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Central limit theorems for stochastic gradient descent
with averaging for stable manifolds*
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Abstract

In this article, we establish new central limit theorems for Ruppert-Polyak averaged
stochastic gradient descent schemes. Compared to previous work we do not assume
that convergence occurs to an isolated attractor but instead allow convergence to
a stable manifold. On the stable manifold the target function is constant and the
oscillations of the iterates in the tangential direction may be significantly larger than
the ones in the normal direction. We still recover a central limit theorem for the
averaged scheme in the normal direction with the same rates as in the case of isolated
attractors. In the setting where the magnitude of the random perturbation is of
constant order, our research covers step-sizes v, = Cyn~ " with C, > 0 and v € (%, 1).
In particular, we show that the beneficial effect of averaging prevails in more general
situations.
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1 Introduction

We consider stochastic gradient descent (SGD) algorithms for the approximation of
minima of functions —F : RY — R, where, at each point € R?, we are only able to
simulate a noisy version of the gradient f(z) = DF(x).

Stochastic approximation methods form a popular class of optimisation algorithms
with applications in diverse areas of statistics, engineering and computer science. Nowa-
days, a key application lies in machine learning where it is used in the training of
neural networks. The original concept was introduced 1951 by Robbins and Monro
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[33] and since then analysed in various directions, see e.g. [4, 13, 39, 14, 10, 34]. In
previous research, a typical key assumptions is that —F has isolated local minima with
elliptic Hessian. Under this assumption, Sacks [36] proved a central limit theorem which
showed that, for step-sizes v, = C,n~! with sufficiently large constant C,, > 0, SGD
converges to a minimum of the objective function with rate n~!/2 which is typically the
best convergence rate that can be obtained. However, this particular choice for the
step-sizes has two disadvantages. First, the SGD typically needs too long (for practical
applications) to get into the vicinity of a local minimum of — F' if the gradient flow itself
needs a long time to approach a minimum. Second, whether a choice of the constant C,
is appropriate depends on the ellipticity of the Hessian at the local minimum approached
by the SGD and in practical applications the latter is typically not known. Therefore,
one would like to work with larger step-sizes v, = C,n~? with C;, > 0 and vy € (3,1). In
that case, the convergence to a minimum is typically of order n=7/2, see e.g. [5, 21]. As
found by Ruppert [35] and Polyak [30, 31], it is still possible to get convergence of order
n~1/2 by considering the running average of the iterates instead of the iterates themself.
Following these original papers a variety of results were derived for the Robbins-Monro
algorithm and the Ruppert-Polyak average and we refer the reader to the monographs
[1, 29, 2, 25, 12, 22] for more details. We stress that previous research was focused
on dynamical systems that converge to isolated minimisers of —F' and one of the main
contributions of this article is to show that the beneficial effect of averaging prevails
also in more general situations.

Classical convexity assumptions are often not met in practice and as an example
we outline an application from machine learning [38, 24]. Many risk functions for
the optimisation of the weights and biases of a neural network depend solely on the
realisation function that the network generates. For neural networks with ReLU acti-
vation function the positive homogeneity of the activation function entails that every
(representable) function possesses a non-discrete set of representations as deep learning
network, see e.g. [9]. For smooth activation functions, Cooper [6] applied a variant
of the implicit function theorem to show that, in an overparameterised setting, the set
M = {z € R*: f(x) = 0} forms a lower-dimensional submanifold of R.

It appears natural to ask for extensions on settings where the set of (local) minima
forms a stable manifold. So far research in that direction is very limited. Fehrman et al.
[16] established rates for the convergence of the target function of a stochastic gradient
descent scheme under the assumption that the set of minima forms a stable manifold.
We also mention the work by Tripuraneni et al. [37] where an averaging method for
SGD on submanifolds is introduced so that the Ruppert-Polyak result is applicable for
the approximation of an isolated stable minimum of a function defined on a Riemannian
manifold.

Let us introduce the central dynamical system considered in this article. Let
(Q, F, (Fn)nen,, P) be a filtered probability space and F : R? — R a measurable and
differentiable function and set f = DF : R — R? Let M be a d.-dimensional C'-
submanifold of R¢ with

fly=0
We consider an adapted dynamical system (X, ).cn, satisfying for all n € IN
Xn :anl +7n(f(Xn71)+Dn); (11)
where

(0) X, is a Fo-measurable R%valued random variable, the starting value,
(I) (Dn)nen is an R%-valued, adapted process, the perturbation,
(I1) (vn)new is a sequence of strictly positive reals, the step-sizes.
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We briefly refer to (X,,)necn, as the Robbins-Monro system. Furthermore, we consider
for n € IN the Ruppert-Polyak average with burn-in given by

X, =

S —

n

> obiX, (1.2)
i=no(n)+1

where

(IID) (no(n))nen is a Ng-valued sequence with ng(n) < n for all n € N and ny(n) — oo,
(IV) (bn)nen is a sequence of strictly positive reals and by, = Z?:no(n)H b; for n € IN.

Roughly speaking, we raise and (at least partially) answer the following questions.

* Is Ruppert-Polyak averaging still beneficial in the case of non-isolated minimizers?
» If so, what are good choices for the parameters introduced in (II) to (IV)?

We answer these questions by deriving central limit theorems for the performance of the
Ruppert-Polyak average on the event of convergence of (X, ),cn, to some element of
the stable manifold M.

Let us be more precise. By assumption, M is a C''-manifold and we will impose
additional regularity assumptions on the tangent spaces (see Definition 2.4) that will
guarantee existence of an open neighbourhood M of M so that for each x € M there
exists a unique closest element z* in M, the M -projection of x (cf. [11], [23]). We denote
by M"Y the event that (X,,)nen, converges to an element of M and denote the limit by
X Note that, on MY, the M-projection X and X are well-defined for sufficiently
large (random) n and we will provide stable limit theorems for

Vn(X, — X¥) and n(F(X) — F(X,)),

on the event IM®"V. It is natural to consider Ruppert-Polyak averaging only in the
case, where the Robbins-Monro scheme converges. In particular, this guarantees that
the average converges to the same limit. Our analysis is conducted in a very general
setup. However, we will make our findings transparent in the particular case, where the
perturbation is a sequence of square integrable martingale differences whose conditional
covariance converges to a random matrix I', almost surely, on IM°"V. Here, we prove
that under appropriate assumptions to be found in Theorem 2.6 the Cesaro average

~ 1 n
Xpn=—"+ Xk
n —no(n) k_noz(;l)ﬂ

converges in the stable sense, on IM®°",

Vi (X, — X5) "2 (Df(X. "y, N(O,T),

o))
where the right-hand side stands for the random distribution obtained when applying
the orthogonal projection ITy,_ ys onto the normal space of M at X, and the inverse
of the restricted random mapping D f (X )| Ny P VxoM — Nx_ M (which will exist
as consequence of a variant of the standard éoontractivity assumption) to a centered
Gaussian random variable with covariance I'. Note that the order of convergence is
the same as for isolated attractors. Moreover, in the latter case the manifold M is zero
dimensional and Nx__ M = R? so that one recovers the classical result that, on M,

Vi (X — Xoo) 22 (Df(X0)) ' N(0,T).
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Here and in the main theorems, we use stable convergence restricted to sets that are
not necessarily almost sure sets. The respective notion of convergence is introduced and
analysed in detail in Section A.

Still, there is a crucial difference between the setting with isolated attractors and the
one we discuss here. To explain this and later to do the proofs, we assume existence of
particular local manifold representations ¥ : U — R? around some open sets U C R¢
which allow us to associate every x € M N U with coordinates

U(z) = @; Eg) e R% x {0}* c R

in such a way that for x € U
« VU (x
\Il(x )—— ( 40( )> .

In the representation we thus have well separated directions. The tangential directions
are the ones in R% x {0}% and the normal ones are the ones in {0}% x R% with dy = d—d,.
On the event that (X, ),en, converges to some element of U N M the sequence has all
but finitely many entries in U. In the new coordinates the fluctuations in the normal
direction will behave as in the classical theory whereas the fluctuations in the tangential
direction are typically larger since there is no restoring force acting in this direction.
This explains why we need to compare X, with )_(;; and not X, in the central limit
theorem. However, since F' is locally constant on M, this analysis is sufficient to derive
a central limit theorem for the objective function value of the Ruppert-Polyak average
(F(X,))nen. While the fluctuations in the tangential direction do not appear in the limit
distribution, we will need to impose additional assumptions on the sequence of step-sizes
to show that these effects are negligible. More explicitly, in the setting with the highest
regularity (e.g. in the case where I : R — R is C® and M is a C3*-manifold) we allow
step-sizes v, = Cyn™" with C;, > 0 and v € (2,1). In the case of isolated attractors one
typically allows exponents v € (%, 1), see e.g. [35].

In the article, we use O-notation. For a multivariate function (f,,) and a strictly
positive function function (g, ) we write

fn = O(gn) if and only if sup §"| < 00
and
fn=o0(g,) ifandonlyif lim [l _
n—oo gn

with the former notation making sense for arbitrary domains and the latter one for
domains being subsets of R. We also make use of the notation in a probabilistic sense,
see Section B for details.

2 The central limit theorem

In this section, we introduce the main result of the article, a central limit theorem for
the averaged Robbins-Monro scheme on M™Y. We start with introducing the central
definitions. Generally, for a C''-submanifold M C R? we denote by 7, M the tangent
space of M at x € M and by N,M = (T,M)* the normal space of M at z.

Definition 2.1. A pair (F, M) consisting of a differentiable function F : R — R and a
d¢-dimensional C!-submanifold M of R? is called approximation problem if the following
holds

(i) DF|,, =0
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(ii) f = DF is continuously differentiable on M and
(iii) for every x € M, the differential D f(x) is symmetric and satisfies, for every
v € N, M\{0},

(v, Df(x)v) < 0. (2.1)

Setdy =d — dg.
Remark 2.2. If (F, M) is an approximation problem, then, for every = € M, the symmet-
ric matrix D f(x) admits an orthonormal basis of eigenvectors with the first d.-vectors
spanning the tangential space T, M. By orthogonality, the remaining eigenvectors are in
N, M so that the restricted mapping Df(x)‘NwM maps N, M into N, M. As consequence
of (2.1), the restricted mapping Df(:v)‘NzM : N,M — N_M is injective and, thus, one-
to-one. See Proposition 34 and Proposition 35 of [16] for examples of approximation
problems that arise in the training of neural networks.

Furthermore, we introduce a notion of regularity that entails error estimates for
certain Taylor approximations in our proofs. We will express our assumptions on the
vector field f and a certain local parametrisation of the manifold M in this notion.

Definition 2.3. Let U C R? be an open set, g : U — R? be a mapping and o, € (0, 1].

(1) We say that g has regularity «, if g is continuously differentiable on U with «-
Hélder continuous differential Dg.
(2) Let, additionally, M C R¢. We say that g : U — R? has regularity o, around M if

(i) g is continuously differentiable on M NU with ay-Holder continuous differential

and
(ii) there exists a constant C such that forallx €e M NU andy € U

l9(y) — (9(x) + Dg(x)(y — )| < Cly — x|'T.

We introduce certain kind of parametrisations of the manifold that will appear in our
proofs.

Definition 2.4. Let (F, M) be an approximation problem and oy, as, oy € (0,1].

(1) Let U C R? be an open set intersecting M. A C'-diffeomorphism ® : Uy — U is
called nice representation for M on U if the following is true:

(i) Us is a convex subset of R? such that for (¢,0) € R% x R%
(<79) € U‘I> = (<70) S U<I>
and ®(Uyp N (R% x {0}4)) = U N M.

(ii) There exists a family (P, : x € M NU) of isometric isomorphisms P, : R —
N, M such that for every ((,0) € Up C R% x R

(¢, 0) = (¢, 0) + Poc,0)(0). (2.2)

(2) We say that (F, M) has regularity (o, as, aw) if for every x € M there exists a nice
representation ® : Uy — U of M on a neighbourhood U of x such that

(i) the vector field f‘U = DF‘U has regularity oy around M,
(ii) the mapping ® has regularity ag around R% x {0}% and
(iii) its inverse ¥ : U — Ug has regularity oy .

Further, an open set U satisfying all the assumptions above are called nice repre-
sentation for M on U with regularity (ay, ae, o).
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It is natural to ask for simple criteria to decide whether an approximation problem
has a certain regularity. We discuss this issue in the following remark.

Remark 2.5. 1. Let ¥ :U — V be a C'!-diffeomorphism with regularity « € (0, 1] and
let U’ ¢ R? be a bounded and connected open set with U’ ¢ U. By Theorem 1.3.4
of [17], it follows that the inverse \I/*1|\D W) U (U'") — U’ has also regularity «.
Hence, an approximation problem has regularity (o, o, @) if for every « € M there
exists a nice representation ® : Us — U of M on a neighbourhood U of x such that

(a) the vector field f‘U = DF‘ has regularity oy around M,
(b’) one of the mappings ® or lﬂ has regularity a.

2. Let (F, M) be an approximation problem, so that M is a C®-manifold. Section C
shows that for every = € M there exist a neighbourhood U C R? of = and a nice
representation ® : Uy — U € C?. Thus, after shrinking Us we can guarantee
that D® is Lipschitz and, again with Theorem 1.3.4 of [17], ® is invertible with
the differential of its inverse being a Lipschitz function. Hence, an approximation
problem has regularity (ay,1,1) if for every = € M there exists a neighbourhood U
of x such that

(a) f‘ has regularity oy around M and
(b”) Mis a C3-manifold.

Now we are able to state the main results.
Theorem 2.6. Let (F, M) be an approximation problem and suppose that (X, )nen, IS

the Robbins-Monro system and (X,,) the Ruppert-Polyak average as introduced in (1.1)
and (1.2) with (D,,), (7»), (bn), (b,) and (no(n)) as in the introduction. Furthermore,
let M°°™ denote the event that (X,,) converges to an element of M and denote by X
its limit which is a well-defined and measurable function on M®"™". We consider the

following assumptions:

(A.1) Regularity. (F, M) has regularity (of, as, ovw), where oy, g € (0,1] and ag € (5, 1].

1
29
(A.2) Assumptions on (v,) and (b,). Set a = ay Aay Aag and o = ag A 152 > L1

Suppose that

« 1 as 1
1— )v(1—f )\/— 1 and 1 @23
( 1+ 2a 21 tag) 200 SV S ARG LEP =00 (2.3)

and set
Y =Cyn~7 and b, =n’.
(A.3) Assumptions on (ng(n)). (no(n))nen is a Ng-valued sequence with 0 < ng(n) < n
for all n € IN that satisfies
1 1 _1 1 1=y
no(n) = o(n) and no(n)~" = o(n W-1lfag Ap a2y ) (2.4)
If p < v — 1 we, additionally, assume that

4 _ ﬁ—(l+ﬂ)
no(n) = o(n v—(1+p) )

(2.5)

(A.4) Assumptions on D,,. For every x € M there exists an open neighbourhood U C R® of
x such that (1y7(X,,—1)D,)nen is a sequence of uniformly L?-integrable martingale
differences. Moreover,

lim cov(D,|Fn-1) =T, almost surely, on M“"".

n— oo
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Under the above assumptions the following is true:
1. CLT for the coefficients. On IM®°™, one has

- )s%y p—|—1

n (X, — X —_—
Vv ( n TS

where the right-hand side stands for the random distribution being obtained when
applying the F..-measurable linear transform (Df(X Iyy__ M onto a

(Df(XOO)’NXOOM)_l HNXOQM N(O,F), (26)

o) |wa JVI)
normally distributed random variable N'(0,T') with mean zero and covariance T'.

2. CLT for the F-performance. On M"Y, one has

2 (F(Xo) = PUX)) " | (D () o)™ e as MO

(2.7)

where the right-hand side stands for the random distribution being obtained when
applying the respective F,,-measurable operations onto a normally distributed
random variable with mean zero and covariance T'.

If assumption (A.1) is true, there are feasible choices for v and p that satisfy (2.3) and
for every such choice there exist feasible choices for (ny(n)),en satisfying (A.3).

Theorem 2.6 is a special case of Theorem 2.9 below.

Remark 2.7. 1. Itis straight-forward to verify that the factor %}rl appearing on the

right-hand side of (2.6) and (2.7) is minimal for p = 0. Furthermore, irrespective of
the choice of allowed parameters we always have 1 > vyo' so that p = 0 is always a
feasible choice, see (2.3). Thus, taking a Cesaro average is always optimal.

2. The choice of a’s that leads to the least restrictions on the choice of v are ag =1,

ay = % oy = % In that case all terms on the left-hand side of the y-condition (2.3)

equal 2 so that we are allowed to choose v in (3, 1).

Remark 2.8. In this remark, we illustrate Theorem 2.6 in a particular optimisation
problem. Let F : R — R be given in terms of the expectation

F(z) = E[G(z,Y)],

where Y is a random variable taking values in a measurable space ) (we omit the o-field
in order to simplify notation) and G : RixYyY —» Risa product-measurable function
satisfying the following regularity assumptions:

(i) Fis C® with Lipschitz continuous differential f,
(ii) hmmﬂoo F(l’) = —0Q,

(iii) for every y € ) the function G(-,y) is C! and one has, for every = € R¢,
f(x) = E[VIG(xv Y)]7
(iv) the mapping
C:R% >z cov(V,G(z,Y))

is continuous and

(v) there exist ¢ > 2, Cp < oo and a locally bounded, measurable function Q : R —
(0, 00) such that, for every = € RY,

E[V,G(z,Y) — f(x)|"]"/? < Cp Q(x).
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To design a dynamical system (X, ),en, asin (1.1) wefix C,, > 0,y € (%, 1), m € N and
an R¢-valued random variable Xy, choose (7,)nen = (Cyn~7)nen and an i.i.d. sequence
(Yn,i)n,icwv of copies of Y that is also independent of X, and consider

1 M
Dn = min Zlv:cG(anly Yn,z) - f(anl)a

where m,, = m V [n~Y2Q(X,_1)?]. Then (D,),cn defines a sequence of martingale
differences w.r.t. the filtration (F,,),en, given by F,, = 0(Xo)Vo(Yy; : k,i € IN with k < n)
and (X, )nen, satisfies

mMn

1
Xn = anl + Tn mi ZVIG(anla Yn,i)a forn € IN.
" i=1

As consequence of the Burkholder-Davis-Gundy inequality there exists a universal con-
stant C; > 0 such that

1 1
BIDA ! Faa]'/? < Co — 5 BIVaGlY) = S@IY], x|, < CyCb 7 QXama),
Hence, for an arbitrary bounded, open set U, one has
c,C
1/ q~D
E[ly(Xn—1)|Dnl?]"? < 7 22%@(95) < oo
and (1y7(X,,_1) Dy )nen is uniformly L2-integrable. Moreover, cov(D,,|F,_1) = min C(Xn-1)

and, on the event {(X,)necn, converges}, we have that m,, — m and, by continuity of C,
that

1 n o0
cov(Dy|Fn_1) = m—C(Xn_l) iy EC(XOO) =:T.

This entails assumption (A.4) of Theorem 2.6. Let us verify the remaining assumptions.

Suppose that M is a C3-manifold for which (F, M) is an approximation problem
according to Definition 2.1. By Remark 2.5, (F, M) has regularity (1,1,1). We choose
b, =1 and note that by Remark 2.7, (A.2) is satisfied. Since 1/(4y—2) < 1 we can choose
(no(n))nen according to (A.3) and we consider the Césaro average

Consequently, we have, on IM“°",

2

2mn(F(Xa0) = F(X,)) 22 (D (X )" Ty ar N(0,C(X o)

OO)‘NXMM

Let us discuss convergence of the dynamical system (X,,)nen,-
(i) Locality of the process: First, we consider the event

L= {limsup | X | < oo}.

n—oo
By choice of (m,),en and property (v),

1

N

E“Dn|2|]:n—1]1/2 <

Cp Q(Xn—1) < Cpn'/t.

Verifying the assumptions of Lemma D.1 for the choice (¢8M),cn = (nlfw)nem we

deduce that under assumptions (i) to (v), we have P(LL) = 1. In particular, this implies
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that, almost surely, m,, = m for all but finitely many n € IN. In the case that I satisfies
(i) and (iii)-(v) but ~not necessarily property (ii), one can add an L2-regu1arisation term,
i.e., replace F by F given by

F() = F(z) - o,

for a fixed a € (0, 00). Then, DF(z) = E[V,G(z,Y)] — ax is again a Lipschitz continuous
function and the martingale noise remains the same. If a > || DF || ,re), then clearly,
lim ;|00 r(z) = —00. Note that this transformation typically affects the set of optimal
points.

(ii) Convergence of the process: In [8] it is shown that (X, ),c, almost surely con-
verges, on I, if every critical point of F’ satisfies locally a L.ojasiewicz inequality, i.e. for
all z € {2’ € R%: f(2') = 0} there exists a neighbourhood U, C R? of z, and parameters
By € [3,1), £, > 0 such that, for all 2’ € U,, we have

|f(@)] > ko | F(2) — F(2')]P=.

This assumption has the appeal that it is satisfied by every analytic function, see [26, 27].
Moreover, in Theorem 2.1 of [15] the following result is shown that resembles the
situation of Theorem 2.6: Let U C R? be an open set and assume that F : U — R is
C?and M’ = {z € U : f(z) = 0} forms a d.-dimensional manifold. If, for all x € M’,
we have d¢ = dim(ker(Hess F'(z))), then, for all x € M’, = satisfies locally a Lojasiewicz
inequality.

(iii) Non-convergence to unstable points: Let M’ C R? be a smooth manifold of crit-
ical points such that there exists a C' > 0 with Hess F'(x) has at least one positive
eigenvalue, for all z € M’, all negative eigenvalues are bounded from above by —C' and
all positive eigenvalues are bounded from below by C'. Then, if the martingale noise is
uniformly bounded and uniformly exciting, meaning that there exists a C' > 0 such that,
foralln € N and u € $971,

E[(Dy, u) | Fnoa] > C, (2.8)

it holds that P(d(X,,M’) — 0) = 0, see Theorem 3 in [28]. If (D,)nen is not uni-

formly exciting then, for all n € IN, one can consider (D,)nen = (Dn + Ap)nen, where

(An)nen is a sequence of independent standard Gaussians, and set (F,,)nen, = (Fn V

o(A1,.. ., Ap))nen,- Then, (Dy,)nen satisfies (2.8) as well as the conditions necessary for
proving locality and convergence.

We give a more general version of Theorem 2.6 which applies for a broad choice of
step-sizes, averaging parameters and stochastic noises.
Theorem 2.9. Let (F, M) be an approximation problem and suppose that (X, )nen, is
the Robbins-Monro system and (Xn) the Ruppert-Polyak average as introduced in (1.1)
and (1.2) with (D,,), (7a), (bn), (by) and (no(n)) as in the introduction. Let (¢E™) and
(64i) be sequences of strictly positive reals and set

n

1 .
Oy = — > (o2,

bn l=ng(n)+1

Furthermore, let M°°™ denote the event that (X,,) converges to an element of M and
denote by X, its limit which is a well-defined and measurable function on M. We
consider the following assumptions:

(B.1) Regularity. (F, M) has regularity (ay, ae, aw), where oy, ag, ag € (0,1].

EJP 28 (2023), paper 57. https://www.imstat.org/ejp
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(B.2) Technical assumptions on the parameters. Suppose that (v,) is a monotonically
decreasing sequence and
nyn, — 00, Yn — 0,

brnt17n . 1 053/[1 - USM RM RM
=1+4o0 , limsup — ———+—"—=0, o, ~o, ", (2.9)
b7L77L+1 (’yn) n—)oop Tn O-ELM n-t "

and for all sequences (L(n)),en with L(n) < n andn — L(n) = o(n) one has

C Yher (1 (0RO
lim

n—roo Zz:no(n)+1(bkégiﬂ)2 a

(B.3) Assumptions on (ng(n)). (no(n))nen is a Ng-valued sequence with 0 < ng(n) < n
for all n € IN that satisfies no(n) = o(n).

(B.4) Assumptions on D,,. For every x € M, there exist an open neighbourhood U C R
of x so that (1y(X,—1)Dn)nen is @ sequence of square integrable, martingale
differences satisfying for all € > 0, on IM“°"™,

lim (69%)~2cov(D,|F,_1) =T, almost surely,
n—oo

. 92 m B 2 _ . a7
n11—>Ir(>lo(0-n) Z BTE[IL{‘Dm|>Eann/bm}|Dm‘ |]:m_1] = 0, mn pI’Obablllty,
m=ng(n)+1 "
(2.10)
and
: USM -1 211/2
hmsup(—,y) Ely(Xpn-1)|Dnl|"]/* < o0. (2.11)
n— o0 n
(B.5) Technical assumptions to control the error terms. One has, as n — oo,
Mo—;ﬁ%) = o(0), (2.12)
bnlyno(n)
(exM)ree = o(gy,), (2.13)
for
SRR DI (Ve LR S N D SRR
k=no(n)+1 k=no(n)+1

n

1 _1=
5SP = b Z by ('Yk
" k=ng(n)+1

oy
7 (M) + ()T + M (€M)) = o(om)

(2.14)
and
1 - (1+ae)/2
(1"7 3 bm(cr,P,jM)2> = o(0y). (2.15)
n m=ng(n)+1
Under the above assumptions the following is true:
EJP 28 (2023), paper 57. https://www.imstat.org/ejp
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1. CLT for the coefficients. On IM®°™, one has

— e Gy stably -1
ot (X, — X)) "= (Df(XOO)\NX v) e v N(O,T), (2.16)
where the right-hand side stands for the random distrjbutionlbeing obtained
when applying the F..-measurable transform (Df(XOO) |Nx M) B My, onto a
normally distributed random variable with mean zero and covariance I'.
2. CLT for the F-performance. On M, one has

2072 (F(Xoo) — (X)) "2 |(Df(Xo0)] ) My MO, (2.17)

n Nx .M

where the right-hand side stands for the random distribution being obtained when
applying the respective F.,-measurable operations onto a normally distributed
random variable with mean zero and covariance T'.

Remark 2.10. If we, additionally, assume in the theorem that there exists L > 0, so that
for every = € M, the differential D f(z) satisfies, for every v € N, M,

<U,Df(.13),1}> < _L|U|27

then assumption (2.9) can be relaxed to

T GRM _ GRM
e n . —_

: Y =1+o0(y,), limsup — % <L, oM ~ ofM
bn’YnJrl n—oo Tn Jn

We outline the structure of the proof of Theorem 2.9. Overall, we follow the martin-
gale CLT approach introduced in [36]. The proof is based on a martingale CLT given
in [19] that is generalised in the appendix (see Theorem A.5) to stable convergence
restricted to non-trivial events. To prove the result we first analyse linear systems (the
particular case where f is a matrix-multiplication) in Section 5. The general results are
proved by representing the iterates of the Robbins-Monro scheme in an appropriate
coordinate system and comparing the non-linear system with an appropriate linear
system. Appropriate coordinate representations are introduced and analysed in Sec-
tion 3. In order to control the perturbations, we derive an L?-estimate in Section 4,
see Theorem 4.1. The proof of the main results is carried out in Section 7, where the
representation of the orthogonal coordinates in terms of a perturbed system can be
found in (7.1). In order to keep the presentation simple, we collect and prove further
technical estimates in Section 6.

3 Geometric preliminaries

In this section, we discuss some geometric properties of the d.-dimensional stable
manifold M. First, we derive that for an approximation problem (F, M) in sufficiently
small neighbourhoods of M the strength of attraction is uniformly bounded away from
zero. Afterwards, we discuss the well-definedness and regularity of the projection that
maps every point to its nearest neighbour in M.

Definition 3.1. Let (F, M) be an approximation problem. We call an open and bounded
set U C RY intersecting M (F, M)-attractor with stability L and bound C, for C > L > 0,
if

() MNU=MnU and
(ii) foreveryx € M NU andv € N, M

—Cw|? < (v, Df(z)v) < —L|v|*. (3.1)

EJP 28 (2023), paper 57. https://www.imstat.org/ejp
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Lemma 3.2. Let (F, M) be an approximation problem and x € M, then x admits an open
neighbourhood U and constants C, L > 0 such that U is an (F, M )-attractor with stability
L and bound C.

Proof. Let U : U — Uy be a C'-diffeomorphism with U being an open neighbourhood of
r and Uy C R? such that U(U N M) = Ug N (R% x {0}99).

First, we show that M NU = M NU. Let 2 € M NU. Then there exists a M N U-valued
sequence (z,)neN With z, — z. Thus,

ez, .
W(z,) = ( ¢ )> SU() with () = (U (), Ty, (20).
Consequently, ¥;(z) = 0 for all 4 > d¢ and, hence, z € M.

Second we show that for every bounded set U’ C U with U’ C U there exist C, L > 0
such that forall z € M NU’ and v € N, M

~Clv* < (v, Df(2)v) < —L|v|*.
It suffices to show that
C:={(z,v) ER*xR*: 2 MNU,v € N.M,|v| =1}
is a compact set since then C' and L can be chosen as

—C = min (v,Df(z)v) and — L = max (v, Df(z)v)
(z,v)eC (z,v)€C
with the minimum and maximum both being obtained and being in (—o0, 0). Since C is
bounded it remains to prove closedness. Let (z,,v,)nen be a C-valued sequence that
converges to (z,v). Since M NU’ = M N U’ is compact we have that z € M NU’. We
denote by ® the inverse of ¥ and note that for all vectors w € R% x {0}, 0,,®(z,) is in
T.. M which is perpendicular to v,, € N, M. Hence,

0= (0w®(2n),vn) = (Ow®(2), v)

and v L 9,,®(z). Since the considered vectors 9,,P(z) span the tangent space T, M it
follows that v € (T, M)+ = N,M and we are done. O

Remark 3.3. Let (F, M) be an approximation problem. Then, for z € M, equation (3.1)
is satisfied for all v € N, M if the spectrum of D f(z) restricted to N, M is contained in
[-C, —L]. Indeed, there is always an orthonormal basis of eigenvectors vy, ..., v4 with
v1,...,v4, Spanning T, M and vg. 41, . ..,vq Spanning N, M and the equivalence follows
by elementary linear algebra.

The remark entails the following corollary.

Corollary 3.4. Let U be a (F, M)-attractor with stability L and bound C, x € U N M and
v € N, M. Then for every v € [0,C~'] one has

lv+Df(z)o] < (1 —~L)[v].

Proof. By Remark 3.3, the spectrum of the restricted mapping D f (x)| NoM N, M —
N, M is contained in [-C, —L]. Hence, the spectrum of the restricted mapping (id +
WDf(x))’NTM is contained in [1 —yC,1 — vL] C [0,1 — L] which immediately implies the
result since the latter mapping is diagonalizable. O

For the next proposition we need the additional assumption, that the error of the
first-order Taylor expansion of f is locally uniform. If f has regularity oy around M for
some ay € (0,1], this follows immediately.

EJP 28 (2023), paper 57. https://www.imstat.org/ejp
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Proposition 3.5. Let U C RY be an (F, M)-attractor with stability L and bound C.
Suppose that forz € U andx’ e UN M

f(x)=Df(@' )z —2")+o(lx —2'|) as |z — 2’| = 0

with the small o term being uniform in the choice of x and «’. Then for every L' € (0, L)
and § > 0 there exists p > 0 such that for

ui=J B (3.2)
yeM:
d(y,.U%)>5
one has for all z € U{ and v € [0,C ]
d(z +yf(z), M) < (1 —yL)d(z, M). (3.3)
Proof. Choose p € (0, 36] such that for all z,2’ € U with 2/ € M and |2/ — z| < p
[f(x) = Df(a’) (@ — )| < (L = L')|z — 2.

Let x € UJ. Then, by definition of U} there exists 2/ € M with d(z,2') < p and
d(z',U¢) > 5. We denote by z € M an element with

d(z,z) = d(z, M) = d(x, M) < p.

Note that d(z’,z) < d(2',2) + d(z,2) < 2p < § so that z € Bs(2') C U and, hence,

2€MNU=MnNU. Take v € T,M and a C'-curve v : (—1,1) — M with v(0) = z and
4(0) = v. Then, since t + d(v(t), z)? has a minimum in 0 we get that

0= % d(y(t), x)? o 2(z — x,v).

Thus # — z € N, M. With Lemma 3.4 we obtain that for vy € [0, C~}]

d(x +7f(z), M) < d(z +7f(2),2) < [(Id+vDf(2))(z — 2)| +7[f(z) — Df(2)(z — 2)|

<
<(1—~vL)x —z|+~y(L - L)z — 2| = (1 —~L)d(z, M). O

We consider the projection onto M which is defined as follows. For 2 € R¢ we set

x* = argmin, ¢ \,d(, y),

if there is a unique minimizer.
We will show that for a nice representation ® : Uy — U of M on some open and
bounded set U (in the sense of Definition 2.4) and its inverse ¥ we have

2" = @(V¢(x),0)

for all z € U that are sufficiently close to M. Here, ¥, represents the first d. coordinates
of ¥, that is ¥¢(x) = (Vi(x),..., ¥y (x)) forz € U.

Lemma 3.6. Let § > 0 and U C R? an open and bounded set and ® : Uy — U a nice
representation for M on U.

(i) There exists p € (0,6/4] such that for every x € M with d(z,U¢) > §/2 and § € R%

with |0| < p it holds
U(z) + (g) - (‘I’Ce(x)) € Us. (3.4)
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(ii) Suppose that p > 0 is as in (i). Then, for every x € U?, x* is well-defined and one
has the following:

(a) z* = ®(¥¢(x),0),
(b) the segment connecting x and z* lies in U and
(c) |Vo(x)| =d(z, M) and d(z*,U*) > §/2.

Proof. (i): Let 6 > 0 and note that
M ={zxeM:dz,U%)>§/2} CcMNU=MNU
is a compact set. Hence, the continuous mapping
M3z~ d(VY(z),Us)

attains its minimum, say p’, which is strictly positive since ¥ does not attain values in
the closed set U§. Obviously, property (i) holds for p = min(p’, 6/4).

(ii): Let p € (0,6/4] as in (i) and let z € Uf. First we show that an element z € M
with

d(z,2) = d(z, M) = d(x, M)

lies in M N U and satisfies © — z € N, M. By definition of U/ there exists 2’ € M with
d(z,z’) < p and d(z/,U¢) > §. Thus d(2/,2) < d(z/,z) + d(z,2z) < 2p and d(z,U°) >
d(z',U¢) —d(z',2) > —2p > /2 so that 2 € U and hence also 2 € MNU =M NU.

Take v € T, M and a C'-curve v : (—1,1) — M N U with v(0) = z and §(0) = v. Then,
since t ~ d(y(t), z)? has a minimum in 0 we get that

0= % d(y(t),z)? =2(z — z,v).

t=0

Thus  — z € N, M. We recall that |z — z| = d(z,2) < p so that as consequence of the
representation property (2.2) there exists § € R% with |0| = |z — 2| < p and

x = z+ P,(0).

Moreover, recalling that d(z,U¢) > §/2 we get with (i) that (V((z),0) is in Up and hence
xz = ®(¥¢(2),0). An application of ¥, yields that ¥.(x) = ¥,(z) so that

7= 0(V¢(2),0) = (¥¢(x),0)

is the unique minimizer and «* = z. Furthermore, with (3.4) the segment connecting z*
and z, which is v : [0,1] = R%, t — ®(¥,(z),t0) lies in U and

[To(x)| =10] = d(z,x) = d(z, M). O

Proposition 3.7. Let (F, M) be an approximation problem with regularity (ay, as, ouy)
and suppose that all assumptions of Theorem 2.9 are satisfied. We call a triple (U, 9, p)
consisting of an open set U C R and §, p > 0 feasible, if

e there exists a nice representation ® : Uy — U for M on U with regularity
(af, ap, ),

« U is an (F, M)-attractor with stability L and bound C' for some values L,C > 0,

e (1y(Xn_1)Dyn)nen is a sequence of L?-martingale differences satisfying (2.11),

e § > 0 and p € (0,0/4] are such that (i) of Lemma 3.6 is true and inequality (3.3)
holds fora L' € (0,L).
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Then there exists a countable set of feasible triples (U, ¢, p) such that the respective
subsets Uf of R cover the manifold M.

Proof. For every r € R and every feasible triple (U, 6, p) we denote by
R, (U, 6, p) =sup{r > 0: B,(r) CcU{}

the radius of the triple (U, §, p) at x. Note that by definition for =,y € R,
R, (U, 4, p)| < |z — y| so that the function

Rw(Ua 57 p) -

R? > 2+ R, =sup{R,(U,d,p) : (U,4, p) is feasible}

is Lipschitz continuous with Lipschitz constant 1. (Possibly, all function values are
infinite.)
Now fix a k¥ > 0 and a countable set I,, € R? such that

U B:(x/3) =R

z€l,

We construct a collection U, of feasible triples as follows. For every z € I, with R, > 2x/3
we add a triple with z-radius greater or equal to /2. For every z € I,, with R, < 2x/3
we do not add a triple. Then U, is countable and for every x € M with R, > x there
exists a z € I, with |« — z| < k/3. Hence R, > 2x/3 and we thus added a triple (U, ¢, p)
with z-radius greater or equal to /2 which obviously contains z. Consequently, U,
is a countable set of feasible triples that covers at least {x € M : R, > k}. By a
diagonalisation argument, we obtain a countable set UnE]Nul /n Of feasible triples that
covers | J,.niz € M : Ry > 1/n} = M. O

Remark 3.8. We consider the setting of Theorem 2.9. Let U/ be a countable set of
feasible triples that covers M as in Lemma 3.7. For a feasible triple (U, 6, p) the set ng
is open and we consider the event U§° that (X,) converges to an element of M N UJ.
Then the covering property of U ensures that

ey — U IUgonv
3P
(U,8,p) €U

and by Lemma A.3 the proof of Theorem 2.9 is achieved once we showed stable conver-
gence on Ug”" for general feasible triples (U, 4, p).

4 [?-error bounds

In this chapter, we control the behaviour of the Robbins-Monro scheme around an
(F, M)-attractor at late times in terms of the distance to M in the L?-norm. We will
later need these estimates to control errors that we infer when comparing the original
dynamical system with a linearised one.

As in the chapters before, let (F, M) be an approximation problem and let U C R
be an (F, M)-attractor with stability L and bound C. We denote by f = DF the Jacobi
matrix of F' and consider a dynamical system (X,,) given by

X, =X+ 'Yn(f(Xn—l) + Ry, + Dn) (4.1)
——
=U,
with
+ X, € R is a fixed deterministic starting value,
* R, being F,_i-measurable and
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* D, is F,-measurable and (1y(X,,—1)Dn)ren is a sequence of square integrable
martingale differences.

Thus, in this chapter we also allow the process to have a predictable bias which should
be of lower order than the martingale noise. This assumption will be made precise in the
following theorem. We obtain the process introduced in (1.1) by choosing R,, = 0.

Theorem 4.1. Let U C R? be an (F, M)-attractor with stability L and bound C. Suppose
that forz €e U andz’ e UNM

f(@) = Df) (e — ') + ofle — 2']) as o —a'| 0

with the o-term being uniform in x and z’. Let (v, )nen and (o, )nen Sequences of strictly
positive reals with lim,, o 7, =0, >_,— 7, = 0o and
1 On—1 —0On

L" :=limsup —
n—oo Tn On

<L (4.2)

and suppose that (X,,)nen, satisfies recursion (4.1). Let §, p > 0 be such that Prop. 3.5 is
true fora L' € (L”, L), that is for all z € U and v € [0,C~"] one has

d(z +~f(x), M) < (1 —yL')d(z, M).

Furthermore, assume that

lim sup o "E[1{X,, 1 € UZ}|Rn[?]"* < (4.3)
n— oo
and
1
limsup( In ) E[1{X,_; € U{}D,[2]"? < oc. (4.4)
n—o00 Tn

Then, there exists a C' € (0,00) such that for all N € NN,

1/2

limsup o, "By, cv? form=n,...n—1d(Xn, M)?] '~ < C. (4.5)

n— oo

Proof. Let L' € (L”,L) and §,p > 0 as in the theorem. By monotonicity it suffices to
restrict attention to large . For sufficiently large constants C; and Cs we can fix Ny € IN
such that for all n > Ny

2
Y < C71 B[1{X, 1 € U’} R,|?] < Ci0? and E[1{X, ; € U’}|D,[?] < 02%. (4.6)

Now fix N > Ny and consider
U,={Vi=N,...,n: X, €Uf}, forn>N.
One has forn > N

E[ly, ,d(Xn-1+ Y (f(Xn-1) + Rn + Dy), M)?]
<E[ly, ,d(Xn_1+v(f(Xn_1) + Rn), M)*| +72E[ly, ,|D.|?]. (4.7)

=:I1(n) =:I2(n)

Moreover, by (3.3) one has on the event U,,_; for arbitrary a > 0

d(Xn—l + rYn(f(Xn—l) + R’n)a M)2
<(1- L/'Yn)Qd(Xn—lv M)2 + 29 d(Xp—1, M)|Rp| + 772L|Rn|2

1
<((1- L/%L)Z + avn) d(Xn—lvM)Z + (;Vn + ’YZ”RH‘Q-
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Consequently, with (4.6)
1
L(n) < (1= L) + ayn) Bllu, ,d(Xn—1, M)*] + Ci(Z3n + 7)o

Now note that as n — oo, (1 — L'y,)%2 = 1 — 2L, + o(v,). Moreover,

On—1 Op—1— 0O

=1+ = <1+ L'+ o(ym)

On On
so that

0_2
Z;l ((1- L/'Vn)2 +avn) < (1+ 2Ly, + o(vn))(1 — (2LI —a)¥n +0(7n))

=1- 2L = 2L" — a)y, + o(vn)-

Recall that I/ > L” and we fix a,b > 0 such that 2L/ — 2L” — a > b. Then, for sufficiently
large n € N

0721—1 / 2
) (A=L'vw)" +aym) <1—bn

n

and by increasing N we can guarantee that the previous inequality holds for all n > N.

Thus,
1 1
0,211 (n) < (1= byn)o, 2, Blly,  d(Xn1, M)?*] + Ci( + &)

Additionally, we get with (4.6) that o,,?I5(n) < Cy7,. This implies that the expectation
on = 0y 2Elly, ,d(X,, M)?]  (n>N)
satisfies forn > N

on < 0,2 (Ii(n) + I(n)) < (1= byn)pn—1 + (Cila™ +C71) + Co) v
=:C3

It follows that o o
$n — 73 < (1 - b'}%)(@n—l - f)

and by iteration that

@n—%ﬁ (SON_%) IT a-vw) —o,
I=N+1

where convergence follows since ),° ., v = oc. Therefore,

. Cs
limsup p, < —.
n—oo b
Note that the statement remains valid with the same constant on the right-hand side

when increasing N. O

5 The Ruppert-Polyak system for linear systems

In this section, we provide a central limit theorem for a particular linear system. It
will be the main technical tool for proving Theorem 2.9. More explicitly, we will show
that on the level of coordinate mappings the system is approximated up to lower terms
by the system analysed here.
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Again (v,)nen denotes a monotonically decreasing sequence of non-negative reals
which converges to 0. Additionally, (ng(n))nen is an increasing INy-valued sequence with
no(n) < n that tends to infinity and for each n € N, let H,, be a F,,(,)-measurable matrix.
We set for n,¢,j € IN withi <3

J

J

.. = .. ibr .

Halisj) = [ (0 +7Ha) and Halij) = Vb_ Houli, 7). (5.1)
r=it+1 r=i "

Based on a sequence (D;);cn of R%-valued random variables we consider the dynamical
system (Z,,)nen with

1 _
En::a > biHa[i,n] D; (5.2)

and
i=no(n)+1

Theorem 5.1. Let A € F., and (6,)nen be a sequence of strictly positive reals. We
assume the following assumptions:

1. Technical assumptions on the parameters.

bn+17n
bn’Yn-i-l

NYn — OO, =1+ O(Vn)

and for all sequences (L(n))n,en withng(n) < L(n) < n andn— L(n) = o(n) one has

. EZ:L(n)+1(bk5k)2
lim —5 5 =10
n—00 Zk}:no(n)-l-l (bi0r)

2. Assumptions on H,. (H,)nen is @ sequence of symmetric matrices with each H,
being F,,(»)-measurable and

lim H, = H, almost surely, on A,
n—o0

for a random symmetric matrix H with maxo(H) < 0.

3. Assumptions on Dy. (Dy)ren is a sequence of square integrable martingale differ-
ences that satisfies for a random matrix I, on A,

(a) lim ||cov
m—o0

—~

6;;1Dnz|f7rl—1) — FH = O, almost sure]y; and

n

Z (bm0m)? and all € > 0, one has

m=ng(n)+1

(b) foro,, =

S

n b2
lim o> Z m]E[n{ID |>Egngn}\Dm\2]J-"m_1] = 0, in probability.
m bm

n=roo B2
m=ng(n)+1 "

Then, it follows that
o 12, "2 r-1A7(0,T), on A,

n

where the right-hand side stands for the random distribution being obtained when
applying the F.,-measurable matrix H~' onto a normally distributed random
variable with mean zero and covariance I'.
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The proof relies on two technical estimates taken from [7]. Based on a monotonically
decreasing sequence (v, )nrecn Of strictly positive reals we define times (¢,)nen, via

We cite [7, Lemma 2.3].
Lemma 5.2. Iflim,_ .., n7, = oo, then for every C > 0

1
lim —#{le{l,...,n}:t, —t;, <C} =0.
n

n—0o0

We cite [7, Lemma 2.2].

Lemma 5.3. We define for each | € IN the function F; : [0,00) — [0, 00) by demanding
that for every k > 1 and s € [tk—l —t—1,t — tl—l)

_ bk

Fi(s) = .
1(s) Yiby

If Y810 — 1 4 o(~,), then

nYn+1
(i) F; converges pointwise to 1
(ii) there exists a measurable function F and ng € IN such that F; < F for alll > ng and

/00 F(s)(sV1)e Hds < oo.
0

The following lemma is a slight variation of [7, Lemma 2.6].

Lemma 5.4. Let (H,),en be a (deterministic) sequence of symmetric matrices that
converges to a matrix H with o(H) C (—o0,0). If;’zfyiﬂ =1+ o(v,) then H,, as defined
in (5.1) satisfies

limsup  ||H,[l,n]+ H | =0.

l,n—00,t,—t;—00

Proof. Letl,k € Ny with | < k. We will first provide an estimate for e(* 0 _TT*_  (1+

~-Hy,) on the basis of the following telescoping sum representation:

k k k
elte—t) Hn _ H (L +~.-Hp,) = Z e(t‘ffl_“)H”(eWH" — (1 +n~4Hy)) H (L +~-Hp).
r=l+1 q=Il+1 r=q+1

(5.3)

Each term in the latter sum is a product of three matrices and we will analyse the norm
of these individually.

We will use that the spectrum of a matrix depends continuously on the matrix. Let
A A denote the eigenvalues of H. For n € IN one can enumerate the eigenvalues
AL AD of H, in such a way that lim,_e A = \) for every i = 1,...,d (see for
instance [3, VI.1.4]). By assumption, o(H) C (—o0,0) so that there exist C, L > 0,ny € N
with

o(H,) C [-C,—L] forall n > ng.
Next note that for 6 > 0, 1 + §H,, has eigenvalues 1 + (5)\%1), o1+ 5/\%@. These are

all elements of the interval [1 — §C,1 — §L] and provided that 6 < 1/C we get that the
spectral radius and likewise the matrix norm of 1 + §H,, are bounded by 1 — §L. By
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possibly increasing the value of ny we can guarantee that for all k£ > ng, 7, < % For
such ny we conclude that for all £ > [ > ng and n > ng,
k k
Il bl = || TT (et < T (1= k) < b, (5.4)
r=l+1 Pl o

<e L

Moreover, e(ts—t)Hn has eigenvalues exp{(t; — t))A" ), . .., exp{(t; — t)A'V} so that

He(tk*tl)HnH < e~ Lt—t1)
Recall further that for a d x d-matrix A
1
let — (1 +A4)] < 56”“‘” [|A][>.

Altogether, we thus get with (5.3) that

k
ettt — 3 1,k = e — T (& -+ Ha)
r=Il+1
L (et Lt L i | Ha 2 N o (5.5)
c 1 1 n
< ge T e H > > 7

q=Il+1
< ClemWemtloy i — 1))

with C' := sup,,5.,, || Hn [|2e7 (EFIHD < C2en (40 < oo,
We note that, as H,, are symmetric matrices with o(H,,) C [-C, —L] for all n > ny,
H,, is invertible and
H' - H L

Therefore, it suffices to show that

lim sup Hﬂn[l,n]JrH,fH =0.

l,n—o00, t,—t;—o0

To establish this we consider for n > 1 > ng, I) = I1(I,n) = H,[l,n],
I, =1, (l ’Il ’Vl Zb e (tk—t1)Hp and I 7]3 l, Tl Z,yke(tk t))Hp,

and omit the (I, n)-dependence in the notation.
We analyse ||I; — I5||. Using F; as introduced in Lemma 5.3 we get with (5.5) that

b
I — 12\|<Z”““||H k] — et Hn |

,ylbk - tk tl
E tr —t
bl’Yk (b =tk

n te—ti—1
= C/’yl Z/ FZ(S)ei(tkitl)L(tk — tl) ds.
t

k=l Y tk—1—ti—1

Each integral is taken over an interval (t;_1 — t;—1, tx — t;—1] and for the respective s we
get
th—t <tp_1—ti—1<sand tp —t =t — i1~V =5 — Y.
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Thus,
tn—ti—1
| — L] < C’e”lL'yl/ Fi(s)e *Lsds.
0

By Lemma 5.3, there exists an integrable majorant for the latter integrand. Hence,
|11 — I2|| is uniformly bounded and converges to zero as I,n — oo with [ < n.
We analyse ||I; — I3||. One has

n tpe—ti—1

IQ — _[3 = Z(m _ 1)’}/k€(tk_tl)H" — Z/ (Fl(s) _ 1)e(tk_tl)Hn ds

el b Yk b=l Jte—1—ti—1

and using that ||e(tk*tl)H" < e~ Ltx—t) we argue as before to get that

tn—ti—1
112 — I3|| < e”lL/ |Fi(s) — 1| e L% ds.
0

Again there exists an integrable majorant. Hence, || I; —I5|| is uniformly bounded and with
dominated convergence and Lemma 5.3 we conclude that the latter integral converges
to zero as [,n — oo with [ < n.

We analyse ||I5 + H,'||. Using that H, ' = — [ e*» ds we write

(oo}

n tp—ti—1
I3 + Hn_1 = Z/ (e(tk_tl)Hn _ ean> ds — / esHn ds.

k=l Y tk—1—ti—1 tn—ti—1

For s € (tk—l —ti—1,tk — tl—l]
He(tk—tl)Hn _ eanH — ||e(tk—tl)Hn(1 _ e(s_(tk—tl)Hn))H
< e—(tk—tz)L(S _ (tk o tl))ce(s—(tk—tl))c’ < C”e_Ls’yl

with C" = Ce(€+1)7 | Hence, we get with ||esf|| < e~ L¢

tn—t1—1 o] C// 1
I3+ H, M| < C”%/ e Lods +/ e tods < Tt Ze_L(t”_tH).
0 tn—t;—1
Letting [, n — oo with ¢,, — ¢; — oo the previous term tends to zero.
Altogether, it thus follows that

lim sup | Hnll, n] +H*1|| =0. O

l,n—00, ty, —t;—00

<y =Ll +[ L —Is ||+ Is+Hy V4| Hy P —H |

Lemma 5.5. Let L,C € (0,0). Ifzrjilz"l =1+ o(,) then there exist constants C < oo

and N € N such that for every symmetric matrix H with
o(H)C[-C,—L]

one has for every l,n € IN with N <l<n

where we denote

J J
.o e - ibr .
Hli, j] = I | (1 +~.H) and H[i,j] = E Wb- Hli,r).
r=i+1 r=t v
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Proof. By Lemma 5.3, there exists N € N and a measurable function F' such that F<F
for all [ > N with

/ F(s)e ™ ds < oc.
0

By possibly increasing N we can guarantee that vy < é for all [ > N. Note that
estimate (5.4) prevails for arbitrary symmetric matrices H with o(H) C [-C, —L]. Hence,
fori,n e Nwith N <[l <n

n

b

k=l

n te—ti—1 b tn—ti—1
:Z/ MOk~ L(tx—t1) e ds<e’ylL/ Fy(s)e—"Lds
k=] Ytk—1—t1—1 bl’Yk 0

(o9}
< e“L/ F(s)e 14ds < o0,
0

which proves uniform boundedness. O
We are now in the position to prove the main result of this section.

Proof of Theorem 5.1. For N € N, L,C € (0,00) and n > N we consider the events

AN..n,C,L = {O'(Hm) C [—C, —L] form = ]\/v7 A ,’I’L} and AN..oo,C,L = m AN..m,C,L-
m>N

We will use Theorem A.6 to verify the statement on the event Ay . ¢, N A. By assump-
tion, H,, — H, almost surely, on A, so that in particular, almost surely, on A,

mino(H,) — mino(H) and maxo(H,) = maxo(H) < 0.

Hence, up to nullsets,

A C U A‘N..OO,T‘,%'
N,r,leIN

It thus suffices to prove the statement on AN Ay ¢,z for fixed N € Nand C,L > 0,
see Lemma A.3, and we briefly write forn > N

An = AN..n,C,L and Aoo = AN..oo,C',L-

We denote by N and C the respective constants appearing in the statement of
Lemma 5.5 and restrict attention to n € IN with ng(n) > NV N. We will apply Theorem A.6

with (Z4))m_1,...n given by

n bm 1/
Zr(n) = ]lAno(n) ]l{m>no(n)} W,Hn [mvn] Dma

n¥n

and with A and I' in the Lemma replaced by AN A, and H~'T'(H 1), respectively. Once
we have verified that Theorem A.6 is applicable we conclude that, on AN A,

n

E. Z 5ta.bly 1/\/-(0 F)

which finishes the proof.

It remains to verify the assumptions of Theorem A.6. For m = 1,...,nq(n) we
have Z\») = 0 and, for m = no(n) +1,...,n, 1y, (n)?-ln[m,n] is F,,,(n)-measurable and
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hence F,,_;-measurable, and the respective matrix norm is uniformly bounded by C.
Consequently, (Z,(ﬁ ))mzl,m,n is a sequence of martingale differences satisfying for ¢ > 0
-2 u bm

_ 2
o Z IE{HAHO(H)1{‘%7;[”[%”]2)"1'/%28} B—Hn[m,n]Dm’ ‘fm_l}
m=ng(n)+1 n

n
~ b2
< 2 2 “m |: 7
<% ) 52 B\ LD, > 2tnon
1 ’n m

Dmﬂfm,l}

and the latter term tends to zero in probability on A, by assumption.
It remains to control the asymptotics of

Vo= cov(Z{P| Fnoi)
m=1

_ N b2,62 _ ~ _
=0, Z LA Halm n)cov (0, Dy | Frn1) Hn [m, 1]
m=ng(n)+1 "
on AN A.. By Lemma 5.2, we can choose a sequence (L(n)) such that ng(n) < L(n),
tn —trm) — 00 and n — L(n) = o(n).

Now, by assumption,

n

3 (bnbm)® = ol(04bn)?).

m=L(n)+1
As consequence of Assumption (3.a)

k= sup ||cov (6, Dy | Frno1)||
m>N

is almost surely finite on A. We thus get that on AN A

g b2, 52
| > (eonZpiFn ) o e )|

m=L(n)+1

" D262 _
<ot > ([ Falm, ] cov(0, Dl Foes) Hulm, )t + [T ()
m=L(n)+1 n
< 26C%(0pbp) 2 Z (bmdm)? — 0, almost surely, on AN A.
m=L(n)+1
(5.6)

By assumption,

P 1= sup l|cov(8;, D | Frn—1) — T'|| = 0, almost surely, on A4,

m=ng(n)+1,...,n
and, by Lemma 5.4,

ol = sup |[Hn[m,n]+ H"|| = 0, almost surely, on A.
m=ng(n)+1,...,L(n)

Consequently, one has for m = ng(n) +1,...,L(n), on AN A,

| Hn [m, n)cov(8; Dy Fn—1)Hu[m,n]" — HIT(H YT
< || Hulm,n] + H™[lcov (8™ Dy Fon—a)[[[|Hn [, m] |
+ 1 llcov (65, Dl Frnm1) = Tl Hnlm, a] | + H T Ha [, 0]+ (H 1|
< 26Cp), + C?py,
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and thus, on AN A,

L(n)
n 5 b?6? ~ ~
H Z (COV(ZZ-( )\]:i_l) -0, 221 H'T(H! T)H < 2xCpl, +C?%p, — 0, as.
i=ng(n)+1

= 1 so that together with (5.6) we obtain that

By definition, one has 0, 37/L ), bbg

on ANA,
|V, = H'T(H")T)|| — 0, almost surely.

This finishes the proof. O

Remark 5.6. Theorem 5.1 remains true when replacing (o,,)nen by (0], )nen given by

Z (bi1)?

=1

cw‘ —

and (no(n)),en being a sequence with

no(n)

Z b267 = O(Z b257).

Indeed, in that case we have

0721 _, Zno(n) b252 o
(o7.)? D b7o7 '

6 Technical preliminaries

In this section, we provide some technical estimates. First, we deduce that the notion
of a regular function entails certain Taylor type error estimates. Technically, we need to
take care of the fact that segments connecting two points are not necessarily contained
in the domain of the function.

Lemma 6.1. Let U C R? be an open and bounded set, g : U — R? be a mapping and
€ (0,1].

(i) If g has regularity o, then for every § > 0 there exists a constant C,; such that for
allz,ycUs={z€ U :d(z,U°) > §}
(@) |g(z)| vV [[Dg(z)|| < Cy,
(b) |g(y) — (9(x) + Dg(z)(y — )| < Cyly — x[***s and
(©) | Dg(y) — Dg(x)|| < Cyly — x[*.

(ii) If g : U — R? has regularity o, around a subset M C R, then there exists a
constant C,; such that forallz ¢ MNU andy € U

(@) |g(x)| v [ Dg(z)| < Cy and
(b) lg(y) — (9(x) + Dg(x)(y — x))| < Cyly — x|

and forallz,y e M NU

(c) IDg(y) — Dg(x)|| < Cyly
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Proof. (i): g is continuous and thus bounded on the compact set Us C U so that
properties (a) and (c) follow from the Holder continuity of Dg and the boundedness of
U. By Taylor’s formula property (b) holds for every z,y € U with the constant sup || Dy¢||
whenever the segment connecting = and y lies in U. Now suppose that properties (a)
and (c) are true for the constant C' and that sup,, (s d(z,y) < C. We consider two points
x,y € Us whose segment is not contained in U. Then we have that d(z,y) > 26 so that

19(y) — (9(x) + Dg(z)(y — 2))| < [g(y)| + l9(x)| + [Dg(z)(y — z))|
2C +C?

< 2z 7
<0+ < s

ly — |+

Consequently, properties (a), (b) and (c) are true on Us for a sufficiently large constant C,.
(ii): Note that properties (b) and (c) are true for a sufficiently large constant and

that (a) follows with the boundedness of U and (b). O

Let now U denote an (F, M)-attractor with stability L > 0 and bound C' and suppose
that ® : Us — U is a nice representation for M on U of regularity (ay, as, ay) with
af,ap, oy € (0,1]. We fix 6 > 0 and choose p € (0,6/4] as in (i) of Lemma 3.6 and again
denote by Uf the set

= U B
yeM:
d(y,U®)>6
Recall that by Lemma 3.6, for every x € U{ there exists a unique closest element z* in
M and one has
= ®(¥e(x),0) € UNM.

Now let (X,,) and (7, ) as introduced in (1.1). We analyse the dynamical system based
on the nice representation introduced above. That means, for every n € IN, we define on
the event {X,, € U} the coordinates

Cn _ _ \IJC(XR)
(52) = vexo = (55)- e
where
Uy (z) \de<+1(x)
Ue(z) = : and Uy(z) = :
\IfdC (a?) \I/d(.%‘)

Crucial in our approach is the analysis of a linearised system. For a fixed element
z=®(¢,0) € M NU and every n € IN we define on the event that X,,_; and X,, both are
in U the random variable T,, via

C” Cnf 0
<9n> B <0n_1> +’V"(<Hwen_1> +Ta), 6.2)

where H; is the matrix with
H.0 = DU, (2)Df(2)(DW(z))"" (2) .

Informally,
Y, = DV (X,,_1)D,, + error term

and we control the error term in the following lemma.
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Lemma 6.2. Suppose that ® : Ug — U is a nice representation for M on a bounded and
open set U with regularity (ay,aq,ay) € (0,1]3. Let § > 0 and p € (0,d/4] as in (i) of
Lemma 3.6. There exists a constant C > 0 such that the following is true. If for x € U?,
v € (0,7)], u € RY one has

¥ =z +(f(z) +u) € Us,

then for everyz € M NU, § = Vy(z) and T € R? given by

U(2') — U(z) = 7((1{29) n T), where H,0 = DUy(z)Df(z)(D¥(z))"* (2) . (6.3)

one has 3
1T — DVU(z)u| < C(v*|ul"T* + d(z, M)d(z,2)*),
where o = ag Aoy A as.

Proof. Note that, by assumption, z, ' and =* are all in U;/, and we will use the Taylor-
type estimates of Lemma 6.1 without further mentioning. For z € M N U we set
H; = DY(z)Df(z)(D¥(z))~ . Then,

() -0

since a vector (0,6)" is mapped by (D¥(z))~! = D®(¥(Z)) to a vector in N, M which is
mapped itself by Df(z) to a vector in N, M (see Remark 2.2) and then by D¥(z) to a
vector in {0}% x R%. As consequence of (6.3) we get that

1 = (0
T = 20 2(7(0) +10) - ) - B ().
Using the ay-regularity of ¥ we get that
%(‘P(fc +(f(@) +u) = ¥(2)) = DU(x)(f(z) +u) + Oy (| (@) [T + [ul o).

Here and elsewhere in the proof all O-terms are uniform over all allowed choices of z,
2/, T and . By Lemma 3.6, x has a unique closest M-element 2* € U N M and using the
o5 regularity of f and the boundedness of U we get that

[f(@)| = |f(x) = f(z")| = O(lz — 27]) = O(d(z, M)).
Hence,
%(‘I/(x +9(f(2) +u) = U(2)) = DU(2)(f(2) +u) + O(y** (d(w, M) + [ufFov)).
(6.4)
and with the ay-regularity of ¥ we get

DV (z)f(z) = DU(a*) f(z) + Oz — 2*|*¥ | f(2)]) = DU (") f(x) + O(d(x, M) Hv).
(6.5)

Furthermore, Lemma 3.6 yields that |§| = d(z, M), so that with f(z*) =0

DU(e")f(@) = D¥(a")Df (a")(x = a") + Old(z, M) /)

0

— DU)DIE DY)

) +O(d(w, M) + d(x, M)'How). (6.6)

=H,
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Insertion of (6.4), (6.5) and (6.6) into the above representation of T gives together with
the uniform boundedness of v and d(x, M)

0

Y = DVY(x)u+ (H, — Hz) (9

)+ Oz, ) 4 ),

On the relevant domains DV, D f and D® are Holder continuous with parameter « and
uniformly bounded so that |H,~ — Hz|| = O(|z* — Z|*). Since |0| = d(z, M) we finally get
that

Y = DU(z)u + O(d(z, M)|Z — z*|* + d(z, M) 4 42 [y Heor)
= DV (z)u+ O(d(z, M)|x — Z|* + 7 [u|Tov). .

Proposition 6.3. Let U be an (F, M)-attractor with stability L. > 0 and bound C
and suppose that ® : Uy — U is a nice representation for M on U with regularity
(af, a0, aw) € (0, 1. Seta = ay A ay A ag. Let (X,,)nen, be as in (1.1) satisfying the
following assumptions:

e (1y(Xn—1)Dn)nen is a sequence of square-integrable martingale differences,
* (vn)nen is a sequence of strictly positive reals with v, — 0 and Y v, = oo,
 (oBM) . is a sequence of strictly positive reals with

RM RM
— o,

n—1

<L
oRM

L" :=limsup —
n—oo Py'n.

and

RM, —
limsup(an ) 1IE[]1U(X,L,1)|DH|2}1/2 < 0. (6.7)

n— 00 'Yn

Let o > 0 and p € (0,6/4] be as in (i) of Lemma 3.6 and suppose that inequality (3.3) of
Prop. 3.5 is true on U} fora L' € (L",L) thatis d(z + v f(z), M) < (1 —~vL")d(x, M) for
allz € U and y € [0,C~']. Then for every N € N, as n — oo,

d,
sup ‘Cm - Cno(n)| =0p (ESM) , on UNI.).OO’

m=ng(n)+1,...,n

where (,, (m € Ny) is well-defined via (6.1) on {X,,, € U},

n n

M= (Ve @) Y w69
k=ng(n)+1 k=ng(n)+1

and
U, ={¥I=N,....n: X, €U} and UY =[] UN,.-
n>N

Proof. By Theorem 4.1, there exists a constant C' € (0,00) such that forall N € IN

1/2

limsup(op ™) M E [Lys. <C. (6.9)

n—00 N.n—1

d(Xn, M)?]

We fix N € IN and briefly write Uy = Uf\}_p_k for k£ > N. By choice of p, Lemma 6.2 is
applicable on U g’ and we conclude that for all m for which X,,_; and X,, lie in Ug’ we
have

Cm = Cn1 + Ym DY (Xm—1) Dy + O(VET Y | D" 4 4 d( X1, M)TH).
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Here we used the lemma with © = X,,,_;, 2’ = X,,,, £ = X},_; and v = ~,,. Note that the
O-term is uniformly bounded over all realisations and allowed choices of m.

We consider n € IN with ng(n) > N. On U, one has for m = no(n) +1,...,n,
Cm - Cno(n)
= Y DU (Xi)Di+ o( S A D fyd(X, M)Ha) .
k=ng(n)+1 k=no(n)+1
::AE}L) ::AE{?

For ease of notation we omit the n-dependence in the notation of the A-terms. We control

S,(f) = sup ngfL) |

m=ng(n)+1,...,n
for the two choices of i separately.
By the boundedness of DV, the sequence (1, , Y% DY¢(Xx—1)Dk)k=no(n)+1,...,n d€-

fines a sequence of square integrable martingale differences. Thus, we get with Doob’s
martingale inequality, the uniform boundedness of D¥. and (6.7) that

Elllo, SO <400 E] Y u R0 =0( 3 we™)?).
k=ng(n)+1 k=ng(n)+1

Hence,

n

S,(Ll) = OP( Z ’Yk(O'II;{M)Q), on Uom
k=ng(n)+1

see Remark B.2. It remains to bound the second term.
Note that by assumption

E{ Z ]lUk,lf)’]i+aw|Dk|l+a\p} < Z ,Y’i+awE[]lUk71‘Dk|2](1+a\p)/2
k=no(n)+1 k=no(n)+1
- 1+«
=o( X (vl
k=ng(n)+1

and, with (6.9),

n n

a 14+a)/2
]E[ Z P)/k]lUk—ld(Xk—laM)1+ ] < Z %E[]llUk,ld(Xk_hM)Q]( +a)/
k=no(n)+1 k=no(n)+1

n

o Y wlee),
k=no(n)+1
so that (see again Remark B.2)

n

S = @P( > ((VAroRM) o +7k(01§i\41)1+a)>-

k=no(n)+1

Together with the respective bound for SJ(\}) above, this finishes the proof of the proposi-
tion. O
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Proposition 6.4. We assume the same assumptions as in Proposition 6.3. Then, for
every N € IN, we have

1 - a * a
= D bR IDEY - d(Xpy, M)d(X i1, X)) = Op (7). on UY/
n k=no(n)+1
(6.10)
where
]' - ——% « « «@
AP Yl T ) o ).

"™ k=no(n)+1

Proof. Fix N € N, consider n € IN with ng(n) > N and briefly write U, = Uf\’,‘p.k for
k > N. First note that with Lemma 3.6 and the convexity of Ug for k > ng(n), on U,

1 X1 = X5yl S 1 X—1 = Xq |+ 1 X1 — Xl
< d(Xp—1, M) + Ca|Ck—1, Cno(n))|-

Using this inequality the left-hand side of (6.10) is transformed into the sum of three
terms that we will analyse independently below.
1) Analysis of the first term. First, we provide an asymptotic bound for

1 n
- Z bed(Xg—1, M)d(Cr—1, Cno(n))™s
" k=ng(n)+1

on U,,. By choice of p, we have validity of (4.5) and we get that

1 - 1 -
E[B— 3 bknmk_ld(xk,l,M)} <— Y bElo,d(Xe0, M)
™ k=no(n)+1 " k=no(n)+1
1 n
k=ng(n)+1
Hence,

1 - 1 -

=Y bilue,d(Xe, M) = OP(? 3 bkaﬂ), on Us.

n k=ng(n)+1 n k=ng(n)+1

With Proposition 6.3 we conclude that, on U,

|~

Z bkd(kalﬂM)d(Ckflvcno(n))a
"™ k=ngo(n)+1

(=l

n

< (Ei > bkd(Xk,hM)) sup |Cm = Cno(n) |

" o (n)+1 m=ng(n)+1,...,n

1 - N
=0p(5- X beofhE™”).
k=ng(n)+1
2) Analysis of the second term. Second, we analyse

n

1 «@
T > brd(Xpo, M)
"™ k=no(n)+1
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With (4.5) we get that

n n

1 1
Blg, 3 o dXe, NS g 3 Bl d(Xin, M0
n k=no(n)+1 n k=ng(n)+1
1 n N
=0(5- X we)),
k=no(n)+1
so that

1 n 1 n

D O M =0 (g D i), on U,

n k=ng(n)+1 n ke=no(n)+1

3) Analysis of the third term. Similarly to before, we conclude that

n n

1 o N 1 . )
E[? Z by Ly, | Del't q,} < = Z bk%\PE[H{X,C,IGUHDMQ](H ©)/2
n k=ng(n)+1 n k=no(n)+1
1 - -5 RMy1
:O(T Z by, * (o) +W)
" k=no(n)+1

with the obvious Op-bound on U,,. The statement is obtained by combining the three
estimates. O

7 The proofs of the main results

7.1 Proof of Theorem 2.9

Proof of Theorem 2.9. 1) Feasible triples. Let (U, 6, p) be a feasible triple in the sense of
Proposition 3.7. We denote by U™ = Ug:’;v the event that (X,,)nen, converges to some
value in M NU{. As explained in Remark 3.8, the statement of Theorem 2.9 follows once
we showed stable convergence on U™,

2) Separating the directions. Recall that, by Lemma 3.6, for all z € U5p there is a
unique closest M-element z* = ®(¥(z),0) € M NUY. For m € IN we define on the event
{X,, € U} arandom symmetric dy x dp-matrix H,, via

0 = DV X3 DI DR ().

with symmetry following from Remark 2.2. For technical reasons, we set H,, = 0 on
{X,, € Uf}c. Let N € N and consider, for m > N, the events

Un.m:={VI=N,...,m: X, € U},
Uy.oo = [ Unow and U™, = U™ N Uy, .

m'>N
Note that
ey — U ?\c/mgo
NeN
so that as consequence of Lemma A.3 it suffices to prove stable convergence on U™
for arbitrarily fixed N € IN. Note that, on U®"V, (H;) converges to the symmetric random
matrix H with

HO = DVp(Xoo)Df(Xoo) (DU (X)) (g) .
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Set A= DVy(Xoo)(Df(Xoo) |Nx o) _1HNX°C ar and note that by monotonicity it suffices
to consider large N. We briefly write

U, = UN..m; U, = Upn.o and Ujggnv = U?\(I)n\o,o

In the following, we restrict attention to n € IN with ng(n) > N and consider m >
no(n). Note that

B 1 m B 1 m
O =5 2 i and Gu=r= D by
k=ng(n) k=no(n)

are well-defined on U,,, where (6;) and ({)) are given by (6.1). Moreover, for m > ng(n),
we set on U,

1 0
T = —(U(X,,) — U (X —< )
7m( (Xi) = ¥U(Xm1)) Hong o)1

and on U¢,, 1" = 0. Now, on U,,,
Om = Ot + Yo (Hpg ()01 + o (L)), (7.1)

so that by the variation of constant formula

m

O = Hno(n) [no(n), m]&no(n) + Z 'YlHno(n) [@, m]ﬂo(’rl(n))7
L=no(n)+1

with H,, ()[4, ] and ”Hno(n) [i, 7] (¢,7 € N with ¢ < j) being defined as in (5.1). Conse-
quently, on U,

n

b 1 .
b = % Hano () [10(1)s 20y + 5= Y b Humlmnlmo(TH)  (7.2)
nTng(n

™ m=ng(n)+1

with the right-hand side being a random variable that is defined on the whole space Q
and we take the previous formula as definition of the random variable #,, outside of U,,.
3) Approximation by the linear system of Section 5. We set

n

=, = Z bm ﬁno(n) [m, n] Dy,

™ m=no(n)+1

S —

with D,,, = 1y, , D¥y(X,,—1)D,,. By Lemma 6.2, there exists a constant C, such that,
on U, forall ng(n) <m <n

|7T9T$g) =Dl < él (’Ygz\p ‘Dm|1+a\p + d(Xpp—1, M)d( X1, ;:o(n))a)'

Assuming that N is sufficiently large, Lemma 5.5 yields existence of a constant C; such
that, on U,,,

-1 5 ; n
Sn T o Z bm Hng(n) [ma n] o (Tgn))’

~ =~ 1
Scl 21—)7 Z bm('ynaq\l’|Dm|1+an+d(Xm—17M)d(Xm—1aX* )a)'

no(n)
" m=ng(n)+1

By Proposition 6.4, the latter term is of order Op (¢X"') on Us. Thus, assumption (2.14)

guarantees that the previous error term is of order op (o) on Uy.
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4) Analysis of =,,. Recall that on UL™, one has lim,, o Hy,(n) — H with H satisfying

10 = DU DDV (7).

By assumption, Df(X) as a linear mapping from Nx_ M to Nx_ M is invertible and
we get with elementary linear algebra that for § € R%

H™19 = DWy(Xoo) (DF (Xoo)|nyonr)  (DU(Xo)) ! (2) '

Note that (D,,)m>n+1 is @ sequence of martingale differences and one has, on U™, for
m > N,

cov((0M) 1D, | Fr1) = DU (X 1) (08F) ~2cov (D, | Frne 1) DUy (Xpm—1)T
— DUy(Xo) T DUy(X,.), almost surely.

Moreover, assumption (2.10) implies that for every € > 0, on U™,
2 S b2 ,
DY BTE[]I{\DMD%}WM | Fon1]
m=no(n)+1 "
2 2 . b2 ,
B o3 b 1 1
< (Cy)*(on) Z TE[ﬂ{‘Dm|>%}‘Dm| | Fn—1] — 0, in probability.
m=no(n)+1
Thus, Theorem 5.1 implies that, on U™,
1 sta
=5, "= A (0, T).
On
Together with step 2 (see Lemma B.4) we thus get that

11 = - n)\ sta
> beHalkn) mo(T) "E2Y 4 A(0,T), on U™,
In On k=ng(n)+1
5) Analysis of the contribution of 0,,,(,). By choice of U, the asymptotic estimate
(4.5) holds. This entails together with property (ii) of Lemma 3.6 that, on U,

‘ano(n)| = d(Xno(n)7M) = OP(URM ))

no(n

Moreover, by Lemma 5.4, ’Hno(n) [no(n), n] is uniformly bounded on U, so that, on U,

buo(n) 7 bon) _Rrm
=My [nO(n)vn]07 n) — OP(—Oi no(n )’
bn’yno(n) ro(n) o) bn’YnO(n) o(n)

which is of order op(0,,) by assumption (2.12). With step 3 we thus obtain that, on U™,
0, "22Y A N(0,T).
6) Comparison of X,, and ®(f,,). On U™,

- 1
Xn = a Z bm ¢(477L7 om)

m=ng(n)+1
_ i S N - N CTYL - En
= _X(jm b (®(Cas ) + DG ) (9m - 9n>

£ O(Gn = Gl 4 [ — 8] 4))

ST bl — Gl ¥ 16, — B, [00)),

m=ng(n)+1

= &G, ) +(9(Bi
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where we used convexity of Ug and linearity of D®((,,0,,). By Proposition 6.3, we get
that

sup |Cm - Cno(n)l =0p (EEM)' on IUZSHV?

m=ng(n)+1,...,n
so that, on U™,

n

= 1+ase
S bl =Gl (2 s (G = Gugl) = Op (M),

m=ng(n)+1

G“\‘ —_

n

By assumption (2.13), the previous expression is of order op (o, ). Moreover, using that
la — b|l*tee < (|a| + [b])1+ee < 290 (|g|ltee 4+ [b|L*+ee) for a,b € RY%, Z;Lz:no(n)ﬂ by, = by,
and Jensen’s inequality we conclude that, on U,

n n

1 ~ 1 ~
7 an om - en Itas <297 — an em Itoe Gn Itee
DR NS S DR (NP Ao
m=ng(n)+1 m=ng(n)+1
1 n 1 n (14as)/2
14« 14+a 1+a 2
. S bl <2 @(a S bulonl?) .
m=ng(n)+1 m=ng(n)+1

(7.3)

Recall that, on U,

0| = d(Xm, M) so that the bound of Theorem 4.1 implies that

n n

3 bm|9m|2}:(9(l_)i 3 bm(agM)z).

m=ng(n) "™ m=ng(n)

IE[]IU

13
S

Using (7.3) we get, on U,

n n

Bi Z bin |y — O T = OP((% Z bm(orfr{LMy)(Haq))/Q)

" m=no(n)+1 m=no(n)+1

Hence, this term is of order op(c,,), on Uy, by assumption (2.15). Altogether, we thus
get that
X, =9, 0n) +op(oy,), on U™,

7) Synthesis. Note that on U™, from a random minimal n onwards all X, liein U 5p
and ¥ is Lipschitz on U?, since it has regularity ay, so that we get with step 6 that

W(X,) = (g”> +op(om), on UL™,

Consequently, by step 5, and Lemma B.4, one has
o W (X,) "2 A N(0,T), on UM,

Now,

-1 > . G x _ 0 stably —+ conv
o, (U(X,) —U(X))) = (Ugl‘l’e()_(n)> = AN(0,T), on U™,

with
A= (2) - D\II(XOO)(Df(XOC)|NXmM)_1HNXOOM.

Here we used that the image of D f(X ) |NX o isin Nx M so that
-1
DU¢(Xoo)(DF (Xoo) |y py) My =0.
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Next, note that, on U™,

Xn = X, = 2(V(X,,)) — D(V(X))
= DO(T(X;)(¥(Xn) — (X)) + o|¥(Xn) — U(X)])

n

with D®(¥ (X)) = D®(¥ (X)), almost surely, on U™, Hence, o, ! D®(X})(¥(X,) —
U (X)) can be viewed as continuous function of (D®(V¥(X})), o, (¥(X,) — ¥ (X)) which

itself converges stably, on U2", by Lemma A.4. Moreover, the above error term is of
order op (0, 1), on U™, so that with Lemma B.4,

oYX, — X)) "2 9 M(0,T), on UM,

with )

Q = DB(W(Xoc)A = (DF(Xeo)|y, o) Tw_nr = B.
Thus, we proved (2.16).

Finally, on U™, for sufficiently large n Taylor together with the fact that f(X) =0
imply that
_ 1 o _ _ _
F(Xn) = F(Xoo) = 5 DF(X;)(Xn — X0+ o(| Xy — X[

Moreover, using that Df = D?F is a symmetric matrix we conclude that

Df(X5)(Xn — X0)¥? = (X, — X3)ID*F(X7)(X,, - X7)

= (D P (X - X[

Consequently, ¢,2Df(X)(X, — X)®? is a continuous function of ((D2F(X}))/2,
o, (X, — X)) with the first component converging, almost surely, to (D?F(X))'/2, on
U™, and the second component converging stably as derived above. Hence, we get
stable convergence

20, 2(F(X,) — F(Xo0)) "2 |(Df (X)) )2 My N(0,T)] 0

Nx, M

7.2 Proof of Theorem 2.6

Proof of Theorem 2.6. First, we verify that for every triple (ay, as, ay) as in (A.1) there
exist v and p satisfying (2.3) and that for every such v and p there exists (no(n))nen
as in (A.3). By definition, o/ > % so that every term on the left-hand side of v in
condition (2.3) is strictly smaller than one. Hence, v and p can be chosen accordingly.

We prove existence of a IN-valued sequence (ng(n)) with 0 < ng(n) < n, no(n) = o(n)
and

1 __1 1 _ 11—~
no(n) :0<n 7=TT+egs A M‘w—l).

By assumption (2.3), we have v > (1 — %133@ )V (1—3 f2a) and elementary computations
imply that
1 1 11—
<1 and — i
2y =114 ag a2y—1
Hence, the choice ng(n) = [n”/2] with |-] denoting the rounding off operation fulfils
assumption (2.4) when choosing

1 1 11—
66( V= 7,1).
2y—-11+ap a2y-1

<1

Now, suppose that p — v < —1. By assumption (2.3), we have
1+ 5t 1

> ;
1+as 1+ag

v > (7.4)

EJP 28 (2023), paper 57. https://www.imstat.org/ejp
Page 34/48


https://doi.org/10.1214/23-EJP947
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

CLTs for SGD with averaging for stable manifolds

so that we can additionally assume that 3 > (Hl% — (14 p))/(y = (1 + p)) since the

right-hand side is strictly smaller than one. For this choice we then also have that

. _ ﬁ*(liﬁﬂ
no(n) = 0<n v=(1+p) )

Next, we verify the assumptions of Theorem 2.9 with ¢®M = 1=7/2 and ¢4 = 1. Note
that v > 1 — 22— implies that v > §.

(B.1) + (B.3): Immediate consequences of the assumptions.

(B.2): By definition of (y,)nen one has nvy, — oo and 7, — 0. Furthermore, it is

elementary to check that

bn+17n

=1+ (p+n " +o(n™") =1+ o(ym),
bnYn+1

since v, = n~7 with v < 1.
Moreover, note that

B T o(n™") = o()

and, trivially, o&M ~ ¢BM. By assumption (2.3), 2p > 2ya’ — 2 > —1. Hence,

n n

S Gt [ eas= [ o)t L e
m=no(n)+1 no(n) 2p+1 no(n)  2p+1
Similarly, for (L(n)) as in (B.2)
n n .
an(S;iriH 2 N/ 52p ds = [752P+1:| =0 n2p+1 ,
Z ( ) L(n) 2p+1 L(n) ( )

m=L(n)+1
since L(n)?’*! ~ n?*1 Consequently,

lim ZZ:L(n)+1(bk51(3iH)2 -0
n—roo ZZ:no(n)+1(bk6;cilff)2
(B.4): The almost sure convergence of (cov(D,,|Fm—1))men on M™ is true by
assumption.
Let x € M. According to (A.4), we can fix an open neighbourhood U C R? of 2 such
that (1y(X,,—1)|Dn|?)nen is uniformly integrable and denote by U™ the event, that
(X,,) converges to a point in M NU. Let ¢,&’ > 0 arbitrary. To verify (2.10) we note that

— . b’l2TL conv
P({n Y FELpsetonsn Dl Faci] > € fnUem)
m=no(n)+1 "
<P({3me {no(n)+1,....,n}: Xpy ¢ U} NTU~™)
1 _ - b2,
+ B0 Y BB (X)L, b0 ) Do Fonea]

m=ng(n)+1 "

and we will verify that the previous two summands converge to zero as n — oo.
The first term converges to zero, since on U™ the process stays in U from a random
index onwards. To verify that also the second term tends to zero we observe that
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so that
1 " . p+1
n = =— by 0difi)2 -1/2 40 7.5
g bn Z ( m ) 2p+ ln ( )
m=ng(n)+1
and
by ~ ;an“% entails that inf by /by — 00 a@s n — 0o
) \/2p+ 1 m=ng(n)+1,...,n !

since p > —% and b,, = m”. Hence, by the uniform integrability of (1 (X;—1)|Dn|?)men
we get that

sup IE[]IU(Xm—l)]l{|Dm\>sEna'n/bm}|Dm|2] —0 (7.6)

m=ng(n)+1,...,n

and with o,, — oo we arrive at

. _ b2,
lim (0,)~? Z By (Xm-1){ b, |>ebpon /bt Pml’] =0,

n—00
m=ng(n)+1 ™

so that we established convergence to zero in probability on U°™". Similarly to 3.7,
there exists a countable family U/ of open sets such that (1 (X,,—1)|D,|?) is uniformly
integrable for all U € U and
Mc |JU
Ueu
By the above argument, (2.10) holds on each U™ with U € i/ and hence also on

ey — U ooy
Ueu

Assumption (2.11) is true since /7, /on™ = /C, and (E[1y(Xm—1)|Dm[*])men is
uniformly bounded by uniform integrability.

The other assumptions of (B.4) are immediate consequences of (A.4) and the fact
that 64 = 1 and oM = n=7/2,

(B.5): Using that b,, ~ —L-n?*! we conclude that

p+1
ot bt rv V20 HL 1n%,(p+1)n0(n)p+7,% _V2p 1l no(n)”f%
" bn'Vno(n) no() CV C’Y nPtz

which tends to zero since, by assumption (2.3), p+ 2 > ya’ — 1 > 0, v < 1 and ng(n) < n.
We verify that (eEM)1+ee = o(q,).

n n

e = > (Vo) (o)) + Yo m(oRM)?

m=ng(n)+1 m=ng(n)+1

n 1tay Ita n
C Y @t o) [ S o
m=n (n)+1 m=no (n)+1

n n

—o( X w Y wen)

m=ng(n)+1 m=ng(n)+1

= Ono(m)! ) 4 o) 7).
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where we used that v(1 + «’) and 2+ are strictly bigger than 1 since v > % and o > % By
assumption v > 5 so that 1 —y(1+a’) < —y + L and ef™M = O(ng(n)"7+3). By (2.4),
we thus get that

(ESM)I-"-O@ _ (’)((no(n)_l)(w_% (1+(¥<I))) _ 0(77/_%>,

which is by (7.5) of order o(cy,).
We verify that e2F = 0(0,,). One has by definition of o

n _ l—agy
Z bm (’Ym 2 (U%M)1+a‘p + (Uﬁl\fl)hLa + U?nl\fl(ggM)a)
m=ng(n)+1

n
( p1+1 > mP ()2t 3 0bew) e +m‘%no(n)_a(7_%))>
n

| =

RP _

ETL

(=l

n

S

m=ng(n)+1 —m Yoy

n

(o Do o iy 08))

m=ng(n)+1

= O(n_w/ +n " Fng(n) 002 )

|
o

where we used that p —ya/ > —1 and p — 3 > —1 as consequence of (2.3). Recall that by
assumption ya’ > 1 and ng(n)~! = o(n~%7-1) so that RP = o(n~%) = o(o,,).
Finally, we show that

n

1 1
=Y baloRM)? =o(n ).

m=ng(n)+1

We have

n

1 S RM\2 p+]‘ p—
LS et 3w
m=ng(n)+1 m=ng(n)+1

so that in the case where p — v > —1 the latter term is of order O(n™"7) = o(n o ) as
consequence of (7.4). In the case where p —y=1weusethat p+1=~>1/(1+ ag) to

conclude that
n

1 1 B
pt+1 Z m! < p+1 log(n) = o(n S )-
n m=ng(n)+1 "

Finally, in the case where p — v < —1 with (2.5)

n

1 _ ng(n)~1tr+1 o

=T — — o

ne+l E( )Hm = (9( s, ) =o(n” ™). O
m=ng(n

A Stable convergence
In this section, we introduce the concept of stable convergence on a set. It is a slight
generalisation of stable convergence introduced in [32].

Definition A.1. Let (Y,,),cn be a sequence of R?-valued random variables, A ¢ F and
K a probability kernel from (A, F| ) to (R%,B%). We say that (Y,,) converges stably on A
to K and write
stably
Y, = K, onA,

if for every B € F and continuous and bounded function f : R* — R

i B[Lans (V)] = B[Lans / F) K (- dy) (A1)
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In the case where A = (), we briefly say that (Y,,) converges stably to K and write

stably
—

Y, K.

We give some central properties of stable convergence.

Theorem A.2. Let (Y,,), A and K as in the previous definition and let £ denote a N-stable
generator of F containing (). The following properties are equivalent.

(i) (Y,,) converges stably to K on A.
(ii) For every B € £ and continuous and bounded function f : R — R

Jim B[Lioaf (V)] = E[Lans [ £ KC.dy)]
(iii) For every B € £ and ¢ € R

lim E[Tanpe’®)] = E[1A03/6i<5’y> K(-,dy)].

n— oo

(iv) For every bounded random variable Y and every bounded and continuous f : R¢ —
R

lim B[4 f(Y,)] :E[nﬂ/f(y) K(.,dy)]

n— oo

Proof. (ii) = (i) : First, suppose that f : RY — R is non-negative. It is standard to verify
that the set 77 of all sets B € F with the property that

Jim E[tann ()] = B[Lav [ ) K (o)

is a Dynkin-system. Since F7/ contains the generator £ we thus have F/ = F and
we verified property (A.1) for non-negative f : R — R. For a general bounded and
continuous function f : RY — R we write f = f — ¢ with a non-negative function
f:R% - R and a constant ¢ > 0. Clearly, (A.1) holds for f and the constant function ¢
and by linearity of the integral and the limit we get that (A.1) also holds for f = f — c.

(iii) = (ii) : Follows from [20, Cor 3.8] where we set in the notation of the corollary
G = F|a with the N-stable generator {AN B|B € £}.

(i) = (iv) : For non-negative f and T, the asymptotic property follows by a monotone
class argument and the general case is derived by using linearity. O

Lemma A.3. (i) Let A, A’ € F and suppose that (Y,,) converges stably to K and K’ on
A and A’, respectively. Then for almost allw € AN A’ one has

K(w,") = K'(w,").

In particular, the kernel appearing as limit is unique up to almost sure equivalence.

(ii) Let (A;;)men be a subfamily of F and suppose that for each m € I, (Y,,) converges
stably to K., on A,,. Then there exists a probability kernel K from A :=J,, . Am
to R? such that for all m € N and almost allw € A,,

K(wv ) = Km(w’ )
and for every such kernel K we have

tabl
Y, =2V K, on A.
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Proof. (i): We first show uniqueness of stable limits. By basic measure theory, there
exists a countable set of bounded and continuous functions f,, : R* — R (n € IN) that
characterize a probability distribution on R?. That means for two distributions x and .’
on R? one has the equivalence

p=ypy = VnG]N:/fndu:/fndp'.

Suppose now that (Y;,) converges to K and K’ onaset A € F. Let n € N and

weA /fn K(w,dy) > /fn(y)K’(w,dw}

Then,

E[Lys [ Fu0) KCoi)] Bl fuV)] = B[ [ £a) K],

B[ ([ 1) KCn) = [ £a) K )| =0

and B is a nullset. With the same argument we obtain that the event defined as B;
with > replaced by <, say B,, is a nullset. Consequently, B = |J B, U|J B,,, is a nullset
and for every w € A\B we have K (w,-) = K'(w, ) due to the choice of (f, : n € IN).
Now suppose that K and K’ are the stable limits of (Y;,) on two distinct sets A and A’,
respectively. As one easily verifies the restrictions of K and K’ to AN A’ are stable limits
of (Y,,) on AN A’ and thus they agree by the first part up to almost sure equivalence.

(ii) We first define a kernel K and verify that it is the stable limit on A. Note that
= A, \Ur, ! A, defines a partition (A’ ),,en of A and set for w € A

)= Lay Kn(w,). (A.2)

meN

so that

Fix B € F and a bounded and continuous function f : R — R. We set B,, = B\ U;";l Ay
and use stable convergence to K, on A,, to conclude that

(L 0/ (V)] = E[La, i, F00)] = E[tanm, [ £0) Koy

~E[Li0n [ 1) Km(-,dy)]

Now dominated convergence implies that

E[]lAme Z E ]lA/ me Z E ]lA’ ﬁB/f )}

meN melN

=F ]lAﬂB/f(y)K(de)}?

where the integrable majorant is given by (CP(A!,))men with C' > 0 being a uniform
bound for f. We thus showed stable convergence on A to the particular kernel K. Note
that the previous arguments also apply for any kernel K with the property that for
all m € IN and almost all w € A4,,, K(w,-) = Kp(w,-). It thus remains to show that
the particular kernel possesses the latter property. However, this is an immediate
consequence of part (i) since (Y;,) converges stably to K|4,, on A,, so that K|, and
K., agree up to nullsets. O
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Lemma A.4. Let d' € N and (X,,),en be a sequence of RY -valued random variables
that converges, in probability, on A, to a R? -valued random variable X... If (Vo) nen
converges stably to K on A, then the extended sequence (X, Y, )nen converges stably,
on A to the kernel

K (w,d(z,y)) = bx.. () (dz) K (w, dy).

Proof. Choosing G = F
[20] yields

A, Y =X 14, Y, =X,14 and (X,,) = (Y,,) in Theorem 3.7 of

(LaX,, Y,) "2 5, x_ ® K, on A,

so that for every B € F and continuous and bounded function f : R% x RY — R

lim E[ﬂAme(Xn,Yn)] :]E|:IlAﬂB/f(x,y) (5Xoo(dl‘)K()dy) . O

n—oo

We will use a classical central limit theorem for martingales, see [19]. A consequence
of [19, Corollary 3.1] is the following theorem. In contrast to the original version the
statement allows multidimensional processes. However, this generalisation is easily ob-
tained by noticing that it suffices to prove the central limit theorem for linear functionals
of the process.

Theorem A.5. Foreveryn € IN let (Zf"))izl,“,m be a sequence of R¢-valued martingale
differences for a filtration (]—'l-(”))izl with }'Z-(") C }'i(nﬂ) foralli=1,..., k,. Suppose
that the following holds:

seeesfim

k’!l
@) Ve>0: Y B[1{Z"] > e} |z ?|F] — 0, in probability, and
i=1
kn
(ii) Z cov(Zi(")|fi(’_1)1) — T', in probability.
i=1
Then
kr
>z = N, T).
i=1
We extend the theorem to restricted stable convergence.
Theorem A.6. Foreveryn € NN, let (Zi(n))i:lw,kn be a sequence of R%-valued martingale

differences for a fixed filtration (F;);ew and let A € Foo = \/,cyFi. Suppose that
lim,, , k, = 0o and the following holds:

kn
(i) Ve >0: ZE[]I{|ZZ-(”)| > e} |Zi(")\2|]-"i_1] — 0, in probability, on A, and
i=1
kn
(i) > cov(Z™|Fi_1) =T, in probability, on A.
i=1
Then
kn
Z A Y A(0,T), on A.
i=1
Remark A.7. In the theorem one can replace assumption (i) by the stronger assumption
that there exists ¢ > 2 with

k7l
Z ]E[\Zi(”)|q|}'i(f)1] — 0, in probability, on A.
i=1

Indeed, this follows since 1{|Z™| > ¢} |Z{™|2 < e=(a=2)| z("Mq,
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Proof of Theorem A.6. Applying a diagonalisation argument on property (i) we deduce
existence of two zero sequences (,,),en and (e, )nen of positive reals with

lim P({i ElLy; 50 5.y 2 P Fia] > 5n} n A) ~0.
=1

n—oo

We fix § € (0,1) and set I, = E[1 4|F,] for all n € IN and consider the stopping times
m—+1
T — inf{m =0,ky =1Ly <8 o0 Y B[L 0, 127 PIFi] > 5n}
i=1
with the infimum of the empty set being oco. We will apply Theorem A.5 onto (Zi("))izlw‘,kn
given by
Z" =1 ponsny 207,
We verify assumptions (i) and (ii). First note that for every £ > 0 there exists ng € IN such
that for all n > ng, €, < € and for those n we get that

kn kn
S_E[L{Z"] > e} 1ZP|Fin] < Y OB[L{IZM) > e} 12| Fi)]
i=1 i=1
kn
=Y 1 rosyg BI{Z"] > en} 1207 2| Fioa] < 8, — 0.
i=1
Second, (I,,)nen is @ martingale that converges to E[1 4|F] = 14, a.s., so that up to
nullsets A®) := {min,en I, > 0} C A. Furthermore, P(ADA{T(™ = c0}) — 0 as n — oco.
Thus we have, with high probability, on A(®),

kn K kn
> cov(ZIF) = 3 Aoz eov(Z1Fioa) = Y eov( 2] Fia) - T
=1 =1

i=1

Conversely, on (A())¢ the stopping time 7' = inf{m € IN : I,,, < §} is finite and we get on
(AL))e

K K ko

> leov(ZMNF)l €D Lirwsg BIZ PIFia] < 3 Lgroosg B[ 2P| Fisi]

=1

=1 =1
kn

<Y Lgwzg (BL{Z7] > e} |20 | Fia] + 4)
i=1

< (5n +Tep,) — 0.
Thus, we showed that
kn
) Z{" Y N0, 140 T).
i=1

Recalling that on A®), with high probability, >, Z™ = S>% 7™ we conclude that

kn
Z AR stably N(0,T), on AD,
i=1
Finally, we note that (I,,) takes values in [0, 1] and once the process hits zero it stays
there, almost surely. Hence, one has A = {min,cn I, > 0} up to nullsets. This implies
that up to nullsets
A= U A©)

6>0
Thus, an application of Lemma A.3 finishes the proof. O
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B Opand op

We will use the O- and o-notation in a probabilistic sense.
Definition B.1. Let A € F, (X,,) be a sequence of R¢-valued random variables and (a,,)
be a sequence of strictly positive reals.

(1) If
im limsup P({|X,| > Ca,} N A) =0,

1
C—00 pooco

we say that (X,,) is of order O(a,), in probability, on A, and write
X, =0Op(a,), on A.

(2) If for every C >0
limsup P({|X,,| > Ca,} NA) =0,
n—o0

we say that (X,,) is of order o(a,,), in probability, on A, and write

X, =op(a,), on A.

Remark B.2. Expectations together with Markov’s inequality are an efficient tool for
verifying that a sequence (X,,) of random variables is of order O(a,,). Indeed,

1 E14]|X,
limsup P({|X,| > Ca,} NA) < alimsupw,

n—00 n—00 an

so that finiteness of the lim sup on the right implies that X,, = Op(a,), on A.

Lemma B.3. Let (a,) be a sequence of strictly positive reals, (X,,) be a sequence of
R¢-valued random variables and A, Ay, As, ... € F with P(A\U,,cn Am) = 0. If for every
m €N

then
X, =0Op(a,), on A.

Proof. Let e > 0 and choose M € IN such that P(A \ Uﬁf:l Apn,) <e. Now,

P({X, > Ca,} NA) < i P({Xn > Can} N Ap) + P(A\ 6 An),

m=1 m=1
so that
M
limsupP({X,, > Ca,}NA) < Z limsupP({X,, > Ca,} N A,) +e.
n—oo m=1 n—roo
Consequently,
lim limsupP({X, > Ca,}NA)<e
C—o0 pooo
and the statement follows since ¢ > 0 was arbitrary. O

Lemma B.4. Let A € F and (X,,),(Y,) be R¢-valued sequences of random variables.
Suppose that (Y,,) converges stably to K on A and X,, = op(1), on A. Then

X, +7, "2 k¢ on A
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Proof. Let € > 0. By the assumptions on (X,,), we have
limsup P({|X,| >e}NA) =0,
n—oo
so that
X, — 0, in probability, on A.

Thus, with Lemma A.4,
(X, Vo) 22 5, @ K, on A.

Define
g:RI*xR* = RY (2,9) — z+ 9.

Let B € F and f : R — R continuous and bounded. Then,

(a5 f(Xn + Y)] = E[Lans(f 0 9)(X. V)] = E {mng / / F@+ ) dolda) K (- dy)}

=E {]lAﬂB/f(y) K(-,dy)]| . 0

C Nice representations in the sense of Def. 2.4, Fermi coordi-
nates

In this section we discuss the existence of nice representations.

Lemma C.1. Let d¢ € {1,...,d — 1} and M C R? be a d;-dimensional C*®-submanifold.
Then every x € M admits a nice representation ® : Uy — U for a neighbourhood U of x
that is C?.

Proof. We use Fermi coordinates. Let U be an open neighbourhood of x and " : Up — U
a C3-diffeomorphism with

I'(Mr x {0}%) = U N M, where Mp := {¢ € R% : (¢,0) € Ur}
and dyp = d — d¢;. We define a mapping
®: Mp x R — R

as follows. For every ( € Mr we apply the Gram-Schmidt orthonormalisation pro-
cedure to the column vectors of the invertible matrix DI'((,0) that is the vectors
DI'(¢,0)eq, ..., DI(¢,0)eq with eq,...,eq denote the standard basis of R?. That means
we iteratively set for k=1,...,d

_ DI(¢, 0)ex = D031 (@i(6), DTS, 0)ew) €i(¢)
IDT(¢,0)ex — S5 &i(C), DU(C, 0)ex) &(C))|

By induction over k it easily follows that the mapping ¢ — é,(¢) is C? and we set

ex(¢)

dg
®: My x R% = R?, (,0) = T(C.0)+ > Oia.44(C)-

i=1
Note that  is C? and €a.+1(¢);---,€a(¢) span the normal space Nr(¢,0)M. We differenti-
ate @ in (¢,0) with ¢ € Mr. One has forevery k=1,...,d;and { =1,...,dy,

0 = 0 0 = _
aTk@(C,U) = @F(C,O) and 87;1’((,0) = €ac+e(Q)-
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By construction, the first d; columns of Dé(( ,0) are linearly independent and span the
same linear space as the vectors é€;((),...,€q4.(¢) so that all columns of D®((,0) are
linearly independent and D®(¢,0) is an invertible matrix. We set ({5,0) = I'"'(z) and
note that the mapping ® restricted to an appropriate ball B,,(¢,0) C Mr x R% is a
C?-diffeomorphism onto its image.

Possibly, (®|,, (¢,.0) ~'(M) is not a subset of R% x {0}4. Since the manifold M has
no boundary we can choose r; € (0,r9) such that K := é(BT0 (Cos 0)) N M is compact.
Hence, there exists ry € (0,71) such that for all x € K and y € N, M with |y| < ro, x is
the unique closest element to x + y in M, see [11, Theorem 3.2]. In particular, z +y ¢ M
if y # 0. Consequently, for ((,0) € B,,({o,0) with 6 # 0 we have

O(¢,0) & M,

so that (@[, _(c,.0)) ~'(M) c R x {0}9s. Altogether, we thus proved that the restriction
of ®

B.,(¢o,0) 1S @ nice representation for M on ®(B,,(¢o,0)) > . O

For a general introduction into Fermi coordinates of Riemannian submanifolds we
refer the reader to chapter 2 of [18].

D Locality of the Robbins-Monro scheme

In this section, we prove a locality result for the Robbins-Monro scheme X = (X,,)nen,
defined in (1.1).

Lemma D.1. Suppose that F : R? — R is a C'-function with Lipschitz continuous
differential f that satisfies
lim F(z) = —oc.
|z|— 00
Moreover, suppose that (D,,).cn is a sequence of martingale differences that satisfies
for a Cp > 0 and a bounded sequence of strictly positive reals (O'EM)nE]N that, almost
surely,

O.RM 1
(7\%) E[|D,|?|F.-1]"? < Cp, (D.1)

for all but finitely many n € IN. Moreover, assume that~y, — 0 and Y .. | (o
Then

n

IP(limsup|Xn\ < oo) =1

n—oo

Proof. It suffices to show that P(liminf, ., F(X,) > —c0) = 1. Let z,y € R? and note
that with the Lipschitz continuity of f we get

1
F(y) = F(x) + / (fa + by — 2),y — 2 dt
= F(@) + (f(2).y — 2) + / Fa+ by — @) — fx),y — ) dt
> F(@) + (£(2),y — )~ 3 lapcas by — o1

Applying this to z = X,,_; and y = X, gives

F(Xn) - F(anl) > ’7n|f(X’ﬂ*1)|2 +’7n<f(anl)an> - ||fHLip(]Rd)%21(|f(anl)|2 + |Dn‘2)~
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Let 0 < § < 1 and fix N € N such that, for all n > N, we have | f||vip@me)¥n < . For
n >N, we let

n

En = Z Ye((1 = | flluipmayye) | f (Xe=1)1? + (f (Xe-1), De))

{=N+1

and

n

2, = —fllipwsy Y V2Dl
(=N+1

and observe that

F(X,) -F(Xy)>=,+Z2

n-

(D.2)

First, suppose that inequality (D.1) is true for all n > N. We deduce an estimate for
the supremum of the process (Z,),>n. In terms of the martingale

n

(Mp)nsny = (= Y %{f(Xe-1),De)), - o

{=N+1

we have

(M)n= > WEf(Xe1), De)?|Fea] < Z Chyel f(Xe—1) P (og™)2.

{=N+1 {=N+1

With 6°*M = sup,,. v oRM < 0o we get

(=N+1
Consequently,
_ 1-6 1 1
En 2 _(Mn - W(Mn) = —a(gMn - <5M>n),
for a := % Using Lemma 3.6 in [8], we get that

1 1 T
IP( inf =, < —T) < lP(sup S M, — (ZM), > 7)
a

n>N n>N a a
2n+3 T— o0
— T2 + Z — 0,
nE]No
so that inf,,~ 5 =, is almost surely finite. Moreover,
oo
B[ sup <2, | = 1 F uipcee S REIDP < Wl Y o) < oc,
L=N+1 I=N+1

so that also inf,,~ y Z,, is finite, almost surely. Using (D.2), we thus get that lim inf F/(X,,) >
—o0, almost surely, which achieves the proof under the additional assumption that (D.1)
is true foralln > N.

EJP 28 (2023), paper 57. https://www.imstat.org/ejp
Page 45/48


https://doi.org/10.1214/23-EJP947
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

CLTs for SGD with averaging for stable manifolds

For the proof of the general result, consider the dynamical system (1.1) with (D,,)nen
replaced by (DéN))nG]N, given by

D) _ D,, ifn <N orE[|D,]*|F._1] < C%(cEM)2 /4,
" 0, else,
for all n € IN. Obviously, the respective N-dependent dynamical system X(V) =
(XT(lN))nE]NO satisfies the stronger assumption and we can conclude that
limsup | X (V)| < oo, almost surely.
n—oo
The result follows since
lim P(X™) £X)=0
N —o00
as consequence of assumption (D.1). O
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