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Abstract

In this paper we use duality techniques to study a coupling of the well-known contact
process (CP) and the annihilating branching process. As the latter can be seen as a
cancellative version of the contact process, we rebrand it as the cancellative contact
process (cCP). Our process of interest will consist of two components, the first being a
CP and the second being a cCP. We call this process the double contact process (2CP)
and prove that it has (depending on the model parameters) at most one invariant law
under which ones are present in both processes. In particular, we can choose the
model parameters in such a way that CP and cCP are monotonely coupled. In this
case also the above mentioned invariant law will have the property that, under it, ones
(modeling “infected individuals”) can only be present in the cCP at sites where there
are also ones in the CP. Along the way we extend the dualities for Markov processes
discovered in our paper “Commutative monoid duality” to processes on infinite state
spaces so that they, in particular, can be used for interacting particle systems.
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1 Introduction

1.1 Aim of the paper

After having identified in [10] a class of duality functions based on commutative
monoids, our aim for this present paper is to apply one of those dualities to a specific
process. To do so we couple the contact process with its cancellative version, the
process formerly known as the annihilating branching process. The considerations in
[10] indicate that this coupled process has a self-duality that we use here to characterise
all invariant laws of the process.
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Applying monoid duality to a double contact process

To use the dualities discovered in [10], we first have to generalise the techniques
presented in [10] to infinite state spaces. This is done in Section 2 and is one of the main
contributions of the present paper.

Additionally, in Section 3, we give precise definitions and some first results towards
the goal of characterising all duality functions of the type considered in [10] that
determine the law of a process uniquely. This was posed as an open problem in [10,
Section 1.5].

1.2 Contact processes

We set T := {0, 1} and let 7 denote the space of all functions x : Z¢ — T. Moreover,
we let V and ¢ denote the binary operators on 7" defined by the addition tables

v, 0 1 @0 1
0j0 1, 0|0 1
111 1 111 0

In words, this says that for a,b € T the quantity a V b is the maximum of a and b
and a ® b is the sum of ¢ and b modulo 2. For all i, j € Z¢, we define “infection maps”
inf}; : T — T (x € {V,®}) and a “death map” dth; : 7 — T as follows:

o _ )z xx() if k=, vy [0 k=i,
intl; (@) = {J;(k’) else, dthi(e)(k) = {x(k) else. -

We say that i, j € Z“ are nearest neighbours and write i ~ j if ||i — j||; = 1. We define
formal generators

Guf(z) =X Y {f(inf(x)) — f(z)} +0 > {f(athi(x)) — f(z)} (1.2)

i,j €L rinj i€z

for x € {V, @}, where A,§ > 0 are model parameters. It is well-known (compare [15,
Theorem 4.30]) that continuous functions that depend only on finitely many coordinates
form a core for the generator G, (x € {V,®}). In words, we can describe the dynamics
of the process generated by G, (x € {V,®}) as follows:

+ At each site i € Z¢ sit two “exponential clocks”, one with rate 2d\ for reproduction
and one with rate § for death.

o If the clock for reproduction at site ¢ € Z rings, the corresponding individual
reproduces by choosing a neighbouring site j uniformly at random and adding its
local state to the local state at j, where addition has to be interpreted in the sense
of the operator x.

» If the “death clock” at site ¢ rings, individual ¢ dies which means that its local state
is replaced by 0, regardless of its previous value.

The process C = (C});>o with generator Gy is the well-known contact process on 74 with
infection rate A and death rate § (introduced in [4]). We denote this process shortly as
CP(A\,0). The process D = (D,);>o with generator G was introduced as the annihilating
branching process in [2]. We refer to it as the cancellative contact process (cCP(},d)) to
stress the similarity of the two processes, which differ only in the type of operator used
in the definition of the infection maps infj; (x € {V,®}).

To speak about the long-time behaviour of the CP and the cCP we define shift
operators 6; : T — T by

0:z)(j) =x(j—4) (i,jeZ’ zeT). (1.3)
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We say that a probability measure p on 7 is shift-invariant if p = po 0;1 (i € Z4%). For
a € T we let a denote the constant configuration a(i) := a (i € Z?). We say that a
distribution p on 7T is non-trivial if u({0}) = 0.

It is well-known [15, Theorem 6.35] that the CP()\,d) with A + § > 0 started in a
non-trivial shift-invariant distribution converges weakly to a (time-) invariant distribution
v called the upper invariant law of the contact process. Similarly, it is known [2,
Theorem 1.2 & Theorem 1.3] that the cCP(),0) with A + § > 0 started in a non-trivial
shift-invariant distribution converges weakly to an invariant distribution v, that we call,
in accordance with [12], the odd upper invariant law of the cancellative contact process.

Letting Jp denote the Dirac measure concentrated on the “all 0” configuration 0, ¥
and 7 may or may not differ from Jp depending on the choice of the model parameters
A and §. For a CP()\,§) (A + 0 > 0) there exists a critical value Acp = Acp(d) € (0,00)
(dependent on the dimension d) such that 7 # d¢ if and only if A\/6 > Acp [7, Chapter IV.1],
[1]. Here and in the following we set 2/0 = oo for x € (0, 00). For the cCP we can define
Aecr = Accp(d) as

Aocp := inf{\ > 0 : the odd upper invariant law of the cCP(\, 1) does not equal d},
Mop := sup{\ > 0 : the odd upper invariant law of the cCP(), 1) equals dp}.

It is known that )\jCP < o0 ([2, Theorem 1.1] & Proposition 5.1 below). By coupling
the CP and cCP in such a way that infections and deaths only occur in both processes
simultaneously (see below) one shows that Acp < A p. Thus, it is established that

0 < Acp < Agp < Adep < 0.

Simulations suggest that A.cp = AJop and Acp < Ap in all dimensions. The first assertion
is a long-standing open problem that due to the non-monotone nature of the process
seems very difficult. Using the bound A\cp(1) < 1.942, proved in [8], and the following
result we can conclude the latter assertion at least in dimension one.

Proposition 1.1 (Lower bound for A_;(1)). One has Ap(1) > 2.

As the methods in the proof of Proposition 1.1 (to be found in Section 5) are essen-
tially one-dimensional in nature, it is not clear how to generalise the result to higher
dimensions.

1.3 The double contact process

We will be interested in a joint process, consisting of a CP and a cCP, that are coupled
in such a way that some of the infections and deaths happen for both processes at
the same times. Our motivation to study this coupled process comes primarily from
the theoretical side of view. The duality techniques explored below are by no means
restricted to this one process. In particular, further couplings of “classic” interacting
particle systems can be studied in a similar way. However, in order to prevent the reader
from getting lost in abstract statements, we stick to this one process. Further details
regarding additional applications of monoid duality to similar processes are given within
the text below, in particular at the end of Section 2 and below Proposition 3.2.

Informally, the coupled process of interest will behave in the following way. With
rates \,d > 0 infections and deaths, respectively, happen simultaneously for the CP and
the cCP. With rates Ay, dy > 0 they only happen for the CP and with rates \g, dg > 0 only
for the cCP.

It will be helpful to write the generator of the coupled process in a form similar to (1.2).
To achieve this, we define U := T x T = {0,1} x {0, 1}. In parallel to the above we denote
by U the space of all functions z = (21, z5) : 7% — U and for each i,j € Z%, we define
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infection maps INF;;, inf';;, inf?;; : Y — U and death maps DTH;,dth';,dth?, : U/ — U as
INF;;(x) := (inf};(21), inf?;.(g;Q)), DTH;(z) := (dth;(x1),dth;(x2)),
inflij(x) = (inf;/j(l'l),lﬂg), dthli(l’) = (dthi(ﬂfl),xg),
inf?;;(z) :== (21, inff-?(l’z))a dth?;(z) := (21, dth;(z2)), (x = (z1,22) €U),
(1.4)

where the maps on the right hand sides are the maps from (1.1). We then define the
generator Gv as

Gvf(z):=X Z {f(INFij(x)) - f(a:)} +4 Z {f(DTHi(x)) - f(x)}

i,jE€Z:in] i€z
+A D {flnfhy(@) ~ f(o)} +ov Yo {f(athhi(@) ~ f(2)} (15
i,jE€EZdirvg i€z
+ g Z {f(inf2ij(.1‘)) - f(a:)} + g Z {f(dthQi(l‘)) — f(l‘)},
i,jE€Z i i€z?

where A\, d, Ay, v, Agp, g > 0 are model parameters. Standard results [15, Theorem 4.30]
tell us that the process X = (X1, X?) = (X}, X?):>0 with generator GV is (like C' and D
before) well-defined. For later use, letting

Usn := {z = (z1,22) €U : [{k € Z : (21 (k), z2(k)) # (0,0)}] < o0} (1.6)

denote the set of finite configurations, one has, by Theorem 2.7 below, for all choices of
model parameters that

Xo € Ugn implies X; € Ugn (t >0) almost surely. (1.7)

We call X the double contact process and denote it shortly as 2CP(X, d, Ay, dv, Ag, dg). If
X is a 2CP(\, 0, A\, v, Ag, g, then Xt isa CP(A+ Ay, +dy) and X2 isa cCP(\+ g, 5 +
0g)-

In particular, if A = 6 = 0, then X! and X? are independent processes. On the other
extreme, if §y = Ay = dg = Ag = 0, then X! and X? are fully coordinated in the sense
that their infections and deaths happen at the same times. An interesting consequence
of this choice of parameters is that the CP stochastically dominates the cCP. The first
part of the following lemma says that this holds a bit more generally: if 6, = A\g = 0
and the process is started in an initial state such that the CP dominates the cCP, then
it follows from the definition of the maps in (1.4) that this order is preserved by the
evolution.

Lemma 1.2 (Special choice of parameters). Assume that X = (X!, X?) = (X}, X}?);>0 is
a ZCP()\, (57 )\\/, (5\/7 )\@, 6@) with (5\/ = )\@ = 0. Then

Xi(k) > X2(k) (k€Z implies X} (k)> X}(k) (keZ t>0). (1.8)

In this paper we are interested in the long-time behaviour of the 2CP started in a
shift-invariant distribution. With a slight abuse of notation we define shift operators
0; : U — U by applying the operators from (1.3) in both coordinates. As for distributions
on 7 above we say that a probability measure p on U is shift-invariant if 4 = po 6, !
(i € Z%). Moreover, we say that a distribution p on U is non-trivial if

1({(0,0)}) =0,
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where also for a € U the configuration a € U is defined as a(i) := a. We set

Z/[(O’*) = {a’,‘ = (:Cl,a?g) eEU: :Q}a
U(*,o) = {x = (331,332) ceU : o :Q},
Unix = U\ U,) UU(x0))-

The known results for CP and cCP imply that the 2CP X = (X;)i>0 = (X}, X?)i>0
started in a non-trivial shift-invariant distribution on ¥, o) converges weakly to v @
do. Analogously, the 2CP started in a non-trivial shift-invariant distribution on (g .
converges weakly to §p ® . If X is started in a non-trivial shift-invariant distribution
on Unix, then the laws of X} and X? individually converge weakly as t — oo to 7 and 7,
respectively. However, as a measure on a product space is in general not determined
by its marginals, the long-time behaviour of the joint law of X, = (X}, X7?) is less
straightforward.

A priori there might, for example, exist an increasing sequence (¢,),en SO that

the sequence of laws of (X;,),cn has several cluster points all having the marginal
distributions v and 7, respectively. Or the law of X might converge weakly to different
distributions depending on where on Uy its initial law is supported. We will show that
the behaviour outlined in the last two sentences does not occur.
Theorem 1.3 (Joint invariant law). Let X = (X!, X?) = (X}, X?)i>0 be a 2CP with
parameters A, 0, Ay, 0y, Ag,0g > 0 so that \+ Ay, +J+dy > 0and A+ Ag + 0 + dg > 0.
Then X has an invariant law v so that if X is started in a shift-invariant initial law that is
concentrated on Uiy, then

PX, e ] = v, (1.9)
t—o0

i.e. the law of X converges weakly to v.

Note that (1.9) implies that v is (as 7 and ) shift-invariant. In the special case that
d0v = Ag = 0, corresponding to the monotone coupling of CP and cCP, one has that

v({zeU:3k ez x(k)=(0,1)}) =0,

as we can chose a shift-invariant initial law that is concentrated on Uiy with the above
property. This property is then preserved by the dynamics. One example of such an
initial law would be the Dirac measure concentrated on (1,1). Thus, as long as the initial
distribution of this special 2CP is shift-invariant and concentrated on Uik, the law of this
2CP converges weakly to a monotonically coupled law, no matter how high the density of
(0,1)s was in the initial distribution.

Taking into account our earlier remarks about initial laws on U/ .) and U, o), one can
conclude (compare [15, Corollary 6.39]) that all shift-invariant invariant laws of the 2CP
are convex combinations of §y ® dg, ¥ ® dg, dg ®  and v.

1.4 Duality

The main tool to prove Theorem 1.3 will be duality. It is well-known that the CP is
self-dual in the sense of additive systems duality [5, Section 7b]. Similarly, the cCP is
self-dual in the sense of cancellative systems duality [2, Proposition 1.1]. This suggests
that the 2CP should also possess a self-duality.

To present a complete picture we repeat the definitions of the additive and the
cancellative duality function. Analogously to [10] we define ¥1,1 : T X T — T as

¥1(0,0)  91(0,1)\ _ (42(0,0) +2(0,1)\ (0 0
(1/}1(170) 1#1(171))_(@&2(1,0) 1/)2(171))_(0 1)’ (1.10)
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in parallel to (1.6) we set

Tin = {z € T :|{k € 2% : z(k) # 0}| < 00} (1.11)
and, for x,y € 7T so that either x € 75, or y € Tg,, we define
() =\ ¢i(z(k),y(k)  and  ho(w,y) = @) va(z(k),y(k),  (1.12)
keza kezd

where V and & are the operators defined at the beginning of Section 1.2 corresponding to
taking the maximum and addition modulo 2, respectively. Since either x € Tg, or y € Tan,
¥i(z(k),y(k)) = 0 (i = 1,2) for all but finitely many k£ € Z? and hence the expressions
are well-defined. Fix \,d > 0, let (X}):>0 denote the CP(}, ), and let (X?);>o denote the
cCP(), ). Following [15, Lemma 6.6 and Lemma 6.11] the self-dualities of the contact
process and the cancellative contact process can be written as

E* [¢,(X{,y)] = EY [¢,(z, X])] (xeT,y€Tan, t >0,i=1,2), (1.13)

where [E? denotes expectation with respect to the law of the process (Xti)tzo (t=1,2)
started in the initial state z € {z,y}, i.e. X} = 2. In general, throughout this paper, we
write P? and E* to denote the law and expectation of a Markov process Z = (Z;);>¢
started in the initial state Zy = z.

We will prove a similar self-duality for the 2CP. The first step is to find the right
duality function. To this aim, we rewrite the duality functions 1,1, in (1.12) in such a
way that the operators V and & are replaced by the product in R. For this purpose, we
define maps v; : T — R (: = 1,2) by

M(0)=1, m(1)=0 and 4(0)=1, (1) =—1. (1.14)
Then it is easy to check that v, (a V b) = y1(a) - v1(b) and y2(a ® b) = va(a) - v2(b) (a,b € T).
We define, again for z,y € T so that either = € T, or y € Ty,
'wadd('rvy) =M (d"l(xay)) and "bcanc(xay) = ’72(1#2(@‘,3])). (1.15)
One then readily checks that
wadd € y H 71 ¢1 ( ))) and "pcanc € y H 2 ¢2 ( )))
kezd keza

where the product is the usual product in R. As 7, and 7, are bijections from T to {0,1}
resp. to {—1,1}, (1.13) remains true if we replace 1, by 1,44 and ¥, by ¥_,,..-
We now define, for x = (z1,22),y = (y1,y2) € U so that either z € Ug, or y € Ugy,

'lﬁ(l‘, y) = "/)add(xla yl)'l/"canc(-r% y2)'
One then checks that

zy) = ] v(xk),yk)), (1.16)
kezd
where
V(z(k),y(k)) = 71 (v1(z1(k), y1(k)))v2 (V2 (z2(k), y2(k))), (1.17)
ie.v:UxU — {-1,0,1} is defined as
$((0,0),(0,0)) ¥((0,0),(0,1)) #((0,0),(1,0)) ((0,0),(1,1)) I 1 1 1
"/}((071)7(070)) ¢((071)a(071)) 1/2((0, 1)7(170)) ¢((071)7(171)) _ I -1 1 -1
¥((1,0),(0,0)) ((1,0),(0,1)) ((1,0),(1,0)) #((1,0),(1,1)) 1 1.0 0
¥((1,1),(0,0)) »((1,1),(0,1)) ((1,1),(1,0)) ((1,1),(1,1)) I =10 0
(1.18)
The basis of the present paper is the following duality relation.
EJP 28 (2023), paper 70. https://www.imstat.org/ejp
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Proposition 1.4 (Basic duality relation). For X, 9, Ay, v, Ag, 0e > 0 let X = (X;);>0 and
Y = (Y})i>0 both be a 2CP(\, 4, \y,0v, \g,0g). Fixing at > 0 one can almost surely
construct X and Y on a common probability space in such a way that for every s € [0, t]
the random variables X and Y;_, are independent and

0,8] 3 s > P(Xs, Y,Z,)

is constant, where Y~ = (Y, );>¢ is the caglad modification of Y, i.e. it is left-continuous
with right limits but coincides almost everywhere with Y, which is cadlag, i.e. right-
continuous with left limits.

In fact, in the following we only need equality in expectation, i.e. that
E[¢(Xs,Yis)] = E[t(Xu, Yi_u)] (1.19)

for all s,u € [0,t]. Here the symbol IE denotes expectation with respect to the probability
measure of the underlying probability space on which both X and Y are constructed. In
particular, setting s = ¢t and v = 0 and restricting ourselves to the case that Yy = y and
Xo = z are deterministic, this is a relation of the form (1.13), but with the cancellative
and additive duality functions 1, and v, replaced by the new duality function 1. Note
that, by (1.7) and the assumption that either Xy € Us, or Yy € Us,, the expression
(X5, Yi—s) is well-defined for all s € [0, ¢]. The following lemma highlights the strength
of the duality relation (1.19).

Lemma 1.5 (The duality is informative). If X and X’ are U-valued random variables such
that

for all y € Ug,, then X and X' are equal in distribution.

In particular, the duality function 1 characterises the invariant law v from Theo-
rem 1.3 in the following way.

Proposition 1.6 (Characterisation of the invariant law). The invariant law v from Theo-
rem 1.3 is uniquely characterised by the relation

/’l/)(l’,y) dv(z) =P HtZO:Xt:M} (y € Usn)-

1.5 Outline

The paper is structured as follows. In Section 2 we provide a proof for Proposition 1.4.
If fact, we prove in Theorem 2.6 a generalisation of Proposition 1.4 that is independent of
our process of interest, so that it can directly be applied to further processes. Section 3
deals with the proof of Lemma 1.5. Also here we prove in Proposition 3.2 a generalisation
of Lemma 1.5. Additionally, towards the goal of classifying the dualities found in [10]
regarding their ability to determine laws of processes uniquely, we introduce two notions,
namely the notions of weak informativeness and informativeness, and show that they
basically coincide in our setup. In Section 4 we prove Theorem 1.3 and Proposition 1.6.
As Proposition 1.1 is independent of the monoid dualities from [10], we prove it last. Its
proof is found in Section 5. Finally, in Appendix A we show how Lemma 4.2, an auxiliary
result we use for the proof of Theorem 2.6, follows from a corollary from [12]. As this
corollary is stated in [12] in a rather general form, we decided to repeat the definitions
from [12], slightly reformulate the result and move this discussion to the appendix.
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2 Monoid duality for interacting particle systems

In [10] a duality theory is developed for Markov processes with state space of the
form S* where S is a finite commutative monoid and A is a finite set. Here we generalise
this to countable A which allows us to define duality relations for interacting particle
systems on countable lattices. For the special cases of additive and cancellative dualities
infinite A have already been treated in [15, Chapter 6.6 & Chapter 6.7].

We start by extending the concept of duality between monoids (i.e. semigroups with
a neutral element) presented in [10] to monoids that carry a topology. We say that a
monoid (M, +) is a topological monoid if it is equipped with a topology so that the map
M x M > (z,y) = x+y € M is continuous, where M x M is equipped with the product
topology. For a second topological monoid (N, +) we denote by H (M, N) the space of
all continuous monoid homomorphisms, i.e. continuous functions from M to N that
preserve the operation and map the neutral element of M to the neutral element of V.
Throughout this paper we always equip finite and countable monoids with the discrete
topology, so that every finite or countable monoid is a topological monoid. This makes
every function between two finite or countable monoids continuous. Thus, if N and
M are finite, the space H(M, N) defined above coincides with the space of all monoid
homomorphisms (called H (M, N) in [10]).

Let My, M> and N be topological monoids. We say that M; is N-dual to My with
duality function 1) if the following conditions are satisfied:

(1) ¥(z1,y) = ¥(x2,y) for all y € M, implies x1 = x5 (z1, 22 € M),
(i) H(Mi,N) ={y(-,y) 1y € Ma},
(iii) ¥ (x,y1) = ¥(x,yo) for all x € M, implies y1 = ya (y1,y2 € Ma),
(iv) H(M2,N) = {¢(z, ) : @ € My}.

As we equip finite monoids with the discrete topology, the definition above coincides
with the definition of duality between monoids from [10] if M7, M> and N are finite.

Repeating the definition from [10], for arbitrary spaces X, ) and Z we say that the
map m : X — X is dual to the map m : Y — )Y with respect to the duality function
Yv: X xY— Zif

Y(m(x),y) =Yz, mly)) (red, yed).

In parallel to [15] we say that a map m : X — X preserves a set H of functions from
X to Y if

fomeH forall feH.

The following proposition is the analogue of [10, Proposition 5], that is formulated for
dualities between monoids without attached topologies.

Proposition 2.1 (Maps having a dual). Let S, R and T be commutative topological
monoids such that S is T-dual to R with duality function . Then a map m : S — S has a
dual map 7 : R — R with respect to 1 if and only if m preserves H(S,T). The dual map
, if it exists, is unique and preserves H(R,T).

Proof. If m : S — S preserves H(S,T), then, by property (ii) from the definition of
duality, for all y € R one has ¥(m/(-),y) € H(S,T). Applying property (ii) again, it follows
that there exists an /(y) € R such that ¢)(m(-),y) = ¢(-,7m(y)). Property (iii) from the
definition of duality implies that /2(y) is unique. This shows that m has a unique dual
map m : R — R if m preserves H(S,T).

On the other hand, if m : § — S has a dual map m : R — R, then ¥(m(-),y) =
¥(-,m(y)), i.e. m preserves {¢(-,y) : y € R}. By property (ii) from the definition of

EJP 28 (2023), paper 70. https://www.imstat.org/ejp
Page 8/26


https://doi.org/10.1214/23-EJP961
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Applying monoid duality to a double contact process

duality m then also preserves #(S,T). This finishes the proof that m : S — S has a dual
map 7 : R — R if and only if m preserves H(S,T).

Finally, if 1n exists, then it has m as a dual map with respect to /' : R x S — T defined
as i (y,2) .= ¢(x,y) (y € R, € ), and the previously proved statement implies that 7
has to preserve H(R,T). O

Clearly, any m € H(S, S) preserves H(S,T). Conversely, if the assumptions on S, T
and R from Proposition 2.1 are satisfied and m : S — S preserves H(S,T), then the
proof of [10, Proposition 5] shows that m : S — S has to be a monoid homomorphism.
However, while duality implies that ¢ (m(-),y) is continuous for all y € R, we do not
know if m itself always has to be continuous.

We are especially interested in countable products of topological monoids as we will
view state spaces of an interacting particle system as such products. Let, throughout
this section, A be a countable set. For a topological monoid M with |M| > 2 we equip
MM with the product topology, making this uncountable monoid a topological monoid.
We define the countable sub-monoid M2 c M* as

MR = {z e M :|{i € A: 2(i) # 0}| < oo},

where 0 denotes the neutral element of M. As in Section 1.2, we denote by 0 the constant
configuration with 0(7) = 0 for all i € A that is the neutral element of M and M*".

Before we investigate duality between such “product monoids” we collect some
definitions and results for general product spaces from [15] that we will need in the
following. Let L and V be arbitrary spaces. For a function f : L* — V we say that j € A
is f-relevant if

dxqi, 20 € LA : f(xl) 7’5 f($2> but xl(k‘) = J]Q(k) Vk 75 J-
We set
R(f):={j € A:jis f-relevant}

and cite the following result [15, Lemma 4.13].

Lemma 2.2 (Continuous maps). Let L and V be finite sets equipped with the discrete
topology. A map f : L» — V is continuous with respect to the product topology if and
only if the following two conditions hold:

(i) R(f) is finite.
(i) Ifxy,zo € L" satisfy x1(j) = x2(j) for all j € R(f), then f(x1) = f(x2).

Let L be finite. For any mapm: L* — L* and i € A we define n[i] : L* — L as
nfil(z) :=m(x)(i) (xe L)
Moreover, we let
D(m):={i € A: 3z e L* :ufi](z) # z(i)}.
We say that a map m: L* — L? is local if
(i) m is continuous and (i) D(m) is finite.

For a finite monoid M we denote by Hjoc(M*, M*) the space of all maps m € H(M*, M*)
that are local. As we equip, according to our conventions, M* with the product topology
and M with the discrete one, m: M* — M* is local if and only if D(m) is finite and m[j]

EJP 28 (2023), paper 70. https://www.imstat.org/ejp
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satisfies the conditions of Lemma 2.2 for all j € A. Note that every m € Hioc(M*, M)
maps M2, into itself.

Let throughout the rest of this section (S, ®), (R,[) and (7, ®) be commutative finite
(and hence topological) monoids and assume that .S is 7-dual to R with duality function
¥ : S x R — T. We denote all three neutral elements by 0 and define ¥ : S* x RA — T
by

U(x,y):=@Qv(x(),y() (xeS* yeR}). (2.1)
icA
Note that U is well-defined as for all but finitely many ¢ € A one has y(i) = 0 and
¥(-,0) = o due to property (iv) of the definition of duality, where o : S — T is the
function that is constantly 0. In general, for all monoids M and N, let id € H(M, M)
denote the identity and o € H(M, N) the function constantly 0. Using Lemma 2.2 we can
prove the following.

Proposition 2.3 (Duality on product spaces). Let S, R, T be finite commutative monoids.
If S is T-dual to R with duality function 1, then S* is T-dual to Rg\n with duality function
v,

Proof. The properties (i) and (iii) from the definition of duality follow directly from the
corresponding properties of the duality between S and R. To be more precise, assuming
that ¥(x;,y) = ¥(x,y) for all y € R in particular implies for i € A and y € R that

¢(X1(i)7y) = \I/(thi) = \I/(x%yi) = w(XQ(i)ay)v

where 3 € Rj is defined as

y'(j) = {y HIZh e, (2.2)
0 else,

Hence, the fact that S is T-dual to R implies that x; (i) = x2(¢) for all ¢ € A and thus
X1 = Xg. Property (iii) follows in the same way.

The fact that ¥(-,y) and ¥(x, - ) are monoid homomophisms for all y € R2, and for
all x € §4, respectively, are implied by properties (ii) and (iv) of the duality between S
and R and the definition of . As R, is countable this implies ¥(x, -) € H(RE,,T). For
y € R, we have that R(V(-,y)) = {j € A : y(j) # 0}, so ¥(-,y) satisfies the conditions
of Lemma 2.2 and hence also ¥(-,y) € H(S*, T).

To prove the implication C in property (iv) from the definition of duality, assume that
g € H(RA,,T). Then using (2.2), for each i € A, we define g; : R — T as g;(y) = g(3)
(i € A). The fact that g € H(RA ,T) directly implies that g; € H(R, T), and property (iv)
of the duality between S and R implies that there exists an z; € S such that g; = ’(/J(LL'Z', . )
Defining x € S* by x(i) := x;, one has fory € R, that

1) =9 ([, 0¥ ) = @ s6@) = @ alv) = @ v(wnv()

ity (i)#0 ity (i) #0 ity ()70
=¥(x,y),

which finishes the proof of property (iv) from the definition of duality.

Lastly, we prove the implication C in property (ii) from the definition of duality. We
assume that f € #(S*,T). Then Lemma 2.2 implies that there exists a finite set A C A
such that f only depends on the coordinates in A. Letting for x € S* the restriction xr
to some set I' C A be defined as

) x(j) ifjel, .
m@%{J) o (e ),
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we see that

f(x) = f(xac ©xa) = f(xac) @ ® f(x(9)"),

iEA

where 2 € SA is defined as y* € RA in (2.2). But as f does not depend on A® we
conclude that

f(xac) = f(0ac) = f(0) =0.

Analogously to above we can now define y € RA by y(i) := y; fori € A and y(i) := 0
for i € A°, where y; € R satisfies f(x(i)") = 1 (x(i),y;) independent of the value of x(i).
Then f = \If( . ,y), which finishes the proof of property (ii) from the definition of duality
and thus the proof is complete. O

Having proved the duality between S* and R;}n, Proposition 2.1 and the remarks
below it imply that every m &€ H(SA, SA) has a unique dual map with respect to W. In fact,
using the definition of duality and the properties of the product topology it is easy to see
that m : S* — S* has a unique dual map with respect to V¥ if and only if m € H(S%, S%).

However, it is not clear how to compute the dual map of m € H(S*,S*) in general,
so we will focus on local monoid homomorphisms, for which we will be able to compute
the dual maps explicitly. The following lemma generalises [10, Lemma 7] to infinite A.

Lemma 2.4 (Local monoid homomorphisms). Let (S,®) be a finite monoid. Let M =
(M;;)i jen be an infinite matrix with values in H(S, S) such that the set

A= {(i,5) € A’ i j, My; # 0} U{(i,i) € A*: My; #1d} (2.3)
is finite. Then setting
mj)(x) == (D Mi;(x(i)) (€A xe8") (2.4)
ieA
defines a map m € Hyoc(S™, S*). Conversely, eachm € Hyoc(S™, S*) is of this form.

Proof. First assume that m is of the form (2.4). Then m is well-defined as A from (2.3) is
finite. As M takes values in (S, S) it follows readily that m[j] € H(S*,S) for all j € A,
thus m € (5%, S"). Let j € A. One sees that

Rinlj]) = {t e A\{j}: (i,5) e Ay ULy} if Mj; # o,
{ZEA\{]}(Z,])EA} ifijZO.

In both cases R(m[j]) satisfies the conditions of Lemma 2.2. Additionally
Dm)={jeA:FieA:(i,j) € A}

is finite and it follows that m is local, so m € Hjoc(S™, S™).

Now assume that m € Hioc(S?*,S). In particular, one has that m[j] : S* — S is
continuous for all j € A by the properties of the product topology. Moreover, D(m) C A
is finite and, by definition, for j € D(m) one has m[j](x) = x(j) for all x € S*. Due to
Lemma 2.2, for each j € D(m) the set R(m[j]) is finite and we can identify m[j] with a map
5] R m[]) : SR@I) — §. By [10, Lemma 7] there exists a vector M7 = (M;)ieR(mm) with
coordinates in #(S, S) such that

mjllr@yn(x) = () M (x(i)) (x e SRED),
i€R (m[5])

EJP 28 (2023), paper 70. https://www.imstat.org/ejp
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Defining now M = (M;;); jea as

M!? if j € D(m),i € R(n[j]),
M;;:==<Sid ifi=j ¢ D(m),

0 else,

gives a representation of m[j] for all j € A as in (2.4) with the property that the set A
from (2.3) is finite. This completes the proof. O

As already claimed, with the help of the above lemma we can compute the dual
function of each m € Hyoc(S™, SM).
Proposition 2.5 (Dual local homomorphisms). Let S, R, T be finite commutative monoids
so that S is T-dual to R with duality function 1. For eachm € H.(S*, S*) there exists a
map i € Hyoc(R*, RM) so that the restriction of s to RS, is the unique dual map of m with
respect to the duality function ¥ from (2.1). If M = (M,;); jen denotes the matrix from
Lemma 2.4 such that (2.4) holds, then m is given via

ii](y) =[] Mi;(y(j)) (i€ A yeR"), (2.5)
JEA
where, fori,j € A, ]\//Ej € H(R, R) is the (unique) dual map of M,; € H(S, S) with respect
to the duality function .

Proof. Let x € S, y € RA and let i be defined via (2.5). Note that fi indeed maps R2,
into itself as A from (2.3) is finite for m and the (unique) dual maps of o,id € H(S, S)
with respect to ¢ are o € H(R, R) and id € H(R, R), respectively. Moreover, Lemma 2.4
implies that i € Hjoc(RY, R*). We compute that

U(x),y) = Qv (O, Mix0), y()) = & v(Mis(x(0)), (7))

JEA i,jEA
= @ v(x(i). My(y(i)) = Qv (x(0). [, Mis(v (1))
i,jEA i€EA
= U(x,m(y)).
Uniqueness of the dual map follows directly from property (iii) of the duality between S*
and R}, established in Proposition 2.3. O

We are now ready to apply the non-probabilistic results above to Markov processes.
Let S, R and T still be the finite monoids from above and let G be a countable collection
of maps in Hjc(S*, S*). We are considering two formal Markov generators G and G
defined as

Gf(x):=> m(fm(x) - f(x)) (x5, (2.6)
meg
and
Go(y) == ma(9(a(y)) —9(y)) (v € Rfy), (2.7)
neg

where @ denotes the dual map of m € G from Proposition 2.5 and (ry)neg are non-negative
rates. We assume that G satisfies the summability condition

sup Z ra(|R(@[i])] + 1) < oco. (2.8)
S ——
D(m)>i
EJP 28 (2023), paper 70. https://www.imstat.org/ejp
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Under this condition we can almost surely construct a unique interacting particle system
X = (Xi)i>0 with generator G on SA (see [15, Theorem 4.30]). It turns out (see
Theorem 2.7 below) that this condition moreover already implies that there exists a
non-explosive Markov chain (Y;);>o with generator G on the countable state space Rg\n.
We want to prove the following generalisation of Proposition 1.4.

Theorem 2.6 (Pathwise monoid duality). Let S, R and T be finite commutative monoids
so that S is T-dual to R with duality function ). Let G and G be the generators from (2.6)
and (2.7) defined via G, a countable collection of maps in Hy,c(S*, S*) and their unique
dual maps from Proposition 2.5. Assume that G satisfies (2.8). Fixing a T > 0, one can
almost surely construct X = (X;);>o, the process with generator G, andY = (Y;);>o, the
process with generator G, insuch a way that for every t € [0,T] the random variables X
and Y _; are independent and

0, T] >t~ V(XY ,) (2.9)

is constant, where Y~ = (Y, )i>0 is the caglad modification of Y.

By definition, we say that X and Y are pathwise dual if they can be constructed in
such a way that (2.9) is satisfied. To prove the above result we cite general theory from
[15].

Let L and V be arbitrary finite sets and let ) be an arbitrary countable set. As always,
we equip L* with the product topology and ) with the discrete one. Let o : L x Y — V
be a function. Let A be a countable collection of local maps m : L* — L* and assume
that every m € #H has a unique dual map i : Y — Y with respect to ¢. Let (7n)nen
be non-negative rates and define formal generators H and Hin parallel to (2.6) and
(2.7) with G replaced by H. Let w denote a Poisson point set on H x R with intensity
measure p({m} x A) := r,,0(A) (m € H, A € B(R)), where ¢ denotes the Lebesgue
measure. Under condition (2.8), [15, Theorem 6.16] says that we can almost surely
define stochastic flows' (X{,)s<. and (X, )s<. of random continuous maps from LA to
itself so that, for s < u, wf, = {(m,t) cw:t € (s,ul} and w;,, == {(m,t) cw:t € [s,u)},

Xu(2)= lim X(z)  (ze L) (2.10)

wnTws v

pointwise, where (w,), is an arbitrary increasing sequence of finite subsets of w;‘fu
whose union is wg'fu, and X¢ is the concatenation of all maps in w,, (ordered by the time
coordinate t).

Let H := {/ : m € #} and let & be defined by

w:={(m,—t) : (m,t) € w}.

Then & is a Poisson point set on 7 x R with intensity measure p({r} x A) := r,,((A)
and analogously to above we can almost surely define stochastic flows (Y;fu)sgu and
(Y ,)s<u of random continuous maps from ) to itself so that, for s < v, Y;fu and Y,
correspond to pointwise limits as in (2.10), replacing w{, by &, = {(,t) : (m,1t) €
w”, .y and w,, by &7, = {(m,t) : (m,t) € w®, _,}. The next statement follows from
[15, Theorem 6.20]. Recall that a continuous-time Markov chain is called non-explosive
if, for any initial state z, the probability that the chain stated in x jumps infinitely often

up to a finite time ¢ > 0 is zero (compare [11, Chapter 2.7]).

Theorem 2.7 (Pathwise dual of an IPS). Assume that the function ¢ : IAXY > Vis
continuous if L™ x Y is equipped with the product topology, and that it satisfies property

1By definition, (Zs,u)s<w is a stochastic flow if Zs s is the identity map forall s € R and if Z; 0 Zs t = Zs v
(s <t <w).
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(iii) of the definition of duality, i.e. that o(z,y,) = ¢(x,y2) for all 2 € L* implies y, = v
(y1,y2 € V). Further assume that H satisfies (2.8). Then there exists a continuous-time
Markov chain with generator H that is non-explosive. Moreover, constructing (Xiu)sgu

and (Y%,)s<u as above,

ER)

p(Xou(@)y) = oz, YT, (1) (2.11)

holds almost surely simultaneously for all s < u, z € L andy € ).

If two stochastic flows satisfy (2.11) for all s < u and for all x and y, we say that they
are dual. Theorem 2.6 follows now almost directly from Theorem 2.7.

Proof of Theorem 2.6. First note that Proposition 2.3 and the definition of the product
topology imply that, by property (ii) of the definition of duality, ¥ from (2.1) is also
continuous as a function from S* x R to T. Proposition 2.5 and Theorem 2.7 then
show that we can, almost surely, construct stochastic flows (X%,),<, and (Y, ).<u
corresponding to the maps in G as in Theorem 2.7.

Fix now T > 0 and choose a random variable X, on S* and a random variable Y; on
R}, both independent of (X, )s<, and (Y ,)s<u- Setting

X, = Xar)t(Xo) and Y;:= YiT,th(YO) (t=0)

yields by [15, Proposition 2.9 & Theorem 4.20] and Theorem 2.7 a Markov process X =
(X4¢)1>0 with generator G and a non-explosive continuous-time Markov chain Y = (Y;);>0
with generator G. By the construction in [15, Section 6.4] defining Yo =Y p, 1(Yo)
for t > 0 gives the caglad modification Y~ := (Y, );>0 of Y. Using the duality of the
stochastic flows, i.e. (2.11), one then has for all s,u € R satisfying 0 < s <« < T that

\II(XS7 YTifs) = \II(X(j)L,s(XO)’Y:T,fs(YO)) = \I/(XSL,S(XO)7Y:1L,—S © Y:T,fu(YO))
= \IJ(XIU © Xa_,s(XO%Y:T,—u(YO)) = \IJ(XE)‘—,u(XO)’Y:T,—u(YO))
= \IJ(X“L“YT_—U)’

i.e. the function in (2.9) is constant, and the proof is complete. O
Applying the general theory to the 2CP we prove Proposition 1.4.

Proof of Proposition 1.4. We equip U = {0,1} x {0,1} with V, the product operator of
V and @ from the beginning of Section 1.2, i.e. (z,y) ¥ (v,w) := (z V v,y & w) for
(x,y), (v,w) € U. This gives the addition table

v ‘ (0,00 (0,1) (1,00 (1,1)
(0,0) | (0,0) (0,1) (1,00 (1,1)
(0,1) | (O,1) (0,00 (1,1) (1,0) -
(1,0) | (1,0) (1,1) (1,0) (1,1)
(1,1) | (1,1) (1,00 (1,1) (1,0)

Then U = (U, V) is indeed a monoid. Next one computes H(U,U) and H(U, M), with
M = ({-1,0,1}, -), where - denotes the usual multiplication in R. To compute H(U,U) =
{(0,0), (0,id), (id, 0), (id,id)} one can apply [10, Lemma 6], noting that U = M; x Mo,
where M; := ({0,1}, V) and M, := ({0,1},®), and checking that H(M;, M,) = {o,id} if
i=jand = {o}ifi+#j (4,5 € {1,2}). To compute H(U, M) one can apply the same result,
computing first H (M, M) = {1, } and H(M2, M) = {1,72}, where 1 is the function
constantly 1, and v; and v, are the functions from (1.14). Using the definition of duality
one then confirms that U is M-dual to itself with respect to ¢ from (1.18).
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Having computed H (U, U) one directly concludes that all its maps are self-dual as
o and id are always self-dual. All maps in (1.4) (that are used in the definition of Gv
in (1.5)) can be written as in (2.4) with A from (2.3) finite, so Lemma 2.4 implies that
they are elements of Hio. (U, U?), with A = Z? and U” being, as always, equipped with
the product topology. Proposition 2.5 shows that G'v can play the role of both G and G
from (2.6) and (2.7). One quickly verifies that (2.8) holds and the claim follows from
Theorem 2.6. O

One can check that the monoid U is isomorphic to Ms3 from [10, Appendix A.1] and
the monoid M = ({—1,0,1}, -) is isomorphic to M5 from [10, Section 5.1]. The function
1 is denoted in [10] as 235 and the fact that U is M-dual to itself can be found in the
table in [10, Appendix A.2]. The fact that H(U,U) = {(0,0), (0,id), (id, 0), (id,id)} is, by
[10, Proposition 4], encoded in the duality function 53 from [10, Appendix A.2].

Instead of using, as we did in Proposition 1.4, as a local state space the monoid
U= M; x My (M; = ({0,1},V) and M, := ({0,1},®) as in the proof above) one can
also consider interacting particle systems that have V := M; x M; or W := My x M>
as their local state space. It follows from [10, Proposition 8] that V' is M;-dual to itself
while W is Ms>-dual to itself. Note that M; and M, coincide with M; and M, from [10].
Continuing as in the proof above, one can also prove the self-duality of two coupled CPs
or two coupled cCPs given via a generator as in (1.5) but using in (1.4) only infection
maps with the superscript V or only infection maps with the superscript ¢, respectively.
However, Hio.(V*, V1) is the set of local additive maps on (M; x M;)* and Hyoo (WA, WA)
is the set of local calcellative maps on (M, x Ms)%, so in this case one just arrives at
the well-known additive and cancellative dualities for interacting particle systems that
are defined on an extended lattice, where each site in the original lattice A has been
replaced by two new sites, that correspond to the two copies of M; or Ms, respectively.
By contrast, the duality in Proposition 1.4 is not covered by known results about additive
or cancellative duality.

3 Informativeness and representations

In this subsection Lemma 1.5 is proved. In fact, as already stated in the outline, we
are going to prove a more general result and we are going to investigate the open task
to classify the monoid dualities from [10] that determine the law of processes uniquely.
Let, as in the section above, (S, ®), (R,[) and (T, ®) be commutative finite monoids and
assume that S is T-dual to R with duality function ¢ : S x R — T. Let A be countable,
let V be a finite dimensional real or complex vector space and let V be an arbitrary
measurable space.

Towards the goal of classification we give the following definitions. For an arbitrary
index set I we call a family (f;);c; of measurable functions f; : S — V distribution
determining if, for two random variables X and X’ on SA,

E[fi(X)] =E[f;(X")] Viel implies X <X/

where < denotes equality in distribution. Similarly, we call a family (g;);c; of measurable
functions g¢; : S® — V weakly distribution determining if

gi(X) < gi(X') Viel implies x < x

The first of the two definition is already widely used (compare [15]), while the second
one we introduce here newly.

A family (f;)ie; of functions f; : S* — V that is distribution determining is clearly
also weakly distribution determining. The reverse implication is not true in general,
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but holds in the following special case. Recall that vy,...,v, € V are called affinely
independent if

Z)\kvk = 0 with scalars Aq,..., A, s.t. Z)"f =0 implies A =...= X\, =0.
k=1 k=1

Proposition 3.1 (Equality of notions). Let (f;);c; be a family of functions f; : S* —
{vi,...,v,} € V. Ifwvy,...,v, are affinely independent, then (f;);c; is distribution
determining if and only if it is weakly distribution determining.

Proof. Comparing the definitions it suffices to show for fixed ¢ € I that, under the
assumption of the proposition, E[f;(X)] = E[f;(X’)] implies f;(X) 4 fi(X'). As the set
{v1,...,v,} is finite, the condition E[f;(X)] = E[f;(X')] is equivalent to writing

> ok (Pfi(X) = vk] = P[f(X) = vg]) = 0.

k=1

But as v4,...,v, are affinely independent, then also
]P[fl(X):vk]_IP[fZ(X/):vk]ZO (k:]_,...7’l’L),
i.e. f;(X) and f;(X’) are equal in distribution. O

Let now ¥ : SA x R{:}n — T be the function from (2.1). In parallel to [15] we say that
U is weakly informative if

(T(¥)yenrn (3.1)

is weakly distribution determining. If the monoid 7" is also a subset of a real or complex
vector space, we say that U is informative if the functions in (3.1) are distribution
determining. We prove the following result.

Proposition 3.2 (Informativeness of V). Under the assumptions of this subsection V¥ is
informative if T is a sub-monoid of (C, - ), where - denotes the usual multiplication.

It is easy to see that all finite sub-monoids of (C, -) (apart from ({0}, - )) consist of
the multiplicative group of n-th roots of unity for some n € N, either with or without
an added 0. Those with cardinality up to four are named My, M1, Ms, M5, M7, Mg and
Mg in our paper [10], so by Proposition 3.2 all duality functions from [10] that take
values in these monoids are informative. In particular, setting (7, ®) = ({1, —1,0}, - ) and
(S,0) = (R,[) = (U,Y), Proposition 3.2 implies Lemma 1.5.

To prove Proposition 3.2 we use a Stone-Weierstrass argument. Let C(X,)) denote
the space of continuous functions from space X to space ). We say that H C C(X,))
separates points if for z, 2’ € X with x # 2’ there exists f € H such that f(z) # f(z').
Moreover, we say that G C C(X, C) is self-adjoint if f € G implies f € G, where f(x) :=

f(z) (x € X), the complex conjugate of f(x).

Lemma 3.3 (Application of Stone-Weierstrass). Let ¥ be a compact metrizable space.
Assume that G C C(FE,C) separates points and is closed under products. Then G is
distribution determining.

Proof. The statement with C replaced by R is proved in [15, Lemma 4.37]. Note that
E[f(X)] =E[f(X')] implies E[f(X)]=E[f(X")] (f€9), (3.2)
as E[f(X)] = E[f(X)], where X and X’ are random variables on E. We can enlarge

G with the constant function 1, take linear combinations and convex conjugates and
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receive an algebra H O G that is closed under products, self-adjoint and separates
points. If E[f(X)] = E[f(X’)] for all f € G then also E[f(X)] = E[f(X")] forall f € H
by the linearity of the integral and (3.2). We then can apply the complex version of the
Stone-Weierstrass theorem and continue as in the proof of [15, Lemma 4.37]. O

Proof of Proposition 3.2. By definition, we have to prove that the family

G := (\II( ' ’y))yERé\n

is distribution determining.

By Tychonoff’s theorem (see, for example, [3, Theorem 1.8.9]), the space S*, equipped
with the product topology, is compact. Moreover, the product topology is metrizable. For
example, if (a;);ca are are strictly positive constants such that > ._, a; < oo, then the
metric d, defined via

d(x,x') := Z il (x (i) (i)} (X, %) (x,x" € §Y)
ieA

iEA

generates the product topology. The fact that G is closed under products follows from
the duality between S* and Rg\n: Property (i) in the definition of duality implies that

le(Xv yl)\Ij(X, y2) = ‘Il(xa}’1 DY2) (X € SA’ Y1,y2 € Rifi\n)

The fact that G separates points follows directly from property (ii) of the definition of
(topological) duality. Applying Lemma 3.3 then yields Proposition 3.2. O

To further investigate the case in which the monoid 7' can not naturally be written
as a sub-monoid of (C, - ), we provide some additional notions. The reader that is just
concerned with the 2CP may skip ahead to the next section.

Let (A, +, -) be a unital commutative algebra with unit /. A multiplicative represen-
tation of a commutative monoid (M, +) with neutral element 0 is a map v: M — A so
that v(z +vy) = v(z) - v(y) and v(0) = I. Then (M) = {v(z) : © € M} is a sub-monoid of
(A, -)and v: M — v(M) is a monoid homomorphism. We say that « is faithful if this
map (with codomain v(M)) is an isomorphism.

We again consider the function ¥ : SA X Ré‘n — T from (2.1). By Proposition 2.3, the
assumptions on S, R and T stated at the beginning of this section imply that S* is T-dual
to Rfi\n with duality function W. Let v : T — A be a faithful multiplicative representation.
As usual, we equip the finite monoids 7" and «(7") with the discrete topology and it follows
from the definition of duality that S* is also v(7')-dual to R4, with duality function v o .
If ¥ is weakly informative and if the elements of y(7T) are affinely independent, then
Proposition 3.1 and the faithfulness of v imply that v o ¥ is informative.

We say that « is a good multiplicative representation of W if ~ is a faithful multiplica-
tive representation of 7' and v o ¥ is informative. The next result states that we can
always find such a good multiplicative representation of a weakly informative duality
function.

Proposition 3.4 (Existence of good representations). Under the assumptions of this

subsection there exist a finite dimensional real unital commutative algebra A and a
faithful representation v : T’ — A such that vo WV is informative if ¥ is weakly informative.

Proof. Let RT be the space of all functions mapping from 7" to R. The space (RT,+),
where + denotes the usual (pointwise) sum of real-valued functions, is a finite dimen-
sional real vector space on which we can define the product * as

(g*h)(a) == > gb)h()ly(b@e) (9.heRT, a€T),
b,ceT
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where the sum is the usual sum in R and 1 denotes the indicator function. One readily
checks that this makes (R”,+,*) a finite dimensional real unital algebra with unit
1¢0y. Defining v : T' — RT as v(a) = 144y (a € T) then gives a faithful multiplicative
representation of 7" and clearly the elements of v(7') are affinely independent. The claim
then follows from Proposition 3.1 and the faithfulness of v as stated above. O

By the above proposition we can reformulate the classification problem by asking to
classify general duality functions (that do not map into sub-monoids of (C, - )) into the
classes “weak informative” and “not weak informative”. This remains an open problem.

We end this section with an additional observation. While R” from the proof of
Proposition 3.4 is a |T'|-dimensional vector space, Proposition 3.2 implies that for large
T also representations in lower dimensional spaces can be good, even if the elements
of v(T') are not affinely independent. As it is in practice often easier to work in a lower
dimensional space, there can exist “better” representations of weakly informative duality
functions than the one from Proposition 3.4. In light of Proposition 3.2 one might even
hope that v is always a good representation of a weakly informative ¥ as long as 7 is
faithful. This, however, is not true and we provide a counterexample below.

Example 3.5 (Representations of t,5). We again consider the monoid (U, Y) defined in
Section 1.2. From [10, Appendix A.2] we know that there also exists the “local” duality
function 193 mapping from U x U back into U. Reordering the elements of Ms3 as in the
present paper (i.e. as in U) one has that

Pos3(z,y) = (¢1(I1,y1)71/)2($27y2)) (z = (21,22), ¥y = (y1,¥2) € U)v

where 11 and 5 are the “local” additive and cancellative duality function, defined in
(1.10). It follows from (1.17) that

’(/}23(1'7 y) = '(/]23(/0’“}) 1mp11es 1/1(3571/) = w<v7w) (x,y,v,w S U) (33)

We define a “global” duality function 145 : U xUsn — U as in (1.16), but for 1,3 instead of
1) and with the “product” taken in U. It follows from (3.3) that for two random variables
X, X' on U and for y € Ugp,

Pos(X,y) £ 4oy (X' y) implies (X, y) L (X', y),

and, due to the informativeness of v, the duality function 1,3 is weakly informative.
Defining now v : U — R? as

7(33) = (71(551)5'72(1'2» (z = (.%'1,.%'2) eU),

with v;, 7, defined in (1.14), yields a faithful multiplicative representation of U in R?,
viewed as a unital algebra equipped with pointwise multiplication. However, « is not a
good representation of ¢,5. For example, the random variables X, X’ on ¢/ with

P[X (i) = (0,0)] = P[X'(i) = (0,0)] = 1 for i € Z%\ {0},

1 Lifz € {(0,0),(1,1)},

PX(0)=z]=-foralz €U P[X'(0)=2]=1?2 ifz € {(0,0),(L1)}
4 0 else,

show that v o 45 : U x Ugy — R? is not informative. Here 0 € Z? denotes the origin.
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4 The main convergence result

In this section we prove Theorem 1.3 and Proposition 1.6. Recall that 7 denotes the
space of all functions z : 74 5 T = {0,1} and recall the definition of Tg, in (1.11). For
z € T we shortly write || := |{i € Z%: z(i) = 1}|. We are going to use several auxiliary
lemmas to prove Theorem 1.3. The first one is [15, Lemma 6.37]. The symbol A denotes
the pointwise minimum, i.e. (z; A 22)(7) = min{z1 (i), 22(7)} for i € Z%, 21,20 € T.
Lemma 4.1 (Non-zero intersection: CP). Let Z = (Z;);>0 be a CP(\,d) (A > 0, 6 > 0)
with non-trivial shift-invariant initial distribution. Given ¢ > 0, for each time s > 0 there
exists an Ncp € N such that for any z € T with |z| > Ncp one has

P(Z;Az=0)<e.

Additionally we are going to use the following application of [12, Corollary 9]. As [12,
Corollary 9] is not stated in the most accessible form we devote Appendix A to showing
how the result below follows from it. Instead of using the result below we could have
also followed the strategy of the proof of [2, Theorem 1.2]. There the authors use the
graphical representation of the cCP explicitly to work around the statement below.
Lemma 4.2 (Parity indeterminacy: cCP). Let Z = (Z,);>0 be a cCP(\,6) (A >0, 6 > 0)
with non-trivial shift-invariant initial distribution. Given € > 0, for each time s > 0 there
exists an Nqcp € N such that for any z € Tgn with |z| > Nccp one has

P[|Z; A 2| is odd | —% <e.

Finally, the following result extends [15, Lemma 6.36] and [2, Lemma 2.1].

Lemma 4.3 (Extinction or unbounded growth). Let Z = (Z;):>0 be either a CP(\,0) or a
cCP(\,0) (\,6 >0, A+ >0). For each z € Ta, and N € N one has

lim P*[0 < |Z;| < N] =0. (4.1)
t—o0

Proof. If z = 0 the statement is trivial, so let z € Tg, \ {0}. In the case A\, § > 0 [15,
Lemma 6.36] and [2, Lemma 2.1] imply

P*[3t>0:Z,=00r|Z] — ocoast— oo] =1 (4.2)

for the CP and the cCP, respectively, and (4.2) clearly implies (4.1). In fact, the two
proofs are just reformulations of each other, both based on Lévy’s 0-1 law.
In the case A = 0, § > 0 there is no difference between a CP and a cCP and

P*[3t>0: 2, = 0] = lim P*[Z, = 0] = lim (1-¢~")"" =1

t—o0

since 0 is absorbing. This implies (4.2) and hence also (4.1).
In the case A > 0, § = 0, and if Z is a CP, the function ¢ — |Z;| is non-decreasing,
hence it converges in INU {oo}. Let N € IN. One has

P*[limyyoo |Z;| S N] =1-P*[3t >0:]Z| > N] =1 = Jim P*[|Z;| > N] =0 (4.3)
—00

as choosing a suitable sequence of neighbours and neighbours of neighbours of the
infected individuals in z yields that
o at N+1—|z|
P*[|Z| > N] > (1 — 1y <nye N“*‘Z‘)
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fort > 0. Here, in the case that |z| < N, we have divided time into N + 1 — |z| subintervals
and used the fact that 1 — e~ is the probability to infect a previously chosen neighbour
of an infected individual during a time interval of length ¢. Finally, (4.3) implies that

P*[|Z;] — oo ast — 00] =1 —P*[3N € N : limy00 |Ze| = N]

>1- Y P?limy o |Z| < N] =1,
NeN

again implying (4.2) and hence also (4.1).

To treat the cCP in the case A > 0, § = 0, we use [2, Theorem 1.3]. It says that a
cCP(1,0), started in any initial state other than 0, converges weakly to the product law
assigning probability 1/2 to both 0 and 1 at every node. By changing the time scale the
same holds for a cCP(), 0) with an arbitrary A > 0. Let N € IN and € > 0. Choose now an
M = M(N,e) > N so that py := P[X < N] < ¢ if X is a binomially distributed random
variable with parameters n = M and p = 1/2. Additionally, choose an arbitrary = € Ty
with |z| = M. Then, by the weak convergence,

limsupP?[|Z,| < N| < lim P*[|Z, Az| < N] =pn <,
t—o0

t—o0

implying lim;, P#[|Z;| < N] = 0 (i.e. convergence in probability to cc). Thus (4.1)
holds. =

Using the three lemmas above we are able to prove Theorem 1.3 and Proposition 1.6.

Proof of Theorem 1.3 and Proposition 1.6. Let Y = (Y1,Y?) = (V}},Y?):>0 be a 2CP
with the same parameters as the 2CP X = (X!, X?) = (X}, X?):>0 in the formulation
of the theorem, but started in the deterministic state y = (y1,y2) € Usn. Fix ¢t > 0.
Following [6, Proposition 1.4] we can construct a probability space (€2, 7, P) on which
there exist independent processes X = (Xt)tzo andY = (fﬁ)tzo whose finite dimensional
distributions coincide with those of X and Y, respectively, and

E[¢(X, Vir1-s)] = B[$(Xu, Yig1-u)] (4.4)

holds for all s,u € [0, ¢+ 1], where |E denotes taking expectation with respect to IP. Below,
we drop the tildes from the notation. In contrast to IP, the symbol PY denotes the law of
Y started in y € Us,. Due to the informativeness of 1 and the compactness of U/, the set
G from the proof of Lemma 1.5 is also convergence determining, i.e. showing

lim E[y(X,,y)] = P [33 >0:Y, = (0,0) (4.5)
for all y € Ug, implies (1.9) (compare [15, Lemma 4.38]). If y = (0,0), (4.5) follows
trivially from the definition of v, so assume y # (0,0). We set

A1 I:)\—f—)\v, 61 225-‘1-(5\/, Ao Z:)\—i-)\@, 0 12(54—(5@,

so that X! and Y'! are both a CP(\1,6;), and X? and Y? are both a cCP(\z, d3). Assume,
for now, that A\;, A2 > 0, so that all three auxiliary lemmas above are applicable. Let
e > 0 be arbitrary. Choose Ncp and N.cp as in Lemma 4.1 and Lemma 4.2 in dependence
of the chosen ¢, s = 1, and the model parameters. We have, using the duality equation
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(4.4) and the law of total expectation, that

B[y (X41,9)]
= E[¢ (X1, Y?)]
=E[y(X1,Y) | Y, = Y2 = 0|P[Y,! =Y =0
FE[BX0, ) [V =0, 0< V] < Neew] PV =0, 0 < 1] < Nece]

=:p1(y,t)
+E[¢(X1,Y;) | Y, =0, [Y?| = Necp| PY[V}' =0, [V > Necp] (4.6)

=:F1(y,t)
+ E[¢(X1,Y;) | 0 < |Y}'| < Nep] PY[0 < [V3!| < Nep]

=:p2(y,t)

+E[¢(X1,Y3) | [V}'] > Nep| PY[|Y;'| > Nep].

=:E2(y,t)

Depending on the choice of the model parameters and y, the deterministic initial
state of Y, it might happen that some of the events on which we condition above have
probability zero. The cases that either y; = 0 or y» = 0, or the monotonely coupled case
8y = A\g = 0 when y satisfies y(i) # (0,1) for all i € Z are such examples. In these cases
we define the corresponding conditioned expectation (arbitrarily) to equal 1. As these
conditioned expectations are then multiplied by 0, the lines in (4.6) where they occur
drop out. For the remaining ones we can argue as below.

From the definition of 4 it is clear that E[¢(X1,Y;) | V! = Y2 =0] =1 and

PYY,) = Y2 =0] S PY [EItZO:Y;:(0,0)}

as t — co. Moreover, Lemma 4.3 implies that
A py(y,t) = lim pa(y, t) = 0.
As in the proof of [15, Theorem 6.35] we use Lemma 4.1 to compute that
[Ea(y, )] = [P[(X1,Ys) = 1| [Y!] = Nep] — P[(X1,Y:) = =1 |V} > Nep]|
<P[(X1,Y;) #0 | |Y,'| > Nep) 4.7)
=P[X{AY! =0| V)| = Nep] <
by the choice of N¢p. For E;(y,t) one has that

Ei(y,t) =1-2P[¢(X1,Y;) = =1 | V! = 0, [V > Nece]
=1-2P[|X{ AY?|isodd | Y;' =0, |Y?| > Necp)

and, due to the independence of X and Y, we can apply Lemma 4.2 and conclude that
[E1(y,t)| < 2e.

Plugging then back into (4.6) and computing the limit inferior and the limit superior, one
concludes (4.5) as € was arbitrary.

To finish the proof we consider the case that A\; = 0 and/or Ay = 0. By assumption,
A; (i € {1,2}) can only equal zero if §; > 0. The idea is to still use (4.6), where we used
A1 > 0 for the treatment of F3(y,¢) and Ay > 0 for the treatment of E;(y,t). However,
if \; = 0, then Y'! is a CP(0, ;) with §; > 0, so the number of infected individuals can
only decrease. Choosing Ncp := |y1| + 1 makes the line in (4.6) in which Fs(y,t) appears
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vanish. Analogously, choosing Nccp := |y2| + 1 makes the line in which F (y,t) appears
vanish if Ay = 0. For the rest of the terms one then can argue as above.

We conclude that in all cases (4.5) holds, thus also (1.9) as explained above. Lastly, it
is well-known (compare [15, Lemma 4.40]) that (1.9) implies that v is indeed invariant
and the proof is complete. O

5 Swurvival

In this section we prove Proposition 1.1. Let X = (X}):>0 be a cCP and let §y € Tan
be the configuration that equals 1 only at the origin. We say that X survives if

PY[3t>0: X, =0] <1.

The following result is known to hold for several processes. It is stated as [12, Lemma 1]
for an important class of cancellative processes. However, the cCP does not fit into this
class and the definition of survival in the cited paper slightly differs from the one we are
using here, so we provide a short proof below. Recall that © is an invariant law of the
cCP(), d) that is defined as the long-time limit law of the process started in a non-trivial
shift-invariant distribution, which is known to exist for A +§ > 0 by [2, Theorem 1.2 &
Theorem 1.3].

Proposition 5.1 (Survival of the cCP). One has i # §; if and only if the cCP survives.

Proof. We prove this statement using ¥ ,,., the (multiplicative representation of the)
cancellative duality function defined in (1.15). It is well-known that 1, is informative,
a fact that also follows from Proposition 3.2. Let X = (X;):>0 be a cCP(},d) (A, >
0, A\+0>0)andlet x € Tgy. If X\,d > 0, then [2, Theorem 1.2] implies that

v({y : |z Aylis odd}) :%Pw[xﬁéngo]. (5.1)

By the definition of %),,., (5.1) is equivalent to

/’d’canc(xay) dl/(y) =P* [ﬂt >0: Xy = Q] (5.2)

Choosing = = Jy implies that © # dp if X survives. On the other hand, if X does not
survive and Y is a random variable with law v, then (5.1) with = §; implies that
P[Y(0) = 0] = 1 and the shift-invariance of v implies that P[Y'(j) = 0] = 1 for all j € Z.
Hence v = §y as measures on U/ are characterised by their final dimensional marginals.

To complete the proof we consider the two special cases A=0and § = 0. If A =0,
then § > 0 and clearly X does not survive while © = §5. If § = 0, then A > 0 and X
survives (one even has P% [F3t>0:X;, =0]=0)and v # dy by [2, Theorem 1.3]. O

By Proposition 5.1, to prove Proposition 1.1, it suffices to show that the cCP(\, §) does
not survive when A\ < 2. Let now d = 1. Following [14] (compare the definition of L in
[14, Section 2]), the idea for the proof of Proposition 1.1 is to construct a supermartingale
applying Dynkin’s formula to the function g : 7qy \ {0} — Ny defined as

glx):=max{i € Z:z(i) =1} —min{i € Z: 2(i) =1}  (x € Tan). (5.3)

In order to be able to apply Dynkin’s formula one can “reduce” the cCP to a finite state
space similarly as in [13, Proof of Lemma 3]. A full proof including the technical details
is given below.
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Proof of Proposition 1.1. Let d = 1 and assume that X is a cCP(\, ) with A < 26. Using
the g from (5.3) we define f : Tan — INp as

fe) = {g@) TR0
0 else,

One then has that Gg f(z) < 0 for all z € Tg,, where Gg denotes the generator of the
cCP from (1.2). To see this we first look at x1g1, 211 € Tan defined as

:vlol(i)—{l if i € {0,2}, m(i)_{l ifi e {0,1}, e

0 else, 0 else,

In the configuration z19; the one at the origin reproduces with rate A to the left, increas-
ing the function f by one and it dies with rate J, decreasing f by two. A reproduction to
the right has no effect on f. By symmetry, an analogous statement holds for the one at
2 € Z so that Gg f(z101) = 2A — 4. For x1; on the other hand, a reproduction of the one
at the origin to the right reduces f by one and its death reduces f by only one, while
a reproduction to the left again increases f by one. Hence Gg f(z11) = —26. Let now
x € Tan be an arbitrary configuration with at least two ones. As f is shift-invariant, i.e.
f=fo6; ! forallic Z, one has that Gg f(2) < Ggf(x101) if x has the form 010...010,
Ggf(z) = Ggf(x11) if z has the form 011...110 and G f(z) < (Go f(z11) +Ge f(2101))/2
if = has the form 010...110 or 011...010. Note we had to use inequalities above as a
death event of a one at the edge of a configuration reduces f by the number of zeros
“to the inside” of this one, hence by at least two if there is a zero directly to the inside
of the one. Finally we consider the special case z = §y, in which with rate 2\ the lone
individual reproduces (either to the left or to the right) and with rate ¢ it dies. Hence
Ggf(60) = Gg f(x101) = 2X — 46, which was the reason to add the 4 in the definition of f.
This completes the argument that A < 26 implies that Gg f(z) < 0 for all = € Tgy.

The rest of the proof is a standard argument from the theory of continuous-time
Markov chains, but, for the sake of completeness, we state it completely. Let N € IN
be arbitrary and set 7y := inf{t > 0 : f(X;) > N + 4}. We claim that MY = (M}¥);>
defined as

tINTN
MY = f(Xin) = [ Gaf(X)ds  (20)
0
is a martingale. Let

Tn ={x € Tan : (i) =0ifi ¢ {0,...,N —1}} U {zn},

where

xn (i) = (1 € Z).

{1 if i € {0, N},

0 else,

By shifting every x € Tg, so that its leftmost 1 lies at the origin we can construct a
continuous-time Markov chain Y = (Y;);>0 on the finite state space Ty so that

MY =) - [ Gef(¥yds 2 0)
0

As a continuous-time Markov chain on a finite state space Y is a Feller process and
Dynkin’s formula implies that M is indeed a martingale.

As Gg f(z) <0 for all € Tan we conclude that M* = (f(Xiary))e>o0 is @ uniformly
integrable supermartingale and the martingale convergence theorem implies that M?®
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converges almost surely and in L; to a random variable M.,. The random variable M,
is supported on {0, N + 4} as M, € {1,..., N + 3} would imply that there exists a ty > 0
such that M7 = M € {1,...,N + 3} for all t > to, which has probability zero. Hence

4=E"[f(Xo)] > E[Mu] = (N +4)(1 - P(Mx = 0))
and we conclude that

Po(3t>0:X,=0)>P%3Ft<7y: X, =0)=P(My =0) > ——.
N +4

As N was arbitrary it follows that P% (3¢ > 0 : X; = 0) = 1 and Proposition 5.1 implies

that = dp. This establishes that A.cp > 2. O

A Parity indeterminacy

In this appendix we restate [12, Corollary 9] in a more accessible form and show
how it can be derived from the somewhat less accessible formulation in [12]. Then we
show how this result implies Lemma 4.2. Recall from Section 1.2 and Section 1.4 the
definitions of the operator & (addition modulo 2), of 7, the space all functions from 7
to T = {0,1}, of Tan C T, and of the cancellative duality function v,. Let A be the set
of all matrices of the form A = (A(4, )); jeza with A(i,j) € {0,1} for all 4,j € Z? and
Zz’,j A(i,j) < co. For A € Aand x € T, we define Az € Tqy, corresponding to the usual
matrix-vector multiplication, as

Az(i) == P (AG,4) - 2(j)) (i ez,

JEZ4

where - denotes the usual product in R. Let Af(i,j) := A(j,7) denote the adjoint of A.
We will be interested in an interacting particle system X = (X;);>o with state space 7,
that jumps from its current state z as

x+— x® Az with rate a(A), (A.1)

where (a(A)) ac4 are non-negative rates and the operator ¢ has to be interpreted in a
pointwise sense, as well as the interacting particle system Y = (Y;);>0 that jumps as

y—y®Aly withrate a(A).

In order for these interacting particle systems to be well-defined, we assume (compare
[12, Condition (3.1)]) that

sup Y a(A)|{j: A(j,i) =1} <oo and sup Y a(A)|{j:AT(j,i) =1} <oo. (A2)

i€Z4 AcA i€Z4 AcA

Recall from Section 4 that |z| := |{i € Z% : 2(i) = 1}| (z € T). Indeed, it is not hard to
verify that condition (A.2) guarantees that [15, Condition (4.15)] is satisfied both for
the process X and the process Y, and hence both processes are well-defined by [15,
Theorem 4.19 & Theorem 4.20]. Moreover, [15, Proposition 6.10] yields the duality
relation

P[|X,Yy|is odd] = P[|XoY;| isodd] (¢ >0) (A.3)

whenever X and Y are independent and either | Xy| or |Yp| is a.s. finite.

We will restate [12, Corollary 9], which gives sufficient conditions for the left-hand
side of (A.3) to be close to 1/2. We assume that the rates are translation invariant in the
sense that

a(0;A) =a(A) (i €Z AcA), (A.4)
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where ;A denotes the “translated” matrix (6;4)(j, k) := A(j — i,k —1i) (j,k € Z%). By
definition, we say that a state x € 7 is X -nontrivial if

P*[(X1(1)),en = (2(),c5) > 0 forallt >0, finite A C Z%, and (2(i)),_, € {0,1}*.
(A.5)
We fix a finite subset B C A such that a(B) > 0 for all B € B and we define, for z € T,

|z|lz :==|{i € Z" : 3y € T and B € Bs.t. ¢, (z, (0; B)y) = 1}|.

With these definitions, [12, Corollary 9] can be restated as follows. Recall the definition
of the (pointwise) minimum operator A from Section 4.

Proposition A.1 (Parity indeterminacy). Let X be started in a shift-invariant initial law
that is concentrated on X -nontrivial configurations. Then for each ¢ > 0 and t > 0, there
exists an N < oo such that

1
P[] X, Ayl is odd] — 5 <e (A.6)

for all y € Ty with ||y[js > N.

Proof. This is a simple reformulation of [12, Corollary 9]. There, it is proved that if
Yn € Tan satisty |y, ||z — oo, then P[|X; Ay, is odd] — %. To see that this implies the
claim of Proposition A.1, note that if the claim would be false, then there exists an e > 0
such that for all n > 1 one can find y,, € Tan With ||y,||s > n such that the left-hand side
of (A.6) is > ¢, contradicting [12, Corollary 9]. O

Applying Proposition A.1 to the cancellative contact process we obtain Lemma 4.2.

Proof of Lemma 4.2. We first show that the jump rates of the cancellative contact process
can be cast in the form (A.1). Leteq,...,eq € 7 denote the unit vectors and let 0 € Z¢
denote the origin. For 1 < k < d, we define I € A by I,f(i,j) = 1if (4,5) = (£ex,0)
and I (i, ) := 0 otherwise. Also, we define D € A by D(i,j) := 1 if (i,5) = (0,0) and
D(i, j) := 0 otherwise. Finally, we define rates (a(4)) ,_, by

a(0;IF) =X\ and a(6;D):=06 (i€Z% 1<k<d),

and a(A) := 0 in all other cases. Clearly, these rates are translation invariant in the
sense of (A.4) and satisfy the summability condition (A.2). Also, a jump of the form
x> 2 ® (0_;I;7 )z corresponds to a jump of the form  — inf?,, . (x) in the notation of
Section 1.2 and a jump of the form z — = @ (6_;D)x corresponds to a jump of the form
x +— dth;(x), so the process defined by these rates is a cCP(\,d). The claim of Lemma 4.2
will now follow from Proposition A.1 provided we show that: (i) each configuration x # 0
is X-nontrivial and: (ii) we can choose B such that ||y||z = |y|.

We start by proving (ii). We set B := {Ifr} where If’ as defined above is one of the
matrices corresponding to an infection next to the origin. Then a(I;) = A > 0. Moreover,

Yo (01 )z, y) = 2(i) - y(i + e1)
and hence
y(i)=1 ifandonlyif e; —i€ {i€Z?:3z €T and B € Bs.t. ,((0;B)z,y) = 1},

which shows that |ly||z = |yl
It remains to prove (i). Fix z € T \ {0}, a finite set A C Z%, and (2(i)),_, € {0,1}*.
Using the fact that « # 0 and A > 0, in a finite number of infection steps, we can infect
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each sitein AU {i € Z%: 3j € A : j ~i}. Starting with the sites in A with the highest
graph distance to Z¢ \ A, we then can remove the infection from all sites i such that
z(1) = 0 only using further infections, proving that the probability in (A.5) is positive for
eacht > 0. O

The true strength of Proposition A.1 lies in the fact that it can be applied even
in situations where the definitions of X-nontriviality and the norm |y||z are more
complicated. In particular, [12, Theorem 3] is based on an application of Proposi-
tion A.1 in a situation where the X-nontrivial configurations are all x # 0,1, and

lylls = |{(i,5) : [i — 4] = 1, y(i) # y(i)}].
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