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The Bessel line ensemble
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Abstract

In this paper, we construct the Bessel line ensemble, a countable collection of con-
tinuous random curves. This line ensemble is stationary under horizontal shifts with
the Bessel point process as its one-time marginal. Its finite dimensional distributions
are given by the extended Bessel kernel. Furthermore, it enjoys a novel resampling
invariance with respect to non-intersecting squared Bessel bridges. The Bessel line
ensemble is constructed by extracting the hard edge scaling limit of a collection of
independent squared Bessel processes starting at the origin and being conditioned
never to intersect. This process is also known as the Dyson Bessel process, and it
arises as the evolution of the eigenvalues of the Laguerre unitary ensemble with i.i.d.
complex Brownian entries.
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1 Introduction

Over the past decades, there has been significant attention in non-intersecting paths
formed by one-dimensional Markov processes conditioned never to intersect. Such
path structures naturally arise in the study of random matrix theory, growth processes,
directed polymers, interacting particle systems and tiling problems (see the surveys
[14, 13, 24, 31, 34]). A famous example of non-intersecting paths is the collection of
Brownian motions conditioned never to collide, known as the Dyson Brownian motion. In
this paper, we study another model of non-intersecting random curves, called the Dyson
Bessel process, and focus on its hard edge scaling limit.

1.1 Non-intersecting squared Bessel process

The Bessel process is one of the most important one-dimensional diffusion processes.
Let d > 1 be an integer. The d-dimensional Bessel process is defined as the distance to
the origin of a d-dimensional Brownian motion [33, Ch. XI]. The index a = % serves as
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another natural parametrization for the d-dimensional Bessel process. We will use the
index « and call it the a-Bessel process. See Section 2 for more details. Throughout this
paper, we consider the parameter range o > 0. Let X*(¢) be an a-Bessel process. Taking
the square of X*(t), one obtains the squared a-Bessel process (BESQ), Y (t) = (X*(t))>.

In this paper, we are mainly interested in the non-intersecting squared Bessel pro-
cess. This is also known as the Dyson (squared) Bessel process, analogous to the Dyson
Brownian motion. Fix N € IN and a > 0. Let Y '“(¢), Yy *(t), - - ,Yl]f\,fv’a(t) be N inde-
pendent squared a-Bessel processes with zero initial values, i.e. Y; "“(0) = 0 for all
1 <1+ < N. The non-intersecting squared Bessel process is obtained through conditioning
on {Y;V¥(t) < YyU¥(t) < --- < Yo (1)} for all ¢ € (0, 00). This is a singular conditioning
and could be made rigorous via the Doob’s h-transform [29].

The non-intersecting squared Bessel process enjoys a beautiful interpretation as the
eigenvalue evolution of the Laguerre process [29]. Fix N € IN and « € NU {0}. Take
A(t) to be an N x (N + «) matrix with independent standard complex Brownian entries
(so that the real and the imaginary part both have variance t) and set M (t) = A(t) A(t)*.
For ¢t = 1/2, M(1/2) is known as the Wishart ensemble, one of the earliest random
matrix ensembles, introduced by Wishart [37] in 1928. The joint density function of the
eigenvalues of M (1/2) takes the following form

N N
C(N,a) H(:cj)o‘e_x?’ X (A(f))2]l{0 <z <y <---< TN} H dx;. (1.1)
j=1

j=1

Here A(Z) = [[,<,.;<n(2z; — ;) is the Vandermonde determinant and C(N, ) is an
explicitly computable constant, see [16, (1.5b)]. The Wishart ensemble is also referred
to as the Laguerre unitary ensemble (LUE) since it is unitarily invariant and its joint
eigenvalue distributions involve Laguerre polynomials. The study of the asymptotic
behavior of the eigenvalues of M (t) and its variants has been an important topic in the
random matrix community, see for instance [16, 17, 19, 23, 36]. There are three natural
asymptotic regimes, the bulk scaling, the soft edge scaling and the hard edge scaling.

In this paper we investigate the non-intersecting squared a-Bessel process, Y V@ :=
(YV*(t) < - YN *(t)|t > 0,1 < i < N}, under the hard edge scaling. The hard edge
scaling zooms in near YlN’a and it bears the name due to the fact that all of YjN’a are
non-negative and may not cross zero. More precisely, for 1 <i < N and ¢t € [-4N, ),
define

LYt) .= aN - YN > (1 +t/(4N)). (1.2)
We refer to
. {cf.“a(t)u € [-4N,00), 1 <i < N}. (1.3)

as the scaled non-intersecting squared a-Bessel process. The finite dimensional conver-
gence of £LY:(t) has been well studied by analyzing determinantal formulas [18, section
11.7.3]. At time ¢t = 0, £LY'%(0) converges weakly to the a-Bessel point process. This
implies the convergence for any fixed time due to the following scaling invariance

{Y;N’a(t), 1§i§N} 4 {t~YiN’”‘(1), 1 gigN}. (1.4)

Moreover, for any finite set I C R, {£)*(t),t € I}, converge weakly to the extended
«a-Bessel point process with the correlation kernel (known as the extended Bessel kernel)
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K (R x [0,00))* = R given by

—/1/8 e 26702 1 (2Vza) Jo(2y/ZY) dz, t < s,
K®((t, ), (s,y)) = (1.5)

1/8
/ e=26-02 1 (9 /77) I (20/7Y) dz, 1> s.

0

Here J, is the Bessel function of the first kind.

1.2 Gibbsian line ensembles

Aside from the perspective of determinantal structures, the non-intersecting Bessel
process is also worth investigating from the perspective of Gibbsian line ensembles. A
line ensemble is a countable collection of random discrete or continuous curves on some
interval in R (all defined on the same probability space). The defining property of a
Gibbsian line ensemble, the Gibbs property, is a resampling invariance. Let us illustrate
the Gibbs property using the Dyson Brownian motion, which is the law of NV independent
Brownian motions, B1, Bs, - - - , By, all starting at the origin at time zero and conditioned
never to intersect.

The Dyson Brownian motion enjoys the Brownian Gibbs property, introduced in [9],
a resampling invariance under the following action. Select an index 1 < k < N and
erase By, on a fixed time interval (a,b); then replace this erased curve with a new curve
on (a,b) according to the law of a Brownian bridge between the two existing endpoints
(a, Bg(a)) and (b, Bx(b)), conditioned to intersect neither the curve above nor the one
below. The invariance of the total law under this action is the Brownian Gibbs property.
The precise definition of the Brownian Gibbs property is slightly more general than this
and one may resample multiple neighboring paths simultaneously. It is convenient to
think of a line ensemble that satisfies the Brownian Gibbs property as N random curves
which locally have the distribution of N avoiding Brownian bridges.

Gibbsian line ensembles come in two different flavors where the underlying paths
are continuous or discrete. The corresponding Gibbs properties are often named after
the nature of the path measures, e.g. the Brownian Gibbs property, geometric Gibbs
property and exponential Gibbs property

Initiated in [9] for the construction of the Airy line ensemble, there has been a fruitful
development of techniques [10, 8, 11, 6, 38] which leverage the Gibbs property of
Gibbsian line ensembles to prove their tightness under scalings to the Airy line ensemble
and its closely related analogue, the KPZ line ensemble [10]. The Gibbs property has also
served as a powerful tool to establish path regularity for the Airy / KPZ line ensemble
[5, 22, 40, 391].

1.3 Main results

To our best knowledge, the study of Gibbsian line ensembles has been focused in
the Airy /KPZ regime. Moreover, the Gibbs property being investigated is either the
Brownian Gibbs property or its variants (positive temperature or discrete analogue).

The main object of study in this paper, the non-intersecting squared Bessel process
enjoys a novel Gibbs property, the squared Bessel Gibbs property such that it locally
resembles avoiding squared Bessel bridges. Through the squared Bessel Gibbs property,
we study its asymptotic behavior under the hard edge limit and prove a functional limit
theorem (Theorem 1.1(i)) for £®. This is in essence tightness for this family of curves.
Furthermore, we prove that the squared Bessel Gibbs property is preserved under the
subsequential limit.
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Theorem 1.1. Fix o > 0. Let £V® be defined as in (1.3). The following statements hold
true.

(i) LN« is tight as N goes to infinity.
(ii) Any subsequential limit £L>“ enjoys the squared «-Bessel Gibbs property.

Together with the finite dimensional convergence result (see Theorem C.2), we prove
the existence of the Bessel line ensemble with index a.

Corollary 1.2. Fix a > 0. There exists a continuous non-intersecting Gibbsian line
ensemble B® := {B&(t),i € N, t € R} with 0 < B{(t) < B$(t) < --- such that the
following statements hold. For any finite set I C R, the point process given by {B&(t),i €
IN, t € I} is a determinantal point process whose correlation kernel is given by Kt
defined in (1.5). Furthermore, B* enjoys the squared «-Bessel Gibbs property.

In [2], it is further illustrated that all Bessel line ensembles indexed by a non-negative
integer can be naturally coupled together. The resulting random object is referred to as
the Bessel field.

1.4 Comparison between the Airy line ensemble and the Bessel line ensemble

The Airy line ensemble A is well known as a universal limit in the KPZ universality
class [7, 32], particularly the soft edge scaling limit of the Dyson Brownian motion. The
Bessel line ensemble B is constructed in this paper as a hard edge scaling limit of the
Dyson (squared) Bessel process. These two Gibbsian line ensembles share many basic
properties in common — both are non-intersecting, determinantal, stationary under
horizontal shifts. In this section, we make a comparison of their differences. In doing
so, we aim to illustrate the new challenges we encounter when adapting the Brownian
Gibbsian resampling techniques to the current setting.

One apparent difference is that the Airy line ensemble and the Bessel line ensembles
have different Gibbs properties. The Gibbs property of the Airy line ensemble uses
Brownian bridges to resample random curves. On the other hand, squared Bessel
bridges play this role for the Bessel line ensembles. Brownian motions/bridges are
the most well-studied stochastic processes and many exact formulas are available. In
contrast, calculations involving squared Bessel processes/bridges are more difficult. We
overcome this difficulty by viewing (squared) Bessel processes/bridges as solutions to
stochastic differential equations. This point of view allows us to obtain certain basic
controls of the squared Bessel bridges such as the modulus of continuity. This difference
also leads to the requirement for extra effort to prove stochastic monotonicity which we
explain in Section 1.5 in more detail.

Another major difference is that the Bessel line ensembles are stationary while the
parabolic Airy line ensemble has a parabolic shape. In the construction of the parabolic
Airy line ensemble in [9], this parabolic shape plays a crucial role in providing a uniform
lower bound for the random curves. Roughly speaking, if the k-th curve A, drops too low
over an interval, it does not provide enough support for the curve above it to configure
parabolically. Without such a parabolic shape, we need another approach for the Bessel
line ensembles which we explain below.

Recall the definition of the scaled non-intersecting squared Bessel process £V
in (1.3). We want to show that for any € > 0 and k£ € IN, there exists » > 0 such that

P < inf £y*(t) < r) <e. (1.6)
t€[0,1]

Due to the ordering of the curves in LN it suffices to prove (1.6) for the lowest curve,
ie. k=1.
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For fixed ¢y € R, £1"“(to) is supported on (0, c0). Therefore, for any ¢ > 0, there
exists r(g) > 0 such that

P (Eiv’a(to) < r(a)) <e.

We want to use the squared Bessel Gibbs property to propagate the above bound to
a small interval containing ¢g. Let d > 0 be a small number. Suppose there exists a
t1 € [to — d,to + d] such that £2*(t;) < r(¢)/2. By choosing d small enough, through
a Gibbs resampling argument (see Section 5) we obtain that with a high probability
LN%(ty) < r(e). This implies

P : N,«a <.
(te{toirrliftﬁd] SO r(‘g)/2) Se

Covering the interval [0, 1] by intervals with length 2d, we get

P < inf LY(t) < r(e)/2> <d e
t€[0,1]

Recall the scaling invariance of the squared Bessel process (space and time are of the

same scale), we have d ~ r(¢). Therefore,

P ( inf £LY(t) < r(e)/2> <r(e) e

te0,1]

In order to obtain a meaningful estimate, we need the tail estimate of £L"*(ty) near 0.
Combining the one-time convergence and the asymptotics for the Bessel point process,
we have 7(g) ~ !/(1+%) We then arrive at

P ( inf LNt < 7'(5)/2> < g/ (Fa), (1.7)
te(0,1]

For o > 0, (1.7) is sufficient by picking a new ¢, as 17®/® However, (1.7) degenerates
when a = 0.

To deal with the degenerate case @ = 0, a key observation we have is that for
the tightness, it suffices to show (1.6) for some k. Because the curves are ordered
LY* < £ < ..., alower bound for £)'*, k > 2 should decay faster than the one for
Eiv’a. This is indeed the case for £ = 2. It can be proved that

P(Ly (k) < ') Se.

Therefore, in estimating Eév . we could replace r(¢) above by £'/2 which is much larger
than e.

We adapt the strategy above and sample both Eiv ¥ and Eév -0 together. The difficulty
then translates to controlling the joint density of two non-intersecting squared Bessel
bridges. The joint density is given in a determinantal form using the Karlin-Mcgregor
formula. In order to estimate lower and upper bounds of the joint density, we derive a
few inequalities regarding the modified Bessel functions (see Appendix A, Corollary A.4
and Lemma A.5). These inequalities serve as part of the main ingredients for the desired
uniform infimum bounds on a unit interval.

We remark that once having the infimum bound for Eév % on an interval, one can use
the Gibbs property again to obtain the infimum bound for Eff ¥ However, we do not
pursue it as the control on Eév 0 g enough for proving tightness.
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1.5 The stochastic monotonicity Proposition 4.1

The stochastic monotonicity for non-intersecting Brownian bridges was first proved
in [9] and has played an important role in the construction of the Airy line ensemble.
Roughly speaking, the stochastic monotonicity says that the bridges almost surely
increase (or decrease) when the boundary values (endpoints, upper and lower barrier
curves) increase (or decrease). Stochastic monotonicity has served as a crucial tool
among the applications of Gibbsian line ensemble, mainly because it helps reduce the
complexity of the system, e.g. possibly random boundary data to manageable and
deterministic ones. The key idea of proving the monotonicity in [9] is to construct
the monotone coupling through invariant measures of two Monte-Carlo Markov chains
(known as Glauber dynamics), which are monotonically coupled. The authors of [9]
achieve so by exploiting monotone coupling for non-intersecting Bernoulli random walk
bridges and taking the diffusive limits to non-intersecting Brownian bridges.

In our case, £LV® enjoys the squared a-Bessel Gibbs property. It is natural to adapt
the same general framework to prove the stochastic monotonicity for squared Bessel
bridges. But unlike the convergence from simple random walk bridges to a Brownian
bridge, there is no such obvious choice of discrete random walk bridges which converge
to the squared Bessel bridge. We discretize the space C'({1,2,...,k} x [a,b],R) of k
continuous functions on the interval [a, b] and construct random walk bridges on it. Then
we run the same type of Markovian dynamics, i.e. the Glauber dynamics.

In order to show that the ordering is preserved by the Markov chains, we reduce the
desired result to a convexity condition (see (A.5)) on the transition density function of
the squared a-Bessel processes and prove it through ODE comparison. Interestingly,
this convexity was studied by Gronwall [21] (for a slightly smaller parameter regime)
motivated by a problem in wave mechanics.

It remains to verify the random walk bridges we construct converge to the squared
Bessel bridges. This further requires estimates (uniform supnorm and L! norm) on the
transition density functions, which we establish in Appendix B.

Outline

This paper is organized as follows. In Section 2, we introduce the (squared) Bessel
process/bridge and some of their basic properties. Section 3 contains various definitions
necessary to describe squared Bessel Gibbsian line ensembles. Section 4 contains the
stochastic monotonicity for non-intersecting (squared) Bessel line ensembles. Sections 5
and 6 provide controls on the uniform upper/lower bound and on the normalizing con-
stants respectively. These lead to the proof of the main Theorem 1.1 in Section 7. In
Appendix A, we prove several properties for modified Bessel functions. Appendix B
records a technical step towards proving the stochastic monotonicity. We derive the
correlation kernel for the non-intersecting squared Bessel process and prove its conver-
gence in Appendix C.

Notation

We would like to explain some notation here. We use R to denote non-negative
real numbers [0, c0). The natural numbers are defined to be N = {1, 2,...}. For integers
k1 < ko, let [k1,ko|z := {k1,k1 +1,...,ke}. For a closed set A C Ror A C IN x R,
we denote by C(A,R) the collection of continuous functions defined on A. We equip
C(A, R) with the topology of uniform convergence on compact subsets of A and denote
the sigma-field generated by Borel sets by C(A4,R). For f € C([a,b],R) and r > 0, the
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modulus of continuity is defined by

Wiap) (f,7) = sup If(s) = f)I. (1.8)
s,te|a,
ot <r

More generally, for f € C([1, k]z X [a,b], R) and r > 0, the modulus of continuity is defined
as

Wiayk(fi7) = sup. w |f(iys) = f(i,1)]- (1.9)
<1<k s,t€la,
|s—t|<r

We denote by Wf the Weyl chamber restricted on non-negative reals
N ._ N
W+ .f{(xl,xg,‘..,mN)G]R |O§IE1<(£2<“~<£L’N}.

Events are denoted in a special font E, their indicator functions are written as 1g and
the complements are written as E°.

Acknowledgments. The author extends thanks to Ivan Corwin for helpful comments
on a draft of this paper and to Patrik Ferrari and Peter Forrester for pointing out many
references. The author is very grateful to Greg Lawler for many valuable discussions
and for his initial contributions to an earlier draft of this project.

2 Squared Bessel process

2.1 Basic properties for squared Bessel processes

In this section we introduce the squared Bessel processes and collect some of their
basic properties. We fix o > 0 throughout this section. For brevity, we often omit the
dependence of a. For instance, we call a squared «a-Bessel process simply a squared
Bessel process.

For x > 0, a squared Bessel process starting at 22 is the solution to the following
stochastic differential equation (SDE):

dY (t) = (2a 4 2)dt +24/Y (t)dB(t), Y (0) = 22, (2.1)

where B(t) is a Brownian motion with diffusion parameter 1. If 2« + 2 is an integer,
Y (¢) has the same law as the length of a vector with 2« + 2 components of independent
Brownian motions. It is known that (2.1) has a unique strong solution which stays
positive for all £ > 0 [33, Ch. XI, §1]. The transition density of a squared a-Bessel process
is given by [33, Ch. XI, Corollary 1.4]

(2.2)

@)y )2 /EO L (871 /), x> 0,y >0,
@ (z,y) = L pma—lyae—y/(20) z=0,y>0.

Here I,(z) is the modified Bessel function of the first kind. Note that ¢:(z,y) enjoys a
scaling invariance,

@z, y) =t g (t 7 o, t 7 y). (2.3)

To see ¢;(z,y) is continuous in z, define h,(z) = 27%1,(z). ho(z) has the following power
series expansion [1, (9.6.10)]

0 Py 2n
ha(z) =27 n'r((n/j)cwrl) (2.4)

n=0
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From this expansion, it is easy to check that h,(z) is an entire function. Expressing
qt(x,y) in terms of h,(z), we have

Ge(x,y) = 2717y e (/@O (171 /ay) (2.5)
Let Y (t) be a squared Bessel process which solves (2.1). X(t) := /Y (t) is called a
Bessel process. From Ito’s formula, X (¢) solves the SDE
1/2
AX (1) = “;(t)/ dt + dB(t), X(0) = z. (2.6)

Let p;(z,y) be the transition probability for a Bessel process. From (2.5), we have
2 2
pi(m,y) =t yP e TGO (1 ) 2.7)

It enjoys the Brownian scaling invariance p,(x,y) =t~/ 2p, (=22, t=1/%y).

We are interested in the bridge processes induced from (squared) Bessel processes.
Intuitively, a Bessel bridge on [0,7] is a Bessel process X (t) starting at 2 conditioned on
X(T) = y for some z,y > 0. Precisely, a process S(t), 0 < ¢ < T is called a Bessel bridge
on [0, 7] with entrance and exit data (z,y) if given 0 < ¢; < {2 < --- < t < T, the joint
density of (S(t1),S(t2),...,S(tx)) equals

Pty (@, 21)Pty—t, (21, 22) - - - pr—t,, (205 Y) /7 (2, Y). (2.8)

A Bessel bridge can be obtained through the Doob’s h-transform. Let X (¢) be
a Bessel process starting at = which solves (2.6). It can be checked directly that
M(t) == pr—+(X(t),y)/pr(z,y) (the case y = 0 is understood by taking a limit) is a non-
negative martingale for ¢ € [0,T"). Moreover, through tilting the measure by M (t), X (¢)
restricted on ¢ € [0,T) is a Bessel bridge with entrance and exit data (z,y). Next, we
record the SDE for Bessel bridges. Define r(z, y) == % logpi(z,y). FixT > 0and z,y > 0.
From the Girsanov theorem [33, Ch. VIII], a Bessel bridge on [0, 7] with entrance and
exit data (z,y) satisfies the following SDE:

dX(t) = (O‘;(;/Q +th(X(t),y)) dt + dB(t), X(0) = z. (2.9)

From (2.9), we have the following comparison between Bessel bridges and Brownian
motions. This is a special case of [25, Theorem 1’].

Lemma 2.1. FixT >0, x > 0 and y > 0. Let S(t) be a Bessel bridge defined on [0, T
with entrance and exit data (x,y) and let B(t) be a Brownian motion starting at x. Then
forany T’ € (0,T), the following holds. The law of S(t) ’te[o 7+ Viewed as a Borel measure

on C([0,7"],R), is absolutely continuous with respect to the law of B(t) |te[0 ™

Squaring a Bessel bridge with entrance and exit data (z,y), we obtain a squared
Bessel bridge with entrance and exit data (22, 3?).

Lemma 2.2. Fix T > 0. Let g : [0,7] — (0,00] be a lower semi-continuous function
and f : [0,7] — [0,00) be an upper semi-continuous function. Let x,y > 0 satisfy
f(0) < x < g(0) and f(T) <y < g(T). Let Q be a squared Bessel bridge on [0,T] with
entrance and exit data (x,y). Then it holds that

P ( inf (g(t) — Q(t)) = o) =0and P ( inf (Q(t) — f(t)) = 0) =0.

te[0,T] te[0,T]
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Proof. Let B(t) be a Brownian motion with B(0) = /z. We start by showing that for all
T" >0,
P ( inf (\/g(t)— B(t)) = 0) =0and P < inf (B(t)—+/f(t) = O) =0.
te(0,77] te(0,77]

Fix T/ > 0. Denote Eg = {infte[O,T’](\/g(t) — B(t)) = 0} and Ef = {il’lfte[o’T/](B(t) —
V/f(®) = 0}. Note that B(T”) and the bridge part B(t) — Lt B(0) — £ B(T") are indepen-
dent. Conditioned on any realization of B(t) — T/LTtB(O) — 7 B(T"), there exists a unique
value of B(71”) such that E, occurs. Since B(7") is Gaussian, from the independence, we
have P(E;) = 0. The proof of P(E;) = 0 is similar. In view of Lemma 2.1, it holds that

P <t€inf (g(t) — Q(t)) = 0> = 0and P ( inf (Q(t) — f(t)) = 0) = 0.

[0,77] t€[0,77]
Since f(T) < y < g(T), the assertion follows by taking 7" approach 7. O

Lemma 2.3. FixT > 0 and z,2’,y,y’ > 0. Let Q@ and Q' be independent squared Bessel
bridges on [0, T| with entrance and exit data (x,y) and (z,y’) respectively. Then

P( inf '(t)— Q(t))=0] =0.
(dur (@0 - o) =)
Proof. Using Lemma 2.1 to compare the square root of Q@ and Q' with Brownian motions,
we have P (infcpo,7/9(Q'(t) — Q(t)) =0) = 0. From (2.2) and (2.8), squared Bessel
bridges are reversible. Therefore, we have P (inf;cr/2,77(Q(f) — Q(t)) = 0) = 0. Then
the assertion follows. O

Through a time translation, we can easily define a Bessel bridge on an interval
[a,b] C R. The next proposition concerns a coupling of squared Bessel bridges. The
proof is postponed to the next subsection.

Proposition 2.4. Fix an interval [a,b] C R. There exists a probability space (2, P, F)
and a map Q from [0,00)? x Q to C([a,b], R) which satisfies the following properties. For
eachz,y € [0,00), Q(z,y,-) is F-measurable and is distributed as a Bessel bridge on [a, b]
with entrance and exit data (z,y). Moreover, for any sequences x; — o, §; — Yo and
w € (), it holds that

Q(zj,y;,w) converges to Q(zo, yo,w) uniformly on [a, b]. (2.10)

We emphasize that the convergence in Proposition 2.4 holds for all w € 2. The next
lemma concerns the modulus of continuity (defined in (1.8)) of squared Bessel bridges.

Lemma 2.5. Fix R,n,p > 0 and [a,b] C R. There exists r = r(a, R,n,p,b — a) > 0 such
that the following holds. Let Q be a squared Bessel bridge defined on [a, b] with entrance
and exit data (z,y) € [0, R]2. Then we have

P (w[a_yb](Q,r) < p) >1-—n.

Proof. Let (Q,P, F) and Q be the probability space and the map given in Proposition 2.4.
Assume the assertion fails. There exists R, 7, p > 0 such that the following holds. For any
n € NN, there exists z,,y, € [0, R] such that P (w4 (Q(%y,yn),n" 1) > 271p) > n. This
implies for any m < n, P (w}45(Q(zn, yn),m™") > 271p) > n. Without loss of generality,
we assume (z,,y,) converges to (z,y). From Proposition 2.4, Q(z,,y,) converges to
O(z,y) uniformly. In particular, Q(z,,y,) converges to Q(z,y) in distribution. This
implies for all m € IN,

P (wia (Q,y),m™Y) > 271p) >,

It is impossible because Q(z,y) is a continuous process. O
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Lemma 2.6. Fix R,n > 0 and [a,b] C R. There exists p = p(«, R,n,b — a) such that the
following holds. For any z,2’,y,y’ € [R™', R], let Q and Q' be independent squared
Bessel bridges on [0,T] with entrance and exit data (x,y) and (2’,y’) respectively. Then

P (i (Q0) - QW) < (~p0)) <.

Proof. Assume the assertion fails. Arguing as in the proof of Lemma 2.5 and using (2.10),
there exists 7 > 0 and independent squared Bessel bridges Q, Q' with positive entrance
and exit data such that P (inf;e(,,4)(Q'(t) — Q(t)) = 0) > 1. In view of Lemma 2.3, this is
impossible. O

A similar contradiction argument yields the following general lemma.
Lemma 2.7. Fix an interval [a,b] C R. Let U be an open subset of C([a,b],R). Suppose
that P(Q € U) > 0 for all squared Bessel bridges defined on [a,b]. Then for all R > 0
there exists A = A(a, R,U,b —a) > 0 such that P(Q € U) > A for all squared Bessel
bridges defined on [a, b] with entrance and exit data (x,y) € [0, R]?.

Proof. Let (Q,P, F) and Q be the probability space and the map given in Proposition 2.4.
Assume the assertion fails. There exist x,,,y, € [0, R] such that lim,_, P(Q(zn,yn) €
U) = 0. Without loss of generality, we assume (z,,y,) converges to (z,y). From (2.10),
Q(zn,yn) converges to Q(z,y) in distribution. This implies P(Q(z,y) € U) = 0, which
contradicts to the assumption. O

2.2 Proof of Proposition 2.4

In this section, we prove Proposition 2.4. We begin by writing the SDE (2.9) in the
integral form. (X, B) defined on a filtered probability space (92, F;, P) is a weak solution
to (2.9) if the following holds.

1. B(t) is an F;-adapted Brownian motion.
2. X(¢t),t €[0,T) is a continuous process which is adapted to F;.
3. Almost surely X (¢t) > 0 forallt € (0,T), X(T) =y and forall ¢t € [0,T),

ba41/2
o X(s)

Xt)y=z+ +rr_s(X(s),y)ds + B(t). (2.11)
The next lemma concerns the monotonicity of the integral equation (2.11).

Lemma 2.8. Fix zo > x1 > 0, y2 > y; > 0 and a continuous function f(t). Let g1(t), g2(t)
be two continuous functions such that fori = 1,2 ¢;(0) = z;, ¢;(T) = y; and g;(t) > 0
for allt € (0,T). Suppose fori = 1,2, g; satisfies the equation (2.11) with (x,y, B(t))
replaced by (x;,y;, f(t)). Then go(t) > ¢1(t) for all t € [0, T].

Proof. From the assumption, h(t) = g2(t) — g1 () is differentiable on (0,7") and satisfies
the equation

W(t) = —(a+ 1/2>gl(’;)<2(t) oo s(ga(8),2) — rri(g1 (1), ).

We aim to show h(t) > 0 forallt € [0, T]. From (A.9) and y» > y1, we have r7_;(g1(¢),y2) —
rr—t(g1(t),y1) > 0. This implies

W (t) > —(a+ 1/2)91(};)(2(25) +rr_i(g2(t), y2) — 7t (91(1), Y2). (2.12)
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From (2.7), ri(z,y) = —t 'z + t'y(hl,/he) (t'zy). In view of (2.4), r¢(z,y) can be
extended as a smooth function for (¢, z,y) € (0,00) x R2.

We divide the discussion into two cases. In case 1, we assume z; > 0. For any
Ty € [0,T), in view of (2.12) and the smoothness of r;(x,y), there exists a constant C(Tp)
such that for t € [0, 7], h'(t) > —C(Tp)|h(t)|. Together with h(0) = z2 — 21 > 0, we have
h(t) > 0 forall ¢t € [0,T). Note that h(T) = y2 — y1 > 0. The proof for case 1 is finished.

In case 2, we assume z; = 0. By the continuity of ¢;(¢) and the smoothness of r;(z, y),
there exists € > 0 such that for all ¢ € (0,¢),

h(t)
91(t)g2(t)
We now show that h(t) > 0 for ¢ € (0,¢). Suppose it fails. There exists some ¢, € (0,¢)
with h(tg) < 0. From (2.12) and (2.13), we have h/(¢y) > 0. It is then simple to show that
h(t) < 0 and h'(t) > 0 for all t € (0,tp]. This implies x5 — 1 = h(0) < h(tg) < 0, which
contradicts the assumption. Having h(t) > 0 for ¢t € (0, ¢), an argument similar to case 1
ensures h(t) > 0 for ¢ € [0, 7). O

(a+1/2)

] > 2 rr—s(ga(t), ) = rr—s(gr (£)s ) (2.13)

A direct consequence of Lemma 2.8 is that (2.9) enjoys pathwise uniqueness (see
[33, Ch. IX, § 1] for the definition). From the Yadama-Watanabe theorem [33, Ch. IX,
Theorem 1.7], every weak solution to (2.9) is also a strong solution. Moreover, there
exists a Borel measurable map ®*¥ from C([0,),R) to C([0,T],R) such that for any
Brownian motion B, (®*¥(B), B) is a strong solution to (2.9).

From now on, we fix a filtered probability space (2, 7;,P) and an adapted Brownian

motion B(t). For z,y € [0,00) N Q, we define S*¥ := &®¥(B). Let Q) be a full measure
subset of 2 such that for all w € Qg and z,y € QN [0, 00), (2.11) holds with X (¢) replaced
by S*¥(t).
Lemma 2.9. Let x,,,y, be two convergent sequences of non-negative rational numbers
with ¢ = lim,, oz, and y = lim,, . y,. Then for all w € Qy, §*~¥(w) converges
uniformly on [0, T]. The limit solves (2.11). Moreover, the limit depends only on x and y
but not on the sequence x.,, or y,.

Proof. Throughout the proof, we fix w € Q5. We denote S*¥(w) by S*¥ for brevity. Let
xF,yF, be sequences of non-negative rational numbers such that

e z}, y are non-increasing and x,, y,, are non-decreasing.
o x- <z, <zt y- <uw, <yl forall

z, <xn <xf, Yy, <yn <y, foralln.

. 4+ . +
* lim, o 2, = 2 and lim,, o ¥,y = .

From Lemma 2.8, S%+ ¥ is non-increasing in n and S%»¥» is non-decreasing in n. This
implies for all ¢ € [0, 7], S*(t) = lim,, 00 S (t) exist. By the dominated convergence
theorem, S*(¢) both satisfy (2.11). This implies S* () are continuous on ¢ € (0, 7). From
STnovn (1) < S(t)E < §7h ¥ (t), we have z; < liminf,_oS*(¢) and limsup,_,, S*(t) < z;.
This ensures ST(t) are continuous at t = 0. The continuity of S*(¢) at ¢ = T can be
similarly derived. We can then apply Lemma 2.8 to get ST (¢) = S (¢) =: S(¢).

From Dini’s theorem, both S %= converge to S uniformly. Together with S%x ¥n (t) <
STn¥n(t) < % (t), the uniform convergence of S*»¥» follows. The fact that S(t)
depends only on x and y but not on z,, or y,, follows Lemma 2.8. O

Next, we define gz’y(t) on € for all z,y > 0 through approximation. For any =,y > 0,
let (x,,,y,) be a sequence of non-negative rational pairs which converges to (z,y). Define

—. 1 S-’ﬂn,yn Q
Sy =] e ST W), w € fo, (2.14)
linear interpolation between z and y, w ¢ Qg
EJP 28 (2023), paper 77. https://www.imstat.org/ejp
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Lemma 2.9 guarantees that the limit exists and that the limit does not depend on how we
chose the sequence. In particular, S* ¥ (w) = §%¥(w) for all w € Qy and 2,y € QN [0, 0).

The next lemma shows that for all w € Q, S depends continuously on z,y. The
proof is similar to the one for Lemma 2.9 and we omit the details.

Lemma 2.10. Let x,,,y, be two convergent sequences of non-negative numbers with
2 = limy,_y00 Zn and y = lim,_yoo yn. Then forallw € Q, S 7" (w) converges uniformly to

S"Y(w) on [0,T).

Proof of Proposition 2.4. Without loss of generality, we may assume ¢ = 0 and b = T
Let S7Y(t), ,y € [0,0) be a family of random curves coupled in the same probability
space (9, F;, P) constructed above. From Lemma 2.9, (S, B) is a weak solution to (2.9)
for all z,y > 0. In particular, S is distributed as a Bessel bridge with entrance and exit

—VET 2
data (z,y). Therefore, defining Q(z,y) = (S\f"/‘17
bridges. The uniform convergence is ensured by Lemma 2.10. O

gives a coupling of squared Bessel

3 Basics of line ensembles

In this section we introduce basic notions necessary to define the squared Bessel
Gibbs property.
Definition 3.1 (Line ensembles). Let ¥ ¢ IN and A C R be intervals that are closed. A

¥ x A-indexed line ensemble L is a random variable on a probability space (2, F,P),
taking values in C(X x A, R) such that L is a measurable function from F to C(X x A, R).

We think of such line ensembles as multi-layer random curves. We will generally
write £ : ¥ x A — R even though it is not £, but rather £(w) for each w € {2 which is
such a function. We will also sometimes specify a line ensemble by only giving its law
without reference to the underlying probability space. We write £;(-) := (£(w))(i,-) for
the label i € ¥ curve of the ensemble L.

Definition 3.2 (Convergence of line ensembles). Given a ¥ x A-indexed line ensemble L
and a sequence of such ensembles {ﬁN}N>1, we will say that LV converges to L weakly
as a line ensemble if for all bounded continuous functionals F : C(X x A,R) — R, it holds
that as N — oo,

/F(EN(w))d]PN(w) — /F(E(w))d]?(w).

This is equivalent to weak-+x convergence in C(X x A, R) endowed with the topology of
uniform convergence on compact subsets of ¥ x A.

The following definition gives the class of functions (f, g) which will serve as the
upper and lower boundary data for non-intersecting squared Bessel bridges. Even
though we allow f and g to have certain discontinuity below, in most cases f and g will
be continuous functions.

Definition 3.3. A pair of functions (f, g) defined on [a, b] satisfies the continuity assump-
tion if the following statements hold. First, f : [a,b] — [0, 00) is upper semi-continuous
and g : [a,b] — (0, 0] is lower semi-continuous. Second, f and g are continuous at a and
b. Third, for allt € (a,b), f and g are one-sided continuous at t.

We now start to formulate the squared a-Bessel Gibbs property.

Definition 3.4 (Squared a-Bessel bridge ensemble). Fix k1 < ko with k1,ks € N, an
interval [a,b] C R and two vectors Z,§ € ]Rf“f_’““. A [k1,ko)z X [a,b]-indexed line
ensemble L = (Ly,,...,Lk,) is called a free squared a-Bessel bridge ensemble with
entrance data ¥ and exit data y if its law ]P?rzfz’[“’b]’f’g is that of ks — k1 + 1 independent
squared a-Bessel bridges defined on [a,b] with entrance and exit data (Z, 7).
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Let (f, g) be a pair of functions defined on [a, b] which satisfies the continuity assump-
tion. The normalizing constant is the following non-intersecting probability

z,y k1,k2,(a,b),Z,7
Zhihala) it gl COET I (f < gy << By, <gon[a b}, G
where J in the above expectation is distributed according to the measure P?rge’%(“”’)’f’ﬂ.
If the normalizing constant is positive, we define the non-intersecting squared a-Bessel
bridge ensemble with entrance data &, exit data ¢ and boundary data (f,g) to be a

[k1, k2)z x [a,b]-indexed line ensemble with law P*1:*2:(a:0).2.9.f.9 given according to the
following Radon-Nikodym derivative relation:

dlpkhkm(a,b),f,gJﬂ ) e ]l{f < jk] << jkz < gon [a,b]}

k1,k2,(a,b),%,§ ’ Zk1,k2,(a;b),%,4,f.9
dIPfree

. (3.2)

Moreover, given o’ < b' contained in (a,b), we define

gk1:k2,(a,0),2.9.F,9 . _ k1.k2,(a,0).3.9 H{f<To < < Ti, <gonla,a]U [b/,b]}], (3.3)

(a’,b") free
where J in the above expectation is distributed according to the measure ]Pg;’ekz’(a’b)’f’g.
That is, the non-intersecting property is only required on [a,a’] U [0/, b] but not on (a’,b’).
We similarly define

k1,k2,(a,b).2.7.f.9
dP /)

k1,k2,(a,b), 7,7
d]Pfree

_ H{f< Tk < < Ty, <gonla,a]U[V,b]}

k1,k2,(a,b),%,7,f,
Z(;/;)( )% 7, f.9

(J):

Note that d]PI(“;,’?S(a’b)’f’g’f’g/d]Pkl’kz’(“’b)’i@f’g(J) is proportional to

Hf< T <+ < Tk, <gonld,b]}

This feature will be used in Section 6.

Remark 3.5. The normalizing constant is positive when the boundary values are ordered.
That is, f(a) < xk, < -+ <z, < gla), f(b) <yp, < - <y, < g(b) and f < g on [a,b]
implies Z¥1:+2:(2.0).8.4./.9 > (,

The squared «-Bessel Gibbs property could be viewed as a spatial Markov property.
More specifically, it provides a description of the conditional law inside a compact set.

Definition 3.6 (Squared a-Bessel Gibbs property). Fix > 0. A ¥ x A-indexed line
ensemble L satisfies the squared a-Bessel Gibbs property if for all [k1,k2]z C ¥ and
[a,b] C A, its conditional law inside [ki, k2|7 X [a, b] takes the following form,

Law of (£ |, 1,1, oy conditional on £] ) = PR Eile(3.4)

([k1,k2]z x (a,b))
Here f = Li,—1 and g = Ly, +1 with the convention that ifk; — 1 ¢ ¥ then f = 0 and
likewise if ky + 1 ¢ ¥ then g = 4o0; we have also set ¥ = (Ly,(a), -+ , Ly, (a)) and
y= (Ekl(b),...,ﬁkz(b)).

The following description of Gibbs property using conditional expectation is equiva-
lent. We will make use of it as it is convenient for writing the arguments. A ¥ x A-indexed
line ensemble £ enjoys the squared a-Bessel Gibbs property if and only if for any
[k1,k2]z C %, (a,b) C A, and bounded Borel function F : C ([k1, k2]|z X [a,b],R) — R, it
holds P-almost surely that

E[F (‘C|[k1,k2]z><[a,b])‘fext([klka]Z X (a’b))} = Rk @00 59 [P Ty, (3.5)
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where 7, ¢, f and g are defined as in Definition 3.6 and where
]:ext ([kl,kQ]Z X (a,b)) =0 (['7,(5) : (278) IS A\ [kl,kg]z X (a,b)) (36)

is the exterior sigma-field generated by the line ensemble outside [k1, k27 % (a,b). On
the left-hand side of the above equality L[, k,),x[a,5] 1S the Testriction to [k, k2]z x [a, D]
of curves distributed according to P, while on the right-hand side 7y, , ..., Jx, are curves
on [a, b] distributed according to P¥1:+2:(a:).%.9.f.9,

We finish this subsection by the squared a-Bessel process of £,

Proposition 3.7. For any o > 0 and N € N, the line ensemble LY defined in (1.3)
satisfies the squared a-Bessel Gibbs property.

Proof. Recall that YV = (Y"*(¢),... ,Y]ffv’a(t)) is the non-intersecting squared «-Bessel
process. This implies YV satisfies the squared a-Bessel Gibbs property. The assertion
then follows by combining (1.2) and the scaling property of Bessel processes. O

We finish this section with the strong Gibbs property, which enables us to resample
the trajectory within a stopping domain as opposed to a deterministic interval.

Definition 3.8. Let > C IN and A C R be intervals that are closed. Consider a > x A-
indexed line ensemble L. For [k1, ko]z C %, the random variable (I,v) is called a [k, k2] z-
stopping domain if for all ¢ < r,

{[ < Z,t > 7"} € -Fext([klykﬂZ X (ﬁ,r))

The strong Gibbs property for squared a-Bessel Gibbsian line ensembles follows from
the same argument of the strong Gibbs property for Brownian Gibbsian line ensemble.
We omit the proof here and refer the readers to [10, Lemma 2.5]. Define

C(ky, ko) =L, foyy s Jro) 2 £<Ty (fys- s frn) € C([K1, k2)z X [6,7],R)} .

We equip C(kq, ko) with the topology induced by the restriction map R x R x C([k1, k2]|z %
R,R).

Lemma 3.9 (Strong Gibbs property). Consider a ¥ x A-indexed line ensemble £ which
has the squared a-Bessel Gibbs property. Fix [k1, ko|z C 3. For all random variables ([, t)
which are [ky, k2|z-stopping domains for L, the following strong squared «-Bessel Gibbs
property holds: for any bounded Borel function F : C(k1,k2) — R, it holds P-almost
surely that

E{F([,t,c[khmzx([,t))‘fem(f( < [1, t])] — ke, (L0200 [F([, ¢, jkl,...,jkz)}. 3.7)

Here @ = {L;(0}2,, § = {Li()}2,,, f = Liy—1 (or 0if by —1 ¢ £), g = Lyy
(or +o0 if ky +1 ¢ ¥). On the left-hand side L|j, k.],x[1«] i the restriction of curves

distributed according to P and on the right-hand side Jy, , . . . , Jk, is distributed according
to PPk1 k2, (L), 2.5, f.9

4 Stochastic monotonicity

In this section we prove the stochastic monotonicity, Proposition 4.1, following the
idea in the proof of [9, Lemmas 2.6-2.7]. Stochastic monotonicity will play a crucial role
in Sections 5 and 6 because it provides a method to bound the probability of certain
events for Gibbsian line ensembles without the knowledge of the normalizing constant.
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Proposition 4.1 (Stochastic monotonicity). Fix o > 0, two positive integers k, < ko
and (a,b) C R. Fori € {1,2}, let (7, §¥) € R>"™"*! x RF>"™*! pe vectors which
satisfy

2V > 2,y > forall j € [k, ka)z.
Fori € {1,2}, let (f), g9 be functions on [a, b] that satisfy the continuity assumption in
Definition 3.3. Assume that

FO) = 1), g (1) = g®)(t) for all t € [a,b]

Further assume that fori € {1,2},

Zkhk%(aﬁ)@’(”,ﬂ(i),f(i)7g(i) > 0. (4.1)

See (3.1) for the definition of Zk12(@b).#.7" /0 g"

Let Q) = {Q;l)}fikl be a [ki,ks]z x [a,b]-indexed line ensemble whose law P()
is given by PFuk2:(a0). 7070 £9.9% 4he non-intersecting squared a-Bessel bridge line
ensemble (See Definition 3.4). Then there exists a coupling of the probability measures

P and P(® such that almost surely
o'V (t) > QP (1) for all j € [k, k2]z and ¢ € [a, b].

Proof. Fix oo > 0. Without loss of generality, we assume [a,b] = [0,1] and k1 = 1, ko = k.
Take two sets of boundary data (£, 7", f() ¢(®) i € {1,2} as described in Proposi-
tion 4.1. For i € {1,2}, let Q) be a [1,k|z x [0, 1]-indexed line ensemble of the law
PO = pLr0.DFVFY D97 e seek to couple P(Y) and P in the same probability
space such that almost surely, Q;l)(t) > Q§-2)(t) for all j € [1,k]z and ¢ € [0,1]. For
technical reasons, it is easier to couple the corresponding Bessel bridges. We denote
by Q) the measures on C([1, k:]Z x [0,1], R) which are the push-forward measures of P(*)
under the map h;( \/|h;(t)]. We split the argument into four steps.

Step one: we discretize the state space C([1,k|z x [0,1],R). Fix { € N and M > 1.
Define

Qurye = {Z = (2j,n)

j€ LKz nel,2 1z, 2, € M2 [O,M]}. 4.2)

We assign weights W) i € {1,2} to members of Q. Let p(z,y) = py—¢(x,y) be the
transition density function of the a-Bessel process with time displacement 2~¢. See (2.7)
for the explicit form of p;(x,y). We omit the subscript 2=¢ and set K = 2 for simplicity.
For any 29 = (2\')) € Q. define

Wiree (2 H H p(han) . WOED) =W 66O EY), @3

j=1n=1

where

GO (z") =1 {\/ fO(n/K) < zﬁl <z << z,(:) < Vg9 (n/K), Yne[l,K — I]Z} :

)

Here we adopt the convention zj(l()) = \/:cg.i) and z](l%( = y](-i).
Define z()™n = (2\"™"), j € [1,k]z and n € [1, K — 1]z by

A0 in{m M € MT'Z mM T > /O (n/K)} @1
D O ()
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From fM > (2, we have zj( )omin. z](Q,Z’mm. Because of the assumption (4.1), there
exists M, such that for all M > M,, we have z(?)-min E Qare and WO (z()min) > 0,
From now on we always assume M > M,. We write Q M E {1, 2}, for the probability

measures on {27 ¢ such that

Qg\?}e(z) x W (z).

Note that Q2 can be identified as a subset of C([1, k]z x [0, 1], R) through

. MO) _
SUOER I o E=n/Eon (0. Kz (4.5)
linear interpolation, others.

Therefore, QM ¢ can be viewed as probability measures on C([1, k]z x [0,1], R).

Step two: we construct Markov chains to couple Q Mt and Q( ) . We introduce
the dynamics by assigning Poisson clocks at [1, k|z x [1, K — 1}2 X {+ —}. If the clock
at (j,n,+) rings, we attempt to increase z( Y to Hlln{ZJ(’T)L + M~ M}. Define z(V)-+ by
o + M1 MY,

replacing z; ,, with mm{z

7mn

Lt { mln{z ?_—)M My, (j'n") = (4,n), (4.6)

;7 —
% 250t others.

Take a family of independent uniform random variables U7"™* with support (0,1). Here
(jyn,s) € [Lklz x [1, K — 1)z x {—,+}. If WO (zO:+)/W®(z()) > yint, we update

z() to z()-+; otherwise we make no change. Similarly, if the clock at (j,n, —) rings,
we attempt to decrease z( ) to max{z(’) M~1,0}. Define z("»~ by replacing zj(zl with

max{z{") — M~1,0}. It follows that

jn

- _ { max{=, — M~L,0}, (j',n') = (j.n),

2 = , 4.7)
zj, n’ others.

Such an update is accepted if W*) (z():=) /W@ (z()) > yim—,

We run two Markov chains z(l), z2 on Q M,¢ as described above with initial config-
urations z() j ¢ {1,2}, respectively. These two Markov chains z"), z(?) are coupled
through the same Poisson clocks and the same collection of uniform random variables.
It could be directly checked that QE\}[) , and Qg\?z are invariant measures for z1),z(2)
respectively. Moreover, z(H:min defined in (4.4) belongs to every communication class of
2(). This implies z()) and z®) are irreducible. As a result, Q}, and Q\/, are coupled by
taking the limits of these two Markov processes when time goes to infinity.

Step three: we show that ngll),f dominates QS\?Z almost surely under the above
coupling. We make the following Claim 4.2. In view of Claim 4.2, z(!) always dominates
z(?. As a result, Q}), dominates Q7.

Claim 4.2. Fixj € [I, K — 1]z. Letz"), z(?) € Q) be two configurations which satisfy
W (z()) > 0. We further assume that for all (j/,n') € [1,k]z x [1, K — 1]z, z, (1) , > 22

]/ n/
and that z\') = 2\). Let z)* be defined as in (4.6) and (4.7). Then it holds that
WO (zMH) /w20 > W@ (z2+) /w2 (z2) (4.8)
and that
W(l)(z(l),—)/W(l)(Z(l)) <w® (Z(Q),—)/W(Z) (Z(2)). (4.9)
EJP 28 (2023), paper 77. https://www.imstat.org/ejp

Page 16/50


https://doi.org/10.1214/23-EJP963
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

The Bessel line ensemble

Now it suffices to prove Claim 4.2. We provide the argument for (4.8) and the

one for (4.9) is similar. Let z("),z(?) € Q,,, be given as in Claim 4.2. In particular
(1) (2)

Zi = 2 =t Zjime I 2+ M7t > M, 2007 = 2() and both sides of (4.8) equals 1.

If 2j,, + M~' > 2(2) .., then W) (z(2)7+) = 0 and the assertion holds. Hence we may
assume z;, + M~ g M and z, + M~ ' < zﬁ)l »- By a direct computation,

(7') -1 1 ’L)
Z; JZin + M Zin+ M7 2 in
W(Z)( )/W ( )) _ p( j,m—17 %7, ) x ( s 7, _;'_1)'

p(Z§Z’3L 1) %4, n) p(zj7u ]n+1)

We use the mean value theorem (MVT) as follows. Let f : R2 — R be a twice continuously
differentiable function and let a, b, ¢,d € R. Apply the MVT to g(y) = f(a,y) — f(b,y), we

have f(a,c) = f(b.) = f(a.d) + f(b,d) = (%(a,y) = 35(5,)) (c = d) for some y. Apply
the MVT again, we have for some z,

82
(@) = £(by0) = S(ard) + £0.0) = 53 (@)(a = Dle - a)
Apply this argument to log p, we get

oy ((PCEn=1 2+ MY /PGy 2+ M)
08 ) @
p(zj,nfhzj”ﬂ) p<zjn 1 %4, n)

62

- 0x0y

log p(z, y)(2\)_y — =) )M

n jn—1

for some (z,y) € [2; (2) —1 ;173 1) X [2jns 2jn + M 1], By Corollary A.3, % log p(x,y) > 0.

Therefore, the above is non-negative. Similarly,

( ) -1 (2
10g< P(2jn + Mt +1)/p(zj,n+M 1’Zj,n+1)> > 0.

1 2
Pz z](-,,iﬂ) P(zjn 7o)

The desired result (4.8) then follows.

Step four, a coupling of Q") and Q® can be obtained by letting M and ¢ go
to infinity. Recall that we identify Q;, as a subset of C([1,k]z x [0,1],R) through
linear interpolation (4.5) hence Q(!) and Q(? are probability measures on C([1,k]z x
[0,1],R). From Proposition B.1 in Appendix B, QS»?,@ converges weakly to Q). Since

Q(l) dominates QM o We conclude that Q") dominates Q(?). The proof is completed. O

5 Uniform upper and Lower bounds

The main goal of this section is to prove Propositions 5.1 and 5.2, which establish
uniform upper and lower bounds of the curves in £V'* over bounded intervals. The
definition of the line ensemble £:%(¢) is in (1.2).

Proposition 5.1. Fix « > 0. For anya < b, ¢ > 0 and k € NN, there exist Ry =
Ri(aye,k,b — a) and Ny = Ni(a,¢, k,max{|a|, |b|}) such that the following statement
holds. For any N > Nj, it holds that

]P( sup Lp0%(t) > Rl) <e. (5.1)
t€la,b]

EJP 28 (2023), paper 77. https://www.imstat.org/ejp
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Proposition 5.2. Fix « > 0. For any a < b, ¢ > 0, there exist r; = r1(«a,e,b — a) and
Ny = Na(a,e,max{]al,|b|}) such that the following statement holds. For any N > N, it
holds that

IP( inf L‘év’a(t) < r1> <e. (5.2)
t€la,b]

The starting point of showing Propositions 5.1 and 5.2 is the finite dimensional
convergence of £V® to the extended a-Bessel point process {&8,i € N} [18, Section
11.7.3]. See Appendix C for the convergence of the correlation kernel.

Theorem 5.3. Fix « > 0, n,m € Nandt, < ty < --- < t,,. Then {LN°(t;)}, i €
[1,n]z,j € [1,m]z converges in probability as N goes to infinity. Moreover, for anyt € R,
{ﬁfv’o‘(t)}, i € [1,n]z converges weakly to {2}, i € [1,n]z.

Lemma 5.4. Fix « > 0. Foranyt € R, i € N, £)"*(t) converges to £ in distribution.
Moreover, the convergence is locally uniformly in t in the following sense. For any L > 0,
r > 0 and i € N, it holds that

limsup sup P(E;V’a(t) <r) <P <r),
N—oo te[—-L,L]

limsup sup IP(ClN’O‘(t) >r) <P >r).
N—oo te[—-L,L]

(5.3)

Proof. For fixed t, the convergence follows from Theorem 5.3. From (1.4) and (1.2),
£N“(t) has the same distribution as (14 ¢/(4N)) £)*(0). Locally uniform conver-
gence (5.3) then follows. O

Propositions 5.1 and 5.2 are proved in Sections 5.1 and 5.2 respectively. For brevity,
we will denote £V by £¥ in the rest of the section.

5.1 Uniform upper bound
We begin with the following one point upper bound for £V.

Lemma 5.5. Fix a > 0. For any L > 0,e > 0 and k € N, there exist Ry = Ra(a,¢,k)
and N3 = Ns(«,¢,k, L) such that the following statement holds. For any t € [—L, L] and
N > Ns, it holds that

P(LY (t) > Ry) < e.
Proof. Because P(£f < oo) = 1, there exists Ry = Ra(a, ¢, k) such that
P(£Y > Ry) < 27 1.
Apply Lemma 5.4 with r = R, the existence of N3 follows from (5.3). O

We are now ready to prove Proposition 5.1. The argument propagates the one-point
upper bound in Lemma 5.5 to uniform upper bound estimates through the Bessel Gibbs
property of £V.

Proof of Proposition 5.1. Let L = max{]al,|b|}. We argue by induction on % and start
with k& = 1. Take Ry = Ry(a,47'¢,1) as in Lemma 5.5. For N € IN, define the event

Ay ={LY(a) < Ry, L (b) < R}
From Lemma 5.5, we have for N > N3(a,47 ¢, 1, L),

P(AS) < 27 te. (5.4)

EJP 28 (2023), paper 77. https://www.imstat.org/ejp
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We proceed to bound P ({Supte[a,b] Lyt > Rl} N AN) for suitable R;. Let Ry be large
enough such that

free

]P1;17(a:b)7R27R2 ( sup j(t) < Rl) < 27157

t€la,b]

where J (t) is distributed according to IP;F’;;(“’I’)’RZ’RQ. By the tower property of conditional
expectation, we have

P ({ sup LV (t) > Rl} ﬂAN> =K ]1{ sup LN (t) > Rl} ‘fext({l} X (a,b))H
t€la,b] tela,b]

By the Gibbs property Proposition 3.7, we have

Iy E

E

1 { sup ,lev(t) > Rl} ’fext({l} X (avb))‘|
t€la,b]

_pll(ab).Ly (@),L7 (6),0,£5 ( sup J(t) > R1> .
t€la,b]

When Ay occurs, £ (a) < Ry and £ (b) < R,. By the stochastic monotonicity Proposi-
tion 4.1,

la, - E

]l{ sup LN (t) > R1} ‘]:ext({l} X (a,b))]
t€la,b]

<la, - PLL@O)ReFa <

free
te(a,b]

sup J(t) > R1>

<lpy -27'e.

P ({ sup LV (t) > Rl} OAN> <27l (5.5)
t€la,b]

Combining (5.4) and (5.5), we conclude

Therefore,

P sup £Y(t)>R; | <e.
t€la,b]

We have established (5.1) for k = 1.
Next, we assume that £ > 2 and that (5.1) holds for & — 1. Define

R:=max{2 ' Ry(a,4 ¢, k), Ri(a,4 e,k — 1,b—a)}.

Here Ry(a,47'e, k) is the constant in Lemma 5.5. For N € N, consider the event

Eny = { LY (a) < 2R, LY (b) <2R, and sup Ly ,(t) < R} :

t€la,b]
By Lemma 5.5 and the induction hypothesis, there exists Ny = Ni(a,¢, k, L) such that
forall N > Ny,
3
P(EY) < 1<

(5.6)
EJP 28 (2023), paper 77.

https://www.imstat.org/ejp
Page 19/50


https://doi.org/10.1214/23-EJP963
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

The Bessel line ensemble
Take R; = Ri(«,e,k,b— a) such that

IPl,l,(a,b),QR,QR,R,oo ( sup J(t) > R1> <47 1¢

t€la,b]

Here J is distributed according to P-1:(@:0).2R.2R.R.co By the tower property of condi-
tional expectation, we have

P sup EkN(t) >R, yNEN | =E
t€la,b]

By the Gibbs property Proposition 3.7, we have

g, E

tela,b]

]1{ sup LN (t) > R1} ‘fext({k} X (a,b))” .

E

1 { sup ,Civ(t) > Rl} ‘fext({k} X (aab))

te(a,b]

:]Pl’L(a:b)kaN(a)rﬁi\](b)![’kN—lvﬁkNJrl ( Sup j(t) > R1> .
t€la,b]

When Ey occurs, L3 (a), £ (b) < 2R and £f | < R. By the stochastic monotonicity
Proposition 4.1,

e, - E

1 { sup ﬁ{cv(t) > Rl} ’fext({k} X (avb))]

te(a,b]

SILEN . IPLl,(a,b),2R,2R,R,oo ( sup j(t) N R1>
t€la,b]

<lg, -4 'e.

Combining the above, we have
P ({ sup L (t) > Rl} N EN> <47 le (5.7)
t€la,b]

Combining (5.6) and (5.7), we conclude

te(a,b] te(a,b]

P ( sup Ly (t) > R1> <P ({ sup L (t) > Rl} ﬂEN> +P(EY) <e.
We have established (5.1). The proof is finished. O

5.2 Uniform lower bound

In this section, we prove Proposition 5.2. The main technical input is Proposition 5.6,
which shows a uniform lower bound over a small interval.
Proposition 5.6. Fix o > 0. For any e € (0,1] and L > 0, there exist Ny = Ny(«a,¢, L),
C =C(a) > 1and v = v(a) > 0 such that the following statement holds. For all N > N,
lto| < L and d = C~1'/(+¥) it holds that

1P< [ inf  £Y(@t) < d2) <e. (5.8)
te

to —2d,t0—d]

By a union bound argument, we prove the uniform lower bound Proposition 5.2.
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Proof of Proposition 5.2. Let [a,b] C R. Take d = C~'¢'/(1*¥) as in Proposition 5.6 and
to € [a,b]. Denote L = max{|a|,|b|}. By Proposition 5.6, there exists Ny = Ny(a,¢, L)
such that for all N > Ny,

P ( inf  £Y(t) < d2) <e.
te[

to —2d,t0—d]

Covering [a,b] with [d=!(b — a)] intervals with length d and applying the union bound
estimate, we obtain that

P ( inf, Ly < d2> <[d'(b—a)le < (C(b —a)e V) | 1) e.
t€la,

Because v > 0, the right hand side could be made as small as possible. The assertion
then follows by re-choosing e. O

The rest of this section is devoted to proving Proposition 5.6. We first set up a lemma
which controls the lower tail of the second smallest particle in the a-Bessel point process,
i.e. £5. This can be found in [36]. We provide the proof for completeness.

Lemma 5.7. Fix a > 0. There exists positive constant ¢ = ¢(«) and v = v(«) such that
P(£X <7) < er'™ 4 0,(r?),

and
Ps<r) < ertt 4+ oa(r2).

Proof. First consider the case when @ > 0. For n € Ny and s > 0, let E(n,r) =
P&y < r,&5 1 > r) be the probability that the number of £ in (0,r) is n. We adopt the
convention that {; = 0.The explicit formula of F(n,r) can be found in [36, (1.23)]. In
[36], —log E(0,r) is denoted by R(r) and rR(r) is denoted by o(r) or o(r;1). Therefore,
[36, (1.22)] gives the following asymptotic when r goes to zero:

d
e log E(0,7) = cor®™ 4+ O(r*™2).

Here ¢, = Then we deduce

1 1

22042 T(a+1)T'(a+2) *
E0,7r)=1—(a+1)"ter™ 4 O(roT2).

Hence,

(&g < 1) S P(EF <7) = 1— B0,7) = (a + 1) ear™ + O(r+2).

To conclude, for a > 0, the desired result holds with ¢ = ;25 and v = a.
Next, we consider the case a = 0. Evaluating ¢y, we obtain E(0,7) = 1 -4~ +O(r?).

From [36, (2.30)],

E(1,7)
E(0,r)

=27l (B = P L) - )

Here Iy and I; are modified Bessel functions of the first kind. As z goes to zero, we have
[1, (9.6.10)]

Io(z) =14+ 0(z%), I =27 2 + O(2%).
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Hence
B(L7) = B(0,7) x 277 (B3 (r1/2) = v 21/ L (/) = I361/2) ) = 4717 + O(r%).
As a result,
P(¢g <r)=1-E(0,r) — E(1,7) = O(r?).
O

From Lemma 5.7, we may derive the following one-point lower bound for £} and LY.

Lemma 5.8. Fix a > 0 and let ¢ = ¢(«), v = v(«) be the constants in Lemma 5.7.
There exists ¢y = eo(a) such that for all 0 < ¢ < gy and L > 0, there exists N5 =
Ns(a, e, L) which makes the following statement true. Let ro = (¢/(2¢))'/(+®) and
r3 = (¢/(2¢))"/+¥), For all N > Nj and |t| < L, it holds that

]P([,{V(t) <ry) <e,
and
P(LY (t) < 7r3) <e.

Proof. We present only the proof for the latter bound. The argument for the first one is
similar. From Lemma 5.7, P(& < r3) = 271e + 0, (€). Take ey small enough such that for
all0 <e<egp, P& <13) < %5. Apply Lemma 5.4 with r = r3, the existence of N5 follows
from (5.3). O

We finish this section with the proof of Proposition 5.6. The proof relies on estimates
of transition densities for non-intersecting Bessel bridges.

Proof of Proposition 5.6. Let ¢, v and ¢y be the constants in Lemma 5.8. Fix ¢ < gp and
set d = (g/(2¢))"/ (1), We may assume that d < 27!, For [to| < L, denote

FN:{ inf LgV(t)ch}.
te[to—2d,to—d]

It is sufficient to show the following. For any 0 < ¢ < ¢, there exists Ny = Ny(a, ¢, L)
and Cy such that for all N > Ny and [to| < L,

P(Fy) < Coe. (5.9)
Let R = Ry(a,¢,2) be the constant in Lemma 5.5 and 7' = R'/2. Consider the event
Gy = {Lév(to —|—T) < R} .

From Lemma 5.5, there exists N = N3(a, ¢, L) such that for all N > N3, P(G$,) <e. We
aim to show that there exists N5(«, ¢, L) > N3 such that for all N > Ns,

P(Fy NGy) < Che. (5.10)

This implies P(Fy) < P(Fy N GY) + P(GS,) < (C1 + 1)e, which is sufficient for (5.9).
Now we turn to (5.10). Consider the random variable

([ inf{telto—2dto—d]| LY (1) < @}, if {t € [to —2d.t0 — d] | LY (1) < &} # &,
= to*d, if {tE[t0*2dat0*d]|£§](t>SdQ}:g'
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This is the smallest time when £ goes below d? if it does. By the tower property for
conditional expectation, we have

P ({£Y(to) <d} NFNNGy) =E [Lry 16, E [1{L£) (to) < d} | Fexr({1,2} x (Lto + T))]] .
Denote Z = (LY (), LY (1)), ¥ = (LY (to + T), LY (to + T)) and g = LY |1.+,+1). By the
strong Gibbs property Lemma 3.9,
E [1{L) (to) < d} | Fexe({1,2} x (Ltg + T))] = P2 (Lt DE000( 7, (15) < d).  (5.11)

Here (71, ) is distributed according to P1%(hto+7).%.5.0.9 ~ We claim there exists C}
depending only on « such that

1, - g, - PL2G0ADET09( 7, (1) < d) > 1/C) - 1y, - 1y (5.12)
Assuming for a moment this claim holds. Combining (5.11) and (5.12), we have

P(FNNGy) = E[Lg, - 1gy]
< CGE [1g, - Lgy - E [1{L) (to) < d} | Fexs({1,2} x (I, to + T))]]
=C1P ({£Y (to) <d} NFy NGy)
< CiP (LY (to) < d).
From Lemma 5.8, For N > Nj(a,¢, L), we have P (£ (t9) < d) < e. This proves (5.10).
It remains to prove (5.12). We use C' to denote a constant which depends only « and

its value may vary from line to line. Note that Fy = {Eév (n< d2}. By the stochastic
monotonicity Lemma 4.1, the left hand side of (5.12) is bounded from below by

1, - 1, _IP172,(I7to+T)7J?*72L~,07+oc(jz(to) < d).

with 7, = (d?,d?) and ¥, = (R, R).
We write z, = d? and ys = R. Let 7 := ty — [. Note that d < 7 < 2d. For any
0 <2z <z <d, we have

Tozo <d?> < 7% yyzp <R=T?and 2.y, < R < (1 +T)% (5.13)

This verifies the assumption of Lemma A.5 with L = 1. Let (71 (¢), J2(t)) be distributed
according to P12 (bto+T). %7042 From Lemma A.5, the p.d.f at (Ji(to), J2(to)) =
(21, 22) has a lower bound

071 (7_71 4 T71)2 QT(I*v ZQ)qT(:E*7 Zl)qT(ZQEy*)qT(Zl7y*) (Zl — Z2)2.
qT+T($*7y*)

Using (2.5), the above equals
2720 (7 Th)2a 000 (2 — 29)?
*ha(VEsz1/T)ha (Va2 /T ha(Varys /T ha(VZ2ys /T) % ha(Vays/ (T +T)) 72
X exp ( — 2, (T = (4T (T =+ ) =27 (s ) (T + T‘l)).
(5.14)

Here h,, is an entire function. See (2.4) for the Taylor expansion of h,. In particular, A,
has non-negative coefficients and is increasing on (0, c0). From (5.13), the second line
in (5.14) has a lower bound. To bound the third line in (5.14), we use

r,(r =+ <r7le, <d <1,y (T = (7 4+ 1)) <T %, <1,

271(21 —+ 22)(7’71 + Tﬁl) S (Zl —+ ZQ)/T.
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Combining the above, (5.14) is bounded from below by

o 1 —2a 4Z?Z2ae—(21+22)/7'( 2 —2’2)2.
It follows that
d zZ9
PL2-(bto )0 50,0400 7, (1) < d) > 0—17—2(*—4/ ng/ dzy 2§25 e 1422)/7 (2 — 592,
0 0

Using the change of variables (wy,ws) = (21/7, 297) and d/7 > 1, the above is bounded
from below by

1/2 w2
c~ / de/ dwy wiwge™ (W1Hw2) (y —wy)? = O L.

This establishes (5.12). The proof is finished. O

Remark 5.9. A similar and actually simpler argument based on the lower bound of £}
in Lemma 5.8 can show that IP (inf,c(o,q LY < d?) < ¢ for d ~ £//(+%) However, if o = 0,
this estimate is not enough to extend to a unit interval as in Proposition 5.2.

6 Normalizing constant

In this section, we give a lower bound for the normalizing constant. Let us recall
its definition. Given k € NN, (a,b) C R, two vectors Z,§ € RY and two semi-continuous
functions f, g : [a,b] — R, the normalizing constants Z*:(¢:%):%:9./.9 is defined in Defini-
tion 3.4. It represents the probability that & independent a-Bessel bridges, starting at r
at t = a and terminating at § at t = b, avoid each other as well as f(t) and g(t). We are
mainly concerned with the case in which (Z, ¢, f, g) are random variables. To be concrete,
let £NV@ be the scaled line ensembles defined in (1.3). For N large enough such that
(a,b) C [-4N,00) and N > k + 1, we consider the random variable

1,k,(a,b),%,,0,
Z1k,(a,b),Z,7 9,

where ; = £)%(a),y; = £ (b) and g = £} .- For ZLk(=L,L),%.5.0.9  the ran-
domness inherits from the boundary data, 7,7 and ,g' This random normalizing con-
stant appears naturally from the squared a-Bessel Gibbs property of £V:®. As long as
Z1:k:(a:0),7,9,0,9 hag a lower bound, £N:® on [1, k]z x [a, b] behaves similarly to independent
squared «a-Bessel bridges. See Definition 3.4. The main goal of this section is to show
that, under the law of £V®, the random normalizing constants are not small with a high
probability. This is the content of Proposition 6.1 and is a key ingredient for proving the
tightness of £V>* in the next section.

Proposition 6.1. Fix « > 0, k € N and L > 1. For any ¢ > 0, there exists 6; =
01(a, k, L,e) > 0 and Ng = Ng(a, k, L,e) > 0 such that for all N > Ng, it holds that

IP(Zlyk»(—L,L)7573770-,g <&)<e

Herew; = L;"*(~L), yi = L *(L) and g = L} ST

In Section 6.1 we set up a resampling framework, state Proposition 6.3 and discuss
some of its consequences. These are used in Section 6.2 to prove Proposition 6.1.
Section 6.3 adapts the two-step resampling method in [40] to prove Proposition 6.3. For
brevity, we will denote £V by £V in the rest of the section.
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6.1 A resampling framework

We start by setting the resampling domain. We are interested in the behavior of
LN restricted on [—L, L], but we are in need of buffer regions for the curves in £V to
configure themselves. Fix k € IN, L > 1. For j € [1, k]z, let

Ej = —(k‘—|—2 —j)L, T = (k+2 _j)L7
and
P = U§:1 L x [, 73],

(6.1)
bP Z:( U?Zl {j} X ([fhgj] U [’I“j,’l“1D) U {k + 1} X [61,7“1].

We will run resampling arguments on P and bP will be viewed as the boundary of P. In
other words, we will sample £} on [¢;,7;].

Now we introduce the favorable boundary conditions, which are typical under the
law of LV. Let f = (f1, -, fre1) € C(bP,R) be functions. For R > 1, we refer to the
following conditions as the R-Good conditions. Denote the collection of continuous
functions f € C(bP,R) as G(k, L, R).

1. Foralll <j <k, f;(t) <Rforte [(1,£;]U][rj,m].

2. Forall2<j <k, f;j(t) > R~ fort € [(1,4;] U [r;,m1]. fx41(t) > R™! for t € [¢1,71].

3. Foralll <j <k, fj(t) < fj+1(z) for t € [€1,£4;] U [r;,m].

Fix an element f € G(k, L, R). We denote by X; C C(P,R) the collection of continuous
functions J = (J, ..., Jx) with J;(4;) = fi(¢;) and J;(r;) = fi(r;) forall 1 < i < k. For

any continuous function J € Xy, we may combine J and f to form a continuous function
in [l,k‘]z X [61,7“1} as

\Z(t), te [ziariL

jf’l(t) = { fz(t), t e [61,&) U (7’1',7’1]. (62)

We start to set up the resampling argument. We consider line ensembles which
take values in Xy. Let {Qj71 < j < k} be independent squared Bessel bridges de-
fined on [¢;,r;] with Q;(¢;) = f;(¢;) and Q;(r;) = f;(r;). The law of Q; is given by
IP%;@;(ZJ"Tj)’f’(ej)’fj(”). We denote by Py the joint law of (Q1, Qa, ..., Qx) and view it as a
measure on X;. Consider the events

Nolnt Z:{jﬁl(t) < jfﬂ(t) <0< jfyk(t) < fk+1(t) fort e [61,7‘1}},
Noint :={Jf.1(t) < Tra(t) < -+ < Tput) < frpa(t) fort € [t1, —~L] UL, r]}.

Denote by P and P the laws of Pgee conditioned on Nolnt and Nolnt respectively. Equiva-
lently, the Radon-Nikodym derivatives of P and IP with respect to Pgee are given by

dP /) _ _Inowe(T)
dPfree " Pee(Nolnt)’ (6.3)
. o
b o L) 64
dIPfree IPfree ( NOl nt)
Note that
dP 1
) = ZUAO < B <+ <Tilt) < fen(®) for t € [=L, L]}, (6.5)

for some normalizing constant 7. This relation will be used in the proof of Proposition 6.5.
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Remark 6.2. For k = 1, the measure P and P are the same as P1:1:(¢1:71):f1(£1),f1(r1),0, 2
and ]Pz’_l’L(ZLIS”)’fl(el)’fl (r1).0:f2 jefined in Definition 3.4 respectively.

Consider the event that curves are separated at the endpoints of the interval [-L, L],
E:=nt_, {J;(£L) € [(25 — 2)(2k) 'R, (25 — 1)(2k) 'R }. (6.6)

Proposition 6.3 below provides a lower bound of ]15(E) and will be proved in Sec-
tion 6.3.

Proposition 6.3. Fixa > 0, k € IN, L > 1 and R > 1. There exists a constant §, =
d2(a, k, L, R) > 0 such that the following holds. For any (f1, f2, ... fs+1) € G(k, L, R), let
P be the probability measure given in (6.4). Then we have

P(E) > 6s.

Corollary 6.4. Fix o« > 0, k € N, L > 1 and R > 1. There exists a constant 63 =
cig(oz, k,L, R) > 0 such that the following holds. For any (f1, fa,... fx+1) € G(k, L, R), let
P be the probability measure given in (6.4). Then we have

P (Zl,k,(fL,fo,y*,o,ka > 53) > 5.

Here & = (J;(—L))5_,, ¥ = (J;(L))%_, and 6, = d2(a, k, L, R) is the small constant in
Proposition 6.3.

Proof. Recall that Z1%(~L.1).%.4.0.fc+1 (defined in Definition 3.4) is the following non-
intersecting probability

ZURCEDETOSen = BRECEDIT (7 < ) < < i < fygn on [-L, L]},

ree

where (J1,. .., Jx) are distributed according to Pflgfé(_L’L)’i’g.

When E (defined in (6.6)) happens, the boundary values # and ¥ are separated at
least by (2k)"'R~!. This leads to the observation that if the curves J;(t) stay close
to their linear interpolation functions on [—L, L], they will stay ordered over the full
interval [—L, L]. This idea has been used in [9]. Define the following event Osc, where
J;,5=1,2,--- ,k do not deviate from their corresponding linear interpolation functions
by (4k)"1R71,

Osc = { sup  sup |J;(t) =27 'L ((t+ L)T; (L) + (L — ) J;(—L))| < (4k)1R1}.

1<j<kte[-L,L]

Suppose E and Osc both occur, then (71, J2, - . -, Jk, fx+1) remain ordered on [—L, L].
In view of Lemma 2.7, there exists d3 = d3(«, k, L, R) > 0 such that for all Z,@ € ]Rﬁ with

|z;] < 1 and |w;| < 1, it holds that PL%("55)%% (Osc) > §5. This implies that

free
Z Lk (=L, L),Z,5,0, frey1 1g > 65 - 1.

In particular, E ¢ {Z1F(-L:L).@5.0.fier > 531, The desired result then follows from

Proposition 6.3. O

Proposition 6.5. Fix a« > 0, k € N, L > 1 and R > 1. There exists a constant §, =
04(a, k, L, R) > 0 such that the following holds. For any (f1, fo,... fx+1) € G(k, L, R), let
P be the probability measure on Xy given in (6.3). Then for all € € (0,1], we have

P (Zlvh(—L,L)ﬁyz?,OJkﬂ < 554> <e.
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Proof. Let P be the probability measure on X 7 given in (6.4) and let X’ be the collection
of functions J' = (J/, ..., J}) with J/ € C([t;, —L] U[L, 7], R). We denote by P’ and P’
the marginal law of P and P on X’ respectively.

Recall that the Radon-Nikodym derivatives dIP/ dP is given in (6.5). This implies

(j/) _ %Zl,k,(fL,L),f,g,O,fk+1. (6.7)

dp’
Here 7 = (J/(~L))%_,, ¥ = (J/(L))%_, and Z' is a normalizing constant. Denote by I
and £’ the expectation with respect to IP and IP’ respectively. Then

7 -7 {Zl»k7(—L,L)7f7ﬁ,07fk+1} - [Zl,k,(—L,L),f,y,o,fkﬂ} _
Let d9 = d3(a, k, L, R) and d5 = d3(k, L, R) be the constants in Proposition 6.3 and

Corollary 6.4. It follows from Corollary 6.4 and Markov’s inequality that Z' > 0203.
From (6.7), we have

—P (Zl,kx—L,L),f,zi,o,fm < 85253)

~ 1 . R o
— T {lel,k,(—L,L)7m7y,0,fk+1 1 {Z17k7(_L7L)7z7y’07fk+1 < 6(5253}:|
< £0203 E/ 1 Zl,kv(*L1L)7f»§,07fk+1 < 858 <
=~ 7 . < €0203 S €.

Picking 04 = 0203. Thus the assertion follows by noting that

P (Zl,k,(—L,L)@,z}'.,O,fkﬂ < 55253> Y (Zl,k,(—L,L)yft,ﬁ,O,fkﬂ < 55253) . O

6.2 Proof of Proposition 6.1

Recall that P, bP and G(k, L, R) are defined at the beginning of Section 6.1. Consider
the good boundary event

GBn(k, L, R) := {L"]|,, € G(k,L,R)} .

The following lemma shows that GBy (k, L, R) is a typical event under the law of £V .

Lemma 6.6. Fixa >0, k € N, L > 1. For any ¢ > 0, there exists R3 = Rs(a, k, L,¢) and
N; = N¢(a, k, L, €) such that the following holds. For any N > N;, and R > R3 we have

P(GBY(k,L,R)) <e.
Proof. The assertion follows directly from Propositions 5.1 and 5.2. O
Now we are ready to prove Proposition 6.1.

Proof of Proposition 6.1. Fix k € N and L > 1. Given ¢ > 0, let R = R3(a, k, L,271¢)
and N; = N7(a,k,L,27'¢) in Lemma 6.6. We write GB for GBy(k, L, R) to simplify
notation. From Lemma 6.6, for all N > N, it holds that

P(GBS) < 27 le. (6.8)

Let 7/, be the sigma-field generated by the restriction of £V on [1, N]z x [-4N, 00)\ P.
Let 04 = d4(cv, k, L, R) be the constant in Proposition 6.5. Applying the Gibbs property of
LN (see Definition 3.6), we have

]E |:]l{Zl,k,(fL,L),f,g,+OO,£]k\]+l S 271664} | f':Xt:| — ]P (Zl,k‘,(fL,L),Z,’LB,O,fk_*_l S 271664> )

(6.9)
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On the left hand side of (6.9), & = (L} (—L))%_, and § = (L£}(L))¥_,; on the right hand
side of (6.9), P is defined in (6.3) with f = LY |yp, Z= (J;(—L))i_,, & = (J;(L))5_, and
fry1 = E{;’HM_L 1j- Applying Proposition 6.5,

Ieg - E [1{21”“’(5»”’”?47’0»fk+1 <927 1e5,) |f;;t} <27l 1gg. (6.10)
Combining (6.8) and (6.10), we conclude
]P (Zlvk7(7L7L)afvg7+Oovfk+1 S 2*1554)

<E []1(;3 1 {Zl»kv“L’L)vf»ﬂ*“fol < 2*1554}] + P(GBY) < .
The assertion then follows by taking §; = 271§, and Ng = Ny. O

6.3 Proof of Proposition 6.3

This section is devoted to proving Proposition 6.3, which shows that the curves are
well separated at +L. Recall that P is the probability measure on X defined in (6.4). We
will adapt a two-step inductive resampling in [40]. The goal is to have the curves stay
in the preferable region. In the first step, we inductively lower curves to the desired
heights. The second step is carried out inductively to raise curves properly in order to
separate them in the desired windows. These two steps are carried out in Lemma 6.7
and Lemma 6.8 respectively.

More precisely, for j € [1, k]z, denote

j+1:Tj41]

Aj:{ sup @(t)g(2j3/2)(2k)131}.
tell

Also, consider

Fi={J;€[(2j —2)(2k)""R™",(2j — 1)(2k) "'R™"] on [{;41,741]}
N{J; > (25 —2)(2k) 'R~" on [¢;,7;]} .

Lemma 6.7 provides a lower bound of ]P( ﬂ§:1 Aj). Built on Lemma 6.7, Lemma 6.8 gives
a lower bound of IP( N%_, F;). Proposition 6.3 follows directly as N*_,F; C E.

We begin with Lemma 6.7. Recall that given J € C(P,R), we may extend the domain
of J as Jy given in (6.2).
Lemma 6.7. Fix a« > 0, k € N, L > 1 and R > 1. There exists a constant d5 =
0s5(a, k, L, R) > 0 such that the following holds. For any (f1, f2,... fx+1) € G(k, L, R), let
P be the probability measure given in (6.4). Then we have

P (Nh_,A;) > 6.

Proof. For notational ease, we use J to denote positive constants that depend only on «,
k,L and R. The exact value of 6 may change from line to line.

We start with the case k£ =1, i.e., showing the lower bound for ]P(Al). Let I be the
expectation of P. From the Gibbs property and Remark 6.2,

E[HAI |~Fext({1} X (51,7“1))] — P%fi(’fginﬁfl(l1)»f1(r1),O,Jf',2 (Al)

with J > defined in (6.2). Note that equivalently we have

Pg,l,L(/Bn),fl (1), f1(r1),0,Tr,2 _ PLLEr) f1(6),f1(r1),0.92
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with

s {71 el e

Note that g, satisfies the continuity assumption in Definition 3.3. This implies that the
stochastic monotonicity, Proposition 4.1, applies. Therefore,
PLL ¢, fi(£1),f1(r1),0,92 (Ay) > PLLELT) f1(6),f1(r1),0,+00 (Ar)
:]Plgl’(el77'1)af1(zl):f1(7’1) (Al) )

free

Let
ar = inf {P Y (Ay) [ [a] < R, yl < R}

From Lemma 2.7, a; is positive and depends only on «, k, L and R. As a result, it holds
that

P(A1) = T [BlLa, | Fo({1} x (61,m)]] = P 000 (o)) > 5,

free

This proves the desired result for £ = 1.
Now we proceed by induction. Assume for some 2 < j < k, there exists § > 0 such that

P (ﬁ{;llAZ) > §. We aim to show that for a smaller § > 0, it holds that P (ﬂ{zlAi) > 9.
By the Gibbs property and Remark 6.2,

= . j59,(€5,75),F5(€5),£5(15),T5-1,T 5,541
E[La, | Fexe ({5} x (4,77))] :]psz(’.L) )£ (€3):£5(r), Ti-1.T 1.5+ (A;),
with J j4+1 defined in (6.2) and we adopt the convention that Jf ;41 = fi+1. Note that

PP Eaori) fi (450, F5 (7). Tj 1T 41 _ paid,(€5,m5) 05 (€3), 65 (1), 951,951

(_L7L)
with
. _f Ji-1(x) x€t;,—LIU[L, ],
97-1(7) = { 0 z € (~L, L),
and
VI ct;,—LIU[L,r4],
gj+1(z) = { ffo;(x) ' ,’[EJE (—]L,L[). &

We deduce that

]E[]lAj | Foxt ({3} % (¢5,7))] = Pj7j7(£jv7’j)7fj(ej)vfj(rj)79.1—1,91+1(Aj)
> ijd)(ej77'j)7fj(fj)7fj(7'j),gj—1a+<><>(Aj)
P
= EEﬁr’i’e(é” DBEREED T, 1{g; 0 < T on [,15]}] .
> E.g)jv(zjaTj)7fj(€j)7.fJ(Tj) [HAJ -1{gj_1 < J; on [gj’rj]}] )

ree

Here the in the second equality we use Z to abbreviate

29 (Eiom3) F5 (65):£5(75) [1{g;_1 < J; on [¢;,7;]}].

free

In the first inequality we apply stochastic monotonicity and in the second inequality we
use the fact that the normalizing constant is bounded above by 1.
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Now we proceed to find a lower bound for
.0, (€5,m5): £ (€5),f5 (T
La,_, - BLEG D L0 [, agg, < 75 on 4,150}
Consider the event

Dj:={ sup J;(t)<(2i—3/2)2k)"'R'}n{ inf J;(t)> (25 —2)(2k)"'R™'}.

t€[lj41,m541] tEll; ;]

It is straightforward to check that D; C A;. As D; and A;_; occur, J,—1 < J; over [{;,7;].
Hence

Ia, - Hgj—1 < Jjon [l;,r]} > 1p, - La,_,-

Consequently,
ILAj_l : IE[]lAj ‘fext({j} X (gjv'rj))}
j59,(£5,73),F5(€5),F5 (T
1, Byl PN IED [ 1 g0 < T on (4,1))]
2]lAJ_1IPgr’gg(éj’Tj)Jj(ej)Jj(rj)(Dj)-
Let

a; :=in 296575, ; <, |yl < .
; -fIPJJ(E )yD]Rl R

free

From Lemma 2.7, a; is positive and depends only on o, k, L, R. Together with the
induction hypothesis, we deduce

P(r_y A) B[ [T 1o, Blta, | Fusll} x (67| 2 BRI A) 25
1=1

This completes the induction argument and hence proves the desired result. O

We proceed to prove Lemma 6.8. For j € [1, k]z, recall that

Fi={J;€[(2j —2)(2k)"'R™",(2j — 1)(2k) "'R™"] on [(;41,741]}
N{J; > (27 —2)(2k)"'R~" on [¢;,7;]} .

The condition J; € [(2j — 2)(2k) 'R, (25 — 1)(2k) "' R™'] is what we want to achieve
while the other one is necessary along the induction argument we perform.

Lemma 6.8. Fixa > 0, k € IN, L > 1 and R > 1. There exist a constant 6 =
d6(c, k, L, R) > 0 such that the following holds. For any (fi, fo,... fe41) € G(k, L, R),
let P be the probability measure given in (6.4). Then we have

fP (ﬁ?lej) > 6.

Proof. To simplify the notation, we use § to denote positive constants that depend only
on «, k, L and R. The exact value of § may change from line to line.

We run a resampling in a reversed order starting from the kth-layer and argue
inductively. We start by showing a lower bound for If’( ﬂ?;ll A; N Fk).

Let [lg, vx] be a {k}-stopping domain such that

i :=sup {to € [l, les1] | Tu(t) > (2k — 3/2)(2k) 'R~ for all ¢ € ¢, to]},
v i=inf {to € [rri1,me] | Tu(t) > (2k —3/2)(2k) "' R™" for all ¢ € [to, 73] }.

We set [, = {, or t;, = i, if the set is empty respectively.
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Consider the event
= {Te(l) = Ti(tr) = (2k — 3/2)(2k) "R~}

Because f € G(k,L,R), Ji(lx), Tx(rx) > R~'. This implies A, C F). In view of
Lemma 6.7,
P (NhZ{A; NFL) >0

We would like to have J}. stay in the preferable region
[(2k —2)(2k)*R™', (2k — 1)(2k) " 'R71]
over [, t;]. Let
V= {Tk € [(2k —2)(2k)"'R™, (2k — 1)(2k) "R~ '] on [I, ]}

Note that the occurrence of A,_; N F} implies J;_1 and Jj are ordered. In other words,
A1 NFL C{Tk-1 < Ti < frg1 on [lg, t;]}. Hence

WIk—1 < T < fer 0n [l ]t > 1a, - Lere
It follows that

La,_, - Lpy - B[Ley | Foxt({k} X (I, t))]
=1a,_, - ILF;. ,]PECLkL(’[llj),tk),aj’y’jk71’karl (F%)
Z Lae - 1r, 'Egﬁe’([k’tk)’m’y [h;; “IH{Tk—1 < T < frg1 0n [[k,tk]}}
> Tn, - Try - Phog ™7 (FY).

Here z = y = (2k — 3/2)(2k) "' R~!. Take

by = inf {]P’“"*(“)’f’y (Jx € [(2k — 2)(2k) 'R, (2k — 1)(2k)‘1R‘1])} .

free
The infimum is taken over all £ € [{y, {x+1] and r € [rr11,7%]. This implies
La,_, - Lp; - BlLey | Foxe({k} X (I, tr))] = bella,_, - Le, -

Together with N¥_1A; N F, N F} c N'Z{A; NF, we deduce

k—1
P (N5Z1A; NFy) =P (NSZ]A; NFLNFY) = E[ I1 1a, - 1 - Blley | Feu({E} x (I, tx))]
j=1

>by, - P (NSZLA; NFL) > 6.

In the last inequality, we used Lemma 2.7 to obtain the positivity of b.
We next proceed by a reversed induction. Assume for some 1 < < k — 1, we have

P (ni_,A;nnf_, 1 F) > 6.
We aim to show that for a smaller § > 0, it holds that
P (NiZiA; NnE_F;) > 6.

Here we adopt the convention that ﬂ?zlAj means the total probability space.
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Let [l;,t;] be a {i}-stopping domain such that
[; :=sup {to € [l;, lis1] | Ti(t) > (20 — 3/2)(2k) 'R~ forall t € [¢;, 0]},
v o=inf {to € [riy1,mi] | Fi(t) > (20 —3/2)(2k)~" - R~ for all t € [to, r;]}.
We set [, = ¢; or t; = r; if the set is empty respectively. Consider the event
Fi o= {Z:(L) = Jilr:) = (2i — 3/2)(2k) 'R}

Because f € G(k, L, R), J;(¢;), Ji(r;) > R™'. This implies A; C F..
We would like to have J; stay in the preferable region [(2i — 2)(2k) 1R, (2i —
1)(2k)~*R~1] over [l;,v;]. Let

F/={J; €[(2i —2)(2k)'R™", (20 — 1)(2k) 'R™ ' on [l;,v] } .

Recall that J; ;1 is defined in (6.2). Note that the occurrence of A;_; N F/ NF;+1 implies
ordering between J;_1, J; and Jy,it1, i.e. A;_1NF/NF 41 C{Tic1 < Ti < Tpig1in [l ]}
Hence

1{‘71'*1 < ‘Z < jf7i+1 on [[utz]} Z I]'Ai,_l : ng"

As a result,

Ia,_y - 1F§ L, g []lF” | Fext({i} x (I, v:))]

= ]lAi—l : ]lF; : 11Fi,+1 : IPE Z[(,[LI)T) i dio i (FH)

> 1a,_, - ]lFi ’ IlFi+1 : IEfree([“t Dy []IF” ]1{‘7% 1<Ji < jf i+1 in [[“tl]”
> 1a,_, - Lp - IF, Pyt YR

it+1 free
Here z = y = (2i — 3/2)(2k)"'R™1. Let
b= inf { P (7 € [(20 - 2)(2k) R (20 - 1)@k TR

)

The infimum is taken over all ¢ € [¢;,¢;1] and r € [r;11,7;]. Then we have

In,, - Lp - Tp,, - BlIey | Fex({i} x (L,1:))] > bila, , - 1p; - Lf

i1t

Together with F, N F/ C F;, we have

P (N2 A nnb_iFy) =P (NiZIA, rm] i Fj N NFY)

:E{H La; - H Ig; - Lgy - ]lF” | Fext({i} x (Li,ti))]

j=i1+1
>b; - P (mj‘;llAj N m?:i—&-l':j NF;)
>b; - P (ﬂ;-:lAj N m;?:H_le) > 6.
In the second to last inequality, we used A; C F’L In the last inequality, we used the

induction hypothesis and Lemma 2.7. The induction argument is finished and this finishes
the argument. O

7 Proof of the main theorem

In this section we present the proof of our main theorem, Theorem 1.1. That is, we
show that the scaled line ensembles £V:® defined in (1.3) is tight as IV varies. Moreover,
any subsequential limit also enjoys the squared Bessel Gibbs property.
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For the tightness of £V:® in the locally uniform topology, we use a criterion from [3,
Theorem 7.3]. Similar to the Arzela-Ascoli theorem, one needs to check the one-point
tightness (as real-valued random variables) and control the modulus of continuity. See
Lemma 7.1 for more details. For us, one-point tightness follows from Theorem 5.3
and we focus on the modulus of continuity. The idea is to use the squared a-Bessel
Gibbs property, together with the lower bound on the random normalizing constants
in Proposition 6.1, to show that £ locally behave like independent squared a-Bessel
bridges, whose modulus of continuity is controlled by Lemma 2.5.

To show any subsequential limit has the Bessel Gibbs property, we adopt the frame-
work introduced in [9]. Let us briefly explain the main idea. Let (a,b) C R, z,y € [0, 00)
and f(t),g(t) be two continuous functions defined on [a,b]. We assume f(t) < g(t),
fla) <z < g(a) and f(b) < y < g(b). Let Q.(t) be a squared a-Bessel bridge on [a, b]
which has entrance and exit values = and y, and is conditioned not to intersect with f(t)
and ¢(t). A natural way to sample Q.(t) is to consider countable independent squared
a-Bessel bridges Q; (t), Q2(t), ... with the same entrance and exit value. Let ¢ be the
(random) minimum integer that f(t) < Q(t) < ¢(t). Then Q,(¢) has the same distribution
as Q.(t). Compared to Q. (t), Q¢(t) is more tractable when the boundary data (z, vy, f, g)
change. This point of view allows us to prove the limiting squared «a-Bessel Gibbs
property. Once again, we will denote £V>® by £V in the rest of the section.

7.1 Proof of tightness
The argument relies on a tightness criterion for continuous random functions. Fix

k € N and [a,b] C R. Recall that the modulus of continuity of multiple functions is
defined in (1.9). Define the set

Ut (p.7) = {7 € CUL Kz X [0, R) | wio 1 (T, 7) < p}-

The following tightness criterion is an immediate generalization of [3, Theorem 7.3].

Lemma 7.1. A sequence Py of probability measures on C([1,k]z x [a,b],R) is tight if
the following two conditions are met.

(i) There exists ty € [a,b] such that the one-point distribution of J;(to) is tight for all
1€ [1, k]Z

(ii) For each p > 0 and nn > 0, there exist ryp > 0 and an integer Ny such that for all
N > Ny, it holds that

Py (Ujgk(pim0)) > 1= 1.

We apply this tightness criterion to £V. More precisely, we seek to prove that for
any k € IN and L > 1, the restriction of £V to [1,k|z x [-L,L] G.e. {LN@®)|1 <i<k,t€
[-L, L]}) is tight as N varies. One-point tightness follows from Theorem 5.3, hence (i)
holds. It remains to control the modulus of continuity, i.e. to verify (ii).

Starting from now, we fix £ € IN and L > 1. Write Py for the law of LY and denote
event

N ._ N
U (P,T) = {‘c |[1,k]24><[7L,L] € U[fL,L],k(pv T)} .

We aim to verify that, for all p,n > 0, there exist o and Ny such that for N > N, it holds
that
Py (UN(p,m0)) =1 —1. (7.1)

For R > 0, we define the event

SV(R) = b, {LN (£L) € [0, R)}.
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Let Zy be the shorthand of the normalizing constant Z#:(=1:L):@9.0.:9 with z; = LN (~L),

;= LN(L) and g = £V . See Definition 3.4 for the definition of Z*:(=L.L).7.4.0.9
Y i 9 k+1l[-L,L)

Lemma 7.2. Fixa > 0, kK € N and p,n,0,R,L > 0. There exists ry depending on
a, k,p,n, 0, R and L such that

{Zn > 6} Lsn(ry - En [Lun ()| Fext ([L Kz x (=L, L)) | > (1=1/2) - 1{Zx > 6} Lsn ().

Proof. The proof is a combination of Lemma 2.5 and the Gibbs property Proposition 3.7.
Let 7,4 € R* be vectors with z;,y; € [0, R]. Lemma 2.5 implies for r, small enough, it
holds that

IPl,k,(—L,L)ﬁvg(UN(p’ r9)) > 1 —6n/2.

free

The Radon-Nikodym relation in (3.2) then implies
1{Zn > 6} Lsv(ry - En[1— Lyn(pro) | Fext (L Klz x (=L, L)) ] <27 - 1{Zn > 6} Lsn(r).
The desired result then follows. O

Proof of Theorem 1.1(i). To prove (7.1), it is enough to verify the following statement.
For any p,n > 0, there exists d, R, 79 > 0 and Ny such that for all N > N,, we have

IPN(UN(p,TO) N{Zy >N sN(R)) >1-1. (7.2)

Observe that the events {Zy > 6} and S™(R) are Fex([1, k]z x (—L, L))-measurable.
We can rewrite the left-hand side of (7.2) as

Ex [IL{ZN > 6} - Tsw(r) - B [Lun (oo | Fext ([1, Kz x (—L,L))]]. (7.3)
By choosing 7y to be the constant in Lemma 7.2. From Lemma 7.2,
(7.3) > (1 —n/2)Px[{Zn > 5} NSV (R)].

Let § = 01(a, k, L,n/4) and Ng = Ng(a, k, L,n/4) be the constants in Proposition 6.1.
By Proposition 6.1, for N > N, it holds that Py ({Zx < d}) < n/4. Let R = Ry (a,n/4, k,
2L) and Ny = Ny(«a,n/4,k, L) be the constants in Proposition 5.1. Proposition 5.1 implies
that for N > Ny, Px(SV(R)) > 1 — n/4. This implies that

Py({Zn > 6} NSN(R)) > 1 - /2. (7.4)

We conclude that
(7.3) > (1 —n/2)? > 1 -1,

which completes the proof of the inequality in (7.2). The desired tightness then follows.
O

7.2 Proof of limiting squared Bessel Gibbs property

In this section we seek to prove Theorem 1.1(ii), i.e., any subsequential limit of LN
enjoys the squared a-Bessel Gibbs property. Suppose £ is a subsequential limit of
LY. We abuse the notation and assume that £V converges weakly to £>°. We start by
showing that £ is strictly ordered with probability 1.

Lemma 7.3. Fixa >0, k € N and L > 0. For any € > 0, there exists p = p(a,k,L,e) > 0
such that

te[—L,L]

P (i, (€70 - L) <) <=
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Proof. Fix e > 0. Let Ry = Ry(a,8 e,k + 1,2L) be given in Proposition 5.1 and 7, =
ro(a, 87 ¢) be given in Lemma 5.8. Set R := max(Ry,7; ') and

SN = i LR, (£L) € [R7Y R]}.

Y

Denote by Py the law of £V. From Proposition 5.1 and Lemma 5.8, we have P (SV)
1 — 27 ¢ for N large enough.

Let Zx be the shorthand of the normalizing constant Z1k+1.(=L.L).%.4.0.9 with z; =
LN (-L), y; = LY(L) and g = £év+2|[_L7L]. Let 61 = d1(a,k + 1,L,471e) > 0 be the
constant given in Proposition 6.1. From Proposition 6.1, we have P(Zy < §;) < 4 1¢ for
N large enough.

Setn =467 e and p = p(a, R, 7, 2L) be the constant given in Lemma 2.6. Denote

e { _inf (€~ L¥0) € (-0}

)

We compute
Pn(SY N {Zy > 61} NEYN) = Ey [Isy - 1{Zx > 61 }En [y | Fext([1,k + 1]z x (=L, L))]].
From the Gibbs property, we have

En [Tey | Foxt([1 k + 1)z x (=L, L))] =PFHHLE25.00(E )

§ZR,11P1’]“+1’(_L’L)’f’g(EN),

free

Here z; = LN (—L), y; = LN (L) and g = EkN+2|[7L ;- From Lemma 2.6, we have

-

]lsN . ]l{ZN 2 51} . Z&1P11k+1’(7L,L)’f}g(EN) S 61—1,',] — 4_1E.

free

Therefore,
Pn(SY N {Zy > 6} NEY) <47 e
Combining the above, we conclude that for N large enough,
Py (EN) < PN (SY N {Zy > 61} NEY) + P((SM)°) + PN (Zn < 61) <e.
Then the conclusion follows by taking N to infinity. O

Fix an index ¢ € IN and an interval (¢,b) € R. We will show that the law of £
is unchanged when one resamples the trajectory of £3° between (a,b) according to a
squared Bessel bridge which avoids £$°; and £{7,. Note that this is equivalent to the
squared Bessel Gibbs property for the i-th curve restricted to the interval (a,b). The
same argument could be easily generalized to take care of multiple curves resampling
so we choose to illustrate the argument with the single curve resampling. See Figure 1
for an illustration.

Note that C'(IN x R, R) (with the topology given at the end of Section 1) is separable
due to the Stone-Weierstrass theorem. Hence the Skorohod representation theorem [3,
Theorem 6.7] applies. There exists a probability space (2, B,IP) on which £V for N ¢
IN U {co} are defined and almost surely £V (w) — £>(w) in the topology of C(N x R, R).

Now we take countable, independent copies of the squared Bessel bridges constructed
in Proposition 2.4. That is, for all £ € IN, we have squared Bessel bridges Qy(z,y)(t)
defined on [a,b] with entrance and exit data (z,y). We note that because Q(z,y)(t)
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LN,re L EN
1
(2)/‘/&5. (Q)la.s.
[o0:re (d) Lo°

'

Figure 1: (1) is equivalent to the squared Bessel Gibbs property when resampling a
single curve. The goal is to prove (1)’, which implies the squared Bessel Gibbs property
for the subsequential limit line ensemble. (1)’ follows from the convergence in (2) and
(2)’. (2) follows from the Skorohod representation theorem and (2)’ is proved in Lemma
7.4.

depends continuously on z, y, it is also measurable in x,y. We define the /-th candidate
of the resampling trajectory. For N € NU {oo}, define

EN,K(t) o Qz(ﬁfv(a), ‘Cfv(b))(t)a te [av b]a
’ ' LN(t), t € (—o0,a) U (b, 00).

For N € N U {oo}, we accept the candidate resampling 4\1,@ if it does not intersect
LN or LY, on [a,b]. For N € INU {oc}, define /(N) to be the minimum value of ¢ of
which we accept Eﬁu. That is,

UN) =inf{t e N| LN, < £N* < LN on [a,b]}.

?

Write £V for the line ensemble with the i-th curve replaced by L‘fv’e(N)

ensemble £V satisfies the squared Bessel Gibbs property on {i} x [a, b].

From Lemma 7.3, {£°, < £° < L2} holds almost surely. Hence almost surely £(co)
is finite. Suppose that ¢/(N) converges to {(co) almost surely. Then £V™ converges to
£ in C(IN x R, R) almost surely. Hence we have £V converges weakly to £L> as
IN x R-indexed line ensembles. See Definition 3.2 As a consequence, £°°"® has the same
distribution as £°.

. The line

Lemma 7.4. Almost surely ¢{(N) converges to {(co).
Proof. Let H be the event such that the following conditions hold
1. l(o0) < 0
2. infrepen £52(t) — £22,(t) # 0 forall £ € N
3. infrepp £ (t) — L37(t) £ 0 forall £ € N
4. LN converges to £* in C(IN x R, R).

From the above discussion, conditions (1) and (4) hold with probability 1. Condition (2)
requires a squared Bessel bridge not to be “tangent” to £°,. From Lemma 2.2 and the
independence between Qy(x,y) and £, (2) holds with probability 1. The same argument
holds for (3). In short, H defined above has probability 1.

We will show that when H occurs, ¢(IN) converges to ¢(co). From now on we fix w € H
and the constants below may depend on w. By the definition of £(c0), for all ¢ € [a, b],

L£2(t) < £ (t) < £24(1).
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Because of (2.10) and the convergence of (£ (a), £V (b)) to (£°(a), £L2(b)), LN

00,£(0)

converges to L uniformly on [a, b]. Together with the fact that £, converges to

£5%, uniformly on [a,b], we have for N large enough, £V, (t) < £/ (1) < LN () for
all ¢t € [a,b]. Therefore,

limsup /(N) < £(c0).

N —oc0

On the other hand, for all 1 < ¢ < £(00), we have either inf;c[, ;) L) — £2°,(t) < 0

K2

or infyepqp) L35 (t) — L£2(t) < 0. We assume that infyeiq,p £ (t) — £2°,(t) < 0 occurs.

7

Then for N large enough, we have

inf £N4(t) —£N (1) <0
te(a,b]

As a consequence,

liminf /(N) > ¢(c0).

N—o0

Hence ¢(N) converges to ¢(co) and the proof is finished. O

A Results about (squared) Bessel Processes

In this section we record some basic properties of the transition probability of
(squared) Bessel processes. These results serve as inputs for the stochastic monotoncity
Proposition 4.1 and uniform lower bounds in Section 5.

A.1 Squared Bessel Process

Let I,(z) be the modified Bessel function with index «. It solves the modified Bessel
equation [1, (9.6.1)]

2IN(2) + 200,(2) — (2% + a®)a(2) = 0. (A1)

Recall that h,(z) = 27 *I,(z). From (A.1), h,(z) solves the equation

zh!(2) + (2a+ 1), (2) — zha(2) = 0. (A.2)
Lemma A.1. Fix o > 0. For any z > 0, it holds that
B B N 2
Oé(z) + Z_l a(z) _ < OL(Z)> > 0. (A.3)
ha(2) ha(2)  \ha(z)
Remark A.2. In terms of the modified Bessel function, when z > 0, (A.3) is equivalent to
a? I'(2)\*
14— — (==& 0. A4
T (Mz)) g AD

(A.4) was proved for a > 0 and z > 0 by Gronwall in [21] motivated by a problem in
wave mechanics.

Proof. Let H,(z) == z7'h.,(2)/ha(2). By (A.2), (A.3) is equivalent to
—22H2(2) — 2aH,(2) +1 > 0.

Note that —2%u? — 2au + 1 = 0 has a positive solution u = G,(z) = and a

1
atvaZyz2
negative solution. In view of (2.4), H,(z) > 0 for all z > 0. Therefore, it suffices to show

that H,(z) < G4(z). From (A.2), we derive
2H.(2) + 22 H%(2) + 2(a + 1) Hy(2) — 1 = 0.
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Through a direct calculation,
1
2G(2) + 22G2(2) +2(a +1)Gp(2) =1 = ————= > 0.
(2) (2) +2(a+1)Ga(z) N
If o > 0, then H,(0) =1/(2a+ 2) < 1/(2a) = G(0). Through ODE comparison, H,(z) <
G(z) for all z > 0. When « = 0, the argument is similar using lim,_,o+ Go(z) = oc. The
proof is finished. O

Corollary A.3. Fix« > 0. For anyt > 0 and z,y > 0, it holds that
32
Jzxdy

Proof. By the scaling property (2.3), it suffices to consider the case t = 1. By a direct
computation,

log g (x,y) > 0. (A.5)

92 RI(z)  _ hL(z) (R
4 1 = @ — @ A.6
0x0y o2 q1(z,9) ha(2) tz ha(2) (ha(z)> ’ (A.6)
where z = ,/xy. Then (A.5) follows Lemma A.1. O

Corollary A.4. Fix a > 0. For any L > 0, there exists a constant C = C(«, L) > 0 such
that the following statement holds. For any xo > x1 > 0, yo > y; > 0 and t > 0 that
satisfy xoy, < Lt?, we have

det (gs (i, yj))lgm-SZ > C 21, y2)qe (w2, y1) (w2 — 1) (Y2 — 11),

det (qt(xivyj))lgi,jgz < Ct gy, y2) e (2, p1) (w2 — 1) (Y2 — 1)

Proof. As both hands of the above inequalities are continuous, it is sufficient to consider
the case x2 > 1 > 0 and y2 > y; > 0. Moreover, we may assume ¢ = 1 due to the scaling
invariance (2.3).

Note that
det (q1(zi,y;)) _ q1(z1,y1)q1 (T2, y2) 1
Q1($1,y2)Q1($27y1) Q1($1,y2)(h($2,y1)
It suffices to show that
1
<Q1($1,y1)ql(zzay2) B 1) (A7)
(2 —21)(y2 —v1) \q1(z1,y2)q1 (22, Y1)

is uniformly bounded from above and from below for =1, x2, y1, y2 as in the statement.
Since

q1(z1,91)q1 (T2, Y2)

(fh (w1, y2)q1 (T2, 1)

is a double difference term. Apply twice the mean value theorem and (A.6), we have

4 Gz, y)a (@, y2) | _ ha(2) | aha(2)  (ha(2) ’
(22 — 1) (y2 — y1) o <Q1($1,y2)Q1($2»y1))  ha(2) " ha(z) (ha(2)> '

Here z = /uv for some u € (z1,22) and v € (y1,y2). Under the assumption zoys < L,
0 < z < L. From (A.3), the above is bounded from above by C and from below by C~!
for some C' depending only on L. This implies

) = log ¢1(x1,y1) + log q1(x2, y2) — log g1 (21, y2) — log q1 (22, y1)

— fh(l’l; yl)‘]l(I%yQ)
exp(C™H(xo — 1) (y2 — y1)) <
( (@2 = 21){g2 = 91)) (w1, y2)q (22, 91)
Notice that 0 < (z2 — x1)(y2 — y1) < z2y2 < L. Subtracting 1 in (A.8) and dividing both
sides by (x2 — x1)(y2 — y1), then the desired assertion (A.7) follows from the mean value
theorem. O

<exp(C(r2 —x1)(y2 —y1))  (A.8)
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Lemma A.5. Fix o > 0. For any L > 0, there exists a constant C = C(«, L) such that the
following statement holds. Given 7, T > 0, xo > x1 > 0, y2 > y1 > 0 and z, > 0. Assume
that

Tz, < LT?%, ypz, < LT? and that 2oy, < L(7 + T)2.
Let ¥ = (x1,x2) and § = (y1,y2). Let (J1(t), J2(t)) be distributed according to

PpL2—7.T.&§.0,00

Then the joint density of (J1(0), J2(0)) = (21, 22) is bounded from below by

o1 (T—l +T*1)2 qr (21, 22)qr (w2, 21)qr (21, Y2)qr (22, Y1)

2
(29 —21)7 - 1(0 < 21 < 29 < 24).
QT-‘:-T(xlayQ)Q‘r-i-T(x?vyl) ( ) ( )

Proof. Through taking limits, it is enough to consider the case z3 > x; > 0 and yo > y; >
0. By the Karlin-McGregor formula [26], the joint density of (71(0), J2(0)) = (21, 22) is
given by

det(gr (i, 2j))1<i,j<2 det(gr(2is yj))1<i <2
det(grar (i, y5))1<i <2

. I].(O <z < Zz).

When z; < z,, we have x329 < L72 and 1222 < LT?. Then the assertion follows by
applying Corollary A.4 three times for the three determinant terms respectively. O

A.2 Bessel Process

We consider in this section p;(x,y), the transition probability of Bessel processes.
See (2.7) for its explicit form. From (A.5), we have

2

= > 0. .
920y log p¢(z,y) >0 (A.9)

Lemma A.6. For any z € [0,0), p1(z,y) is strictly log-concave in y € (0,0).

Proof. For x = 0, the strict log-concavity follows directly from (2.7). For x > 0, from (2.7),
it suffices to show the strict log-concavity of z22**1h,(z) for z € (0, 00). This is proved in
[30, Theorem 4] and we present the argument below here for the reader’s convenience.
Using h,(z) = z7*1,(z), we compute

22h? . (10g(z2a+1ha))// = —(2a + 1)h2 + 22ho !t — 22(hL)>.
From (2.4), we can check that 2/ (z) = zho+1(2). Then the above equals
2202 - (log(22°*1h,))" = (20 + D2 + 22hahatr + 2 hahars — 2*h2 ).

Combining (2.4) and the Chu-Vandermonde identity [28, page 45], we have for any
a,B >0, ha(2)hg(z) = D07 Capnz>™ With

27— 2n +a+ B+ 1)
nfn+a+ B+ 1)I(n+a+1)I(n+B+1)

Ca,fin =

A straightforward calculation shows that

o0
2 2etip ) = - - nt2a-1. 2n
22ho (log(22*The))” = —(2a + 1)ca,a0 — (20 + 1) ; a1 Coam?
Because the coefficients in the above expansion are negative, the assertion follows.
O
EJP 28 (2023), paper 77. https://www.imstat.org/ejp

Page 39/50


https://doi.org/10.1214/23-EJP963
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

The Bessel line ensemble

Corollary A.7. For any x € [0, 00), there exists a unique maximum point y*(z) of p1 (z, -).
limg o0 [y*(2) — 2| = 0. y*(z) is @ smooth function in x. Moreover, sup,cjo,) [y (z) — 2| <
Lo for some Ly > 0.

Proof. The existence and uniqueness of the maximum point p;(z, -) follows directly from
Lemma A.6. From I, (z) = (272)~!/2e* (1 + O(z~!)) when z goes to infinity [1, (9.7.1)], it
holds that

pi(a,y) = (2m) Y2 (y/a) ot 2= Wm0 2 (14 Oty Y)) . (A.10)

This implies lim,_, o |y*(z) — 2| = 0. Clearly y*(z) is the unique solution to dp (z,y)/dy =
0. By the inverse function theorem, y*(z) is a smooth function in 2. Then the boundedness
of |y*(z) — z| follows. O

Lemma A.8. There exist constants Cy and C such that

sup  pi(z,y) < Co, (A.11)
w,yE[O,oo)
and
sup MUY pi(w, M) < Oy (A.12)

z€[0,00),M>1 =
Proof. We start with prove (A.11). From Corollary A.7, sup,c(o,) P1(2,y) = p(z,y*(x)).
Because lim, o, |y*(z) — 2| = 0, we have from (A.10) that lim, . p1 (z, y* (x)) = (27) /2.
Then (A.11) follows from the continuity of p(z, y*(z)).

Next, we turn to (A.12). Let jo = jo(z, M) = [ My.(x)|. From Lemma A.6, pi(z,y)
is non-decreasing for y € [0, y.(x)] and is non-increasing for y € [y.(z), 00). By integral
comparison,

Jo o0
S M (M) < / piey)dy, S M pi(w, M) < / pi(z,y) dy.
0

0<j<jo—1 J>jo+2 Jot1

Together with (A.11), for « € [0,00) and M > 1,

o0
_ o 2
> M 'pi(w, M 1)S/ pi(z,y)dy+ 47 sup pa(a,y) <1+ 2.
>0 0 y€[0,00)

(A.12) then follows by taking C; = 1 + 2Cj. O
Lemma A.9. For any € > 0, there exists L > 0 such that

sup M1t Z p1(z, M) <e. (A.13)
z€[0,00),M>1 M1 —g|>L

Proof. Let y.(x) be the unique maximum point of p; (z,y) given in Corollary A.7. Let Lg
be the constant in Corollary A.7. Then y.(x) € [t —L/2,2+ L/2] for all L > 2L,. Together
with the monotonicity of p;(z,y) on [0, y.(x)] and [y«(x), o), it holds that

M=ty pl(x,jMfl)é/ pi(z,y)dy. (A.14)
|jM_1*Z|ZL \y—ﬂClZL/Q;yZO

It suffices to show that by taking L large enough, the right hand side of (A.14) is small
for all x € [0, ).
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Given € > 0. We aim to show that for L large enough, for all x > 0 it holds that

/ pi(z,y)dy >1—e¢.
ly—a|<L/2,y>0

Suppose the above fails. There exists a sequence x,, such that

/ p1(Tn,y)dy <1 —c.
ly—2,|<n,y>0

In view of (A.10), the sequence z,, is bounded. Let z,, be a convergent subsequence
of z,, and z( be the limit. Because p;(z,,, ) converges to p;(zo, -) locally uniformly, we
have for all L > 0,

/ p1(wo,y)dy <1 —e.
ly—zo|<L/2,y>0

This is impossible. The proof is finished. O

B Discrete Approximation of non-intersecting Bessel Bridge En-
semble

In this section, we show that non-intersecting Bessel bridge ensembles can be
approximated through discretization. This completes the fourth step in the proof of
Proposition 4.1.

We begin by recalling the setting. Fix a > 0, k € IN. Let (f, g) be a pair of functions
defined on [0, 1] that satisfies the continuity assumption in Definition 3.3. Let Z, § € R%
be two vectors. We consider the k independent squared a-Bessel bridges on [0, 1] with

entrance and exit data (Z,y). Their law is denoted by P;;fé(o’l)’f’g. The law of the
¥.f:9 is obtained from

non-intersecting Bessel bridge ensemble, denoted by PpLk(0.1).%
conditioning P “V%7 o1 the event that all of the curves mutually avoid each other
and f(z), g(x). See Definition 3.4 for details. To make sure P*(0:1):%:4./.9 is well defined,

free
we assume that
ZLk0,1),53.f.9 5 (B.1)

See (3.1) for the definition of Z1:%:(0:1).%.4.f.9,

For technical reasons, we prefer to work with Bessel bridges instead of squared Bessel
bridges. We view P1:(0:1).#.9.1.9 and Pk (D77 a5 Borel measures on C([1, k]z x [0, 1], R).
We write Q and Qgee for the measures obtained by pushing forward P!-*:(0:1).%:9.f.9 and
P};:é(o’l)’f’g through the map h(t) — +/|h(t)| respectively. The goal of this section is to
prove Proposition B.1, which approximates Q through discretization.

Take £ € N and M > 1 and let K = 2¢. Recall that Qe is defined in (4.2) and that
Q¢ can be identified as a subset of C([1, k]z x [0,1],R) through (4.5). In other words,
we divide [0, 1] into K subintervals with equal lengths and use M as a parameter to
discretize the height of the curves.

The weights Weee(z) and W (z) = Wiee(2)G(2) for z € Q2 are defined in (4.3). Let
Qs ,¢.ree @and Qs ¢ be the probability measures on ), which is proportional to Wiree

and W respectively. In other words, for any z € Q,;,

QJ\/I,&free(Z) X Wfree(z) and QM7Z(Z) X W<Z) (B.2)

Through (4.5), Qs ¢ free and Q¢ can be viewed as probability measures on C([1, k]z x
[0,1],R). Moreover, G(z) is the indicator function of the set A, C C([1,%]z x [0,1],R)
defined by

Ay = {h(t) € C([1,k]z x [0,1],R) | \/F(t) < hi(t) < --- < he(t) < /g(t) .3)
forallt =n/K,n € [1,K — 1]z} ‘
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Similarly, define

A={h(t) € C([1,k]lz x [0,1],R) |/ f(t) < h1(t - < hi(t) < 4/g(t) foralltel0,1]}.
(B.4)

Because of (B.1), there exists ¢y and My such that Qs ¢ ree(A¢) > 0 for all £ > ¢, and
M > My. From now on we always assume ¢ > ¢y, and M > M. Clearly Qs ¢ equals
Qs ¢ free conditioning on A,. In other words, for all Borel subsets E C C([1, k]z x [0, 1], R),

QM,Z(E) = QIVI,Z,free(E N AK)/QM,é,free(AE)~ (BS)

To compare, the measures of non-intersection/free Bessel bridges have the relation

Q(E) = eree(E N A)/eree(A)- (B.6)

The goal is to prove the following proposition.
Proposition B.1. As M and ¢ go to infinity, Qs converges weakly to Q.

We first show that as M goes to infinity, Qs ¢ ree COnverges the marginal law of Qgree
restricted on t = n/K. We write Qg sree for such a law.

Lemma B.2. As M goes to infinity, Qs ¢ free CcONVErges to Qg rree Weakly.

Proof. Under the law of Qs ¢.free OT Qe free, Curves at different levels are independent
of each other. Therefore it suffices to consider the special case k = 1. Let z,y € [0, 00)
be the entrance and exit data. In this proof we always use the convention that 2y = /z
and zx = /y. For simplicity, we denote px-1(-,-), the transition probability for Bessel
processes (2.7), by p(,-)

Let (z1, -+ ,zKx—1) be distributed according to Qs ¢ free. Given (wy,ws, ..., wx_1) €
[0,00)%~1, it holds that

K
Qs ree(z; < wj, forall j € [1, K — 1]z Z Hp Zi—1,%j / Z Hp(zj,l,zj).

2€Qn e j=1 2€Qnm e j=1
Zj Swj

It suffices to show that

K K K-1
Mli_r)nocM*KJrl 3 Hp(zj1,zj)—/RK_11'[1p(zjhzj) Hl dz; (B.7)
J= J=

2€Qp 0 j=1
and that
K K-1
Mlim M—EH Z Hp(zj,l,z] / Hp (zj-1,%5) Hdzj. (B.8)
e 2€QMm,e j=1 {ziswstjo1 Jj=1
zj<wj

Next, we prove (B.7) and (B.8). Because p(z,y) is a continuous function, for any
L > 0, the following Riemann sum converges to the Riemann integral,

K
gy o s

2€0M e :
lzj—zj—1|<L, 1<j<K (B.9)

K K—
P(zj-1,2) H

/{lzj_zj1|§L7 1<G<K} 50

EJP 28 (2023), paper 77. https://www.imstat.org/ejp
Page 42/50


https://doi.org/10.1214/23-EJP963
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

The Bessel line ensemble

From Lemma A.8, Lemma A.9 and (2.3), for any m € [1, K]z, we have

MK+ Z Hp zj—1,25) < or(1).

2€Qn e
|Zm—2m—1 \>L

Here o (1) denotes a quantity which converges to zero when L goes to infinity. In
particular, for all M > 1,

K

M= Z HPZJ 1,%;) Z Hp zj—1,25)| < or(l). (B.10)

2€Q,0 j=1 z2€Qn,0 j=1
|zj—2j-1|<L, 1<<K

Combining (B.9) and (B.10), (B.7) follows. The argument for (B.8) is similar and we omit
it. The proof is finished. O

Lemma B.3. As { goes to infinity, Qg free converges to Qe weakly.

Proof. 1t suffices to consider the case k = 1. Fix the entrance and exit data x,y € (0, c0).
Let S be a Bessel bridge on [0, 1] with §(0) = /= and S§(1) = /y. Note that Qe is the
law of S. Let

S(t) t=3/2 j€[0,2']z,
linear interpolation, others.

Se(t) = {

Then Q free is the law of S;. Because Bessel bridges are continuous, we have S, converges
uniformly to S almost surely. This implies Q; fee converges to Q, weakly. O

Lemma B.4. Let A, and A be the topological closure of A, and A (defined in (B.3)
and (B.4)) in C([1,k]z x [0,1],R) respectively. Then A = N3, A,.

Proof. Because of (B.1), A; and A are non-empty. It is straightforward to see that

N2, A = {n(t) € C([1,k]z x [0,1],R) | \/f(t) < hy(t) < - < ha(t) < V/g(t)
t€27%7.n[0,1] for some ¢ € IN},

and that
A=1{h(t) € C([1,klz x [0,1],R) |/ f(t) < hi(t) < --- < hi(t) < \/g(t) forallte [0,1]}.

Since (f, g) satisfies the continuity assumption in Definition 3.3, \/f and /g are one-sided
continuous on (0,1). This ensures A = N2, A,. O

Proof of Proposition B.1. Let A, and 0A be the topological boundaries of A, and A (de-
fined in (B.3) and (B.4)) respectively. Because Bessel bridges have continuous transition
densities, Q;(0A,) = 0. Together with Lemma B.2, we have

lim QM,Z,free (AE) = Qé,free (AE) (B.11)
M —o00
Next, we aim to show that

Zliglo QZ,free(Aé) = eree(A)- (B.12)
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Because ¢(z) is lower semi-continuous and f(z) is upper semi-continuous, A is an open
set in C([1, k]z x [0, 1], R). Together with A C A, and Lemma B.3, we have
lim inf QE,free(AZ) Z lim inf QE,free(A) Z eree(A)
{— 00 {— 00

Also, for any j € IN,

lim sup Ql,free (AZ) S lim sup Qé,free (A]) S eree (Ag )

£— 00 £— 00
From Lemma B.4, A = N2, A;. Hence we have limsup, ., Q¢ free(Ar) < Qtree(A).
From Lemmas 2.2 and 2.3, Q(0A) = 0. Therefore, limsup,_,.. Qs free(Ar) < Qfree(A4).
Then (B.12) follows. Combining (B.11) and (B.12), we have
lim lim QMZfree(AZ) eree(A)~ (B13)

L—00 M —00

To show that Q¢ converges to QQ weakly, it suffices to show that for any open subset
E c C([1,k]z x [0,1],R), we have

hm inf lim mf Qre(E) > Q(E). (B.14)
l—o0 M—

From now on, we fix an open set E C C([1,k]z x [0,1],R). Since E N A, is also open, we

have from Lemma B.2 liminf ;oo Qs e free(E N Ar) > Qu ree(E N Ag). Therefore,

lim inf l}\}fn inf Qz,¢,free (E N Ag) > hm 1nf Qo free (E N Ap).

£— 00

Together with A C A, and Lemma B.3, we have

liem inf Qg free (B N Ag) > liém inf Qrree (ENA) > Qree(E N A).
— 00 — 00

Therefore,
lim inf lim inf Qs ¢ free (B N Ar) > Qpree (E N A). (B.15)

l—oo0 M—oo

Then (B.14) follows by combining (B.5), (B.6), (B.13) and (B.15). This finishes the
proof. O

C Extended Bessel Kernel

In this section we derive the multi-time correlation kernel for the non-intersecting
squared Bessel process and prove the convergence under the hard edge scaling in (1.2).
The results could also be found in [18, Section 11.7.3]. We provide the arguments for
the reader’s convenience. Note that our extended Bessel kernel differs from the one in
[18] up to some coefficients. This comes from that the scaling in [18] centers around
t = 1/2 while we center around ¢ = 1.

Fix « > 0 and N € IN. Consider an N non-colliding squared «-Bessel process
Y o) < Y0 () < - < YO(t) with YjN"O‘(O) = 0. We also use Y"%(¢) to denote the
vector (Y;\"*(t),..., Y “(t)). The density of YN(1/2) is given in (1.1). Together with
the scaling property (1.4), the density of YV-2(¢) is

N N
9 aN=N* =N o H z;/H)%e” 070 (A@)* 17 € W) [ da;. (C.1)
Here A(Z) = [[,<;~j<n(%; — ;) is the Vendermonde determinant.
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For any s > t > 0, the transition probability from YV:%(¢) = ¥ to YV:%(s) = i can be
computed through the Karlin-McGregor formula [26] (see also [27, (1.6)]).

A "
det [qs t(xzyy3)1<1 j<N] Agayj; (y S Wf) H dyj. (C.2)

Here ¢;(z,y) is the transition probability of squared Bessel processes defined in (2.2).
From (C.1) and (C.2), we can derive the joint density of Y N:@ at multiple times. Fix an
arbitrary m € Nand 0 < t; <ty < --- < t,,. The joint density of (Y™ (t1),...,YV(t,,))
is given by

m
27NN (N, a) x [] 1@" € WY)
k=1
x 7N H (t7al)rem T  A(2() (C.3)

m—1 m

y H det [thﬂ—tk (xz(k)’ §k+1))1<z]<N} x Az m) ) % H de(k)

k=1 k=1j=1

For z,t > 0 and 5 € IN, we define

(i
¢ (t,x) :2j+ar((2+j)t It te)rem @07 e (20 a), (C.4)

P& (t,x) =20 LY  ((2) 7 ). (C.5)
Here L;{l(x) is the generalized Laguerre polynomial of degree j — 1,

—a,z Ji—1
o e’ d
J

1) = TRy g @) (C.6)

Note that the following orthogonal relation holds.

MNa+j5-1)

/0 dxx®e” "L (z) L] (z) = TG 1)

5ij. (C.7)

Because the leading coefficient in L§ () is % we have

N
- N(N-1) - 2 2 a _
det [¢2 (1, 2)]y <y ey = (=1) 7 27 oN=NN Hraﬂ [T/t @0 = A@),

Jj=1

N
N(N 1 1
det [ (¢, %)) <; jen = H T(j

Therefore, the joint density (C.3) can be expressed as

det [¢“( , 51))} 1<, <N

m—1
k k+1
X H det [th+1—tk($§ ), 5 ))1§i,j§N} (C.8)
k=1 ’
m m N
cdet [up (2™ < []1@® e W) JT I] ol
1<i,j<N "
k=1 k=1j=1
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Lemma C.1. For any 0 < t < s, the following statements hold.

/ o (t, )5 (t, @) da = &i;. (C.9)
0

| o5 o) do = 6550, c10)
/O ao—¢(z,y)5 (s, y) dy = ¥7 (¢, ). (C.11)

Proof. (C.9) is a reformulation of the orthogonality of generalized Laguerre polynomi-
als (C.7). The equality (C.10) is proved in [15, Lemma 3.4(ii)].
We proceed to prove (C.11). For j € IN, define

%@wzém%tuyw< ) dy

We aim to show that 1), () = Y5 (t, ). By the Cauchy-Binnet formula and (C.8), we have
forall N € IN,

N
. 1
det(¢; (zi)1<ijen = (=N H I < A(z1,22,...,2N).

By induction, 1% (z) is a polynomial of degree j — 1. Also, from (C.10) and (C.9) we have
/ ¢?(t7x)1/~1j(x) dr = / qS?(s,x)@[J?(s,x) dx = 6;;.
0 0

As a result, ¢;(z) = V§(t, ). -

In view of (C.8), Y@ is determinantal. Moreover, from Lemma C.1 and the Eynard-
Mehta Theorem [12, 4], a correlation kernel is of the form

N
KN ((t,2); (5,9)) = — go—re(z,y)L(t < ) + Z S (t, 2)% (s, y). (C.12)

Consider the following gauge transformation:
KX ((t,2); (s,9)) =(a/y)* P KL (8, 2); (5,9))- (C.13)

Note that KV is also a correlation kernel for Y. Moreover, from (2.5) and (C.4),
KN ((t,2); (s,y)) extends smoothly to y = 0.

We consider the following hard edge scaling. For arbitrary (¢, z), (s,y) € R x [0, 00),
consider

(AN) KN (14 (4N)", (4N)"tz), (1 + (4N) " Ls, (4N) "Ly)). (C.14)

It is a correlation kernel for £V:* defined in (1.3). The following theorem proves the
locally uniform convergence of the above correlation kernel.

Theorem C.2. For any (t,z) and (s,y) in R x [0, 00), the limit of (C.14) is given by

_/ e 205 g (221221 2) I (22 2y ) dz, b <,
/8

1/8
/ e 25702 5 (221221/2) 1, (221212 dz,  t > s
0

Moreover, for any L > 0, the convergence is uniform on ([—L, L] x [0, L])?.
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Proof. In view of (C.12), (C.14) consists of two parts. The first part contains the ¢,
term and the second part is a finite sum of ¢§'¢$. For the first part, we use the integral
representation which can be derived from [20, (6.633)].

¢i(x,y) =(y/x)°’/2/ e I (22121 ?) 0 (22121 dz.
0
Together with (4N)~ g any(@/4N,y/4N) = q:(x,y), we have

— (@/y)*(AN) g0y jan (2 /AN, y/AN) - 1(t < 5)
(C.15)

=— / e 26702 7 (221221/2) 7, (22129 2) dz - 1(E < s).
0

Now we turn to the second part in (C.14). From the definitions of ¢ and 7", we may
rewrite the expression of (x/y)/? Zjvzl Y$(t, x)d5 (s, y). It could be directly checked that
it equals

a/2 —y/(25) a-1 a/2 ()

t/s e X 27 xy/(ts)) _—

(t/s) (aw/( }jra+”

Set M = 4N. Under the hard edge scaling, we have

#1sTILY ) (2 (20) Ly (y/(2s)) -

N
(AN) "M /y)™2 D5 (L4 /(AN), 2/ (AN)) 65 (1 + 5/(4N), y/(4N))

j=1
equals

1+t/M\*"? y -1 ad i

Q+yM> ot ) M @2 ear o)
(C.106)
N . T Y
j—1 J. e _— & P YV
Z 1+t/M) (1+s/M)” Lj_1<2M+2t> Ly (2M+23)'

=1

We apply the asymptotic limit of Laguerre polynomial for j large. For j € IN, let
j=j+2 Y a—1). Denote

a «@ F(OL + ]) :r —« e
Ba(@) = Lina(e) = g™ P TR L2 e
Here J,(z) is the Bessel function of the first kind. From [35, (8.22.4)], for any ¢ > 0,
there exists C' depending on c¢ such that for z < ¢j !

|E¢(z)] < Ce/?2?5. (C.18)
Using (C.17) to substitute L ' 1 in (C.16), it becomes

(%) op (2My+2s) x (@M) <(2M + 2t§€l2M - 2s)>a/2

N .
«3 F(F(J) (L4 t/MYN (L s/M)

ot a+j)

. —a/2 z 1/2
PO ot (2 ) ey (o0 ) )y (2
L(5) 2M + 2t 2M + 2t =L\ 2M + 2t

. —a/2 ~ 1/2
Llat)) o Y / a2y (g Jy b B Y
r'(j) 2M + 2s 2M + 2s I\ 2M + 2s
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Through a direct computation, we rewrite

1+¢/M\ /2 y
14 t/M) [ —L— ——— ) x(C16) =T+ I+ I +1V
(1+1/ )(1+3/M) exp |~ 5o | ¥ (C16) = I+ I+ LI+ 1V,

such that

N _}LL‘ 1/2 jy 1/2
_ -1 —j(s—t)/M
1=(@M)7') e Ja (2 <2M+2t> ) o (2 (2M+23> )

j=1
y [« +j)§~—a o ot/ @Mtan) ry/(aM+as) o | (LE t/MY’ pi(s—t)/M
' 1+s/M '

L'(j)

a/2
_ X s
I :(2M) 1 (M> ey/(4M+4 )

N i ~ 1/2
L+t/MN\ <y Jy a z
XZ(l—FS/M) 7 e\ 2 Sar v 2s Eio\aarva )

2M + 2s

; ~ 1/2
L+t/MN\ =~ )0 jx o y
XZ(HS/M) 7\ 2 aN g Ei\anTs)

Jj=1

a/2
111 :(QM)_l ( Yy > em/(4M+4t)

a/2
-1 Yy
V=(2M) ((2M T 2t)(2M + 25)>

N . j
I'(y) L+t/M\ _, x o y
X;F(a—i—j) <1+3/M E\aarsa ) i \aar 25

From (C.18), II, IIT and IV converge to zero as [NV goes to infinity. And I (as a Riemann
sum) converges to

1/8
/ 20z 5 (2,1/251/2) ] (251/21/2) @z
0
Therefore,
1/8
lim (C.16):/ e26702 1 (221221/2) 1, (221291 /?) d. (C.19)
N—o0 0

The desired result now follows by combining (C.15) and (C.19). It is straightforward
to check that the convergence in (C.19) is uniform on (¢, ), (s,y) € [-L,L] x [0,L]. O
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