(r) M(du, dr)
0 Uqg

+Z/ / / Z:Illxld\A )]-{w<Xu z}_Nr/(d”u, dz dw) (4.10)
Ug J U,

+Z// / 214(2)Ljwex,_ 3 Ne(du,dz,dw)
= Jo Juy Juy

t
+// rla(r) M(du,dr), teRy,
0 Jua

since, by page 62 in Ikeda and Watanabe [17], part (v) in Definition 2.2 and (2.2), we

have
B (/ [ e M dr) ) = / | irlaustan) <o [ ot <

and, by page 62 in Ikeda and Watanabe [17], part (vi) in Definition 2.2 and (4.9), for all
te{l,...,d}, weget

B [ t [ [ i@t o dup(d2) o
-/ t / 1L (2) B(Xu) du p(d)

/ | E(X.,)]| du / 121 La(2) re(d2)

/ IE(X )| du (w(AH/Md |z||11{|z|>1w(dz)) < 0.

(4.11)

Step 2. As a consequence of the SDE (4.10) for (X;).cr, , the jumps of (X)cr, are
related to the last four terms of the right hand side of (4.10). We check that

d + t
A):Z// / 1A(z)1{w<XH}Ne(du,dz,dw)+// 14(r) M(du,dr) (4.12)
=170 Jus Juh 0 JUqy

almost surely for all t € R4 . To prove (4.12), it is enough to verify that the last four
terms on the right hand side of (4.10) cannot have jumps simultaneously almost surely,
and that the jumps with size vectors in A correspond to the last two terms on the right
hand side of (4.10). These follow from the steps (a)-(e) in the proof of Theorem 4.2 in
our arXiv version [3].

Step 3. By taking the expectation of both sides of (4.12) and using page 62 in Ikeda

EJP 29 (2024), paper 70. https://www.imstat.org/ejp
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and Watanabe [17] and (4.9), we have

d ot
:Z/ / 1a(z) E(Xy,e)dudpe(z / / Ta(r)duv(dr) <oo, te€R ;.
= Jo Juy Uy

Indeed, by (4.9), foreach ¢ € {1,...,d} and ¢t € R, we have

/Ot/MdILA(z)]E( e uita) < ) [ VB <o
/ot /u 1a(2) dup(dr) = tr(4) < o0

Consequently, for all ¢t € Ry, we have E(J;(A)) < co and hence P(J;(A) < 00) =1,
i.e., we get part (i). It also yields that P(AX,, € A|714 < o0) = 1.

Step 4. Motivated by the SDE (4.10), we will consider another SDE (see (4.13)) in a
way that we remove all the parts from the SDE (4.10) which correspond to the jumps
with size vectors in the set A. We will check that this new SDE (4.13) admits a pathwise
unique strong solution, which is a multi-type CBI process. Let E(A) € IR‘iXd be the
(4)

and

matrix with %" column given by Ju, #La(z) pe(dz), £ € {1,...,d}. The entries of D

are indeed in R,, since fud I1ZIILa(2) pe(dz) < 00, £ € {1,...,d}, following from (4.11).
First, note that

Z// / 214(2)L{wex, ) dupe(dz) dw—/D X,du, teR,.
Ug JU,

Let us consider the SDE

¢
~  ~(A
x = x® +/O B+(B-D")XM)du
d t
+Z/0 \/QC[InaX{O,X(A)}qu (d)
+Z// / 2Ty a( ){1D<X(A)’}Ng(du dz,dw)

—I—// rlya(r) M(du,dr), teRy,
0 Jua

(4.13)

with X(A) = Xy. Forall te R, and ¢ € {1,...,d}, by the definition of stochastic

integrals with respect to (compensated) Poisson random measures, we have

t
/ / / Z]lud\A(Z)]l{w<X(A) }Ng(du,dz,dw)
0 Uy J U, STu—,L
t
= z1 (4 N(ud\A)(du,dz,dw)
/0 /Z/{d\A /Ml {ngui’e} ¢

t t
/ / rlypa(r) M(du,dr) = / / r MU (dy, dr),
0 Ug 0 Z/ld\A

EJP 29 (2024), paper 70. https://www.imstat.org/ejp
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where Nl(ud\A), .. .,Néud\A) denote the restrictions of Ny,..., Ny to Uy x Uy \ A) x Uz
and M#a\4) denotes the restriction of M to U; x (Uy\ A), and Néud\A) (du,dz,dw) :=
NUNA (Qu, dz, dw) — du Ty a(2)pe(dz) dw, €€ {1,...,d}. Here NHU\D . NHAA
and M#a\4) are mutually independent Poisson random measures on U; x (Uy \ A) x U;
and on U; x (Ug \ A) with intensity measures du Iy a(2)pe(dz)dw, ¢ € {1,...,d},
and du 1y, a(r)v(dr), respectively (see, e.g., Kyprianou [23, Corollary 2.5]). Hence the
SDE (4.13) takes the form

(4)

t
xW=x +/O (B+(B-D "HXM)du

d t
+ Z / \/204 max{0, Xi‘jz)} AWy 0 egd)
=170
d t A
S
+ Z/O /M \AA Zl{ngfi)l} Né a\ )(du,dz,dw)
/=1 d 1 ’

t
+// r MUY (dy, dr)
0 JuA

(4) (4)

(4.14)

~ ~ ~ ~ (A ~
for te Ry.Here B " :=B-D ¢ IR‘(ij)d, since, with the notation B( ) (bgg))ﬁjzl,

for each 4,5 € {1,...,d} with ¢ # j, we have
T4 7 ~(4)
bl(',j) =bij— (D ")ij =0 +/u zi(1 = 1a(z)) pj(dz) € Ry,
d

where we used (2.4) and that b; ; € R, foreach 4,5 € {1,...,d} with ¢# j (due to

dxd . (A) ~(A) . .
B e IR( ) ). Note that the matrices B and B satisfy the relations

HA — () +/M (zi — 00 ) T Y (dz),  ijefl,....d}, (4.15)
d

which are required (see (2.4) for the corresponding relations for B and E), for more

details, see our arXiv version [3]. Let us introduce the diagonal matrix DW = (dgjj));l,jzl

given by

2,

d(A) = (51‘7]‘ ((2’1 — 1)+ - 21) ,UJz(dz)a 27] € {17 ce 7d}
A

Then, by (4.1), we have b\ = b, ; +d\?, i,j € {1,...,d}.

Recall that (d,c¢,8, B, yU\A) |, UN\A)) js a set of admissible parameters, the
expectation ]E(HXE,A) |) is finite, and the measure »“\4) satisfies the moment condi-
tion (2.2) (see (4.2)). Consequently, by Barczy et al. [2, Theorem 4.6 and Section 5], the
SDE (4.14) admits a pathwise unique cadlag strong solution (X §A))teR ., whichis a
multi-type CBI process with parameters (d, ¢, 3, B yUa\4) ,U:\A))  One can calcu-
late that the branching mechanism and the immigration mechanism take the form (4.8)
and (4.5), respectively.

Step 5. We check that, for all ¢ € R, we have

T = ' 1 A t

= (A)
At { / / / (A) N du,(lz,dw / / 1M du,d'r' 0}
{ } ; 1: o Jalu {ngu—,K} 4 ( )+ ; A ( )

(4.16)
up to a P-null set, where Nl(A), e NCSA) are the restrictions of Ny,..., Ng to U; x AxU,
and M@ is the restriction of M to U; x A. Here Nl(A)7 .. ,NSA) and M are
EJP 29 (2024), paper 70. https://www.imstat.org/ejp
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mutually independent Poisson random measures on U; x A x U; and on U; x A with
intensity measures dul4(z)pe(dz)dw, €€ {1,...,d}, and dula(r)v(dr), respectively
(see, e.g., Kyprianou [23, Corollary 2.5]). Note that {74 > 0} C {Js(4) =0, s € (0,74)},
and hence, using (4.12), we get the following inclusion up to a IP-null set:

d s
{14 > 0} Q{Z/ / / 1a(2)1{wex,_ 3 Ne(du,dz,dw) =0, s € [O,TA)}
=170 Jus Ju

N ) 14(r) M(du,dr) =0, s €[0,74) ¢-
0 Juy

In view of (4.10) and (4.13), this implies that P(X, = X, s € [0,74)) = 1, which
yields that P(X,_ = XY s € (0,74]) = 1. Hence, using again (4.12), forall ¢ € R, .,

Ss—

we obtain the following inclusion up to a P-null set:

{TA>t}={TA>t}m{Jt(A):O}

d t
={ra>t}N {Z/ / / ]lA(Z)]l{ngu_ o} Ny(du,dz, dw)
=170 Jua Jun ’

t
—|—/ / HA(T)M(du,dr):O}
0 Uq
d t t
Z{TA>t}ﬁ{Z/ // Jl{ngufe}Ne(A)(du,dz,dw)+/ /1M<A>(du,dr):o}
—Jo JaJu, ’ 0 JA
d t t
Q{Z/ // Lyex }Nﬁ)(du,dz,de/ /1M<A>(du,dr)_o}.
=170 JAJu, w—it 0 JA

In what follows, we show that the reversed inclusion up to a IP-null set holds as well.
Similarly as above, using part (i) (which was already proved, see Step 3), (4.12) and
P(X,_ = xW se (0,74]) =1, forallt € R, we have the following inclusions up to

55—

a P-null set:

{ra <t} C{7a <t} N {J,(4) > 0}

d TA
={ra <t}n {Z/ / / JlA(z)Il{ngu_j} Ny(du,dz, dw)
=Jo JuiJu

+/OTA /u 1 () M(du, dr) >o}

d s
= {TA < t} N {Z/ / / ]l{wSXuf o} NZ(A) (du,dz, dw)
=170 AJu, '

TA
+/ /lM(A)(du,dr)>O}
0 A

d A
= {ra <t}N {Z/O /A/u Liextn ) Ni(du, dz, dw)
=1 1 '

TA
+/ /1M<A>(du,dr)>o}
0 A

d t ‘
A
Q{Z/O /A/u ﬂ{ngm}z\fé )(du,dz,dw)—i—/o /AlM(A)(du,dr)>0}.
/=1 1
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Hence, by taking complement, we have

{g/otAL fwex 4 N N (du, dz, dw) + //1M (dudr)_O}C{TA>t}

Consequently, we obtain (4.16).
Step 6. Using (4.16) and X = X(()A), we have forallt € R, 4,

P(ra>t| Xo) =P(ra > t| XY)

t
P(Z/ // {w@‘“}NéA)(d“vdz’dw”/ /1M(A)<du,dr>0\Xé"”).
NTu— L 0 A

Since the process (XEA))t€R+ is a pathwise unique strong solution of the SDE (4.14)
(see Step 4), it is progressively measurable with respect to the filtration generated by

{X(()A)a (Wt,l)telR+7 SRR (Wt,d)teerJra NI(Ud\A)7 SERE) N(gud\A)’ M(ud\A)}’

and all the o-algebras belonging to this filtration are independent of Nl(A), N C(IA) and
M) This yields that the process (XEA))t@R+ is independent of N\V,... N* and
@ . ,Nch) and M@, and
that Xy = X (()A), by the tower rule for conditional expectat1on, forall t € Ry, we
obtain

M) Consequently, using also the independence of N;

]P(TA>t|X0

Al )
VA S, ey 3 anan a0 =0} | X600 167
—E<P<//1M<A><du,dr>-o>
XH]P(/ [ texny ¥ dz.w) =0 | (6000 ) | 67
o([ [ rwernn-o
" E(}j“’( L] ey s an = 0| (Xc0) [ %5°)

d t

= VAR <exp {— Z we(A) / XI(:? du} ’ XSA)>
=1 0
d t

= VAR (exp{—Zug(A)/ Xq(;;) du} ’X()) ,
=1 0

yielding (4.3) in case of t € Ry, i.e., part (ii) in case of t € R, . Indeed, the last but
one equality can be checked as follows. For all t € Ry, we have [ [, 1M (du,dr)

has a Poisson distribution with parameter fg J41duv(dr) =tv(A), and forall t € Ry
and /€ {1,...,d}, the conditional distribution of

/ / / {wsx ™, NV A (du, dz, dw)

EJP 29 (2024), paper 70. https://www.imstat.org/ejp
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given (X §LA>)UE[O¢] is a Poisson distribution with parameter

t t
/ / / L yex 3 dupie(dz) dw = pug(A) / x4 du.
0 JAJu, Shumt 0

Consequently, we have

<//1MA)dudr)—0> eVt e Ry,

and for each ¢ € {1,.

(] e om0
:eXp{—/.Lg(A)/ Xi’;) du}, teR;.
0

In case of t = 0, (4.3) follows from the facts that (4.3) holds for all ¢ € R4 and both
sides of (4.3) as functions of ¢ are right continuous at 0. Indeed, the latter statement
in case of the right hand side of (4.3) follows from the dominated convergence theorem
for conditional expectations, and, in case of the left hand side of (4.3), from

{tiﬁ)lIP(TA >t ‘ Xo) = ltiﬁ]lE(l{TA>t} |X0) = (13&]11{7A>t} ‘Xo)
= E(1{7A>0} ‘Xo) = IP(TA >0 ‘ Xo)

Step 7. Formula (4.4) directly follows by (4.3) and Proposition 3.2 taking into account
that the branching and immigration mechanisms of (X EA))te]R . have been calculated in
Step 4, i.e., we get part (iii) as well. O

Next, we formulate a corollary of Theorem 4.2 for multi-type CB processes.
Corollary 4.3. Let (Z;),cr. be a multi-type CB process with parameters (d, c,0, B,0, u).
Then forall t € Ry and A € B(Uy) with Z?Zl we(A) < oo, we have

P.(ta > t) —exp{ Zzgve ))}, z=(21,-..,24) €RY, (4.17)

where pu(A) = (1 (A),. .., pa(A)) and the function Ry > t — o (¢, u(A)) € RL is given
in (4.6).

Proof. This readily follows from part (iii) of Theorem 4.2, since, by the assumption,
) =0, which yields that v(A) = 0 and (1) = 0. O

The following corollary can be considered as a multi-type counterpart of Corollaries
3.1 and 3.2 in He and Li [14].
Corollary 4.4. Let (X;);cr, be a multi-type CBI process with parameters (d,c,3, B, v, i)
such that the moment condition (2.2) holds.

(i) If A,B € B(U;) are such that A C B and Zid:l ui(B) < oo, then

o (1, u(A) <P (t,u(B), teRy,

where the functions Ry >t +— N(A)( t,u(A)) and Ry 5t — N(B)( t,pu(B)) are the
unique locally bounded solutions of the system of differential equations (4.7) with
the choices A and B, respectively.

EJP 29 (2024), paper 70. https://www.imstat.org/ejp
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(ii) If A € B(Uy) is such that v(A) + Y, ui(A) =0, then
Py(ta=o00)=1 and Pu(J;(A)=0)=1 zeR}, teRiy.
(iii) If one of the following two conditions hold:

(a) A€ B(Uy) is such that v(A) € (0,00], N
(b) A € B(Uy) is such that v(A) =0 and Y% pi(A) € (0,00), (X)ier, is
irreducible and 1 is not identically zero,

then
Pr(ra < 00) =1, zeRY.

(iv) If Dy #0, =0 and A € B(Ug) is such that 0 < p;(A) < oo, i€ {1,...,d},
then
A
Po(ra = 00) = e—<w,¢( >(;1,(A))>7 = R‘j_,

provided that 5(A)(oo7u(A)) € (0,00)%, where ¢V is the inverse of the branching
mechanism ¢4 = (¢§A), cee <p£l )) (for more details on the existence of qS(A), see

the discussion after Corollary 3.3).

Proof. (i): First, note that the function ) depends on the parameters ¢, B and u,
since the functions cpiA), ey gpé ) appearing in the system of differential equations (4.7)
depend on ¢, B and u, butnoton B and v. Hence, in order to prove part (i), it is
enough to consider a multi-type CB process (Z;);cr, with parameters (d,c,0,B,0, ).

Since A C B, we have Zle wi(A) < oo and 74 > 7p, yielding that
P.(t >t) <P.(ta>1t), teRy, z€RL

Using (4.17), it implies that

d
exp{—ZZgﬁéB)(t,u( )} GXP{ ZZ’ZW ))}
=1

fort € Ry and 2 = (21,...,24)' € R%. By choosing z := e, i =1,...,d we

have 5§B)(t w(B)) = ( )(t u(A)), teRy,i=1,...,d, implying that ﬁ(B)(t,p(B)) >
6(‘4)(15, p(A)), t € Ry, as desired.

(ii): Let A € B(Uy) be such that v(4) + Y% ui(4) = 0. Since p(4) = 0 and
@EA) (0) =0, £ € {1,...,d}, by the uniqueness of a locally bounded solution of the
system of differential equations (4.7), we get v(A)( u(A)) = 5(‘4)(26,0) =0,1t¢c R,
Consequently, using again v(A) =0, u(A) =0 and w(A)( ) =0, (4.4) yields that

Pu(ra>t)=1 xRy, teRy.

Therefore, using that {74 > t} C {J;(A4) = 0}, t € Ry, we have P,(J;(4) = 0) = 1,
x € R?, t € Ry . Further, we have

Py(ra =00) = lim Po(ra > 1) =1, x€R].

(iii): First, we check that we may and do assume that 0 < v(4) + Y%, :(4) < oo.
In case of (b), it holds trivially by our assumption. In case of (a), if v(A4) € (0,00] and
v(A) + 25:1 pi(A) = oo, then, by Remark 4.1, we have v(A\ K.) + Z?zl wi(A\ K,) < o0
foralle € (0,1). Using that A\ K. T A as ¢ | 0, the continuity from below of the measure v
implies that v(A\ K.) T v(A4) as € | 0. Consequently, since v(A) > 0, we get the existence
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ofan e € (0,1) such that 0 < v(A4\ K) +Z?:1 pi(A\ Kc) < co. We also have 74\ g, > Ta,
s0 if Py(ta\k. < o0) =1, @ € RY, then Py(r4 < o0) =1, x € R, holds as well.
Therefore, it is enough to consider A € B(U,) such that 0 < v(A) + Zle wi(A) < oo.

In what follows, let A € B(U;) be such that 0 < v(4) + Zf ! wi(A) < oo.

In case of (a), we have {v(A) — oo as ¢t — oo, and, since Z _1 1ti(A) < oo, we also
get p(A) € RE. Then using that o (¢, u(A4)) € R% and v (A) e Ry, A€ R4, asa
consequence of the continuity of probability and (4.4), we can conclude that

Py(4 = 00) = lim Py(14 > t) < lim e VWt =0, z € R,
t—o00 t—o00
yielding that P, (74 = 00) =0, € R%, as desired.

In case of (b), we have v(A) =0, yielding that ¥4 =4, and, by our assumption,

we have that Zfl L 1i(A) € (0,00). It implies that p(A4) € RY with p(A) # 0. By

part (i) of Proposition 3.4, we have that the function R4 >t — 'v(A)( n(A)) € RT is
increasing, and hence

7 (00, p(A)) = Jlim oW (t, u(A)) € [0,00]  exists.

~(A
By the assumption, (XEA))ztelR+ is irreducible (i.e., B( ), given in (4.15), is irre-
ducible), and hence, by part (iii) of Proposition 3.4, we have that v(A)( ,u(A)) € (0,007
Since ¥(4) =4 and ¢ is not identically zero, by Lemma 2.5, we get that

t
lim [ ¢® (5(A)(s, p(A))) ds = oc. (4.18)

t—o0 0

Indeed, using that the limit of the increasing function Ry >t +— o™ (t,u(A)) € RY as
t— 0o is v(A)( ,i(A)) € (0,00]%, we get that there exists ¢y € R, such that

T (1, u(A) > 8 (to, w(4)) > 0 forall ¢ >t
Using that (4 = is monotone increasing, it implies that
YD @Dt p(A)) = oW @ (to, w(A))),  t > to.

Further, since o (t, u(A)) € (0,00)%, and ) = ¢ is not identically zero, by
Lemma 2.5, we have that ¢(4) (3 (ty, pu(A))) = (@Y (to, (A))) > 0, which yields (4.18).

In view of (4.4) and (4.18), using the continuity of probability and that O )( t,u(A)) €
R4, t € Ry, we have that

Pp(ra =00) = tlijgolpm(m >1t) < 1imSUpeXP{ / ) (v A)(SaH(A))) ds} =0

t—o0
for z € R4, yielding that P, (74 = c0) =0, = € R, as desired.
(iv): First, note that u(A) € (0,00)¢. By the continuity of probability, (4.17) and parts
(i) and (iv) of Proposition 3.4, we have that for every & = (x1,...,2¢) € Ri,
IP:Z:(TA = OO) = thm IPm(TA > t) = e—<:c,5(A)(oo,p,(A))> = e_<m7¢(A)(“(A))>a
—00

provided that & (oo, u(A)) € (0,00)%, as desired. O
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5 Local and global supremum for jumps

Recall that for all r > 0, K, = {y € R% : |y|| < r} denotes the open ball in R%
around 0 with radius r. Forall r > 0, let K, be the closure of K, and let K¢ :=U;\ K,
and fi = Uy \Fr. The next result is a generalization of Theorem 4.1 in He and Li [14]
to multi-type CBI processes.

Proposition 5.1. Let (X),cr, be a multi-type CBI process with parameters (d,c, 3, B
v, ) such that the moment condition (2.2) holds.

(i) Thenforall r >0, t >0 and @ = (z1,...,24)| € R%, we have P(J;(K,) < 00) =1,
and

Py sup AX,]|<7)
s€(0,t]

d K —c b e K —c
= exp {—V(Ki)t = it w(KY)) — / P& (G (s, p(K))) ds} ;
(=1 0
where the continuously differentiable function
K
Ry 5t 850 (1, w(ED)) = G0 (4, n(ED), .35 (1K) T € RY

is the unique locally bounded solution to (4.7) with the choice A := ?ﬁ.
(ii) If in addition, v(Uy) + Zle pi(Uq) < oo, then for allt > 0 and © = (z1,...,24)" €
R4, we have P(J;(Us) < o) =1 and

Pm(sz?& JAX, | =0)

= exp {y (Ua)t — Zz o) (4, () — /0 <ﬁ,5(ud)(s,u(ud))> ds} .

Proof. (i). Let » >0, t >0 and x € ]Ri be fixed arbitrarily. Note that the closure

of ?C coincides w1th K¢ =Uqy \ K,, and since 0 is not contained in K¢, by Remark 4.1,

we have that v(K,) + Zt L 1i(K,) < co. Then, by part (i) of Theorem 4.2, we have
P(J,(K,) < oo) = 1. Next, we check that

IPm( sup ||[AX | < r) = IPm(ch > t). (5.1)
s€(0,t] "
If sup,e (o |AX,|| < r holds, then [|[AX,| <r, s € (0,#], yielding that AX, ¢ K,,

s € (0,t], and hence, due to the definition of TR, We have that TRe > t. Here TRe = ={ can
hold only with probability zero, since, if 7 ='t, then, using that ||AX,|| <7, we have
that there exists a strictly decreasing sequence (tn)new such thatt, | tasn — oo and
|AX,, || >r n €N, and, in particular, we have .J,(K,) = co, which has probability
zero. This implies that the left hand side of (5.1) is less than or equal to its right hand
side. Conversely, if 7z- > ¢, then AX, ¢ K, s € (0,1, and hence |[AX,|| <r, s € (0,t],
yielding that sup,¢ (g IAX | <r. This 1mp11es that the right hand side of (5.1) is less
than or equal to its left hand side. Thus we get (5.1). Consequently, (5.1) and part (iii) of
Theorem 4.2 yield part (i).

(ii). The same proof works as in case of (i). Namely, similarly as (5.1) with the
convention K, o ‘= Uq, one can derive that

IPm( sup ||AXS||:O> —Pu(my, >1), t>0, zecR™.
s€(0,t]

Consequently, part (iii) of Theorem 4.2 together with the fact that ) (X) = (3, \),
A € R4, yield part (ii). O
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Remark 5.2. If (X);cr, is a multi-type CBI process with parameters (d,c, 3, B,v,0)
(i.e., p = 0) such that the moment condition (2.2) holds, then part (i) of Proposition 5.1
yields that

IPm( sup [|AX || > 7") =1 - e EDt =1 —P(M((0,] x K5) = 0) (5.2)
s€(0,t]

forall 7 > 0, t > 0 and « € R?. Indeed, u(K,) = 0 yields that %(K:')(s,u(fi)) =
5(Kf')(s,0) = 0, s € Ry (due to the uniqueness of a locally bounded solution of the
system of differential equations (4.7)) and, by w(Kﬁ)(o) = 0, we have the first equality
in (5.2). The second equality in (5.2) follows from the fact that M is a Poisson random
measure on U; x U, with intensity measure du v(dr) (appearing in the SDE (2.5)). Recall
that, given a real-valued Lévy process ({)icr, such that its Lévy measure II satisfies
II((—o0,0]) = 0, then

IPI( sup |A&]| > r) =1 — e RO t>0, x>0,
s€(0,t]

see, e.g., Kyprianou [23, Exercise 2.7]. This formula is in accordance with (5.2) with
d = 1. Indeed, in case of d = 1 and p = 0, by the SDE (2.5), we have that

IPm( sup |AXt|>7"):IP( sup AY}>T>, t>0, r>0,
s€(0,t] s€(0,t]

where (Y})icr, is the Lévy process given by

¢
Ytzz//rM(du,dr), te Ry,
0o Juy

which has a Lévy measure v.
In particular, if (X;);er, is a multi-type CBI process with parameters (d, c, 3, B,0,0)
(i.e., v =0 and p = 0), then (5.2) yields that

IPE< sup [|AX ]| > r) =0, r>0, t>0, zecR?.
s€(0,t]
Consequently, we obtain that Py (sup,c( 4 [|AX || =0) =1forallt>0and z € R}. O

Given a measure k on (Ug, B(Uy)), let

g = {sup {7’ >0:k(K,)> 0} if K#0, (5.3)

0 if k=0.

One may call kg,, the supremum of the support of x (the smallest closed set whose
complement has measure 0 under ). Note thatif x # 0, then kg € (0, oo] (for more
details, see our arXiv version [3]). Remark also that rgu, < 1sup for measures x and 7 on
(Ua, B(Uy)) satisfying « < 7 (following from {r > 0: x(K,) > 0} C {r > 0: n(K.) > 0}).
Next, we will give a counterpart of Corollary 4.1 in He and Li [14] for multi-type CBI
processes. For this, we need an auxiliary lemma in which we give a set of sufficient
conditions under which the multi-type CBI process (X ,EK?' ))te]R . (for its definition, see
the paragraph before Theorem 4.2 by choosing A := fi) is irreducible for sufficiently

large r > 0. Note that in case of d = 1, the single-type CBI process (Xt(f"))temr =

(Xt((r’"o)))tE]RJr is irreducible for all » > 0, since all the single-type CBI processes are
irreducible. Therefore, in the next lemma, we only consider the case d > 2, d € IN.
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Lemma 5.3. Let (X,);cr, be an irreducible multi-type CBI process with parameters
(d,e,B,B,v, ) such that d > 2, E(||Xy]||) < co and the moment condition (2.2) hold.
Assume that p # 0, ie., p,#0 forsome k € {1,...,d}. Then there exists a finite
constant ry € (O,maxkzl,wd (uk)sup} such that the multi-type CBI process (XEKT))t@M
is irreducible for all r > ry.

Proof. Step 1. First, note that maxg—1.. 4 (t%)sup > 0, which follows from p # 0 and the
discussion after (5.3). Further, for all r > 0, the multi-type CBI process (X §K7-))teR L s

well-defined, since v(K.) + Y¢_, ux(K.) < oo for all r > 0, see the discussion at the
beginning of the proof of Proposition 5.1. We need to prove that there exists a finite
~ (K¢
ro € (0, maxg—1,...4 (1k)sup| Such that B € Rdfd is irreducible for all r > r,, where,
due to (2.4), (at this point, we hiddenly use that E(||X||) < oo and that the moment

condition (2.2) hold), we have

(K¢ K. UMK
b = bl +/ 2l (dz) = by +/ zilg, (2) pi(dz), (5.4)
Z/ld ud
for i #j with 4,5 € {1,...,d}. Since (X;);ecr, is irreducible, we have B¢ R‘(ij)d is
irreducible, where, due to (2.4),

gi,j :bi,j"'/ (ZZ'—(SZ'J')—F/J,j((Ilz)7 i,je {1,,d}
Ug

Step 2. Recall that for each j € {1,...d}, we have (y;)sup = 0 if p; = 0, and
(1j)sup € (0,00] if pu; # 0. Further, if (1 )sup € (0, 00), then we check that (F?Mj)sup) =0.
—>C

Indeed, by the definition of supremum, we have p; (K (14, )sup 4+e) =0 foralle > 0. Using

that K,y . 4e 4 K (4.0, as€ | 0, we get Ffuj)sup 4t ?fw)sup as ¢ | 0, and the continuity
from below of the measure p; yields that

0=y (Ropasc) 15 (Kippns) a8 210

—C

Consequently, we get p;(K(, ) ) =0, as desired.
Step 3. If y1; # 0 is such that (11;)sup = oo for some j € {1,...,d}, then, since K, 1 Uy
as r 1 (u;)sup = 0o, by the continuity from below of the measure ;;, we get

pi{z € Ky 2 #0}) T pj({z €Ua: 2 #0})  as 1 (4)sup- (5.5)

If 1; # 0 is such that (;)sup € (0,00) for some j € {1,...,d}, then, since K, 1 K
71 (1j)sup, Dy the continuity from below of the measure u,, we get

pi{z € Ky 2 203) T pj({z € K)o, c 2 #0})  as r 1 (1)sup- (5.6)

Step 4. We check that there exists a finite constant 7o € (0, maxj—1,....a (ftk)sup] Such
that if b;; >0 forsome i#j, i,j € {1,...,d}, then EZ(-?P) >0 holds for all r > 7. In
what follows, for each i # j, 4,j € {1,...,d} with ’l;” > 0, we define an appropriate
constant r; ;, we let g be the maximum of these constants r; ;, and then we check that

it satisfies the property in question.
In the remaining part of this step, let i #j, i,5 € {1,...,d} with

Hj )sup as

biy = bi; +/ zi pij(dz) > 0,
Ug
where the equality is due to (2.4). Then b;; >0 or [, 2 u;(dz) > 0.
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If bi_’j > 0, then let T = %(1 AMaxXg=1,...d (,Uk)sup)-

Ifbi; =0, [, 2 k;(dz) > 0and (u;)sup = oo, then p; # 0 and p;({z € Ua : z; # 0}) >0,
since otherwise [, z; pj(dz) = [, #zil{zeu,:z,»0y pj(dz) =0 were true, and hence (5.5)
implies the existence of an r; ; € (0,00) such that wu;({z € K, : z; # 0}) > 0 for all
r 2 Tij-

If bi,j =0, fud 2 uj(dz) > 0 and (lffj)sup S (0, OO), then i 7é 0 and

1i({z € K ()., + 2 # 0}) = ({2 €Ua 2 2 #0}) > 0,

where the equality follows from Step 2 and the inequality from fud zi j(dz) > 0 (detailed
before). Since

1i({z € K., - 2 # 0}) = ni({z € Ky, t 2 # 0})
+pi({z € Ua : ||z = (1))sups 2 # 0}),

we have u;j({z € K., : 2 #0}) > 0or puj({z € Ug : [|2]| = (15)sup, 20 # 0}) > 0
hold. In case of p;({z € K)oy  %i # 0}) > 0, using (5.6), we have the existence of
an r;; € (0,(u;)sup) such that u;({z € K, : 2; # 0}) > 0 forall r > r;;. In case
of pi({z € Ky, 1 2 #0}) =0 and p;({z € Ua : [|2]| = (,uﬂsup, zi # 0}) > 0, let
7i.j := (i;)sup. Therefore, in this case we also have that p;({z € K, : z; # 0}) > 0 for all
r>r;;, since {z €Uy |z| = (4j)sup} € K, forallr >r; ;.

Let us define

ro = max {r;; i #j, 4,5 € {1,...,d}, b; >0}

Note that ry is well-defined, since there exist i # j, i,j € {1,...,d} for which EJ > 0.

Indeed, otherwise B would be a diagonal matrix, and hence B would be reducible,

leading us to a contradiction, since (X;):cr . isirreducible due to our assumption.
Next, we check that the finite constant ry defined above satisfies the following two

.....

then 35 > 0 holds for all r > rg.

Since (f;)sup < maxg=1. 4 (k)sup, J € {1,...,d}, by the choices of r;;, i # j,
i,j € {1,...,n}, we readily have that ro € (0, maxp—1, .4 (i )sup)-

Recall that if EM > 0 for some i # j, i,j € {1,...,d}, then, by (2.4), we have
bi’j >0 or fud Zi [ (dz) > 0.

K
3]

If b;; >0, then, by (5.4), we get EEIJ{T) > (0 forall » > 0 (in particular, for all » > rg).
Ifb;; =0and [, zp;(dz) > 0, then, as we already checked, u;({z € K, : z; # 0}) >
0 forall r >ry>r;; > 0. This implies that fud zilg (2) pj(dz) > 0forall v > ry (since,
otherwise, fud zilg (2) pj(dz) = va z;i ;(dz) = 0 were true), which, as a consequence

of (5.4), yields that FI;E?) >0 forall r > rg.
~ (K¢
Step 5. We check that B( ) is irreducible for all r > rg, where ry is defined in
(K¢
Step 4. On the contrary, let us assume that there exists an r > rg such that B( r) is
reducible. Then there exist a permutation matrix P € R?*¢ and an integer p with

1 <p<d—1 suchthat
T"’(?i) o A1 A2
P B P—<O A,)

where A; € RP*?, A, € RP*d=p) A; ¢ RE—P)*(d=p) and 0 € RE@P)*P js a null

~(K°
matrix. Let ¢ # m, {,m € {1,...,d} be arbitrary such that (PTB( T)P)&m = 0.
Then, since P is a permutation matrix, there exist i # j, 4,5 € {1,...,d} such that
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~ (K¢ ~TFC ~FC .
(PTB( 7)P)£7m = bg?r), and hence bgfj(r) = 0. Using Step 4 and that b; ; > 0 (which

holds due to B € ]R?:)d), we have Zi, 7 =0 (indeed, otherwise, EE?) would be positive).
Using again that P is a permutation matrix, we get (PTEP) tm = ZL ; = 0. In particular,

we have (P BP);,, =0for{ e {p+1,...,d} and m € {1,...,p}. It implies that B is
reducible, leading us to a contradiction. O

Proposition 5.4. Let (X)cr, be an irreducible multi-type CBI process with param-
eters (d,c,3,B,v,u) such that the moment condition (2.2) holds. Let us suppose
that

(i) ¢ is not identically zero (i.e., 8 # 0 or v #0),
(ii) for each i # j,i,j € {1,...,d} with 5,] >0, bi; =0and (1;)sup € (0,00), we have
that p1;({z € K(,),,, : 2 # 0}) > 0.

Then for all = € RY, we have that

d
P sup ||AX] = (1/ + ui) =1.
* (sG(O,oc) H 12:; sup

Before proving Proposition 5.4, in the next remark, we shed some light on the role of
the assumption (ii) of Proposition 5.4.

Remark 5.5. In the proof of Proposition 5.4 in case of d > 2 and p # 0, we will use
Lemma 5.3 in order to verify the existence of a finite constant ry € (O, mMaXp=1,..d (,uk)sup]

such that the multi-type CBI process (X §KT))teR . isirreducible for all r > r. In the

case of R := (v + Zle 1), € (0,00), there is a subcase in the proof, where we will

sup
need that (X EKR’E))tG]R . isirreducible for sufficiently small € > 0 in order to be able to
apply part (iii) of Corollary 4.4. For this, we need that ry < R, which follows under the
assumption (ii) of Proposition 5.4 (see the forthcoming proof of Proposition 5.4). Finally,
we note that in case of d = 1, the statement of Proposition 5.4 gives back Corollary 4.1 in
He and Li [14], since in case of d = 1, all the (single-type) CBI processes are irreducible
and the assumption (ii) of Proposition 5.4 holds automatically. O

Proof of Proposition 5.4. Recall the notation R = (v+ Z‘f:l [i)sup- Let ¢ € RY be fixed
arbitrarily. First, note that

{ sup ||AXS||<y}§{ sup ||AXSH<y}, y>0, tg >t >0,

SE(O,tQ] SE(O,tl]
{ sw laxgi<yf=N{ s [ax) <y} y>o,
s€(0,00) t>0  S€(0,]

and, by the continuity of probability, for all y > 0, we get

IPm( sup )||AXSH < y) = tl_i)rgo]Pw( sup ||AX | < y) (5.7)

s€(0,00 s€(0,t]

Case I. Assume that v + Zle w; =0. Then R =0, and, by part (ii) of Corollary 4.4,
we have that P,(ry, = o0) = 1. Since

{ru, = oo} C{AX, =0, Vue R} C{ s |AX,| =0},

s€(0,00)

this yields the statement in case of v + Zle pi = 0.
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Case II. Assume that v + Z?Zl i # 0. Then, as we discussed before Lemma 5.3, we
have R € (0, 0].

Case II/(a). Assume, in addition, that R = co. Then (v + Zf 1;;2)(?;[) € (0,00) for
each M € IN. Indeed, for each M € IN, Remark 4.1 implies that (v + El L 1) (K ) < 00,
and, by the definition of supremum, there exists r); > M such that (v + Zl 1 i) (K iM) >
0 and KTM C K. Consequently, if 1 = 0, then v(K ;) > 0 for each M € IN, and hence,
by part (iii) of Corollary 4.4, we have IPm(T??u <oo)=1 M e N. If u+# 0, then we
can also apply part (iii) of Corollary 4.4, since in case of d = 1, every (single-type) CBI
process is irreducible; and in case of d > 2, using that (X)cr, is irreducible (due to
our assumption), by Lemma 5.3, there exists a finite constant r¢ € (07 maxg—1,...d (,uk)sup]

such that the multi-type the CBI process (X E?M ))teR . lisirreducible for each M > 7o,
M € NN, and, in view of part (iii) of Corollary 4.4, we get that

Py(rge, <o0)=1  foreach M >ro, M €N,
All in all, in Case II/(a), we have that
Po (e, <o0) =1

for each M € N in case of d =1 or u = 0, and for each M > rq, M € IN in case of d > 2
and p # 0.

In what follows, first, we handle the case d > 2 and u # 0. Then, using that
{7, <00} C{supye(o,00) IAXs]| > M}, M €N, we have

IPm( sup  [|AX || > M) =1 (5.8)
s€(0,00)

for each M > ro, M € IN. Since

{ sw jax,=ocb= () { sw jax,>n},
s€(0,00) M=|ro|+1 s€(0,00)

the continuity of probability yields that

]Pm( sup  [|AX || = oo) ~ 1.
s€(0,00)

The other two cases d = 1 or 4 = 0 can be handled in the same way (in these two
cases (5.8) holds for each M € IN). This yields the statement in Case II/(a).

Case II/(b). Assume, in addition, that R € (0,00). Using that v < v + ZZ 1 i and
py < u—i—zl i, ko€ {1,...,d}, we have vgp < R < oo and (ug)syp < R < 00,
k € {1,...,d}. Further, by the definition of supremum, we have (v+ Zle 1) (Kpy) =0
for all € > 0. Hence, using part (i) of Proposition 5.1, for all ¢ > 0 and ¢ > 0, we get

IP:,:( sup [|AX | < R—l—e) =e' =1,
s€(0,t]

where we used that the solution (%(?E“)(t, 0))icr, of the system (4.7) of differential

equations with p(Kj, +e) = 0 is the identically 0 function and 1/)(?5%&)(0) = 0. Hence,
by (5.7), for all € > 0, we have

]Pw( sup  JAX,| < R+E): . (5.9)
s€(0,00)
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Moreover, using again the definition of supremum and Remark 4.1, one can see that

d
(u +3 ,Ui) (K5 .)€ (0,0), c€(0,R). (5.10)

Indeed, by the definition of supremum, for all € € (0, R), there exists R. € (R —
e,R) such that (v+ 30, u)(Ky) > 0, and, since K C Kp_., it yields that
(v+ 2, 1) (K5_.) > 0. Further, the discussion at the beginning of the proof of
Proposition 5.1 implies that (v + Y, 11;)(Kp_.) < 0.

If 4 =0, then, as a consequence of (5.10), V(f;_s) € (0,00), € € (0, R), and hence,
using part (iii) of Corollary 4.4, for all ¢ € (0, R), we have

Py (rg: < oo)=1. (5.11)

If d =1 and p # 0, then using that every single-type CBI process is irreducible, part
(iii) of Corollary 4.4 implies that (5.11) holds for all € € (0, R).

If d>2 and p # 0, then, using that (X)cr, isirreducible (due to our assumption),
by Lemma 5.3, there exists a finite constant ro € (0, maxy1,....a (ttc)sup| < (0, R] such

that the multi-type CBI process (X §K”)teR . is irreducible for all » > 7. Next, we
check that in this case we have 7y < R. By Step 4 in the proof of Lemma 5.3 and
the assumption (ii), for each ¢ # j, ¢,j € {1,...,d} with b; ; > 0 we have that r; ; =
%(1 A maxg=1,..d (,uk)sup) orr;,; € (07 (,uj)sup)r and hence T € (Oamaxkzl,...,d (,uk)sup)-
This yields that 7y € (0, maxg=1, .. 4 (tk)sup) (following from the definition of ry in Step 4
in the proof of Lemma 5.3), and consequently,

d
0<r < kgfl.?id (11 )sup < (V + Z;Hz) = R.
1=

sup

Therefore, we have ryg < R, as desired. Since ry < R, using (5.10), foralle € (0,R —

ro), we have that (v + 7 1;)(Kx_.) € (0,00) and (XEKR’E))tG]RJr is irreducible.
Consequently, using again part (iii) of Corollary 4.4, we get that (5.11) holds for all
€ c (0, R— T'o).

All in all, in Case II/(b), we get that

1= IP“J(TF;LE < o0) < Py (ses(l(}]io) IAX || >R — 5)

foralle € (0,R) incase ofd=1or u =0, and foralle € (0, R — o) in case of d > 2 and

pn#0.
In what follows, we handle the case d > 2 and p # 0, the other two cases d = 1

or p = 0 can be handled in the same way (replace ¢ € (0, R — 1) by € € (0, R) in the
following argument). Then for all € € (0, R — ry), we have

]Pm( sup [|AX]| > R — g) =1 (5.12)
s€(0,00)

Using (5.9) and (5.12), forall e € (0, R — rg), we get

IPa,< sup )||AXSH c (R—e,R—i—s]) =1

s€(0,00

By taking the limit as ¢ | 0, the continuity of probability implies that

]Pw( sup HAXSH:R):L

s€(0,00)
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This yields the statement in Case II/(b) as well. O
In what follows, we will study the relationship between the distributional properties
of jumps for a multi-type CBI process (X¢)¢cr, and its total Lévy measure v + 2?21 i
n (L{d,B(Z/Id)).
For a cadlag, R¢-valued stochastic process (£,)icr +» let us introduce the notation

.
sup &, = sup €51, ..., sup &s.d e RY, t>0,
s€(0,t] s€(0,t] s€(0,t]

where &, = (&.1,- .- ,§t,d)T, t € R4. Recall the notation

d
Ra= {(H[Om}z]) \ {0} : wr,...,wq E]R++}.

i=1

Given a multi-type CBI process (X;)cr,, recall that forallt>0and = ¢ R4, the
probability measure m, on (R%,B(R%)) is given by

s€(0,t]

Tra(A) = IPm< sup AX; € A)7 A€ BRY).

The forthcoming Theorem 5.6 can be considered as a multi-type counterpart of
Theorem 4.2 in He and Li [14], which is about single-type CBI processes. Theorem 4.2 in
He and Li [14] is also contained as Theorem 10.23 in Li [26]. In the proof of part (ii) of
Theorem 5.6, we use quite different arguments from those used in the proof of Theorem
4.2 in He and Li [14].

Theorem 5.6. Let (X);cr, be a multi-type CBI process with parameters (d,c,3, B
v, ) such that the moment condition (2.2) holds.

i) If (v+ Zle 1i)(A) =0 with some A € Ry, then m 4(A) =0 forall t >0 and
x € RY.

(ii) If 7 4(A) =0 forsome t >0, x € R%, and A€ R, then (v+ Zle wi)(A) = 0.
Furthermore, in case of 8 € IR++, we can extend it to x € ]Ri, ie., if m4(A)=0
for some t >0, x € RY and A € Ry, then (v+ 2?21 wi)(A) = 0.

Proof. (i). Lett >0, x € R%, and A € R, be such that v(A) + Zle wi(A) = 0. We check
that

{ sup AX, € A} C {ra < th. (5.13)
s€(0,t]

If supye (o, AX s € A, then there exists a = (a1, . .. ,aq)! € A such that SUP,e (0, AX s =
a. Then, by the definition of sup,¢ o4 AX, we get that sup,c oy AXsi =a;, 1 =1,....d.
Since a € Aand 0 ¢ A, we have thata; > 0,7 € {1,...,d}, and there exists io € {1,...,d}
such that a;, > 0. Further, by the definition of supremum of a set of real numbers, there
exists a sequence (s (e "))nem in (0,¢] such that AX S0 T a;, as n — oo, and hence, since
a;, > 0, we also have AX Sli0) > 0 (in partlcular AX $(i0) # 0) for sufficiently large
n € IN. Using that sup,¢ g g AX = a, we get that AX $(i0) < a, n € IN. Consequently,
since A € Ry, it yields that AX Jo) € A for sufficiently large n € IN. Hence, we obtain
that J;(A) > 1and 74 < ¢, yleldmg (5.13).

Consequently, part (iii) of Theorem 4.2 implies that for all t > 0 and « € R%, we have
that

Tiw(A) S Pp(ta <t) =1 —Pgy(ra>t)=1—-¢" =0,
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since p(A) =0 implies that oY (¢, u(A)) =0, t € Ry, and ¢ (0) = 0. This yields
the assertion of part (i).

(ii). We will prove it by contradiction. Let ¢ > 0 and A € R4 be such that 7, ,(A) =0,
where z € R4, or B € R, (and z € R%), and, on the contrary, let us assume that

(v+ Z?:l pe)(A) > 0. We check that there exists an 7y > 0 such that K, \ {0} C A
and (v+ X0, ) (ANKE) € (0,00) for all r € (0, 7). First, note that if A has the form
(Hle[(), w;]) \ {0} with some wy,...,wg € Ry, then K%(wl/\~--/\wd) \ {0} C A. Further,
by Remark 4.1, we have

(V—I—ZM@) (ANK;) \<V+ZW) < 0 for all » > 0.

Moreover, since A is a nondegenerate rectangle in ]R‘_i,_ anchored at 0, we have that
A=U,-0(ANK;), and hence the continuity below of the measure v + Z;lzl (e implies

that
d d
iy o+ S an K = o+ 3o
lir V—FZ,ug (ANK;) 1/—|—Z,Ug (A)>0
=1 =1
This yields the existence of an rg € (0, (w1 A---Awg)) such that (v+ E?:l 1e) (ANKE) €
(0,00) for all r € (0,rg), as desired.

Using part (i) of Corollary 4.4, K¢\ A C K¢, and that (Z?Zl pe) (K¢) < oo (see
Remark 4.1), we have

I (1, (K A)) < B (8, w(KY)). (5.14)
By (4.4), we obtain that

Py (Txe > t) _exp{—V(KC t—ngvg r (t p(K;)) / P K) (Kp)(s H(KC)))d }

(=1

Here for all A € R?, by the definitions of %) and y&\4) (see (4.5)), we have that
PED(N) = () —/ (1 —e ™) p(dr)
=yp(A) — / (1—e XY p(dr) — / (1—e ™) p(dr)
Ke\A KenA

:¢(K$\A)()\)_/K A(l_e M‘)) v(dr),
<N

and hence

— e { - WK A= 3 0o () /M”\A( U9 (s, w(K9))) ds
=1

—u(Kf.ﬂA)zH—/t(/ (1 — e (F P et >>V(dr)>ds}
0 KenA

d c t c ~ c
= exp { —v(K7\ A)t - ; w1, wK)) - /0 WU (@) (s, u(KT))) ds

_/Ot (/Kme (B9 (s u5)).m) (dr)> s},

(5.15)
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where the second equality follows from fot(chmA 1y(dr))ds = tv(KSN A) < co.
Case I: First, we consider the case v(A N K¢) > 0. Using (4.5) and that 8 € R?, we

have w(Kﬁ\A) is monotone increasing. This together with (5.14) and (5.15) yield that

< exp

d i t .
V(KN AVt — > w0 (b, w(KE)) — / PN G (5, (7)) ds}

s
{

d
<exps —v(KS\ At — Zw 5§K£\A) (t, u(K7\ A))
=1

t
- PEAD (FEAD (5, w(KE\ A))) ds},

where the strict inequality follows from v(ANK¢) >0 and e7<%(K$)(S’”(K:))’T> € (0,1]
for s > 0 (following from 22:1 we(KE) < oo and 5(K"‘)(s,u(KTC)) € R4, s € Ry). Using
again (4.4), the right hand side of the above inequality coincides with IPQ;(TK;-\ a>1),

and hence we have
Po(Tre > 1) < Pgr(tge\a > ). (5.16)

Furthermore, we get

{ sup AX, € AN Kf,} D {riena <130 {Treva > £} N {1 (KN A) < oo}
s€(0,t] (5.17)
= ({rxe <O\ frieeva <8) N {Ja (K7 N 4) < o},

where the equality follows from the (not necessarily disjoint) decomposition
{rre <t} ={7rena <t} U{mge\a <t

and the inclusion can be checked as follows. If J;;(KZNA) < oo, then (X;)ser, has at
most a finite number of jumps of which the size vectors belong to the set K¢ N A during
the time interval (0,¢+ 1]. If, in addition, TenA <t and Tre\A >t hold, then, on the
one hand, (Xy)ser . has at least one jump, at time point 7x.n4, of which the size vector
belongs to K¢ N A during the time interval (0,¢]; and, on the other hand, there is no
jump of which the size vector belongs to K¢\ A = KN A¢ = (K, U A)° = (AU {0})°
(due to K, \ {0} C A) during the time interval (0,¢]. Consequently, on the one hand,
we get sup,c, AX, € K7, since, with the notation y := AX and using that

TKSENA
Tkena € (0,t], we have SUp,e(o, AXsi 2y 20, i=1,...,d, and hence
4 , 1/2 d 1/2
sup AX,||= (S (sw Ax) ) = (2] =lwlzr
s€(0,t] i—1  s€(0,] i=1

On the other hand, taking into account that A has the form (Hg'lz1 [0,w;])\ {0} with some
wi,...,wg € Ry, we get sup,c oy AXs € A, yielding the inclusion in (5.17).

Since (V + 221:1 W)(A N K¢) < oo, by part (i) of Theorem 4.2, we have
Pr(Js(KfNA) <o) =1, 5> 0,
and consequently, by (5.17), we obtain that
T (Ky N A) 2 Py ({Tre <t} \ {Tre\a < t})

(5.18)
= ]PZ(TKTQ < t) — IPm(TKg\A < t) = IPm(TKf\A > t) — IPm(’TKg > t),
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where the second equality follows from 7xe < Tge\a yielding that {rge\a < t} C
{rK: <t}. Hence, by (5.16), we get 7 (KN A)>0. This is a contradiction, since the
assumption 7, ,(A) =0 yields that m, (KN A) = 0.

Case II: Next, we consider the case v(AN K¢) =0. Then, since (v + 3 7_, p1e)(AN
K¢) € (0,00), we must have Z?Zl ue(AN K¢) € (0,00). Hence, we obtain that

d d d d
S welKE) = 3 (KN A) + 3 oK\ A) > S (K2 A).
£=1 {=1 £=1 {=1

We are going to prove that for all z = (z1,...,24) € IRi 4, there exists a sufficiently
small ¢y € (0,¢) (may depend on z, t, r and A) such that

Zzwe (s, u(K7)) > Zzw KA A)(S,N(Kﬁ \A)), s € (0, to]. (5.19)

{=1

By (4.7), we have that

M=

2o (00" (s, m(K ) — 015 (s, (S A))

~
I

|
M&H

20 (e (K5) = e (B A) = o @00 (s, u(K5))

~

—

+ oY I (s, (i A)) (5.20)

d d
=3 (K0 A4) = 3 2 (0 @D (s, p(12))
=1 =1

K\A) /~(K° c
— o VG (s, (K2 A))

for s € Ry, and
T (0, u(KS)) = 0 = 5D (0, p(Kf\ A)). (5.21)
Using that ¢\ (0) = o{""\*(0) =0, £ € {1,...,d}, (5.21) yields that
d
> ( 5D (0, u(K<))) — oD (KL\A)(O’N(Kﬁ\A)))) - 0. (5.22)
=1

By part (iii) of Theorem 4.2 and the continuity of ¢, for all S € B(Uy) with Z;lzl ne(S) <
o0, we get that the functions R 3 A — ¢(9(A) and Ry 3 ¢t — 39 (¢, u(5)) are
continuous. Hence, using also (5.22), we have that

d
lim [Zzz(@ﬁ’(”(%(“)(s,u(fff))) eI E I (s, u(K e\ A))) | =
=1

Since Y7_, (KN A) € (0,00) and z € RY,, we have Y5, zu(KS N A) € (0,00).
Consequently, the limit of the right hand side of (5.20) as s | 0 is 21?:1 zepe(KEN A) €
(0,00). Hence, using that ¢ > 0 and the definition of the limit of a function at a point,
there exists a sufficiently small t; € (0,¢) such that the right hand side of (5.20) is
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positive for all s € [0,#y]. Consequently, using that the right hand side of (5.20) as

a function of s is continuous, its integral on [0, s] is positive for all s € (0,%y]. Then,
integrating the left and right hand sides of (5.20) and using (5.21), we get

d
> w (3 (s nla) = 5 (5l 4)

Qzlue K 0 A) = (o @5 (w, (K9)) = o B (w, w(KE\ A))) )| du

is positive for all s € (0, to], implying (5.19), as desired.

Using (4.4) (similarly, as we derived (5.15) for which we did not use that 7; »(A) = 0)
together with v(A N K¢) = 0, we can get that

IPm(TKc > to)

exp { VU Ao — 3 et 10, u56)) | o0 @D s rc)) as)

(=1

<exp{ (Kf\Ato_waf (to, (KC\ A))
/=1

_ /to w(Kﬁ\A) (5(K$\A)(57IJJ(KTC \ A))) ds}

0
= IPm(TKg\A > to),
(5.23)

where, at the second step, the strict inequality can be checked as follows. In case of
x € RY, it directly follows from (5.19) together with the facts that &%\ (s, (K¢ \

A)) < o )(s w(KE)), s € [0,tg] (due to part (i) of Corollary 4.4, K¢\ A C K¢, and

(Ze i) (KE) < o0) and that ¢5-\4) is monotone increasing. In case of 8 € RY
using (4.5), we have

to .
| oD G s (7)) s

t c
:/ <5, K9 (s, w(KE)) ds—i—/o/ (1 —e_@(KT)(S’“(Kf))”'))V(dr) ds.
0 Ua\(KF\A)

Using 8 € R, (5.19) and the continuity of the functions Ry > s — 5 (s, w(K¢)) and
Ry >s— o \A)(s, p(KE\ A)), we have

/(ﬁ, D (s, w(K?) >ds—/ (8,555 (s, (K2 \ A))) ds
0

0

to d .
~(KS) c Ki\A c
:/O (Zﬂe(vg s, m(KE)) = oM (s, (K \A)))) ds > 0.
=1
Consequently, using also 5(K£\A)(s, p(Ke\ A)) < 05 (s, u(K9)), s € [0,t0), we obtain
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that
t() . ¢
[ ot @ s, ) s
0
to ~(KE c
> / (8,55 (s, (K2 \ A)))ds + / (1 — e~ @ GnED ) (dr) ds
0 0 JUN(KE\A)
t c
/ (8.5 s\ apyas+ [ [ 1= e TR D) (ar) ds
0 0 Ud\(KC\A

tO c
= [ G sl )

Just as in Case I (see (5.16) and (5.18)), we can see that (5.23) implies that wto,m(Kﬁﬁ
A) > 0. The aim of the following discussion is to show that m; (KN A) > 0 holds as
well. Let A, € Ry be such that A, C K, \ {0} C A. By the Markov property of (X;)ser.,
we have

wt,Xo(KﬁﬂA)>]P({ sup AXSeKﬁﬂA}ﬂ{ sup AXSGATU{O}} ’XO)

s€(0,to] s€(to,t]
=FE (]l{bnge(o 1o] AX s GK(‘OA}]P( s(up ]AX €A U {0} | o Xu,u S [O to ) ’ Xo)
s€(to,t
=E (I]'{S“pse(o,tn] AXSGKﬁﬁA}IP( S(UP ]AXS €4, U {0} | Xto) ‘ XO>~
s€(to,t

(5.24)

Recall that the conditional distribution of (X s)se[to,t] given X, = y (where y €
Ri) coincides with that of (XS)SG[O,t,tO] given Xy = y as a consequence of the time-
homogeneous Markov property of (X).cr, . Consequently, we obtain that

JP( sup AX, € A, U{0} | X,, = y) - IPy( sup AX, € A, U {0}) (5.25)
SE(to,t] s€(0,t—to]
for y € RY. Using that A, is of the form (Hle[o, w;])\{0} with some wy,...,wg € Ry,
1=1,...,d, we have

{ sup AX, € A, U {o}} A { ity 41 (AS N Uy) < 00}
SG(O,t*to]
= {TA;:ﬁud >1— to} N{Ti—to+1 (AL NUy) < o0}

By Remark 4.1, we have (v + Zle i) (ASNUg) < oo, and hence part (i) of Theorem 4.2
yields that P(J;_t,+1(AS NU4) < 00) = 1. This together with (5.25) implies that

IP( sup AX, € A.U{0} | X, = y) = IPy(TAmud > t*to), Yy € Ri. (5.26)

Se(t()}t]

Using again (1/+Z?=1 i) (A5NUg) < oo, by part (iii) of Theorem 4.2, we get Py, (Tacru, >
t—tyo) >0, y € R.. Hence, by (5.26), we obtain that

]P( sup AX, €A, U{0} | Xto) >0  PP-almost surely. (5.27)
s€(to,1]
Consequently, taking into account that my, z (K NA) = Py (sup,e ¢, AXs € KiNA) >0,
we check that 7m; . (K¢ N A) > 0. On the contrary, let us suppose that m; »(KSN A) = 0.
Then, by (5.24), we would have that

Lfsup.co.ry, AxseKmA}]Pw( Szlp ]AXS € A, u{0} | Xt(J) =0  PP,-almost surely.
s€(to,t
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Then, taking into account (5.27), we would get IPm(supse(07t0] AX, € KENA) =0,
leading us to a contradiction with the fact that Pz (sup,c (g, AXs € KN A) >0, as
desired.

All in all, we derived that 7, (K¢ N A) > 0. This leads us to the desired contradiction
in Case II, since the assumption m; »(A) =0 yields that m; (KN A) = 0. O

The next remark is devoted to a consequence of Theorem 5.6. We check that if the
total Lévy measure v + Zle W; is not zero, then, forallt > 0 and = € Ri 4, we have
Sup,e (o, AX s can not be 0 with probability 1 given that X, = .

Remark 5.7. If the total Lévy measure 1/+Z‘;=1 Wi is not zero (i.e., v #0 or pu; # 0 for
some i€ {1,...,d}), then there exists an A € R, such that (v + Zle wi)(A) >0, and,
in this case, part (ii) of Theorem 5.6 yields that m; 5(A) >0 forallt >0and x € Ri+.
Using that A CU,, forall ¢ >0 and = € R%,, we get

0 < mra(A) < IPw< sup AX, € ud) —1- IPw( sup AX, = 0),
s€(0,t] s€(0,t]

which yields that Py (supe AXs=0) <1, t>0, z € R}, . O

In the next remark, we point out the fact that in case of d > 2, part (i) of Theorem 5.6
does not hold for a general Borel set A € B({y). This also shows that, in general, the total
Lévy measure of a multi-type CBI process (X);cr. is not equivalent to the probability
measure 7 ., where © € RY and ¢ > 0.

Remark 5.8. As a consequence of Theorem 4.2 in He and Li [14], in case of d = 1
both statements (i) and (ii) of our Theorem 5.6 remain true for a general A € B(U;) =
B((0,00)). In case of d > 2, the following counterexample shows that part (i) of Theo-
rem 5.6 does not hold for a general A € B(Uy). Let d:=2 and (X);cr, be atwo-type
CBI process with parameters (2,c,3, B,v, ) such that E(||X,|) < oo, B€R2,, v is

the point mass at (2, 1), 4 is the point mass at (%,3) and po := 0. Then the moment

condition (2.2) holds. We also have (v + pi + Mg)‘(lBéi =0 for any B € B(Us) such that
(2,3),(4,3) ¢ B, and in this case, by part (ii) of Corollary 4.4, we have P (J,(B) = 0) = 1,
T € Ri, t > 0. Consequently, we get

P, (AXu € {(o,o), G %) G i)} ue (O,t]) =1, xR, t>0. (5.28)
Let A :=[$,1] x [3,1]. Then A € B(Us), but A does not belong to R,. Further, (v + 1 +
p2)(A) = 0, and we show that it cannot hold that m; ,,(A) = 0 forall ¢ > 0 and € R?%,
yielding that part (i) of Theorem 5.6 does not hold for the given 2-type CBI process and
A € B(Us). Let B := ([0, 3] x [0,1]) \ {0} and C := ([0,1] x [0, 2]) \ {0}. Then B,C € R,
(v+p +p2)(B) =1 and (v+ p1 + p2)(C) = 1, and hence, using that 3 € R2 ,, part
(ii) of Theorem 5.6 implies that 7 (B) >0 and m4(C) >0 forall¢ > 0and z € R3.
Consequently, using (5.28), we have

0<7Tt70(B)=IP0< sup AXSGB> gIPo(T{(%%)}gt), t>0, (5.29)
s€(0,t]
and
O<7Tt70<C)ZIP0< sup AXS€C> gIPO(T{(%%)}gt), t > 0.
s€(0,t] '
EJP 29 (2024), paper 70. https://www.imstat.org/ejp

Page 36/39


https://doi.org/10.1214/24-EJP1125
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Distributional properties of jumps of multi-type CBI processes

Using again (5.28), we have

33
Po(ris.a <t T34 < 5) <Po <u2?§’s] AXu= (4’ 4))
’ (5.30)

<Po| sup AX,€A| =m0(4)
u€(0,s]

for all 0 < t < s. If part (i) of Theorem 5.6 were true for the given two-type CBI process
(Xi)ier, and A= [1,1] x [1,1] € B(Us), then, since (v + p1 + p2)(A) = 0, we would get
that 7, (A) = 0 for all s > 0 and @ € R3. In particular, 7,(A) = 0 were true for all
s > 0, and hence (5.30) would imply that

]PO (T{(%V%)} gt, T{(%,%)} gs) :0, 0<t<s. (531)

Using the continuity of probability and that (J,. {7 3.1y < sh={7 31y < oo}, by taking
the limit in (5.31) as s 1 oo for any fixed ¢ > 0, we would get

IP[) (T{(iv%)} it, T{(%7i)} <OO) :O, t>0. (532)
Since v({(2,1)}) =1 € (0,0c], part (iii) of Corollary 4.4 implies that Po(ryz,1yy <
oo) = 1. Hence, taking into account (5.32), we have

]PO (T{(%’%)}<t>:0, t>0.

This leads us to a contradiction (see (5.29)). O

In the next remark, we highlight why the case = 3 = 0 is excluded in part (ii) of
Theorem 5.6.

Remark 5.9. Let (X;);cr, beamulti-type CBI process with parameters (d,c, 3, B, v, )
such that X :=0, B8:=0, v is the point mass at 7o with 7o := (d+ 1,0,...,0) € Uy, w1
is the point mass at zo with zy :=(1,0,...,0) €Uy and p; :=0,i=2,...,d. We readily
have that E(|| X¢||) < oo and the moment condition (2.2) hold. Then (1/+Zf:1 i) (B) =0
for any B € B(U,) such that rg, zo ¢ B, and in this case, by part (ii) of Corollary 4.4, we
have Po(J;(B) =0) =1, t > 0. Consequently, we get

Po(AX, € {0,70,20}, ue(0,t])=1, t>0. (5.33)
Further, for all A = (\,...,\;) € R%, we get that
e1(A) = 1A} — (Bel” A) + e — 14 Ay,
eiA) = A2 — (Bel N, i=2....d,
P(A) =1 —e (DAL
and, using formulae (4.5) and (4.8),
D) = a2 — (Bel® A) + A,
D) =2 = (Bel” ), i=2,....d,
pUPHD(A) =1 — e (DM = y(X),

In what folows, let ¢t € R, be fixed arbitrarily. Next, we show that if T(z} S
then 7.,y < ¢. For this it is enough to check that the first jump time of the given CBI
process (X¢)icr, is T{ro}s 1-€., T{ry} ¥ T{z,}- First, note that a multi-type CB process
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starting from O is the identically 0 process. Further, using that Xo =0 and 8 =0,
we have (X s)se[o,r{m}) coincides with a multi-type CB process starting from 0 on the
time interval |0, T{TO}). Indeed, pathwise uniqueness holds for the SDE (2.5) and both
branching processes in question are strong solutions of this SDE on the time interval
[0, T{ro}). This is due to [ Ju, 7 M(du,dr) =0, 0 <s < 7(,) almost surely, where M
is the Poisson random measure on U; x U; with intensity measure duv(dr) appearing
in the SDE (2.5) for (X)er, . To summarize, we get

PO(T{’I‘Q} <t|T{zO} < t) =1.

Using (5.33) and that z( < 7o, it implies that Po(sup,c(gqAXs € {0,70}) =1
Let A:= ([0,1] x---x[0,1]) \ {0} € R4. Since 0 and r; are not contained in A, we get

m0(A) = IPO( 81(1(})1” AX, € A) =0.
se(0,

However, (v+ Y0, u:)(A) = u1(A) = 1, and hence we obtain that part (ii) of Theo-
rem 5.6 does not hold for the given multi-type CBI process (X ;).cr, and A. It is not a
contradiction, since in part (ii) of Theorem 5.6 we excluded the case that X, = 0 and
B =0. a
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