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Abstract

In this article we prove existence of the asymptotic capacity of the range of random
walks on free products of graphs. In particular, we will show that the asymptotic
capacity of the range is almost surely constant and strictly positive. Furthermore,
we provide a central limit theorem for the capacity of the range and show that it
varies real-analytically in terms of finitely supported probability measures of constant
support.
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1 Introduction

Suppose we are given finite or countable sets V; and V; with |V;| > 2, i € {1,2}, and
distinguished vertices 0, € V; and o, € V5. The free product of V; and V5 is given by
V := Vi * V4, the set of all finite words 1 ...z, over the alphabet (V1 \ {01}) U (V2 \ {02})
such that no two consecutive letters z; and x;, arise from the same V; \ {0;}, ¢ € {1,2}.
Furthermore, let P; and P, be transition matrices on V; and V5. Consider now a time-
homogeneous, transient Markov chain (X, ),cn, starting at the empty word o whose
transition matrix arises as a convex combination of some versions of P; and P, shifted
to V (see Section 2.2 for the exact definition). For better visualization, we may think of
graphs G, G» and G with vertex sets V3, V5 and V such that there is an oriented edge
connecting the vertices x and y if and only if the corresponding transition probability
(w.r.t. P;, P, and P) of going from x to y in one step is strictly positive.

For A C V, denote by S4 := inf{m € N | X,, € A} € [1,00] the first returning time
to A. The capacity of the set A is then defined as

Cap(A4) = ZIP[SA =00 | Xo = z].
z€EA

*University of Passau, Germany. E-mail: Lorenz.Gilch@uni-passau.de


https://imstat.org/journals-and-publications/electronic-journal-of-probability/
https://doi.org/10.1214/24-EJP1086
https://ams.org/mathscinet/msc/msc2020.html
mailto:Lorenz.Gilch@uni-passau.de

Capacity of the range of rand walks on free products

The number Cap(A) is a measure for the size and density of the set A and can be
regarded as a mathematical analogue of the ability of A to hold electrical charge. In
particular, the denser the set A the heavier it is to never visit A again when starting at
an “inner” point which has many elements of A in its neighbourhood. In this article we
are interested to study the asymptotic behaviour of the capacity of the range at time
n € IN as n — oco. Recall that the range of the random walk (X,,),en, at time n is given
by the set

Rn = {XQ,Xl, e 7Xn}7

the set of vertices visited up to time n. The asymptotic capacity of the range of the
random walk (X, )nen, on V is given by

lim lCap(Rn),

n—oo n
provided the limit exists. The aim of this article is to show that the asymptotic capacity
exists, is almost surely constant and strictly positive. In particular, we link the asymptotic
capacity with the rate of escape of the underlying random walk (see (3.11) in the proof of
Theorem 1.1). Moreover, we will provide a central limit theorem for the capacity of the
range and show that it varies real-analytically, when the transition probabilities depend
on finitely many parameters.

The range of random walks has been studied in great variety in the past. Let us
outline some main results. Dvoretzky and Erdos [9] proved a strong law of large numbers
for the range of simple random walk on Z?, d > 2. This result was generalized to arbitrary
random walks on Z%, d > 1, by Spitzer [26]. Jain and Orey [16] proved a central limit
theorem for the range on Z¢. For simple random walk on regular trees with N + 1
branches, Chen, Yan and Zhou [8] calculated that the asymptotic range is given by
(N —1)/N. For random walks on finitely generated groups with identity e, Guivarc'h [15]
provided the nice formula

R,
lim | |

n—oQ n

=1-PEnelN: X, =¢| Xo=c¢].

The capacity of the range of random walks has been studied mainly on Z¢ and groups.
Jain and Orey [16] proved existence of the asymptotic capacity of the range for random
walks on the integer lattice Z¢, d > 3, where the asymptotic capacity is strictly positive
if and only if d > 5. Lawler [19] gave estimates for intersection probabilities of random
walks which in turn allow to estimate the capacity of the range. More recently, some
topics have been studied which are related to the capacity of the range of random walks
and have given some momentum to the study of the capacity, e.g., Sznitman [28] studied
random interlacements, Asselah and Schapira [1] investigated the geometry of random
walks under localization constraints. For the capacity of the range of random walks on
7%, Asselah, Schapira and Sousi [2, 3] proved a central limit theorem. Further results
are due to Chang [7] and Schapira [24].

Recently, Mrazovié, Sandri¢ and Sebek [22] proved that the asymptotic capacity of
the range of symmetric simple random walks on finitely generated groups exists. They
applied Kingman’s subadditive theorem for proving existence of the asymptotic capacity
of the range, and they also provided a central limit theorem for the asymptotic capacity.
The goal of this paper is to go beyond group-invariant random walks and to derive
analogous statements on existence of the asymptotic capacity of the range. In our case of
general free products we have no group operation on V, and therefore we can not apply
Kingman’s subadditive ergodic theorem. Thus, existence of the asymptotic capacity of
the range is not guaranteed a-priori. Since the asymptotic capacity of the range is an
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important random walk characteristic number, studying existence for random walks on
general free products deserves its own right.

Free products form an important class of (graph) structures whose importance is due
to Stallings’ Splitting Theorem (see Stallings [27]): a finitely generated group I" has more
than one (geometric) end if and only if I' admits a non-trivial decomposition as a free
product by amalgamation (amalgam) or as an HNN extension over a finite subgroup; see,
e.g., Lyndon and Schupp [20] for more information on amalgams and HNN extensions.
We recall that free products are amalgams over the trivial subgroup. In this article we
consider free products of graphs which form a generalization of free products of groups.
In particular, we have no underlying group-invariant random walk and the reasoning of
the group case cannot be applied which makes it necessary to follow other approaches.
Let us note that free products can — at least to some extent — also be used to model
random walks on regular languages, First-In First-Out queues or stacks.

Random walks on free products have been studied to a great extent throughout
the last decades. Asymptotic behaviour of return probabilities of random walks on
free products has been studied, e.g., by Gerl and Woess [10], Woess [29], Sawyer [23],
Cartwright and Soardi [6], Lalley [17, 18] and Candellero and G. [5]. Explicit formula
for the drift and the asymptotic entropy have been computed by Mairesse and Mathéus
[21] for random walks on free products of finite groups, while G. [12, 13] calculated
different formulas for both characteristic numbers for random walks on free products of
graphs. The spectral radius of random walks on some classes of free products of graphs
has been studied by Shi et al. [25]. Finally, the range of random walks on (general) free
products has been studied in G. [14], where existence of the limit lim,,_,~, R, /n has been
proven, including a central limit theorem. This work will serve as a main reference for
the current article, but the current article will go far beyond the scope of [14].

The aim of this article is to go a step beyond the group case when studying the
asymptotic capacity of the range of random walks. Throughout this paper we make the
basic assumption that the Green function G(z) := ", -, P[X,, = 0| Xy = 0]z", z € C, has
radius of convergence Z strictly bigger than 1. This is equivalent to

0 :=limsup P[X,, = 0| Xy = o]% < 1.

n—oo

This assumption ensures transience of the underlying random walk (X,,),en, and ex-
cludes degenerate cases. Our main result guarantees existence of the asymptotic
capacity of the range of (X, )nen,:

Theorem 1.1. Assume that ¢ < 1. Then there exists a constant ¢ € (0, 1] such that

lim 7Cap(Rn)

n—00 n

= ¢ almost surely.

We also provide a central limit theorem w.r.t. the capacity of the range:

Theorem 1.2. Assume that o < 1. Furthermore, assume that there are xo € V and
k € N such that P[X,, = z¢|Xo = xo] > 0. Then the asymptotic capacity satisfies the
following central limit theorem:

Cap(R,)—n-¢ 4
_— N(0,1
cym oL,

where o2 > 0 is given by (4.7).

The assumption of existence of o € V and k € IN with P[X,, = ¢|Xo = 2] > 0
excludes once again degenerate cases, where a central limit theorem might not exist,
see Remark 4.7 for a counterexample.
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We remark that Theorem 1.1 and 1.2 formulate new results for random walks on
free products of groups, since in [22] only symmetric simple random walk on finitely
generated groups were considered.

The third main result shows that the capacity of the range varies real-analytically
in terms of probability measures of constant support. Here, we assume that there are
finitely many values p1,...,pq € (0,1), d € IN, such that all strictly positive single-step
transition probabilities p(z,y), =,y € V, satisfy p(z,y) € {p1,...,pa}- If we let vary the
values py, ..., pq among all positive values which still allow well-defined random walks
on V, we may then regard ¢ as a function in (py,...,pq). Then:

Theorem 1.3. Assume that o < 1. Suppose that the single step transition probabilities of
the random walk (X, )nen, take only d € N many non-negative values p1,...,pq € (0,1).
Then the mapping

(p17"'7pd) == c(pla"'apd)

varies real-analytically.

We note that, for random walks on groups beyond free products, it is unknown
whether the asymptotic capacity of the range varies real-analytically. In particular, this
problem is open in the case of Z? for d > 2. This underlines the innovative character of
Theorem 1.3. The proof heavily involves generating function techniques, which requires
a deep understanding of the interplay of the generating functions on V' and on the free
factors V;.

The paper is organized as follows: in Section 2 we give a short introduction to free
products on which we define a natural class of random walks, and we introduce some
basic notation. In Section 3 we derive existence of the asymptotic capacity of the range
for random walks on free products, while in Section 4 the proposed central limit theorem
is proven. In Section 5 we prove the real-analytic behaviour of c.

2 Random walks on free products

2.1 Free products of graphs

Let V; and V5 be finite or countable sets with at least two elements. We assume
that V1 NV, = 0 and we exclude the case |V;| = |Va| = 2; see Remark 2.5. For each
i € T := {1,2}, we select a distinguished element o; of V;, which we call the “root” of
V. On each V; consider a random walk with transition matrix P; = (p;(«,¥))s,yev,. The
corresponding n-step transition probabilities are denoted by pgn)(x, y), where z,y € V;.
Since only those elements of V; will be of interest, which can be reached from o;, we
may assume w.l.o.g. that, for every ¢ € 7 and every x € V;, there exists some n, € IN
such that pgn") (0i,x) > 0. Furthermore, for sake of simplicity, we assume p;(z, z) = 0 for
every ¢ € 7 and z € V;; this assumption can be lifted without restrictions but the general
proof would reduce the readability of the proofs; see [14, Section 6].

For better visualization, we may think of rooted graphs X; with vertex sets V; and
roots o; such that there is an oriented edge x — y if and only if p;(x,y) > 0.

Fori e Z, set V,* := V; \ {0;} and V.* := V;* U V,*. The free product of V; and V; is
given by the set

Vi=Vi*xVy:= {xlxg...xn|n eNz; eV iz, e V)= ¢ ka} U {o}, (2.1)

the set of all finite words over the alphabet V.* such that no two consecutive letters
come from the same V,*, where o describes the empty word. Note that V;* C V and
we may consider o; as the “empty word” of V;. Throughout this paper we will use the
representation in (2.1) for elements in V.
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Observe that there is a natural partial composition law on V: if u = uy...u,, € V
and v = vy ...v, € V withu,, € V¥, i € Z, and v; ¢ V,*, then uv € V stands for their
concatenation as words. In particular, we set wo; := u for all 7 € 7 and o;u := u; hence, o;

is also identified with the empty word o. Since concatenation of words is only partially
defined, concatenation is not a group operation on V’; in particular, standard arguments
from the group case like Kingman’s subadditive ergodic theorem (as used in [22]) can
not be applied directly.

The word length of a word u = uy ... u,, is defined as ||u| := m. Additionally, we set
llo|| := 0. The type é(u) of u is defined to be i € T if u,,, € V,*; we set §(0) := 0.

The set V can again be identified as the vertex set of a graph X which is constructed
inductively as follows: take copies of X; and &> and glue them together at their roots to
one single common root, which becomes o; inductively, at each vertex v = vy ... v, with
v, € V; added in the step before attach a copy of X}, j € T\ {i}, where v is identified with
o; from the new copy of X;. Then X is the free product of the graphs X, and X,. The
underlying graph structure of free products allows us to define paths: a path of length
n € N in X is a sequence of vertices (zo, 21, - .., 2,) in V such that there is an oriented
edge in X from z;_; to z; for each i € {1,...,n}. Recall that, for each = € V, there is a

path from o to x by construction of V' and the assumption made at the beginning of this
subsection.

Example 2.1. Consider the sets V; = {o01,a} and Vo = {02,b,c¢} equipped with the
following graph structure:

b
o o
v }4_»2 X, /
b
Cc

The graph X of the free product V; * V5 has then the following structure:

*d—>
abac
PN S
cab ca ' R
- — 4—p \ -
c T~ -
‘t C(CLC) Tt
\
\
aca
cac \ ac —>
\
\
\
1
! acab
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The tree-like graph structure of free products motivates the following definition: the
cone rooted at x € V is given by the set

C(z) := {y € V | y has prefix z}.

In particular, for all y € C(z), each path from o to y has to pass through z. Moreover, we
have C(o) = V. E.g., in Example 2.1 we have C(ac) = {ac, aca, acab, acac, . . . }, the set of
all words inside the dashed cone.

2.2 Random walks on free products

We now construct a natural random walk on V' arising from P; and P». For this pur-
pose, we lift the transition matrices P; and P, to transition matrices P; = (p;(z, y))xy v
i €Z,onV:ifx € Vwith §(z) # ¢ and v,w € V;, then p;(zv, zw) := p;(v,w). Otherwise,
we set j;(z,y) := 0. Choose « € (0,1). Then we define a new transition matrix P on V by

P:a-P1+(1—a)~P2,

which governs a nearest neighbour random walk on . We may interpret the random
walk as follows: if the random walker stands at some vertex z € V with d(x) =i € Z, he
first tosses a coin and afterwards - in dependence of the outcome of the coin toss — he
either performs one step within the copy of X; to which z belongs according to P; or one
step into the new copy of X}, j € T\ {i}, attached at x according to P;. The sequence
of random variables (X,,)nen, With X := o describes the random walk on V' governed
by P, where X,, denotes the random walker’s position at time n € INy. For z,y € V,
the correspondung single and n-step transition probabilities are denoted by p(z,y) and
p™)(z,y). Thus, P governs a nearest neighbour random walk on the graph X, where P
arises from a convex combination of the nearest neighbour random walks on the graphs
X1 and X,. This definition ensures that every path (wy, ..., w,) in X has strictly positive
probability P [Xl =wy,...,Xp =wy|Xo = wo] > 0 to be performed. We use the notation
P,[-]:=P[- | Xo=z|forz e V.
The spectral radius at o is defined as
0 := limsup p™ (0, 0)*/".

n— oo

As a basic assumption throughout this paper we assume that
o<1

Equivalently, the Green function G(o0,0[2) := 3" .,p™(0,0) 2", z € C, has radius of
convergence % strictly bigger than 1. This assumption implies transience of the random
walk governed by P and excludes degenerate cases; in particular, the recurrent case
|Vi| = |V2| = 2is excluded, see Remark 2.5. If one out of P; and P, is not irreducible, then
o < 1 (easy to check!). If, e.g., P, and P, govern irreducible and reversible random walks,
then p < 1; see [30, Theorem 10.3]. Note that it is possible to construct null-recurrent
random walks with #Z = 1 and |V1| > 2 = |V;|:

Example 2.2. Consider the sets V1 = {01, a1, a2} and Vo = {09, b1, b2} equipped with the
following graph structure:

aq bl
XQ : Xg :

a2 b2
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The graph X of the free product V; * V5 has then the following structure:

albgaL -

Set a1 = as = 1. Now it is easy to see that the process (|| X, ||)nen, is an irreducible,
null-recurrent random walk on Ny, which in turn implies that (X,)nen, is null-recurrent.
Hence, R =1.

Denote by V., the set of infinite words y1y2ys ... over the alphabet V,* such that no
two consecutive letters arise from the same V,*. For z € V and y € V, denote by z Ay
the common prefix of maximal length of x and y. In [12, Proposition 2.5] it is shown
that the random walk (X,,),cn, converges to some V,,-valued random variable X, in
the sense that the length of the common prefix of X,, and X, tends to infinity almost
surely. In other words, lim,,_, || X, A X|| = 0o almost surely. We will make use of these
results in the proofs later. For more details, we refer to [12].

Important random walk characteristic numbers are given by the rate of escape (or
drift) and the asymptotic range of random walks. In [12, Theorem 3.3] it was shown that
there exists a strictly positive number ¢ € (0, 1], the rate of escape w.r.t. the word length
(or block length) of (X,,)nen,, such that

(R

(= lim ——

almost surely.
n—oo n

The set of vertices visited by the random walk (X,,),cn, until time n is given by
Rn = {Xo,Xl, e ,XT,}

The recent paper [14, Theorem 1.1] has proven existence of a strictly positive number
v € (0, 1], the (asymptotic) range of the random walk (X,,),cn,, such that

[Ro|

v= lim ——

almost surely. (2.2)
n—oo N

While ¢ measures the speed at which the random walk escapes to infinity, t measures the
speed at which new vertices are visited and it serves as a measure for how much of the
graph is explored by the random walk. Both characteristic numbers will come into play
later.

We mention two final remarks. The following equation will be important, which states
that probabilities of paths within a cone depend only on their relative location to the
cone’s root:

Lemma 2.3.Letn € N and w € V and wy,...,w, € C(w). Write w; = ww), for
ie{l,...,n}. Then:

Pu[Xi =wi,..., Xp =w,] =P, [X; =wl,..., X, =w,].

n
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Proof. See [14, Lemma 3.2]. O

Due to the structure of the free product and Lemma 2.3 it is easy to verify that, for
alli € Z and all x € V' \ {0} with §(z) = i, the probability

& =P[EneN: X, ¢C(z)| Xy =] (2.3)
does not depend on x. In [12, Lemma 2.3] it is shown that ¢; < 1 for each ¢ € 7.

2.3 Asymptotic capacity of the range

We recall the definition of the capacity of a subset A C V. For A C V, the stopping
time of the first return into the set A is defined as

Sy :=inf{m e N | X,, € A} € NU {oo}.
The capacity of the set A is then defined as
Cap(A) := Z P, [S4 = oo].
z€A

This number is a mathematical analogue from physics of the ability of A to store an
electrical charge.
If there exists a constant ¢ € [0, 1] such that
Cap(R,,
lim 731)( )

n—00 n

= ¢ almost surely,

then we call ¢ the asymptotic capacity of the range of the random walk (X, )nen, On
V. It measures the asymptotic increase (per unit of time) of the capacity of the range.
The goal of this article is to prove existence of the asymptotic capacity of the range of
random walks on free products; see Theorem 1.1.

Existence of the asymptotic capacity of the range of symmetric random walks on
finitely generated groups was shown in [22] with the help of Kingman’s subadditive
ergodic theorem. Since we have only a partial composition law on V' and therefore no
group operation on V, we cannot apply the reasoning from the group case (in particular,
Kingman'’s subadditive ergodic theorem cannot be applied). This was the starting point
for the present article to study existence of the asymptotic capacity of the range for
general free products of graphs, which form an important class of graphs. Important
pre-work has been done in the article [14], which will serve as a base reference for our
proofs.

The following little lemma will be very helpful in the proof of Theorem 1.1:

Lemma 2.4. For any finite sets A, B C V with A C B, we have
Cap(B) — Cap(4) < |B\ 4.

Proof. Let A, B C V be finite sets with A C B. Then Sp = oo implies S4 = oo, which
implies P, [Sp = o] < P, [S4 = oo] for z € A. This yields:

Cap(B) — Cap(A) = Z P, [Sp = oo] — Z P, [Sa = 0]

zEB z€A

= Y R[S =oo] + 3 (Pa[Ss=o0] ~Pu[Sa =] ) < B\ A

—_—
x€B\A RS T€EA 20

O
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Finally, we explain briefly why we may exclude the case |V;| = |V2| = 2 in the following
sections:

Remark 2.5.If V; = {o01,a} and V5 = {o9,b}, then V = V] % V;, becomes the free
product (Z/(2Z)) x (Z/(2Z)) and the random walk on V is recurrent. This yields
t =lim,+ |R,|/n = 0. Since Cap(R,,) < |R,,|, we obtain in this case ¢ = 0.

3 Existence of the asymptotic capacity

In this section we will prove existence of the asymptotic capacity of the range of the
random walk (X,,)nen, on V. For this purpose, we introduce exit times which track the
random walk’s path to infinity; compare, e.g., with [12, 14]. Some concepts of [14] will
be crucial for our proofs, but the reasoning in the current article goes far beyond the
scope of [14].

Denote by X,(lk) the projection of X,, onto the first k letters. The exit times are defined
as follows: set ey := 0, and for k > 1:

e, = inf{m>0|Yn>m: X} is constant}
= inf{m>0|[Xnl=kVn>m:X,ecC(Xn)}

That is, the random time e; denotes the first instant of time from which onwards the
random walk remains in the cone C(Xe,). In [12, Proposition 2.5] it is shown that
I X, || = oo almost surely as n — oo, yielding e, < co almost surely and e;41 > ey, for all
k € IN. This motivates to consider only those random walk trajectories such that e; < co
for all k € INy: denote by € the set of all random walk trajectories w = (zg,z1,...) € V1o
such that p(z;, z;41) > 0 for all i € Ny and lim,,_, o ||, || = co; the latter property implies
er(w) < oo for all k € Ny, and we have P(§y) = 1.

Remark 3.1. Note that the exit times used in [14, Section 3.1] were informally (and
supposed to be also formally) defined as above, but the formal definition in that article
was erroneous. This does not affect the results in [14], since our definition above was
used in the proofs of [14].

We collect some useful results: by [12, Proposition 3.2, Theorem 3.3], we have

X .k
= lim 1%l = lim — € (0,1] almost surely. (3.1)

n—oo N k—oo ef

For n € INg, set
k(n) := max{k € IN¢ | ex, < n},

that is, ey(,) is the maximal exit time at time n. In [14, Eq. (3.2)] it is shown that

. €x
lim Ek(n)
n—soo n

=1 almost surely. (3.2)

If Xe, =g1...9k, then we set Wy, := gj.

Since the random walk enters finally the cone C(Xe, ) and stays therein, then finally
enters C(Xe,) C C(Xe,) and stays therein for forever and so on, the idea is now to
construct a partition of R,, into disjoint subsets of

C(Xek) \ (C(Xek+1) U {Xek}>5 k S k(n)v

and some remaining parts. This allows us to decompose Cap(R,,) according to the
partition of R,, which in turn will enable us to control the asymptotic increase of
Cap(R,,) as n — oo.
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We start by decomposing Re,, ¥ € IN. For this purpose, we define several random
sets and quantities in the following. Denote by Cy C V' the random set of words which
start with a letter in V5 Xe,) including o. Let

I
R = Re, 1 (Co\ (C(Xe,) U {0})),
andfork>1:  R{" = Rey,, N (C(Xe) \ (C(Xey) U{Xe,}))
be the “interior part of the range” between two consecutive exit time points. Set

Ro = 'R,((JI) U {OaXel}a
andfork>1: Ry =R U{Xe,, Xep,, b

Observe that we have established the following disjoint decomposition of Re,, £ > 1:

k—1
Re, = (Re, NC0) U | J(Ri\{Xe,,,}) U (Re, NC(Xey))- (3.3)
=0

We remark that, from time e; on, the set R, N Cy does not change any more, since every
path from C(X,,) to Cp has to leave C(X,, ), but the random walk does not leave C(Xo,)
anymore after time e;.

The next step is to decompose Cap(Re, ) according to the decomposition of Re, . In
the following we will evaluate random variables and random sets at arbitrary w € g in
order to ensure clarity of notations. Observe that, for w € Q,

Cap(Re,(w)) = > Pu[Sr, (w) =] (3.4)
2€Re,, (w)

We define for k € INg and w € Q:
I
W)= Y PulSruw =]
zeR{ (W)

and set
C(()I)(w) + Py [SRro(w) = 00,Vn > 1: X,, € Co(w)]

+IPX61 [S’Ro(w) =o0,Vn>1:X, ¢ C'(AXEl (w))},
C](CI)(W) + IPX%(UJ) [S”Rk(w) =oo,Vn>1:X, € C(Xek (w))]

+IPXek+1 (w) [SRk(w) = OO,VTL Z 1: Xn ¢ C(Xek+1 (w))] .

Co(w)

fork >1: Cy(w)

Additionally, we define

C)(w) := Z P, [SR%(M) =oo| + P, [SR61 () =00,Vn>1:X, ¢ Co(w)]

2€Re, (w)NCo(w)
and
Orw) = > Py [SR,, (w) = ]
2€Re, (W)NC (Xep () \{Xey (@)}

+IPX% (w) [SR% (@) = oo,Vn>1:X, € C(Xek (w))]

The decomposition of Re, in (3.3) leads to the following decomposition of Cap(Re,),
which will be one of the the main keys for the proofs later:
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Proposition 3.2. Forall k € IN,

k—1
Cap(Re,) =Cj + ZCi + Oy, almost surely. (3.5)
i=0

Proof. Let k € IN, and take w € Qg such that lim,_, || X (w)|| = co. We check that the
summands on the right hand sides of (3.5) (evaluated at w) and (3.4) are the same by
using the decomposition of Re, in (3.3). Let z € REI) (w) for some i € {0,1,...,k — 1},
thatis, z € C(Xe, (w)) \ {Xe,(w)} but z ¢ C(Xe,,, (w)). Then P, [Sgr, () = oc] is already
determined by R;(w) via

P2 [Ske, (@) = 0] = Pu [SRw) = 0],
since every path from z to Re, (w) \ Ri(w) has to pass through either X, (w) € R;(w)

or Xe,,,(w) € Ri(w). Therefore, in this case the summand P, [Sg,, () = o0] is - by

definition of C; — counted in CZ-(I) (w), and thus in C;(w).
If £ = X, (w) for some i € {0,1,...,k — 1}, then

Py [She, @) = 0] = Pu[Sk,, @) =00,Vn>1:X, ¢ (X, (w))]
+P, [SRek (@) =00,Vn>1:X, € C(Xe,(w))]

= P, [SRFl(w) =00, Vn>1:X, ¢ C’(Xei (w))]
+P, [SRi(w) =oco,¥n>1:X, € C(Xei(w))],

since every path from C'(Xe, (w)) \ {Xe, (w)} to its complement (and vice versa) has to
pass through X, (w). The first summand on the rightmost hand side is counted in C;_; (w),
while the second summand is counted in C;(w).

Consider now the case = € Re, (w) NCy(w). Since Re, \ Re, C C(Xe,) C Cp and every
path from z € Cy(w) to Re, \ Re, has to pass through Xe, € Re,, we have

Py [Sr,, (@) = 0] =Pz [SR,, () = ].
This probability is counted in C}(w). An analogous argument gives in the case z = o:

P, I:SRek () =00,Vn >1: X, ¢ Co(w)] =P, [SREI(UJ) =00,Vn >1:X, ¢ Co(w)]
and P, [SR () =00,Vn>1:X, € C’O(w)] =P, [SRO(W) =o0,Vn>1:X, € Co(w)}.

K

This implies

P, [SR., () = o]
= P, [SR% (w) = oo,Vn >1:X, ¢ C()(w)] + P, [SR% (w) = oo,Vn>1:X, € C()((JJ)]
= P, [SR61(UJ) =oo,Vn>1:X, ¢ Co(w)] + ]PO[SRO(M) =o00,Vn>1:X, € Co(w)];

the first summand on the rightmost hand side is counted in C}(w), while the second one
is counted in Cyp(w).

If 2 € Re, (w) N C(Xe, () \ {Xe, (W)}, then P, [Sr, () = 0] is counted in O (w); in
the case z = X, (w), we get with an analogous argument as above that

Px,, @) [SRe, () = 0]
= IPX% (w) [SRek (w) = OO,VTL Z 1: Xn ¢ C(Xek (w))]
-i-IPXEk (w) [SR%(W) =oo,Vn>1:X, € C(Xve,c (OJ))]

EJP 29 (2024), paper 33. https://www.imstat.org/ejp
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= IPXek (w) [Skal(w) = OO,VTL Z 1 . Xn ¢ C(Xek (w))]
+IPXek (@) I:SRek(W) =o00,¥n>1:X, € C(Xek (w))],

that is, the first summand on the rightmost hand side is counted in C;_;(w), while the
second one is counted in Oy (w).

Since we have compared all summands in (3.4) and (3.5), we have proven the
proposed equality. O

The following two corollaries will be needed in the proof of Proposition 3.6.

Corollary 3.3.
lim Co +Co
k—o0

=0 almost surely.

Proof. Since Co+C§ < |Re,| < e1+1 < oo almost surely, the claim follows immediately. O

Corollary 3.4.
@)

lim — =0 almost surely.

k—oo k
Proof. Define Oy, := |Re, N C(Xe,)|. By [14, Corollary 3.13], we have Oy /k — 0 almost
surely as k — oo; we note that in [14, Corollary 3.13] the common prefix of the elements
in Re, N C(Xe, ) are cancelled which obviously does not affect the cardinality of this set.
Since 0 < O, < Oy, the claim follows. O

In order to track the range between two consecutive exit times we introduce the
following random functions on V: for k € N, define

1, if Wy... Wi 1z € Rek,

0, otherwise.

@Dk:V—>{O,1},x>—>{

That is, ¢, describes the elements visited by the random walk in C'(X,,_,) up to time ey,
where the common first £ — 1 letters are deleted. A main key is the following:

Proposition 3.5. The stochastic process (Wy, ¢y )ren forms an homogeneous, irre-
ducible positive-recurrent Markov chain.

Proof. See [14, Propositions 3.4 & 3.10]. O

This fact will play a crucial role in the following proposition which will serve as a key
ingredient in the proof of Theorem 1.1:

Proposition 3.6. Assume that |V»| > 3. Then there exists a real number ¢ > 0 such that

lim

k—o0

% =7 almost surely.

Proof. In view of Proposition 3.2, Corollaries 3.3 and 3.4 it suffices to show existence of
a real number ¢ > 0 such that

C; =¢ almost surely.

First, we claim that C; can be rewritten as a function in (W;,v;) and (W, 41,%;41) for all
1 € IN: an analogous argument as in the proof of Proposition 3.2 yields for all w € €y and
zerY (w) that
k
P, [Si,, ) = 50] = P2 [k, ) = o] (3.6)
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and

]PXek () [SRek(w) = OO] = ]PXek, () [SRk_l(w) =oo,Ym>1:X,, ¢ C(Xek (w))] (3.7)
+]PXek (w) [SRk(w) =00, ¥Ym>1:X,, € C(Xek (w))],

with the help of Lemma 2.3 (remove the first k¥ — 1 letters of X, (w) and in each
v € Ri—1(w), w € Ri(w)) it is easy to check that the above probabilities on the right hand
sides of (3.6) and (3.7) can be rewritten in terms of W;(w), W;11(w), ¥;(w), ¥;+1(w), that
is, C; can be formulated as a function in W;, W, 1, 4;,1,11. Letting = be the equilibrium
of the homogeneous, positive-recurrent Markov chain ((Wk, i)y, (W1, ¢k+1)) we
can apply the ergodic theorem for positive recurrent Markov chains and obtain

klggoEZC —/Cldﬂ— c,

where the integral is well-defined since C; > 0.
We now show that the integral is finite. To this end, assume that f Ci dm = o0o. This
implies together with (3.1) and (3.2):

kelN’

1 k(n) - ( ) k(n)
e Z C; 5 oo almost surely.
n = \,_/ €x(n) k
—1 i:e_/%/—/
—00
On the other hand side, we have
k(n)
lim sup — Z C; < hm sup — - |Ry| < 1 almost surely,
n—roo ] 1

which yields a contradiction. Therefore, ¢ = f Cidm < oo.

Finally, it remains to show that ¢ > 0. For this purpose, take ¢g; € V; \ {01} and
g2 € Vo \ {02} with pi(01,91) > 0 and p2(02,92) > 0. Choose now any gz € V5 \ {02,092}
such that p(ga,g2) > 0 or p(ga, G2) > p(g2,02) - p(02, g2) > 0; recall that this choice of g,
is possible since |V5| > 3, due to non-existence of loops and stochasticity of P,. For any
M CV, denote by 1, : V — {0,1} the indicator function w.r.t. M, thatis, 1,(z) =1 for
x € Vifand only if x € M. Consider now the event that the random walk’s first step goes
from o to ¢1, followed by a step to g1 92 and staying inside the cone C(g192) afterwards.
This event has positive probability to occur, namely p(o,¢91) - p(91,9192) - (1 — &) > 0
Moreover, this event is a subevent of

W= (Wi, 1) = (91, Lo,0,})s (Wa, 92) = (92, 110,,1)]-
On the event VW, the term
(p(g2,G2) + p(g2,0) - p(0,g2)) - (1 = &) >0
contributes to Cy, yielding
= /Cl dre > (p(g2,92) + p(g2,0) - p(0,32)) - (1 = &) - 7((91, L{o,011) (92, L{0,62})) >0
This finishes the proof. O

Recall that the assumption |V5| > 3 in the last proposition is just stated for complete-
ness, since the case |V;| = || = 2 was excluded at the beginning of Subsection 2.1.
Finally, we can prove:
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Proof of Theorem 1.1. By Proposition 3.6 and (3.1),

Cap(R Cap(Re,) %
lim Cap(Re,) = lim Cap(Re,) k- =¢-¢ almost-surely. (3.8)
k—o0 er k—o0 er
Furthermore, by Lemma 2.4 and Re, ., € Ry, C Re,,,,,,, we have:
Cap(Ry) — Cap(Re,,) < [Rn\Rey, | < [Reyqpn \ Reyg, | (3.9)
Cap(Reyn — Cap(Rn)) < [Reyiyn \Ro| € [Reyiy i \Rey |- (3.10)

Moreover, we have

|Rek(n)+1 \R — |R — ‘R
€k(n) €k(n)
(2.2)5(3.1) |Rek(n)+1| ek(n)+1 k(”) +1 k(n) _ |Rek(’") n—oo 0 almost surely
exm)+1 k(n)+1 k(n) exm)  exwm)
—_— " Y—

e —1/¢ —1 —l -t

€Kk(n) €x(n)+1 | €Kk(n)

Therefore, the bounds in (3.9) and (3.10) yield:

Cap(Rn) - Ca‘p(Rek(n))

lim sup < 0 and
n— o0 €k(n)
Cap(Re, . — Cap(R
lim sup P(Rewinyn) P(Rn) < 0 almost surely.
n— 00 €x(n)

Together with (3.8) the above inequalities imply

R, Cap(R,,) — Cap(Re Cap(Re
lim sup Cap( ) — limsup p( ) p( k(n)) T p( k(n)) <Tf,
n—00 €Kk (n) n—00 €k (n) €k (n)
—cd
Cap(R,,) — Cap(R Cap(R
lim inf Cap(R.) lim inf p(R~) P(Reyny 1) + P(Reyoy i) >t/
n—o00 €k(n) n—00 €k(n) €k(n)
—cl
that is, we have shown that
Cap(R, _
lim M =t¢-{ almost surely.
Finally, we obtain the proposed convergence statement with (3.2):
C Rn Rn € n—oo —
ap(R,) = Cap(R.) k() no c:=t¢-£>0 almost surely. (3.11)
n ek(n) n
—c-L -1

O

Remark 3.7. The capacity of the range of random walks on Z? is linked with hitting
probabilities from afar. In the case of random walks on free products we have some
different behaviour which we want to discuss briefly.

For simple random walk on Z?, a well-known formula for the capacity of a finite set
A C 7% is given by [ |
R PS4 <
Cap(4) = Hm = CGom)
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where G(z,0[1) =3, 5, p&”)(x, 0) is the Green function w.r.t. simple random walk on Z¢

with pfi”) (x,0) denoting the n-step transition probabilities of walking from z € Z¢ to 0.

In the case of random walks on free products we have a similar, but different connec-
tion between the hitting probabilities from afar and the probabilities IP,[S4 = oo]. For
any x € V, we obtain by decomposing according to the last visit of any finite set R C V'
(recall transience of our random walks) the following last passage decomposition for the
random walk on the free product V:

+[Sr < o0] = ZGo:yH P,[Sr = 0]
yER

Dividing this equation by G(z,0|1) gives

SR < o Gz, y1) .3) ~ Fla,yll) Gy, yll)
Sgr = = : -P,[Sgr = ]
S G(x,oll) Z G(z,0[1) P[5k = o] ey F(z,0|1) G(o,0|1) oSk = ]
The quotients ?gizm can be simplified as in the proof of Proposition 5.6. E.g., if

T=XT1...Tm, Y =11 .--Yn € V and if the common prefix of z and y of maximal length is

given by 1 ...x = y1 ...y, where k < min{m,n}, then ?Eigm simplifies to

Fa,y[) T F@ioll) - Flar i yll)  Flar..ogg,yll)
F(z,0[1) [T, F(xi,0l1) [Tiy Fai,ol1)

Similar simplifications can be performed if £k = m or k =n. In contrast to Cap(R), where
the summands P,[Sgr = oo] have weight 1 for all y € R, these summands now get the
weights gggl‘g , which depend only on the maximal common prefix of z and 3, but not
on how far away =z is located from R.

4 Central limit theorem for the capacity of the range

In this section we will prove the Central Limit Theorem 1.2. To this end, we will follow
a similar basic reasoning as in [14, Section 4] with the introduction of regeneration
times whose properties we will use in our proofs. However, several non-straightforward,
essential extensions to the present setting are required. Throughout this section we
assume that there exists o € V and k € IN such that p(”) (20, x9) > 0, which excludes
degenerate cases; see Remark 4.7. This assumption will be needed in the proofs of
Lemma 4.5 and Theorem 1.2. In particular, we still assume p < 1, which excludes the
recurrent case |V;| = |Va| = 2.

For x € V, denote by

T, = inf{m eNg | Xp, = x},

the stopping time of the first visit to . Choose and fix now for the rest of this section any
g € V/*. In the following we stop the Markov chain (W, ¢;)rew at those intermediate
random times k when X,, ends with letter g (that is, when W), = g) and when the vertex
Xe, 1is hit for the first time at time e, (that is, when e}, = TXek ). More formally, define
the random times

To = inf{m eEN|W,, =ge,=Tx,, },
Vk>1: 71 = inf{m>7'k,1 |Wm:g,em:TX9m};
compare with [14, Section 4]. Recall from Proposition 3.5 that (W, ¥x)ren, iS pos-

itive recurrent; hence, the event [W), = g] occurs for infinitely many indices k with
probability 1. Each time when the random walk (X,,),en, Visits a word w € V ending
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with g for the first time, the random walk has strictly positive probability to remain in
C(w) for forever (namely with probability 1 — £ > 0 which is independent of w; see
end of Subsection 2.2). Positive recurrence of (Wy, ¢ )rew, together with a standard
geometric argument yields that 7, < oo almost surely for all k£ € INy. For k& € INg, set

Tk = er,
and define fori € IN
. T/L'fl
Ci = Z Cj,
J=Ti-1
Di = 51'7C' (TifTifl)‘

The following proposition will play an important role in the proofs later:
Proposition 4.1. (T; — T;_1);cn is an i.i.d. sequence of random variables. Furthermore,
Ty and T; — T;_1, i € N, have exponential moments.

Proof. See [14, Prop. 4.2, Lemma 4.3, Prop. 4.5] O

Moreover, we have the following important inequality:
Lemma 4.2. For all w € ),

C1(w) < T1(w) — To(w) + 1.
Proof. Let w € €. Then:

7‘171
Ci(w) = Z C;I)(w) +Px,, () (SR, W) =00,Vn>1: X, € C(Xe,(w))]

J=To
N————’

<er) (w)—er,(w)— (Tl ("J)fm(w))

+IPXej+1 () [SRj(w) =o0,Vn>1:X, ¢ C’(Xej+1(w))]

< Tiw) - Tow) — (n) ~n(w))

T1—1

SR j (w) =00, SR (w) =00,
+ Z Pxo; ) |:V7L21:XneC<XeJ (w)):| +Px,, () |:V7L21:Xn¢C(Xej (w)>:|

j=T1o+1

SlPxej (@) [SRj(w)y=o0]<1

p SR g (w) =09, P SRy, () =00,
X, (@) Vn>1:X,€C (X, (w)) +Pxe,, @) Vn>1:X,¢C (X, (w))

< Ti(w) — To(w) — (m(w) = 1o(w)) + (11 (w) — To(w) — 1) +2 = Ty (w) — To(w) + 1.
O

In the following we collect some basic properties of the sequence (D;);en,-
Lemma 4.3. Var(D;) < .
Proof. Since ¢ > 0 and 51 > 0 we have

—¢- (T, —To) <Dy <C.
Lemma 4.2 together with ¢ < 1 yields:
|Dy| < max{(i, ¢ (T1 —To)} <Ty —To+1 almost surely.

Since T; — T has exponential moments, we get D; € Lo, that is, Var(D;) < oc. O
EJP 29 (2024), paper 33. https://www.imstat.org/ejp
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The reasoning in the proof of the following proposition is analogously to the proof of
[14, Proposition 4.5]. Nonetheless, we give a proof since the proposition is another key
ingredient in the proof of Theorem 1.2.

Proposition 4.4. (D;);cn is an i.i.d. sequence of random variables.

Proof. We introduce some notation in order to decompose some set of paths accordingly.
Let i,m € N, j € Ny and z € R. For zy € V with P[Xr, = zo] > 0, denote by P} the
set of all paths (0, wr, ..., w, = 7¢) € V™! of length m such that

PlX, = wq, .. X1 = W1, X = £E07Tj = m:| > 0,
that is, each path in 7)]{11?07,” allows to generate T; with Xt, = =x¢ at time m with
positive probability. In particular, there exists such a path due to choice of xy with
P[Xt, = x0] > 0.

Furthermore, for zy € V with P[Xr, , = x¢] > 0, denote by P7,'(,2w)o,n,z the set of paths
(0, Y1, --,Yn) € V™1 of length n € IN such that

]P[at EN: X, =20, Xest = Yiseros Xown = o, Tict = £, Ty =t +1,D; = 2| > 0,
that is, each path in Pfi?om’z allows to generate X, , =29, T; — T;,_1 =nand D; = z.
In particular, we have y; € C(z0), that is, we can write y; = zoy;.

First, we show that (D;);cn is a sequence of identically distributed random variables.
By decomposing all paths until time T; into the part until time T;_; and into the part
between the random times T;_; and T; we obtain with Lemma 2.3:

IP[D,L = Z] = E IP[XTi71 — :L‘O,Di — Z]
zoeV:
P[XT, ,=x0]>0
XT,;_, =0,
= E g P | X, ,+r1=z0y],,.XT;_; +n==T0Y,,,
xoEV: nelN, VlZl:XZEC(zOy:L)
P[XT,; ,=20]>0 (3307750?/1v~--7$0y:1)67)§.220,n,2
= E E E P[X1:W1,---,Xm:wm]
o€V m2>1 (1)
P[X, . —x0]>0 (o,w1,H-,wm)GPz_l’moym

i—1

. Z Z IPmO [Xl - xoyi, e 7Xn - xOy;L]

n=>1 (aco,zoy’l,...,xgyﬁl)ep-@)

i,20,M,2

Py [VI > 1: X; € Claoyl,)]

L-:2~3 Z Z Z IP[X1:’LU1,...7Xm:wm]
P[XTfifZ;cobo m21 (0.1, win)€PY, L
Z Z IPg[X1:gy1,,Xn:gyn](1_£l)
n>1 (mo,xoy’l’,,"moy;)epc)

i,x0,n,2

Note that each path (zg, zoy}, . - ., Zoy,,) € P2 lies completely in the cone C(z() and

1,T0,N,2
that xy ends with letter g. Therefore, there is a natural 1-to-1 correspondence between

pathsin?®  and P!® _established by the vertex-wise shift C(z0) 2 xog — gg € C(g),

©,20,N,% 1,g,n,z
that is, we can map

2 2
,Pi(-,z)oﬂlvz > (l'(), xoylla e 7950%) — (97 gylla cee 792!;1) S 7)1(73)7;727
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which is a bijective and measure preserving mapping according to Lemma 2.3. At this
point recall once again that x¢ ends with letter g by choice of 2y with P[Xt, , = 2] > 0,
which ensures that the words gy, are well-defined. Furthermore, we have

> > P[X; =wi,...,Xm = wn) - (1-&)
IP[XTwL TZIO]>0 (O w,.. 77117:1?;7)51)1 2oim :IPwm, [V"ZLXnGC(wm)]
= Z ]P[AX']:*F1 = J}o] = P[Ti,1 < OO} =1.
ToEV:

IP[XTi—l =2’,‘0] >0
Therefore,

IPg[Xlzyl,...,Xn:yn]. (4.1)
"2l (gy,yn)€PE)
Since the probabilities on the right hand side do not depend on ¢ any more, we have
proven that the D;’s all have the same distribution.

For the proof of independence of the sequence (D;);cn, we only show independence
of D; and D-; the general proof follows completely analogously, is however very lengthy
and therefore we omit it. Let d;,ds € R. We make decomposition according to the values
of Ty, T1, T2 and Xt,, XT,, X1, and obtain:

P[D; = dy, Dy = ds]
X1:w17"-aXm:wm7
Xm+1 - y1,~~,Xm+n1 = Yni»

= Z Z Z P X77L+7L1+1 = 21y

mnma 2l (0,wr,.. ;wnz)ep Xm+n1+n2 = Zngy,

VI>1:X, €Clz,)

010m7

1P[XT0401>0 @)
(@0,Y153Un1 JEPY 20 ing dy
(2)

2,Yynq,m2,d2

- Z Z Z P[X; =wi,..., X = W]

m 1(ow1, wm)E’Pé};D,m

(yn1 »Z1 7”-7277/2)673

]P[XTO—a:g]>0

Z Z IPzO[Xlzyh-n,an:iUnJ

>
nizl (20 Y15+ ynl)epl zg,n1,dq

DONED SN PR,

2
B (g e P

P, [VI>1:X;€C(zn,)) (4.2)

For the last equation we recall the equation P, [Vk > 1 : X} € C(zp,)] = 1 — &
Similarily, decomposing according to the values of Ty and Xt,, we get

1 = P[Tl < OO]
Xl :wla"'vX’VVn = Wmy
Z Z Z P { Vi>m:X; € C(Zo) (4.3)

mi21 (o,w1, 7w"”1)elpilz)0 mq

IP[XT1 _zg]>0

>y > P[X)=wi,..., Xon, = W, | - (1= &).

z0€EV: my>1 (1)
P[XT, =20]>0 (w1, 0my JEP 2

Now observe that, for zy € V with P[Xt, = %] > 0, the mapping
7)(2) 5 ( ) ( ’ ’ )€ 7)(2
2,Yn, ;n2,dz Ynis %1545 %ng 20520215+~ ZOan 1,20,n2,d2?
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where z; := yp, 2 for i € {1,...,ny}, is measure-preserving (see Lemma 2.3), that is,
Py, [X1 =Yn, 215 Xny = Uny 2n,] = P [X1 = 2021, .., Xy = 207,,]- (4.4)

Furthermore, we remark that

P[D; =di] = >y > P[X) = wi,..., Xm = wy]

o€V m>1 (1)
P[XT,=%0]>0 CILERR wm)EPO*IO’m

: Z Z IPxo[Xlzy17~"aXn1:yn1]'(1_§1)v

M1 (2441, yn, )EPL)

1,zg,n71,d1
]P['D2:d2] = E E E P[X1=w1,---,Xm1 :’wml]
DV I (g P,

P[XT,=20]>0

Z Z IPZO[Xlzzly"'axrmzznz]'(1751)'

> 2
nzzl (Z(Jvzl7---12712)67);;)0‘”2‘(12

The required independence equation follows now from (4.2) with the help of (4.3) and
(4.4):

P[Dy = dy, Dy = ds]

_ ZV Z Z P[X1 =wi,..., X = Wy

M1 (o) EPSY,

o H
P[X1,=20]>0

. Z Z IPIO[Xlzylw'-van:y”l]

RES (Z0,Y15--,Yny )ePZ)

1,20,n1,dq
g § § P[Xlzwla“'aXnn:U_}ml]'(]-*gl)
zp€EV: m1>1 (0,1171,---7'@m1)Epf?z)o,ml

P[Xr, =20]>0

=1

>3 > Py, [X1=21,.., Xpy = 20y - (1 - &)

> 2
n221 (ynl 7217---1Zn2)€7);;n1 ng,do

<4£( > 2 X PXi=wn Xa=w

o€V m>1 (1)
P[Xr,=0]>0 (07w17”'7wm)€7)0,zo,m

: Z Z IPl‘o [Xl :yla"'van :y’rbl] ! (1 _51))

2
nzzl (wovyla--wynl )Elpl(,;om,l ,dq

( DS 3 PXy = w1,..., Xpny = ;]

zo€V: my>1 - — (1)
P[XT, =20]>0 (01 Pizg.m1

: Z Z PZO[Xlzzlv"'vXn2:Zn2:|'(1_51))

2
na>1 (20,21,-12nq )EP2§>Z)0>W'2’d2

= P[L; =di] - P[Ly = d3].
This finishes the proof of the proposition. O

The next step is to consider those times T,,, which occur until time n € IN. For this
purpose, define for n € Ny

t(n) :==sup{m € Ny | T,, <n}.
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In [14, (4.8)] it is shown that

T n n o0
#()) n=eo, E[T; — Ty] almost surely. (4.5)
n
Lemma 4.5. We have:
1. ¢c= Lﬁl] almost surely.
' E[T; — Ty '
2. E[Dy] = 0.
3. Assume that there are gy € V and k € IN such that P[X,, = gy | Xo = go] > 0. Then:
Var(Dl) > 0.

Proof.

1. Due to Lemma 4.2 together with existence of exponential moments of Ty — T (see
Proposition 4.1), we have E[C;] < co. Now we obtain, completely analogously to
the proof of Proposition 3.6 (replace the exit times e; by T;),

Cap(R ~
lim Cap(Ro,) _ E[C;] almost surely.
n—0o0
Together with (4.5) we obtain
Cap(Rr, ) Cap(Rt,,) t(n) E[Ci]
c= lim ———*™° — im tn) = almost surely.
n—oo Ty n—0o0 t(n) Tyny E[T; — Ty ¥

2. This follows now immediately from (i) with
E[C)] = ¢- E[T; — To).
and by definition of D;:
E[D;] = E[C;] — ¢- E[T; — T,] = 0.

3. It suffices to show that D; = C; — ¢ - (T1 — Ty) is not almost surely constant by
constructing two paths of different length but which visit the same vertices between
time T and T;. Assume now for a moment that gy € V,* and take now any path
inside C'(g) from g to ggog which visits ggo twice, say

Hl = (gagh v 7gj717gg07gj+17 .o 7gj+k71>g§07.gj+k?+17 v 7gj+k+lfl7ggog)'

Consider also a second path, where we add another loop at ggo as follows:

H2 = (97917'"agjfl,gg[)agjﬁ*la"'7gj+kflag§07
Gj+1s -3 95+k—1,890, Gj+k+1,- - - a9j+k+l—179§09)-

Both paths visit the same elements of V, but have different lengths. Then a
trajectory in VN0 starting at o, which goes on a shortest path to g, followed by II;
and stays afterwards inside C(ggog) has strictly positive probability to occur and it
leads to Ty — Ty = k+ 1 and to some value of 51 = c1 € R. Analogously, a trajectory
in VN starting at o, which goes on a shortest path to g, followed by II, and stays
afterwards inside C(ggog) has also strictly positive probability to occur and it leads
to Ty — Ty = 2k + [, but to the same value of C~1 = ¢1. Hence, both paths lead to
different realizations of D; due to ¢ > 0. That is, there are dy,d> € R, d; # ds, such
that P[Dl = dﬂ, IP[Dl = dg] >0, providing Var(Dl) > 0.

The cases go € V;* and go = o can be handled completely analogously, and the case
go € V'\ (V" U V) can be easily traced back to the case gy € V1 U V5. O
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For k € IN, set i .
Sy = ZDi and ék = ZC~Z
Proposition 4.6. We have: - N -
Cap(R,,) — S¢(n,
P( \/)ﬁ t(n) 3
Proof. Let w € Q. Observe that Re,(w) C Re,,, (w) € Ry(w) for j € {1,...,t(n)}. If

x € R,(f) (w), k € {1,...,e4(n)—1}, then every path from z to C(Xe,,, (w)) (or vice versa)
has to pass through X, (w); therefore, for k € {1,... €41},

0.

€t (n)

k+1

P, [Sryw) =00] = Pu[Sr,(w) =),
P S’Rk,l(w) = 00, P SRn(w) = 00,
Xer@) | ¥n > 1: X, ¢ C(Xe, (w)) Yo | Wn > 1: X, ¢ C(Xey(w)) |7

P SRy (w) = 00, _p SR, (w) = 20,
Xer@) | ¥p > 11 X, € C(Xe, (w)) e | Y >1: X, € C(Xe,(w)) |

Comparing the summands in Cap (Rn(w)) and ét(n) (w) and using the above equations
we get for n large enough:

Cap(Rn(w)) — ét(n)(w) = Z P, [SRn(w) = oo]
2E€R (@)NC (Xey ) (©)) \{Xey,, (@)}
+PXet(n) (w) {SR"(W) =oo,Vn>1:X, € C’(Xet(")(w))}
+ b Py [SRer, () = o]
xERTO(w):xQC(XTO (w))
+P X, () [SRTO(W) =00, ¥n > 1: X, ¢ C(Xm, (w))}

In particular, the first equation shows that Cap(R,(w)) — ét(n) (w) > 0. Recall from
Proposition 4.1 that T; — T;_1, « € N, are i.i.d. and that Ty and T; — T,;,_; have
exponential moments. For any € > 0 and n € IN, we obtain then:

P _Cap(Rn) - ét(n) > ev/n, t(n) > 1}
< P[Typer — Teg + To +2 > ev/n, t(n) > 1]
< ]P[Tt(n)+1 — Ty + To > g\/ﬁ,t(n) > 1} +IP[2 > %ﬁ,t(n) > 1]
< PlBke{l,....n}:Th—Th+To> g\/ﬁ} +1P[4 > ey, t(n) > 1}
< ]P:Elkz €{l,...,n}: Tpsr — Ty > Z\/ﬁ} +IP[T0 > Z\/ﬁ] +1Ph(>;)2@}
Prop. 4.1

< n~IP[T1—T0> Z\/ﬁ} +1P[T0> Z\/ﬁ} +]P[4>5\/ﬁ,t(n) > 1}

< n~]P{(T1 —To)* > Z—inﬂ +]P[T0 > Z\/ﬁ} +]P[4 > eyv/n, t(n) > 1}
E[(T; — To)*] N E[Ty]
e v

The last inequality applied Markov’s Inequality twice. Since t(n) — oo almost surely as
n — 0o, we have proven the claim. O

n— oo

+]P[4>e\/ﬁ,t(n) > 1} noee g,

< n-
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Proof of Theorem 1.2. By Billingsley [4, Theorem 14.4], we get the following conver-

gence in distribution:
6t (n)

N(0,
\/Var Dl \/

In [14, p. 398] it is shown that

1).

170 BT, —Ty] almost surely.
t(n)

An application of the Lemma of Slutsky yields

Gt(n) G \/t
= \/V (Dy) —> N(0, 4.6
Vvn \/Var(D1)+/t \f ar(Dy) ) (4.6)

where B )
2 Var(Dl) E[(Cl —C- (Tl — TQ)) ]

— — 0. 4.7

7 E[T; — To] E[T; — Ty] ~ (7)

The next goal is to show that

(Cap(Rn) —n- c) — G¢m) P
N

In order to prove this convergence we note that

6t(n) = ét(n) - (Tt(n) - TO) - ¢

This equation together with Cap(R,,) — ét(n) >0 almost surely (see proof of Proposi-
tion 4.6) and n > Ty(,) — Ty yields:

P :‘(Cap(Rn) —n-¢) = Sypy| >e-vn,t(n) > 1}

[ |Cap(Ry) — Sy > 5 - v/, ¢ (n = (Tymy — To)) > 5-v/n,
= F t(n) > 1 - t(n) >1
[ Cap(RTL) - ét(n) > % : \/57 ¢ (n - (Tt(”) - TO)) > % ’ ﬁ’
= IP_ t(n) > 1 P t(n) >1 '
(%) (%)

By Proposition 4.6, (x) tends to 0 as n — oco. Furthermore, in [14, p. 398] it is shown that
(x) tends also to 0 as n — oo. Hence, since t(n) — oo almost surely,

P H (Cap(Rn) —-n- c) = Gy(ny| >

e \/ﬁ} o, (4.8)

Another application of the Lemma of Slutsky together with (4.6) and (4.8) yields the
proposed central limit theorem:

Cap(R,)—n-c¢ 4
——— — N(0,1). O
T L N

Remark 4.7. In this section we have assumed that there are xy € V and k € IN such
that p(*) (zo,x0) > 0. We present an example in which this assumption does not hold and
where we have Var(D;) = 0 such that a central limit theorem becomes redundant.

Let Vi = {01 = 90,91,92,--.}, Va = {02 = hg, h1,he,...} be infinite, but countable
sets, and set the transition probabilities p1(gn, gn+1) := 1, p2(hn, hny1) := 1 for n € WNy.
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Set o := 1. It is easy to check that R,,(w) =n + 1 and P,[Sgr, () = o] = 1 for all w € Qg
and z € R, (w) \ {X,,(w)}. This implies ¢ = 1.
Furthermore, set g := g;. Then:
~ 1
Cl(w) = (Tl(w) — To(o.)) — ].) . 5
P SRrg () =00, P SRy (@) =00,
Xz Vn>1:X, €0 (Xry(w) ) + X1, 0 Vn>1:X,¢C (X1, ()
1 1 1
= (T (w) TO w)—l)'§+§+0:(Tl(w)—To(w))~§

1(w) — To(
= (Tl(w) — To(w)) - C,

that is, D; = 0 almost surely, implying Var(D;) = 0. A central limit theorem is redundant
in this example.

5 Analyticity of the asymptotic capacity

In this section we prove that ¢ varies real-analytically if the transition matrix of the
underlying random walk depends on finitely many parameters only. For this purpose, we
fix graphs &7, &> (arising from any given transition matrices P;, P») from Section 2 and
set E; := {(z,y) € V2| pi(z,y) > 0} for i € Z, the set of oriented edges of X;. We assume
from now on that each non-negative single-step transition probability of the random walk
on V takes one out of finitely many parameters p1,...,pq, d € IN, which take values in
(0,1). That is, if p(z,y) > 0 for z,y € V then p(x,y) = p; for some j € {1,...,d}.

The idea is now to vary the values of the parameters slightly such that we still
obtain a well-defined random walk on V, and to study the behaviour of ¢ as a function
in (p1,...,pq). For this purpose, let n : E; U Ey — {p1,...,pq} be a mapping. Then a

parameter vector p := (p1,...,paq) € (0, 1)? gives rise to a well-defined random walk on
Vif
Ve eVy: Z n(z,y) + Z n(o2,2) = 1 and
yeVii(z,y)EE, 2€Va:(02,2)EE>
Vo e Va: Z n(z,y) + Z n(o1,z) = L
yeVai(z,y)EE, z€Vi:(01,2)EEL

In other words, the probabilities of the outgoing edges at each z € V; U V5 must sum up
to 1. Then o := ZyEV1:(01,y)EE1 7](01,y), and for r1,y1 € Vi, To,y2 € Vo

W? if(xhyl)EEh
0, otherwise,

%7 if (CU27Z/2) GEQ,
0, otherwise.

pi(z1,91) == { and pa(za,ye) 1= {

Denote by
P:={p=(p1,...,p4) € (0,1)* | p defines a well-defined random walk on V'}

the set of parameter vectors which allow well-defined random walks of constant support
induced by 1 U E». Observe that each random walk defined by any p € P leads to the
same transition graph &X'. Moreover, we may then regard ¢ as a mapping

c:P— [071]7(p1a~--apd)HC:C(pl,...,pd).

We want to show that ¢(py,...,pq) varies real-analytically in (py,...,pgq), that is, one can
extend c¢(py,...,pq) as a multivariate power series in (py,...,pq) in a neighbourhood of
EJP 29 (2024), paper 33. https://www.imstat.org/ejp
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any p, € ‘P. To this end, we use the formula from Lemma 4.5.(i) given by

_ . Cap(R,) _  E[C]]
€= nh—>H;o n o E[Tl - To}

almost surely. (5.1)

Hence, it suffices to show that both numerator and denominator vary real-analytically in
(p1,...,pd). We already have the following result:

Lemma 5.1. The mapping
P> (p1,-..,pa) = E[T1 — Ty
varies real-analytically in (p1,...,pd)-
Proof. See [14, Lemma 5.1]. O

Thus, it remains to show that also ]E[C] varies real-analytically.

Remark 5.2. The idea is to construct a power series in the form 7'(z) = }_ ., a,2" such

nd

that E[C;] = T'(1), and that a,, is a sum of monomials of the form a(n1,...,ng) p}" -. Dy
with ny,...,ng,a(ny,...,ng) € No, ny + ...+ ng = n. If T(z) has radius of convergence
bigger than 1, then there exists § > 0 small enough such that

00> T(140) = an-(148)"=> Y a(n,...,na)(pr(14+6))" .. - (pa(1+5))"™

n>0 n>0n1,...,ngENp:

From this follows analyticity of ]E[gﬂ in a neighbourhood of any (p1,...,pq) € P, provided
existence of T'(z).

Before we can show that such a power series T'(z) as in Remark 5.2 exists, we have
to introduce further generating functions and we will prove essential properties of them
in the following subsection.

5.1 Uniform bounds of some generating functions

We introduce further generating functions, summarize some essential properties and
prove some important uniform bounds in this subsection. For finite R C V, x,y € V and
z€C, set

G(x,ylz) = Z P.[X, = y]z" (Green function),
n>0

U(I,y|2’) = Z]P y—n
n>1

U(z,Rlz) = Z]Pw[SR = n|z"
n>1

Ux,Rlz) = 1-) Py[Sp=n]z"=1-U(z,Rlz).

n>1

In particular, we have U(z, R|1) = P,[Sg = oc|. Moreover, define the first visit generating
function by

F(z,y|z) = Z]P [T, =n]2", where T}, := inf{m € Ny | X,,, =y},
n>0

and the last visit generating function is defined by

L(z,ylz) ZIP Xn=yVk<n:Xp#z|z

n>0
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If x # y, then F(x,y|z) = U(z,y|z). Analogously, we denote by F; and L;, i € Z, the
associated first visit and last visit generating functions of the random walks on V;
governed by P;. If all paths from z € V to y € V have to pass through w € V, then

these equations are obtained by conditioning with respect to the first/last visit of w,
which must be visited before finally walking to y (see, e.g. Woess [31, Prop. 1.43]).
Similarily, one can easily show that

G(z,ylz) = F(z,ylz) - G(y,ylz) and G(z,y|z) = G(z, z[2) - L(z, y|2); (5.3)
see, e.g. Woess [31, Thm. 1.38]. Furthermore, there are probability generating functions

&i(2) = ZIP[SV,;X =nlz", i €T,

n>1

such that for all z,y € V;

F(z,ylz) = Fy(z,yl&(2)) and  L(z,y|z) = Li (2, yl&(2)). (5.4)

In particular, §;(z) converges for all |z|] < # and we have 0 < (1) < 1; see [30,
Proposition 9.18 (c)], [11, Proposition 2.7] and [12, Lemma 2.3]. Obviously, (1) = &;;
compare with (2.3). Due to the tree-like structure of X, we have further important
identities: for each w € V and g € V;* U V,* with g ¢ Vj,), we have

F(wg,w|z) = F(g,0]z) = Fs()(9,05(9)|6s(4)(2)) and

(5.5)
L(w,wglz) = L(o,gl2) = Ls(g) (0s(9), 9Es(9) (2));

these equations follow directly from the fact that F'(wg, w|z) and L(w,wg|z) consider
only paths inside the cone C(w), the rest follows with Lemma 2.3.

In the following we will derive uniform upper bounds for some important generating
functions.

Lemma 5.3. There exists oo > 1 such that

sup  L(o,z]00)L(0,yloo) < 1.
zeV yev,*

Proof. For z € C and ¢ € Z, define

Lf(z):= Z L(o, x|z) 54 Z Li(0;,2[&(2)).

zEViX :xtEVi><

Since ¢;(z) is continuous and monotonously increasing for real z > 0, &;(1) < 1 and &;(2)
has radius of convergence of at least Z, there exists some gy € (1, %) such that &;(gp) < 1
and &(90) < 1, implying

L (20) < Z sz(-n)(oiaﬂ?) “&i(00)" < Zfi(éo)n < % < 00,

aL'EVi>< n>1 n>1
where p§">(a;, y), x,y € V;, denotes the n-step transition probabilities of the random
walk on V; governed by P;. Consequently, there are at most finitely many = € V,* with
L(o,z|gp) > 1, and we have

L(o,la0) < max{ 1— L 1<

sup 0,T|0p) < max — — 0.

z€VUV,S ’ 1- 51(90)’ 1 —&(00)
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Choose now any z € V;* and y € V,* and set wy, := zy...xy, where zy is repeated k € IN
times. By decomposition of all paths from o to wy with respect to the last visit of o and
wy, before finally staying in C(wy) \ {wy}, we obtain for all k € IN:

(5.2),(5.5)

1 > P[ X starts with prefix wy,
G(o,w|1) - Py, [Vn > 1: X,, € Clwy) \ {wi}]
2 Glo,0l1) - L(o,wil1) - Py, [#0 > 1 X,y € Clun) \ {wy}]
(

G(0,0|1) - L(o,z|1)* - L(0,y[1)" - Py, [Vn > 1: X,, € C(wy) \ {w}]

SP[X, €V ,Vn>1:X, ¢ Vi)
> G(o,0[1) - L(0,z|1)* - L(o,y|1)* - - (1-&(1) >o0.

In the last step we have used that 1 — & (1) is the probability that V;* is not visited any
more when starting at any state in V;*. Since k can be chosen arbitrarily large, we must
have L(o,z|1) - L(o,y|1) < 1 for all x € V%, y € V5*. Assume now for a moment that
L(o,z|1) - L(o,y|1) = 1 would hold for some x € V;* and y € V,*. If [V}] > 2, then there is
some zg € V;* \ {z} such that we obtain analogously as above for every j € IN:

P[ X starts with prefix w;z|
G(o,0[1) - L(o,z|1)’ - L(0,y|1)’ - L(0,20[1) - (1 — ) - (1 = &2(1))
= G(o,01) - L(o,z0[1) - (1 — ) - (1 = &(1)) =: Cy, > 0.

v

If we choose k large enough, we get a contradiction due to

1 > P[X starts with a prefix in {wyzo, ..., wpz,}]
k
= z IP[ X starts with prefix w;zo| > k- Cy, > 1.
i=1

Therefore, we must have L(o,z|1) - L(o,y|1) < 1 forall z € V¥, y € V;*. If |[V}| = 2, then
we must have |V5| > 2 and the reasoning follows analogously by exchanging the roles of
x and y.

As mentioned above there are at most finitely many = € V;* with L(o,z|g9) > 1.
For each such z € V;* there are also at most finitely many y € V,* with L(o,y|go) >
L(o,7|00)~!. Analogously, there are finitely many y € V,* with L(0,y|dp) > 1 and finitely
many z € V;* with L(o,z|80) > L(0,y|g0)!.

Since L(o,z|1) - L(o,y|1) < 1 and by continuity of the involved generating functions,
there exists go € (1, 99) such that

L(O?$|Q0) : L(an‘QO) <1
for all x € V;* and y € V,*. This finishes the proof. O
From the last lemma follows immediately that there exists gy > 1 such that

sup L(o,z|00) < o00. (5.6)
zeViUVy

We will use this fact in the next lemma.

Lemma 5.4. There exists oo > 1 such that

sup  L(z,y|oo) < 0. (5.7)
zeV,yel(z)
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Proof. From Lemma 5.3 follows existence of gy > 1 with

sup L(o,x|00)L(0,y|00) < 1.
zeV yev,*

Now take any = € V and y € C(z) \ {z}, that is, we can rewrite y as y = zy1 ... yx in the
form of (2.1). Then:

)Lemnéa 2.3 L( (5.2)£(5.4)

k
H Ly, (05(3;71)» yi|§6(yi) (Qo))
j=1

L(z,yloo 0,91 Ykloo)

Lk/2]
= H (La(yzl 0 (05(yai 1) Y2i-11E6 (w2 1) (00)) L (yas) (06 (yai)» Y23 €5 (ya) (Qo))) -Lo,

<1 (by Lemma 5.3)

where Lo := L(0,yk]00) = Les(yy) (0550)> Ykl€s(y)(00)). if k is odd, and Ly := 1, if k is even.
In both cases, since L(w, w|gp) = 1 for all w € V, (5.6) yields.

L(z,yloo) < sup L(o,z|0g) < 0. O
zeViuVy

We show another uniform upper bound for some family of Green functions:
Lemma 5.5. There exists o; € (1,%) such that

sup{G(wx,wy|gl) ’w eV,x,ye V> withi € T\ {5(w)}} < 0. (5.8)

Proof. Letw € V and z,y € V;*, where i € T\ {§(w)}. For z € C, define

F(wz,wy|z) := Z:IPMc [Twy =n,Vj<n:X;# w] z
n>0

G(wy,wylz) = Z]wa (X, =wy,Vj <n:X;#uw|"
n>0

Then, by distinguishing whether w is visited on a path from wx to wy or not, we obtain

G(wz,wy|z) = F(wz,w|z) - G(w, wyl2) + F(wz, wy|z) - G(wy, wylz)

OB plws,wlz) - Glw,w]z) - Llw, wy|z) + Fwz, wy|z) - Gwy, wy|2)

(@, 016(2)) - Glw, w]z) - Li(01,yl&(2)) + Flwz, wy|z) - Glwy, wy|z). (5.9)

From [14, Lemma 3.6] follows existence of g; € (1,#) such that

sup G(v,v|01) < 0.
veV

Choose o1 € (1,9;) such that ;(01) < 1 for all j € Z. Then F;(x,0;/¢;(01)) < 1. Further-
more,

Li(os,yléi(@1)) < D &ilor)" %‘(91) =

n>1
Moreover,
F(wz,wy|or) = ZIwa[Twy:n,Vj<n:Xj ;éw] o7,
n>0
Lemma 2.3
ZIP y—an<nX7éo]g1,
n>0
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< Y P.[T,=n]o} = Flz,y|er)
n>0
= Fi(%!/|fz‘(@1)) < 1 < 0.
1—&i(o1)
Since G(wy, wy|o1) < G(wy,wy|o1), we have shown — in view of Equation (5.9) - that the
values G(wz,wy|p;) are uniformly bounded. O

Proposition 5.6. There exists a real number o > 1 such that

sup G(z,ylo) < co.

z,yeVv
Proof. Letx,y € V and writex =21 ..., and y = v ...y, in the form of (2.1), where
m,n € Ng. Let k € INy be maximal such that w := z1...2x = y1...yx (if 1 # y; then
k = 0), that is, x1 ...z is the common prefix of x and y of maximal length. First, we
consider the case k < min{m,n}. Observe that each path from x to y has to pass through
w1 and wyg41.Therefore, we obtain for all real z € (0, %):

G(x,ylz)
(5.3)
=" F(z,wrp1]2) - Glwagi, ylz)
5.3
3 F(z,wxps1]2) - G(wzpsr, wrgyr|2) - L(wxgs1, y|2)
5.2
(:) F(z,wrpi1|2)  Gwzg 1, wrpt1|2) - L(wzgpr, wyks1|2) - L(wyrtr, y[2)
5.3
(:) F(z,wapi1]2) - G(wrgg1, wyrs1|2) - L(wyky1,y]2)

(52 T
= H F(zy...x,21 ... 2i21]2) - G(waks1, wyr+1|2) - L(wyk+1, y|2)

= 1 Fso (@1, 0620 [s(00) (2)) - Gwigr, wysa|2) - Lwyisr,y]2). (5.10)

i=k+2

Let 9o € (1,%) be a real number satisfying (5.7) and let o; € (1,%) satisfying (5.8).
Furthermore, choose any g, € (1, %) such that sup, ¢y G(v,v|g1) < oo, which exists due
to [14, Lemma 3.6]. Now take any p € (1, min{ g, 01, @1}) such that &;(p) < 1 foralli € 7.
Then:

H Fé(mi)(xmoti(zi) fa(mi)(g)) <L

i=k+2
By Lemma 5.5, G(wx41, wyk+1|0) is uniformly bounded. Moreover, since y € C(wyg+1),
Lemma 5.4 guarantees that L(wyg+1,y|e) is also uniformly bounded. In view of (5.10)
we have proven the claim in the case k£ < min{m,n}.

If k =m < n, we have z = w, y € C(x) and

5.3
G(z,yl0) 2 G(x,xl0) - Lz, ylo).

The claim follows now directly from ¢ < min{gg, g1} and Lemma 5.4.
Similarily, in the case k = n < m, we have y = w and

G(z,ylz) = H Fs(ay) (%3, 05(2) €5 (200 (2)) - Gy, y2).
i=k+1
The claim follows now directly from ¢ < g1 and &;(0) < 1 foralli € 7.
Finally, if kK = m = n, then x = y and the claim follows immediately from the choice of
o < 01. This finishes the proof. O
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Proposition 5.7. There exists ¢ > 1 such that, for all finite R C V and forallz €V,
U(z, R|o) < cc. (5.11)
In particular, there exists a finite constant My > 0 such that
U(z,R|o) < |R|-My forall finite RCV and forallz € V.

Proof. Let R C V be finite and x € V. Choose ¢ > 1 which satisfies Proposition 5.6.
Then:

U(z,Rlo) = Y Pu[Sr=nle"=> P.[X1,...,Xn 1 ¢ R X, €R]o"

n>1 n>1

= D > P.[X1,..., Xp 1 ¢ R X, =ylo"
n>1yER

S Zzﬂ)ﬁ[Xla"'7X’n—l%y’Xﬂ,:y}Qn
n>1yeR

= Y > P.T,=nle" =) Uwylo) <|Rl- sup Ulxr,2s]0).
yERN>1 YyER T1,22C

Obviously, U(x1, z2|0) < G(z1,x2|e) for all 1,25 € V. From Proposition 5.6 follows now

Uz, Rlo) < |R[- sup U(x1,7200) < |R[- sup G(x1,22]0) < o0.
1,226V z1,22€V

Setting My := sup,, ,,cv G(71,22|0) < oo yields the second part of the claim. O

An almost immediate consequence is the following:
Corollary 5.8. U(x, R|z) has radius of convergence strictly bigger than 1.

Proof. Let p > 1 be a suitable real number which satisfies (5.11). Pringsheim’s Theorem
yields that U(z, R|z) has radius of convergence of at least p. O

5.2 Analyticity of E[C,]
In this subsection we prove the real-analytic behaviour of ]E[gﬂ as a function in
(p1,...,pa) € P. Define

Ry = U R; =R, 0 (C(Xm,) \ (C(Xr,)\ {X1,})), RY =R\ {Xm,, X, }-

J=To
Then for all w € Qg:

_ B B Sﬁl(m:‘x”
Cilw) = > P.[S7, () = 0] + Pxr, (@) |:Vn21:Xn€C(XT0 @)
2eR{N{ Xy, X1, }

4P SRy ()= ) (5.12)
X1 (@) | yn>1:x,¢0 (X1, @) |7 :

compare with the calculations in Section 3. The next step is to construct a “normalized
version” of R, and X, by removing the common prefix Xr,: set

ﬁnorm = {’LU eV | XTO’LU € ﬁl}
Moreover, define

Vor={vi...or €V |keNu =g},
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the set of words in V which end up with the letter g with no further occurrence of this
letter except at the end; these are the possible values of Xt,. Furthermore, define

Vo,g = {vl...vk eV |keNuv GVQX,U;C:g},

the set of words in V' which start with a letter in V,* and end up with the letter g with no
further occurrence of g except at the end; then Xt, has the form w;w», where w, € V;
and wy € V5 4. The increment (a “normalized version” of Xt ) between X1, = w; and
X1, = wjws is given by

i:= wa.

By definition, i takes values in V3 4, while ﬁnorm takes almost surely values in a set
W :={R CV|P[Ruom = R] > 0}.

For all zy € Vy and R € W, the set zoR := {zrow|w € R} is well-defined since all words in
W start with a letter in V5 while xy ends with the letter g € V;.

In a next step we introduce further generating functions which will play a crucial role
in our proof. Recall that o =, v, pi(0i, w). Define for finite R € W, v € Va4, and z € C

g(z,Rlz) = Z P[ﬁnorm =Ri=2T —Ty= m} 2™,
m>1
Uo(g,gR|z) = Z Py[Sgr =n,Ym < n: X, € C(g)] 2",
n>1
Uo(g,gR|2) = (1—a)-z—U(g,gR|2),
Ui(gz,gR|z) = ZIPM[SQR:n,Vme {1,...,n—1}: X, ¢ C(ga)] 2",
n>1
Ui(gz,gR|z) = a-z—U(gr,gR|2).

Observe that g(z, R|1) = P[Ryorm = R,i = 2] and, for real z > 0,

g(z, R|z) < Z P[T; — To =m|z" =: T(z).

m>1

Note that the power series T(z) has radius of convergence strictly bigger than 1 due to

existence of exponential moments of Ty — T; see Proposition 4.1. This together with

Proposition 5.7 yields that there exists some r; > 1 such that, for all finite R € W, all

weV,zeVgandforallreal z € (0,71), U(w, R|z) < oo and g(x, R|z) < oo.
Furthermore, we have:

Lemma 5.9. Forall R € W and = € Vs g With P[Rpomm = R,i=1z] >0,

1. Ug(g,gR1) = Py[Sgr = 00,Vn > 1: X,, € C(g)].
2. Ui(gz, gR|1) =Py, [Sgr = 00,¥n > 1: X, ¢ C(gz)].

Proof. Let R € W and z € V, 4 with ]P[ﬁnorm = R,i=2z] > 0. Then o,z € R by definition
of ﬁnorm and i.

1. In the following we consider only trajectories w = (wg = g, w,...) € VN starting
at g with p(w;, w;41) > 0 for all ¢ € N, that is, we condition on the event [ X, = g].

We claim:
Ay = {X1€C@}\ U{SBR:n,VmSn:XmEC(g)}
n>1
= {Sngoo7Vn21:Xn€C(g)} =: By.
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Indeed, if w € Ag, then X;(w) € C(g) and we either must have Syr(w) = co with
w; € C(g) for all i € Ny (because otherwise we would have Syr(w) < oo since
g € gR) or there exists some n € IN with Syr(w) = n and X,,, ¢ C(g) for some
m < n; in the latter case g € gR must be visited before leaving C(g) implying
Sgr(w) < n, a contradiction. Consequently, w € By. Vice versa, if w € By, then we
have X;(w) € C(g) and w is obviously contained in the set Ay.

The above equation of sets implies:

Py[Sgr = 00,¥n >1: X, € C(g)]
= Py[X:1€C(g)] - Z]PQ[SQR =n,VYm < n: X, € C(g)]
n>1

= (1—a)—Uo(g,gRI1) = Uo(g, gR|1).

2. The proof works analogously to the first part. In the following we consider only
trajectories w = (wy = gz, w1, ...) € VN starting at gz with p(w;, w;,1) > 0 for all
i € Ny, that is, we condition on the event [ X, = gz]. We claim:

A = {X1¢Cgn)}\ [ J{Sar=n.Yme{1,....n—1}: X, ¢ C(gx)}

n>1

= {SQR =o0,Vn>1:X,¢ C’(gz)} =: By.

Indeed, if w € A, then X;(w) ¢ C(gz). If we would have some n € IN with
Sgr(w) =nand m € {1,...,n — 1} with X,, € C(gz), then there is some m’ < m
with X,,, = gz € gR, a contradiction to Sygr(w) = n > m/. Therefore, we must
have Syr(w) = co with w; ¢ C(gx) for all i € IN (because otherwise we would have
Sgr(w) < oo due to gz € gR)). Hence, w € B,. Vice versa, if w € By, then we have
X1(w) ¢ C(gx) and w is obviously contained in the set 4;.

The above equation of set implies:

Pyo[Sgr = 00,¥n > 1: X, ¢ C(gz)]
= Pg[X1 ¢ Clgr)] = > Pya[Sqr =n,Ym e {1,...,n—1} : X, ¢ C(g)]

n>1

o — Ui (gz, gR|1) = Ui (g, gR|1). O

We will rewrite E[C, ] with the help of the above introduced generating functions: for
z € C, set

ED() = Y > U= Rlz) gz, Rl2),
ReW, zeR\{o,z1}
z1€V2 g

5(0)(2) = Z Uo(g,gR|Z)g(xl,R|Z),
RE‘KV,
1€V g

5(1)(2) = Z Ul(g$1»gR|2) 'g(xlaR|Z)a
RE‘K\/’,
z1€Va g

E(z) = ED)+EO () +£EW(2).

The following proposition plays a key role in the proofs later:

Proposition 5.10. B
E[C;] = £(1).
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Proof. Recall once again that we can shift paths (C’(XTO)7 Vlyeo ,vm) €C(Xt,)" " ina

measure-preserving way to paths in C(g) by substituting the common prefix X, with g;

compare with Lemma 2.3. By (5.12), we can then rewrite E[C;] in the following way:
E[C1]

= Z IP[’ﬁfnorm =R, X1, = 20, X1, = ﬂfofﬂl]

ReW,
.’I:oGVB ,T1 EVQ}E

Szo R=00, Szq R=00,
( Z IPZ[SwoR = OO} + ]Pwo |:Vn21:(f>?nEC(wo):| + Pwowl [VnZl:Xof¢C(wow1):|)

z€xoR\{wo,x0z1}

L'2:'3 Z P[ﬁnorm =R, XTO = T0, XTl = .130331]

ReEW,
o€V, 1€V g

Sgr=00, Sgr=00,
( Z P, [SR = OO] + IPQ |:Vn>1g:§(n60(g):| + szl |:Vn>1:?>§”¢0(ga:1):|>
z€R\{o,z1}

= ) P[Room=Ri=uz]

REW,
r1EV2 4
. ]P S — ]P SgR:OO7 ]P SQR:OO,
Z o[Sr=00] + Py |y, s1x, ci) | T Poot [vns>1.X0 ¢Clar)
z€R\{o,z1}
= > > P[Rum=Ri=u1,Ti~Ty=m]
ReW, m2>1
r1E€V2 ¢
{5 U B+ Tofe.aR) + Tilaen o)
z€R\{o,x1}
= EDW)+£9a)4+eW(1) =£(1). (5.13)
O
Set
&) == Y. Y UlRg,Rlz) and
ReEW, zeR\{o,z1}
r1€V2 g
() = 3 (IR—2)glar,Rlz) forie{0,1}.
REW,
r1€V2 ¢

In the following proofs we will make use of the observation that T; — Ty = m € IN implies
|Rnorm| = |R1| <m+1< 2m. We have:

Lemma 5.11. The power series £f(z), i € {0,1}, have radii of convergence strictly
bigger than 1.

Proof. Let z € (0,r1). Then:
E(z) = Y (BI-2) -9l Rlz) < Y |R| g(1,Rz)

ReW, ReW,

:E1€V2,B llev2,g

— . 7inormzlzyi:Ily . Z Z . 73»nz:r1‘1'(1:127i2$17 .M

Z Z |R| IP|: T —To=m :| z S 2m ]P|: T,—To=m :| z

ReW, m>1 ReW, m>1
Z1€V2yg IlEVQ.g

= 2. ZmJP[Tl—To:m]zm =2z-T'(2) < oo,

m>1
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where finiteness follows from existence of exponential moments of T, — T (see Proposi-
tion 4.1). Thus, §1*(z) has radius of convergence strictly bigger than 1. The same holds
for £ (z) since |Ruorm| > 2 almost surely and

&)= Y gl@,Rlz)< Y[Rl g(a1. Rlz) < oc. D
ReW, ReW,
:E1€V2,g fElEVZ,g

Now we are able to prove:

Proposition 5.12. 5(1)(,2) has radius of convergence strictly bigger than 1.

Proof. Let z € (0,71). By Proposition 5.7, there is some constant M, such that, for all
finite R C V and every z € R, U(z, R|z) < |R| - My. This yields:

&P = >3 Uz, Rl2)g(a1,Rlz)

ReW, zeR\{o,z1}
z1€V2q

> Y IRl Mo-g(w, Rz)

ReEW, zeR\{o,z1}
z1E€Vz 4

Mo- Y |R]-g(a1, Rl2)
ReW,
r1€V2 ¢

Y X IRE PRl ] o

ReW, m2>1
r1€V2 ¢

g g m ]P |:Rnorm—R J1=2, :| . Zm
T() m

ReW, m>1

r1€Va g

= 4My- Y m®-P[Ty - To=m] 2"
m>1

= 4Myz? - T"(2) +4Myz - T'(2) < o0,

IN

IN

IN

IN

where finiteness follows once again from existence of exponential moments of T — T.
Hence, ESI)(z) has radius of convergence strictly bigger than 1. Finally, we get the
proposed claim with Lemma 5.11 due the equation

EN(2) = Er(2) — EP(2). O
Furthermore:

Proposition 5.13. £(O)(2) and £()(z) have radii of convergence strictly bigger than 1.

Proof. The proof works analogously to Lemma 5.11. By Proposition 5.7, we have
Uo(z, R|z) < U(x, R|z) < |R|- Myp. Let z € (0,71). Then:

0
eV = Y Uslg,eRl2) g(z1,Rlz) < Y |R|l- Mo glz1, Rlz)
ReEW, ReWw,
1€Va g4 z1€V2 g
= Mo 33 IR P[]
() =m
ReW, m2>1
r1€V2 ¢
< M- Z Z 2m - IP{RMFI‘“—,I{E‘”?] -2
ReW, m>1
r1€Va ¢
= 2My- Y m-P[Ty — Ty =m]z" = 2Mpz - T'(2) < co.
m>1
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Since £0)(2) = (1 — a)2&:(z) — £ (z) and by Lemma 5.11, we have shown that £(©)(z)
has radius of convergence strictly bigger than 1.
Moreover, since

V()= > Ui(gr1,0Rl2) - g(z1,Rlz) < Mo~ > |R|-g(x1, Rl2) < o0,
ReW, ReW,
$1€V279 xlEVZ,g

the same calculus as above and Lemma 5.11 show that £ (2) = az&(z) — él)(z) has
also radius of convergence strictly bigger than 1. O

Corollary 5.14. £(z) has radius of convergence strictly bigger than 1.
Proof. This follows immediately from Propositions 5.12, 5.13 and by definition of £(z). O

Now we have constructed a power series £(z) having radius of convergence strictly
bigger than 1 and satisfying £(1) = E[C;]. It remains to show that the coefficients
of 2, m € N, in &£(z) have the form as requested in Remark 5.2, that is, the co-
efficients of 2 are sums of monomials of the form a(ni,...,nq) - pi* - ... - p)* with
ni,...,ng,a(ny,...,ng) € Ng and ny + ...+ ng = m. Once this is shown, we have proven

analyticity of E[C4] in (p1, ..., pq) according to Remark 5.2.
Proposition 5.15. Forall R € W, z € V5 and m € NN, the probabﬂity]P[ﬁ%vrm:R’i:m’]

. . 1 —To =m
can be rewritten in the form

R = .: Y 7
IP[RTH,Drm R m} = E arzm(Ni, ... ng) - prt it arzm(na, ... ng) € No.

17T0:m
ni,...,ng€N:
ni+...+nqg=m

Proof. For Re W, zg € V3, x € Vo g and m € N, write Qg . rm for the set of paths
(wg, w1, ..., Wy = zox) € V™! such that

]P[XTO = Io,XTO_H = W1,... ?XT0+m = W, R1 =29R, T1 — Ty = m] > 0.

By decomposing according to the values of Ty and X1, we obtain with Lemma 2.3 (by
shifting paths inside C'(w), w € Vj to paths inside C(g) by replacing the common prefix w
with g):

P[ﬁnorm = R,iil',Tl 7T0 :m]
> > P[Ri =R, To =k, T) — To = m, Xq, = 70, X1, = 702]

zo€EVy k>1

Xp=w0,Yj<k:X;¢C(x0)
= E E E P | Xes1=w1, . Xptm-1=wWm—1,Xptm=0x,
Vt>1: X pmiyt €C(zox)

z0€Vy k21 (z0,w1, s W) €EQug,z, R,m

= > Y P[Xp=u0Yj<k:X;¢Cl(x0)]

zo€EVy k>1

Z ]P:L’() [Xl = Wi,-.- 7Xm71 = wmflaXm = 1‘0!13}

(0, W15 Wi )EQugy,x, Rym
: IP:L’O:I: [Vt 2 1: Xt S C(l’ol‘ﬂ
=(1—¢1) (since §(zoz) = 6(g) = 1)

L.23 Y Y P[Xp=w0,Vji<k:X; ¢Clx0)] - (1-&)

zo€Vy k>1

:IP[XTO =X .,T() :k‘]

:IP[T()<OO]:1
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Z IPg[Xl :wla-”aXm—l:wm—lem:wm}
(g7w17'~~aw7n)€Qg,x,R,7n
= Z P, [Xl =wWiy e, X1 = Win—1, X :wm]
(g,w1,. WM )EQg 2, R,m
In the latter sum, each summand is obviously a product of factors py,...,ps of degree
m. That is, we have shown that P[Rpom = R,i =z, T1 — Ty = m| can be rewritten as a
sum of multivariate monomials in p4,...,ps of degree m. O

Lemma 5.16. The coefficient of 2™, m € N, in Eél)(z) can be rewritten as a sum of
multivariate monomials in (pi,...,pq) of degree m.

Proof. Let m € IN. Then the coefficient of 2™ in 55” (z) is given by

m—1
>y Srse-uefmrtal 0 cw
ReEW, zeR\{o,z1} k=1
r1€V2 4

Observe that, for all kK € IN, P, [Sg = k] can obviously be written in the form

7 Nd
g b(ni,...,nq) -pi" ... py",
ni,..., ng€ENmn+--+ng=~k

where b(nq,...,n4) € Ny. By Proposition 5.15, the same representation as a sum of

TlfT():m k
ReW, z1 €Vagand k € {1,...,m — 1}. In view of (5.14) the claim is proven. O

multivariate monomials of degree m — k holds for the probability P, [ﬁnom:Rvi:fh] for all

Lemma 5.17. The coefficient of 2™, m € N, in £/ (z), i € {0,1}, can be rewritten as a
sum of multivariate monomials in (p1,...,pq) of degree m.

Proof. The coefficient of 2™, m € IN, in £/ (z), i € {0,1}, is given by

Z (|R‘_2)i'IPa: 73'norm:R,i:$1,T1—TO:Tn .

ReW,
1€V2 g

The claim follows now immediately from Proposition 5.15. O

Lemma 5.18. The coefficient of z™, m € NN, in £(°)(z) can be rewritten as a sum of
multivariate monomials in (p1,...,pq) of degree m.

Proof. For z € C, set

V()= Us(s,aRl2) - g(z1, Rl2).
ReW,
r1E€Va g

Then £0)(2) = (1 — )2&(2) — £”(2). By Lemma 5.17, it suffices to show that the
coefficients of Eéo)(z) have the requested form. The coefficient of 2", m € I, in Eéo)(z)
is given by

m—1
Y Y Py [Ser =k V¥m < k: X, €Clg) P [%ogn;ﬁmv] (5.15)
ReW, k=1
r1€Va g
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Obviously, for all k € N, Py [Sgr = k,¥m < k : X, € C(g)] can be written in the form

3 7
E b(ni,...,nq)-pi" -...-py*, b(ni,...,ng) € No.
ni,...,ng€ENing+---+ng==~k

The claim follows now directly with Proposition 5.15 and the fact that 1 — « is a sum of
some values out of pq,...,p4. O

Lemma 5.19. The coefficient of 2™, m € NN, in 5(1)(2) can be rewritten as a sum of
multivariate monomials in (p, ..., pq) of degree m.

Proof. For z € C, set

Eél)(z) = Z Ui(gz1, gR|2) - g(x1, R|2).
REW,
r1E€V2 4

Then £M(2) = azE(z) — Sél)(z). By Lemma 5.17, it suffices to show that the coefficients
of 5(51) (2) have the requested form. The coefficient of 2™, m € IN, in 551)(2) is given by

m—1
S 3 Pew [Sen =k ¥m € {1, k= 1}: Xy ¢ Clgan)] - P[Feomsi=et ] (5.16)
ReEW, k=1

r1€V2 ¢
Obviously, for all k € N, Py, [Sgr = k,Vm € {1,...,k — 1} : X}, ¢ C(gz1)] can be written
in the form

T (03
g b(ni,...,nq)-pi* ... py*, b(na,...,ng) € No.
ni,..., ng€ENmn+--+ng=~k

The claim follows now directly with Proposition 5.15 and the fact that « is a sum of some
values out of py, ..., pq4. O

Finally, we have proven the remaining part that the coefficients of £(z) have the form
as requested in Remark 5.2:

Proposition 5.20. The coefficient of z™, m € W, in £(z) can be rewritten as a sum of
multivariate monomials in (py,...,pq) of degree m.

Proof. The claim follows now immediately from Lemmas 5.16, 5.17, 5.18 and 5.19. O

Proof of Theorem 1.3. In view of formulas (5.1) and (5.13) the claim follows now directly
with Lemma 5.1, Corollary 5.14 and Proposition 5.20 together with the explanations in
Remark 5.2. O

5.3 Open problems

Finally, we formulate some open questions in connection with the analyticity results
in Section 5:
Remark 5.21.

* Does the asymptotic capacity vary real-analytically for nearest-neighbour (or finite-
range) random walks on 7 for d > 2?

» For which classes of finitely generated groups do finite-range random walks vary
real-analytically in terms of probability measures of constant support?
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