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Analytic aspects of the dilation inequality for
symmetric convex sets in Euclidean spaces”
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Abstract

We discuss an analytic form of the dilation inequality with respect to a probability mea-
sure for symmetric convex sets in Euclidean spaces, which is a counterpart of analytic
aspects of Cheeger’s isoperimetric inequality. We show that the dilation inequality
for symmetric convex sets is equivalent to a certain bound of the relative entropy for
even quasi-convex functions, which is close to the logarithmic Sobolev inequality or
Cramér-Rao inequality. As corollaries, we investigate the reverse Shannon inequality,
logarithmic Sobolev inequality, Kahane-Khintchine inequality, deviation inequality and
isoperimetry. We also give new probability measures satisfying the dilation inequality
for symmetric convex sets via bounded perturbations and tensorization.
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1 Introduction

Cheeger’s isoperimetric inequality with respect to a probability measure p on R is
one of the most important geometric inequalities in geometry and geometric analysis.
Cheeger [15] and Maz’ya [28, 29] showed that Cheeger’s isoperimetric inequality gives
the spectral gap of the Laplace-Beltrami operator induced by p. Conversely, Buser [13]
(see also Ledoux [26]) also proved that the spectral gap, or equivalently the Poincaré
inequality, gives Cheeger’s isoperimetric inequality. Hence we can naturally regard the
Poincaré inequality as an analytic form of Cheeger’s isoperimetric inequality. Moreover,
Bobkov-Houdré [8] also gave an equivalence between Cheeger’s isoperimetric inequality
and the (1,1)-Poincaré inequality, and thus the (1,1)-Poincaré inequality is another
analytic aspect of Cheeger’s isoperimetric inequality. Further developments in this
direction are investigated in the work by Milman [30] in which the equivalence of
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Analytic aspects of the dilation inequality

Cheeger’s isoperimetric inequality, the Poincaré inequality, exponential concentration
and First-Moment concentration are discussed.

On the other hand, Nazarov-Sodin-Volberg [33] showed a new sharp isoperimetric-
type inequality for a log-concave probability measure on R"”, which we call the dilation
inequality in this paper. This inequality is originally given by Borell [10] and investigated
by many researchers in [27, 19, 33, 5, 6, 9, 17, 22, 35] where the sharpness and
generalization of the dilation inequality are discussed. Here, a measure p on R” is
log-concave if for any compact subsets A, B C R", it holds

(1~ A+ B) = u(A) ' u(B), vt € (0,1),
where (1 —t)A+tB = {(1 —t)a+tb|a € A,b € B} is the Minkowski average. For a
Borel subset A C R™ and ¢ € (0, 1), we define the e-dilation of A by

A, ::AU{;BEIR"

1
ﬂyEJR”,/ 1A((1—t)x+ty)dt>1—5} (1.1)
0

and define the dilation area of A by

Ay o i P(AS) — p(A)
w(A) = hgl&)nf . .

(1.2)

The e-dilation A, is a counterpart of the e-neighborhood [A]. == {x € R" | Ja € A, |x—a| <

¢}, where || is the standard Euclidean norm, and the dilation area p*(A) is a counterpart

of the u-perimeter of A (or the Minkowski content of A with respect to i) given by
4)

i i PUALE) =
pt(A) = hr?&)nf —

(1.3)

Then, from the work by Nazarov-Sodin-Volberg [33] (see also [35]), we see that any
log-concave probability measure p on R™ satisfies

1 (A) > ~(1— u(A)) log(1 — pu(A)), (1.4)

for any Borel subset A C R™.
We note that it is natural to consider (1.4) as a counterpart of Cheeger’s isoperimetric
inequality, namely
pt(A) > kmin{u(A), 1 — pu(A)}, (1.5)

for any Borel subset A C R™ with some x > 0. In fact, Kannan-Lovasz-Simonovits
[21] (see also [4, 6]) showed that every log-concave probability measure ;. on R" also
satisfies (1.5) with some positive constant depending on x. Moreover, on one hand, we see
that the two-sided exponential measure dis(z) = Se~ 17 dz on R satisfies v ((—o0,z)) =
min{ve((—o0, z), v2((x,0))} for any « € R, on the other hand, the one-sided exponential
measure dvi(x) = e~ *dx on (0,00) satisfies (1.4) with equality for A = (0, z) for any
x > 0. Thus the both inequalities (1.4) and (1.5) are sharp in the class of log-concave
probability measures.

Our main goal in this paper is to investigate an analytic aspect of the dilation
inequality (1.4) as the Poincaré inequality and (1, 1)-Poincaré inequality are analytic
forms of Cheeger’s isoperimetric inequality. To this end, however the definition of the
dilation (1.1) is complicated, and thus as first step, we focus only on symmetric open
convex sets K C R" (we say that K is symmetric if K = —K). In this case, it is known
(see [17]) that the e-dilation of K can be represented simply as

_1+e

= K.
1—¢

K.
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From this property, we consider (1.1) as a generalization of the dilation. We also remark

that on one hand, we have
2e

K=K+ K (1.6)

on the other hand, the e-neighborhood of K can be rewritten as
[K]. = K +¢BjY,

where BY := {z € R" | |x| < 1} is the standard Euclidean open unit ball. Therefore the
difference between the e-neighborhood and e-dilation is clear.

We also note that our restriction to symmetric open convex sets is enough to develop
theory related to the dilation inequality. In fact, the dilation inequality has its origin in
Borell’s lemma which states that

W(R™\ 1K) < (W}W(K% i>1

for any log-concave probability measure p on R™ and symmetric convex set K C R".
Moreover Lovasz-Simonovits [27] strengthened Borell’s lemma as follows:

t41

pRYNEK) < (1—p(K)) =, t>1. (1.7)

Replacing ¢ by %i (1.7) may be rewritten as
p(Ke) > 1 — (1= p(K))™=.

Hence we may actually check that (1.4) follows as A = K by the definition of the dilation
area. On the other hand, it follows from Borell’s lemma that

PR\ tK) < ce Ct, t>1 (1.8)

whenever p(K) > 1/2 + ¢, where ¢,C > 0 are constants depending only on £ > 0. This
inequality is a concentration of measure with respect to dilations, and we can observe
that the same inequality follows from (1.4) for log-concave probability measures (see
[35, Theorem 4.1]). By using (1.8), various geometric and analytic inequalities are
deduced like the Kahane-Khintchine inequality in [10, 19] (see also [32]) and Cheeger’s
isoperimetric inequality in [4]. We can see other applications of (1.8) in [12].

To describe our results in this paper, we introduce some notions. Let 2 C R™ be a
symmetric convex domain, and let £?(Q2) be the set of all nonempty, symmetric open
convex sets in ().

Definition 1.1. A probability measure p supported on a symmetric convex domain
Q C R" satisfies the dilation inequality for K7 () with k > 0 if for any K € K?(R), it
holds that

p(K) = —r(1 = p(K))log(1 — p(K)). (1.9)

We may replace £7(Q2) by K7(R™) in (1.9). Indeed, by the definition (1.1), it holds
that (K N Q). C K, forany K € K?(R") and € € (0, 1), and thus p*(K N Q) < p*(K) by
p(K) = p(K N Q). In addition, K N Q € K7() follows since K and {2 are symmetric
convex domains. Thus the fact that (1.9) holds true for all K € K7(Q) is equivalent
to one for all K € K7(R™). We also remark that p might not be symmetric even if
its support is symmetric. As we have already mentioned, all log-concave probability
measures on {2 (and thus on R") satisfy the dilation inequality for £7(Q) with x = 1. In
particular, important examples are symmetric log-concave probability measures on R
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and the standard Gaussian measure dv,, = (2%)*"/26*‘””‘2/2 dz on R™. We can observe
that these measures satisfy (1.9) with k = 2 (see Appendix).

Next, we introduce the relative entropy. For a nonnegative Borel function f and a
probability measure p on €2 with fQ fdu < +00, we define the relative entropy of f with
respect to u by

Ent, (f) ::/Qflogfd,u—/ﬂfdulog/ﬂfdu,

where we put Olog0 = 0. Jensen’s inequality implies that the relative entropy is
nonnegative, and is 0 if and only if f is constant p-a.e., on €.

The following functional inequalities, which are special cases of Theorem 2.5, follow
from (1.9).

Theorem 1.2. Let i be a probability measure supported on a symmetric convex domain
Q and let f: Q — [0,00) be a continuous and even quasi-convex function with f € L*(p).
We assume that 1 satisfies the dilation inequality for K7 (Q2) for some x > 0.

(1) If f is locally Lipschitz on (), then it holds that

Ent,(f) < %/(w,Vf(x))d,u(:v) (1.10)

Q

(2) If f is locally Lipschitz on {x € Q| f(x) > f(0)}, then it holds that

Ent,(f) < z/ (x, Vf(z))du(z). (1.11)
K J{f>1(0)}

Here we say that a function f: @ — R is quasi-convex if {x € Q | f(z) < A} is a
convex set for any A € R. In particular, quasi-convexity is a generalization of convexity.
An important example is | - |? for p > 0, which is continuous and even quasi-convex on R"
and locally Lipschitz on R™ \ {0}. In addition, | - |? is locally Lipschitz and convex on R™
when p > 1. Therefore (1.11) is meaningful for f = |- |P even if p € (0,1). See Section 2
for more details and other examples of quasi-convex functions.

We also remark that f is differentiable almost everywhere on 2 in (1.10) (or {f >
f(0)} in (1.11)) by Rademacher’s theorem since f is locally Lipschitz.

We emphasize that Theorem 1.2 is the special case of Theorem 2.5 where we will show
a more general inequality for functions in a more wider class. Moreover, we will actually
confirm that Theorem 2.5 can recover the dilation inequality (1.9) in Theorem 4.1. In
this sense, our theorem gives the optimal estimate.

As the first application of Theorem 1.2, we obtain the following reverse Shannon
entropy inequality.

Corollary 1.3. Let h be a nonnegative differentiable function such that h/-,, is even
quasi-convex function with [, h(z)dz = 1 and lim|,|_,  « |z|h(x) = 0. Then it holds that

1
/ hloghdx < 5/ |z|?h(x) dz — glog(27re2). (1.12)
n ]Rn

We remark that the assumption lim|, |, |z|h(z) = 0 is used to ensure integrating
by parts, and thus this assumption might not be essential.

The classical Shannon entropy inequality (for instance, see [16]) implies the lower
bound of the Shannon entropy such that

2
/ hloghdx > fﬁlog <7T€ / |z|?h(x) dx)
P n 2 n JR"
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for any nonnegative function 4 on R™ with [;, hdz = 1 and [, |z[*h(z)dz < 4oo.
Furthermore, certain modified Shannon entropy inequality for log-concave probability
measures is also discussed by Artstein-Avidan-Klartag-Schiitt-Werner [1] and Caglar-
Fradelizi-Guédon-Lehec-Schutt-Werner [14]. To see this, let us denote the Shannon
entropy of a density h by

S(h) == —Entg,(h) = f/ hloghdz.
Then in [1, 14], they showed that if h = e %isa log-concave density, then
/ log det V2t da < 2(S(v,) — S(h)). (1.13)

On the other hand, (1.12) gives the upper bound of the Shannon entropy. Specifically,
we can check that (1.12) is equivalent to

2(S(0m) = S() < [ Jafda —n.
Hence (1.12) may be also regard as the reverse inequality of (1.13) for specific functions.
We remark that as we will see in Subsection 3.1, one has [, [z|*h(z) dz > n in our
settings, and thus it always holds that

n 2me 1 n
——1 —_ 2h(z < = 2h(z — —log(2me?).
é og( u /}R 2| h(:r)da:) < 2/W (o h(z) dr — * log(2ne?)

In addition, we can check that when h = ~,,, then equality in (1.12) holds.

As another application of Theorem 1.2, we can observe the logarithmic Sobolev
type or Cramér-Rao type inequality in the special case, which will be investigated in
Subsection 3.2. In general, we say that a probability measure y satisfies the logarithmic
Sobolev inequality with p > 0 if

1
Bty () < 5 1u() (1.14)

for any nonnegative locally Lipschitz function f on R”, where I,(f) is the Fisher infor-
mation of f with respect to yu given by

v 2
Lu(f) 5:/n| J{| dp.

It is known that if du = e~ % dx with ¢ € C°°(R") satisfies V2¢p > p for some p > 0, then
u satisfies the logarithmic Sobolev inequality with p. However, when V2p > 0 (which
means that ¢ is convex), u may not satisfy (1.14) for any p > 0. Indeed, if i satisfies the
logarithmic Sobolev inequality, i should satisfy the normal concentration, or equivalently
Jzn efl2* du(z) < +oo for some ¢ > 0. In particular, since V2 > 0 is equivalent to the
log-concavity of i by [11], we can observe that a log-concave probability measure may
not satisfy (1.14) for any p > 0 in general. We refer the reader to [3] for details of the
logarithmic Sobolev inequality. Nevertheless, we obtain the relation between the relative
entropy and the Fisher information from Theorem 1.2 by the Cauchy-Schwarz inequality
immediately.

Proposition 1.4. Let u, ) and f be as in Theorem 1.2. If f is a locally Lipschitz and
quasi-convex function on (2, then it holds

1/2
Bue,() < 2 ([ el s dut)) /100, (1.15)
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We note that (1.15) is also close to the Cramér-Rao inequality. The classical Cramér-
Rao inequality (or the Heisenberg-Pauli-Weyl inequality) implies that for any nonnegative
locally Lipschitz function h with [, hdx =1 and [g, |2[*h(z) dz < +oo, it holds

n < (/ |z2h(x) dm) i VIz(h). (1.16)

Our result (1.15) does not induce (1.16) since the relative entropy can take the value
0, and in this sense (1.15) is different from the uncertainty principle. However, this
difference is natural since on one hand, we cannot take any constant function in (1.16),
on the other hand, we can take one in (1.15) due to the finite mass of u. Neverthe-
less, the behavior of the relative entropy is closely related to the dimension. In fact,
given probability measures p1, ;12 and nonnegative functions f;, fo on R™ and R™? with
Jgm J1(x)dx = [, f2(x) dz =1, we can check that

Ent,,ou, (fi12) = Enty, (f1) + Ent,, (f2),

where fia(21,22) == f1(2z1)f2(z2) for (z1,22) € R™ x R™2. This implies that the relative
entropy can be linear increasing in the dimension 7, and in this sense, the bound (1.15)
is similar to (1.16).

As we will see in Subsection 3.3, we will also discuss Kahane-Khintchine inequalities
with positive and negative exponents for symmetric quasi-convex functions via Theo-
rem 1.2 (and Theorem 2.5 and Proposition 2.4), and discuss deviation inequalities as their
application. Similar inequalities for general functions have been already investigated
in [33, 6, 17, 35] where we need to assume the Remez type inequality. On the other
hand, we can obtain Kahane-Khintchine inequalities and deviation inequalities without
the Remez type inequality. We enumerate our results only on deviation inequalities in
special cases.

Corollary 1.5. Let u and €2 be as in Theorem 1.2.

(1) Let f be a positive, differentiable and even quasi-convex function on ) satisfying
fe () rP(w.
p>1

We set

K
o = .
2|[¢-, Viog f(:) | e
If1 < a < +o0, then it holds that

p({z € Q| f(2) = Cta™ V| fllpagn}) < 2exp(—t*), Vi>1, (1.17)

where C' > 0 is an absolute constant.
(2) Suppose that () is bounded, and let f be a positive, differentiable and even quasi-
convex function on some neighborhood of Q and set

2

f= klog 2

[1{-, V1og f())ll e

Suppose that 0 < 8 < +oo with f~'/# € L'(u1). Then for any small enough ¢ > 0, it
holds that

e 1—ep )
u({z € Q| f(2) < tmed())) < (5) e vie (0,1],

where med(f) € R is a Lévy mean of f, which means that

N =

w({z € Q| f(z) > med(f)}) > »

5 Mz €| @) < med(N)) =
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As the final application, we can also obtain the following result on isoperimetry.

Corollary 1.6. Let 1 = e~ ¥(*) dz be a probability measure supported on a symmetric
convex domain 2 C R". Suppose that ¢ is smooth on some neighborhood of Q and
satisfies the dilation inequality for K?(Q2) with k > 0. Then for any bounded K € K ()
with smooth boundary and p € (1, 2], we have

r(K)
Jorc (@ n(@))|z[P' e=#@) dog

p—1
K p
)= o) [0 - un)” as)
where p’ is the conjugate of p, r(K) is the maximal constant ¢ > 0 such that ¢B} C K, n
is the outer unit normal vector along 0K and o is the surface measure on 0K.

Corollary 1.6 reminds us of Cheeger’s isoperimetric inequality for log-concave prob-
ability measures by Kannan-Lovasz-Simonovits [21] and Bobkov [4, 7] where the first
or second moment appears as isoperimetric constants. Kannan-Lovasz-Simonovits also
conjecture that the isoperimetric constant of every log-concave probability measure is
controlled by the covariance matrix, which is called the KLS conjecture. We refer the
reader to [12] for its history and related works and to [23] for the recent development.

We remark that the dilation inequality (1.9) can give an estimate of the u-perimeter
directly. Indeed, if R(K) > 0 is the minimal constant C' > 0 such that X C CB} for
K € K?(RR™), then it follows from (1.6) that

2e
K. CK+ ER(K)BS = [K] 2= pex)
which implies that
p*(K) < 2R(K)u* (K).

Combining this inequality with (1.9), we conclude

wh(K) > —5 R*(””K) (1 - u(K))log(1 — p(K)). (1.19)

V

We can find a similar estimate in [4] for log-concave probability measures. How-
ever, (1.18) seems different from (1.19) since (1.18) requires not only the geometric
structure of K, but also the distribution. In particular, we can recover (1.19) from (1.18).
In fact, by the definition of R(K), we have |z| < R(K) for € 0K, which implies that

| )il e #@ dow(a) < RIEPH [ e do
oK oK
Hence (1.18) yields that

P

W) > g (7o) 50— n)ox(1 = utx)]
0K

and thus letting p | 1, we obtain (1.19).

In Section 4, we will show the equivalence between (1.9) and Theorem 2.5 which
generalizes Theorem 1.2, and as its corollaries, we will give new classes satisfying the
dilation inequality (1.9). More precisely, we will discuss the stability under bounded
perturbations and tensor products.

Corollary 1.7. Let i be a probability measure supported on a symmetric convex domain
Q C R™ with [, |z|du(x) < +oo and let h be a positive Borel function on Q such that
b=! < h <0 for someb > 1 and fQ hdu = 1. Let v be a probability measure on () given by
dv = hdu. If u satisfies the dilation inequality for K7 () with k > 0, then v satisfies the
dilation inequality for K" (§) with the constant b—2k.
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Corollary 1.8. Let 11, us be probability measures supported on symmetric convex do-
mains Q1 C R and Q» C R", respectively, with [, [z|dpu, [q |z|dps < +00. We suppose
that 1, uo satisfy the dilation inequality for K1(Q1), K" (Q2) with some k1, k2 > 0, respec-
tively. Let K C R x R™ be an open convex set such that if (z,y) € K C R x R", then
it holds that (—z,y), (z,—vy), (—x,—y) € K. Then uy ® u, satisfies (1.9) for K with the
constant k = (k' + k5 1)L

The structure of the rest of this paper is as follows. In Section 2, we introduce
the class of functions including good enough even quasi-convex functions and define
certain derivative as a counterpart of the gradient. After that, we show the functional
form of the dilation inequality which leads to Theorem 1.2. In Section 3, we give
some applications which follow from Theorems 1.2 and 2.5. More precisely, we show
the reverse Shannon inequality, logarithmic Sobolev inequality, Kahane-Khintchine
inequality, deviation inequality and the estimate of isoperimetry. In the final section,
we show the dilation inequality from the functional inequality constructed in Section 2,
and confirm the equivalence between the dilation inequality and the functional form. As
corollaries, we give stability results of the dilation inequality via bounded perturbations
and tensorization.

2 Functional inequality derived from the dilation inequality

Our main result in this section is Theorem 2.5, which is a functional form of the
dilation inequality (1.9) and generalizes Theorem 1.2.

In what follows, let 2 C R™ be a symmetric convex domain. Recall that a function
f: Q — R is quasi-convex if a set {x € Q | f(z) < A} is convex for any A € R, or
equivalently it holds that

F(Q =tz +ty) <max{f(z), f(y)}, Vz,ye€QVte]l0,1].

For instance, all convex functions are quasi-convex. Another example is | - |? on R" for
p > 0 which is quasi-convex, but not convex when p € (0,1). This example also implies
that quasi-convexity does not yield convexity. It is also known that a continuous function
f on R is quasi-convex if and only if f is either monotone on R or there exists some
point 2y € R such that f is non-increasing on (—oo, 2] and non-decreasing on [zg, o)
(see [2, Proposition 3.8 and Proposition 3.9]). Moreover, if a function f on 2 C R™ is
differentiable, then quasi-convexity of f is characterized by

for any z,y € Q with f(z) > f(y) (see [2, Theorem 3.1]). In particular, when f is even
(which means that f(z) = f(—=z) for any z € ), then we have

(2, Vf(x)) >0, VaeQ

since f(0) = min,cq f(x) by quasi-convexity and evenness of f. The reader is referred to
[2] for more information on quasi-convexity.
Given an even quasi-convex function f: Q@ — [0, c0), we define the function ®;: Q —
[0, 00] by
1—¢
x) — x
Py(x) = limsupM7 x €. (2.1)
€l0 €

Since f is a nonnegative and even quasi-convex function, for any ¢ € (0,1) and = € , it
holds that f(z) > f (ﬁ—gz), and thus that @ is always nonnegative. In particular, when f
is differentiable at x € (), we see that

Qs(x) = 2(x, Vf(x)). (2.2)
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An important example is a norm. Let || - || x for K € K?(R™) be a nonnegative function on
R"™ defined by
|z == inf{A > 0|z € AK}, xe€R" (2.3)

We call it the gauge function of K. If K is a convex body, then the gauge function | - ||k
is exactly a norm whose closed unit ball is K. By the definition, we can immediately
check that

Py =20+ lx (2.4)

since || - |k is 1-homogeneous. We remark that || - ||x is not differentiable at least at
the origin. An advantage of the definition of (2.1) is that we may not suppose certain
regularities of f and thus we can consider function which is non-differentiable on the
whole space like a norm. We also note that by the definition, ®; is Borel measurable
when @ is finite and f is continuous on (2.

Next, let © be a probability measure supported on ). We denote by QC(Q, 1) all
nonnegative, continuous and even quasi-convex functions f on 2 such that there exists a
nonnegative Borel function g: Q2 — [0,00) in L!(x) and small enough & € (0, 1] satisfying

1—¢
sup M <g(x), Vxell. (2.5)
e€(0,e0) €

We may replace ey with 1 in (2.5) when f € L'(u1). To see this, let f, g and ¢y be as above.
Then we can observe that for any ¢ € (0, 1),

f@) = f(155)

<g(z)+ éof(x), vz € Q.

This fact implies that we can take a function g € L!(u) satisfying

x) — f(i:=2x
sup M <g(z), VreQ.
€€(0,1) €

We remark that by the definition, if f € QC(Q, 1), then af and f + « for any a > 0
and a > —inf,cq f(x) also belong to QC(L, 1), and in particular, we have ®,¢ = a®; and
Dpyo =By

An important example belonging to QC(€, 11) is a norm. Indeed, we can easily check
that the gauge function ||-||x for K € K7 () is in QC(€2, ) when  has finite first moment,
namely [, |z|du(x) < +oo. More generally, we can ensure that QC(f, ) includes
good locally Lipschitz and even quasi-convex functions. Here a function f: Q) — R is
locally Lipschitz if for any z € (), there exists some r > 0 such that f is Lipschitz on
B(z;r) ={y € Q| |z —y| <r}, or equivalently

y— ly — 2|
is finite on B(x;r).
Proposition 2.1. Let i1 be a probability measure supported on a bounded symmetric
convex domain ) C R". Let f be a nonnegative, continuous and even quasi-convex
function on some neighborhood of ). If f is locally Lipschitz on (2, then it holds that
[ €QC(Q,n) and ®s(x) < 2|z||V f(x)| for any x € Q.

Proof. Since f is locally Lipschitz, for any = € Q, there exist some (z) € (0, 1), r(z) > 0
and M (z) > 0 such that

IF(3=2y) — f()

1—¢

1+5y - y|

< M(z), Vee€ (0,e(x)),Vy € B(x,r(x)). (2.6)
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Since Q is compact, we can take finite points {l’k}i\]:l C Q (N € N) such that

< < max M(xg), Vee (0,8),VyeQ,
FETETR S Y

1—¢
) — 2
F(i5ey) — FW) < ly| max M(zp) < 2diamQ max M (xy)
£ 1+¢e7 k=12,..,.N k=1,2,....N
for any € € (0,2) and y € €2, which ensures (2.5). Hence we enjoy f € QC(Q, u).
In particular, by the definition, for any § > 0 and z € 2, we can take some ¢ € (0, 1)
depending on § and z such that

f(i552) — f(=)]
i—;gxfﬂ

<(1+0)|Vf(x)|, Vee (0,e0),

from which we see that

@) = f(5Ee) _ 214 6)
€ - 1+4e¢

2|V f(2)] < 2(1 +6)[[[V ()]

Letting € | 0, we have
Pp(x) < 2(140)[=(|Vf ()l

Since ¢ > 0 is arbitrary, we obtain ®;(z) < 2|z||V f(x)| for any z € Q. O

Moreover, when f is a convex function instead of a quasi-convex function in Proposi-
tion 2.1, we can specify ;.

Proposition 2.2. Let i be a probability measure supported on a symmetric convex
domain 2 C R™. If an even function f: Q — [0, 00) is convex, then it holds that ®;(z) =
2infycof(x) (x,y) for any x € Q. Moreover, if we have [, inf,cq () (x, y) du(z) < 400, then
f € QC(Q,u). Here 0f (x) C R™ is the subdifferential of f at x € ), namely

yedfx) — [f(x)2f(@)+(yz—x), V2.

We note that when f is convex, the subdifferential of f is always nonempty on (2, and
in particular 0f(x) = {Vf(x)} if f is differentiable at x € Q (see [36]). Especially, since
any convex function is differentiable Legesgue-almost everywhere by Rademacher’s
theorem, we see that ®; = 2(x, Vf(z)) for dz-a.e., z € Q in Proposition 2.2.

Remark 2.3. The first assertion in Proposition 2.2 implies that inf,cs ;) (7, y) is Borel
measurable since @ is Borel measurable.

Proof. We fix = € (), and firstly show ®;(x) = 2inf,cys(,)(z,y). By the definition of the
subdifferential of f, we have

f(ilix) >f<x)+<y,112x—x>

forany x € Q, ¢ € (0,1) and y € Jf(x), which is equivalent to

fa) = fE0) o

T,Y).
€ 1+ 5< y)
Hence we obtain )
) — —~x
M <2 inf (z,7). (2.7)
e yeIf(x)
EJP 29 (2024), paper 64. https://www.imstat.org/ejp
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Letting € | 0, we conclude ®(z) < 2infycyrir)(z, ).
Next we show ®(x) > 2infycys)(z,y). Let {er}rew C (0,1) be a monotone decreas-
ing sequence satisfying limy_, ;- €x = 0 and

lim M = P (x)
k—+4oco €k f ’
where we set z = L:Z x, and take y, € Of(xy) for each k£ € IN. If we can take a

subsequence {yx, }rew of {yr }rew such that y,, = 0 for all £ € IN, then for any z €  and
¢ € N, we have f(z) > f(zx,). Letting £ — 400, we get f(z) > f(x) for any z € €2, which
yields 0 € df(x). Hence we have inf,cys(,)(z,y) = 0. On the other hand, we also see
that f(xy,) = f(0) since f is even and convex. Thus it follows that f(tz) = f(0) for any
t € [0, 1], which implies ®(z) = 0. Hence we have ®;(x) = 0 = 2inf cy ) (z, ).

Therefore we may suppose that y; # 0 for all £ € IN. In addition, without loss of
generality, we may suppose that {zy}renw C B(z;r/2) and B(z;r) C Q for some r > 0,
where B(z;r) == {w € R" | |x — w| < r}. By the definition of the subdifferential, it holds
that

f(z) > fzr) + (yk, 2 — xi), V2 €Q (2.8)
for each k € IN. Inserting z; := 275:‘ + x4 in 2, we obtain

F1) 2 flan) + 5l

Here we remark that |« — z;| < r/2 + |z, — 2| < r, and thus z; € Q. Moreover we have
2k, ) € B(z;7). Hence since B(x;r) C Q and f is continuous, we have

1
lyp] <= max f(w), VkeN.
T weB(x;r)

Hence we can take a subsequence of {y; } e converging to some y € R™. Without loss
of generality, we may suppose that limy_, ;- yr = y. Letting &£ — +o0 in (2.8), we have

f(Z) 2 f(x)+<§,zfx>, VZ S Qa
which implies that y € df(z). Moreover, it follows from (2.8) that
f(@) > f(@k) + (Yg, @ — zp),

which yields that

f(z) — f ()
> .
€k - 1+€k<yk,$>
Letting £k — 400, we obtain that

Di(x)>2(y,xz) >2 inf (x,y).
f(@) > 2(y, x) yeaf(m)< y)
This is the desired assertion.
Finally, (2.7) and [, inf,co () (%, y) dp(x) < 400 imply that f € QC(Q, ). O

To show our main result, we firstly give the following co-area formula associated with
the dilation area, which has appeared in [35] with a more weaker form.

Proposition 2.4. Let i be a probability measure supported on a symmetric convex
domain 2 C R™ and let p > 0. Then for any nonnegative function f with f? € QC(Q, u),
we have

[ et et @ <mas [ poiag 2.9)
0 Q
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Moreover, for any positive function f with fP € QC(Q2, u), we also have

o0 1
PLyx R"| —— >t dt</ PP dy. 2.10
J e ({‘”G @ }) S J T e (219

We remark that p*({x € R™ | f(x) < t}) is Borel measurable in ¢ since {x € R" |
f(z) < t} is monotone in ¢ and x has the finite mass.

Proof. Since fP € QC(Q, 1) and p > 0, f is a nonnegative, continuous and even quasi-
convex function, and thus {z € R™ | f(z) < A} is a symmetric open convex set for any

A > 0, from which it holds
1—¢
A
f<1+ex> - }

for any A > 0. Hence it follows from Fatou’s lemma and u(R™) = 1 that

{xEIR”|f(:c)<>\}E1fi{x€]R”|f(x)<A}{xe]R”

1

/OOO Pt ({x e R™ | f(z) < t})dt
:/O" =1 i i PUE E R [ f(2) <t}e) —p({z € BR™ | f(x) <t})
0

el0 g
it [~ o SR <)l R L) <)
“TE o €
zlirg%nf 000 %tp_l [u ({x e R"|f (1;?1‘) < t}) —u{z eR"| f(z) < t})] dt
=lim inf b 1tp_l lu({x ER™| f(x) >t})—u ({x e R"|f (1 — gx) > t})} dt
o Jo € - 1+¢e J —

:%lirﬁ%nf/ﬂ% (fp(x) _ G;ix)) dp(z).

Moreover, by (2.5) and f? € QC(f2, 1), we can justify

it [ ()~ 1 (1550) ) auto) <timsp [ 1 (70 - 7 (1550) ) ante)
< /Q & o (2) dpu(a),

where we used Fatou’s lemma again. Hence we obtain

| o a e R s < thde < [ @) duta).

0 Q

Since we see that ®;» = pfP~'®; by the definition of ®; and continuity of f, we can
conclude (2.9).

Next, we show (2.10). We remark that a := inf,cq f(z) = f(0) > 0 since f > 0 on
2 and f is an even quasi-convex function by p > 0. Moreover, {x € R" | f(z)~! > t}
is a symmetric open convex set for any ¢t > 0 since f is a continuous and symmetric
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quasi-convex function. As in the above argument, Fatou’s lemma yields that

i 1

Pl [({z e R | —— >tp | dt
<lim inf/ 1tpfl [p ({x eR” }
&LO 0 g

1 1 1 1
:fliminf/ - — du(x).
p elo Q€ fp (}sz) fp(x) M( )

Since we see that

1 1 _ 1 —2111 D(p) — fP l1—¢
oy 7w =i o (52))

and since f? € QC(, 1), we can apply Fatou’s lemma to see that

1 1 1 1 1 1
liminf/ - — du(x Slimsup/ - — du(z
2o Joe \ g (%Em) fP() (z) e Jac€ fp(};ix) fP(x) (=)
1
Finally using ®» = pf?~'®;, we obtain (2.10). O

Let QCP(Q, u) for p > 0 be the set of all functions f on  such that f? € QC(Q, 1) N
L' (). Our main theorem in this section is the following.

Theorem 2.5. Let i be a probability measure supported on a symmetric convex domain
Q C R™. We assume that y satisfies the dilation inequality for K7 (Q2) for some x > 0. If f
is in QCl(Q, u) and differentiable on €, then (1.10) holds.

More generally, if f € QC'(Q, 1), then it holds that

Ent,(f) < l/ Oy dp. (2.11)
K Ja

Our proof of this claim is almost same as the proof of [35, Theorem 5.3]. For the
completeness, we give the proof of Theorem 2.5 here.

Proof. First assertion follows from (2.11). Hence let us show (2.11). Since f € QC(Q, p),
we can apply (2.9) with p = 1 for sublevel sets of f. It follows from (1.9), u(Q) =
and (2.9) that we have

- [T wagoosnas@yae <~ [ opan (2.12)
0 Kk Ja

where we defined
Art) ={z € Q] f(z) >t}, t>0.

To prove (2.11), without loss of generality, we may assume that fQ fdu=1. In fact, we
know that f € L!(u) and

P, =aPy, Enty(af)=aEnt,(f)
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for any a > 0 and f € QC'(Q, 1) from which we can add the condition fQ fdu = 1. Now,
recall the dual formula of the relative entropy: for any continuous function h: Q — [0, c0)
with [, hdp = 1, it holds that

Ent,(h) = sup [/ h@du—log/ewdu], (2.13)
Q Q

PeCH(Q)

where C,(Q) is the set of all bounded continuous functions on 2 (for instance, see [34, 18]
and their proofs). Hence, since Ent,, (u(A) '14) = —logu(A) and [, u(A)'1adp =1
for any Borel subset A C Q with u(A) > 0, it holds that

- [ s ) s (a0 a
= [ A ) A5 ()L, )
- /0 N s { / Lo i A (o) o | e*’du} dt

= sup [/ gofdu—log/e“”du}
peCy(2) Q Q

:Ent#(f)v
where we used [° 14, (z) dt = f(z) for every z € Q and [~ u(Af(t))dt = [, fdu = 1.
Combining this with (2.12), we conclude the desired assertion. O

We conclude this section by giving the proof of Theorem 1.2.

Proof of Theorem 1.2. First, let us show (2). Since the proof of (1) is almost same as (2),
we will give a comment after the proof of (2).

Take an increasing sequence {Qy}rew such that  is an open, bounded symmetric
convex set with Q;, C Q and limy_, , o, 2 = 2. We can take such a sequence, for instance,
by considering {z € Q | ||z|lo < 1 —1/k} N (kBY). Let uy be a normalized probability
measure of y on €, namely duy = u(Qx) '1q, du. Next, let f be a function given in
Theorem 1.2 (2), and for ¢,m € IN, we set f;,,(x) == max{min{ f(x), ¢}, f(0) + 1/m} for
z € Q. Then since f is locally Lipschitz on {z € | f(z) > f(0)}, fe.m is locally Lipschitz
on Q) for any ¢/,m € N. In addition, f,,, is even quasi-convex with f;,,, € L'(u) for
any k,f,m € N by its construction. Hence applying Proposition 2.1, we have f;,, €
QC*(Q, py) for any k, £, m € IN. Moreover, y, satisfies the dilation inequality for X7 (Q)
with . To see this, let K € K7(€y). Then by the definition, we see that

Hence (1.9) yields that

(K = — M(gk) (1 = p(K))log(1 — p(K))
T u(gk) (1 = () (K)) log (1 = ()i ()

By the elementary inequality —0~1(1 — fz)log(1 — 6z) > —(1 — z) log(1 — z) for § € (0,1)
and z € (0,1), we can obtain

pi(K) > —k(1 = pp(K)) log(1 — px (K)),
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which is the desired assertion.
Thus we can apply Theorem 2.5 to see that

1
Entuk (f&m) < E/ Cpf/z,m d:uk'

Qp

Since f; ,, is a bounded continuous function, the lower semi-continuity of the relative
entropy (which follows from (2.13)) and the monotone convergence theorem as &k — +oo
imply that

1
Ent#(me) § 7/ ¢fl,7n dlu“
kJa

Since f is locally Lipschitz, we have

s, . () = {2<$’Vf () i £(0) +1/m < f(x) <!

o otherwise

for dz-a.e., x € ). Moreover, we see that

{2<x,w<x>> if £(0) +1/m < fla) <0 _ {2<x,w<x>> if f() > £(0)

0 otherwise 0 otherwise

for dx-a.e., z € Q2. Hence we have

2
Bt (o) <= [ (n.VI(@) du(o)
K J{r>r0)}
Thus by limy ;,—+oo fo,m = f and the lower semi-continuity of the relative entropy, we
obtain (1.11).
If f is a locally Lipschitz on €2, then we may also obtain

@y, . (x) < 2(z, Vf(2))

for dz-a.e., x € Q from the same argument above, and thus we have

Ent,(fe.m) < %/ﬂ(m,Vf(x)) dp(x).

Hence as ¢, m — +oo, we also conclude (1.10). O

3 Some applications of Theorem 2.5

3.1 Comparisons of the relative entropy, Wasserstein distance and variance

As the first application of Theorem 2.5, we give comparisons of the relative entropy,
Wasserstein distance and the variance in the case of the Gaussian measure. We denote
the standard Gaussian measure on R" by dv, = (27) "/ 2¢=312* gz To state our results,
we introduce the L?-Wasserstein distance, which appears in optimal transport theory.

Let u,v be probability measures on R" with finite second moment. Then the L2-
Wasserstein distance of p and v is given by

1/2
Wa(u,v) = { inf / |z — y|* dn(x, y)} ,
m€ll(p,v) JRn xR"

where TI(u, v) is the set of all couplings 7 between p and v, namely 7 is a probability
measure on R” x R™ such that 7(A x R™) = u(A) and 7(R" x A) = v(A) for any Borel
subset A C R”. It is known that W, is a distance function on the set of all probability
measures on R" with finite second moment. We refer the reader to [36, 37] for optimal
transport theory and its related topics.
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Proposition 3.1. Let f: R — R, be a differentiable even quasi-convex function with

fim el f(@)a(e) =0 (3.1)
Then we have
But,, (1)< [ JoPf(@) dya(a) ~n (3.2)
and )
W) < [ P @) dala) - n, (3.3)
]R'n.

where dv = f d,.

We remark that (3.2) in particular implies that every differentiable even quasi-convex
function f: R™ — [0, 00) as in Proposition 3.1 satisfies

| el 1@ dra) = . 3.0

and equality holds if and only if f = 1 on 2. Moreover, when the deficit of (3.4) is small
such that

[ 1P r@) de) —n <
Rn

for small enough € > 0, then (3.2) and (3.3) imply that f is close to the constant 1 in the
both senses of the relative entropy and the L?-Wasserstein distance.
We also note that we have the trivial upper bound of Wx(~,,, v) such as

W) < [ P @) dala) + .

n

Thus (3.3) strengthen this trivial bound.

Proof. We first note that the standard Gaussian measure satisfies (1.9) for £?(R") with
k = 2 (see Appendix). Hence by Theorem 1.2, we have

But,, ()< [ (@ Vf(@) d(o).

n

Moreover, by (3.1), integrating by parts yields that

| @ V@) de = [ R i@ dn —n.

Combining these facts, we obtain (3.2).
The second assertion (3.3) immediately follows from (3.2) and Gaussian Talagrand’s
transportation inequality (see [36, 37])
1
§W22('yn,1/) < Ent,, (f).
O

Proof of Corollary 1.3. We set f := h/7,, then we can check that f satisfies the assump-
tions in Proposition 3.1. Hence applying Proposition 3.1 to f, we see that

/hloghd:vg/ hlog’yndx—l—/ |z|?h(x) dx —n

1

9 n 9
== — —log(2m
7 / |z|“h(x) dx > og(2me”),

which is the desired assertion. O
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3.2 Cramér-Rao inequality and logarithmic Sobolev inequality

From Theorem 1.2, we can obtain the following logarithmic Sobolev type inequality
or Cramér-Rao type inequality, which includes Proposition 1.4.

Proposition 3.2. Let 1 and Q) be as in Theorem 2.5 and let f € L' (1) be a nonnegative,
locally Lipschitz and even quasi-convex function. Then it holds that

1/2
Bu(7) < 2 ([l i@ du)) /10 (3.5)

and

But, (1) < 21 + % [ [oP (o) d(a). 36)

Proof. Let f be a function satisfying our assumptions. Then by Theorem 1.2, we see that

2
Ent, (/) < = [ [ol|9 ()| dp.
K Ja
Then (3.5) follows by combining this with the Cauchy-Schwarz inequality, and (3.6)

follows from (3.5) and the arithmetic-geometric mean inequality. O

As we described in our introduction, (3.5) is close to the logarithmic Sobolev inequal-
ity, and exactly gives

Fnt, (f) < % (/Q @2 f(x) du(x))1/2 L.(f)

if I,(f) > 1, and
Em@g%éM%@@@Mﬁ

if Ent,,(f) > 1. We emphasize that the constant of (3.5) depends only on [, |z|*f(z) du(x)
and k. The logarithmic Sobolev inequality also appears in [35] where we need the
Poincaré constant of .

On the other hand, (3.6) is close to the defective logarithmic Sobolev inequality. Here
we say that a probability measure p on R” satisfies the defective logarithmic Sobolev
inequality with constants p > 0 and 7 > 0 if

1
But,(f) < 5 L(0)+ 7 [ Fdu
2p Q
for any nonnegative locally Lipschitz function f on 2. We refer the reader to [3] for

details of the defective logarithmic Sobolev inequality. In our case, when 2 is bounded,
since 2 is symmetric, (3.6) implies that

1 1
Ent,(f) < =1.(f) + —(diamQ)* [ fdpu. (3.7)
K 4k Q
In particular, when ) is an interval in IR, we also obtain the logarithmic Sobolev inequality

associated with the Poincaré constant of y. Here we say that u satisfies the Poincaré
inequality with constant C,, > 0 if

Cu [ 2 au< [ 1957 d
Q Q

for any locally Lipschitz function f on 2 with fQ fdu=0.
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Corollary 3.3. Let u be a symmetric probability measure on a bounded symmetric open
interval I C R and f: I — R be a locally Lipschitz function. Suppose that u satisfies
the dilation inequality for K!(I) with k > 0 and the Poincaré inequality with C,, > 0. In
addition, we suppose that f is odd and monotone function with f € L?(u). Then it holds
that

1 1 )
Ent,(f?) < p < ic, (dlamI)Q) /I |12 dp. (3.8)

In particular, when dp = e~ #\®) dx is log-concave, then we have

Ent,(f?) < (2+ o) (diam 1) )/f % dp. (3.9)

Proof. First we remark that f2 is a nonnegative, locally Lipschitz and even quasi-convex
function. Indeed, since |f|? is decreasing on IN(—o0, 0] and increasing on 1N [0, 0o) by the
is quasi-convex. Moreover | f|? is locally Lipschitz and symmetric
since f is locally Lipschitz and odd. Applying Proposition 3.2, in particular (3.7), to f2,
we obtain

Ent,(f?) < /|f | du + dlamI /fgd/J,

On the other hand, since f is odd and y is symmetric from which we have |, fdu=0,
we can apply the Poincaré inequality to f to see that

C, [ Pauz [15P dn.

Therefore we enjoy

Ent,, ( /|f | du +7 (diam I) /|f | dp,

which implies (3.8).

For the second assertion, we employ the result by Bobkov [4] where it is shown that
every log-concave probability measure p = e~¥ dx on R satisfies Cheeger’s isoperimetric
inequality with the constant 2¢=%(M) where m € I is the median of w. In our case, since
w is symmetric, we can take m as 0. Hence, Cheeger’s inequality [15] (see also [12,
Theorem 14.1.6]) implies that C,, > ¢=2¢(%). (3.9) follows from combining (3.8) with the
bound of the Poincaré constant and « = 2. The latter follows from every symmetric
log-concave probability measure satisfying (1.9) with x = 2 (see Appendix). O

3.3 Kahane-Khintchine inequalities and deviation inequalities

In this subsection, we consider deviation inequalities as described in Corollary 1.5.
To see this, we give the following moment estimate for positive exponent which is a
generalization of the comparison result of moments for log-concave probability measures,
firstly discussed by Borell [10] (see also [32, 20, 31]).
Proposition 3.4. Let y and () be as in Theorem 2.5 and py > 1. If a nonnegative function
f on Q satisfies

fe () QCr,p

1<p<po

it holds that

o\ H F ecisson
T (p) 1l (3.10)
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forany 1 <p < q < pg, where

(I)f <I>f(x)
— || 100 = €, > 0}.
| 7 Lo ({£>0) = esssup{ @) |z €Q, f(z) >0}
In particular, if f is differentiable on () and satisfies
fe ] QC(Q,p), (3.11)

p>1

then we have
) 2|1(-,Vlog fF( N lLoo ({r>0)

q
1l < (p T (3.12)

forany1l <p<q.

Proof. Set 1
A(t) = *lOg/ ft dlj/a
3 Q

then we see that

1 1 [, f*log f du
NEt)=— =1 tdp + -2l 0 T8
()= los | flan g

1 1

T2, frdp

Since f € QC*(Q, u) for any 1 <t < py, it follows from Theorem 2.5 that

Ent, (f*).

11 1
A'tS—fi/é-td
() tzlifﬂftdlug f 'U’

11 1 / »
o F10; dy
tr fo ftdp Jizea)fz)>o0r

1, ®;
SQHTHL“({J‘>O})-

Here we used the fact that ®4(z) = 0 for any ¢t > 0 if f(z) = 0 at € €, which
follows from f* € QC(Q, ). Hence integrating the above inequality from p to ¢ with
1 < p < ¢ < pg yields the desired assertion (3.10).

(3.12) also follows by the same proof above and by (2.2). O

For instance, when p is log-concave, the gauge function | - ||x for K € K7(R")
qi‘_‘“HK ||Loo({H.HK>O}) = 2. Hence, (3.10) yields

K

satisfies (3.11), and we can check ||

2
q
- i g < (p) TR

for any 1 < p < ¢ since all log-concave probability measures satisfy the dilation inequality
with x = 1. In particular, when p is symmetric on R, since we can take x = 2 as we see
in Appendix, we also obtain

q
I Mzage < =l llze )
D
for any 1 < p < ¢. It is known that the order of ¢/p above is optimal (for instance, see

[20]). On the other hand, it is known that all log-concave probability measures on R"
satisfy

q
- Ml Laqu < C;HH Nrllze
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for any 1 < p < ¢, where C' > 0 is an absolute constant (see [32, 12, 20]). We remark
that the similar inequality for general functions has already appeared in [35] (see also
[6, 17]). More precisely, in [35], we need the Remez function to construct the moment
comparison like (3.10). For s > 1, we define uf(s) > 1 by the best constant C' > 1 such
that

{zeQf f(x) <A1y C{r e Qf f(z) < Aug(s)}, VA>0.

We call the function uy: [1,00) — [1,00) the Remez function of f, and set
-1
L(1) =1 %
u'y (1) 1rr81¢51up .1
Then it follows from [35, Corollary 5.7] that

u’s (1)
q f
T (p) T

for any nonnegative integrable function f with /(1) < +oc and for any 1 <p < g. We

remark that ||%|| Lo ({s>0}) < u}(1) holds when f is a continuous and even quasi-convex
function. Indeed by the definition of uy, we have

f@) < f (1;}) u <11—5) . Ve(0,1),Va € Q.

Hence it holds that ®¢(z) < f(z)us(1) for z € {2, which yields ||%||Loo({f>0}) < uj(1).
As a corollary of Proposition 3.4, we give a tail estimate of a measure. To see this, we
introduce the Orlicz norm || - ||, for & > 1. Given any « > 1 and Borel function f: Q — R,

we set /Qexp<(|f(;3>|>a> du§2}.

It is known that the Orlicz norm || - ||, is also given by LP-norms for p > « (see [12,
Lemma 2.4.2]).

Lemma 3.5. Let o« > 1 and f: 2 — R be a Borel function. Then

1 £l = inf {t >0

Hf”LP(;L)

~ su
I = sup 2

Here A ~ B means that there exist some absolute constants ¢, C > 0 such that cB < A <
CB.
By Proposition 3.4, we obtain the following estimate of some Orlicz norm and the
deviation inequality.
Corollary 3.6. Let 1 and €2 be as in Theorem 2.5 and let f be a nonnegative function on
) satisfying
fe () Qcre, ).

p>1
We set
K
a :: ®—.
1 lzee ({r>0)
If1 < a < +o00, then it holds that
_1
[fllpa =™ = ([ fllzew- (3.13)
In addition, we have
p({z € Q| f(z) > Cta™ || fll o }) < 2exp(—t*), Vt>1, (3.14)
where C' > 0 is an absolute constant.
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Proof. (3.13) is a direct consequence of Proposition 3.4 and Lemma 3.5. (3.14) also
follows from (3.13) and Markov’s inequality. O

Proof of Corollary 1.5 (1). Let f be a function given in Corollary 1.5 (1). Then for any
t > 1, f! is a positive, differentiable and even quasi-convex function on  with f* € L!(u).
Hence by Theorem 1.2, we have

Bat () < 2 [ 571w (@) duta).

Applying this inequality instead of Theorem 2.5 in the proof of Proposition 3.4, we obtain
q 2 |(,V log £}l Loo
Il < ()

for any 1 < p < ¢. Finally by the same argument as in the proof of Corollary 3.6, we
conclude the desired assertion. O

L1l 2 ()

Next, we consider the Kahane-Khintchine inequality for negative exponent via Propo-
sition 2.4.

Proposition 3.7. Let i1 and (2 be as in Theorem 2.5. Let f be a positive, continuous and
even quasi-convex function with
1

Py
0<ﬂfﬁbww7hw<+m

Suppose that f also satisfies f? € QC(Q, ) and f~P € L'(u) for some 0 < p < 1/f3. Then
it holds that
e

B
med(9) < (1) Il

Proof. We may suppose that med(f) > 0, otherwise our assertion is obvious.
We firstly note that we have

—(1—0)log(1 —0) >log2min{f,1 -0}, VO e|0,1].
Hence, by (1.9) and (2.10), we have

,‘$10g2/0Oc P min{p({z € R™ | f(z) <t '}),1 — p({z € R™| f(z) <t~ '})}dt

g/ £ dp. (3.15)
Q
Since the definition of the Lévy mean implies that
1 1
pl{z €R" | f@) <7D < ulfe € R (@) <med(f))) < 5, Vo2 o,

we enjoy

/OOO Pt min{u({z € R™ | f(z) <t™'}),1 —p({z € R™ | f(z) < t7'})}dt

> " u({z € R™| fz) <t7'})dt
el
o0 el ()
- / 7 u({x € R | fla) < t71Y)dt - / - u({r € RY | fo) < t7'})dt
0 0
1 / _ 1 1 P
S1 fpw—< >, (3.16)
pJo p \med(f)
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On the other hand, it holds that

)
/f—”—lcbfdug|\—f\\Lm/f—Pdu. (3.17)
Q f Q
Since f~? € L'(u) and || Ll|p~ < 400, combining (3.15) with (3.16) and (3.17), if
% > ||%HLOO, we obtain

nlog?i klog2 1 P
(52 -1 ) [ an< =22 ()

Therefore it holds that

_1
p P
med(f) < < — KlogQH e ) Il (-

Since direct calculations yield (1 — top)_%“U < e forty >0andany 0 < p < t;', we
can obtain the desired assertion. O

Guédon [19] (see also [12, Theorem 2.4.9]) showed that every log-concave probability
measure and norm || - || on R" satisfy

C 1/q
/Ilwdu<</ IIqudu) ,
Rn I+q \Urn

for any —1 < ¢ < 0, where C' > 0 is an absolute constant. Hence Proposition 3.7 is
a generalization of Guédon’s result in some sense. An extension of Guédon’s result
for general functions is also discussed in [9, 17]. We also remark that Guédon’s result
follows from the small ball estimate,

B ({m eR" | [Ja]| < t/ ||:c||d,u}> <ct v,
Rn

which is shown by Latata [24]. Similarly, we can show the deviation inequality around
the origin.

Corollary 3.8. Let i and () be as in Theorem 2.5. Let f be a positive, continuous and
even quasi-convex function with

1
klog 2

0<B:=

|| ||L < +oo.

Suppose that f also satisfies f? € QC(Q, u) and f~P € L'(u) for any 0 < p < 1/3. Then
for any small enough ¢ > 0, it holds that

e 1—ep L
p{z € Q| f(z) <tmed(f)}) < (ffﬁ) tF7°, vte (0,1].

Proof. Letp = 1

53— € (0, %) for small enough € > 0. It follows from Proposition 3.7 that

f o ins (med(f)i— W)p'

Hence Markov’s inequality implies that

e Bp
p{z € Q| f(z) <tmed(f)}) < (1ﬂp) tP, Vvt e (0,1].

This implies the desired assertion by p = % — €. O
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Proof of Corollary 1.5 (2). Let f be a positive, differentiable and even quasi-convex
function on some neighborhood of Q with 0 < 3 < 400 and f~'/# € L'(u). Then for
any p > 0, fP is also a positive, differentiable and even quasi-convex function on some
neighborhood of €2, and thus f? € QC(u,) by Proposition 2.1 since ) is bounded.
Moreover, for any 0 < p < 1/3, we have P € L'(u) by f~/# ¢ L'() and Holder’s
inequality. Hence we see that f satisfies the assumptions in Corollary 3.8. Applying
Corollary 3.8 to f, we can conclude the desired assertion. O

3.4 u-perimeter

Our goal in this subsection is to give the estimate of the u-perimeter of K € K7(1)
described in Corollary 1.6.

Proof of Corollary 1.6. Without loss of generality, we may suppose that u(K) = u(K).
We set for e > 0,

1
f-(x) :== min {1, d(x,K)} , rveR"™
€
Then f. is a locally Lipschitz function on {z € R" | f.(x) > 0}. Moreover, we can check

that f. is a nonnegative and even quasi-convex function with f. € L'(x). Hence it follows
from Theorem 1.2 that

Bt (1) < = [ [2lIV1(0)] dife). (3.18)

Since we see that Vf.(z) =0ifz € K U (R"\ [K].) and |Vf.| <& ! on R", it holds that

/ 12|V £ ()] du(z)
Q

1
<2 [ leltig e dute)
€ Ja

< ([ tmanea) (2 [ taseraem)

= (i/gupll[K]E\K(w) du(w))l/p/ (1(u([K}s) —M(K)))l/p,

3

where we used Holder’s inequality. Furthermore, since we have by r(K)B} C K,
€
Kl. =K +¢BY 1+ — | K,
R (e
it holds that

1 ,
! / 2 Ly i (@) dule)
€ Ja

1 P — z|P’ T
= </[ . [P du(z) / [P dpu( ))

L 4 T) — z|? T
e (/(1+T<EK))K [=l? du(z) /K| " dul )>

1 £ p/+n & ’
-/ <1+ ) A+ )D) @ | [P da.
K €

r(K)
Since K is bounded and ¢ is smooth, Fatou’s lemma yields that

A

lim inf é /Q ol L) e () da() < % /K (0 +n — (&, Vo(@)))|al” e da.
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Moreover, since we enjoy
div($|x|p/e_¢(‘”)) =@ +n- (x,ch(:c)))|x|ple_”’(z),
the divergence theorem implies that

1

1 / ,
lim inf = P du(z) < Pem¢@ g .
mint = [ ol g @) i) < s [ @) lal e dog(a)

Therefore, letting € | 0 in (3.18), we obtain

2/ 1 : v
1irg%nfEnt”(f€) < - (r(K) /8K<:v,n(1;))|m|1) e~ (@) dUK(:U)) ()P,

Since lim. ) fe = 1.z and p(K) = p(K), the lower semi-continuity of the relative
entropy yields that

, 1/p'
(0= () oL~ () = 2 (s [ Gt lal e doita)) ()

which implies the desired assertion. O

4 Revisit to the dilation inequality

4.1 Reconstruction

In Section 2, we investigated the functional form of the dilation inequality. In this
section, conversely, we will confirm that the dilation inequality can be recovered from
the functional inequality (2.11).

For K € K?(R™), we define a function N : R™ — [0, 00) by

x|l ifzx ¢ K

Nic(w) = {1 ifr e K.

Then we can easily check that Nk is a continuous, even and quasi-convex function on
R™.

Theorem 4.1. Let i be a probability measure supported on a symmetric convex domain
Q C R™ with [, |z| du(z) < +oo. We suppose that (2.11) holds for any f € QC"(Q, 1) with
some « > 0. Then . satisfies the dilation inequality (1.9) for K7 () with the constant .

Proof. Let us fix K € K7(Q2). We first remark that we may assume u(K) = u(K),
otherwise we have p*(K) = +oo since

pEe) — (K)  pl(K) — p(K)

9 &

and thus nothing to prove.
Let o € (0,1) and set § := 20/(1 — 0)?. We define

fo(x) ::min{(ls(./\/}((z) —-1),1- a}
_ {};(NK(I) 1) ifzrek,

1-0o ife ¢ K,
0 ifre K
={ Hllzllx —1) ifze K, \ K
l-0o ife ¢ K,
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for z € R™. Note that f, is a nonnegative, even, continuous and quasi-convex function.
We can also check that f, € L'(u) since f, < 1 — o on R". Moreover, we can obtain
fs € QCH(Q, ). To see this, we shall justify (2.5) for f,. Forany ¢ € (0,1) and z € R", it
holds

0 ifz e K.

1-—¢ ]
fU <1+€1‘> - (15(1+5||xHK - 1) ifee (KO')E\KE
l1-0o ife ¢ (Ky)e,

1+4¢

where we used == K = K.. Hence for any ¢ € (0,0), we have

(- 1) i € Ko\ K
1 <f (@) — f (1 —€x>> _ é(%(lll‘IlK 1) = 5(FElelx - 1)) ifze Ko\ K.
€ 1+e (10— (5 ellx - 1) if z € (Ko)e \ Ko
0 otherwise.
For any x € K., since 1+€\|9c||K = ||z||x. < 1, we have
11 11 1—¢ 2 2
- —1)<-= =_- < 2|zl k.
el =1 < 25 (lolle - TNl ) = 5o llollie < el

Next for ¢ K,, we have
1
1-o<s(llelx—1)

by ||z x > 1£2. Thus it holds that

In particular, for any x € R", we have

1/1 1/1—¢ 2
B _ i < Z .
= (50l = 0= 5 (5ol -1) ) < Sl

Therefore summarizing our arguments above, we can conclude that

Y- 1o (1550)) < ol

for any z € R™ and ¢ € (0, 0), which ensures (2.5) for f, since we can take some constant
C > O such that || - ||[x < C| - | and since we have [, |z|dy < +oc0. Hence we could check
f» € QCY(, 1). Moreover, we can get

2 n
e, (2) = 5lzlx 1w (@), =€ R™

Hence we can apply (2.11) to f, to see
1
Ent,(fs) < / O du.
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In the right hand side, since it holds that

1 _
to z € Ky,

<
Izl < T

we obtain

[ s <3 ) = E) < (1= 0 (K 11030) = ()

for any small enough 7 > 0, where we used K, C K(1;,), and p(K) = p(K) in the last
inequality. Hence we have

liminf/ Op dp < (14 71)p"(K)
D'J,O (9]

for any small enough 7 > 0, and thus

liminf/ Oy dp < p*(K).
10 Q

log

On the other hand, since it holds that f, — 111%\? as o | 0, it follows from the lower
semi-continuity of Ent, that

lin nf Ent, (/) > Ent, (L) = — (1= u(R) log(1 — u(K) = (1= () log(1 — ()

by u(K) = u(K). Eventually, we have
~(1 — () log(1 — p(K) < i (K)

which is the desired assertion. O

4.2 Applications

As a corollary of Theorem 4.1, we obtain the stability of the dilation inequality for
bounded perturbations, which is described in Corollary 1.7. To show this corollary, we
employ the following lemma.

Lemma 4.2 ([3, Lemma 5.1.7]). For any nonnegative function f € L'(R", 1) satisfying
Jgn fdp > 0, it holds

But,(f) = _inf [ [o(f) = 6(r) = 67 = ) d.

Here we set ¢(r) := rlogr forr > 0.

Proof of Corollary 1.7. We firstly note that since h is bounded from above and below by
a positive constant, we have QC'(Q, 1) = QC'(Q,v). Moreover it follows from h < b and
Lemma 4.2 that Ent, (f) < bEnt,(f) for any f € QC'(Q2,v). Since u satisfies the dilation
inequality for 7' () with x > 0, we can apply Theorem 2.5 to see

Bt (/) <, [ @sdu
K Jo

for any f € QC'(Q,v). By h > b~!, we conclude

KR

b2
Ent,(f) < —/Q@f dv

for any f € QC(Q,v).
Now we can check [, [z|dv < 400 since [, [z|du < 400 and h is bounded from above.
Hence we obtain the desired assertion by applying Theorem 4.1 to v. O
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As another consequence of Theorem 4.1, we can observe the tensorization property
in the special case, which is described in Corollary 1.8. We remark that 2; x €25 is also a
symmetric convex domain in R"*1!.

Proof of Corollary 1.8. Let QC™*(Q1 xQy, 111 ®p2) be the set of all functions f € QC! (1 x
Qs, 111 @ pe) such that f is bounded on Q; x Q5 and satisfies
f(xay> :f(fxvy) :f(xa 7y):f(7xa 7y)7 V(I’,y) GQ1 XQQ- (41)
Now, fix f € QCl’*(Ql x Qo, 1 @ p2), and set
g(z) = [ [f(z,y)duz2(y).
Qs
Then we see that

Entll«l (275} (f)
=Ent,, (9)

+/Ql ( , J@v)loe f(@,y) dualy / F(@,y) dpa(y 1og/ f(,y) dpia(y )) dps (x).

If we have g € QCl(Ql,m) and f(x,-) € ch(QQ,,U,g) for pi-a.e., x € 4, then we can
apply Theorem 2.5 to see that

1
Enty, gu, (f) < ;1/ (@) dpa (x / / D (2, (y) dpa(y)dps (). (4.2)
Q1 JQo

Q

By the definition, we have

Dy(x) —1iIrelf(’)up/Qz é (f(x,y) - f (Lf y)) dp2(y)-

Now we remark that f({72x,y) > f({72x, {2y) for any (z,y) € Q1 x Q. Indeed, since

f is even quasi-convex function on ; x s and satisfies (4.1), f(z,-) is even quasi-
convex on {2y for each z € Q;. In particular, f(z,ty) is monotone increasing in ¢ > 0
for any y € €, and hence we conclude f({75x,y) > f({7=w, {7=y). From this and

147 14¢
f S QC (Ql X QQ, n1 & /,(,2), we obtain

(s -1 (5e)) < 2 (few - £ (20 155w) ) < How)

for all small enough ¢ > 0 and (z,y) € Q; x Qg, where h is a Borel function in L'(; x
0o, 1 ® p2). In particular, h(z,-) € L'(Qq, u2) holds for ui-a.e., v € ;. Hence it follows
from Fatou’s lemma that

Py(z) < /Q Dy(x,y) dua(y)

for y1-a.e., x € Q. Similarly, we can observe that ® ¢, .y(y) < ®(z,y). Therefore we can

conclude ) )
Ent o (f) < ( +) | s palan) 4.3)
1 X8

K1 )
for any f € QCY* (1 x Qa, 11 @ pia).
Now let K C R x R™ be a symmetric open convex set such that if (z,y) € R x R"
belongs to K, then (—z,vy), (z,—vy), (—z,—y) also belong to K. Let us consider the
function f, given in the proof of Theorem 4.1 for o € (0,1) and K. Then by the property
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of K and the definition of f,, we see that f, € QCI’*(Ql x Qo, 11 ® p2). We also remark
that it holds that [ . [(z,y)|du1 ® p2(x,y) < 400 by assumptions. Hence, by iterating
the same arguments for f, as in the proof of Theorem 4.1 via (4.3), we can obtain

u%K)Z—(1-+1)_<1—MK»mm1—MK»

K1 K2
which is the desired assertion.

Finally, to justify the above argument, we prove g € QC!(Q, ;) and f(z, ) €
QCl(Qg,ug) for pi-a.e., x € ;. Since f is bounded and satisfies (4.1), we can eas-
ily check that f(«,-) and g are nonnegative, continuous and even functions, and f(z, )
is quasi-convex. In addition, since f is integrable, we see that g € L'(Q,u1) and
f(z,) € LY(Qa, pa) for py-a.e., x € Q. Since we have already shown that g and f(z,-)
satisfy the condition (2.5) by the above argument, we obtain f(z,-) € QC'(Qy, u2) for
ui-a.e., x € 3. Therefore it suffices to show that g is quasi-convex from which we can
conclude g € QC! (2, 111).

Let A > 0 and consider A(\) := {z € R | g(z) < A}. Without loss of generality, we
may assume that A(\) # (). We remark that A()\) is symmetric since g is even. Now take
z € A()\) with z > 0. Since f is quasi-convex, f(-,y) is also quasi-convex for any y € Q.
In particular, since f(-,y) is even by (4.1), we see that f(¢z,y) is monotone increasing in
t > 0. Thus for any 2’ € [0,z] and y € Q5, we have f(2’,y) < f(z,y) which implies that
g9(Z") < g(z) < A. Since g is even, we obtain [z, z] C A(\) from which A()) should be an
interval. Hence g is quasi-convex, and our proof is complete. O

Remark 4.3. It is natural to expect the tensorization property for high dimensional
spaces. More precisely, if ;11 and o are probability measures on R™ and R™ satisfying
dilation inequalities for K7 (R™) and K72(RR"2), respectively, then does p; ® us also
satisfy the dilation inequality for K?1+"2(R"1%"2)? Corollary 1.8 gives a partial answer
affirmatively when either n; or ns is 1, but it is open when ny,ny > 2. In our argument,
this difficulty comes from quasi-convexity. In fact, let f; and f; be nonnegative even
quasi-convex functions on R". Then in our proof of Corollary 1.8, we used the fact
that f1 + f» is also an even quasi-convex function when n = 1. However, when n > 2,
the same phenomenon fails. For instance, let us consider functions f;(x1,2s) = |z1]|%/3
and fo(x1,72) = |12|?/? for (v1,22) € R2. Then we can check that both functions are
even and quasi-convex, but f; + f» is not quasi-convex on R? (the curve {(x,72) € R? |
f (1‘1, 132) + f2($1, 1‘2) = 1} is the astroid).

In our proof of Corollary 1.8, we also showed the tensorization property of the

functional dilation inequality (2.11). If we focus on this tensorization, we can improve
the functional version of Corollary 1.8 in the following special case.
Corollary 4.4. Let yu1, u2 be probability measures supported on symmetric convex do-
mains ; C R and Qs C R", respectively. We suppose that 1, po satisfy (2.11) with some
K1, ke > 0, respectively. Then p; ® s satisfies (2.11) with the constant k = min{x1, k2 }
for any bounded function f € QCl(Ql X Qo, pi1 @ p2) N CH(Qy x Qo) satisfying (4.1).

Proof. Almost all arguments are the same as in the proof of Corollary 1.8, but we remark
that since f € C1(Q; x €23), we have

¢A@=2A<%VJ@wnwﬂw,xem

and
(I)j(z,)(y) = 2<y7v1/f(may)>a (%y) € Ql X Q2-
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Hence since we also see that

(I)f($7y) =2<(a?,y)7Vf(CL‘,y)>, (l‘,y) te XQ27
it follows from (4.2) that

Enty, gu, (f)
< max {/{11’ ;}
x (2 | [ v anmane e [ [ 2<y,vyf<m,y>>du2<y>dm<m>>

2

- min{k1, K2} Jo,xq,
1

- min{k1, K2} Jo, xa,

which is the desired assertion. O

<($C, y)> Vf(x, y)> dﬂl ® ,UQ(LL', y)

Dp(x,y) dpy @ pa(z,y),

A Appendix

Here we will investigate the dilation inequality for symmetric log-concave probability
measures on R and the standard Gaussian measure ~,, on R".

Proposition A.1. Every symmetric log-concave probability measure on R satisfies the
dilation inequality for K!(R) with r = 2.

Proof. Let 1 = e~%(*) dz be a symmetric probability measure on R. Then we see that
p*((—t,t)) = 4e=¥Wt forany t > 0 (see [35]). We set dv := 26*9"(1)1(0,00) dz, then v is a log-
concave probability measure since y is symmetric. Moreover, we get v*((0,t)) = 2%t
for any ¢ > 0. Hence, we obtain p*((—t,t)) = 2v*((0,t)). On the other hand, since every
log-concave probability measure satisfies the dilation inequality (1.4), we can conclude

pr((=t,1)) = =2(1 = v((0,1))) log(1 = v((0,1))).
Finally, since we have v((0,t)) = u((—t¢,t)) by symmetry of u, we obtain the desired
assertion. O

Proposition A.2. The standard Gaussian measure v, satisfies the dilation inequality for
K?(R™) with k = 2.

Proof. We employ the result by Latata-Oleszkiewicz [25] where they showed that for any
K € K?(R™), it holds that
n(tK) > v, (tP), Vt>1,

where P C R" is a symmetric strip such that ~,(P) = v,(K). In particular, we can
take O > 0 satisfying v, (P) = 7, (R" ! x (=0k,0k)), Yn(tK) > v1((—t0K,t0k)) for any
t > 1and v,(K) = v1((—0k, 0k)). Hence, by the definition of the dilation area, we can
conclude v (K) > 75 ((—0xk, 0k )). Finally, since +; is log-concave, Proposition A.1 implies
the desired assertion. O

We also remark that x = 2 is optimal in Proposition A.2. Indeed, we can check that
fort >0,

1 (=t 1) = ez
and

—(1—y((—t, ) log(1 — n((~t,1))) = \/%t +o(t)

as t — +0. Hence if v; satisfies (1.9) for IC;(R) with £ > 0, then x should satisfy x < 2.
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