n b
Electr® 8biljty

Electron. J. Probab. 28 (2023), article no. 96, 1-23.
ISSN: 1083-6489 https://doi.org/10.1214/23-EJP990

Subadditive theorems in time-dependent

environments
Yuming Paul Zhang* Andrej Zlatos'
Abstract

We prove time-dependent versions of Kingman’s subadditive ergodic theorem, which
can be used to study stochastic processes as well as propagation of solutions to PDE
in time-dependent environments.
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1 Introduction and main results

During the last half-century, Kingman’s subadditive ergodic theorem [8] and its
versions (in particular, by Liggett [10]) have been a crucial tool in the study of evolution
processes in stationary ergodic environments, including first passage percolation and
related models as well as processes modeled by partial differential equations (PDE) which
satisfy the maximum principle. Typically, the theorem is used to show that propagation of
such a process in each spatial direction has almost surely some deterministic asymptotic
speed. This can also often be extended to existence of a deterministic asymptotic
propagation shape when the propagation involves invasion of one state of the process
(e.g., the region not yet affected by it) by another (e.g., the already affected region).

Kingman’s theorem concerns a family {men} (n > m > 0) of random variables on a
probability space which satisfy the crucial subadditivity hypothesis

Xonn < Xk + Xk foralke{m+1,...,n—1}, (1.1)

together with E[X,] € [-Cn,o0) for some C' > 0 and each n € IN. Also, {X,,,} is
stationary in the sense that the joint distribution of {X,,+nm+n+k | (7, k) € Ng x IN} is
independent of m € INy. It then concludes that X := lim,, ., X;’L'" exists almost surely,
and

E[X] = lim L [Xo.n] = inf L [XO,n].

n—oo n n>1 n
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Time-dependent subadditive theorems

Moreover, X is a constant if {X,, ,} is also ergodic, that is, any event defined in terms
of {X,, } and invariant under the shift (m,n) — (m + 1,n + 1) has probability either 0
orl.

A typical use of such a result in the study of PDE is described in Example 5.1 below.
We let X,, ,, be the time it takes for a solution to the PDE to propagate from me € R?
to ne € R? (see the example for details), with e some fixed unit vector (i.e., direction).
Subadditivity is then guaranteed by the maximum principle for the PDE, and Kingman’s
theorem may therefore often be used to conclude existence of a deterministic propagation
speed in direction e, in an appropriate sense and under some basic hypotheses.

However, this approach only works when the coefficients of the PDE are either inde-
pendent of time or time-periodic. The present work is therefore motivated by our desire
to apply subadditivity-based techniques to PDE with more general time dependence of
coefficients (and to other non-autonomous models), in particular, those with finite tempo-
ral ranges of dependence as well as with decreasing temporal correlations. Despite this
being a very natural question, we were not able to find relevant results in the existing
literature. We thus prove here the following two results, and also provide applications to
a time-dependent first passage percolation model (see Examples 5.2 and 5.3 below). In
the companion paper [13] we apply these results to specific PDE models (as described in
Example 5.1), namely reaction-diffusion equations and G-equations.

Our first main result in the present paper applies when the process in question (or
rather the environment in which it occurs) has a finite temporal range of dependence,
with ]-"tlL being the sigma-algebras generated by the environment up to and starting from
time t, respectively. It mirrors Kingman’s theorem, with a weaker stationarity hypothesis
(3) below (analogous to [10]) but under the additional hypothesis (6). The latter is the
natural requirement that if the process propagates from some “location” m to another
location n, starting at some time ¢, it cannot reach n later than the same process starting
from m at some later time ¢ + s, at least when s is sufficiently large. In the case of
PDE, maximum principle will often guarantee this if the (non-negative) time-dependent
propagation times an’n (i.e., from location m to n, starting at time ¢ € [0, c0)) are defined
appropriately (see Example 5.1). We also note that (1) below is the natural version
of (1.1) in the time-dependent setting.

Theorem 1.1. Let (2, P, F) be a probability space, and {F"};>¢ two filtrations such

that
F, CF, CF and F2OFI2F"

forallt > s > 0. For anyt > 0 and integersn > m > 0, let Xf,m : Q — [0,00) be a
random variable. Let there be C' > 0 such that the following statements hold for all such
t,m,n.

t t X7

(D X5, <X, +X,, " forallke {m+1,....,n—1};

(2) E[X{,] < oc;

(3) the joint distribution of {X/, .. .1, X}, ..o,...} is independent of (t,m);
(3) X}, , is F;"-measurable, and {w € Q| X}, , (w) < s} € F,, forany s > 0;
(4) F; and F}! . are independent;

(5) X}, ., < XL + s foralls € [C,C + ¢|, with some ¢ > 0.

Then o o 0
X0 E[X)., E[X0.]+C
lim —2" — lim M = inf % almost surely: (1.2)
n—oo N n—oo n n>1 n

Moreover, if C € IN and an,n are all integer-valued, then it suffices to have ¢ = 0 in (6).

Remarks. 1. Of course, it suffices to assume (1) and (6) only almost surely.
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2. There would be little benefit in using different C in (5) and (6) because (5) clearly
holds with any larger C, while iterating (6) yields (6) for all s € [kC, kC + kc| and any
k € IN.

3. The ergodicity hypothesis in [8] is here replaced by (5) (or by (5*) below).

4. Property F O F;" fort > s makes {F;" };>o technically a backward filtration.

Our second main result allows for an infinite temporal range of dependence of the
environment, provided this dependence decreases with time in an appropriate sense,
and we then also need a uniform bound in place of (2).

Theorem 1.2. Assume the hypotheses of Theorem 1.1, but with (2) and (5) replaced by

(2%) X871 <C;
(5*) limg_,o &(s) = 0, where

¢(s) :==sup {|P[F|E] —P[F]| | t >0 & (E,F) € F; x F,, & P[E] > 0}.

Then o o
X; . E X

lim —%" — lim 7[ O’"]
n—oo n n—oo n

in probability, (1.3)
and if there is a > 0 such that lim,_,, s*¢(s) = 0, then also

XO 0
lim —2" = lim L [XO,n]
n—oo N n— o0 n

almost surely. (1.4)

Moreover, if C € IN and X/, . are all integer-valued, then it suffices to have c = 0 in (6).

Remarks. 1. Again, using different C' in (2*) and (6) would not strengthen the result.
2. We will actually prove this result with ¢(s) being instead the supremum of

> [P[FiN E;] — P[FP[E]]

i>0

over all {(E;, F;) € F;, x -7:;[+s}i20 with t¢g,t1,-- > 0 and Ey, Ey,... pairwise disjoint
(which is clearly no more than ¢(s) from (5*)).
3. We will also show that without assuming lim,_, ., s*¢(s) = 0, we still have

X0, o EB[XE,]
liminf —— > lim ——— almost surely. (1.5)
n—oo n n—oo n

Organization of the Paper. We prove Theorem 1.1 in Section 2 and the claims in
Theorem 1.2 in Sections 3 and 4. Section 5 contains applications of our results to two
models, PDE and first passage percolation in time-dependent environments.

2 Finite temporal range of dependence

Let us first prove a version of Theorem 1.1 with INy-valued random variables and C = 0
in (5). Theorem 1.1 will then easily follow. Let us denote {X = s} := {w € Q| X (w) = s}.

Theorem 2.1. Let (2, P, F) be a probability space, and {]-'ti}tE]NO two filtrations such
that
Foy CF, C---CF and FOF 2F 2.... (2.1)

For any integerst > 0 andn > m > 0, let Tfn,n : 0 — Ny be a random variable. Let there
be C,C’ € N such that the following statements hold for all such t, m,n.

t
(1) Tt STt +Tpr ™" forallk € {m+1,...,n - 1};

m,n — T m
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@) B0 < O
(3’) the joint distribution of {T}, .1, T}, ;. 1o, ..} is independent of (t,m);
(4') T}, , is F; -measurable, and {T}, , = j} € F,,; for any j € Ny;

(5’) F; and F," are independent;

(6) T, <TLS+C.

Then
Ty, . B[P, . E[TY,]
lim —— = lim = = inf ——2—= almost surely. (2.2)
n—oo nn n—o00 n n>1 n
Proof. First, we claim that almost surely we have
79 E[T9 E[T9
limsup —= < lim 78] = inf [ 0’”]. (2.3)
n— oo n n—ro0 n n>1 n

The proof of (2.3) is similar to the proof of [2, Lemma 6.7], although there the analogs of
T}, , were bounded random variables; the idea goes back to [8], where the analogs of
Tﬁw were t-independent. For any integers n > m > 0, (4’) shows that for any 7, j € Ny
we have

{13,, =iy eF, and {T},,=jteF'
Therefore (5’) and (3’) yield
P13, =i& T, =il =P[T§,, =i|P [T}, =7 =P[T5, =i P[T§,_n =j]-
T8 7y

Summing this over ¢ € INy, we find that 7, (= Tmy;{”(')( -)) has the same distribution as
Ty Thus from (1’) we obtain

,n—m-*
0
To.m

Fekete’s subadditive lemma thus implies that the equality in (2.3) holds.
Foranyn € N, let tj := 0 and & := Tg,n, and then for 7 € IN define recursively

tn
=1t + € and & = Ti;z,(i-',-l)n'

By iteratively applying (1’), we get for any k£ € IN,

k-1
T pn <> & (2.4)
i=0
Similarly as above, it follows from (3’)-(5’) that for any jo, ji1,-..,jx—1 € INg we have

k—2 . .
Ple = j; fori:(),...,k:fl}:IP{ff:ji fori:O,...,k—2&T(%j‘))n{’]'m:jk_l}
n ' ; S i .
:]P[£1 :.77, fOI‘Z:O,...,]{;—Q} ]P |:T(k?—71)7l,kn :Jk—1:|
=P =jifori=0,....k—2] P[T, = ji1]

k—1
=...=]]P[1,=:].
=0

Summing this over all indices but ¢ shows that £;' has the same law as T&" for each 7.
This, (2’), and (2.4) with n = 1 then show that for any £ € IN,

k—1
E[T9,] <) E[¢] =kE[T),] < C'k. (2.5)
=0
EJP 28 (2023), paper 96. https://www.imstat.org/ejp
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Also, the above computation shows that &j,...,&; ; are jointly independent random
variables for all n and k, so the strong law of large numbers yields

k—o0

k-1
o1
lim - ; g =E[1},] almost surely.

Thus (2.4) and the equality in (2.3) yield that for any € > 0 there is n. € IN such that

lim sup ——= < 22 < (1+¢) lim ——= almost surely. (2.6)
koo KM Ne n—00 n

Now fix any ! € {0,...,n. — 1} and note that (1°) yields for all & € INy,

0
0 0 To,lm
T07kn5+l < TO,knE + Tk:ng,k:L5+l' (2.7)

TO
Since T},,"= ., has the same distribution as 77, we obtain from (2.5) that

TS k. 0 1 0
D P Tt 1 > (e +De| <P [Tg, > ke] < —B[T] < oo.
k>0 k>0
0
Borel-Cantelli Lemma then implies that limsup,,_, .. ﬁTZﬁ"kn 41 < € almost surely.
This and (2.7) for each [ € {0,...,n. — 1}, together with (2.6), now show that

N i E[70,]
limsup —— <e+(1+4¢) lim ———

n—oo n n—00 n

almost surely.

Taking € — 0 now yields the inequality in (2.3).
Next, for each (t,m) € IN3 let

t
Tm,m—i—n

Zt

= liminf

n—oo n
It follows from (6°) that Z}ch"”' is non-decreasing in £ € IN. But since the law of Zﬁn is
independent of (¢,m) by (3’), we must almost surely have Z: % = Z! for all k € IN.
However, this and (3’) imply that Z,ﬁT is independent of t1Ck for all £ € IN, while (4°)
shows that it is also measurable with respect to the o-algebra generated by | J,-, F, .
This shows that there is a constant @) € [0, c0) such that Z!, = @ almost surely for each
(t,m) € INZ.
In view of (2.3), to prove (2.2) it remains to show that

_ E[17,]
Q> lim ——. (2.8)
n—oo n

Our proof of this is related to the approach of Levental [9] in the ¢-independent case,
which is in turn based on [6]. However, t-dependence complicates the situation here,
which is why we first needed to show that Z! is in fact (¢, m,w)-independent to con-
clude (2.8) (in [9], it was sufficient to allow w-dependence at first). Fix any € > 0, and
denote Q. := @ + ¢ and

N}, s=min{n>1|T} .., <nQ.}

(which also depends on ¢ but we suppress this in the notation). It follows from Z! = Q
a.e. that almost surely we have N! < oo for all (¢t,m) € N3, and (3’) yields that N},

EJP 28 (2023), paper 96. https://www.imstat.org/ejp
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has the same distribution as Ng . Moreover, Nﬁn is ]-';” -measurable by (4’). Next, let
M. € [1,00) be a large constant such that

BT ngory] <& (2.9)
Let now ¢y := 0 and r( := 0, and for £ > 0 define recursively

TkyTh+1"

ree =kt Noyn oy y T atsan ) @04t =tk T

Fix any n € IN. We will now use {r;},>1 to divide the “propagation” from 0 to n into
several “steps”. Since this sequence is strictly increasing for each w € 2, the random
variable
K, :=min{k € Ny |rp > n— M.}

is well defined, and satisfies 0 < K,, < n — 1 and rg, € [n — M.,n — 1]. Applying (1")
iteratively K, times yields

Kn,—1

T&n < Z Tj:m«ﬂ + T:?Z}n = S” + T:PI;:” (2‘10)

k=0

(note that, e.g., Tffj”n = plnol) (:)). If N} < M., then

Tiy () ()
t

TT‘llzka+1 < (TkJrl - Tk) QE)

while if N/* > M., then r;4; = r 4+ 1. Hence we obtain
K,—1 K,—1 n—1

t t
Sp < Z (Th41 = 7) Qe + Z Tr:,rk+11{Nﬁ’,§>M€} <7k, Qe + ZTT:»7'k+11{Ni:>ME}'
k=0 k=0 k=0

(2.11)

We now want to take expectation on both sides of (42.1 1). From (4’) we see that for

any i,j € No we have {r; =i & t; = j} € F; . Since T},,, and N; are F, -measurable,
from (5’), (3’), and (2.9) we obtain

. )
E [Tr:,rk+11{Nﬁ’}j>Z\/ls}} = Z I [Tij,iJrll{Ng>Ms}1{7’k:i & tk:j}:|
i,5>0

> E [71‘];2‘+11{N3>M5}} Plre =i &t =]
i,j>0

0
E [T011ngorry] <&

So (2.11) and rk,, < nyield

E[S,]  E
1Sn]  Blra)Qe | [ 4 oe (2.12)
n n

Finally, we claim that IE {Tﬁﬁ;,n} < C'M?2; this together with (2.10) and (2.12), and

then taking ¢ — 0, will yield (2.8). To this end we note that 1 <n —rg,_ < M, implies

Trin o < max T (2.13)

1e{1,...,min{ M n}}

Since {tx, =j} € .7-'; and Ti—l,n is ]—'f—measurable, we obtain from (5’), (3°), and (2.5),

B[] = B [Tl o] = S [T_0.] Plix, =il =B [73] <.
7=>0 j=>0

EJP 28 (2023), paper 96. https://www.imstat.org/ejp
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Therefore indeed
M.
BT <> etz o,
=1
so (2.8) holds and the proof is finished. O

Proof of Theorem 1.1. Let us first assume that ¢ > 1 and define

T = (an,n + O] (6 INO)

m,n

Let us redefine 7, tobe F,_ fort > C and {0, 2} for ¢ € [0,C) (i.e., shift 7, to the right
by C) and let C’ := E [[X{, + C1]. After restricting ¢ to Ny, it is clear that T}, ,, satisfies
hypotheses (2°)-(6’) of Theorem 2.1, with max{[C, 1} in place of C'. And (1’) also holds
because if n > k£ > m > 0 are integers, then (1) and (6) with s := [ X, , +C] - X}, , yield

t+ X1 t+ T, 1 t+T,
Tftnm = {anm +OW < ’7Xk,n T an,k + C—‘ =< ’7Xk,n t et Tftn,k + C—‘ < Tk,n * +T7tn7k'

Hence (2.2) proves (1.2) with the last numerator being E [[X{,, 4+ C1]. Note that this
argument also applies in the setting of the last claim in Theorem 1.1 and without [-].
To get (1.2) as stated and for any ¢ > 0, let S > % gti = Fis, and Yntl’n = SXf,{fL.
Since the above argument applies with (G, Y}, ., SC, Sc) in place of (j’-"ti,X}fn"m C, o),
we obtain (1.2) with the last numerator being E [1[S(X], +C)]]. Taking S — oo
yields (1.2). O

3 Time-decaying dependence I

In this section we will prove the first claim in Theorem 1.2 and the corresponding

integer-valued claim. Let us first prove a version of the latter with weaker (2*) and
stronger (5%).
Theorem 3.1. Let (Q, P, F) be a probability space, and {F;"},cn, two filtrations satisfy-
ing (2.1). For any integerst > 0 andn > m > 0, let Xf,w : 2 — INy be a random variable.
Let there be C € IN such that for all such t, m,n we have (1) and (3) from Theorem 1.1,
and

2*) E[X0,] +E [(X§,)?] < oc;
(4**) X[, is F;"-measurable, and {X}, , = j} € F,; for any j € No;
(5**) limgs_y o ¢(s) = 0, where

b(s) :== Sup{‘PIL}EF',}E] - 1‘ ’ teNy & (E,F) € F;, x F\, & PIE|P[F] > 0}.

(6**) Xt

m,n

Then (1.3) holds.

< XHC+C.

Proof. From (5**) we know that for each ¢ > 0, there is C. € IN which is a multiple of C
from (6**) and
d(Ce) <e. (3.1)

Let us then define (again suppressing ¢ in the notation for the sake of clarity)
Tfn,n = an,n + C..

As before, one can easily check that (1), (2**), (3), (5**), and (6**) still hold with anm
replaced by T% and (4**) can be replaced by

m,n’

EJP 28 (2023), paper 96. https://www.imstat.org/ejp
Page 7/23


https://doi.org/10.1214/23-EJP990
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Time-dependent subadditive theorems

(4”) T}, is F; -measurable, and {T}, , = j} € Firj_c, forany j € No.

Next, let
E [ X9
X := liminf M

n—00 n

(3.2)

As before, for any ¢ > 0 and n € NN, let ¢{ := 0 and & := T¢,,, and then for i € IN define
recursively

=t H &L, &= Titg,(iﬂ)n’ and  pj = E[E].

By (1) we have T¢,,, < S ¥ ¢n for each k € IN. Also, since (4”) yields

{th =k} e Fiio,  and AT} =i} € FL (3-3)

it follows from (3) and (3.1) that

wi = Z JjP {Tﬁz,(iﬂ)n =j &ty = k} < (1 +5) Z JjP [Tﬁz,(iﬂ)n = J} P [t? = k]

k,j>0 k,j=0
=148 jP[T5, =il =1+)E[T),] = (1 +e)ug.
Jj=0
(3.4)
We can similarly obtain
Eg - C) < (1+¢)(ug — C2) (3.5)
and
I [&n - Ca] > (1 - 5)(“8 - Ca) (3.6)
because ' > C.. Invoking (1) and (3.4) with n = 1 yields for C. := E[X{,] + C.,
n—1
pe <Y pi < (1+e)npg < (1+€)Cln. (3.7)
i=0
This implies that X < (1+¢)C..
Let us now pick n. € IN such that
E[TY
Dol < x4 (3.8)

which exists by (3.2). Then (4”) shows that for any integers n > m > 0 and i, j € IN; we
get
{I0m =i} eF_c, and (T, =j}eF

Therefore (3) and (3.1) yield

0
E [TZ?;;"} =Y P, =i & Ty, =i <(1+e) Y jiP[T},,=4]P[If,, =i
i,j>0 i,j>0
=(1+e)) JP[T0n =14 =1 +e)E 15, ]
Jj=0

(3.9)

For any n € IN write n = kn. + [, where k € Ny and ! € {0,...,n. — 1}. By applying (1)

and the above computations recursively, we obtain

TO —1)ng
E[Tp,) <E {T&(’C—l)nsﬂ} tE |:T(k0;(f)n5>+l,+7i:| <E [Tc()),(k—l)narl] +(1+e)E 15, ]

< <EBTY]+(+ kBT, ]

EJP 28 (2023), paper 96. https://www.imstat.org/ejp
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Thus (3.8) yields
0
E[18,) BB (romxro

n - n n
which then implies
. EB[XQ,] . E[Ty,]
limsup ———= = limsup ————= < (1 +¢)(X + ¢).
n—00 n n—00

Since £ > 0 was arbitrary, this and (3.2) show that

E [X?
lim E (X8, = X. (3.10)

n— oo n

Next we claim that there is C, > 0 such that for any € € (0,1], n € IN, and i # j we
have
Var [¢7'] < C.n?  and Cov | ;ﬂfﬂ < C.en?. (3.11)

We postpone the proof of (3.11) to the end of the proof of (i). Since ¢} = Zf;ol &, we
now have

k-1 k-1

Var [tp] = ZVar €11+2> " Y Cov[&,&] < (1 +ek)Can’k.
1=0 j=1i+1
Chebyshev’s inequality then yields
t — E[t}] Var [t}] = 1+c¢k
Pl S o | < kil ~ C, 2
[ k | ="cr = oz "
Since E[t}] = Y2 47, this and (3.4) imply
7 " 1+¢k
P {I’; > (14 e)ug +CE} ST ———C.n?

For any N € IN write N = kn + 1, where k € Ng and [ € {0,--- ,n — 1}. Then (1) yields
XOn STon <TI0 + Tkii Ty St TkTi et

Denoting 7% =T, 76,10 we get E[7%] < (1 +¢)?C’n by (3.9) and (3.7), as well as

kn,kn+1’
X0 n uy C. TR 1+¢k
P|—>(1 0y =4 N« C.n? 3.12
N oA | S e O (3.12)
Now, for each € > 0 pick n. € IN such that
. CE . Eng
glg%n—a—O—gg% 2 (3.13)

If we then take n = n. in (3.12) and then N — oo (so that kK — o0), for each § > 0 we

obtain
0

X e
ON S (14e)o 4 == 45

2
< Cieng
N Ne Ne

cz

limsup P

N —oc0

Since p° = ]E[Xg’na} + C, and lim,_,g n. = oo by (3.13), taking € — 0 in this estimate and
0
using (3.10) and (3.13) shows that limy_,, P {X?\‘,N > X+ 2(5} =0 for all § > 0. That is,

0

limsup —= < X in probability. (3.14)
N—o0 N

EJP 28 (2023), paper 96. https://www.imstat.org/ejp
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Let us now assume that there is § > 0 and a sequence n; — oo such that

X0
0me X < 25| > 46. (3.15)

ng

P

|

0
Since for all large enough k we have E[)i% > X — 0 by (3.10), we obtain

0

P XO,n X < -2 X(()),nk - [X(()),nk] 5‘| 1 <*Xv(()),n;C - B [X(()),nk]> ‘|
n Nk (5 g N
< 1 52 +P Xg,"k - B [Xgmk + Z]P XO Ne [XU nk} > i
J Mk i>1 Mk

Since Var[X{,,, ] < Cin} by (3.11) with i = 0, for M := [

Z ]P XO ne ]E [X((J),nk Z‘|
i>M Mk

%1+ 1 we obtain

< Z —Var ngnk] < 42
L>M

But (3.10) and (3.14) also show that for all large enough k£ we have

XO NE [XO mc] > ’L]
N

M—-1

+Z]P

Hence for all large enough k£ we obtain

Xgﬂlk — I [X(())Jlk

N

< 62

P

0

P X <26
ng,

P < 39,

0

which contradicts (3.15). It follows that lim,, o P | 222

so this and (3.14) yield (1.3).
It ~therefore remains to prove (3.11). Similarly as in (3.4), for any (i,n) € Ny x IN and
with &' := £ — C,, we get

—K<—6} =0 foreach § > 0,

E [(57)1 < +e)E (17, - C.)°| = 1+ 9B [(x8,)°],

as well as

E [(53)2} <(1+e)E {(TOOJ)Q} . (3.16)

Since Var[¢!'] = Var[£?'], to prove the first claim in (3.11), it suffices to show BE[(X§, n)2] <

%nz for some C, > 0 and all n € IN. We can use Ty, < > 51 (due to (1)) and (3.16)
to obtain

n—1

2(63)2] < (Ut en’E [(19,)°]

=0

E[(X,)°] < B |(10,)°] < nE

which yields this estimate with C, := 4E {(X&l + 01)2}
To prove the second claim in (3.11), we apply (4*) to get that for any ¢,7', 5,5, k,1 € INg
satisfying [ > k we have

{tn = 7’/} € ‘ETfCE’ {Tkn J(k+1)n — ’L} € F, +z C. n 'Fz’ ’

S ! ! (3.17)
W =7teF _c. {Tzn,(z+1)n =Jjr ey
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Note that [ > k implies j' > i + i’ whenever P[T} (k+1)n =ikt =7&tp =757>0
because
P G 2 G = TR

Recalling that §k = k:L (k+1)n — C, >0, it follows from the above, (3), (3.1), and (3.5)
that

E[E;’Jﬁﬂz Z ZJIP[M(ZH) fj+Cs&t?:j’&Té;y(kH)n:iJrC’s&t}j:i/}

4,5,4",3' 20

<(te) Y GP|T iy, = i+ C P = & T gy =i+ Ce &t =]

,3,8",5' 20

—(+e) > GP[I, =j+C]P {T,g”m(m)n =i+ O &) :i'}
1,5,/ >0

—a+oE[GlE[g] < +oe[g]

where in the inequality we used that the summand in the first sum vanishes when
j' < i’ +i+ C.. Also note that (3.6) yields

Blg]elg]>a-o8g) .

. _ 12
Cov [€7, €] = Cov [g;;, 57] < 4R [gg] — 4B [x0,]%. (3.18)
Now the second claim in (3.11) follows by (3.10), and the proof of (i) is finished. O

hence

Next we adjust this proof to obtain the integer-valued version of the first claim in
Theorem 1.2. We will use in it the following lemma.

Lemma 3.2. For E, F € F, let
U(E,F) :=max{s € Z|(E,F) € F; x F,;, for somet € Ny}

(if there is no such s, then ®(E, F) := —o00). Assume that Ag‘-',B;c € F (k,j € Ny) are
such that By, B;,... are pairwise disjoint, and so are A’g,A’f, ... for each k € INy. If
s = min{¥(By, A¥)[j,k € No} > 0 and S := sup{f(j, k) |P[A¥ N By] > 0} for some
f:INZ — [0,00), then with ¢ from Remark 2 after Theorem 1.2 we have

> (k) [P[A% N By] — PIASP[By]| < 256(s).
7,k>0

Proof. Let
= {(j.k) € N§| £ (P[A% N By] — P[AS]P[By]) > 0},

and let U := {j € Ny | (j, k) € U*} for each k € INy. Then

> [0, k) |PIAY N By — PIANP(By|
(4,k)eu+

<S> (P AnBe| -P| |J A5 PBi |,
k>0 jeut jeut
which < S¢(s) because if ¢, € No is minimal such that By € 7, then U, ¢+ Ak e Fr o

The same estimate holds for the sum over U ~, finishing the proof. O
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Theorem 3.3. Assume the hypotheses of Theorem 3.1, but with (2**) and (5**) replaced
by (2*) and lim,_, o, ¢(s) = 0 for ¢ from Remark 2 after Theorem 1.2 (with s,tg,t1, - €
INg). Then (1.3) holds.

Proof. This proof follows along the same lines as the one of Theorem 3.1, with some
minor adjustments. From (1), (2*), and (3) we see that for any integers ¢ > 0 and
n > m > 0 we have

X;fmn < C(n—m). (3.19)

With the ¢ considered here, let C. € N be such that

o(Ce) < % (3.20)

and let Tt . X, t" 7', i be defined as before. Then (3.19), Lemma 3.2, and (3) yield

m,n? <29 Yg

Wi = Z jP |:TiliL,(i+1)n =&t} = k}

k,j>0
< S P [Th e =] PIE = K+ (Cn+ Co)e

k,j>0 (3.21)
=Y JP[I5, =Pt} =k + (Cn+C.)e

k,j>0

= Mg + (Cn + Ce)g
instead of (3.4). Similarly, we obtain
E[¢' — Cc] < pg — Ce + Cne. (3.22)

and
E[§ — Ce] > pg — Ce — Cne. (3.23)

Using (1) and (3.21) in place of (3.4), we now get
py < Cln (3.24)

in place of (3.7), with C. :=E [X{,] 4+ C. + Ce.
Next, similarly to (3.21) and using Lemma 3.2 and (3.19), we can replace (3.9) by

E {TWTﬁn’"} => jP[T},,=i& 1}, =i
i,7>0
< Z JP [T}, = J] P15, = i] + (C(n —m) + C:)e (3.25)
1,70

With this, we again obtain (3.10).
The proof of (3.11) is also adjusted similarly to (3.21). We now obtain

E [(5}@)1 <E[(18, - C.)°] + (Cn)*e =B [(X0,,)°] + (Cn)e

and
E[(6)?] <E[(T51)%] + (C + Co)%e,

which yields the first claim in (3.11) as before (with a djfferent C,). In the proof of the
second claim, we use (3.22) in place of (3.5), as well as £ < Cn (due to (3.19)). We also
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use the same adjustment as in (3.21), but now replacing the sum over k by the sum over
(i,4',5") (with A bi'3")
that

]E I:glt:bgin} = Z Zj ]P |:irln (l+1) - J + C{-: & t’ln = j/ & T]:;;L,(k?+1)n = Z + CE & tz = Z/i|
i,5,4",5' >0
< S GP[T =i O P[0 = & T ey = i+ Ce & 1 =]+ (Cn)
i,5,4",5' >0
- Z y P [T(?,n =Jj+ Ce] P [Tli;z,(k-‘rl)n =i+ C &ty = i/] +(Cn)%e

i,§,8'>0

=E [ég} E [5,?} +(Cn)?e <E [58]2 + CneE [ég} + (Cn)%e

={T’ (41 = = j} when we use Lemma 3.2). This and (3.19) show

This, (3.23) applied with ¢ = £, [, and é{} < Cn then yield the second claim in (3.11) with
C, :=4C?.
Now, the proof of (3.12), but with (3.4), (3.7), and (3.9) replaced by (3.21), (3.24),
and (3.25), shows that
XU n 1 O n
0N B gy (LFE)CE TR

(I+¢e)Ce <1+5k 9
N n n kn

P T N9 7. Yk
< C?kcn

where 75 = TkTr‘z ‘my; Satisfies B[] < (CL + (C' + C¢)e)n. This then implies (3.14) as

before, and the rest of the proof is identical to the proof of Theorem 3.1. O

We can now prove the first claim in Theorem 1.2 similarly to the proof of Theo-
rem 1.1.

Proof of the first claim in Theorem 1.2. Let us first assume that ¢ > 1. Let
T;m n = ’V m,n + C‘| (6 INO)

and restrict ¢ to INy. Similarly to the proof of Theorem 1.1, we find that Tfn », Satisfies
hypotheses (1), (3), (4**), (6**) of Theorem 3.3 (with Xf;w replaced by T, mon »), but with
max{[C,1} in place of C in (6**). Hence iteration of (6**) shows that it also holds for
T, , and C’" := 2max{[C],1} in place of C. From (2*) for X/, , we see that 7, , also
satisfies (2*) with C’ in place of C.

Let now ¢ be as in Remark 2 after Theorem 1.2. Note that if we define (;NS(s) as
in that remark but only with s,%y,%t1, -+ € INg, then ¢~> < ¢. Therefore our hypothesis
lims_, o, ¢(s) = 0 implies the last hypothesis in Theorem 3.3 as well. That theorem for
Tﬁw now yields (1.3).

For ¢ € (0,1), we let gt and Y}, be as in the proof of Theorem 1.1. The above
argument with (G, Y, o SC, Sc) in place of (F, X}, »,C,c) then again concludes (1.3).

Finally, in the setting of the last claim in Theorem 1.2 we can just apply Theorem 3.3
directly to X/, , (with qS above). O

4 Time-decaying dependence II

In this section we will prove the second claim in Theorem 1.2, as well as the corre-
sponding integer-valued claim.

Proof of the second claim in Theorem 1.2. Similarly to the proof of the first claim in
Theorem 1.2, this again follows from the corresponding integer-valued claim. Hence,
without loss, we can restrict ¢ to Ny and assume that an’n only takes values in INy.
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The first claim in Theorem 1.2 yields

. X, . E[Xg,] . .
lim = lim ————=X>0 in probability. “4.1)
n—oo n n—o0 n
Let us now prove
0
lim sup <X almost surely. 4.2)
n—oo n

As in the proof of Theorem 3.1, let T}}, ,, := X!  + C. some C. € N that is a multiple
of C' and (3.20) also holds. Then (1°), (3’), (6’) from Theorem 2.1 hold and so does (4”)
from the proof of Theorem 3.1, while (2’) is replaced by T&l < C + (¢, and (5*) also
holds.

For any n € IN, define ¢ and & as at the start of the proof of Theorem 3.1. From (4”)
we again get (3.17) for any 4,4, j, j/, k,1 € Ny, and the argument after (3.17) again shows
that if [ > k, then j/ > i + i’ whenever P[T} (k1 = =i &ty =1 &t} =j]>0. Then
the argument from the proof of the second claim in (3.11) in the proof of Theorem 3.3
(which uses Lemma 3.2) shows that for any v,7’ € IN we have

Pl = vieg = v] = > P {leﬁ,(lﬂ)n =j&t] =5 &Ty goyryn =i &ty =7

v =115 >0

< Z P [lem(lﬂ)n - j} P [W =ik Tlﬁm(kﬂ)n =ity =i +e
i—v,j—v’ i ,j' >0

- Y P, =jP [T,j;,(kﬂ)n —i &= i’} te (4.3)

i—v,j—v' i’ >0

<P, 2V] Y P [T ey, = i| Pt =]+ 2

i—v,i’>0

=P [Ty, >V ]P[Ty, > v]+ 2.

Now fix some K € IN. From (1’) we see that for any n € IN we have

=

-1

0 ti
TO,Kn S T,

in,(i4+1)n" (4.4)

I
=)

%

From (4.1) we see that there is e-independent ny € IN such that for all n > max{C. K, nk},

P T X>2 <P X X>1 < 4.5)
R el T el *
From (1), (2*), and (3) we get Tﬁ (it 1)n < C.+Cn < (C+ 1)n for these n and all i € IN.
This means that if only one of the numbers
Tt? 2
n in,(i+1)n .
D= X — — €{0,..., K -1
g SO X - (e {0, K -1}
is positive, then (4.4) yields
T k. K C+1 2 C+3
OKL_X Z( 2><++:+.
pard K K K K K
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The same estimate holds if each of these numbers is less than C“ . These facts, (4.3),
(3’), and (4.5) now imply that for any n > max{C.K,nx} we have

19k C+3 C+1
P|l——"-X> < E Plg" > n>
[Kn ="K |= ,,{QZK&%O}
0<ij<K & ij
C+1
< K?P { n> ; }P[ggzoprﬂ(%
1| Tom C+3
<P -X> 2K .
-2 n - K + c
We can now apply this estimate iteratively with Kn, K2n, ... in place of n and obtain
for any n > max{C.K,nk} and ¢ € IN,
Ty C+3 Ty C+3
o LS D - B . B} C R Sy
Kin n K
This of course also yields
X0 g C+3
p | 20K s OO ga g2 (4.6)
Kin

The hypothesis shows that there is A € IN such that C. < A¢~4 forall € € (0,1). Let
C'>Ck:=AKnxg and Mg :=2K,

with C’ € N. Then for any ¢ € IN, (4.6) with £ := 279 and n := 249C" (> max{C.K,nx})
yields

XO
0,0’ M2 C+3
P|l——X _X> < 5K?274. 4.7
oML AT K|S 4.7)
By the Borel-Cantelli Lemma we then obtain
XO Ve C
lim sup 2‘5\4}\‘1{ <X+ i almost surely. 4.8)
q—)oo K

Now apply (4.8) with C’ taking all the values in
Uk = {CK,CK +1,.. .,CKMK}.
Then for any large n, there is (C’, ¢) € Ux x IN such that C'M}. <n < C'M} + C’I_(ln and

X0 0,0' M <X+ C+ 4
o S
So by (1) and (2*) we have X, < X(()),C’M;Q + CCx'n, which yields
X3, C+4

limsup —= < X + —— + CC‘ almost surely.
n—00 n K

By taking K — oo, we conclude (4.2).
It remains to prove

X0,
X < liminf —2"  almost surely. (4.9)

- n—o00 n
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We will do this with only assuming lim,_,, ¢(s) = 0 (rather than lim,_, ., s*¢(s) = 0),
and without the use of the proof of (4.2). This will then also prove Remark 3 after
Theorem 1.2.
For any t,m,n,j € Ng with 5 > n, let
t ‘ t
= min ——— and Z! := lim lim Y;z;n,' = lim inf —7H"

n<i<j 7 n—00 j—00 J n—o00 n

ZLCk is non-decreasing in k € IN by (6) (with ¢ = 0), and since the law of Z!, is
independent of (¢, m) by (3), we almost surely have Z:F¢* = Z! for all k € IN. Moreover
we claim that Z§ is almost everywhere constant (which implies that Z!, is a.e. equal to
the same constant for each (¢, m) € INy).

If this is not the case, let ¢ := Var[ZJ] > 0. From (1), (2*), and (3) we have

Xt
max{zg, Yo i 0’”} <C forall t,n,j € Ny with j >n > 1. (4.10)
i T,

Let § := m. By (3) and Ergorov’s Theorem, there §-dependent n,j € IN?2 with j > n
such that for any ¢t € IN; we have
Y, — 26l <6 onsome Qf C Q with P[Q§] > 1 —4.

Also since Z) = Z§'* a.e. for all k € N, (4.10) and Var[Z]] = c imply

Cov Yy, 5 Yoir ;] = Cov [20, Y ¥ ;] = (C+ C?)8 > Cov (20, Z§*] — 2(C + C*)§ >

c
0;n,37 = 03m,35 05m,5 =9

(4.

—_

1)
Next note that by (4), (4.10), and the definition of Yoom’ ; we have
Yyl ;is Fo,-measurable  and Y, is F(,-measurable.

Osn,j

This, Lemma 3.2, (4.10), and Yotm’j only taking rational values show forany k > 5 > n > 1,

E Yy, Yol = Y paP[YEr, =p & Yy, ; = d]

J=0in,g Osn,g
P,q€Q
< D0 P YL = 0] P Vi, = a] +C20(C—g) (412
P,g€EQ
=E Yo, ;] E[Yo ;] + C?6(C(k - j)),

Hence Cov [Y, ., YF | < C?¢(C(k — j)), which contradicts with (4.11) if we take
large enough (because (5*) holds).

Therefore Z) is indeed almost everywhere equal to some constant Q € [0, X].
Then (4.9) is just X < @, so we only need to prove this. For any ¢ > 0 and K € N, let us
define

Tt = X son + C- (4.13)

m,n

(which depends on ¢, K but we suppress this in the notation). Then again (1’), (3’), (6")
from Theorem 2.1 hold and so does (4”) from the proof of Theorem 3.1, while (2’) is
replaced by Tg; < CK + C., and (5*) also holds. From (1°), (3"), and Ty, < CK + C. we
obtain for any ¢, m,n € Ny,

Tt

m,m—+n

<CKn+C.. (4.14)
Note that to prove X < @, it suffices to show that

E[T? M,
70,0} <KQ+ KCe+e(C.42) + —2=

(4.15)
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holds for each € > 0 and K € IN, with some n-independent M}(ﬁ. This is because after
dividing (4.15) by K and taking n — oo, we obtain from (4.1),

_ E[X3 ] e(C: + 2)
X:nlgroloiKn SQ+Cet ——.

Taking K — oo and then ¢ — 0 now yields X < @, so we are indeed left with prov-
ing (4.15).

This is done similarly to the argument in the proof of (2.8), with KQ in place of Q.
Fixe > 0and K € N, let Q. := KQ + ¢ (as at the start of that proof), and let T, ,, be

from (4.13). Note that for any ¢, m € Ny we have liminf,,_, ., Tm%*" = K(@ almost surely
because Z!, = () almost everywhere. Define

Nfrtrm Msutkyrlm Sn

as in the proof of (2.8), and follow that proof, with two adjustments near the end where
(5’) was used. The first is the estimate on

tr
BN 1 {Nt’”>ME}
From (4”) we have for any i,j € INg that {rp, =i & t, = j} € .7-' ow and T 4+, and N

are }';r-measurable Hence we can use (5*), (4.14), and Lemma 3.2 1nstead of (5’) (as
well as (3’) and (2.9) as before) to obtain

t
I [Tr:,rk+11{Nﬁ§>ME}} Z I [ i 1+11{N’>M }1{m i & t, J}}
©,J2>
3P [TgM =1 & N/ > ME} Plry=i& tp = j]+ (CK + C.)e (4.16)
i,5,1>0

- F [T&ll{NgwE}} +(CK + C)e < (CK + C. + 1)e.

IN

This then yields
E[S,]

n

<KQ+ (CK+C.+2) (4.17)

in place of (2.12). The second place is the estimate on E[T;Ij’; ,,], but here we can simply
use (4.14) to obtain
E[T'*" 1< CKI+ C..

n—Iln

This and (2.13) yield

M.
[T} ] < Z [ fjﬂ;n] < M(CKM, + C.) = Mj.. (4.18)
This, (4.17), and (2.10) now show (4.15), and the proof is finished. O

5 PDE and first passage percolation in time-dependent environ-
ments

Our main motivation for this work was its application in the proof of homogeniza-
tion for reaction-diffusion equations with time-dependent coefficients in several spatial
dimensions in our companion paper [13]. The first crucial step is a proof of existence
of asymptotic shapes of propagation (called Wulff shapes) for these PDE. These were
previously proved to exist for reaction-diffusion equations with time-independent spa-
tially periodic reactions under appropriate hypotheses, first in 1979 by Gartner and

EJP 28 (2023), paper 96. https://www.imstat.org/ejp
Page 17/23


https://doi.org/10.1214/23-EJP990
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Time-dependent subadditive theorems

Freidlin [4], but analogous results for (still time-independent or time-periodic) spatially
stationary ergodic reactions, by the second author and Lin [11, 14], are much more
recent. The latter results employ Kingman'’s subadditive ergodic theorem, which raises
the question of their extension to the case of time-dependent reactions. In [13] we
obtained such extensions, using Theorems 1.1 and 1.2.

Moreover, these theorems can also be used to study propagation of solutions to
other PDE with time-dependent coefficients, as the following example shows. In [13]
this was used to prove homogenization for Hamilton-Jacobi PDE called G-equations
(an earlier result for environments with finite temporal ranges of dependence was
obtained by Burago, Ivanov, and Novikov in [2]), and we refer the reader to that paper
for further discussion and references concerning homogenization for reaction-diffusion
and Hamilton-Jacobi PDE.

Example 5.1. Consider some PDE on [0, c0) x R? with space-time stationary coefficients,
for which the maximum principle holds. Assume that (5) resp. (5*) holds when ]-'ti
are o-algebras generated by the coefficients restricted to [0,t] x R? and [t,00) x R,
respectively. Fix some compactly supported “bump” function ug : R? — [0, 00), and for
any (,2') € R? let u!*" solve the PDE with initial value u!"* (¢,-) := ug(- — 2’). Then
for any y € R? let

XV (2 y) = 1nf{t>0‘ e+t )Zuo('—y)}a

so that X' (2',y) can be thought of as the time it takes for ut " to propagate from z’ to
y, starting at time ¢’ (this of course depends on the random parameter w). Let us also
assume that ug was chosen so that for some C' > 0 and all ¢ > C we have u%°(#',-) > uo.

Fix any ¢ € [0, 00) and unit vector ¢ € $?7!, and let X/;%, := X"(me,ne). Then (4) is
obvious from the definition of anen, while maximum principle, space-time stationarity of
coefficients, and u®°(¢',-) > ug for all ' > C yield (1), (3), and (6). Hence if (2) resp. (2*)
holds, Theorem 1.1 resp. 1.2 can be used to show that the limit

0,e

. 0,n
lim
n—oo n

(5.1)

exists and equals a constant function of w (almost surely or in probability). Of course,
its reciprocal then represents the deterministic asymptotic speed of propagation in
direction e for this PDE.

In fact, if |(7‘y) is bounded below and above by positive constants ¢y < ¢; whenever
|’ —y| > 1, then (2) and (2*) clearly hold, asymptotic propagation speeds in all directions
are between ci and 1 , and the PDE even has a deterministic asymptotic shape of
propagation (i.e., a Wulff shape). Indeed, a version of a standard argument going
back to [12, 3] (see [13]) can typically be used to show that there is a convex open set
S C R¢, containing and contained in the balls centered at the origin with radii - and -+,

respectively, such that if S;(w) := {z € R?| X°(0,z) < t}, then for any § > 0 we have
(1—-06)tS C Si(w) C (1+9)LS,

either for almost every w € (2 and all large-enough ¢ > 0 (depending on w and J) or on
sets (of w) whose measures converge to 1 as ¢t — oc.

The next two examples concern an application of our results to a different model, first
passage percolation in time-dependent environments, which we introduce next. Let V,
be the set of edges of the lattice Z¢, that is, each v € V; connects two points A, B € Z¢
which share d — 1 of their d coordinates and differ by 1 in the last coordinate (these
can be either directed edges or not). Let us consider a traveler moving on the lattice
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Z? from point A to B. The traveler can move along any path v made of a sequence of
edges v],vg,. .. ,v;_, where each v} connects some points 4;_; and A;, with A = A4j and
B = Anv. Let us denote by I' 4 g the set of all such paths. Let us assume that the travel
time for any edge v, if it is reached by the traveler at time ¢, is some number 7! > 0. For

any v € I' 4 p and any time t(, define recursively (for i =1,2,...,n,) the times
ti i =t;—1+ Tzé’l and Tf,” = tp, — lo-

That is, ¢; is the time of arrival at the point A;, and T;D is the travel time along v when
the starting time is tqg. Finally, let

X'(A,B):=inf{T! |y €Tap} (5.2)

be the shortest travel time from A to B when starting at time ¢.

When the travel times are independent of ¢, this is of course the standard first passage
percolation model, introduced by Hammersley and Welsh [5]. Their work was extended
by Kingman [8], whose subadditive ergodic theorem was in turn employed by Richardson
[12] in the proof of a (Wulff) shape theorem for this model. Further improvements and
extensions, including those by Cox and Durrett [3] and Kesten [7], were obtained by
many authors in the last five decades, and we refer the reader to the review [1] for a
comprehensive discussion and an extensive list of references.

Let us consider one of the following two setups when time-dependence is included in
the model above. Let £ > 0 be some number, and let 7 be either the first time such that

/ etds =1, (5.3)
0

or let
7t = inf {s + (gt ! ‘ s> 0} . (5.4)

In the first case, one can think of £{7* as the instantaneous travel speed along v at time
t + s, which changes due to changing road conditions (so fOT £T4ds is distance traveled
in time 7). In the second case, one can think of ff,*s as the (constant) speed of a train
leaving one end of v at time ¢ + s (which could be zero if there is no such train), and the
traveller chooses the one that brings him to the other end at the earliest time.

Now for any e € Z* we can define X%¢, := X'(me,ne), so that asymptotic speed of
travel in direction e is |e| divided by the reciprocal of (5.1), provided that limit exists (and
preferably is also deterministic). Theorems 1.1 and 1.2 can again be used to show this,
either almost surely or in probability, if the speeds ¢! are random variables satisfying
appropriate hypotheses.

Note that hypotheses (1) and (6) in these theorems will always be satisfied (the latter
with ¢ := oo and any C' > 0) for both models (5.3) and (5.4). If there is L < oo such
that for all (¢,v) € [0,00) x Vz we have ff“‘ &ds > 1 orsup{¢;|s € [t,t + L]} > 1 when
we define 75 via (5.3) or via (5.4), respectively, this will also guarantee (2*) (and so (2)
as well). Finally, we will let 7, be the o-algebra generated by the family of random
variables

{& s €0,t]&v e Vu}, (5.5)

and F;" the o-algebra generated by the family of random variables
{& s> t&ve Vg, (5.6)

which will guarantee (4).
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We note that (3) follows from space-time stationarity of ¢/. For any y € Z¢, the
translation o, (z) := 2 +y on Z induces a translation map on V;, which we also call o,,. If
(2, F, P) is the involved probability space, then the speeds ¢! are space-time stationary
provided there is a semigroup of measure-preserving bijections

{Lisy) 1 2= QY p)€)0,00)x 20

such that Y g9y = Idg, for any (s,y), (1, 2) € [0,00) x Z* we have

Tisy) © Lirz) = Tistryte)

and for any (t, s,v,y,w) € [0,00)% x Vg x Z?% x Q we have
ff;(T(s,y)W) = gi-:(sv)(w)

Hence if the speeds ¢!, are also space-time stationary, we will only need to check (5) or
(5%).

We can construct space-time stationary environments with appropriately time de-
creasing correlations by sampling space stationary environments, and below we provide
two examples of this. Let (€2, Fo,Py) be a probability space and let o, be as above. We
say that a random field n : V3 x Q¢ — R is space stationary, if there is a semigroup of
measure-preserving bijections {Y, : Qo — Qo },cz¢ such that T¢ = Idg,, for any y, z € Vi
we have Y, 0 Y, = T,., and for any (v,y,w) € Vy x Z¢ x Q we have

(v, Tyw) = n(oy(v),w).

Let us assume below that 7 satisfies this as well as % <n < Lforsome L > 1.

Example 5.2. Let 2 :=[0,C) x ng“ have the product probability measure (with some
C > 0 and the uniform measure on [0, C)). Consider the above setting, with

& (w) = NV, W| (t+a)/C]) (5.7)

for w = (a,wp,w1,...) € Q. That is, the speeds ¢! always change after time interval
C, starting from some time a € [0,C). Then they are clearly space-time stationary.
Moreover, if ]-'tjE are defined via (5.5) and (5.6), then F, and ]::Src are independent
for each ¢ > 0 because random variables «(w) := n(v1,w;) and B(w) := n(ve,w,) are
independent for any v1,vs € V; and any distinct ¢, 5 € INy. The above discussion now
shows that Theorem 1.1 applies to anen above for any e € Z¢, so %Xé:fl converges to
some w-independent constant almost surely.
Moreover, for any (A, B,t) € Z2? x [0,00) (and with L above) we clearly have

L™ YA - B < X'(A,B) < L|A - B|y, (5.8)

where |e|; := |e1| + - + |eq| is the L' norm, so the deterministic limit (5.1) is from
[lel1, Lle1]. Let us denote by B!(0) the ball in R? with respect to the L' norm, with
radius r and centered at the origin. Then as in Example 5.1, we can show that there is
convex open S C RY, containing B} / 1(0) and contained in B} (0), such that if S¢(w) is the
set of all A € Z¢ with X°(0,A) <t (for t > 0 and &S from (5.7)), then for almost every
w € 2 we have that for any § > 0 and all large-enough ¢ > 0 (depending on w and 9),

(1-0)tSNZC S(w)C (1+6)tSnz. (5.9)
That is, S is again the deterministic asymptotic shape of all points reachable from the

origin in large times (after scaling by ?).
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Example 5.3. Consider a Poisson point process with parameter A > 0 on R, defined on
some probability space (', F',P’), and let N; be the corresponding counting process
(i.e., Ny is the number of points in the interval (0, ¢]). We now let Q := Q' x Qg% have the
product probability measure, and for w = (', wp,ws,...) € Q we let

& (W) =n(v,wn,)

(again considering the setup described before Example 5.2). That is, now the interval
after which the speeds & change has an exponential distribution. The speeds are again
space-time stationary, and (5*) holds with ¢(s) := e~ when ]—'tjE are defined via (5.5)
and (5.6). Indeed, if G; s := {N;;s = N;} for t,s > 0, then P[G; ;] = e ** and events F
and F'N G;S are independent whenever E € F; and F' € ]-';Srs (see below). This includes
F = Q, which yields for general F € F; and F' € .7-';;8,

0 <P[FNGysNE] <P[GsNE] =P[G |P[E].
Therefore |P[F' N Gy 5|E] — P[F N Gs)| < P[G:s] and so
[P[F|E] - PIF)| < [P[F NG5 |E) - PIF N G5)| +PlGr] = e

The discussion before Example 5.2 therefore shows that Theorem 1.2 applies to X} t’e

above for any e € Z?, so 2 X0 ,, converges to some w-independent constant almost surely
And just as before, we can again also conclude (5.8) and (5.9).

It remains to prove independence of ¥ and F' N Gf, for any F € F, and F €
Fiis- Let us denote vy, vq,... all the edges in V; and for m,J € Ny let Y,/ (w) =
(n(vo,wm), -, n(vy,wm)). By Dynkin’s 7-A Theorem, it suffices to show that P[EN F N
G§ ] = PIE]P[F N G¢ ] for

E:{Yﬁt/eAifori:l,...,n} and F= {YN €A fori=n-+1,. 2}7
with arbitrary J € INo, Borel sets A4, ..., A2, C R’, and times
0<t < <th=t<t+s=tpg < <to.

Note that Ny, > N;, , for all i (let tp := 0, so Ny, = 0), and for any ki, ..., ks, € Ny we
have

2n )
P [Ny, — Ny, =k fori=1,...,2n] = H—(A(ti i D At = szk

(clearly >, cn, Pik = 1). Since Gf, = {N,,, > Ny, }, with Ky := (kni1,...,k2,) we
obtain

PFNG]= > PV 5 €A&N, — Ny, =kifori=n+1....20]
KyeINxINg ™1
2n
= Z <H pi’ki>IP[YJ?’ k’ieAifori:n—i—l,..an}
FKoeNxN2~! \i=n+1 e

because the o-algebras F' x {§, 20} and {0, '} x Fo® are independent, random variables

{Ny, — Ny, , }i=1,...2n are jointly independent, and the joint distribution of {Y,J, Y,/ ...}
is independent of m. But then with K; := (kq,...,k,) we similarly obtain the desired
claim
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P[ENFNGS,] = 3 P{Y’]i kAeA,»&Nti—Ntifl:k:iforz'zl,...,2n}
: "
(K2, K1)ENxNZ"~! !

2n
_ > <Hpi,ki> P {YJ;:J% € A, fori = 1,...,271}

(K2,K1)ENxNZ"—1 \i=1

n
Z ( pi,h) P [Yin:l g, €A fori = 1,...,n]
1

Ki1eN2 \i=

2n
J -
Z ( H pi,ki>]P|:Yzi 1,ﬂeAiforz—l,...,2n

. Jj=
K’zE]NX]NS’1 i=n+1

_ J o
= Z ( lpi’ki>]P[YZ§lki€AiforZ1""’”

K1 eNy

2n
z (H pi,ki>IP{YJ1 k_GAifOTi:TL+1,...,2n:|
j=nt1 i

KocNxINg~1 \i=n+1
=P[E|P [FNGy,],

where we also used k41 > 1 in the third equality.
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