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Branching Brownian motion in an expanding ball and
application to the mild obstacle problem

Mehmet Oz*

Abstract

We first study a d-dimensional branching Brownian motion (BBM) among mild Poisso-
nian obstacles, where a random trap field in R? is created via a Poisson point process.
The trap field consists of balls of fixed radius centered at the atoms of the Poisson
point process. The mild obstacle rule is that when particles are inside traps, they
branch at a lower rate, which is allowed to be zero, whereas when outside traps they
branch at the normal rate. We prove upper bounds on the large-deviation probabilities
for the total mass of BBM among mild obstacles, which we then use along with the
Borel-Cantelli lemma to prove the corresponding strong law of large numbers. Our
results are quenched, that is, they hold in almost every environment with respect to
the Poisson point process. Our strong law improves on the existing corresponding
weak law in [Ann. Inst. Henri Poincaré Probab. Stat. 44 (2008), 490-518]. We also
study a d-dimensional BBM inside subdiffusively expanding balls, where the boundary
of the ball is deactivating in the sense that once a particle of the BBM hits the moving
boundary, it is instantly deactivated but will be reactivated at a later time provided
its ancestral line is fully inside the expanding ball at that later time. We obtain a
large-deviation result as time tends to infinity on the probability that the mass inside
the ball is aytpically small. An essential ingredient in the proofs of the strong law
of large numbers for BBM among mild obstacles turns out to be the large-deviation
result on the mass of BBM inside expanding balls.
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1 Introduction

In this work, we study two models involving a branching Brownian motion (BBM),
where the population growth is slower than that of an ordinary (free) BBM. It is well-
known that typically the population, that is, the total mass, of a BBM grows exponentially
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in time. To be precise, if N; denotes the total mass of a strictly dyadic BBM at time ¢ and
/3 is the branching rate, then (V;);>¢ is a Yule process, and the limit M := lim;_, o, N; e~ 7
exists, is positive and finite a.s. In each of the two models considered in this paper, there
is a reproduction suppressing mechanism which contributes a subexponentially decaying
factor to the typical population size.

We first consider the model of BBM among mild Poissonian obstacles. We study the
growth of mass of a BBM evolving in a random environment in R¢, which is composed
of randomly located spherical traps of fixed radius with centers given by a Poisson
point process (PPP). The mild obstacle rule is that when a particle is inside the traps,
it branches at a lower rate, which is allowed to be zero, than usual, that is, when it
is not in a trap. The mild obstacle problem for BBM was proposed by Englander in
[6], and on a set of full measure with respect to the PPP, a kind of weak law of large
numbers (WLLN) was obtained (see [6, Theorem 1]) for the mass of the process as well
as a result on its spatial spread (see [6, Theorem 2]). In Theorem 2.1, by estimating
successive large-deviation probabilities, we improve the WLLN in [6] to the strong law of
large numbers (SLLN). We also include the possibility of no branching inside the traps,
which was not covered in [6]. The case of zero branching inside the traps adds a major
challenge to the problem. In this case, it is difficult to show that exponentially many
particles are produced with ‘high’ probability in the presence of mild obstacles, whereas
if the branching inside the traps is a positive constant, say 3, then a growth of ~ et
particles ‘comes for free’ since the branching rate is at least 3; everywhere on R%.

Then, we consider a BBM in an expanding ball of fixed center, where the radius of
the ball is increasing subdiffusively in time, and the boundary of the ball is deactivating
in the sense that once a particle of the BBM hits the moving boundary, it is instantly
deactivated but it will be reactivated at a later time provided its ancestral line is fully
inside the expanding ball again at that later time. On this model, in Theorem 2.4,
we obtain a large-deviation result, giving the large-time asymptotic behavior of the
probability that the total mass of the BBM is atypically small in the expanding ball.

An essential ingredient in the proof of Theorem 2.1 turns out be Theorem 2.4, that
is, the lower tail asymptotics for the mass of BBM in expanding balls. In the mild
obstacle problem, a suitable time-dependent clearing (see Definition 4.1) in the random
environment in R? serves as the expanding ball of Theorem 2.4.

1.1 Formulation of the problems

We now describe the two sources of randomness in the models, and formulate the
problems in a precise way.

1. Trap field and mild obstacle problem for BBM: The setting of random ob-
stacles in R? is formed as follows. Let II be a Poisson point process (PPP) in R¢ with
constant intensity v > 0, and (2, P) be the corresponding probability space with expec-
tation E. By a trap associated to a point z € R?, we mean a closed ball of fixed radius
a > 0 centered at z, and by a trap field, we mean the random set

K=Kw)= |J Bl,a), (1.1)
x; € supp(1II)

where B(z,a) denotes the closed ball of radius a centered at z € R¢.

In the first part of the current work, a branching Brownian motion (which is briefly
described below) is assumed to live in R%, to which K is attached. For w € Q, we refer to
R? with K (w) attached simply as the random environment w, and use P“ to denote the
conditional law of the BBM in the random environment w. The mild obstacle problem
for BBM has the following rule: when a particle of BBM is in K¢, it branches at rate (35,
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whereas when in K, it branches at a lower rate 5; with 0 < 8; < 5. That is, under the
law P¥, the BBM has a spatially dependent branching rate

B(z,w) := Ba L ge(w)(®) + B1 L (w) ().

Our focus is on the total mass of BBM among mild obstacles. We first find upper
bounds that are valid for large ¢ on the large-deviation probabilities that the mass is
atypically small and atypically large. Then, via Borel-Cantelli arguments, we obtain the
corresponding SLLN, which says that the total mass of BBM among mild obstacles grows
as its expectation as ¢ — oco. That is, on a set of full IP-measure, in a loose sense,
log Ny log E“[N{]
t t
(See Theorem 2.1 and Remark 2.3 for precise statements.) The result is valid in almost
every environment w; hence, it is called a quenched SLLN. We refer the reader to [6,
Section 1.2] for a list of problems that serve as motivation to study the current model.

We emphasize that here we allow the possibility of complete suppression of branching
in K, that is, #; = 0, which was not considered in [6]. The case f; = 0 is inherently
harder to deal with. The challenge is to produce exponentially many particles with ‘high’
probability in the presence of mild traps. If 81 = 0, it is difficult to show this, because
there are random regions in R where particles don’t branch at all; whereas if the
branching inside the traps is a positive constant, say (i1, then a growth of ~ e®* particles
‘comes for free’ since the branching rate is at least 3, everywhere on R?. Hence, if
B1 = 0, one must have some control over the motion of the BBM inside the traps. A
priori, one may think that with significant probability the particles spend too much time
inside the traps so that exponential growth cannot be achieved. We show, inter alia, in
the proof of the lower bound of Theorem 2.1 that this is not the case.

2. Branching Brownian motion in an expanding ball: Let Z = (Z;);>¢ be a
strictly dyadic d-dimensional BBM with branching rate 5 > 0, where t represents time.
Strictly dyadic means that every time a particle branches it gives precisely two offspring.
The process can be described as follows. It starts with a single particle, which performs
a Brownian motion (BM) in R? for a random lifetime, at the end of which it dies and
simultaneously gives birth to two offspring. Similarly, starting from the position where
their parent dies, each offspring particle repeats the same procedure as their parent
independently of others and the parent, and the process evolves through time in this
way. All particle lifetimes are exponentially distributed with constant parameter g > 0.
For each t > 0, Z, can be viewed as a finite discrete measure on R?, which is supported
at the positions of the particles at time ¢. For ¢ > 0, we use |Z;| to denote the total mass
of Z at time ¢, and occasionally use N; := |Z;|. Also, for a Borel set A C R% and ¢ > 0, we
write Z;(A) to denote the mass of Z that fall inside A at time ¢.

We also define a BBM deactivated at a moving boundary. For a Borel set A € R?,
denote by 0A the boundary of A. Consider a family of Borel sets B = (B,);>o. Let
ZB = (ZP");>0 be the BBM deactivated at dB, which can be obtained from Z as follows.
For each t > 0, start with Z;, and delete from it any particle whose ancestral line up
to t has exited B; to obtain fo. This means, ZtBt consists of particles at time ¢ whose
ancestral lines have been confined to B; up to time ¢ (but may have left B, at an earlier
time s), and therefore it can be viewed as a finite discrete measure in B;. The terminology
‘deactivated’ reflects on the following nature of the process: if a particle of Z; is not part
of ZB: at time s, this means it has been deactivated since its ancestral line has exited B,
over [0, s]; it could reappear (or be reactivated) at a later time « and hence be a part of
ZBu provided its ancestral line becomes fully contained in B,, over [0, u].

This choice of a model for a BBM deactivated at a moving boundary is natural to apply
in the mild obstacle problem for BBM. One can show that in almost every environment in

t— o0, P¥“-a.s.
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R4, that is, R? with a random trap field as in (1.1) is attached, certain trap-free regions
of different sizes and locations exist, which may be suitably indexed by time ¢ and thus
serve as suitable time-dependent balls with moving boundaries. It is the free growth of
the BBM inside these trap-free regions that decides the overall growth rate of the BBM
in the random environment in R%.

We denote by Q the sample space for the BBM, and use P, and F,, respectively, to
denote the law and corresponding expectation of a BBM starting with a single particle
at z € R®. By an abuse of notation, we use P, and E, also for the BBM deactivated at a
boundary. For simplicity, we set P = F,. Also, we sometimes use

ng o= |2

to denote the mass at time ¢ of a BBM deactivated at 9B.

Consider a radius function r : Ry — R4 with lim;_,, 7(¢) = oo, which is subdiffusively
increasing, that is, r is increasing and r(t) = o(\/t) as t — oo. Fort > 0, let B; :=
B(0,r(t)), and p; be the probability of confinement to B; of a standard BM (starting from
the origin) over [0, ¢]. In the second part of the current work (see Theorem 2.4), for a
suitably decreasing function v : Ry — Ry with lim;_, . y(¢) = 0, we find the asymptotic
behavior as t — oo of the large-deviation (LD) probability

P (|ZtBt| < %pteﬁt> )

where we have set v, = 7(t) for convenience. It is easy to show that E[n;] = pse’;
therefore, since lim;_,, 7(t) = 0, for large ¢ one could suspect that v;p;e’* is atypically
small for the mass of a BBM deactivated at B. Indeed, Theorem 2.4 verifies that this is
the case. To the best of our knowledge, it is not known whether the almost sure growth
of n; agrees with its expected growth.

1.2 History

The study of branching diffusions among random obstacles in R? goes back to
Englander [3], who studied a BBM among hard Poissonian obstacles in the case of a
uniform field, and obtained the asymptotic probability of survival for the system as
t — oo in d > 2. In the hard obstacle model, the process is killed instantly when a particle
hits the traps. Englander and den Hollander [4] then studied the more interesting case
where the trap intensity was radially decaying as

dv J4

o~ 2T |z] = 00, £>0, (1.2)

where dv/dz denotes the density of the mean measure of the PPP with respect to the
Lebesgue measure. It is shown in [4] that the decay rate in (1.2) is interesting, because
it gives rise to a phase transition at a critical intensity ¢ = £., > 0, at which the behavior
of the system changes in terms of the optimal survival strategy. In contrast, if the decay
order is larger (or smaller), there will be no such phase transition and the optimal
survival strategy will simply be as in the case of the decay in (1.2) and ¢ > ¢, (or ¢ < {.;.).
In both [3] and [4], the branching rule was taken as strictly dyadic, and the main result
was the exponential asymptotic decay rate of the annealed survival probability as ¢ — oc;
in addition, in [4], several optimal survival strategies were proved. For a BBM with a
generic branching law, denote by py the probability that a particle gives no offspring at
the end of its lifetime. In [16], the work in [3] was extended to a BBM with a generic
branching law, including the case where py > 0. Likewise in [17], the work in [4] on the
radially decaying trap field was extended to a BBM with a generic branching law, with the
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possibility of pg > 0. Recently in [18], conditioning the BBM on the event of survival from
hard Poissonian obstacles, Oz and Englédnder proved several optimal survival strategies
in the annealed environment, with particular emphasis on the population size.

The annealed setting can be quite different from the quenched setting. An annealed
result is obtained by averaging over all environments, that is, with the notation intro-
duced above, the law (E ® P¥)(-) is used to calculate probabilities. This means, joint
strategies involving both the random process (the BBM in the current problem) and the
random environment can be used to realize the event in question, whereas only strate-
gies involving the random process which can be realized in almost every environment
can be used in the quenched setting. In this sense, the system has significantly more
‘freedom’ in the annealed setting. For instance, the quenched and annealed asymptotics
are different for the classical problem of Brownian survival among Poissonian traps (see
Theorems 4.5.1 and 4.5.3 in [22]).

We refer the reader to [5] for a survey, and to [7] for a detailed treatment on the
topic of BBM among random obstacles, and to [13] for a related problem where a
critical BBM that is killed at a small rate inside the traps (such traps are called soft
obstacles) is studied. We repeat that the mild obstacle model studied in the current
work was proposed by Englander in [6]. It is the partial aim of this work to improve the
WLLN therein for the population size of the BBM to the SLLN using purely probabilistic
techniques as opposed to techniques involving partial differential equations (PDEs) in
[6], as well as extending the results to the case of no branching within the obstacles.

The study of branching diffusions in restricted domains with absorbing boundaries
goes back to Sevast’yanov [20], who studied the survival of such systems in bounded
domains in R%. In [12], Kesten studied a BBM with negative drift in one dimension
starting with a single particle at position x > 0 in the presence of absorption at the origin.
He obtained a survival criterion depending on the drift of the process, and an asymptotic
result on the number of particles in a given interval. Later, various further results were
obtained on the one-dimensional model with absorption at a one-sided barrier. In [15],
considering a BBM starting with a single particle at the origin and with a strong enough
negative drift so as to make extinction almost sure, Neveu studied the process (Z,).>0
formed by the total mass that is frozen upon exiting ((—oo, —z),x > 0). Berestycki et
al. followed up on Kesten’s model of BBM with absorption at the origin, and in [1] and
[2] studied, respectively, the survival probability of the BBM near the critical drift as a
function of x > 0, and the genealogy of the process. In [9], on the same model, Harris et
al. studied the one-sided FKPP travelling-wave equation, and obtained several results on
the asymptotic speed of the rightmost particle, the almost sure exponential growth rate
of particles having different speeds, and the asymptotic probability of presence of the
BBM in the subcritical speed area. Then, in [14], Maillard improved on Neveu’s work in
the case where the process goes extinct almost surely, and obtained precise asymptotics
on the number of absorbed particles at the linear one-sided barrier. More recently in
[10], Harris et al. studied a BBM with drift in a fixed-size interval, that is, a two-sided
barriered version of Kesten’s model, and obtained a survival criterion involving a critical
width for the interval, and also the asymptotics of the near-critical survival probability.
The one-dimensional model involving a BBM with drift and a fixed barrier is equivalent to
the model involving a BBM with no drift and a linearly moving barrier. The second part of
the current work gives a lower tail large-deviation result on the population size of a BBM
in a subdiffusively expanding (time-dependent) ball in d dimensions with deactivating
boundary.

Notation: We use ¢, ¢, c1, ... as generic positive constants, whose values may change
from line to line. If we wish to emphasize the dependence of c on a parameter p, then
we write ¢(p). We denote by f : A — B a function f from a set A to a set B. For two
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functions f,g: Ry — R4, we write g(t) = o(f(t)) if g(¢)/f(t) — 0 as t — co. Also, for a
generic function g : Ry — R4, we occasionally set g, = g(¢) for notational convenience.
We use NN as the set of positive integers. For z € R¢, we use |z| to denote its Euclidean
norm; also, for a generic finite set S, we use |S| to denote its cardinality. We use B(z,a)
to denote the open ball of radius a > 0 centered at z € R?. For an event A, we use A° to
denote its complement, and 1 4 its indicator function.

We denote by X = (X;);>0 a generic standard Brownian motion (BM) in d-dimensions,
and use P, and E,, respectively, as the law of X started at position z € R¢, and the
corresponding expectation.

Outline: The rest of the paper is organized as follows. In Section 2, we present our
main results. In Section 3, we discuss some further problems related to the model of
BBM among random obstacles. Section 4 contains several introductory results, which
serve as preparation for the proofs of Theorem 2.1 and Theorem 2.4. In Section 5 and
Section 6, we present, respectively, the proofs of Theorem 2.1 and Theorem 2.4.

2 Main results

The first main result is a quenched SLLN for the total mass of BBM among mild
Poissonian obstacles in R?. Recall that (Q, P) is the probability space for the PPP that
creates the random environment, and N; := |Z;|. We now introduce further notation.
Let A4, be the principal Dirichlet eigenvalue of —%A on B(0,7) in d dimensions (see [7,
Section 1.10] where )\c(—%A, B(0,7)) = Ag,r). Write \g := Ag1, and let wy be the volume
of the d-dimensional unit ball. For d > 1 and v > 0, define the constant

d 0\ 2/
e(d,v) = Mg <> ) (2.1)
vy
Theorem 2.1 (Quenched SLLN for BBM among mild obstacles). On a set of full P-measure,
log N,
lim (log)*/? (Ogt* - 52) — —o(d,v) P“-as. 2.2)

Remark 2.2. Note that the branching rate ; in the trap field K and the trap radius a do
not appear in the formula. The rough intuition for this, is as follows. The growth of mass
among mild traps, to the leading order, is entirely determined by the free growth inside
a ‘large’ clearing (see Definition 4.1), which is known to exist almost surely regardless
of the values of 3, and a (see Proposition D). Also, regardless of 5, and a, with high
probability the system is able to hit such a clearing soon enough so that the sub-BBM
emanating from the particle that hits the large clearing produces sufficiently many
particles inside this clearing in the remaining time. The details are presented in the
proof of the lower bound of Theorem 2.1. Needless to say, the growth inside the large
clearing does not feel the effect of either 8, or a. In essence, the growth of mass is
determined by large trap-free regions rather than the traps, which is why the result is
quite robust to the details of the trapping mechanism such as the values of 5; and a.

Remark 2.3. It was shown in [6] that on a set of full P-measure,

E“[N¢] = exp | Bat — c(d,v) (I+0(1))]. (2.3)

t
(log 1)2/7
Theorem 2.1 is called a SLLN for BBM among mild obstacles, because it says that with
P“-probability one, the total mass of BBM among mild obstacles grows as its expectation
as t — oo. The reason why it is called a quenched SLLN is that it holds on a set of full
P-measure.

EJP 29 (2024), paper 55. https://www.imstat.org/ejp
Page 6/32


https://doi.org/10.1214/24-EJP1112
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

BBM in an expanding ball and among mild obstacles

It would be difficult to obtain any finer result than the one in Theorem 2.1 for the
following reason. The expected value formula in (2.3) comes from a ‘one-particle picture’
along with the many-to-one formula for spatial branching processes (see, for instance
[8, Lemma 1]), where the one-particle picture gives the quenched asymptotic behavior
as t — oo of the survival probability of a single Brownian motion among soft Poissonian
obstacles with killing function W (-) = (82 — 81)1 g(0,q)(-) (except that W is not summed
up on overlapping balls). This quenched result is known from Sznitman’s celebrated
work [21, Theorem 2.6], and says that the aforementioned large-time survival probability
decays as

t
Togapra(l+ o)

on a set of full P-measure. To the best of our knowledge, a lower order correction to this

result that accounts for the o(1) term above, has not been obtained. Therefore, a finer
result on even E¥[N,] seems far from trivial.

exp | —c(d, v)

Our second main result gives the large-time asymptotic behavior of the probability
that the mass of BBM inside a subdiffusively expanding ball B = (B;):>¢ that is deacti-
vated at the boundary of the ball, is atypically small. A subdiffusive expansion means
that the ball is expanding slower than the rate at which a typical BM moves away from
the origin, which means for large ¢ it would be a ‘rare event’ for the BM to be confined in
B,. For a generic standard Brownian motion X = (X;);>¢ and a Borel set A C R?, define
o4 =inf{s > 0: X, ¢ A} to be the first exit time of X out of A.

Theorem 2.4 (Large-deviation for mass of BBM in an expanding ball). Letr: Ry — R
be increasing such that r(t) — oo ast — oo and 7(t) = o(\/t). Also, let v : Ry — Ry
be defined by +(t) = e *"(!), where s > 0 is a constant. Fort > 0, set B; = B(0,7(t)),
pe = Po(op, >t), and ny = | ZP*].

If0 < k < /B/2, then

) 1
tlggo @ log P (nt < 'ytpteﬁt) = —K, (2.4)
and if k > +/f3/2, then

I~ . 1
_(H A Qﬁ) < hgg)lf @ IOgP (nt < ’ytpteﬁt) (25)

1
< limsup —— log P (n; < yupe?) < —/B/2, (2.6)

t—o00 T(t)

where we use a A b to denote the minimum of the numbers a and b.

Remark 2.5. The reason we call P(n; < vy:p:e’) with v, = e=*"(*) a large-deviation (LD)
probability is that with this choice of 7;, both P(n; < v;p:e®?) and P(n; = 0) decay as
e~ "(!) to the leading order for large ¢, where the values of the constant ¢ > 0 may differ.
Indeed, start with
P(n; < yepeeP) > P(ngy = 0).

One way to realize {n; = 0} is to completely suppress the branching and move the initial
particle out of B, := B(0,r(t)) over [0, kr(t)], where k > 0 is a constant. The probability
of realizing this joint strategy is

r(t
exp | —Bkr(t) — %(1 +o(1))], (2.7)
where the second term in the exponent comes from Proposition A (see Section 4) along

with Brownian scaling. To minimize the absolute value of the exponent in (2.7), set
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Bkr(t) = r(t)/(2k), which yields k = 1/(1/23). With this choice of k, we arrive at
P(n; = 0) > exp [—\/ﬁr(t)(l +o(1))]. (2.8)

The lower bound strategies presented here for {n; < y;p;e”*} and {n; = 0} turn out to
be the same when x > /23, but different when 0 < x < /23 (see the proof of the lower
bound of Theorem 2.4 in Section 6). Here is the heuristics behind these strategies. When
% is small (x < v/28), an obvious strategy to realize the unlikely event {n; < v;p;e”'} is to
simply suppress the branching of the initial particle for long enough just so as to account
for the factor of v, in y,p;e??, that is, long enough so that v,p,e”! is no longer atypical
for the growth of the BBM in B(0,7(t)) in the remaining time interval. On the other
hand, when & is large (x > /20), a less costly lower bound strategy is to simultaneously
suppress the branching of the initial particle and move it out of the ball B(0,r(t)), over
a time period of optimal length such that the joint cost of these two partial strategies
is minimized. Once the initial particle is moved out of B(0,r(t)), the event {n; = 0} is
realized, and no further suppression of branching is needed.

Remark 2.6. In Theorem 2.4, the reason why we assume r(t) — oo as t — oo and
r(t) = o(/t) is that we are interested in a model where the typical population growth
of BBM has an extra subexponentially decaying factor compared to that of an ordinary
BBM. That is, we are looking for a typical population size of f(t)e”! at time t, where
f(t) — 0 subexponentially as ¢t — co. If r(¢t) < M for all large ¢ for some M > 0, then the
extra factor decays at least exponentially fast; whereas if the expansion of B(0, r(t)) is
diffusive or faster, the extra factor would not decay to zero.

Also, in Theorem 2.4, we only consider vy with v, = e~""(®) for the following reason.
It can be shown that if v, — 0 as t — oo, then for all large ¢, P(n; < ypie®t) > 5y
for some 0 < § < 1 (see the proof of the lower bound of Theorem 2.4 in Section 6).
Hence, if v, decays sufficiently slowly so as to satisfy (logv:)/r(t) — 0 as ¢ — oo, then
liminf,_, o ﬁ log P (n; < ypee”*) > 0. Therefore, in view of (2.4) and (2.6) which hold
in the case v; = e~ (1) the event {ny < %pteﬁt} would not be an LD event when
(log~)/r(t) = 0 as t — oo.

Remark 2.7. A close look at Theorem 2.4 suggests that there is a critical value of x at
which a phase transition concerning the optimal strategy to realize the unlikely event
{ny < ypie'} occurs, but this critical value could be any number in [/3/2, /25

We believe that the lower bound in (2.5) is sharp, and therefore have the following
conjecture.

Conjecture 2.8. Under the assumptions of Theorem 2.4 and using the notation therein,
for any k > 0,
tllglo ?lt) log P (nt < ’Ytpteﬁt) =—(kA \/ﬁ)

If the conjecture holds, this would also imply that the critical value of « is /23, and
that the presented lower bound strategies, that is, the strategy described in Remark 2.5
when x > /2(, and the strategy described in the proof of the lower bound of Theorem 2.4
when 0 < k < /283, are indeed optimal.

The reason why we believe that the lower bound in (2.5) is sharp, is as follows. In
this kind of models involving branching, in order to realize large-deviation events where
the population size is aytpically small with the lowest cost, the system has to prevent
growth in the beginning of the relevant time interval. Once many particles are produced,
the cost of controlling the growth will be much higher, and therefore such a strategy
cannot be optimal. Both of the current lower bound strategies (the one in Remark 2.5
and the one in the proof of the lower bound of Theorem 2.4) indeed prevent growth as
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early as possible, starting from the initial particle. Therefore, the lower bound in (2.5) is
conjectured to be sharp.

3 Further problems

In this section, we discuss some further related problems. Recall that K = K(w)
denotes the trap field in the environment w. When we say a BBM has offspring law
(gr)k>0, we mean that each particle gives k offspring upon branching with probability g
so that ¢ > 0 for each k > 0 and > .-, qx = 1.

3.1 More general branching inside obstacles

Consider a more general branching mechanism in K such that when inside K particles
branch according to the offspring law (py)x>0 with py = 0 as opposed to binary branching.
We assume that pg = 0 since otherwise particles would be killed inside K with positive
probability, and we discuss the soft obstacle model which allows killing inside K as a
separate problem below. Let y; = 220:1 kpi. be the associated mean number of offspring.
We continue to assume binary branching outside K. Note that in this way, both the
branching rate and the offspring mean depend on position as

Bz,w) = P2 Lgewy () + B Lxw)(z), (3.1)
p(z,w) = 2L ke () + p1 L () (). (3.2)

Intuitively, as long as 82 > 51(u1 — 1), which means the net growth rate per particle
outside K is larger than the rate inside K, one would expect the growth of mass for
large times to be governed by large clearings to the leading order similar to the case
of binary branching inside K, and hence expect the SLLN in Theorem 2.1 to be robust
against this change of offspring law inside K. Indeed, we have the following theorem.

Theorem 3.1. For each w, suppose that the branching rate is as in (3.1), the branching
is binary in K°(w), and (py)x>0 is the offspring law inside K (w). Assume that py = 0 and
let puy =Y 7, kpi, < co. Provided B2 > (1(p1 — 1), on a set of full P-measure,

(log N,

lim (log t)Q/d T —

t—o0

52) — —c(d,y) P“as. (3.3)

Proof. The lower bound in (3.3) follows from Theorem 2.1 by w-wise comparison with
the case 5, =0, since py = 0 by assumption here and the ‘worst’ case of no branching,
that is, 81 = 0, inside K is already covered by Theorem 2.1.

For the upper bound, we follow a similar approach as for that of Theorem 2.1. Define
m(z,w) = p(zr,w) — 1 and m; = p; — 1. Applying the classical first moment formula for
spatial branching processes w-wise (see, for instance [8, Lemma 1] for a more general
version), we have

B[] = Bo [exp ( [ B w)m(X., s}, G4

where, as before, X = (X;);>0 is a Brownian motion in d-dimensions, and E, is the
corresponding expectation for a process started at x. Write 5 = 83 — (82 — 81)1k in (3.1)
and m = 1 — (1 — my)1k in (3.2), which yield fm = B — (82 — f1m1)1 k. It follows
from (3.4) that

¢
E“[N,] = ®'E, [exp </0 (B2 — Blml)]lK(w)(Xs)dsﬂ . (3.5)

Note that by assumption, 82 — 81m; > 0. Then, the expectation on the right-hand side
is the survival probability up to ¢ of a single Brownian motion among soft obstacles
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with killing function W (z) = (B2 — B1m1)1 (g4 (7), except that W is not summed on
the overlapping balls. This, nonetheless, does not affect the asymptotic behavior of the
survival probability (see [22, Remark 4.2.2]). Therefore, it follows from [22, Theorem
4.5.1] that on a set of full P-measure,

E“[N,] = exp [b’gt — ¢(d, mmu n 0(1))] . (3.6)

By the Markov inequality, we then have for any € > 0,

P ((bg £)2/d <1OgtNt — ﬁg) +c(d,v) > e)

— pv (Nt > exp [t (52 - W)D < exp [—et(logt)—z/d +o (t(log t)—Q/d)} .
(3.7)

The rest of the proof is identical to the corresponding part of the proof of the upper
bound of Theorem 2.1. O

In the proof above, observe that there was no need to modify Theorem 2.4, which
plays a key role in the proof of the lower bound of Theorem 2.1. The reason is, in
the latter proof, Theorem 2.4 is used to argue that there is sufficient growth of mass
inside certain clearings (i.e., trap-free regions) with high probability, and changing the
offspring law inside the traps has no effect on what happens inside clearings.

3.2 More general branching outside obstacles

Consider a more general branching mechanism in K¢ such that when inside K¢
particles branch according to the offspring law (p})r>0. Let po = Y oo, kpi be the
associated mean. Assume that s < oo and set my = us — 1. Without loss of generality,
we also assume that p; = 0. Let £ be the event of extinction for the BBM. Also, let ¢ be
the extinction probability of a discrete time Galton-Watson process with offspring law
(py)k>0- Then, ¢ = P(£), and from the elementary theory of branching processes, it is
known that ¢ = 1 if and only if s < 1. Therefore, for meaningful results, we consider
the supercritical case, that is, po > 1.

First, assume further that pj = 0 so that ¢ = 0. It follows by a similar reasoning
leading to (3.6) that

E“[Ny] = exp [ﬁgmgt —c(d,v) ¢ e (1+ 0(1))} .

(log't)
Then, an application of Markov inequality similar to (3.7) followed by a standard Borel-
Cantelli argument will lead to

lim sup (log t)?/¥) (M - ﬁgmg) < —c¢(d,v) P¥-as.
t—o00 t
on a set of full IP-measure.

We believe that an SLLN similar to the one in Theorem 2.1 holds with g5 replaced by
Bams in (2.2), but to prove the lower bound, one needs to extend Theorem 2.4 to a BBM
with a general offspring law (p})r>0. The upper bound of this extension turns out to be
difficult, and the main reason is as follows. (A close look at the proof of Theorem 2.1
shows that we only use the upper bound in Theorem 2.4 to prove Theorem 2.1.) In the
proof of the upper bound of Theorem 2.4, as an essential part of the second moment
argument that is used to bound P(n; < v;p:e’?) (for details, see the proof of the upper
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bound of Theorem 2.4), one needs estimates on the distribution of the most recent
common ancestor of two particles of BBM randomly chosen among the particles alive at
time ¢, and this distribution is known in the case of binary branching. To the best of our
knowledge, under a general offspring law, this distribution or any kind of useful estimate
such as (6.20) thereof is not known, and finding it would be a problem of independent
interest. If one overcomes this problem, and hence is able to find a positive upper
bound for — limsup,_, % log P (ny < vpre”?), then the proof of the lower bound of
Theorem 2.1 can be carried out in the same way as in Section 5.2 with the replacement
of By by Bams throughout the proof.

Now suppose that pj > 0. In this case, there is positive probability of extinction
for the underlying Galton-Watson process, that is, ¢ = P(£) > 0, and the process is
conditioned on non-extinction for meaningful results on the growth of mass of BBM for
large times. A detailed treatment of a BBM conditioned on non-extinction is given in [17]
(see Lemma 4 and Proposition 2 therein). In particular, conditioned on £¢, the BBM has
the two-type decomposition:

(Zo)e=0 = (Z}, Z}) =0,

where Z! is the process consisting of particles with infinite lines of descent, called the
skeleton, and Z2 is the one consisting of particles with finite lines of descent. Conditional
on £¢, the process Z! = (Z});>¢ is a BBM of its own, with the same net growth per particle
Bamo as the original process Z. Therefore, if an SLLN for N; similar to Theorem 2.1 is
proved for the case of a general offspring distribution with pj = 0, then the same result
would hold for the total mass |Z!| of the skeleton in the case pj; > 0 conditional on £°.
The analysis for the process Z2 is not so simple since it is not a BBM, and is formed by a
collection of independent BBMs initiated at random times along the skeletal lines (see
[18, Section 5] for details).

3.3 Soft killing inside obstacles

On top of complete suppression of branching, one may consider soft killing inside the
obstacles. More generally, we may describe the soft obstacle model for BBM as follows.
Consider a positive, bounded, measurable and compactly supported killing function
W :R? — (0,00), and forw = ", 0,, € Q, z € R?, define the potential

Viz,w) =Y Wz —a). (3.8)

Then, the Poissonian trap field K = K(w) in R? and the soft obstacle model for BBM are
formed as follows:

z € Kw) & V(iz,w)>0, (3.9)

particles branch at the normal rate § when outside K, whereas inside K they are killed
at rate V = V(z,w) and their branching is completely suppressed. Note that the special
case of constant killing rate inside spherical traps defined in (1.1) corresponds to taking
W = alp(g,q) with some constant a > 0 except that I is not summed up on overlapping
balls. A formal treatment of BBM killed at rate V = V(z,w) in R? is given in [13].

Compared to the mild obstacle model, the main extra challenge comes from the fact
that there is positive probability for the entire process to be killed in a finite time due
to possible killing of particles. Therefore, to obtain meaningful results, the process is
conditioned on the event of ultimate survival. Recall that N; = |Z;| denotes the mass of
BBM at time ¢. Let

Se={N>1}, S=[)S

t>0
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be, respectively, the event of survival up to time ¢, and the event of ultimate survival. As
before, we use P“ to denote the conditional law of the BBM in the random environment
w. By continuity of measure from above, one easily sees that lim;_, ., P¥(S;) = P¥(9).
Moreover, it is not hard to prove the following result (see [19, Proposition 3.2]).

Proposition 3.2 (Survival probability, soft obstacles). In the soft obstacle model de-
scribed above, on a set of full P-measure, 0 < P¥(S) < 1.

Note that any conditioning on .S or on S; for some ¢ will change the law of the BBM. In
particular, the ancestral lines will no longer have the law of standard Brownian motions.

In the mild obstacle problem, we have seen that the SLLN in Theorem 2.1 does not
depend on the reduced rate 3, inside the obstacles or the trap radius a (see Remark 2.2),
and as the corresponding proof of the lower bound shows, this is because the growth
is mainly due to the free growth inside a large clearing which the BBM is able to hit
soon enough. Even when there is killing inside the obstacles, such a large clearing
will continue to exist almost surely, and intuitively the BBM should still be able to hit
this large clearing soon enough with high probability. Therefore, we have the following
conjecture. Define the law P¥ as P¥(-) = P*(- | S).

Conjecture 3.3. In the soft obstacle model described above, on a set of full P-measure,

log NV, ~

] 2/d (TS - _ w_

tllglo(log t) ( ; ) c(d,v) P%-a.s.

Remark 3.4. Very recently, in a follow-up paper to the current work, a weaker version of
Conjecture 3.3 was proved in the case d > 2, where the convergence holds in probability

(see [19, Theorem 2.1]).

We think that a proof for Conjecture 3.3 can be given by following a similar method
as in the proof of Theorem 2.1. Nonetheless, there will be some serious additional
challenges compared to the mild obstacle case. We now give an outline of the main
similarities between the two models. The discussion on the main differences is postponed
to the end of Section 5.2 (see Remark 5.2 therein), which contains the relevant proofs,
so that the reader has a better understanding of the additional challenges introduced by
soft killing.

The expected mass at time ¢ can be obtained similar to (3.6). Observe that soft
killing under the potential V' together with complete suppression of branching inside the
obstacles is tantamount to the offspring law (py)x>0 with pp = 1 and rate 51 = V(z,w)
in (3.1), which yields

ﬁ(wi) = 2 ]ch(w) (37) + V(wi) ]lK(w) (33),
p(r,w) = 2L ey ().

Note that py = 1 implies u; = 0. By the construction in (3.9), V = V1g. Then,
Bn—1) = pBm = By — (B2 + V)1 k. Apply the many-to-one formula in (3.4) to obtain

E“[N,] = ', {exp (— /t(ﬁan(w)(Xs) + V(Xs,w))dsﬂ )

0

Using [22, Theorem 4.5.1], again, we obtain

E“[Ny] = exp |:62t —¢(d, V)m(l + 0(1))] ,

which holds on a set of full P-measure. Then, to prove the upper bound of Conjecture 3.3,
we may proceed in the same way as in the mild obstacle case. In contrast, the proof of
the lower bound seems far more than a simple modification of that of the mild obstacle
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case. One similarity is that since the soft killing rule applies only inside the trap field K,
and the killing function V is compactly supported by assumption (for comparison with
spherical traps, take a = sup, g, {|z| : V(z) > 0} where K is the compact on which V" is
supported), large clearings that are used in the proof of Theorem 2.1 will continue to
exist in almost every environment under soft killing as well. This means, Theorem 2.4
will continue to be useful in its current form just as in the case of general branching
inside obstacles, which was discussed in Section 3.1.

4 Preparations

In this section, we present introductory results that serve as preparations for the
proofs of the main theorems. The first two results are standard in the theory of Brownian
motion. Proposition A is on the large-time asymptotic probability of atypically large
Brownian displacements. For a proof, see for example [17, Lemma 5].

Proposition A (Linear Brownian displacements). For k& > 0,

P, < sup | X| > kt) = exp {_?(1 +0(1))} .

0<s<t

The following is a standard result on the large-time Brownian confinement in balls,
and for instance can be deduced from [7, Prop. 1.6], along with the scaling Ay, = )\d/rz.
Recall that 04 = inf{s > 0: X, ¢ A} denotes the first exit time of X out of A.

Proposition B (Brownian confinement in small balls). For ¢ > 0, let B; = B(0,7(t)),
where 7 : R, — R is such that 7(¢) — oo as t — oo and 7(t) = o(+/t). Then, as t — oo,

Py (op, >t) =exp —%(1 +o0(1))].

The following result is well-known in the theory of branching processes. For a proof,
see for example [11, Section 8.11].

Proposition C (Distribution of mass in branching systems). For a strictly dyadic continuous-
time branching process N = (IV;);>o with constant branching rate 8 > 0, the probability
distribution at time ¢ is given by

P(N; =k)=e Pt(1—e PR k>1,
from which it follows that
P(N; > k) = (1 — e POk, (4.1)

We now focus on the model of Poissonian traps in R?. Recall that a random environ-
ment in R? is created via a PPP, called II, with

K = U B(z;,a)
z; € supp(II)
being the trap field attached to R¢.

Definition 4.1. A clearing in the random environment w is a trap-free region in R?, that
is, A C RY is a clearing if A C K. By a clearing of radius r, we mean a ball of radius r
which is a clearing.

The following result is Lemma 4.5.2 in [22].
Proposition D. Let

1/d
Ro = Ro(d,v) :== <d> B 4.2)

vwq
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Then, on a set of full P-measure, there exists ¢y = ¢y(w) > 0 such that for each ¢ > ¢, the
cube (—/, £)? contains a clearing of radius

Ry := Ro(logf)l/d — (loglog £)?, ¢ > 1. (4.3)

We now prove a somewhat stronger version of Proposition D, which will be needed
in the proof of the lower bound of Theorem 2.1 (see Section 5). For a Borel set B and
r € R%, we define their sum in the sense of sum of sets as z + B := {x +y : y € B}.

Lemma 4.2 (Almost sure clearings). Let n € IN and a € R, be fixed, and for { > 0
let x1,..., x4 be any set of [¢"] points in R?. Define the cubes Cj, = z; + (—(,0)%,
1 < j < [¢™]. Then, on a set of full P-measure, there exists ¢y = {y(w) > 0 such that for
each { > (y, each of Cy 4,Cyy,...,Cp4ny o contains a clearing of radius Ry + a, where R,
is asin (4.3).

Proof. Let z1,zs,... be a sequence of points in R%, and Cj ¢ := z;+(—¢,£)? for j = 1,2, ...
For k > 0, let Ay be the event that there is a clearing of radius R, + k£ in each
C1,6,Ca0, - -, C20)n7,0- Also, for k > 0, define

Ep i = {(—£,0)? contains a clearing of radius Ry + k}.
Due to the homogeneity of the PPP, it is clear that for all z € R? and k& > 0,
P (z+ (—£,0)¢ contains a clearing of radius R, + k) =P(Eq).
Then, the union bound gives
P(AS ) < [(20)"] P(Ef )- (4.4)

We now estimate P(E7 ;). Partition (-, ¢)? into smaller cubes of side length 2(R, + k).
Then, a ball of radius R; + k can be inscribed in each smaller cube, and we can bound
P(E7 ) from above as

L¢/(Re+k) |
P(E;,) < |1- e"’“’d(R”k)d] ‘ < exp

Ry + Kk

¢ | a
—{ Je‘”‘“d(RH’“) . (4.5)

where we have used the estimate 1 + = < e”. Let

¢ | 0
— —vwq(Re+k)
Qp LRe n kJ e .

Then, using (4.3), and that log|¢/(R¢; + k)| > log m, we obtain

log oy > dlog (—dlog[2(Ro(log £)Y/¢—(loglog £)? + k)] —vwa[Ro(log £)*/?—(log log €)% + k]*

(loglog ¢)? — k
Ry(log £)1/4

d
= dlog ¢ — dlog[2(Ro(log €)Y/ — (loglog €)% 4 k)] — vwaR&log ¢ |1 —

> dlogl — dlog?2 — dlog[Ry(log €)Y/ — (loglog £)? + k]

2 3
—dlogt+ d—(log[)lfl/d[(log log0)? — k] — —2(logE)lfz/d[(loglog[)2 — k)2
Ry 2R}
1
> 2 .
Z SR (loglog ¢) (4.6)

for all large ¢, where we have used in the first inequality that R = d/(vw,), and that
(1—2)" <1—an+ (zn)?/2 for x € [0,1]. It follows from (4.5) and (4.6) that for a given

k > 0, for all large /,
P(ES,) <e ™ <e” exp[(log log €)? /(2Ro)]

EJP 29 (2024), paper 55. https://www.imstat.org/ejp
Page 14/32


https://doi.org/10.1214/24-EJP1112
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

BBM in an expanding ball and among mild obstacles

log m

Take ¢ = 2™ with m € IN. Then, since for all sufficiently large m, e =™ < exp (—m 2R )

< e’mQ; this, along with (4.4) and (4.6) implies

Z P (Angc) < C(mo) + Z ’V(Qn)m"'_l—‘ e—m2 < 00,
m=1 m=my

where ¢(my) is a constant that depends on my. Applying Borel-Cantelli lemma to the
cubes (—2™,2™)?, we conclude that with P-probability one, only finitely many Ag,wC
occur. That is, P(Q2g) = 1, where

QO = {LL) : Elmo = mo(w) Ym Z mo, each 0172771, SN ,OI’(2m+1)n“’2m (4 7)
has a clearing of radius Rm) + k}. ’

Let wy € Qp, and mg = mp(wp) be the ‘sufficiently large m’ from (4.7). If we choose
k > a, then to complete the proof, it suffices to show that in the environment w, for each
m > mg and 2™ < ¢ < 2™t each Cy 4, ..., C[¢n1,e contains a clearing of radius Ry + a.
Let ¢ > 2™0 so that 2™ < ¢ < 21! for some m > my. Fix this integer m. Observe that

Riym+1) — Rgmy < Ro(log2)"/? |(m + 1)"/4 — ml/d} < Rylog2.

Choose k = Rylog?2 + a (so far the choice of £ > 0 was arbitrary). Then, since R, is
increasing in ¢ for large ¢, we have

Ry+a< R(2m+1) +a< R(zrn) + Rolog2+a = R(gm) + k. (4.8)

Furthermore,
wn-l < ((2m+1)nw ) 4.9)

Then, setting ¢, = 2™°, (4.7), (4.8) and (4.9) imply that for £ > ¢,, each of C' g, ..., CM”M
contains a clearing of radius Ry + a. This completes the proof since the choice of wy € Qg
was arbitrary and P(€Qp) = 1. O
5 Proof of Theorem 2.1

5.1 Proof of the upper bound

The following upper bound was proved in [6, Section 6.1] via a first moment argument,
using (2.3) and the Markov inequality. On a set of full IP-measure, say (2, for any € > 0,

log N,
P ((log t)?/d (Ogtt - ﬁg) +c(d,v) > 5) < exp [—Et(log £y~ 4o (t(log t)_z/dﬂ .
(5.1)
To pass from (5.1) to the upper bourAld of the corresponding SLLN, we use a standard
Borel-Cantelli argument. Recall that (2 is the sample space for the BBM. For ¢ > 0, define

log N,
Y, := (logt)¥/® <0gt - ﬂz) )
and let
Qo :={weQ:Ve>0 Ity =to(w) such that V¢ > to, V; < —c(d,v) +¢}.
Let w € ©y. We will show that P“((AZO) = 1. For n € IN, define

Ap ={Y, > —c(d,v) + ¢}
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By (5.1), there exists ny € IN such that for all n > ng, P¥(A,) < g—cle)n(log ")72/‘1. Then,

ZPM(A”) ot Z PY(An) <c+ Z e—c(e)n(logn) =¥/
n=1

n=no n=ngo

By the Borel-Cantelli lemma, it follows that P“(A,, occurs i.0.)

= 0, where i.o. stands for
infinitely often. Choosing ¢ = 1/k, this implies that for each k > 1,

we have
PY(Q) =1, Qp:={weQ:3ny=ng(w)such thatVn > ng, Y, < —c(d,v) + 1/k}.

Since P”(Qk) =1 for each k£ > 1, we have P“’(Qo) = Pw(ﬂkzlﬁk) = 1. Hence, on a set of
full P-measure,

log NN,
lim sup (log t)?/¥) (Ogtt - ﬁg) < —c(d,v) P“-as.

t—o0

5.2 Proof of the lower bound
Let € > 0. We will find an upper bound for

P ((log £)2/4 (WétNt _ g2> +e(d,v) < —g) = p~ (Nt < exp [t (52 - m>j5)2)

that is valid for large ¢ on a set of full P-measure, and then use this upper bound along
with the Borel-Cantelli lemma to pass to the corresponding SLLN.

The proof is split into four parts for better readability. The first three parts are based
on a bootstrap argument, where in part one, we find an upper bound on P(N; < %) for
0 < 0 < fBs, and then use this upper bound in parts two and three to find a similar upper
bound on (5.2). We follow a similar proof strategy as in [6]. However, we are required to
significantly improve the first and third parts of the corresponding proof in [6] in order
to extend the WLLN therein to SLLN, where the extra work is due to finding rates of
decay to zero for the relevant probabilities as t — oo as opposed to merely showing that
they tend to zero.

In the first part of the proof, we use probabilistic arguments alone, including The-
orem 2.4, in contrast to the partial differential equations (PDE) approach used in [6].
The main challenge is due to the possibility of 5; = 0 (no branching inside the traps),
which makes it difficult to show that even in the presence of mild obstacles the system
produces exponentially many particles with ‘high’ probability. It is possible to include
the case 1 = 0 here thanks to the probabilistic approach that we follow in the first
part of the proof: we show that with ‘high’ probability the BBM first finds a ‘good’ point
(see Lemma 5.1), which is the center of a large-enough clearing, and then produces
exponentially many particles within this clearing. We emphasize that the case g, = 0
was not covered in [6], and the PDE approach used therein exploits the condition 5; > 0.
The second part of the proof is similar to that in [6]; here, with minor further work, we
find the rate of convergence to zero of the probability of the relevant unlikely event. The
third part of the proof is an application of Theorem 2.4, where we argue that with ‘high’
probability sufficiently many particles are produced in a certain expanding clearing
in R?, which exists in almost every environment. The fourth part of the proof uses a
Borel-Cantelli argument along with the upper bound on (5.2) from part three to obtain
the lower bound of the SLLN in (2.2).

Part 1: Upper bound on exponentially few total mass
In the first part of the proof, we will find an upper bound for

P¥(N; < €®) with 0 <6 < fs,
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that is valid for large ¢ on a set of full P-measure. The argument will be based on the
following lemma of independent interest, which is on the hitting probability of a standard
BM to clearings of a certain size. Recall that X = (X;);>¢ denotes a standard BM in d
dimensions, and P, is the law of X started at position = € Re. Also, recall the definition
of Ry from (4.2).

Lemma 5.1 (Hitting probability of BM to large clearings). Let r : Ry — R, be such that

Ry (1

1/d
r(t) 3<6d) (logt)¥?, ¢ > 1. (5.3)

Forw € Q and t > 0, define
oY ={x € R?: B(x,r(t)) € K(w)}.

Let P¥ be the conditional law of X started at position z € R? in the random environment
w. Then, there exists Q; C Q with P(Q;) = 1 such that for every w € Q, there exists
to = to(w) such that for allt > to,

Pg;<< U {Xs}) Ney = @) <e !
0<s<t

Proof. Introduce a time scale h(t), and two different space scales p(t) and r(t), as follows.
Let h,p,r : Ry — R satisfy:

(@) Timy_a0 h(t) = oo and A(t) = oft),
() p(t) = o(y/h(t)) and p(t) = t¥/(@+™) for some m € N,
(c) r(t) = o log p(t)]*/¢ for t > 1.

Later, we will choose h(t) and p(t), and hence r(t), in a precise way so that r(¢) will be as
in (5.3).

First, we establish a suitable almost-sure environment in R¢ with sufficient concen-
tration of ‘large’ clearings in C(0,t) := [—t,t]¢. Consider the simple cubic packing of
C(0,t) with balls of radius p(t)/(2v/d). Then, at most

P

balls are needed to completely pack C(0, t), say with centers (z; : 1 < j <n,). For each
j, let B¥ = B(z;, p(t)/(2V/d)). Now consider generically a simple cubic packing of R?
by balls (B; : j € IN) of radius R > 0, and let = € R< be any point. It is easy to see that
min; max.eg, |v — z| < (V/d/2)4R, where v/d/2 is the distance between the center and
any vertex of the d-dimensional unit cube, i.e., C(0,1/2). Then, since the packing ball
radius is p(t)/(2v/d) in our case, it follows that

ng 1=

; i — . A4
Yz € C(0,1),  Inin max |z — z| < p(t) (5.4)

Observe from the definition of n; that

d
t
ny < (3Vd)* () . (5.5)
=BV
Let ¢ = p(t) = t¥/(4+™) Then, t = £(4*™)/4 and it follows from (5.5) that for all large ,
ny < (3\/8)‘15”” < gmtl (5.6)
EJP 29 (2024), paper 55. https://www.imstat.org/ejp

Page 17/32


https://doi.org/10.1214/24-EJP1112
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

BBM in an expanding ball and among mild obstacles

Now, with the choices ¢ = t¥/(@+™) n = m 4+ 1, and x; = z; for 1 < j < n;, where
(z; : 1 < j < n,) are as above, in view of (5.4) and since { — oo as t — 0o, Lemma 4.2
implies the following. On a set of full P-measure, there exists ¢, > 0 such that for all
t > to, B(x,p(t)) contains a clearing of radius R, for each x € C(0,t), where R, is as
in (4.3). That is, P(Q,) = 1, where

Q={weQ: 3ty Vt>ty, Vo€ C(0,t) Iy € B(z,p(t)) with B (y, R,)) € K°}. (5.7)

It follows from (4.3) and the requirement (c) that 2r(t) < Rp(t), and therefore for each
w € Q, for all large ¢ there is a clearing of radius 2r(¢) inside any ball of radius p(t)
centered within C'(0,¢). In this proof, we will use {2; as the almost-sure, i.e., quenched,
environment for the BM.

Next, suppose that t/h(t) is an integer for notational convenience!, and split [0, ¢] into
t/h(t) pieces as

[Oa h(t)]a [h(t)7 2h(t)}7 sy [t - h(t)7 t}
Forj=1,2,...,t/h(t), let
Tj = X(G-1)h(1)

and define the intervals I;; and the balls B;,, respectively, as
L= [0 = D). jh®)],  Bje = Blzj, p(1))-

We call € R? a good point for w € 2 at time ¢ if B(z,7(t)) is a clearing (see Definition 4.1)
in the random environment w. That is,

¥ = {z e R?: B(z,r(t)) C K°w)}

is the set of good points associated to the pair (w,t). We now estimate the conditional
probability that X does not hit ®} up to a large time ¢ given that w € Q;.

For f € C[0,t]and 0 < a < b < t, let flo,) = {f(s) : @ < s < b}. Then, fort > 1 and
1 < j <t/h(t), define the events

Ej={Xy,,No7 =0}, Gji={lzj41— x50 > ()},

and let F; = ﬂz/zhl(t) E;,. In words, E; is the event that X does not hit a good point
associated to (w,t) over [0, ¢], that is,

Et:{( U {XS})rw@f:(z)}.

0<s<t

Since a BM typically moves a distance of order /s over a time period of length s, G;;
is an unlikely event for large t. Set P¥ = P{j. Using that E, = ﬂ;fl(t) E; ., we estimate
P“(E}) by applying repeated conditioning on G, at times jh(t) for 1 < j <t/h(t) — 1

and throwing away the rare events G;; as

t/h(t) ji—1
PY(E,) <P*(Ey,) [] P¥ <Ej,t N (EkaZ,t)) +PY(G1y)

(5.8)

t/h(t)
+ > P (GN

=2

j—1
m (Ek,ta Gz,t)) .

k=1

In the rest of the proof, we find a suitable upper bound on the right-hand side of (5.8).

1We would like to avoid the floor function in notation.
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Recall that I;; = [(j — 1)h(t),jh(t)] and B;; = B(xj, p(t)) with 2; = X(;_1)p). Let
qgo(t) be the probability that X stays inside B;, over the period I;,. From Proposition B,

we have
B Aa h(t)

p3(t)
Let w € Q; (see (5.7)), and choose t large enough so that ¢t > ¢, = to(w), where tg is
as in (5.7). Then, By = B(0, p(t)) contains a clearing of radius 2r(t), hence a ball of
radius r(t), say Bi s, that is entirely contained in ®¢. That is, B;; C ®¢ N By ;. Likewise,
for each j =2,...,t/h(t), conditional on ﬂ{c;ll(Ek,t, k.t), we have |z;[ = | X1l <t
and therefore by definition of 4, B;; = B(x;, p(t)) contains a ball of radius r(t), say Bj .,
that is entirely contained in ®¢; that is, B, ; C ®Y N B;,,. Now let ¢; ;(¢) be the probability
that X doesn’t hit B;; conditional on exiting B;; over I;;. If X is conditioned to exit
Bj: = B(zj, p(t)) over I;,, over this same period it must also exit B(z;,7(t)), where 7(¢)
is the distance between z; and the center of B, ;. Therefore, since the Brownian exit
distribution out of a ball centered at the starting point has rotational invariance (even
under the conditioning), by comparing the surface area of the 7(¢)-ball that intersects
B, to the total surface area of the 7(¢)-ball, and since 7(t) < p(t) for each ¢t > 1, we
obtain

qo(t) = ex (14+0(1))], t— oo. (5.9)

d—1 t
Q) <1- “dp;_l(t()) = qi(t) forallt>1, (5.10)

where k4 is a constant that only depends on the dimension d. Also, from Proposition A,

we have

PY(G,:) =P?(Giy) <P¥ ( sup | Xs| > h(t)) < exp [—1h(t)(1 +o(1))|. (5.11)
0<s<h(t) 2

Now apply the Markov property of the Brownian path (X;)o<s<; at times h(¢), 2h(¢), ...,
t — h(t), and use (5.9)-(5.11) to continue the estimate in (5.8) as

P (Ey) < [a0(t) + a1 (0] + - P(Gyy)

h(t)
g (D) d—1 t/h(t)
2418 (1+40(1)) KT (t)] t { 1
< |e IS L) +——exp |[—=h(t)(1+0(1))| . (5.12)
) no &P |2+ o)

We now choose h(t), p(t), and r(¢) in a suitable way so as to keep P“(F};) sufficiently
small in view of (5.12), while respecting the previously stated requirements (a)-(c):

Ry [ 1\Y¢
h(t) = Vi, p(t) = (/6 ’"(”:?,(Gd) (logh)/e, ¢ 1.

With these choices, since exp [— ’\SJES)} < (’”; 3)7';1(;)1@) for all large t, it follows from (5.12)
and the estimate 1 + x < e that for all large ¢,

Kd/z)rdfl (t):| t/h(t)

PY(E,) < [1 _{ + % exp {—;h(t)u + 0(1))}

B p?1(t)

‘ d—1

Ka ((1) t t 1

< —4 1 =Z — — —=h(t)(1 1
-T2 (pa)) no | R exp[ O el ”}
B [ Ka c(Ro,d)(logt)@=1D/d¢1/2 1/2 112
P {(@=D)/(6d) T ew |t o)
< exp >_t1/27(d71)/(6d)} + exp [_;’tl/z} Se,tl/s’
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where the last inequality follows since % < % — %. Hence, we reach the following
conclusion. There exists Q; C  with P(Q;) = 1 such that Vw € Qy, 3ty = to(w) such
that Vit > t,

_41/8

P (Upcuc{X.}) N0F = 0) < 0

Next, we use Lemma 5.1 to complete the first part of the proof of the upper bound
of Theorem 2.1. Recall that 0 < § < 3. Choose « such that 0 < a < 1 — §/f,. Split the
interval [0, ¢] into two pieces as [0, at] and [, t]. We argue that with ‘high’ probability,
the BBM hits a good point, say zy € R?, associated to (w, at) over [0, at], and then the
sub-BBM emanating from the particle that hits z, produces at least ¢° particles over
[at, t] inside B(zg,r(at)).

Let Y7 = (Y1(s))s>0 be a randomly? chosen ancestral line of the BBM in the random
environment w. Note that even under P“, since branching and motion mechanisms are
independent of each other, (Yi(s)),>0 is identically distributed as a standard Brownian
motion. The range (accumulated support) of Z is the process defined by

R(t)= |J supp(Z.). (5.13)

0<s<t

Since Y; is an ancestral line of Z, we have Up<s<;Y1(s) C R(t) for each ¢t > 0. Then, since
Y7 is Brownian, Lemma 5.1 implies that for 0 < a < 1, on a set of full P-measure, say ().,
for all large t,
PY(R(at) N &2, = 0) < e "1, (5.14)
Observe that {R(at) N ®¥, = ()} is the event that Z doesn’t hit a good point associated to
(w, at) over [0, at].

Now let 7 = 7(w) = inf{s > 0 : R(s)NPY, # 0} be the first hitting time of Z to %,. Let
Y> be the ancestral line of Z that first hits ®¥,, and let zyp = Y2(7). Conditional on 7 < «t,
apply the strong Markov property at time 7, and then apply Theorem 2.4 to the growth
inside B(zp,r(ct)) of the sub-BBM initiated by Y5 at time 7. Note that B; := B(zo,r(at))
is a clearing in the random environment w by definition of 7, zy and ®%,.

In detail, for u > 0, let | Z ?T ] | denote the mass at time 7 +u of the sub-BBM initiated

at position zy and time 7 by Y, with deactivation at 98;. Let s := (1 — a)t, # : Ry — Ry

be such that 1 1
i) = 20 ()7 frog (22
3 \6d 11—«

for large s, and B, := B(0,7(s)). Observe the equality of events {7 < at} = {R(at) N
®%, # (0}, and that ¢ — 7 > (1 — a)t conditional on 7 < at, and #(s) = r(at). Then,
on Qy with P(Qs) = 1, applying the strong Markov property at 7 = 7(w), and taking
s = exp[—+/B2/2 #(s)] for instance, Theorem 2.4 implies that for all large ¢,

N __dE (140
pw (Nt < e‘”]R(at) n q)gt # @) < p <|Z[§‘tt]| < e*\/ﬁQ/?r(s)e (f(.f))2(1+ (1))6523)

Ags
< P* <|Z[Brf7+(1—a)t]’ <eV ﬂ2/2’2(8)e_<f@i>>2(1+0(1))6ﬁ28)

_ o~ VBa/27(s)(14o(1) (5.15)

20ne can choose an ancestral line randomly as follows: start with the path of the initial particle from ¢ = 0
until it branches, and when it branches, pick one of the two offspring with probability 1/2, and concatenate
the previously traced path to the path of the chosen offspring until it, too, branches; repeat indefinitely the
procedure of picking an offspring particle with probability 1/2 upon branching and concatenating its path to
the previously traced path.
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where, in the first inequality, we have used that §t < (1 — «)B2t = S2s due to the choice
a < 1—§/pB,, and in the first equality we have used that B; is a clearing in w followed by
translation invariance. Then, in view of 7(s) = r(at) and the definition of r(¢) from (5.3),
we reach the following conclusion via (5.14) and (5.15): on Q C Q with P(Q2) =1,

p* (Nt < e&t) < e—c(logt)l/d(l—&-o(l))’ (5.16)

where ¢ = ¢(d, v, f2,6) > 0. (The dependence of ¢ on v is through R,, which appears in
the definition of r(t); see (4.2) and (5.3).) This gives a quenched upper bound on the
probability that N; = |Z;| is exponentially few, and completes the first part of the proof
of the lower bound of Theorem 2.1.

Part 2: Time scales within [0, {| and moving a particle into a large clearing

This part of the proof is not new; it is essentially taken from [6] with minor improve-
ments, where we also estimate the rate of decay to zero as t — oo of the probabilities
of the relevant unlikely events as opposed to merely showing that they tend to zero.
Introduce two different time scales, £(t) and m(t), where £(t) = o(m(t)) and m(t) = o(t),
and split the interval [0,¢] into [0,4(t)], [¢(t),m(t)] and [m(t),t]. More precisely, let
£,m: Ry — Ry be two functions satisfying £(¢) < m(t) < t forall ¢ > 0, and

(1) Timy 0 £(t) = o0,
(ii) lim¢—soe lol(g(t)) =1,
(iii) £(t) = o(m(t)),

2

(iv) m(t) = o(€(t)),
(v) m(t) = o(t(logt)~ 2/dy,

For concreteness, we fix the following choices of ¢ and m that satisfy (i)-(v): let £(¢) and
m(t) be arbitrarily defined with £(¢t) < m(t) < ¢ for ¢ € (0,¢], and

é(t) — tl—l/(loglogt)7 m(t) _ tl—l/(2 loglogt)’ for t > e.

Firstly, using Part 1 of the proof, we prepare the setting at time ¢(¢). Fix 6 € (0, f2),
and define
I(t) = [e®®].

Recall the definition of R(¢) from (5.13), and for ¢ > 0, let
M, :=inf{r >0: R(t) C B(0,r)}.
Next, for ¢ > 0, define the families of events
Gri={Nypy = I(t)}, Hy:={ My < /282 +cl(t)}

Recall that we write Z,(B) to denote the mass of Z that fall inside B at time ¢, and define
further the family of events

F, = {Zg(t) (B(O, V262 + eﬁ(t))) > I(t)} .
Since lim;_, o £(t) = 00, by (5.16), on a set of full P-measure, which we had called €2,
P2(GE) = P (Nigyy < [¢™0)] ) < emellost®) " 1on) (5.17)

with ¢ = ¢(d, v, 52,0) > 0. Next, we establish some control on the spatial spread of the
BBM at time /(t). Observe that M;/t is a measure of the spread of Z over [0,¢]. As
before, let NV, denote the set of particles of Z that are alive at time ¢, and for u € N, let
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(Yu(s))o<s<: denote the ancestral line up to ¢ of particle u. Note that N, = |[V;|. Then,
using the union bound, for v > 0,

P(My>~t)=P <3u €N : sup |Ya(s)] > 7t> < E[N¢] Py ( sup |X| > 'yt> . (5.18)

0<s<t 0<s<t

Here, we use P for the law of a standard BBM in R? with constant binary branch-
ing rate 2 everywhere. It is a standard result that E[NV;] = exp(fat) (one can de-
duce this, for example, from Proposition C), and we know from Proposition A that
Py (supg< < | Xs| > 7t) = exp[—+?t/2(1 + o(1))]. Moreover, the following stochastic dom-
ination is clear: for all B C R? Borel, all k € IN, and ¢ > 0,

P(Z,(B) < k) < P“(Zy(B) < k) foreachw € (. (5.19)

Then, taking B = (B(0,/25 + aﬁ(t)))c and k = 1in (5.19), and v = /282 + € in (5.18),
and replacing ¢ by £(¢) in both (5.18) and (5.19), it follows that on (2, for any ¢ > 0,

Pe(H;) = P (Mg > /2By +20(1)) < e 73 (o), (5.20)

Since G; N Hy C F;, we have P“(Ff) < PY(GY) + P“(Hyf), which, in view of (5.17)
and (5.20) implies that on o,

Pe(FE) < emelos @)V (o) ¢ = ¢(d, v, By, 8) > 0. (5.21)

This means, on a set of full P-measure, with ‘high’ P“-probability, there are at least I(t)
particles in B(0,/282 + ¢ £(t)) at time £(¢) for large ¢.
Next, we prepare the setting at time m(¢). Recall (4.3) and define

R(t) = Ry = Rollog (1)) — [loglog £()]?, for t > e“. (5.22)

Since lim;_, o, £(t) = oo, Lemma 4.2 implies that on a set of full P-measure, say (13,
there is a clearing B(xg, R(t) + 1) such that |zg| < £(¢) for all large t. Let w € Q2 N Q3.
Conditional on the event F}, the distance between z( and each of the at least I(¢) many
particles in B(0, /282 + € £(t)) at time £(t) is at most

(14 /282 + (1)

A Brownian particle present at time ¢(¢) in B(0,+/282 + ¢ £(t)) moves to B(xg,1) over
[¢(t), m(t)] with probability at least

[(1+ V282 + €)et))?
2[m(t) — £(t)]

qs = exp |— (I+o0(1)],

which follows from (iii) and (iv), along with the Brownian transition density. Apply the
Markov property of the BBM at time ¢(¢), and neglect possible branching of particles
over [{(t), m(t)] for an upper bound on the probability of Cf, where

Cy = {Zun()(B(z0, 1)) > 0}. (5.23)

Observe that conditional on the event F}, the event C; is realized if one of the sub-BBMs
initiated by each of the at least I(¢) many particles present in B(0, /282 + € £(t)) at time
£(t) contributes a particle to B(z,1) at time m(t). Therefore, by the independence of
particles present at time ¢(¢), we have

PY(CF | Fy) < (1— g’ = emad(®), (5.24)

EJP 29 (2024), paper 55. https://www.imstat.org/ejp
Page 22/32


https://doi.org/10.1214/24-EJP1112
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

BBM in an expanding ball and among mild obstacles

where we have used the estimate 1 4+ = < e*. Since (iii) implies that e Etg = o({(t)), we
have

g™V = exp[d£(t)(1 + o(1))].

Then, it follows from (5.24) that for all large ¢,
P¥(Cf | Fy) < exp |—e W0+ < o=tF) (5.25)

where we have used that by choice, /(t) = t'~1/(oglogt) " Note that (5.25) is superex-
ponentially small in ¢. Thus far, the value of § € (0, 32) was arbitrary. For the rest of
the argument, the exact value of ¢ has no importance; therefore let us now fix it as
0 = [2/2. Then, it follows from (5.21), (5.25), and assumption (ii) that on Qg := Q3 N Q3

P2(CC) < PY(CS | Fy) 4+ P(FF) < ecos)/ (o) o= ¢(d,y, By) > 0.  (5.26)

This means, on a set of full P-measure, with ‘high’ P¥-probability, there is at least one
particle of Z inside B(xg, 1) at time m(t) for large t, where |xg| < £(¢). Let us generically
call this particle v, and denote by yo := X, (m(t)) its position at time m(¢).

Part 3: BBM in the large expanding clearing

Let w € Qo, and recall that B(zg, R(t) + 1) is a clearing in w. In this part of the proof,
we will work under the law P“( - | C;), where C; was defined in (5.23). Conditional on
the event C}, we show that B; = B(yo, R(t)) is a large enough expanding clearing in w
in which the BBM can produce sufficiently many particles. In particular, we study the
evolution of the sub-BBM initiated by v at time m(t) over the period [m(t),¢] within the
expanding clearing B;. Denote this sub-BBM by Z. We will use P for the law of a BBM
started with a single particle at z € R? in the random environment w. For ¢ > 0 and

€ > 0, define
c(d,v) +e
At,e = {Nt < exp |:t (BQ — Uogt)z/d>:| } . (527)

Recall that our goal (see (5.2)) is to find a suitable upper bound on P¥(A;.).

Define R : R, — Ry such that R(t — m(t)) = R(t) for all large ¢. (By the choice of
m(t), t —m(t) is increasing on ¢ > o for some ¢y > 0. Therefore, {1 — m(t1) = t> — m(ts)
implies that ¢; = t5 for t; At > to). Next, let s :=t — m(¢), Bs := B(yo, R(s)) and

ps =Py, (05, 2 5) =Py

T30, R(s)) = 5)»

where, as before, P, denotes the law of a standard BM started at = € R?. By the Markov
property of Z applied at time m(t), 7 is a BBM started with a single partlcle at yo. Noting
that B is a clearing in w for all large s, and taking v, = exp[—+/532/ R ], Theorem 2.4
implies that

P (|2§‘ < e—\/ﬁ2/2§(s)pseﬁ25 ‘ Ct) < P;;:) < —Wﬁ(s)pse[bs)
:exp[ VBa/2 R(s)(1 + o(1 )}. (5.28)

By Proposition B, (5.22), and since E(s) = R(t) and ¢(d,v) = \g/R%,

e(d,v)(t —m(t))
(log £(t))?/4

= exp [— (1+ 0(1))} . (5.29)
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For two functions f,g : Ry — Ry, use f(t) ~ g(¢) to express that lim;_,, f(t)/g(t) =
Then, it follows from assumptions (ii) and (v) that

t —m(t) t
(log £(£))2/4 ™ (log 1)2/4”

by which, we can continue (5.29) with

c(d,v)t

Ps = €xp {_(logt)Q/d(l + 0(1))] . (5.30)

Furthermore, using that s = ¢t — m(t), we have for any € > 0,

for all large t, where we have used (5.30), assumption (v), arld that ﬁ(s) = R(t) =
o(t(logt)~%/9) in passing to the inequality. It is clear that N; > [Z;_,,;)| = | Z,|. Then, it
follows from (5.28) that for all large ¢,

pe (Nt < exp [ (62 (d)“)] ‘Ct) < P (1Z,] < e VPRRCp e | )

(log )2/
Sexp[ \/%R (14 0(1 )}

Finally, using assumption (ii), (5.22) along with 1:2(3) = R(t), and (5.26), we reach the
following conclusion. On 2y, which is a set of full P-measure, for any ¢ > 0,

P (Nt < exp {t (/J’z M)D < exp [—c(logt)l/d(l + 0(1))} , (5.31)

where ¢ = ¢(d, v, f2) > 0. In the next part of the proof, we will exploit the fact that the
right-hand side of (5.31) does not depend on «.

Part 4: Borel-Cantelli argument
We will show that on a set of full P-measure, for any € > 0,

log N

lim inf (log t)/4 (
t—o00 t

- Bg) > —le(d,v) +€] P“-as. (5.32)

Recall the definition of A;. from (5.27). It follows from (5.31) that there exists ¢ =
e(d, v, B2)/2, independent of ¢, such that on 2, for all large ¢,

P (Ayep) < emclomt'", (5.33)

Define the function f : N — Ry by

d
f(k) =exp [(i) (log k)d] . (5.34)

Take w € €. By the choice of f(k) and (5.33), there exist constants ¢y > 0 and kg > 0
such that

o0
_ 1/d
D P (Apmyes) ot Z e eloR T = e + Z = <o
k=1 k=ko k= ko
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Then, by the Borel-Cantelli lemma, on a set of full P“- -measure, only ﬁnltely many events
Ag(k),e/2 occur. That is, for each w € € there exists QO C Q (recall that € is the sample

space for the BBM) such that P‘“(QO) = 1 with

B = { € 83k = hulw) Vh > o, Ny > esp |10 (3 - ST |

(log f(k))?/4
R (5.35)
To prove (5.32), it suffices to show that for each w € ),
c(d,v)+¢

for all large k. Indeed, (5.35) and (5.36) would together imply (5.32) on €2y. Observe that
N, is P¥-almost surely increasing in s, and the right-hand side of (5.36) is also increasing
in s for all large s. Therefore, to prove (5.36), it suffices to show that for all large &,

c(d,v)+e¢
Moy 2 o 1061 (32 - o )| 557
Next, we control f(k + 1) — f(k). Using (5.34), it can be shown that as k — oo,
2\, (logk)?!
sy - g0 ~a(2) s (539

and that if we set ¢t = f(k), then
k = exp [E(log t)l/d} . (5.39)
2
Then, setting g(t) = f(k + 1) — f(k), it follows from (5.38) and (5.39) that

a (e/2)d=1(1og ¢)(@—1)/d
g@)Nd(?)t(/?) (log 1)~ /4.

c exp [£(logt)1/d]

(5.40)

Using (5.22) and (5.40), it can be shown that

This implies that for all large &,

ef(k)
which further implies that
c(d,v) +¢/2
[log £ (k)]>/

since f(z)/[log f(z)]?/¢ is increasing for large z. As (5.41) implies (5.37) on {, this
proves (5.32), and hence completes the proof of the lower bound of Theorem 2.1. O

Paf (k) — f(k) = Baf(k+1) — Ad, V)+62/df(k+1) (5.41)

[log f(k +1)]2/%

Remark 5.2. We now continue the comparison between the models of mild obstacles and
soft killing for BBM (see Section 3.3), focusing on the additional challenges introduced
by soft killing. We only consider key difficulties, and note that there are various other
minor hurdles that need to be overcome and are not present in the case of mild obstacles.

As noted in Section 1, the most challenging part of the proof of the lower bound of
Theorem 2.1 is Part 1, where we argue that in almost every environment exponentially
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many particles are produced with high probability. A close look at the proof shows,
Lemma 5.1 is the key tool in Part 1 and is based on careful choices of the time-scale
h(t) and the space scale p(t), and the estimate P“(Ef ;) > (ka/2)r*"1(t)/p®1(t), which
follows from elementary geometry. Under soft killing, this estimate no longer holds. In
the language of Lemma 5.1, P“(EY ;) is the probability that a Brownian particle hits a
‘good point’ over the interval [0, h(¢)], and under soft killing the particle has to avoid
being killed by V' and hit the r(¢)-clearing at the same time. That is, the particle has to
‘hit and survive’ over [0, h(t)], which is more costly than just hitting the r(¢)-clearing as
in the case of mild obstacles. To avoid V, one must have control over the path of the
particle over [0, h(t)]. As a result, the upper bound on P*(E}, S;) (one needs to estimate
P¥(Ey, S;) instead of P¥(E,)) will be significantly larger than the corresponding bound
in the mild obstacle case, which in turn will affect the Borel-Cantelli argument in Part 4.
Overall, by suitably adjusting the scales h(t) and p(¢), it could still be possible to show
that P (E:, S¢) — 0 as t — oo, but it is not clear whether the rate of convergence to zero
is fast enough for the Borel-Cantelli argument to work in Part 4. Moreover, h(t) and p(t)
will have to be chosen small (a closer look shows that powerlike growth will not work,
one has to at best settle for logarithmic growth), which, as explained below, disturbs the
preparation of the a.s. environment where we wish our quenched results to hold.

We now turn our attention to Lemma 4.2. Observe that after proving Lemma 4.2,
we set ¢ = p(t) therein to prepare our almost-sure environment (see (5.7)). The key
consideration is that roughly we split the cube [—¢,t]¢ into ~ [t/p(t)]? smaller balls and
would like to have a clearing of radius ~ r(t) inside each small ball of radius p(t). In
view of £ = p(t), a smaller p(t) would require stating Lemma 4.2 with a larger number of
cubes C; 4. In particular, if p(t) has logarithmic growth, we would need Lemma 4.2 to
be stated with exponentially many cubes C} , as opposed to polynomially many, and this
would certainly affect the Borel-Cantelli argument in Lemma 4.2. Hence, there will be
extra challenges in preparing the a.s. environment as well due to the soft killing inside
obstacles.

We finally briefly discuss how Parts 2-4 of the proof will be affected by soft killing.
Part 2 of the proof concerns the hitting of the large clearing, denoted by B(yo, R(¢)) in
the proof, over the interval [¢(t), m(t)] by the sub-BBM emanating from one of the many
particles that are present at time £(¢). In the presence of the killing potential V, not only
a progeny of such a particle should hit the large clearing by time m(t), but it also has to
avoid being killed by V over [¢(t), m(t)]. Therefore, one has to show that the probability
for the BBM to hit B(yo, R(t)) is large enough even in the presence of V, and to do this,
one will presumably need to change the time scales /(t) and m(t). Part 3 of the proof
will not be disturbed since V does not affect what happens in the clearings, and since
Theorem 2.4 continues to hold. On the other hand, Part 4 will drastically be affected by
soft killing since throughout the proof, the rates of decay to zero for most of the relevant
probabilities will be much slower compared to the case of mild obstacles, which will
disturb the Borel-Cantelli argument in Part 4. Moreover, the total mass N; of BBM is
no longer a.s. increasing due to possible killing of particles, and this monotonicity of /V;
was used in Part 4.

We stress that only key additional difficulties resulting from soft killing were discussed
here. As noted in Section 3.3, these difficulties were partially overcome in [19] to prove
a kind of law of large numbers for the mass of BBM under soft killing in the case d > 2.

6 Proof of Theorem 2.4

Recall that by assumption r : R, — R, satisfies r(t) — oo as t — oo and r(t) = o(\/).
Also, we set B, = B(0,r(t)) for t > 0. Throughout this section, we will use that the law
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of | ZP*| is the same as the law of number of particles of Z which are present at ¢ and
whose ancestral lines over [0, t] have been confined to B;.

6.1 Proof of the lower bound
Suppose that
v =e"®  where k > 0.

Consider the joint strategy of suppressing the branching over [0, f(¢)], and then letting
the BBM evolve ‘normally’ in the remaining interval [f(¢),t]. To be precise, recall that
ny = |ZP*|, 04 denotes the first exit time out of A, and p, := Py(op, > t); and let
f: Ry — Ry satisfy f(t) = o(t). For t > 0 define the events

Ay ={Nypy =1}, Ey={n < wpe’}.

Estimate
P(E:) > P(E; N Ar) = P(E; | Ar)P(Ay). (6.1)

We will show that P(Ef | A;) tends to a constant smaller than one as ¢t — oo for suitable
f. Let (Y1(s))o<s<~ be the path of the initial particle, where 7, denotes the particle’s
lifetime. Conditional on A, it is clear that = > f(¢), and that n; = 0 if Y1(z) ¢ B, for
some 0 < z < f(t). Next, for ¢t > 0 define

Then,

E [nt | At] =F [nt]lDt | At] + E I:nt]].Dtc

At} =F [nt | At7Dt} P(Dt | At), (62)

where the second term on the right-hand side vanishes. Write

Elne | Ay, Dy] = i Elne | Ay, D, Yi(f (1) = y] P(Y1(f(1)) € dy | A¢, Dy). (6.3)

Define
P (x,s,dy) =Py (X,edy| X, € B, V0<z<s5s) and Pi.i=Polop, >3s). (6.4)
Applying the Markov property of a standard BM at time s with 0 < s < t gives
P = pi,o/ iy D0, 5, dy). (6.5)
By
Furthermore, it follows from (6.2) and (6.3) that

Eln | A = psc(t),o/B Elng | Ay, Dy, Yi(f(1) = y] 5O(0, £(1), dy). (6.6)

Now apply the Markov property of BBM at time f(¢), and use the many-to-one lemma
(see for instance [7, Lemma 1.6]) to obtain

Efne | Ay, Dy, Yi(f(t) =yl = Db_j0y,, €*T), y e B, (6.7)
Using (6.5) with s therein replaced by f(¢), it then follows from (6.5), (6.6) and (6.7) that

Eln | A = eﬂ(t_f(t))pﬁc(t),o/B piff(t),yf?(t)((),f(t)vdy)
t

— Bl=1®)y,
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Then, by the Markov inequality,
E [ A
Yepredt

Choose f(t) = —(1/8)log((1 — 6)7:), where 0 < ¢ < 1. With this choice of f, (6.8) implies
that P(E, | A;) > 4. Then, noting that P(4,) = e #f(*), it follows from (6.1) that

P(E,) > e BfH) — 6(1—=68)y = e~ rr()(1+o0(1))

P(EY | A¢) <

=y, le PO, (6.8)

This, along with (2.8), proves (2.5), and the lower bound in (2.4).

6.2 Proof of the upper bound

For the proof of the upper bound, we follow a method that is based on Chebyshev’s
inequality, similar to the proof of [6, Theorem 1]. Let g : Ry — R, satisfy g(¢) — 0 as
t — oo. Later, we will choose g¢; := ¢(¢) in a precise way. For ¢t > 0, let N; = |Z,| as before,
and estimate

P(-)<P(-|N>elg)+P (N, <elg). (6.9)
We first bound the second term on the right-hand side of (6.9) from above. It follows
from (4.1) that P(N; < k) =1— (1 — e B)* < ke=P* for k > 1. Set k = |e®*g;] to obtain

P(Ny <éPg) = P(Ny < [egi)) < [gi)e™ < gu. (6.10)

Next, for ¢t > 0 define B

Pi(-)=P(- | Ny >egy),
and let Et be the corresponding expectation. We now bound the first term on the right-
hand side of (6.9) from above. Let A, denote the set of particles of Z that are alive
at time t. For u € M, let (Y,(s))o<s<+ denote the ancestral line up to ¢ of particle u.
By the ancestral line up to t of a particle present at time ¢, we mean the continuous
trajectory traversed up to t by the particle, concatenated with the trajectories of all
its ancestors including the one traversed by the initial particle. Note that (Y, (s))o<s<¢
is identically distributed as a Brownian path (X;)o<s<: for each u € N;. Let us pick
randomly, independent of their genealogy and position, |e’!g;| particles from N;. Note
that this is possible under ﬁt( -). Denote this collection of particles by M;, set M; := | M;

and define
=) la,
uEM;

where A, = {Y,(s) € By V0 < s < t}. Observe that n; counts, out of M,, the par-
ticles whose ancestral lines are confined to B; over [0,¢]. Since the collection M; is
chosen independently of the motion process, each particle v in M; has an ancestral line
(Y, (s))o<s<+ that is Brownian. Then, since the branching and motion mechanisms are
independent of each other, the many-to-one lemma implies that for ¢ > 0,

Et (7] = peMy = py Leﬁt!]tL (6.11)

’

where p; is as before the probability of confinement of a standard BM to B; over [0,¢]. It
is clear that iy < n;. At this point, choose g such that g; > +; for all ¢ > 0. Then, using
Chebyshev’s inequality, it follows from (6.9), (6.10), and (6.11) that

P(ne < pee™) < Py (i < yepee™) + g
=P (Et[ﬁt] — i > Exfi] - %pte/“) + gt
= ]Bt (Mt B Et (]| > pe L@ﬂtgtJ - ’Ytpteﬁt) + gt

Vary ()

= (gt = ve)peePt — py)?

+ 9t (6.12)
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Vlllere \7&1/1} denotes the variance associated to ]Bt. In the rest of the proof, we estimate
Vary (7).

Let P be the probability under which the pair (i, j) is chosen uniformly at random
among the M;(M; — 1) possible pairs in M, and let £ be the corresponding expectation.
Also, for a generic Brownian motion X, let Var denote its variance, and let A = {X; €
B; V0 < s <t}. Then,

Vary () = Vary ( > 11Au>

ueEM,

= MVar(14)+ > Covi (1, 14,)
1<ij <M,

Di<izjenr, Cove (La,, 1a,)
M, (M; — 1)

S gteﬁt(pt — pt2) =+ gteﬁt(gtem — 1) |:(5 ® ﬁt)(AL N AJ) —pf:l s (613)

= M;(py — p}) + My(M, — 1)

where (£E@ P,)(A;NA;) = E[P,(A;NA;)] denotes averaging P,(A;NA;) over the M,(M,—1)
possible pairs in the randomly chosen set M;. Let Q) be the distribution of the splitting
time of the most recent common ancestor of ith and jth particles under £ ® ]3,5. Applying
the Markov property at this splitting time, we obtain

t
(€@ P)(A;iNA) = py / / Py B0, 5, dr) QO(ds), (6.14)
0 By

where p)(z,s,dy) and p! , are as defined in (6.4). Set p, = p!,. Then, it follows
from (6.5) and (6.14) that

t
~ 1
(€ © P) (AN A;) :pf/ Q(ds) 6.15)
0 s
For t > 0 define .
1
Jy = / — Q" (ds).
0 Ds
Then, by (6.13) and (6.15), we have
\Zﬂ}(ﬁt) < gpeePt + g2 p2e*P(J, — 1), (6.16)

It is clear that J; — 1 > 0. Next, we bound J; — 1 from above.

Recall that r(¢) is a distance scale. For k > 0, we will use kr(¢) as a time scale. Note
that for large ¢ it is atypical for a BM starting at the origin to escape B; = B(0,r(t)) over
[0, kr(t)]. For large t, split J; up as

kr(t) 1 . t 1 .
Jt:/ TQ()(dS)‘F/ — QW (ds),
0 s kr(t) Ps

and define

J = / kr(t)iQ(”(ds) I = /t L QO(as).
! 0 j28 ’ ! kr(t) j28

We first bound Jt(l) —1 from above. Observe that p’ is nonincreasing in s, and estimate

kr(t) 1 1
Jtu):/o EQ(t)(dS)S . (6.17)
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From Proposition A,
r(t)

It then follows from (6.17) and (6.18) that
exp [—%?(1 +0(1))

))} = exp {—T(t)(l —|—0(1))} . (6.19)

JY 1<

l—exp {—%(1—&-0(1 2k

To bound J{? from above, we will use the following fact on the distribution Q) from
[6, Prop. 5]: Q™) is absolutely continuous with respect to the Lebesgue measure, which
we denote by ds, and its density function, which we denote by ¢, satisfies

3C >0, 50>0 suchthat Vs> sg, ¢g¥(s) < Cse . (6.20)

Since r(t) = o(v/t) by assumption, this implies that for all large ¢t we have r(t) < t,
which implies 1/pt < 1/p:"). Here, pi") = Po(0B,,, > s) with B,y = B(0,7(r(t))) in
accordance with previous notation. Then, since r(t) — oo as t — oo, for all large ¢ and
for kr(t) <s<t,

i < p;(t) =exp | gy (1 + o) <exp | 70405 .

where we have used Proposition B. Then, we continue with

| ¢ 248
g :/ — QW (ds) < / exp { ] Cse Pds
! kr(t) Db kr(t) r2(r(t))

<o [0~ i ) o

< exp [=Bkr(t)(1+o(1))], (6.21)

where we have used integration by parts. From (6.19) and (6.21), we have

L—1:JS*—1+¢”gem{—g?u+na»}+mp}ﬁMﬁx1+dnﬂ. (6.22)

To optimize the smallest absolute exponent on the right-hand side of (6.22), choose k so
that

_r(®)
Bkr(t) = TR
This yields k = —-. With this choice of k, we have

L
Jo=1<exp [~ V/B2r(t)(1+0(1)] -

It then follows from (6.12) and (6.16) that

2
29, 6,5t+7442gL4767V0ﬁ5raX1+41»A%gb (6.23)

P(ny < ypel’) < ——2
(me <7pee™) (gt—%)zpt (9t —7t)?

By assumption, v, = e *"(!) with x > 0. Choose g, = 2v,. Then, we can continue (6.23)
with

4
P(ny < 'ytpteﬁt) < — Pt 4 ge=VA/2r(H)(1+o(1) 4 gt (6.24)
VtPt
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Using Proposition B, and the assumptions that () — co and r(t) = o(\/t) as t — oo, we

have N
—kr(t —%ﬁ 14o(1
ey = e~ O=TG AR _ oy

Then, using that g; = 2, = 2¢~""(®), it follows from (6.24) that

efmr(t)(1+o(1)), 0< k< /5/2,
VAR s /BT,

This completes the proof of (2.6) and the upper bound of (2.4). O

P(ny < yipe™) < {
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