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Abstract

Complex solutions to squared Bessel SDEs appear naturally in relation to Schramm-
Loewner evolutions. We prove the large deviation principle for such solutions as the
dimension parameter tends to —oo.
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1 Introduction

1.1 Context

In this article we prove the Large deviation principle (LDP) for the complex solution
to squared Bessel SDE. For a precise definition of a LDP and usual notions related to it,
we refer to [1, 2]. For § > 0, the classical 6-dimensional squared Bessel process is the
non-negative solution to the squared Bessel SDE

dXt :2\/ XtdBt+5dt7 XOZZL'ZO, (11)

where B is a standard Brownian motion defined on some probability space (Q2, F,P),
see [[4]-ChapterXI]. In relation to Schramm-Loewner-Evolutions (SLESs), it is natural to
consider a variant of (1.1) for § < 0 and with complex valued solutions. More precisely,
for n > 0 (we write n = —J), we consider the SDE

dY;g = 2AtdBt — 7’]dt, YO = O, (12)

where Y;, A; are complex valued adapted processes (w.r.t. the filtration of B) such that
A2 =Y, and Im(A;) > 0. Note that for upper half plane H := {x + iy|y > 0}, the square
root function 1/z : C\ [0,00) — H is a conformal bijection. As such, if ¥; € C \ [0, c0) for
some ¢, then A, = \/Y;. Otherwise, if Y; € [0,00), then A; makes a choice from +,/]Y;|
in an adapted way!. In other words, A is an adapted branch chosen from all possible
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square roots of Y. We thus refer to A as a branch square root of Y. It is proven in [5]
that if Y is any solution to (1.2), then almost surely Y; € C )\ [0, 00) for all ¢ > 0. As such,
A, = /Y, for all t > 0 and (1.2) is equivalent to

dY; = 2\/Y,dB, — ndt, Yy =0. (1.3)

The existence and uniqueness of strong solution to (1.3) is a consequence of the Rohde-
Schramm estimate [6], see [[5]-Theorem 1.5]. In this article we prove the LDP for
solutions Y as n — oo. The corresponding LDP result for X° as § — oo was proven in

[7].

1.2 Main result

Similarly as for X? in [7], we translate the LDP for Y into a small noise LDP as
follows. Set e = 1/,/n and Z; =Y}’ /n. Then, Z°¢ solves

dZ¢ = —dt + 2e\/ZdB,, Z5 = 0. (1.4)

A LDP for the process Z¢ as € — 0+ falls in the framework of Freidlin-Wentzell theory
which has been extensively studied in the literature, see [23, 25, 26, 24, 30, 16, 21, 22,
27, 29] and references therein for several related works. However, since our setup is
rather specific, the existing literature does not give an out-of-the-box statement to imply
our main result (at least to best of our knowledge). Note that for the process Z¢, the
diffusive vector field which is the complex square root is not even continuous on C. One
can alternatively view Z¢ as a C \ (0, co) valued process, but C \ (0, c0) is not a complete
space and /- is not Lipschitz on C\ (0, 00). Another key distinguishing feature of (1.4) is
that even though it is a two dimensional real valued system of equations, the noise term
B is only one dimensional.

We now state our main result. Let Cy([0,7],C) = {¢ : [0,T] — C | ¢ is continuous and
o = 0} be equipped with the uniform metric. We view Z¢ as a Cy([0, 7], C) valued ran-
dom variable and denote the law of Z° by 1°. Let us first describe the LDP rate function
I for {uf}.~0. The rate function I is finite for functions ¢ which satisfy condition: (H1)
¢ € Cp([0,T7], C) such that ¢, € C\[0,00) forall t > 0, (H2) ¢, is absolutely continuous, i.e.
both Re(y;) and Im(¢y;) are absolutely continuous, and (H3) (¢¢+1)/(2,/9;) is real valued
with (¢, +1)/(2,/%;) € L*([0,T], R). Let D([0,T], C) := {¢ | ¢ satisfies H1, H2, H3}.
Theorem 1.1. The family {uf}.-( satisfies the LDP with speed ? and a good rate
function I(-) defined by
{ [T @tV gt if o € D([0,T), C)

I(p) = 0 8¢ R (1.5)
+o00 otherwise.

Remark 1.2. The process Z°¢ is scale invariant, i.e. for any A > 0, {)\Z,E\—lt}tzo has the
same law as {Z} },>¢. As a consequence, the rate function I(-) should also invariant
under the transformation {y;};>0 — {A¢r-14}i>0. It can be easily verified from the
explicit form of the rate function given in (1.5) that this is indeed the case.

1.3 Motivation
The process Y is related to SLE,; as follows: for k <4 and n =4/ — 1,

{(VRYT(T =1, T,0) heo.r) = {vebeepors (1.6)

where ; is the SLE,; curve and {Y"(s,?, 2) }o<,<; .cp is the flow of solutions obtained by
solving (1.3) with the initial condition Y; = z € H, see [[5]-Corollary 1.7] for details. Our
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motivation to prove a LDP for Y comes from the work of Y. Wang [8, 9, 10] on the LDP
for SLE,; as kK — 0+4. A LDP result for SLE,, with respect to Hausdorff metric was proven
in [3]. To establish a LDP for SLE,, in the (stronger) uniform metric, one can utilise (1.6)
and reduce this problem to proving a LDP for the stochastic flow of (1.3), see [13, 18]
for some results in that direction. A natural first step in this approach is to prove a LDP
for the solution Y itself which is addressed in this paper (note that n — o0 as k — 0+).
We note that a LDP result for SLE,, with respect to uniform metric (but in an incomplete
space (S, 7)) has been established by V. Guskov [12]. However, the LDP for Y does not
follow from results of [12].

As a corollary of Theorem 1.1, one can obtain a large deviation estimate for the tip of
SLE,.. Using (1.6), the tip v/ of SLE, is given by /Y, where n = 4/x — 1. Theorem 1.1
can hence be applied to obtain a LDP for 4. This can be compared to results of [19]
which describes the exact law of the tip v7. The corresponding rate function in the LDP
for v is given by I(z) = inf{I() | ¢ joins 0 to 22}, where > € H and I(¢) is given by (1.5).
In the language of [8], this is the minimum Loewner energy required for a curve to pass
through z. This can be explicitly computed and it turns out to be —8log(sin(arg(z))). This
was already computed in [8] using probabilistic methods. A more direct deterministic
proof has been given by T. Mesikepp [20]. A yet another proof of this fact can also
be obtained by using Euler-Lagrange equation to directly compute the minimum value
I(2) = inf{I(p) | ¢ joins 0 to 22} from (1.5). Since this computation is long and not the
main point of this paper, we do not present the details here.

Theorem 1.1 is also a natural variant of LDP for squared Bessel processes X° as proven
in [7]. It follows from central limit theorem and the additive property of squared Bessel
processes (cf. [[7], Equation (1.3)]) that as § — oo,

X9 d
{\/5<6 t>} 5 {V2Bg},y oo (1.7)
0<t<T -

In our setting, the process Y does not satisfy the additive property. Nevertheless,

we can write . .
Y, 1
ﬁ(t +t> = (Zf +1t) = 2/ \/ Z2dB;.
n 0

It can be easily verified that {Z },cj0,7) — {—t}tefo,r7 in L?(P) as € — 0. Hence, it follows
that as n — oo,

Y, d . t d .
{\/ﬁ<7; - t>} - {21 \/FdBr} = {V2iBi}ocyer (1.8)
0<t<T 0 0<t<T

Hence, even though Y” does not satisfy the additivity property, we do have the above
variant of CLT for Y. Obtaining a LDP for Y is a natural next step.

1.4 Idea of the proof of Theorem 1.1

To prove Theorem 1.1, we use the standard argument based on exponential mar-
tingales. We first show that the family {u°}.~( is exponentially tight which is an easy
consequence of estimates in [17] (Lemma 2.1 below). Then, we prove the weak upper
and the weak lower bound (Proposition 3.2 and Proposition 3.6 below). The weak upper
bound is obtained by weighting IP with the exponential martingale M§ g(Z ¢) (see (3.5)
below). The choice of this appropriate martingale M j g(Z ¢) is a key observation of this
paper. The weak upper bound is completed by obtaining a variational description of
the rate function I which in itself is a two dimensional functional optimisation problem,
see Proposition 3.3. For the weak lower bound, we use the classical change of measure
appearing in Cameron-Martin theorem, see (3.20). The weak lower bound (3.18) boils
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down to Proposition 3.7 which is another key input of this paper, see Remark 3.8. The
proof of Proposition 3.7 relies crucially on results of [11], particularly on the uniqueness
of solution to (2.2), see Lemma 2.2 below. The paper [11] is a foundation for this paper
and its results are used repeatedly in several instances.

Remark 1.3. As shown in [7], the LDP for X° can be obtained via two other methods
besides the approach using exponential martingales: (1) by using an infinite dimensional
Cramer’s theorem approach which is based on additivity property of X?, and (2) by
using contraction principle applied to Bessel processes VX9, which in turn is based on
the work of McKean [14, 15] giving the continuity of the associated It6 map. However,
these two approaches fail to apply to Y. The process Y does not satisfy the additivity
property. Also, the technique of [14, 15] does not apply to v/Y" and the associated Ito
map is not well defined.

Organization of the paper

In section 2 we recall some known results which will be useful in the proof of
Theorem 1.1. Section 3 contains the proof of Theorem 1.1.

2 Preliminaries

In this section we recall some results which will be used in the proof of Theorem 1.1.

2.1 Cameron-Martin perturbations
Let H{([0,T],R) = {h:[0,T] = R | ho = 0, € L*([0,T],R)} be the Cameron-Martin

space equipped with the norm
T .
My = [ iz
0

Also define the Hoélder (semi)norms for a € (0, 1],

he — hs
M= sup =l

o<s<t<T [t—s|*’

For h € H}([0,T],R), we will need to consider Z:" which are solutions to

Az = —dt + 21/ 27" (ed B, + dhy), 25" = 0. (2.1)
Using Girsanov theorem, Z; " has the same almost sure properties as Z;. The existence
and uniqueness of strong solution Z; " t0 (2.1) follow similarly as for (1.4). We will write
Zeh = Ut 1 ivE" and \/Zf = Us + iV,
Lemma 2.1 (Lemma 2.1 in [17]). For Uf7h,Vf’h as above, we have

‘Ufyh| <2 sup (€|Bs‘ + |hs|)a
s€0,t]

and
Vet < (€2 4+ 1)t

We will also need to consider solutions ¢" which solves
dplt = —dt + 2A.dhy, @l =0, (2.2)

where A; is H-valued measurable function such that A? = ¢, i.e. A; = A;(o") is a
branch square root of ¢" similarly as described in Section 1. Following results from [11]
are crucial inputs in the proof of Theorem 1.1.
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Lemma 2.2 (Proposition 2.6 in [11]). Let h € H}([0,T],R). For any solution (¢", A(o"))
of (2.2), Ay € C\ [0,00) for allt > 0. Hence, A; = \/¢}' and (2.2) is equivalent to

dip} = —dt + 21/ pldhy, ¢ =0. (2.3)

Furthermore,
. Im(Ve))
liminf ————=
t—0+ \/Z

and " is the unique solution to (2.3).

>0,

Remark 2.3. The above result is in fact true under the assumption that A is bounded
variation and it satisfies a certain slowpoint condition, see [11]. It can be easily checked
that Cameron-Martin functions h satisfy this slowpoint condition.

Lemma 2.4 (Proposition 3.1 in [11]). Let h,,,h € H}([0,T], R) such that h,, — h uniformly
as n — oo. Further assume that sup,, ||hn|\H3 < oo. Then, ¢~ converges to " uniformly.
Lemma 2.5 (Lemma 2.4 in [11]). Let ¢", ¢ € Cy([0,T], C) such that o™ — ¢ uniformly.
Suppose for alln and t > 0, ¢} € C\ [0,00). Then, there exists a subsequence ¢™* and a
branch square root A = A(p) of p such that /™ converges uniformly to A.

3 Proof of Theorem 1.1

3.1 Goodness of rate function /
Recall the rate function I(¢) from (1.5). Note that I(¢) < oo if and only if ¢ €
D([0,T],C). Hence, for Lebesgue almost every ¢,
gt 1 3
2\/%
for some h € H&([O, T],R). In other words, ¢ solves (2.3). Using Lemma 2.2, it follows

that ¢ = ". Hence, I(p) < oo if and only if ¢ = ¢" for some h € H}([0,7],R). In that
case, we have

t

T
Io) =16 =5 [ itar

To show that I is a good rate function, we check that level sets {¢|I(¢) < L} is
sequentially compact for all L > 0. Let ¢,, € be a sequence such that I(¢,,) < L. Then,
¢n = @' for some h, € Hy([0,T),R) with ||h,|[g; < V2L. Since (Hg,|| - ||z;) is a
Hilbert space, its closed balls are weakly compact. Hence, there exists a subsequence
hn, converging weakly in Hj to some ho, € Hg([0,T),R) with ||he|/z; < v2L. Also,
since || |[m < V2L, it follows that sup,, ||hn||1 s2 < oo. By Arzela-Ascoli theorem,
possibly along a further subsequence, h,, converges uniformly to h,. Using Lemma 2.4,
we obtain that ¢/»» converges uniformly to ">~ € {<p|f (p) < L}. This implies that
{¢|I(p) < L} is compact.

3.2 Exponential tightness

We prove that the family {x°} is tight, and it is exponentially tight as well. More
precisely:
Proposition 3.1. For any « € (0,1/2),

lim sup &2 logP(||Z%||a > R) = —cc.
R—=+400c¢(0,1)

Also, for any h € H}([0,T],R),
lim sup P(||Z°"||, > R) =0.

R—00.¢(0,1)
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Proof. Fix a € (0,1/2). We write Zf = —t + 2(M¢ + iNf), where
t t t t
My = a/ Re(+/Z2)dB, = a/ U:dB,, and N; = E/ Jm(\/Z5)dB, = E/ VidB,
0 0 0 0

are local martingales. Clearly, it suffices to prove that for f¢ = M*¢, N¢

lim  sup £2logP(]|f]|a > R) = —o0. (3.1)
R—+00c¢(0,1)
Using the Garsia-Rumsey-Rodemich (GRR) inequality, ref. [Lemma 1.1, [28]], with
U(z) = e* *—1and p(z) = 22, where 0 < ¢ < 1/2 is properly chosen constant, we
obtain for f¢ = M€ and f¢ = N°¢

=

ge2 [lt=sl 4K¢ 8¢e?
|ft8—f§|§7/ log(l—i— u2>d\/ﬁ§c(t—s)
0

T T 5 £
K& = 2 |fi = £ — 1 Ydsdt.
/o / {eXp ( [t — s[1/? ’

1f5]la Sr *(log(K° +1) +1). (3.2)
Using Markov inequality, this implies that

e
log(T? + 4K¢) + 4log —— | ,
[og( ) R

where

It follows that

sup e%logP(||f¢|la > R)< sup e?logP(K® > R/ 1 1)

€€(0,1) c€(0,1)
< sup {2 log B(K?) — % log(e™/<' 1 — 1)}
€€(0,1)
< sup e2logB(K®) — inf e*log(e™/< 1~ 1).
e€(0,1) €€(0,1)

Note that inf.¢(g,1) €2 log(ef/<"=1 — 1) — 0o as R — co. Hence, to obtain (3.1), it suffices

to verify that
o 5 = £2
sup &2 log/ / E [exp (cz‘Qtlz)]dsdt < 00. (3.3)
£c(0,1) o Jo |t — 5|t/

We now use an exponential martingale inequality: for any continuous local martingale
Y with Yy = 0, E(eM¥tl) < 2[B(e2»'[V]+)]1/2, Therefore, using Lemma 2.1, we have for

fi = M;
B o (2 BN <o (enp (22 [epar))|
[t stz /1 (t=s)Js 7

E | exp | 82 sup B?
rel0,T]

The c is chosen small enough so that the right hand side above is finite using Fernique
theorem. This implies (3.3) for ff = M;. For ff = N;, again using Lemma 2.1, we
similarly have

qm@wﬁgap@@ﬁﬁ;gm%mzmw%wﬂm

which implies (3.3) for ff = Ny.
Also, it easily follows from (3.2) and estimates above that sup.¢ g 1) E(||Z°[|«) < 0o, which
implies the tightness of {Z°}.¢ (g 1). The tightness of {Z"}.¢(o,1) follows similarly. O

2

<2
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3.3 Upper bound

We now prove the LDP upper bound in Theorem 1.1. Since Z¢ is exponentially tight,
it suffices to prove:

Proposition 3.2. For ¢ € Cy([0,T],C), let B.(¢) be the closed ball of radius r around .
Then,
lim limsup e® log P(Z° € B, (¢)) < —1(¢p). (3.4)

r—=0 -0
For proving the above claim, we will weight probabilities by exponential martingale
M3 , defined by

e (ge Lt .
;2 = (2 [0z +aviran, )

1 T T
= exp(82 (/ freUsdB, + / gTEVdeT>
0 0

1 T
o | (RO RO 20U G
0

where f,g € C1([0,T],R). Note that we will need to have martingale M5 (Z7) to be
parametrised by two functions f, g. This is owing to the fact that even though B is real
valued, Z¢ is complex valued. Since Z¢ solves (1.4), we have

dRe(Z5) +t) = d(Uf)? = (Vi)? +t) = 2eUfdBy, d(Im(Z7))/2 = d(UF Vi) = eV dB,.

(3.6)
Therefore,
1 T T
M; (Z°) = exp<262 (/0 frd(Re(Z2) + 1) +/0 grd(Jm(Zf))>
L (T S| ZE + Re(ZE ZZ| — Re(Z2
Correspondingly, for any £ € Cy([0, 7], C), we define
1
M3(©) = exo( 5 04(6))
where
1 T T
110 =5 ([ aeeie)+n)+ [ graomie) 37
0 0
1 T T m T Ul m r ~
- QA (fr2|§ |+2 e(g ) +93|£ | 2 e(g ) +f7'gT'Jm(§r))dr'

Note that, since f,g € C'([0,7T],R), the first two integrals appearing above is well
defined for any continuous £ as a Riemann-Stieltjes integral®’. Furthermore, using
integration by parts formula,

T T
/0 Fde()) +7) = fr(Pe(er) +T) — /0 (Re(&,) + )y,
and
T T
/ grd(Im(E,)) = grIm(Er) — / Im(E,)dg,
0 0

Therefore, for each fixed f,g € C'([0,T],R), the function & — J; ,4(£) is continuous
on Cy([0,T], C). We further claim that:

2For continuous functions X, Y, using integration by parts, the Riemann Stieltjes integral J XrdY, is well
defined if either of X or Y is of bounded variation.

ECP 29 (2024), paper 67. https://www.imstat.org/ecp
Page 7/13


https://doi.org/10.1214/24-ECP632
https://imstat.org/journals-and-publications/electronic-communications-in-probability/

LDP for complex Bessel processes

Proposition 3.3. For each ¢ € Cy([0,T],C) and the functional J defined as in (3.7),

sup J1.q(p) = I(). (3.8)
f,9€C*([0,T],R)

The proof of Proposition 3.3 is postponed till section 3.5. As a result of this, we have:

Proof of Proposition 3.2. Since M7} g(Ze) is a positive local martingale, it is a super-
martingale. Hence, E(M§ (Z°)) < 1. This implies that

c _ 5 M;;Q(ZE)
P(Z° € B.(¢)) =E | 15,(,)(Z >W

< Ma —1]E ME ZE
> gES;5¢)( f,g(g)) ( f,g( ))

< sup (M5 ()"
EEB- ()

This implies, using the continuity of { — M} g(§ ),

lim limsup e? log P(Z¢ € B,.(¢)) < —J;4(¢). (3.9)

r=0  c-0

Minimizing the right hand side over f, ¢ and using Proposition 3.3 completes the proof.
O

3.4 Some analytical lemmas

The proof of Proposition 3.3 requires following optimisation results. The following
lemma is well known and it is a consequence of Riesz theorem, see [[7], Proposition 3.2]
for details.

Lemma 3.4. Let o, § € Cy([0, 7], R) such that § is non-negative. Assume that

T 1 T
sup {/ frdog, — f/ f?ﬁrdr} < o0. (3.10)
fect(o.1),R) Lo 2.Jo

Then « is a absolutely continuous function and there exists a measurable function
k:[0,T] = R such that fOT k2B.dr < oo and ¢y = ki3; Lebesgue almost everywhere.

Besides the above one dimensional optimisation in f, we also need a two dimensional
optimisation over functions f, g:

Lemma 3.5. Let u,v : [0,T] — R are bounded measurable functions and p,q € L?([0,T],
R). Then,

T
sup / {frurpr + grrgr — (fray + grve)?tdr < oo (3.11)
f,9eC*([0,T],R) JO

if and only if p = q a.e. on the set {uv # 0}.
Proof. If p = g a.e. on the set {uv # 0}, then for almost every r,

frurpr + 9r0rqr — (frur + grUr)2

= (frurpr + grvrgr — (frttr + gr0r)*) Luyw, 20 + (frterDr + gr0rgr — (frtir 4 9rv2)*) Lu,v,=0

= (pr(frur + grvr) - (frur + grvr)Q)lurvr;éO + (frurpr + 9rUrqr — 3 %*gzvf)hrvrzo

1
< Z(pgluwr#o + (pf + qg)luerO),
which implies (3.11).

Conversely, let us now assume (3.11) holds.
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For constants L,e > 0, consider functions

L(pr - QT) + pr + qr

Ty 1= 0, L Aor ze T Lupl Ao, <es
and L
pr+ g — L(pr —
ri= T LAl i2e  Ljugiaf<e:
Uy

Clearly, x,y € L?([0,T],R). Since C'([0,7],R) is dense in L?([0,7],R), we can pick
sequences f", g" € C*([0,7],R) such that f* — z and ¢" — y in L*([0, 7], R). Since u, v
are bounded, it follows that

ffu+g"v = (p+ Q) Ljuap)ze + (U + V) Lyap)<e>
and

[ "u—g"v = L(p — @)1juajo|>e + (¥ = )L jujajo|<e
in L2([0, 7], R). This in turn implies that as n — oo

1 T
5 [ =gt - adr
0
L [T ) 17
— 5 (pr - QT) 1\ur|/\|vr|25dr + 5 (ur - Ur)(pr - QT)1|uT|/\\vT\§sdT7
0 0
and
1 T

T
5 / (frur + grve)(pr + g )dr — / (flue + glvp)?dr — ¢
0 0

where c is independent of L. Note that sum of left hand sides of above two equations
equals the integral appearing in (3.11), which is bounded in f,g. This implies that
L fOT (pr — qr)21|u,,,| Alvn|><dr is bounded. Since L is arbitrary, this implies that

T
/ (pr - QT)21|uT|/\‘UT‘ZEd7" =0.
0

By letting € — 0+, it follows using dominated convergence theorem that

T
/ (pr - qr)21\ur|/\|vr|>0dr =0,
0

which concludes the proof. O

3.5 Proof of Proposition 3.3

Let us first assume I(p) < co. Then, ¢ = " for some h € H([0,T],R). Let
Vo = Uy +iV,. Since ¢ solves (2.3), we have

d(U? — V2 +1t) = 2Udhy, (3.12)

and
d(UV;) = Vidhy. (3.13)

Following a simple rewriting, this implies that

T 1 T
Tpa@) = [ (50 g Voddhy = 5 [ (50, + 0.
0 0

T
N ~/(; {(fTU7 + 97‘/7)}17 - %(fTU’r + g7"/7-)2}d7‘

1 (7.
T
2 0

IA
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which implies supy oec1(jo0,71,r) /1,0(¢) < I(p) < oo. Also, note that

T T T
; 1 1 .
Jog(p) = / grVihydr — 5/ giVidr = *5/ (hr — g Vi) 2dr + ().
0 0 0

Since C'([0,T],R) is dense in L?([0,T],R),

T T
inf }.LT — ¢, Vi) 2dr = inf / iLT — g, V,.)2dr.
g€C([0,T],R) /0 ( g:Vr) g€L2([0,T1,R) Jo ( g:Vr)

Also, since h € L?([0,T],R) and V is a strictly increasing positive function,
T .
inf / (h, — g-Vy)?dr = 0.
9eL2([0,T],R) Jg
Hence, Squ,gecl([o,T],lR) vag(cp) = I((p)
Conversely, now assume that sup jcc1(j0,1),r) Jf,¢(¢) < oo. This in particular implies

that both sup e (jo,,r) Jr.0(¢) < 0o and supgecl([oyT]VR) Jo,g(¢) < o0o. Since Jy 4(¢) is
given by (3.7), we have

r| + Re(or
Tote) =4 [ poneen) +r) - L [l E B,
! ! T 1 r — Re I
Jo,g(0) = 5/0 grd(Jm(gor))—i/O gfwdr

Applying Lemma 3.4 to above two equations, this implies that Re(y) and Im(p)
are absolutely continuous functions. Furthermore, for some measurable functions
k,1:[0,7] — R such that

T T
/ K2 (] + Re(pr))dr + / Bl | — Re(p,))dr < oo, (3.14)
0 0
we have )
Re(@r) +1= Shilpd] +Re(pr)) ace., (3.15)
and
Jm(py) = *lt(|80t| — Re(py)) a. (3.16)

Next, let us 4 vy = \/Prly,ec\0,00) + V/|9t|1g,€[0,00)- Note that u; + iv; is a branch

square root of ¢. It follows that || = u? + vZ, Re(p;) = u? — 07, and Tm(yp;) = 2ugv;.

Hence, Jy 4(y) can be written as

1 T
Jf,g(%’) = 5/0 {frkrua + grlrvg - (frur + grvr)2}dr' (3.17)

Using Lemma 3.5, we obtain that k,u, = [,v, a.e. on the set {uv # 0}. Now, (3.15), (3.16),
Re(py) + 1 = ku?, Im(p;) = lyv?, which implies that

t
o = —t +/ (kpu? + il v?)dr
0

t
=—t+ / (ur + ivr)(krurlurvr;éo + lrvr]-ur:(),vr;éo + krurlur;éo,vr:O)dT'
0

Therefore, ¢ solves (2.2) with A; = u; + iv; and

1

t
hy = 5/ (krurluTUT#O + lrvrluT=0,v,‘;ﬁO + krurluﬁéO,’uT:O)dr-
0

Note that by (3.14), h € H([0,T],R). Hence, using Lemma 2.2, ¢, € C\ [0, 00) for all
t>0and ¢ = cph. Hence I(p) < oo and (3.3) follows from the previous case.
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3.6 Lower bound

We now prove the LDP lower bound in Theorem 1.1. Let CZ([0,77], R) be the space
of continuously twice differentiable i : [0,7] — R with hp = 0 and Y := {o" | h €
C2([0,T],R)}. It follows using density of C3([0,7],R) in H{([0,T],R) and Lemma 2.4
that for each ¢ with I(p) < oo, there exists a sequence ¢, € Y such that ¢, — ¢
uniformly and I(¢,) — I(¢). Thus, it suffices to prove the following to obtain the LDP
lower bound for Z¢.

Proposition 3.6. Forany ¢ € Y = {¢" | h € C{([0,T],R)},

lim lirniglf52 logP(Z° € B,(¢)) > —1(p). (3.18)

r—0 e—

The key ingredient in the proof of above claim is the following observation:
Proposition 3.7. Let h € H}([0,T],R) and Z*", " be as described in Section 2. Then,
ase — 0+,

zeh By oh (3.19)

The proof of Proposition 3.7 is postponed till next section. As a result of this, we
have:

Proof of Proposition 3.6. Let ¢ = ¢" for some h € C2([0,T],R). We introduce a change
of measure

dQ
-~ — N¢
dP
where
1 /T, 1 (T,
N® = exp (/ thBT——Q/ hidr>. (3.20)
e Jo 2e% Jo

By Girsanov theorem, B; — h;/e is a standard Brownian motion under Q. Also, using
integration by parts,

T T
/ h.dB, = hpBr —/ B,hdr < C|B||s
0 0
for some constant C' depending only on h. Therefore,

P(2° € Bu() = E (1a,00(2) 3 )

I 1 [

= EQ (187(5@) (ZE) exXp <_g/0 hrdB/,'- + @ ) hzd'f’))
1. IR

=kE <1Br(§0) (Ze’h) exp <—€/(; hT»dBr - @A hgd’l"))

1 (7.
2 B (70 € By () Bl < 1) e (—252 / hzdr) .
0

Using Proposition 3.7, as ¢ — 0, P (Z%" € B, (¢),||B|l« < 1) — P (||Bl|oc <1) > 0.
Therefore,

lim lim inf e log P(Z° € B,(¢)) > —1(¢p). (3.21)
r—0 =0
O
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3.7 Proof of Proposition 3.7
Using Lemma 2.1, it can be easily seen that as ¢ — 0+

5/ \ zehdB, £ 0.
0

Since Z°" solve (2.1), we get that

t
Ztg,h,JrHQ/ \/%dh,. P (3.22)
0

Now, let &, — 0+ be any sequence. Let us write Z = Z°»". Using the tightness of

A (Proposition 3.1), we get that along a subsequence ¢, , Z™* i) ©, where ¢ is some
Co([0,T7], C)-valued random variable. Using Skorokhod’s representation theorem, there

exists Cy([0, T, C)-valued random variables Y* and ¥ such that Y* < z7, ¥ £ ¢, and
Y* — ¥ almost surely. Clearly, (3.22) implies that

t
\ +t—|—2/ /Y Edh, 25 0. (3.23)
0

Next, using Lemma 2.5, possibly along a subsequence, vVY* converges uniformly to a
branch square root A; = A;(¥). Therefore, it follows by taking & — oo in the above that

t
v, +t+2/ A,dh, =0 a.s..
0

Using Lemma 2.2, this implies that ¥ = " a.s.. Hence, ¢ = ¢ a.s.. Since ¢" is

deterministic, it follows that Z"* N ©". Since the limiting object " is the same for any
sequence &, — 0+, the (3.19) follows.

Remark 3.8. The Proposition 3.7 is similar in spirit to continuity of Loewner traces
with respect to perturbations in the driving function. This in general is a delicate and
difficult problem. However, since we only need convergence in probability in (3.19), we
get around this difficulty by relying on the uniqueness of solution to (2.2).
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