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Abstract

Motivated by structural, reduced-form and hybrid models of the third party and
counterparty credit risk, we study a generalized backward stochastic differential
equations (BSDE) up to a random time horizon ¢, which is not a stopping time with
respect to a reference filtration. In contrast to the existing literature in the area of
credit risk modeling, we do not impose specific assumptions on the random time ¥
and we study the existence of solutions to BSDE and reflected BSDE with a random
time horizon through the method of reduction. For this purpose, we also examine
BSDE and reflected BSDE with a ladlag driver where the driver is allowed to have a
finite number of jumps overlapping with jumps of the martingale part. Theoretical
results are illustrated by particular instances of a random time and explicit BSDEs in
either the Brownian or Brownian-Poisson filtration.
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1 Introduction

Our work is motivated by the arbitrage-free pricing of European and American style
contracts in models with the third party and counterparty credit risk and, more generally,
problems of mitigation of financial and insurance risks triggered by an extraneous event.
Since our goal is to provide a comprehensive mathematical framework for financial
models outlined in Section 3.2, we study BSDEs and reflected BSDEs (RBSDEs) up to a
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BSDE and RBSDE with random time horizon

finite random time horizon 1 while making virtually no assumptions about a random time
9, which is not an IF-stopping time with respect to a reference filtration IF. In contrast to
the existing literature (see, e.g., Ankirchner et al. [6], Kharroubi and Lim [36], Crépey
and Song [11, 12], Dumitrescu et al. [15, 16, 17], Grigorova et al. [27] and Kim et al.
[34]), we do not make any of simplifying assumptions frequently encountered in works
on the theory of progressive enlargement of filtration, such as: the immersion hypothesis,
Jacod’s equivalence hypothesis, the condition (C) of continuity of all [F-martingales, or
the condition (A) of avoidance of all [F-stopping times by 9. We only postulate that the
Azéma supermartingale of ¥ with respect to I (see Definition 2.2) is a strictly positive
process, although we also show that this assumption can be relaxed and thus our results
apply to a larger class of random times (see the class K in Section 3.3). For a more
detailed account of relation of our results to the existing financial literature (in particular,
to the concept of the invariance time, which was introduced by Crépey and Song [12, 13]),
the reader is referred to Section 4.3.

Stimulated by the paper by Choulli et al. [9] on the martingale representation theorem
in the progressive enlargement of a given filtration I with observations of a random time
9, which is henceforth denoted as G, we study G-adapted BSDEs and GG-adapted RBSDEs
with an Fy-measurable terminal value at a random horizon . The crucial difference
between G BSDEs and G RBSDEs introduced in Definitions 3.1 and 3.3, respectively, and
various classes of BSDEs previously studied in the existing literature is that the driver
is assumed to be a laglad process and the integrand against the pure jump martingale
m% given by equation (2.2) is assumed to be F-optional, rather than G-predictable or,
equivalently, IF-predictable.

Our main purpose is to apply the method of reduction to study the existence and
construction of a solution to G BSDE and G RBSDE given by equations (3.2) and (3.3),
respectively. It should be acknowledged that the idea of reduction of a BSDE in a given
filtration to a more tractable BSDE in a shrunken filtration has already been explored in
papers by Crépey and Song [11, 12] and Kharroubi and Lim [36] but the authors of these
papers worked under simplifying assumptions about their setup and have not examined
reflected BSDEs related to American style options with the counterparty credit risk.

The first main contribution of this work is that we demonstrate that the idea of
reduction can also be applied to the G RBSDE (3.3). To be more precise, we show
that the G RBSDE with Fy-measurable terminal value can be solved up to a random
horizon ¥ by first solving the corresponding reduced F RBSDE and then constructing
a solution to the original G RBSDE by combining a solution to the IF RBSDE with an
appropriate adjustment to the terminal value at time ¢. In particular, we analyze in
detail the required adjustment at ¥ when the driver of the G RBSDE is a discontinuous
ladlag process. Furthermore, since the simplifying conditions (C) and (A) of continuity
of all F-martingales and avoidance of all IF-stopping times by «} are not imposed, we
allow the reference filtration IF to support discontinuous martingales and, in addition,
we also cover the situation where a random time ¥ may overlap F-stopping times (see
Aksamit et al. [3]).

As a consequence, unlike in previous works, the reduced F BSDE and F RBSDE
obtained in our setup have the property that the driver and the martingale part may
share common jumps. Hence a BSDE now carries an additional constraint (as, e.g., in
Peng and Xu [45] who dealt with constrained BSDEs in a different context), which is
directly related to the jump of the driver. We stress that the reduced IF BSDE and F
RBSDE have a fairly general form that was not well studied in the existing literature.
Hence, as a second contribution, we show how to construct a solution to the reduced IF
BSDE for which the driver and the martingales appearing in a BSDE may have a finite
number of common jumps.
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Our approach relies on a detailed analysis of the appropriate intermediate BSDE with
a laglad driver. To support our method, we also show that a solution to an intermediate
BSDE with a laglad driver can be obtained by adapting the existing results from Essaky
et al. [20] and Ren and El Otmani [48] who studied a particular class of BSDEs with
a continuous driver. Notice that our arguments do not hinge on solving directly the G
BSDE (or the G RBSDE) through a fixed point theorem under appropriate assumptions
on the solution space, the generator and the driver. Instead, our aim is to show that one
can reduce the G BSDE to a more manageable I BSDE, which can be solved by making
use of the solution to an intermediate BSDEs with laglad driver. Then we show that
the solution of the intermediate BSDE with laglad driver can be obtained by a careful
analysis of jumps, as in Confortola et al. [10], Essaky et al. [20] and Klimsiak et al.
[35], and making use of a large variety of existing results on BSDEs and RBSDEs with a
continuous driver (see, for instance, [18, 20, 22, 23, 44, 48]) to deal with solutions on
stochastic intervals between successive jumps. For further applications of our results,
the reader is referred to the follow-up work by Li et al. [38].

The structure of the paper is as follows. We first introduce in Section 2 the setup and
notation and we recall some auxiliary results from the theory of progressive enlargement
of filtration (see, e.g., Aksamit and Jeanblanc [4] and Jeanblanc and Li [32]).

In Section 3, in view of recent works on RBSDEs with irregular barriers (see, e.g.,
Grigorova et al. [28, 29] and Klimsiak et al. [35]) and to demonstrate the generality of
our methodology, we introduce in Definition 3.1 the notion of the laglad G BSDE (see
also Definition 3.3 for the laglad G RBSDE). We show in Section 3.1 how the reward
process can be reduced and we elaborate in Section 3.2 on relationships between our
setup and techniques used in credit risk modeling. We then discuss in Sections 3.3
and 3.4 some possible extensions of the setup introduced in Assumption 3.1.

Section 4 is devoted to the issues of reduction of the G BSDE (3.2) and subsequently
also a method for construction of its solution. We first show in Proposition 4.9 that
the G BSDE can be effectively reduced to coupled equations in the filtration . Next,
Proposition 4.12 makes it clear that a solution to the G BSDE (3.2) can be constructed
by first solving the constrained IF BSDE (4.13)-(4.14). Finally, to examine the exis-
tence of a solution to the constrained I BSDE (4.13)-(4.14), we first prove that the
stronger constrained I BSDE (4.15)-(4.16) can be transformed into the constrained I
BSDE (4.17)-(4.18), which in turn is more tractable and whose solution can be used to
resolve the problem of well-posedness of the coupled equations (4.15)-(4.16). Concrete
situations where the constrained BSDE (4.15)-(4.16) possesses a unique solution are
studied in Section 4.4 for the Brownian filtration (see Proposition 4.13).

In Section 5, we are concerned with analogous issues for G RBSDEs and we first
show that the method of reduction can be used to reduce the G RBSDE to the IF RBSDE.
As shown in Proposition 5.1, the main new feature in the reflected case is that the
G-predictable reflection can be uniquely reduced to the FF-predictable reflection, which
is required to meet the appropriately modified Skorokhod conditions. We then show in
Proposition 5.3 that, in principle, a solution to the G RBSDE can be constructed from
a solution to the reduced IF RBSDE. The existence of a solution to the G RBSDE in the
Brownian case is studied in Section 5.3 where Proposition 5.4 offers sufficient conditions
for the existence of a solution to the IF RBSDE in the case of the Brownian filtration IF.

In Section 6, we deviate from the setup studied in Sections 4 and 5 and, for given
a filtration IF, we focus on the BSDE (6.1) and the RBSDE (6.12), which share the key
feature that the driver is laglad and its jumps may overlap the jumps of the driving
martingale. Even when the driver is cadlag, there is apparently a gap in the existing
literature on BSDEs when the driver may share jumps with the driving martingale and
thus we develop a jump-adapted method to solve BSDEs of such a general form.
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Our approach in Section 6 hinges on two steps. We first show, through a careful
analysis of right-hand jumps, that the problem of solving the BSDE (6.1) on the whole
interval [0, 7] can be addressed by solving a recursive system of cadlag BSDEs (6.2) and
then stitching together the solutions to that system. In the second step, we show in
Proposition 6.4 that a solution to a cadlag BSDE can be obtained from a solution of an
intermediate laglad BSDE (6.6), which in turn can be handled by solving a recursive sys-
tem of cadlag BSDEs (6.8) with a continuous driver, which are given on intervals defined
by the right-hand jumps of a laglad BSDE and, once again, appropriately aggregating
these solutions. We argue that a reduction to the case of a continuous driver is important
since it allow us to use existing results on the well-posedness of BSDEs with a continuous
driver. Concrete instances of our approach in a Brownian-Poisson filtration are presented
in Examples 6.6 and 6.7. We conclude the paper by showing that an analogous method
can be used to study the existence of a solution to the RBSDE (6.12) with a laglad driver
using results for RBSDEs with a continuous driver. The main difference here is that we
need to analyze the adjustment to the reflection process at the right-hand jumps and
provide a rigorous check that the appropriate Skorokhod conditions are satisfied. The
main result, Proposition 6.8, is illustrated by an explicit example in a Poisson filtration
(Example 6.9). Finally, some auxiliary results are collected in the appendix.

2 Setup and notation

Regarding the background knowledge, for the general theory of stochastic processes,
we refer to He et al. [30] and the reader interested in stochastic calculus for optional
semimartingales is referred to Gal’cuk [25]. For more details on the theory of random
times and enlargement of filtration with applications to problems arising in financial
mathematics (such as credit risk modeling or insider trading), the interested reader may
consult the monograph by Aksamit and Jeanblanc [4] and the recent paper by Jeanblanc
and Li [32]. We start by introducing the notation and recalling some fundamental
concepts associated with modeling of a random time and the associated notion of the
progressive enlargement of a reference filtration. We assume that a strictly positive
and finite random time ¢, which is defined on a probability space (2, G, P), as well as
some reference filtration IF are given. Then the enlarged filtration G is defined as the
progressive enlargement of F by observations of ¥ (see, e.g., [4]) and thus a random
time ), which is not necessarily an [F-stopping time and belongs to the set of all finite G-
stopping times, denoted as T. We emphasize that the filtrations IF and G are henceforth
supposed to satisfy the usual conditions of IP-completeness and right-continuity.

We will use the following notation for classes of processes adapted to the filtration IF:

« O(F), P(F), P(F) and Pr(F) are the classes of all real-valued, F-optional, FF-
predictable, FF-strongly predictable and IF-progressively measurable processes,
respectively;

s O4(F), P4(F), Py(IF) and Pry(F) are the classes of all R%valued, IF-optional, IF-
predictable, F-strongly predictable and IF-progressively measurable processes,
respectively;

* M(F) (respectively, M;,.(F)) is the class of all F-martingales (respectively, F-local
martingales);

+ M?(IF) (respectively, M? (IF))is the class of all F-martingales (respectively, IF-local

loc

martingales), which are stopped at .

A stochastic process X with sample paths possessing right-hand limits is said to be
IF-strongly predictable if it is IF-predictable and the process X is IF-optional (Definition
1.1 in [25]). An analogous notation is used for various classes of G-adapted processes.
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For instance, P(G) denotes the class of all G-predictable processes, M (G) is the class
of all G-local martingales, which are stopped at the random time ¢, etc.

In order to simplify the notation, we denote by X « Y the usual It6 stochastic integral
of X with respect to a (cadlag) semimartingale Y, thatis, (X «Y); := f]]o,t]] X, dYs, while
we also write (X xY); := f[[o,t[[ X, dY, so that the process X x Y is left-continuous as the
integration is done over the interval [0, ¢t[. Due to the potential presence of a jump of Y
at time zero, we have that (X xY); = (X «Y);_ + XoAY) where, by the usual convention,
Yo— = 0 so that AY; =Yj,.

Let us recall from Gal’cuk [25] the notation pertaining to a pathwise decomposition
of a ladlag process. If C is an F-adapted, 1adlag process, then we write C' = C°+ C? + ¥
where the process C¢ is continuous, the cadlag process C? equals Cf := ", (Cs—C;_)
and the caglad process CY is given by Cy := >, _,(Cs+ — C). This also means that
C = C" + (Y9 where the cadlag process C”" satisfies C" = C' — €9 = C° + C. Notice
that if C is a caglad process, then manifestly C? = 0 and thus C" = C° is a continuous
process. Similarly, if C is a cadlag process, then CY = 0 and thus C' = C". For the sake
of convenience, we denote by C the cadlag version of the caglad process C9.

For a fixed random time ), we define the indicator process A € O(G) by A := 1y o[
so that A; = 1 y<s for all ¢ € R, and we denote by AP (respectively, A°) the dual
IF-predictable projection (respectively, the dual F-optional projection) of A. The BMO
IF-martingales m and n associated with A° and AP, respectively, are defined as follows.
Definition 2.1. Let m; := E(A?_ | 7;) so that m., = A9, and let n; := E(AZ_ | ;) so that
Noo = AL .

As in Azéma [7], we introduce the F-supermartingales G and G associated with 9.
Definition 2.2. The cadlag process G € O(F) given by the equality G; := P(d > ¢t | F) is
called the Azéma supermartingale of 1 with respect to IF. The ladlag process Ge O(TF)
given by the equality G, := P(¥ > t| F;) is called the Azéma optional supermartingale of
¥ with respect to IF.

Notice that G = °(1o9f) = °(1 — A) and G= °(Lpo,97) = °(1 — A_). For the reader’s
convenience, we recall some important properties of Azéma supermartingales G and G
(see, e.g., Aksamit and Jeanblanc [4]).

Lemma 2.3. (i) We have that G = n — AP = m — A° and G=m— A° and thus
Gy =B(AL, — AV | Fy) = B(A% — A7 | Fi), Gi=E(A% — AL | Fy).
(ii) The processes G and~é satisfy G_ =G_ and (~¥+ =G4 =G.
(iii) The inequality G > G holds and the equalities G — G = °(1y;) = AA° and
G — G_ = Am are valid.
The equality G = n — AP gives the Doob-Meyer decomposition in the filtration IF of
the bounded IF-supermartingale G. From the classical theory of enlargement of filtration,

it is well known that the G-martingale n® from the Doob-Meyer decomposition in the
filtration G of the bounded G-submartingale A can be represented as follows

TLG I:A—ﬂﬂo’ﬁﬂG:loAp ZA—IL]]O’ﬁ]] T (21)

where the F-predictable hazard process of ¥ equals I' := G~' + AP (Definition 1.6 in
Jeanblanc and Li [32]). Furthermore, it was shown in Choulli et al. [9] (see Theorem 2.3
therein) that the following process m® is a G-martingale with the integrable variation

mG = A —_— ]1H0719]1671 . AO - A - ]1]]0719]} [ f (22)

where the F-optional hazard process of 9 is defined by =G l.A° (Definition 2.8 in
Jeanblanc and Li [32]). The processes n® and m® are known to belong to the class M(G)
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but their properties are markedly different. In particular, n® is not necessarily a pure

default martingale (Definition 2.2 in Choulli et al. [9]) whereas m® has that property.

We will also make use of the following general result due to Aksamit et al. [2].
Proposition 2.4. Let the F-stopping time 7 be given by 7j := inf{t € Ry |G, > G; = 0}.
If M is an IF-local martingale, then the process

MY — ]].Hoﬂg]]é_l B [M, m] + ]1[[0,19]] . (AMﬁ]l[[ﬁyoo[[)p (2.3)

is a G-local martingale stopped at ¥.

In particular, if Gisa strictly positive process, then we set, for any IF-local martingale
M’ —

M:=M -G~ o[M,m)] (2.4)
so that the process M? is a G-local martingale stopped at 9. If, in addition, all -
martingales are continuous (that is, if the condition (C) is satisfied - for instance, when F
is a Brownian filtration), then O(F) = P(IF) and thus the equalities G=G_and A° = AP
are valid so that also m® = n®. Then equality (2.4) becomes M = M — G~'« (M, n).

Lemma 2.5. If M is a uniformly integrable IF-martingale, then the process
Mtﬂi - G;I d[Mv n]fi
lo.t]
is a G-local martingale.

Proof. Let H be a bounded G-predictable process and h its bounded F-predictable
reduction on [0, ]. By using the dual FF-predictable projection of A, we obtain

E((H « Ljo,9iM)oc) = E((he M)g—) = E(((he M)_ « A)) = —E(((h e M) + G)o).
The integration by parts formula and Yoeurp’s lemma yield

—E((he M)-+G)oc) = E(G- s (he M))o) + E([he M,Glx)
=E((h«[M,n])o) = E(HG 1o 9p + [M,n])s0)

where we have used the fact that H = h on [0,9] and {¢ > ¢} C {G; > 0}. O

3 Generalized BSDE and RBSDE with random time horizon

Our study of various generalized BSDEs and RBSDESs is conducted within the follow-
ing setup.

Assumption 3.1. We assume that we are given the following objects:

(i) a probability space (2, G, P) endowed with a filtration IF;

(ii) a random time ¥} such that the Azéma supermartingale G (hence also G_ and the
Azéma optional supermartingale C~¥) is a strictly positive process;

(iii) the class of all finite G-stopping times T where G denotes the progressive
enlargement of IF with a random time ;

(iv) the bounded processes X, R € O(F), which are used to define the bounded
reward process Xe O(G) through the following expression

X = X]l[[0719[[+Rq9]1[[19700[[; (3.1)

(v) a real-valued G-martingale m& associated with ¢ and given by (2.2);
(vi) an R%valued, F-local martingale M, which is assumed to have the predictable
representation property (PRP) for the filtration F;
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(vii) an R*-valued, G-adapted process D = (D', D2, ..., D*) where D' is a linear
combination of a ladlag G-strongly predictable process of finite variation and a ladlag
IF-optional process of finite variation;

(viii) a mapping F = (F", F9) where mappings F" : @ x Ry x R x R? x R — R* and
F9:Q xRy x RxRYx R — RF are such that, for any fixed (y,z,u) € R x R¢ x R,
the process (F (y, z, u))¢>0 belongs to Py (G) and the process (F(y, 2, u))¢>0 belongs to
Or(G).

We are in a position to introduce a particular class of BSDEs with a random time
horizon. For the sake of brevity, they will be called G BSDEs, as opposed to the associated
IF BSDEs, which are introduced in Section 4.1.

Definition 3.1. For a fixed 7 € 7, we say that a triplet (}A’, 2, (7) is a solution on [0, 7 AY]
to the G BSDE

~
r

A:A,\ _ V77T AT_ AQAAA ng
Vi = Xeno /WMH Fr(Y.,2,,0,)dD; /[[tMFS (Vs Z,,0,) dD?,

A0 _
s

_ Z.dM / U.d (3.2)
1t,7A9] 1t,7A9]

ifY e O(G) is a laglad process, the processes Z e P4(G) and Ue O(F) are such that
the stochastic integrals in the right-hand side of (3.2) are well defined and equality (3.2)
is satisfied on the stochastic interval [0,7 A 9].

The process D from Assumption 3.1 (vii) and the mapping F= (ﬁr,ﬁg) from As-
sumption 3.1 (viii) are henceforth cglled the driver and the generator of the G BSDE,
respectively. The processes m& and M?, given by equations (2.2) and (2.4), respectively,
are orthogonal G-local martingales stopped at ¥ and they are referred to as driving mar-
tingales. For explicit integrability conditions, which ensure that the stochastic integral
U «mC is a G-local martingale, see Theorem 2.13 in Choulli et al. [9]. To the best of
our knowledge, the issue of well-posedness of the G BSDE (3.2) is not addressed in the
existing comprehensive literature on BSDEs and thus our aim is to contribute to the
theory of BSDEs by filling that gap.

In the next definition, we implicitly make the natural postulate of well-posedness
of the G BSDE (3.2) in a suitable space of stochastic processes, which can be left
unspecified at this stage.

Definition 3.2. The nonlinear evaluation & is the collection of mappings &= {53,? |o,T e
’f, o <7} where for every 7,7 € 7 such that & < 7 we have 53,;()?;) = AgAg where the
triplet ()A/, 2, (7) is a unique solution to the G BSDE (3.2) on the interval [0,7 A ¥].

Next, under similar assumptions, we introduce the generalized G RBSDE with a
random time horizon 1.

Definition 3.3. A quadruplet (}7, Z, Tj’, E) is a solution on the interval [0,7 A Y] to the G
RBSDE

)/} = )?q: —/ ﬁr ?S,Z\.,fis dﬁr—/ ﬁg YS,Z\S,I/L dﬁg
K o 1t,7A9] 8 ( ® ) 8 [t,7AO] 8 ( ) st
— ZAS d/VMS — IA]S d G _ AL; — AZ/ 3.3
1t,7AY] /]]t,?/\ﬂ]] s ( N t) ( )

if Y € O(G) is a laglad process such that ¥ > X, the processes Z € Py4(G) and U € O(F)
are such that the stochastic integrals in the right-hand side of (3.2) are well defined,
L=1I"isa laglad, increasing, ¢ and G-strongly predlctable process with Lo = 0 and has
the decomposition L = L" + L9 where the processes L" and L9 obey the Skorokhod
conditions

Tr\9 g\ Y
(g sz o L) = (L gy *LY)- =0
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and equality (3.3) is assumed to hold on [0,7 A J].

As the arguments used in Subsections 3.1-3.4 can be applied to both the G BSDE
and G RBSDE, we shall focus on presenting our explanations for the G BSDE.

3.1 Reduction of the reward process

Let 7 denote the class of all finite IF-stopping times and, for any fixed 7 € T, let the
stopped filtration ™ be given by F7 := (F;a¢)e>0. We will now examlne the structure of
the reward | process X spemﬁed by (3.1). We claim that, for any 7 € T, there exists 7 € T
such that XA = XTM = X First, it is clear from (3 1) that the process X is stopped at
¥ so that X = X?, which immediately 1rnp11es that XA = X?/\g Hence, by using also the
well known property that for any 7 € 7 there exists 7 € 7 such that 7 A ¥ = 7 A ¥, we
obtain the following equalities
Xz = Xang = Xenolpao<oy + Rolpaosoy = Xenolirav<oy + Rolrro>9}

~

= X, 1<) + Rolirs9y = Xrno = Xr

so that )?? = )A(T Ay = )A(T for some stopping time 7 € T, as was required to show.

Lemma 3.4. Forany T € T, there exists X(7) € O(IF") such that the equality X, = Xy(1)
holds.

Proof. It suffices to observe that
Xr = Ryl oo (7) + Xr 0o of(7) = Ryl - (9) + X1 o (9) = Xg(7) (3.4)
where, for any fixed 7, the FF-adapted process X (1) is given by
X(1) = Rl + Xrljroop = BT + (X7 — R)1pr o0 (3.5)

Since the processes X and R are assumed to be IF-optional, by Lemma 3.53 in He et al.
[30], the process X (7) is F"-optional, although it is not a cadlag process, in general. O

Since )?T is G,-measurable and Xy(7) is Gy-measurable, by part (3) of Theorem 3.4 in
He et al. [30], the random variable )? = Xy(7) is G, r9-measurable or, more precisely, it
is Fj-measurable and Fj C G, no. In view of equalities (3.4), we will freely interchange
Xz, X and Xy(7).

xists o < T

Proposition 3.5. Given two G-stopping times ¢, 7T such that ¢ < 7T, there ex
) =&, (Xo(7)).

o
where o,7 € T are suchthatc ANY =0 AY, TNV =TAY andga?(X?Mg

Proof. First, we observe that there exists o such that ¢ A9 = o A 1. Furthermore,
if the inequality ¢ < 7 fails to hold, then we can take ¢/ = o A 7 and observe that
o ANd=0cATAY=0ATAY =0 AY. Using the fact that there exists o < 7 such that
ocANY=0c AYand T AY =T AY, we obtain the following equalities

-~

3,?(5\(%19) = Xy(71) — /]]JM ] ﬁsr(?mém ﬁs) dﬁ;

- F9(Y., Z,,0,)dD?, — / Z,dM? — / U, dm€
[eAd,7AI] Jond,7AI] Joend,7AI]

~

and thus we conclude that ;;,?(X?/\qg) = (EJ’\O-}T(Xﬁ(T)). O
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3.2 Applications to credit risk modeling

This work is largely motivated by the problem of mitigation of financial and insurance
risks triggered by an extraneous event. Applications in finance include the pricing of
callable American warrants [14, 50], optimal timing of short-selling decisions under recall
risk and the modeling of various valuation adjustments, that is, XVAs [51, 11, 12, 37].
For instance, using the terminology from the area of credit risk modeling, the process
X may be interpreted as the reward (the promised payoff) to the holder of the contract
if the decision to exercise the contract is made before the default time ¢, while R may
represent the closeout payoff (the recovery value), which is received by the holder at
time 9 if the contract was not exercised before ). Furthermore, the process D= (15’“, D9 )
represents the cash flows of the contract and the pair (2 , U ) has the usual interpretation
as a hedging portfolio with respect to the default-free assets and a defaultable asset,
respectively.

The proposed extensions of previous results to the case of a discontinuous driver,
discontinuous hazard process and American style contracts are motivated by practical
concerns since our theoretical approach allows for more flexible and realistic models
of credit risk where, in principle, both the third party credit risk (e.g., [16, 27]) and
the risk of the counterparty’s default (e.g., [11, 12]) are comprehensively covered. By
introducing jumps in the driver D we are able to model cash flows which are made on a
series of discrete dates but, of course, continuous cash flows are also covered by our
setup. For a concrete example, we refer to Nie and Rutkowski [40, 41] on the extended
Bergman model with collateralization where the continuous compounding assumption is
made on the collateral lending and borrowing account (see Assumption 2.4 in [40]). If
we assume instead that the collateral funding account B¢ is compounded on discrete
dates 17 < Ty < --- < T, < T with the rate r°, then the process B¢ in [40] obeys the
equation dBy = r{Bf dD; where D := " | 17, .

Consequently, the BSDE from equation (2.9) in [40] becomes a BSDE with a dis-
continuous driver and a non-linear generator. For similar BSDEs derived in a model
with default, we refer for example to equation (16) in Lee and Zhou [37] or equation
(4.12) in Bichuch et al. [8]. For further arguments, the reader may also consult Wu [51]
where computations of CVA and FVA for derivatives with cash collateral were examined.
In particular, it was pointed out in Section 4 of [51], although not explicitly studied
there, that in the market practice the cash collateral for interest rate swaps is revised
at discrete dates, rather than continuously. Finally, it was also observed in [51] that for
application purposes, one needs to generalize their results to American or Bermudan
options.

The other important contribution of this work is that neither condition (C) nor
condition (A) are postulated. This means that, firstly, the default-free market modelled
using the filtration IF is allowed to have jumps and, secondly, the default event may
occur at an IF-stopping times with a positive probability. In particular, in the current
setup, the hazard process [ := G'.A°is not necessarily continuous and the size
of its discontinuity can be interpreted as the conditional probability that the default
event occurs at the time of the jump given that is has not happened up to the moment
when jump occurs. These extensions of classical approaches enable one to combine the
reduced-form approach and the structural approach to credit risk by allowing to cover
both the case of default intensity and the possibility that default can happen concurrently
with a family of [F-stopping times, which is endogenously specified by the underlying
default-free market.

To give a simple illustration of the above arguments, let us consider a market model
where the stock process is represented by a semimartingale S. We define o; := inf{t €
Ry |AS; < 0} and 0y := inf{t € Ry | S; < ¢} for some ¢ € R;. Suppose that the default
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event may occur at time ¢ := o7 A 03, that is, either at the first time when the stock
market experiences a negative shock or when it drops below a constant threshold c.
Then we construct the related hazard process I' by setting, for some constants A > 0 and
p €[0,1],

ft = At + (1 —p)]l{agt}

and, for simplicity, we set ¥ = inf{t € Ry |1 — &(~I'_) > ¢} where & denotes the
stochastic exponential and ( is a random variable, which is uniformly distributed on [0, 1]
and independent of F,. For the construction of a random time with a predetermined
hazard process and without the postulate that the hypothesis (H) holds, we refer to
Jeanblanc and Li [32]. The parameters A € R, and p € [0, 1] should be estimated using
the market data, which is feasible since their interpretation is fairly transparent and
thus they are amenable to standard statistical studies
\df — P9 e dt\]—‘t)’ 1 —p— IP(19=J|J_‘.U)‘
P >t|F) P >o|F,)

We observe that the above construction of default time 9 hinges on a combination of the
reduced-form approach based on the intensity A with the structural approach based on
the IF-stopping time o. In practical applications, one can postulate that the jumps of the
hazard process may occur at a predetermined sequence of fixed dates, for instance, the
dates of important announcements by a central bank or a regulatory body, which may
affect the financial market in an abrupt manner and hence generate negative or positive
jumps in share prices.

Finally, the combination of a discontinuous driver with a discontinuous hazard process
produces a new interesting feature in the reduced BSDE. Specifically, when the driver
process and the hazard process share common jumps or, using the language of finance,
when the default may happen at the moment when the discrete compounding of the
collateral funding account occurs, then there exist an additional adjustment term in U
(see, e.g., (4.13)) related to the jump of the driver given by (F7 (R;) — FI(Y;))AD?. This
term can be thought of as the adjustment to the hedging portfolio U in order to obtain
the correct recovery value. This feature leads to an additional constraint in the reduced
BSDE (4.13)-(4.14) and the reduced RBSDE (5.3)-(5.4), which have not appeared in
previous works and hence results on these equations could be of independent interest.

3.3 Case of a general Azéma supermartingale

Let us make some comments on the possibility of relaxing Assumption 3.1(ii), that
is, allowing the Azéma supermartingale G of ¥ to hit zero. As an example, let us first
consider a random time of the form 9 = 9 AT} where the Azéma supermartingale of ¥’ is
a strictly positive process and 7T is an IF-stopping time. Then the Azéma supermartingale
of ¥ jumps to zero at 77 and it is not hard to check that all results can be extended to that
case by replacing the terminal time 7 by 7/ = 7 AT} and ¥ by 9. Since G is a nonnegative
supermartingale, we have that (see, e.g., Theorem 2.62 in He et al. [30])

n:i= 1nf{t S R+|Gt = 0} = lnf{t S ]R+|Gt7 :0} = 1l_>m Mn

where 7, :=inf{t € Ry |G, < 1/n}. It is known that G = 0 on [, o[ and, from Lemma

2.14 of [4], we have that [0,9] C {G_ > 0} and [0,¢]C {G > 0} = [0, 7] so that ¢ < n.
In order to weaken Assumption 3.1(ii), we introduce the class of random times 1 such

that the Azéma supermartingale G’ of ¥’ := ¥y, is strictly positive on the interval

[0,7]. Specifically, we set (recall that G_ = G_)
K:={9|G, >0} (3.6)
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and we will argue that Assumption 3.1(ii) can be replaced by the postulate that 1) belongs
to IC. It is clear that the class K is nonempty and contains not only all random times with
a strictly positive Azéma supermartingale, but also their minimum with any IF-stopping
time. Observe that if a random time ¢ belongs to K then clearly

77 = 1nf{t S R+ | ét_ > ét = 0} = n{Gn_>é o0

n:O} -
and thus the term g gy » (AM;]]I [[;,700[[)17 in the G-semimartingale decomposition (2.3) of
an arbitrary IF-local martingale M is in fact null.

Lemma 3.6. Let ¥ be a random time with the Azéma optional supermartingale G and let
V' :=V{y<p}y. Then ¥ = An and the Azéma optional supermartingale G’ of ¥ is given
by G =G"+ 1yy,00[ « H where H = °(14y_,;). Furthermore, we have that (A")? = (A°)"
where A" := [y o[-

Proof. We first observe that ¢’ := Yy, = Vg, + col{y—,; where in the second
equality we have used the inequality ¥ < . Using also the equalities {¢ < n} = {¢' < n}
and {¢¥ = n} = {¢¥ > n}, we obtain

0= o<y = ligany + 9=} = V' Lig<n) 1l p=yy = O Ligrany +0lgarsgy = 0" An.
Next, to compute the Azéma optional supermartingale of 1/, we observe that for all ¢ > 0,

P < t|F) = PW < ,0 <n|F) = P < t|F) =P < 1,9 = 5| F)
— 1_ét1{t§’l7} —P(ﬁ:’r]‘]:t)]l{n<t}

and hence G’ = G" + 1py,00[ « H where H = °(L1y—,3).
The last assertion follows from the uniqueness of the Doob-Meyer-Mertens decompo-
sition of G'. It is worth noting that (G')” = (G)" and (G')" = Gl{g [ + Gyl[y cof- O

It is important to observe that if ¢ € K, then the supermartingale G’ and the optional
supermartingale G’ are strictly positive on [0, 7'] where 7’ := 7 A 5. Furthermore, the
equalities )?? = )A(;Mg = )A(;M/An = Xy (7') hold. We conclude that, on the one hand, all
our arguments used to address the case of a strictly positive Azéma supermartingale
are still valid when the pair (9, 7) is replaced by (¢¥/,7’). For instance, the BSDE in
Proposition 3.5 would not change since ¥ < n, whereas in Section 4.1 the terminal date
can be changed to 7/ = 7 A 7. On the other hand, however, if a random time 4 is not in ,
then technical issues involving either an explosion of integrals or ill-defined terminal
condition at time 7 may arise.

3.4 Extended terminal condition

Let us make some comments on a possible extension of the terminal condition in the
G BSDE. Since the processes X and R are assumed to be [F-optional, Lemma 3.4 implies
that X (7) is an IF"-optional process and Xy(7) is Fj-measurable. This implies that in
our formulation of the G BSDE (3.2) and the G RBSDE (3.3) the terminal condition is
measurable with respect to Fj C G nyg. It is also worth noting that

o(Vy |V € O(F)) = Frpp C Fj :=0(Vy |V € O(F7)).

Since we do not consider all G, y-measurable terminal conditions, the multiplicity in the
martingale representation property established in Theorem 2.22 of Choulli et al. [9] can
be taken to be equal to two, which in fact gives a partial motivation for Definition 3.1 of
a solution to the G BSDE.
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In general, the multiplicity in Theorem 2.22 of Choulli et al. [9] is equal to three
and thus it would be possible to consider, when a (bounded) terminal condition ( is
G- r9-measurable, a more general G BSDE driven by M ¥ m% and a pure jump martingale
yielding an additional ‘correction term’ at the terminal time 7 A ©J. To be more specific,
in view of Proposition 3.5, one could study the extended G BSDE of the form

=(- F'(Ys, Z,, Uy, Jy(7)) dD" — F9(Y,, Zs, U, Jo(7)) dD?

C o B0 20U ) D, = [ FUY,, 2,0, Ju(r) AL

- Z,dM? — U, dm€ — Jo(7) dA, (3.7)
1t,7A9] : 1t,7A9] ' 1t,7A9]

where 7 is FF-predictable, U is IF-optional, J (1) is F"-progressively measurable and
]E(fﬁ(r) | F9) = 0. It is not difficult to check that the last condition implies that J (1)« A
is a G-local martingale, provided that an appropriate integrability condition is satisfied
by J (7).

A detailed study of the G BSDE given by equation (3.7) is beyond the scope of
this work since its practical applications are unclear. Let us only point out that if the
generator Fin (3.7) does not depend on J then one can formally reduce (3.7) to (3.2)
and show that a solution to (3.7) can be obtained from a solution to (3.2). To this end,
we will need the following auxiliary result.

Lemma 3.7. Assume that ( is bounded and G y-measurable. Then
(i) there exists a process X'(t) € Pr(F7) such that { = X(1);
(ii) there exists a process X (1) € O(FT) such that Xy (1) = E(X}(7) | Fy).

Proof. To show the first assertion, we note that since ( is G, ry-measurable, there exists
a process He O(G) such that ( = ﬁITM,z and thus also, by Proposition 2.11 in Aksamit
and Jeanblanc [4], a process H € O(FF) such that I?]l[m o1 = Hljo,9- Furthermore since
G C Gy = Fyu, there exists a process H' € Pr(IF) such that ¢ = Hopg = = H}, (see
Lemma B.1 in Aksamit et al. [1], which is obtained by modifying Proposition 5.3 (b) in
Jeulin [33]). We thus have the equalities

Hyl ooy = HA gy = He ooy
and we can define the IF"-progressively measurable process
X/(T) = H/ILHU,TH + HTIL]]T,OOH7 (3.8)

which satisfies Xj(7) = (. For the second assertion, we note that since 1y, and
H 1y, o[ belong to O(IF), we have

E(Xy(1) | Fo) = E(Hy | Fo)lpo,r1(9) + Hrlyr oop(9).

By Proposition 2.21 in Choulli et al. [9] there exists an IF-optional process X such that
Xy = E(Hj | Fy). It now suffices to set X (1) := X1o ] + H-1j, o[ and observe that the
process X (7) belongs to O(F7). O

By applying Lemma 3.7 to an integrable, G.,y-measurable random variable (, we
can rewrite = Xj(7) = Xj(7) — Xy(7) + Xy(7). Therefore, in view of (3.8), we have
J(1) == X'(1) = X(7) = (H' — X)1[o -], which shows that J(r) = J(7)1[o,-7. Then the
BSDE (3.7) becomes

Y, = Xy(r) — FI(Y,, Z,,U,)dD’, — F9(Ys, Zs,Uy) dD?
t 19(7_) /]]t,7-/\19]] s(d ER) ) s /[[t,‘r/\ﬁ[[ s(w S ) s+

- Z,dM? — / U, dm®
I¢,7AY] 1t,7A9]
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where we have used the equalities
Sy P8 = T ()L cozry = Tolr).

We conclude that if (}7, 2, ﬁ) is a solution to the G BSDE (3.2), but with 7 replaced by
7, then (Y, Z,U, J(r)) solves the BSDE (3.7) with a G, ry-measurable terminal condition.
Similar arguments can be applied to the case of the RBSDE (3.3). However, in the case
of generators depending on J (1), the proper form of the adjustment to the terminal
condition would be more complicated and its computation would involve the generators
F" and F9.

4 Solution to a generalized BSDE

Our goal is to show that the BSDE (3.2) has a solution, which can be obtained in two
steps. In the reduction step, the filtration is shrunk from G to IF and the BSDE (3.2) is
analyzed through an associated reduced BSDE in the filtration IF. In the construction
step, we show that a solution to the reduced BSDE can be lifted from I to G in order
to obtain a solution to the BSDE (3.2). Notice that in Sections 4.1 and 4.2 the random
times 9 and 7T are fixed throughout.

4.1 Reduction of a solution to G BSDE

We first establish some preliminary lemmas related to the concept of shrinkage
of filtration. In the main result of this section, Proposition 4.9, we give an explicit
representation for the IF BSDE associated with the G BSDE (3.2). We work here under
Assumption 4.1, which will be relaxed in Section 4.2 where an explicit construction of a
solution to the G BSDE is proposed and analyzed.

Assumption 4.1. A solution (17, Z , 17) to the BSDE (3.2) exists on the stochastic interval
[0,7 A ] or, equivalently, on the interval [0, 7 A ¥] where 7 € T is such that 7 A =T A ¥,

Our present goal is to analyze the consequences of Assumption 4.1. We start by
recalling that there exist a unique IF -optional process Y and a unique [F-predictable
process Z such that the equalities YIL[[O o] = Y19 and ZIL[[O 9] = Z1o,97 are valid.
Moreover, Y, = X, and the process Y and Z are given by

YV =°(1peY)G™ Z="(1pgZ)GZ (4.1)

Similarly, in view of Assumption 3.1(vii) and Lemma 4.3 below, there exists an right
continuous IF-adapted process D" and a left-continuous F-adapted process D9 such that
ﬁrﬂﬂoﬂgﬂ = Drﬂﬂo’g]] and ﬁgﬂ[[o 9] = Dgﬂ[[o 9]- Finally, it is clear that XIL[[O 9 = Xﬂ[[o’g[[.
We shall refer to 7, Y, Z, D", DY and X as the IF-reduction of 7, Y Z DT D9 and X.

In the following, we slightly abuse the notation and we again denote by Y and Z the
stopped processes Y := Y7 and Z := Z7. Recall that the component U in a solution
to (3.2) is assumed to be an IF-optional process and thus U is equal to its IF-reduction U
so that, trivially, (7 = U and, once again, we will write U :=U".

To show more explicitly how the process Y is computed, we observe that

E.7(X7) 1o, Lp0,01 = €. 7(X7) 1711100
and, in view of Proposition 3.5, there exists Y € O(FF) such that we have

E (X0 Loor = E.-(Xo(T) Lo L10,0p = Y o1 L 0,01
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Therefore, by applying the F-optional projection operator, we obtain
°(E#(X) a1 0.00) Loy = (€ (Xo(T) Lo, 1 0,00 Lio,r) = Y Gl o1y

A general representation of Y can then be obtained on [0, 7] by noticing that for any
IF-stopping time o

YoGoliozry = B(Eor (Xo (M) (o< Liocoy | Fo) Lio<r)-

Our next goal is provide a more explicit computation of the right-hand side in the above
equality (see Lemma 4.6).

Remark 4.1. Suppose that Assumption 3.1(ii) is relaxed and we postulate instead that
9 e IC where the class K is defined by (3.6). Then the modified terminal condition would
be X?/\ﬁ//\n = XTM/AU and the reduced terminal condition would become XTAUGTM.
Finally, the terminal condition for Y would be X ,, instead of X . Hence, it would be
enough to replace T with 7/ = 7 A 5 and study the F-BSDE on the interval [0, 7'], rather
than [0, 7].

The following result can be deduced from Proposition 2.11 in Aksamit and Jeanblanc
[4].

Lemma 4.2. For every (y,z,u) € R x R% x R there exists an R¥-valued, FF-predictable
process F"(y,z,u) such that ﬁ[(y,z,u)]l{ﬁzt} = F{(y,2,u)ly>4 for everyt > 0. For
every (y7 z,u) € Rx R? x R there exists an R*-valued, F-optional process F9(y,z,u) such
thatF (Y, 2, u) L5y = FY (y, 2,u) g~y for everyt > 0.

To reduce the driver D and later the reflection in the G RBSDE, we prove the following
result. Notice that a similar result was established in Jeanblanc et al. [31] in the case
where the partition of the space Q2 x [0, oo[ was independent of time.

Lemma 4.3. Let D = D" + DY be an G-adapted, laglad, increasing process. Then
there exists an IF-optional, cadlag, increasing process D" and an IF-predictable, caglad,
increasing process DY such that D" = D" on [0,9] and DY = D9 on [0,9]. If D is a
G-strongly predictable increasing process, then D" can be chosen such that it is an
IF-predictable, cadlag, increasing process and D" = D" on [0,9].

Proof. Since D" belongs to the class O(G), there exists an F-optional process D" such
that ﬁr]l[[oﬂg[[ = D"1jo,9] (see the first equality in (4.1)). Since the optional projection
of a cadlag processes is again a cadlag process, the process D" is cadlag on the set
{G > 0} = 2 x [0, 0] where the last equality is clear since we have assumed that G is
strictly positive.

To show that the process D" is increasing, we observe that, for every s <,

Dilpysiy = DiLigssy > Diligssy = DiligsgyLigssy = Dilignsy.

Then, by taking the F; conditional expectation of both sides, we deduce that the process
Dr is increasing on the set {G > 0} = Q x [0, oo.

Furthermore, since the process D9 is caglad and thus belongs to the class P(G),
there exists an F-predictable process DY such that D9 10,97 = D91po,9 (see the second
equality in (4.1)). The rest of the proof is similar to the case of D" except that we now
use the properties of the IF- predictable projection, rather than the IF-optional projection.

Flnally, in the case where D is Ir- strongly predictable, from the decomposmon
D = D" + D9 and the fact that D and D? belong to P(G), we deduce that D" belongs to
P(G). Thus there exists an IF-predictable process D" such that Dr]l[[o’ﬁ]] = D" 1jg,97- This
implies that ﬁr]l[[oﬂg[[ = D"1[p,9] and, by taking the IF-optional projection, we deduce
from similar arguments as before, that on the set {G > 0} the process D" is increasing
and cadlag. O
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Remark 4.4. Clearly if the process D is F-adapted then the equality D" = D" holds
everywhere and not only on [0, ¥[. We remark here that an IF-adapted driver D can have
certain practical interpretations. For example, one can take D to be the hazard process,
thatis D = = G!. A°, and this can be interpreted as a way to introduce ambiguity in
the recovery and the default intensity (see, e.g., Fadina and Schmidt [21]).

The next result is an immediate consequence of Lemma 4.3 and equations (3.1)
and (3.2). To alleviate the notation, we will frequently write FJ(-) = F/(-, Z;,Us),
Fgr() = Féq(7 Zs, US)stT(') = Fsr(a Zs, US) and Fsg() = Fsg(’ Zs, US)'

Lemma 4.5. The following equalities are satisfied, for every t € R, on the event
{t<7rIn{t <v},

]E(]l{19>t} [t AD] s( dDT ’]:t) = </]]t77]] Fsr(Ys) dD;" ‘ ]:t>

+ E( /ﬂw (FI(Rs) — FI(Ys))ADLdA? | }‘t) (4.2)
and, on the event {t < 7} N {t < 9},

E(1 () /[[w[[ﬂ{ws}ﬁ. (V) DY, | i) = E(/HMGSFQ JaDl. | 7).

Proof. Using Lemma 4.3, the equalities )71911{199} = Ryliy<,y and
P = 5| F.) = Gs — Gy = AAS
and noticing that {¢ > s} C {¢ > ¢} for s > ¢, we obtain
E(]l{ﬂ>t} /” ]l{ﬂzs}ﬁsr(?s)dﬁ; |ft)
:]E(/]]t ]]1{0>3}F (Ys) dDy |]—'t) +E(/]]t,T]]]l{19=S}FST(RS)dD§‘}—t)
- ]E( g CoFL(Y2) D {]-‘t) +E( /H .y FL(R)AAZADT | ]-‘t)

=E( [, GVl | F)+B( [ (FI(V) ~ FI(R)AD;dA; | 7).

t,7]

Similarly, again from Lemma 4.3, we have

E(]l{19>t} /[[tﬂ_[[]]-{ﬁ>s}ﬁsg(? d,Dg+|]:t) = ( [ G FI(Y, quJr’]:t)

which gives the required result. O
To simplify further computations we define, for every (y, z,u) € R x R?*xRandt >0,
Fg"(y’ Z, u) = FtT(y7 2, u) + (FtT(Rtv Z, u) - Ftr<ya Z, u))G;lAA? (43)

By combining Lemmas 3.4 and 4.5 with equality (3.2), we obtain the following result.

Lemma 4.6. The process (Y, Z,U) satisfies on [0, 7]

Y, = G;1E<XTGT+/H”H R, dA? — ﬂésﬁg ap; — [ G.FgaDy, | %)

t,T t,T

where we denote 7 = F'(Y,, Z,,U,) and F9 = FI(Y,, Z,,U,).
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Proof. For any fixed F-stopping time 7, we denote by K(7) the F-martingale given by
Ki(1) == B(X, G, + (Re A°), — (GE" o D"),; — (GF9 x DY), | Fy). (4.4)
Then the IF-optional process Y has the following representation on [0, 7]
Y, = G (Ky(7) — (R A% + (GF™ « D"), + (GFY % DY.),) (4.5)
with Y, = X and thus the asserted equality holds. O

For brevity, we set C' := GFT™ . D" + GF9 % Di and we note that equality (4.5) can be
rewritten as follows
Y =G ' (K(t) - R.A°+C). (4.6)

In addition, we define m := m — G~!

« [m, m] and

K(7):=K(1) = G~ [K(7),m].

To express the dynamics of the process Y in terms of m and K (1), we will use the
following immediate consequence of Lemma 7.3 from the appendix.

Lemma 4.7. IfC' = C" + CY is a laglad process of finite variation and the process Y is
given by Y = G~1(K — R+ A° + C) for some F-martingale K, then

Y=Y+ G 0"+ G % CL —(R-Y) T - Y. Gl em+ Gt K

where K := K — G~ o [K,m).
By applying Lemma 4.7 to equality (4.6) and using Lemma 4.3, we obtain the following
corollary.

Corollary 4.8. The process D = D" + DY is a laglad process of finite variation and
Y =Yg+ F"eD" +FIxDI—(R—Y)e T =Y. G ' e+ G=! « K(7).
Assumption 3.1(vi) yields the existence F-predictable processes ¢¥*% and v such that
K(t)=¢Y? M, m=veM. 4.7)

The next proposition is an immediate consequence of Corollary 4.8 combined with (4.7).
As before, we write F7 (-) := FI (-, Z,,Us) and F4(.) := F9(-, Z,,U,) and we give an explicit
representation for the IF BSDE associated with the G BSDE (3.2).

It is worth noting that Proposition 4.9 extends several results from the existing
literature where the method of reduction was studied in a particular framework and
under additional assumptions, such as the immersion hypothesis or the simplifying
conditions (A) or (C).

Proposition 4.9. If the triplet (}A/, 2, 17) is a solution to the G BSDE (3.2), then the
triplet (Y, Z,U) where U = U satisfies on [0, 7]

— o T ) ro_ g g r
Vo= X[ F(V)dD;- [ Fe(Y)aDl, — [z,

* fyon [Re =Y. = (FI(Ry) — F(Y.))AD}] dT
t, T
where the process z is given by z; := G, (th’Z —Y,_1).
In the above representation of the F BSDE associated with the G BSDE, we can
clearly identify the reduced generators " and F'Y and the form of the adjustment, which
is integrated with respect to the hazard process I' = G~! « A° of a random time .
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4.2 Construction of a solution to G BSDE

In this section, we no longer postulate that a solution to the BSDE (3.2) exists, which
means that Assumption 4.1 is relaxed. Our goal is to show that a solution to the F
BSDE (4.13) can be expanded to obtain a solution to the BSDE (3.2) if equation (4.14)
has an IF-optional solution U. We stress that equations (4.13) and (4.14) are coupled,
in the sense that they need to be solved jointly in order to construct a solution to the
BSDE (3.2). Obviously, the issues of existence and uniqueness of a solution (Y, Z,U)
to equations (4.13) and (4.14) need to be studied under additional assumptions on the
generator and all other inputs to the BSDE (3.2). In the next result, we denote by U an
arbitrary prescribed F-optional process and we do not use Lemma 4.5.

Lemma 4.10. For a given process U € O(IF), let (Y, Z) be an R x R?-valued, F-adapted
solution to the BSDE on [0, 7]

Yi=X— [ R, 2,040, - [

It.71

FI(Y,, Zs,Uy)dD?. — Z, dM,
s ( ) s+ /]]t,T]]

+/, ﬂ[RS—YS—(F;(RS,Zs,ﬁs)—F;(i@,zsﬁs))ADg] dr (4.8)

and let the G-adapted process Y be given by
Y = Yo+ Ljoape Y™ + Ljoop % Y9 + (Ro — Yoo )LgcofL{r20}- 4.9)
Then (Y,Z) := (Y, Z?) is a G-adapted solution to the BSDE, on [0, 7 A V],

Y, = Xpno — /]]twﬂ Fr(Y,,Z,,0,)dD"

~ F9(Y,, Z,,U,)dD?, — 7, dM, 4.10
[t 7 AD] § (Yo, Z5,Us) dDgy /ﬂt,‘l’/\ﬁ]] ( )
Lo [Ry — Y, — (FI(Ry, Zs,U,) — FI'(Ys, Zs,U,)) AD ] dmS.
t, TN

Proof. Let us write C" := "« D" and C9 := F9 Di. From (4.8) and (4.9), we can
deduce that the following equalities hold

Yoro = Xelgrcpy + Rol(rs)
and

Y = Yo+ Z101j09p + M? — (R = Y) o 1j0.0p « L
+ 1]]0,7—]}]1]]0,19[[ C" 4 ]1[[0,7—[[]1[[0,19[[ *C9+ (R — Y,)]l]]oﬂ_]] . A (4.11)

Using again (4.8), we obtain
(Y — Y—)]l]]O,T]] A= Z]l]]O,T]]]l[[ﬁ]] . Mﬁ — (R - Y)]l]]077ﬂ]1[[19]] . f + ]1]]077.]]]1[[19]] «C".

Thus, by replacing (R — Y_) by (R —Y) in the last term of (4.11) and using the equality
m& =A— Tyo,07 ¢ I (see (2.2)), we see that Y is equal to

Yo + Z1jg rne) « M + (R = )Ly, n0p » m® + Ljo,rngp « C7 + Lo, raop x C1.
To establish (4.10), it now remains to show that
Lyorpop« C" = F"(Y) 1o rngy o D" = (F"(R) = F"(Y))AD Ijg rpgp e m®  (4.12)

where the variables Z and U are suppressed.
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To this end, by using the fact that the equalities F" = Fr and Y = Y hold on ]0,9]
and Y]IM =R1 [9] We deduce from (4.3) that

I = E"(Y, U)o 1000« D" = F"(Y) 1o rp9p « D" — F"(R) 1oy 1psy « D"
+ AF(FT(R) - FT(Y))]]'HO,T]]]I]]O,ﬁH ° DT

and

I == F"(Y)1jo 1lpgy « D" = [F7(Y) + AT(F"(R) — F"(Y))] 1011 sp D"

Consequently, since m& = A — Ty0,07 Tisa process of finite variation stopped at ¥ and
19y = AA, we obtain

Lo,rnop o C" =1 + 1o
(Y)1jo.rp07+ D" — 10 (FT(R) — F"(Y)) (AA — AT1g.9) « D"
(Y)1j0.rp07 + D" — 10,1 (FT(R) — F"(Y))AD" « (A — AT} 47)

~

= ﬁr
—
= ﬁT(Y)]l]]o,mﬁ]} «D" — (F"(R) — F"(Y))AD" 1jg - p] « m®,

which shows that equality (4.12) is valid. O

Remark 4.11. If R belongs to the class P(IF'), then one can modify the above proof by
noticing that @ := A° — AP is a finite variation IF-martingale and

RG™'e(AP — A°%) = —R(GZ'.Q+G7'eQ - GZ'.Q) = —RGZ'.Q,
which, when stopped at ¥, is a G-martingale. Then, in view of the predictable represen-

tation property of M, this term will contribute to the G-martingale term M in (4.8).

The following proposition is a consequence of Lemma 4.10. It shows that a solution
to the G BSDE can be constructed by first solving the constrained IF BSDE (4.13)-(4.14).
Recall that we denote F7 () := FI(-,Z,,Us), FI(-) := FI(-, Zs,Us), FI(-) := FI (-, Zs,Us)
and Fj(-) == FJ(, Zs,Us).
Proposition 4.12. Assume that (Y, Z,U) is a solution to the constrained BSDE on [0, 7]

Y, = X, — Fr(Y, dD;—/ F9(Y,) dD? —/ Z, dM,
' o To (1) o e O D = )

i [Ry — Vi — (FI(R,) — FI(Yy))ADL] dT, (4.13)

where the IF-optional process U satisfies the following equality, for allt € Ry,

G _ _ . T _r r G
/]] o Ve = [ [R. — Y, — (FI(Rs) — FT(Y.))AD?] dmS€. (4.14)

Then the triplet (}A/’, 2, ﬁ) = (}7’, 7Y ,U) where the process Y is given by
? =Yy + ]].[[O’ﬂﬂ YT 4 ]l[[oﬂg[[ *Y?+ (Ry — Yﬁ,)]l[[lgﬁoo[[]l{ﬁ,.zg}

is a solution to the BSDE (3.2) on [0,9 A 7], that is,

=

= X9 — Fr(Y.)dD" — F9(Y,) dD?
NI /]]t,T/\19]] S( ) s ~/|It,7'/\'l9[[ S( ) s+

—~ —~

- Z,dM, — / U, dm®.
1t,7A9] 1t,7A9]
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In the next step, we will examine the existence of a solution to the constrained
BSDE (4.13)-(4.14). Specifically, we seek a triplet (Y, Z,U) of processes that satisfy, for
allt € [0, 7],

_ o r ro_ ] g
Y, = X, /ﬂ Py /MFS(Yﬁ)azps+ /ﬂ oy Do M

+ Zs G vy d[M, M), +/ﬂt : [R, — Y, — (FI(Ry) — FI(Ys))AD!] dT', (4.15)

It.7]

and, for all ¢ € R, (notice that (4.16) is manifestly stronger than (4.14))
U =R, — Y, — (F{(R) — F/ (Y;))AD;. (4.16)

To examine the existence of a solution to the coupled equations (4.15)-(4.16), we
introduce the transformed equations (4.17)—(4.18). Our goal is to remove the quadratic
variation term G~ !«[m, M| = G~ 'v«[M, M] from (4.15) and place v inside the generators
F" and FY, which are assumed to be bounded. In that way, we avoid the need to check the
appropriate growth conditions when applying the existing results on the well-posedness
of BSDEs.

We define the linear transformation Y :=GY, Z := G_Z + G~'Yv and U := U. Then
we obtain the transformed generators

FI(y,z,u) == ést’”(Gs_ly, G;l (z — Gs_lyus), w)
and

Féq(y7 Zy u) = GGFsg(G;Iy7 G:—l(z - G;lyys)7u)
and we denote F7(-) := F" (-, Zs,U,) and FY(-) := F9(-, Zs,Uy). Observe that if a solution
(Y, Z,U) € O(F) x Pyg(F) x O(F) to (4.15)—(4.16) exists, then (Y, Z,U) € O(F) x Py(F) x
O(TF) satisfies the following coupled equations, for all ¢ € [0, 7],

V=G X~ [ FI(V)dDL - [ F(V)dDL,

= Jion Zy dM; + o [GsRy — AFTADY] dTy (4.17)
t,T t, T
and, forallt € R4 N
U =R, - Y,G;' — G, 'AFTAD? (4.18)

where we denote AFT := F'(G,R,) — F7(Y}). In the reverse, a solution (Y, Z,U) to the
coupled equations (4.15)-(4.16) can be obtained from a solution (Y, Z,U) to the coupled
equations (4.17)-(4.18) by setting Y := G~'Y, Z:=G"Y(Z -G~ 'Yv)and U :=U.
Observe that BSDEs (4.15) and (4.17) have the laglad driver D = (D", DY), which
may share common jumps with the martingale M. To the best of our knowledge, there
is a gap in the literature on BSDEs of this form and thus we develop in Section 6.1 a
jump-adapted methodology to solve such BSDEs under specific assumptions.

4.3 Relation to the existing literature on BSDEs for credit risk

If a random time 4 is an IF-pseudo-stopping time (see Nikeghbali and Yor [42] and
Aksamit and Li [5]), then m = 1 and thus v = 0 in (4.7) so that we can deal directly
with (4.15). Also, under condition (C), it is possible to eliminate the term G-1. [m, M]
through a change of measure when a random time 4 is an invariance time with respect to
IF. Recall that the notion of the invariance time was put forward and analyzed in Crépey
and Song [13] and its introduction was directly motivated by a study in Crépey and Song
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[12] of the reduced BSDE for the CVA (Credit Valuation Adjustment) associated with the
counterparty credit risk.

We now take the opportunity to elaborate on the differences between our results and
those of Crépey and Song [12]. Technically speaking, in [12] the authors work within
a predictable framework, meaning that the random time ) exhibits a G-predictable
compensator, which is assumed to be absolutely continuous with respect to the Lebesgue
measure. Notice that in the context of progressive enlargement, the G-predictable
compensator is given by the process G~'. AP stopped at 9. In contrast, we work here
under an optional setup and make use of the G martingale m®, and thus the hazard
process is given by [ = G~1.A° whichis an F-optional process and a G-optional process
when stopped at ¢. Consequently, results obtained in [12] hinge on the classical Doob-
Meyer decomposition G = n — AP, rather than the optional decomposition of G = m — A°
(see Definition 2.1).

This key difference manifest itself in two ways. Firstly, as already explained in
Section 3.2, we aim to construct models in which financial shocks or jumps in the value
of the stock are allowed and the default time ¥ may happen concurrently with these
shocks with a positive probability. Therefore, if the recovery process R is IF-optional and
hence Ry is Gy-measurable (e.g., a fixed fraction of the pay-off of a standard call option
in a jump diffusion model), then in order to make use of the G-predictable compensator,
the methodology developed in [12] would require to compute the quantity E[Ry|Gy—] or
gin the reduced BSDE (4.4) studied in [12], which may prove unfeasible. This should be
contrasted with our approach where it is not needed to compute these quantities and all
model inputs (X, R,I', m) can be explicitly chosen.

Secondly, the G BSDE (4.3) in [12] is stopped strictly before ¢ (specifically, at ¥—,
see Lemma 2.5) rather than at ¥ and the reduced BSDE (4.4) in [12] was obtained under
condition (C.2) stating that there exists an equivalent probability measure Q on Fr such
that any FF-local martingales under Q stopped at /— are G-local martingales under Q. As
a consequence, the change of a probability measure allows one to eliminate the term
G~ [n, M], which is known to coincide with G~ « [m, M] under condition (C). To be
more specific, condition (C.2) implies that ¢ is an invariance time or, in other words,
there exists an equivalent probability measure Q such that ¢ is an IF-pseudo-predictable-
stopping time (see Definition 2.1 and Proposition 2.2 in Jeanblanc and Li [32]). Recall
that m = 1 in the case of an IF-pseudo-stopping time, whereas n = 1 if ¢ is assumed to be
an [F-pseudo-predictable-stopping time. For this reason, the term G~! « [n, M| does not
appear in the reduced BSDE in [12], which is formulated under an equivalent probability
measure Q. For an example of an [F-pseudo-predictable-stopping time, which is not an
F-pseudo-stopping time, we refer to Example 3.13 in [32].

Finally, we stress that the two approaches are indeed identical if condition (C) is
postulated. Therefore, in principle, one could attempt to either impose a condition
similar to condition (C.2) or mimic the approach developed in [13] by studying a new
class of random times for which we could stop at ¢ and the drift term G~ . [m, M] could
be removed through a change of a probability measure. Put another way, one could
introduce a family of random times for which there exists an equivalent probability
measure under which they become IF-pseudo-stopping times. However, we believe that
the elimination of the term G~ '+ [m, M] is not the most important issue (as we show in
Example 6.7) since it is not hard to give non-trivial examples where the well-posedness
of the reduced BSDE can be obtained without annihilating that term. Therefore, we find
it reasonable either to assume that the generator is bounded and apply the previous
transformation method or to postulate that ¢ is an F-pseudo-stopping time under P.
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4.4 Solution to G BSDE in the Brownian case

To illustrate our approach from Sections 4.1 and 4.2, we first use results from Essaky
et al. [20] to show that in the case of the Brownian filtration, if 79 = 0 and U does
not appear in the right-hand side of (4.16) or (4.18), then a unique solution (Y, Z,U)
to (4.17)-(4.18) exists and thus a unique solution (Y, Z,U) to (4.15)-(4.16) exists as well.
Specifically, we now take M = W to be a d-dimensional Wiener process in its natural
filtration I and we consider below the constrained I BSDE (4.15)-(4.16) with F9 = 0.
Our goal is to demonstrate that, under some natural assumptions, these equations have
a unique solution (Y, Z,U) € O(F) x Py(F) x O(F).

To simplify the notation, we write D and F instead of (D", 0) and (F",0), respectively,
and we consider the situation where D = (D', D?) = ((W),I) and F = (F! F?) =
(F(y,z,u), F%(y)) for (y, z,u) € R x R? x R. Then the BSDE (4.17) becomes

Yt = GTXT - Fgl(y‘;) d<W>‘; - F?(Ye) dfs‘ - Zs dW@
1¢,7] 1t,7] 1t,71
i [GsRs — (F2(G4Rs) — F2(Y,))AT] dTs (4.19)

where F!(Y,) := F}(Y,, Z,,U,) and equation (4.18) has an explicit solution given by
U=(R-YG )= (F*(GR) — F*(Y))G'AI. (4.20)

We point out that, in the above, our choice of D? was somewhat arbitrary and we decided
to set D? =T for simplicity of presentation.

Proposition 4.13. Assume that:

(i) for every t € Ry, the map F}! : R x R x R — R is bounded and Lipschitz
continuous;

(ii) for every t € Ry, the map Ff : R — R is bounded, Lipschitz continuous and
decreasing;

(iii) the dual [F-optional projection A° has a finite number of discontinuities.

Then the BSDE (4.19) has a solution (Y, Z) and a solution (Y, Z) to (4.15) is obtained
by setting Y := G~'Y and Z := G~Y(Z — G~Yv).

Proof. To establish the existence of a solution (}77 Z ) to (4.19), we will apply Theorem
2.1 in Essaky et al. [20] to the data (P, R, ¥, F'). We observe that the BSDE (4.19) is a
special case of equation (2.1) in [20], which has the following form

Yz-S:GTXT"_ ] ]]f(SaYs»Zs)dS‘F ] ﬂg(S,Y;)dAs
t,T t,T

+ 3 h(sj;,,ifs)—/ 7. dW.. 4.21)
t<s<t 16,71
Indeed, (4.19) can be recovered from (4.21) if we set A := I'® where I¢ is the

continuous part of I and define the mappings f, g and h as follows

f(5.Ye, Z,) = —FNY,, Z,,U,),  g(s,Ys) =GRy — F2(Y,),
h(s,Yso,Ys) := (GsRy — F2(Yy)) AT, — (F2(G4Ry) — F2(Y,))(AT,)?

where U is given by (4.20) and the mapping % is in fact independent of the variable Y_.

To apply Theorem 2.1 from Essaky et al. [20], it suffices to check that Assumptions
(A.1)-(A.4) on page 2151 of [20] are satisfied. To check Assumption (A.1), we note that
the mapping F' is assumed to be continuous and, since it is also bounded, there exists
a constant C' > 0 such that |[F!| < C < C(1 + |z|), which shows that the linear growth
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condition is satisfied. Next, from the fact that |AT| < 1, we deduce that |g| is bounded
and thus Assumption (A.2) holds as well. Finally, & is bounded and continuous and,
since the process I is assumed to have a finite number of jumps, it is enough to check
condition (c) in Assumption (A.3).

To this purpose, we observe that 0 < AT < 1 and thus the mapping

y =y +hi(s,y) =y — AT F2(y) (1 — AT,) + AT (GsRs — AT F2(G,Ry))

is nondecreasing and continuous. Finally, the Mokobodski condition postulated in (A.4)
is trivially satisfied as we deal here with the BSDE with no reflecting boundaries. Thus,
by applying Theorem 2.1 in [20] with 7" replaced by 7 € T, we obtain the existence of a
maximal solution (Y, Z) to (4.19). O

Example 4.14. Let us consider a special case where ¢ is an F-pseudo-stopping time
(see Nikeghbali and Yor [42]) and thus the process v in (4.7) vanishes. We can suppose
that the mapping z — F.(y, z,u) has a linear (quadratic) growth and thus, since in the
case of a Brownian filtration the equality G = G_ holds, we obtain

Xy, 2)| = Gs|FHGT y, G (2 — Gl yws), )| < G (1+ G2 z]) < (1+ |z]),

which shows that the boundedness of F'' postulated in Proposition 4.13 can be relaxed.

5 Solution to a generalized reflected BSDE

Our goal in this section is to study the properties of solutions to the G RBSDE with a
random time horizon .

5.1 Reduction of a solution to G RBSDE

As in Section 4.1, in order to show that (3.3) has a solution, we will first reduce
a solution to the G RBSDE (3.3) to a solution of an associated RBSDE in filtration IF.
Subsequently, we show how a solution to the reduced IF RBSDE, which can be shown
to exist under suitable assumptions, can be employed to construct a solution to the G
RBSDE (3.3). Again, we first work under the following temporary postulate, which will
be relaxed in Section 5.2.

Assumption 5.1. A solution (}/}, 2, ﬁ, E) to the G RBSDE (3.3) exists.

Following the approach developed for the non-reflected case, we decompose Y into
the pre-default and post-default components

17211{19»} + ﬁ]lwgt} = ?t]l{19>t} + )?19/\7']1{19§t} =Yl + Xﬁﬂ{ﬁgt}
= G BE(Yil ooy | Fi) Lwsn + Rolp<sy.

To compute the component G, 1IE(}AQ]1{19>15} | ]-"t) we proceed similarly to the non-reflected
case. The new feature here is the use of Lemma 4.3 in order to obtain a reduction of the
G-strongly predictable, increasing process L. Computations in this section are similar to
those in Section 4.1, except for the presence of the reflection process and thus in the
following we will focus on new elements. To proceed, similarly to (4.4), we set

Ki(1) := B(X.G, + (GE" « D), + (GF9 % DY), | F)
+E((R+ L)+ A%+ L.G, | F) (5.1)
where F" is given by (4.3). From Assumption 3.1, we deduce the existence of IF-

predictable processes ¢¥'%1 and v such that K(7) = ¢¥%L e M and m = v« M.
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Proposition 5.1. The process Y = "(17]1[[0,19[[)6”1 satisfies the ' RBSDE, on [0, 7],
Y, = X, Fr(Y. _ / F9(Yy)dD?, — / L dM,
e 1t ° S T 5 s

+ /e H[Rszr( T(R,) — FI(Ys))ADL] dl'y — (L, — Ly)

whereY > X, U = 17, the process 7 is the IF-reduction of the process A given by (4.1),
2t 1= G;l (1/12/’Z’L — Yt,z/t) is an F-predictable process and L is an IF-strongly predictable,
increasing process such that L = L on [0,9] and the Skorokhod conditions are satisfied,
that iS, (]I{Y,;éX,} . LT).,— = (]l{YgﬁX} * L‘j_)r =0.

Proof. In view of Lemmas 3.4, 4.3 and 4.5 the generators ﬁr, F9 and the increasing
process L can be reduced to the filtration I to obtain, on the event {7 > ¢},

E(Yilgysyy | Fi) = B(Prlgsry + Rolgcocry + (GE™ e D7), — (GE" o D),
+(Gf? e DY)7 = (Gf? « DY)t + (Lr — Li)Lyysry + (Lo — L) Lpco<ry | Fr)
= E(X,G, + (GE"« D), — (GE" « D), + (Gf9+ DY), — (Gf9+ DY),
+(R+L)e A% — (R+ L)+ A%y + L.G; — LG, | F})

where the mapping £ is given in (4.3). Next, an application of the laglad product rule
to LG and the equalities G = G_ + Amand L = L_ + AL" yield

LG=L_em—L_oA°+G_+L"+G*L, +AG.AL"
=1_ -m—L.AO—&—é.LT—&—G.Li.
By combining these computations, we conclude that
YG=K(r)—GF e D" —GFI% DY —Re A+ G L" + G+ LY

where Y := G~! 0(?]1[[049[[) and K (7) is given by (5.1). The backward dynamics of Y can
now be computed from Corollary 4.8

Y, = X, / dD’"/ FgY)dDng—/]]”ﬂzdes
—|—/TR YdF+/ G2 d[M,n)s — (Ly — L)

and thus, after rearranging and using (4.3), we obtain the asserted BSDE.
It remains to check that the appropriate Skorokhod conditiAons are met by the process
L. Recall that the Skorokhod conditions satisfied by L.” and LY are

* LY

) 0p =0 (5.2)

( {V_#Xx_ }'L ) = (]1{?;&)(}
By integrating the first equality in (5.2) with respect to G~!, we obtain
(GZ'1 g1

{}’;77£X7} .ET)T == 0.

The equality }/}]].[[0’19[[ = Yo implies that ?_]1[[0719]] = Y_1p) and (L™)? = (L")’.
Consequently, since X_ = X_1o 9] + Roljy o], We get

(Gil]l[[o-ﬂ]]]l{f/,;éx,} oZT)T = (G:l]].[[o’ﬂ]]]].{y_;ﬁX_} B LT)T =0.
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Then, by taking the expectation and using the property of the dual IF-predictable projec-
tion, we obtain

E(GZ oo liy 2x 3o L")r) = E((Lyy_zx_y+L")7),

which implies that L" obeys the first Skorokhod condition, that is, (Iyy_+x_}«L"); = 0.
Similarly, to check the second Skorokhod conditiAon, we integrate the second equality
in (5.2) with respect to G~' and use the equality L% 1o 9 = L} 1] 9] to obtain

(G ool puxy * LL)r = (G o oLy £py * L)+

By taking the expectation and using the property of the dual IF-optional projection, we
obtain the equality E((1yx} * L] )-) = 0, which in turn implies that (1y.x} x LY ), =
0. O

5.2 Construction of a solution to G RBSDE

In this section, we relax the postulate that a solution (f/, Z , U , f) exists. In the next
result, we again denote by U an arbitrary prescribed F-adapted process and we do not
use Lemma 4.5.

Lemma 5.2. Let a process Ue O(F) be given and let (Y, Z, L) be an R x R x R-valued,
FF-adapted solution to the I RBSDE, on [0, 7],

Vo= X, — | HF;(nZs,US)dD;— H HF;?(Y;ZS,US)dDa
t, T t,T
- (R, — Y, — (FI(Rs, Z,U,) — FI(Ys, Z,,U,)) AD] dT,

It,7]
- ZgdM, — (L, — Ly)

It.7]
where Y > X and L is an F-strongly predictable, increasing process such that the
Skorokhod conditions (1yy_»x_1 L") = (I{yxxy * L%); =0 hold and Ly, = 0. Then the
triplet (Y, Z,L) := (Y, Z”,L”) where Y is given by
? =Yy + ]lﬂoﬂg[[ YT + ]lﬂoﬂg[[ * Y_,"(Z + (R,y - Yﬁf)]l[[g,oo[[]l{ng}
is a solution to the G RBSDE, on [0,7 A Y],
Y, = X, f/ Fr(V,,Z,,0,)dD" — F9(Y,, Z,,U,)dD?
¢ N o] < )b, /[[t,rw[[ ( )dDsy
S [Ry — Yy — (FI(Rs, Zs,Uy) — FI'(Ys, Zs,U,)) AD,] dm€
t,TA

o~ o~ ~

- ZydMy — (Lypy — L
1t,7A9] ( NI t)

where Y > X and L=1L"isa G-strongly predictable, increasing process such that the
Skorokhod conditions (]l{ﬁ#@} e LM onr = (]l{?#?} * Li)ﬁ/w = 0 are valid and Ly = 0.

Proof, It suffices to set C" := G~'F" « D" + L" and C9 := F9 % DY + L9 in the proof of
Lemma 4.10. The required Skorokhod conditions are also met since

(Lpo,op Ly sxoy o L"), = (Lpowrliy_2x 1+ L") =0
and
(Loorlgpexoy * I4), = (Lpoorlpyzxy * 14), =0
where we have used the following equalities: ?]l[oﬁﬂ =You( i}_]lllo’,,gﬂ =Y_1[o,9) and

X_= X,]l[[o’ﬁ]] + Rﬁ]l]]ﬁyoo]]. O
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Proposition 5.3. Let (Y, Z,U, L) be a solution to the F RBSDE, on [0, 7],

Y, = X, — FT(Y,)dD" — FI(Y,)dD?, — 7., dM, 5.3
t It.7] s( ) s /[[t,r[[ s( ) s+ /]]t,‘f']] ( )

[, R Yoo (F(BY) — FI(Y)ADI d — (L — L)

where Y > X, L is an IF-strongly predictable, increasing process with Ly = 0 and such
that the Skorokhod conditions (1yy_xx_y«L")r = (I;yxxy * LY ) = 0 are obeyed, and
the IF-optional process U satisfies, forallt € R,

G _ o . T _r r G
g Vst = /M [Ry — s — (FI(R,) — FI(Y2))AD?] dm®. (5.4)

Then (Y, Z,U,L) := (Y, Z”,U, L”) where the process Y is given by
Y = Yo+ ]l[[oﬂg[[ YT+ ]l[[oﬂg[[ * Y_E + (Ry — Yﬂ—)]l[[ﬂ,oo[[]l{q—zﬂ}

is a solution to the G RBSDE (3.3) on [0, 7 A Y], that is,

V= X,png — F7(Y,)dD" — FI(Y,)dD? 5.5
¢ o /]]t,rmﬂ] s (Vs) dD; /|It,‘r/\19[ J(V5) dDg, (5:5)
- Z,dM, — Usdm® — (Lyrr — L
1t,7A9] ) A]tn’/\ﬂ]] s s ( oA t)

where Y > X and L=1IL"isa G-stz;ong]y predictable, increasing process suAch that the
Skorokhod conditions (]l{?,¢)?,} o« L") ypr = (]l{};#?} * LY )gn- = 0 hold and Ly = 0.

Proof. The assertion of the proposition follows from Lemma 5.2 and similar arguments
as used in Section 4.2 (see, in particular, the proof of Lemma 4.10). O

We now focus on the existence of a solution to the constrained IF RBSDE (5.3)—-(5.4)
from Proposition 5.3. As in Section 4.2, we define the linear transformation

Y:=GY, Z:=G_Z+G 'Yv,U:=U, L" ::é-Lr, L9 :=G*LY

and the transformed generators [ and F9. It is easy to check that if a solution
(Y, Z,U,L) € O(F) x P4(F) x O(F) x P(F) to the coupled equations (5.3)~(5.4) exists, then
(Y,Z,U,L) € O(F) x Pg(F) x O(F) x P(F) satisfies the following coupled equations (5.6)-
(5.7)

_ 7 r ro_ g g
V=G X~ [ IV, 2,040, - [ FI(Y,, 2, 0,) dDL,
-/ ]]ZS dM, + o [GsR, — AFTADI]dTs — (L, — Ly) (5.6)
and
/ U, dm€ :/ (R, — Y.G;Y) — G AFTADY] dm€ (5.7)
]0,¢] 10,t]
where

AFST = ;(GsRsa Zs, s) - F;(}_/sz Zs; US)
and L = L" + L9 satisfies

Iy z2e x yoL")r = (Mysgxy x L) = 0.

In the reverse, a solution (Y, Z,U, L) to equations (5.3)-(5.4) can be obtained from a
solution (Y, Z,U) to equations (5.6)-(5.7) by setting Y := G~'Y,Z := G_'(Z — G~'Yv),
U:=U,L":=G 'eL"and LY := G 1 x LY.
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5.3 Solution to G RBSDE in the Brownian case

We proceed here similarly to Section 4.4. Let M = W be a d-dimensional Wiener
process and IF be its natural filtration. We consider the constrained IF RBSDE (5.3)-(5.4)
with 'Y = 0 and a cadlag lower barrier X. The goal is again to demonstrate that, in some
specific settings, the coupled equations (5.6)-(5.7) possess a unique solution (Y, Z, U, L).

As before, we write D and F instead of D" and F", respectively, and we consider
the case where D = (D!, D?) = ((W),T) and F = (F',F?) = (F'(y, z,u), F?(y)) for all
(y,2z,u) € R x R? x R. Then the BSDE (5.3) becomes

Y, =G, X, — Frd(w), — F2(Y,)dl, — Zy dW,
It.7] It.71 It.71
i [GRs — (F3(GsRs) — F2(Y,))AT)dTs — (L, — Ly) (5.8)
t,T
where F! := F}(Y;, Z,,U,) and equation (5.4) has a solution U given by equality (4.20).

The following result gives sufficient conditions for existence of a solution to ' RBS-

DEs (5.3) and (5.8) in the case of the Brownian filtration .

Proposition 5.4. Assume that:

(i) for every t > 0, the map Ft1 :RxRYx R — R is bounded and Lipschitz continuous;

(ii) for every t > 0, the map th : R — R is bounded, Lipschitz continuous and
decreasing;

(iii) the dual F-optional projection A° has a finite number of discontinuities;

(iv) the process X is cadlag.

Then the RBSDE (5.8) has a solution (Y, Z, L) and a solution (Y, Z, L) to (5.3) can be
obtained by setting Y := G'Y, Z:=G " Y(Z -G 'Yv)and L :== G 1. L.

Proof. Similarly to the proof of Proposition 4.13, in order to obtain a solution (Y, Z, L)
to the BSDE (4.19), we apply Theorem 2.1 in [20] to the data (X, R,9¥, F). We note
that (4.19) is a special case of equation (2.1) in [20] of the form
Vi=GoXo+ [ f(sVeZ)ds+ [ g(sV)dA~ [ Zaw,
1t,71 1¢,7] 1t,71
Y W Vel V) — (Er — L)

t<s<tT
where (5.8) can be recovered if we set A := re (the continuous part f) and
f(s,YS, ZS) = —FQ(YS, ZS) US)a 9(57573) = ésRs - FSQ(YS)

and

h(s,Ys—,Ys) := (GsRs — F2(Yy)) AT, — (F2(G4Ry) — F2(Yy))(AT,)?
where U is given by (4.20). Notice that once again h does not depend on Y,_. As was
explained in the proof of Proposition 4.13, the assumptions in Theorem 2.1 of [20] are
satisfied and thus a solution (Y, Z, L) exists. Finally, we observe that the I-predictable,
increasing process L := G~ ! . L clearly obeys the Skorokhod conditions since

(Lpy_ex_yoL)r = (Igy 2o x 1G 1o L), =0
and thus the proof is completed. O

In Section 6, we deviate from the previous sections and, for given a filtration I, we
focus on BSDE (6.1) and RBSDE (6.12) with the feature that the driver is laglad and may
shares jumps with the driving martingale. Even when the driver is cadlag, there is a
gap in the existing literature on BSDEs when the driver shares common jumps with the
driving martingale and thus we develop a jump-adapted method to solve BSDEs of this
general form.
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6 BSDE with a laglad driver and discontinuous martingales

In the last section, we shall work in a general setting and study solutions to BSDEs
and RBSDEs where the driver is laglad and may share common jumps with the driving
d-dimensional martingale M. To the best of our knowledge, such results are not yet
available in the literature. More specifically, given a filtration I, we first propose in
Section 6.1 a method of solving the IF BSDE

=& - "dD" — 94DI, — L dM, 1
w=g [ frapi- [ granl [ zd (6.1)

where I := fI'(vs—,vs,2s) and f9 := f9(vs,vs4). In particular, we observe that in the
case where either FY in (4.15) does not depend on U and Z or U in (4.16) can be
solved and does not depend on Z (see, for example, Section 4.4), then the BSDEs (4.15)
and (4.17) can be obtained as a special case of the above BSDE (6.1). In Section 6.2, we
extend this approach to the case of IF RBSDEs.

6.1 BSDE with a laglad driver and common jumps

We present below a jump-adapted method of transforming the laglad BSDE given

by (6.1) to a system of more tractable cadlag BSDEs, which in turn can be further
converted into a system of cadlag BSDEs with a continuous driver. In some special
cases, a solution to the latter BSDE can be obtained by utilizing results from the existing
literature.
Step 1. From a laglad to cadlag driver. For simplicity, in the following we denote
D := D" + DY so that D is a laglad process of finite variation. We suppose that the times
of right-hand jumps of D (that is, the moments when AT D > 0) are given by the family
(T3)i=1,2,... p of F-stopping times and we denote Sy := 0, S; :=T; A7 and Spy; :==7. We
note that at each S; we have that vy — v = f9(v,v4)ADY, which shows that when the
value of v, is already known, then the value of v can be obtained as a solution to that
equation. This leads to the observation that a solution (v, z) to (6.1) can be constructed
by first solving iteratively, for every i = 0,1, ..., p, the following cadlag BSDE on each
stochastic interval [S;, S;11]

Vi = i—/ (vl 2l dD" —/ 2t dM, 6.2
i =& ]]t,sm]]f ( ) Sl (6.2)

where an Fg, ,-measurable random variable £ is given by the system of equations, for
everyt=0,1,...,p—1,
1 , .
vlSH_l - 51 = ng_l (gla Ugl+1)A+DSi+1

with £€P = ¢,. Then a solution (v, z) to the laglad BSDE (6.1) is obtained by setting

p p
L E % - § : i
v i= v ]lﬂsi,5i+1]]’ zZ = z ]l]]si,si+1]]'
1=0 i=0

Step 2. From a cadlag to continuous driver. In view of (6.2), in the following we focus
on showing that the cadlag BSDE can be solved, under certain assumptions about the
driver and filtration. We now consider the situation where the filtration IF can support
discontinuous martingales (e.g., the Brownian-Poisson filtration) and the driver D is
possibly discontinuous. More specifically, we study the cadlag BSDE of the form

p=6 = [ Ry Dl [ zdM, (6.3)

t,T

where a solution (y, z) € O(F) x P4(F) is such that y is a cadlag process.
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Remark 6.1. Our interest in the BSDE (6.3) is motivated by the need to understand the
well-posedness of the pre-default BSDE, which is obtained in a nonlinear reduced-form
model without postulating that either condition (C) or (A) holds. The discontinuity in D"
stems from the discontinuity of the hazard process I and, in some financial applications,
the introduction of the nonlinearity can be interpreted as a way to introduce ambiguity
in the recovery and the default intensity (see, e.g., Fadina and Schmidt [21]).

In the following, we suppose that &, is bounded and F.-measurable and we consider
a more general BSDE

Yt = gT - ~/]]t77']] fsr dDg - Z h(svys—yys) - /]]t,‘r]] Zs dMs (64)

t<s<t

where fI := fI(ys—,ys, 2s) and D¢ is the continuous part of the process D".

To recover the BSDE (6.3) from (6.4), it suffices to set h(s, ys—,ys) := f1(ys—,ys)ADE.

Consequently, we henceforth suppose that h = 0 outside the graph of a finite set of
F-predictable stopping times (7;);=1,2,..., and we denote Sy := 0,5; := T; A 7 and
Spt1 :=T.
Remark 6.2. Note that a sufficient assumption for the jumps of D" to be IF-predictable
stopping times is to postulate that D" is an [F-predictable, increasing process. Further-
more, observe that the condition that (T;);=1, ., are F-predictable stopping times can
be relaxed if the mapping h does not depend on y_.

Remark 6.3. Suppose that p = 1 and denote S = S;. Let us assume that a solution
to (6.4) on ]S, 7] has already been found and our goal is to construct its extension to the
interval [0, 7]. We observe that if (y, z) is a solution to (6.4), then

= 4 s—1rYs» s)dDg h yYs—r Ys s AM
Yo =yt i i@y 2) DI D hsyemy) + [z,
0<s<t
and hence the jump of the cadlag process y at time S satisfies
Ays = ys —ys— = h(S,ys—,ys) + 25 AMs. (6.5)

By taking the conditional expectation of both sides of (6.5) with respect to Fs_, we
obtain the following equation

ys— = E(ys — h(S,ys—,ys) | Fs—),

which, at least in principle, can be solved for ys_ under appropriate additional assump-
tions. Subsequently, one could compute zg from equality (6.5). However, if one decides to
proceed in that way, then to solve the BSDE (6.4) on [0, S one would need to solve (6.4)
on [0, S[ and thus to study the BSDE driven by the martingale M stopped at S—. Since
this would be quite cumbersome, we propose in Proposition 6.4 an alternative method
where this difficulty is circumvented.

To show the existence of a solution to the BSDE (6.4), we introduce an auxiliary
laglad BSDE

Ut = ST - h’(Tv U-r—,€7—) - A]t;TH f:(vs—; Vs, ZS) dDS - -/]]t,‘rﬂ Zs dM?
= ) h(s,vsm,ve4) (6.6)

t<s<T

where a solution (v, z) € O(F) x P4(F) is such that v is a laglad process.
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Proposition 6.4. Let v be a laglad process such that (v, z) is a solution to the BSDE (6.6)
on [0,7]. Then (y,z) where y := v 1o ] + h(7,v.—,& )1, is a solution to the cadlag
BSDE (6.4) on [0, 7].

Proof. Suppose that (v, z) is a solution to (6.6). It is clear from (6.6) that the left-hand
and right-hand jumps of v are given by Av = z2AM and A%v = h(-,v_, v, ), respectively.
By the optional sampling theorem, we have that E(vs | Fs—) = vg_ for any F-predictable
stopping time S. Therefore, if the random variable vgs is known, then the Fg-measurable
random variable vg is a solution to the equation

A+U5 = US54+ — Vs = h(S, E[Us | ]:Sf}ﬂ)st). (6.7)
If we set y := v; on [0, 7[, then y_ = v_ and thus

Ays =ys — ys— = ys+ — Ys— = vs+ — vs— = Atvg + Avg
= h(-,vs5-,vs54) + 25 AMgs = h(-,ys—,ys) + zs AMg,

which coincides with (6.5). In the next step, we take inspiration from the proof of
Theorem 3.1 in Essaky et al. [20] and rewrite (6.4) into

vy =& — h(1, 07, &) ADT — /

T(vs—, Vs, 25) dDS —
g I yan; - |

HzSdMS— Z Ato,.

t, T
t<s<T

Recall that, by assumption about A, the right-hand jump times of v are given by the
family (T;),=12,...p of F-stopping times and we denote Sy := 0, S; :=T; A7 and Sp41 = 7.
We observe that a solution (v, z) can be obtained by first solving iteratively the following
cadlag BSDE on the stochastic interval [S;, S;11], foreveryi=0,1,...,p,

P g r i,%,?dD‘f—/ LM, 6.8
Ut § /]]t75i+1]] fs (Us— Ug Zs) s 1¢,5i51] % s ( )
where ¢° is an Fg, ,,-measurable random variable determined by the recursive system of
equations, for every i = 0,1,...,p (see (6.7))

qu-:jl o gi = h(SH‘l’ E[gl ‘ ]:Si+1—]’ U%«le) (6.9)
with the terminal condition UZS’;:I = £. In the last step, we aggregate the family of
solutions (v?, 2%) fori = 0, 1,...,p by setting

p p
.0 i .0 i
v = vy + E v]l]]shgiﬂ]], zi=2zy+ E Z]l]]sq,,s,;ﬂ]]o
i=0 i=0

Then, by an application of the It6 formula, one can check that (v, z) is a solution to the
laglad BSDE (6.6). Furthermore, since Ays = vgy — vg— and the dynamics of y and
v, which are given by (6.4) and (6.6), respectively, are easily seen to coincide on each
stochastic interval |S;, S;11[, we conclude that (y, z) := (v, 2) is a solution to the cadlag
BSDE (6.4) once we made the appropriate adjustment to the last jump of size / at the
terminal time 7. O

Remark 6.5. Note that if the recovery process R is F-predictable (so that one can
use AP instead of A°) and D" is chosen to be have IF-predictable jumps (for instance,
if D" = ((M), Gl. AP)), then the transformed BSDE (4.17) has the form (6.4) and h
vanishes outside the graph of a family of IF-predictable stopping times. In that case,
assuming that ¢! can be solved in (6.9), we would be able to consider jumps of a size h
depending on v_.
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Example 6.6. Let us show that if appropriate conditions are imposed on the inputs
(f7, D", M), then a unique solution (v%,z‘) to (6.8) can be obtained on each interval
[Si, Si+1] fori =0,1,...,p and hence a solution (y, z) to (6.4) can be constructed as well.
In the following, we assume that the process (M) is continuous, the function h does not
depend on v_ and

ff(v_,v,2) e D° = f(v_,v,2) « (M) + g(v) « B

where B is an F-adapted, bounded, continuous, increasing process and f and g are
some real-valued mappings satisfying appropriate measurability conditions. We note
that, as h does not depend on v_, the assumption that the jump times of D" (and hence
also (Si)izL,,_,p) are [F-predictable stopping times can be relaxed. Furthermore, the
right-hand jumps of the process v are given by Atv, = h(t, vy ).

We thus need to analyze the following cadlag BSDE with a continuous driver, on each
stochastic interval [S;, S;11] for every i =0,1,...,p,

dvi = —fi(vi_,vi, 25 d(M); — g(t,v}) dB; — zi dMy,

i it _ i+l
U5i+1 - vSi+1 - h(51+1’v57:+1)’

with the terminal condition vgﬁl =&

Observe that in the case of a Brownian-Poisson filtration I, the existence and unique-
ness of a family of solutions (v%, 2*) can be deduced from Theorem 53.1 in Pardoux [44]
under the postulate that f, g and h are bounded and Lipschitz continuous functions, the
process B is bounded, and M = (W, ]\7) where W is a Brownian motion and N is an

independent compensated Poisson process.

Example 6.7. Let the filtration I be the Brownian-Poisson filtration. We consider below
an example given in Gapeev et al. [26] of a supermartingale .J valued in (0, 1] which is
the solution to the SDE

b
th == —>\Jt dt + th(]. - Jt) th7 JO == 1
The process J takes a multiplicative form .J, = Q,e~* where Q satisfy

th
=1 —(1 = Jy)Qy dW,,.
Q1 +/0 o )Q
For a fixed p € (0,1), we consider the supermartingales
Gy = Jlgery FpJilir <y = Jo — (1 = p)Jil <4y

and Gy = J; — (1 — p)Jt]l{Tlgt} and we observe that, by an application of the It6 formula,
we have

- th ~ t
G, :1+/0 ;Gu(l—Ju)qu—/o AGu du — (1= p)Jr iz, <oy

We know from Jeanblanc and Li [32] that it is possible to construct a random time 7 such
that the Azéma optional supermartingale and the Azéma supermartingale associated
with 7 are given by G and G, respectively. In the present example, the equality G=G_
holds and the martingale m, the dual [F-optional projection A° and the hazard process
[ = (@—1 « A°) associated with 7 are given by the following expressions

th ~
my =1 +/0 ~Gu(1 = J,)dW,,

t
A0 = /0 AGy— du+ (1 —p)Jr, Ly <sy,
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and Ty = M + (1 — p) L7, <4 so that T = M and T = (1 — p) L7, <4y

The stopping time 77 can be viewed as a shock to the underlying financial asset
and 7 is the timing of a default event. The parameter p € (0,1) can be regarded as the
conditional probability that the default event occurs at 77 given that the default event has
not occurred before T;. In the following, we denote the compensated Poisson process by
N and for the ease of presentation we set D" = I'/(1 —p) and DI = I'% /(1 —p) = 1)1y o0
Furthermore, we suppose the generators F” and F'? does not depend on Y_ and the
constrained BSDE (4.13)-(4.14) reduces to a single BSDE given by

F{(Ys) FE(Ys) =q b | 1
Y, = X1 — S dr, — S22 dr —(1— Z — Z
t r /]]t,T]] 1-p dl's /[[t,T[[ 1-p dl's + /]]t,T]] 0( Jo)Zs ds /]]t,T]] s dWs

= Z2dN,+ [ Ry~ Y, — (FI(R,) — FL(Y))1 dT,.
16,77 s + 16,71 [ ( s( ) s( )) [[T1]](S):|

On the set {7} < T}, we observe that the driver of the above BSDE has only one jump
at time 7 and thus on the stochastic interval |77, 7] we need only to find the solution
(y,u) where u = (u',u?) to the BSDE,

_ TrAFy(ys) b1 — JS)Ui
yt*XT*/t. [ 1—p - pu 7>‘(Rsfys) ds

f/tTu; dVst/tTudeS. (6.10)

At the jump time T3, the right jump of Y is given by A*Yy, = F7 (Y7,) and the
quantity Y7, is obtained by solving the equation yr, — F7 (Yr,) = Yr,. Assuming that Y7,
can be computed, we see that one is required to solve the cadlag BSDE, on the stochastic
interval [0, T4],

FT(Yé) ~ b 1 1 2 %7
Y, =Y, — S22 dr —(1— A — ZdWg — Z<dN,
! n /]]t,Tll] 1-p ars /]]thlﬂ U( Gs) s ds /]]t-,Tl]] s AW /]]t»Tlﬂ s AN

* /]]t7T1]] [RS —Y- (F‘:(RS) - F‘:(sz))]l[[Tl]](s)} dfs

where the martingale term and the driver may share a common jump at 7;. Again, we
observe that the driver jumps at 77 only and the jump size given by

h(Tlv YTI) = FTT‘I (YTI) - [RTI - YTI - (F{’l (RTI) - F{’l (YTI))} (1 - p)'
Therefore, the adjusted terminal condition v, at T equals
vr, == Yp, — W(T\,Yr,) = Ry, — Fy, (Ry,) — p[Ry, — Y1, — (Ff, (Ry,) — Fr, (Yr,)]

and we see that we need to solve the following BSDE with a continuous driver, on the
stochastic interval [0, 1],

AFT (v b(1 — J,) 2!
vy = v, — [ S(v‘)+ (1= J)z + A(Rs — vs)| ds
Iyl 1—p o
- 2Ldw, —/ 22 dN,. (6.11)
1t,71] 1t,71]

To this end, let Y7, be a solution to the equation yr, — ', (Y7,) = Y7,. Then a solution
(Y, Z) where Z = (Z', Z*?) on the whole interval [0,7] can be obtained by setting

Y = vl g+ h(Th, Yr,)Liny + ylyr 1,

Z,L = Zl]l[O,Tl]] —|— UZILHTI)T]].
Let us now consider the set {71 > T'}. Since there are no jumps before T, it suffices to

find (v, z) in (6.11) on the whole interval [0, 7] with the terminal condition vy = Xr.
To showcase the jump-adapted method outlined above, we provide an exhibit
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o XT

yr, = Y7 4 3,
F’?l (YT1 )

Y7, o
h(T1,YT,)

o’ vy = YT1 — h(Tl7 YTl)

CUT1, = YT]*

Ty T

solve for (v, z) solve for (y,u)
We point out that since (1—J) is bounded by one then, when considering (6.10) and (6.11),
we do not need to study the transformed BSDE given in (4.17)-(4.18). This is because,
given appropriate assumptions on F”, the linear growth conditions in z can be easily
verified here.

6.2 RBSDE with a laglad driver and common jumps

Following the structure of Section 6.1, for a given filtration I, we focus on F RBSDEs
of the form

_ _ T T g g
vy =& /]]t,r]] Jo (Vs—, v, ZS) dDy / T4 (vs, Us+) st+

[.71
—/ﬂ A R (6.12)
t,T

where (" and 19 satisfy (1, ¢ 1 +0"); = (L{y2¢y x19); = 0. We observe that in the case
where F9 in (5.3) does not depend on U and Z or that U in (5.4) can be solved and does
not depend on Z (for an example, see Section 5.3), then RBSDEs (5.3) and (5.6) can be
obtained as a special case of the above RBSDE (6.12). Similar to the non-reflected case,
we present below a jump-adapted method to reduce the laglad RBSDE (6.12) to a system
of cadlag RBSDEs, which can be further reduced to a system of cadlag RBSDEs with
continuous drivers.

Step 1. From a laglad to cadlag driver. By examining the right-hand jumps of v, that is,
A*w, and the Skorokhod condition satisfied by 19, we observe that ATv and Alf must
satisfy the conditions

vy —v = fI(vy,0)ADS + Al (v—§AIL =0,
which in turn implies that
+
Al = (€ = (vy — f9(v,v)ADI)) T, v=¢V (v — f9(v,04)ADL)

We thus see that at the jump times of li and DY the quantity v can be computed by
solving the second equation (of course, assuming that a solution exists) and Ali can be
obtained by substitution. In particular, if f9 does not depend on v, then it is clear that
we have

Al = (&= (v = fo(v)ADL)T, v =€V (vq = f9(vs)ADY).
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These arguments lead to the observation that a solution (v, z,[) to (6.12) can be con-
structed by solving iteratively, for every i =0, 1,...,p, the following cadlag RBSDE on
[Si, Sita]

p=8 - he(vs, s, 2 dDr—/ LM+ 1, - 6.13
vy =¢ /]]t,Si+1ﬂ s(vs_, g, 25) dDg Ly P AMs+ s = (6.13)

where the cadlag increasing process I’ obeys the Skorokhod condition (1 (e —vi}e 1*)=0
and (&7, Alf’gﬂﬁ) are Fg,,,
and for:=0,1,...,p—1,

-measurable random variables such that Algp+1 L+ =08 =¢;

Al = (s, — (5T =R (€05 )ADY ) ’
Siy1+ Sit1 Sit1 Sit1 ’ VSt Sit1+ ’
i __ i+1 g i ,,it1 g
€ =t¢g,, V (U?SHI — hSrL+1(£lavgi+l)ADSi+1+> .

Then a global solution (v, z,1) where [ =" + 19 is obtained by setting

P P
v =1+ sz]lﬂSmSHlﬂ’ zZ=z0+ Z R RCA P
i=0 1=0
P ‘ P
"= Z(l.ls‘jl + 1) ys, 5041 V= Z Algﬂrﬂﬂsmwﬂ’
i=0 1=1

where ;! =0, vo = v§ and 2z = z§.

Step 2. From a cadlag to continuous driver. In view of the cadlag RBSDE (6.13), we
study the RBSDE of the form

=& — "(yYs—,Ys, 2s) dD? — ,dM — .14
Yt 67' /]]t,'r]] fs(yé 7ysyzs)d s A]t,T]] Zbd .s+l7' lt (6 )

where a solution (y, z,1) € O(F) x P4(F) x P(F) is such that y is a cadlag process and !
is a cadlag, increasing process such that (1, ¢ 1 +1); = 0 and [y = 0. In the following,
we consider a more general RBSDE of the form

yt:é.T*/ﬂ f@(ys—vymzs)st* Z h(57y8—7y8)7/]]t ]]stMS+lTilt (615)

t,7]
t<s<tT

\T

where a solution (y, z,1) € O(F) x Py(F) x P(F) is such that y is a cadlag and [ is a cadlag
increasing process such that (]l{yf;ﬁgf} «!"); =0andly =0.

To recover equation (6.14) from (6.15), it suffices to set (s, ys—, ys) := f1 (ys—, ys)AD.
In view of this observation, we further suppose that 7 = 0 outside the graph of a finite
family of F-predictable stopping times (7;);=1,2,..., and we denote Sy =0, S; = T; AT
and Sp41 = 7. To examine the existence of a solution to the RBSDE (6.15), we introduce
an auxiliary RBSDE

Ut = 57 - h(T, ’UT—?gT) - A]t 1 f:(vs—aU&ZS) dDg

-y h(s,vs_,vs+)—/]]”]] 2o dM, + 1, — 1, (6.16)

t<s<T

where a solution (v, z,1) is such that v is a laglad, F-adapted process, the process z is
IF-predictable and the process | obeys the Skorokhod condition (1, ¢y «!), =0 and
lp=0.

Proposition 6.8. Let v be a laglad process such that (v, z,1) is a solution to the RB-
SDE (6.16) on [0, 7]. Then (y, z,1) where y := vy 1o ;] +h(T,v-—, &)1, Solves the cadlag
RBSDE (6.15) on [0, 7].
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Proof. Suppose that (v, z,1) is a solution to (6.15). It is clear from (6.15) that the left-
hand and right-hand jumps of v are given by Av = 2AM + Al and Atv = h(-,v_,v,),
respectively. Note that [ must satisfy the reflection condition (vg_ — £s_)Als = 0 and, by
the optional sampling theorem, we have that E[vg | Fs_] = vg— + Alg for any IF-stopping
time S. Then, by solving these two equations, we obtain

vs— =Es- VE[vs | Fs_], Alg = ((s- — Efvs |}‘S,])+.

Therefore, if the random variable vg; is known, then the Fs-measurable random variable
vg is a solution to the equation

A+U3 = U544 — Vs = h(S, (s V E[’US ‘.st]7vs+).

Recall that, by assumption about h, the right-hand jump times of v are given by the
family (7;);=1,2,... , of F-predictable stopping times and we denote Sy =0, S; = T; AT
and S,41 = 7. We observe that a solution (v, z,1) can be constructed by first solving by
iteration, for every i = 0,1,...,p, the following cadlag RBSDE on the stochastic interval

[Si, Sit1]

vi=gl - /]1 oy S v 2y ADS - /ﬂ ooy M s

where, for every i = 0,1,...,p, we have Li,i_4¢ }n]s,.s,,,] + /' = 0 and we denote by ¢’
an Fg,,,-measurable random variable satisfying vg:;ll =&, and

vl =& = h(Si1, €50, - VEIE' | Fs,y, 05! )-

We aggregate the family of solutions (v?, 2%) fori = 0, 1,..., p by setting lo_1 =0 and

p p p
v =)+ Zvi]lﬂsi,smﬂv z=29+ Zzi]l]]ShSHlH, l= Z(zgl + 1) 1ys,.5,01]-

i=0 i=0 i=0
Using the It6 formula, one can check that (v, z,!) satisfies the laglad RBSDE (6.15) and
| is increasing and satisfies (Il{u#f} «l); = 0. Furthermore, since Ays = vgs — vg_
and the dynamics of y and v (see (6.15) and (6.16), respectively) are easily seen to
coincide on ||S;, S;+1[, we conclude that (v, z,1) := (v4, 2,1) is a solution to the cadlag
RBSDE (6.15) once we made the appropriate adjustment to the last jump of size h at the
terminal time 7, since v_ = y_ and (1, _x¢ y+l); = 0. O

Example 6.9. Here we show that if appropriate conditions are imposed on the inputs
data (f, D, M), then a unique solution (v*, z%) to (6.8) can be obtained on each interval
[Si, Si+1] for i =0,1,...,p and thus a solution (y, z,1) to (6.4) can be constructed. In the
following, we assume that the process (M) is continuous, the function 4 does not depend
on v_ and

fro_yv,2)e D= f(v_,v,2) « (M) + g(v) s C

where C' is an FF-adapted, continuous, increasing process. Furthermore, f and g are
some real-valued mappings that satisfies appropriate measurability conditions.

We note that since h does not depend on v_, the assumption that the jumps of D
occur at IF-predictable stopping times can be relaxed and the right-hand jumps of v are
given by Atv, = h(t, v, ). Hence one is required to solve the following cadlag RBSDE
with continuous drivers, on each stochastic interval [S;, S;41] fori =0,1,...,p,

dvi = —fy (v, 28) dt — g (v}) dD§ — 2t dM; + dli,
i _ il i+1
USip1 = /U51‘+1 - h(SH’l’ vSi+1)7
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where vgtll = ¢ and ' € P(IF) is a cadlag, increasing process with [{ = 0 and such that

the follovs’}ing equality holds
]l{vi;#ff}ﬂ]]sruswrl]] ' =0.

In the case where IF' is a Poisson filtration or, more generally, is generated by the
Teugels martingales (see Nualart and Schoutens [43] or Schoutens and Teugels [49]),
the existence and uniqueness of a solution (v?, z¢, %) can be obtained by an application of
Theorem 5 in Ren and El Otmani [48] under the postulate that f, g and / are bounded
and Lipschitz continuous functions, the process D is bounded, and M is the compensated
Poisson process.

7 Appendix
We assume that the process R is [F-optional and we define the laglad process @ by
Q=K—-—ReA°+C=K—-R.A°+C"+C"Y

where K is an IF-local martingale and C' is a ladlag process of finite variation. If Y is a
ladlag process of finite variation or, more generally, an optional semimartingale (which,
by definition, is assumed to be a ladlag process), then Y admits the decomposition
Y = Y" + Y9 where Y/ := > _,(Y,y —Y;) and the cadlag process Y" is given by
Y":=Y -Y09,

Lemma 7.1. Assume that G > 0. Then the process G~ satisfies
G l'=Gy-G2em+G7L.T (7.1)
where T := G~'+ A° and i := m — G~' « [m, m]. Moreover, for the cadlag process
QI =K—-—R.A°+C"

we have that

Q",G™' = -G 'GZM([K,m] — [K, A°] + [C",G]) — RAG™" « A°. (7.2)
Proof. For brevity, we write [G] := [G, G] and [m] = [m,m]. The It6 formula yields
G l'=Gy' -GG+ GGG =Gy = G2 T (7.3)

where J := G — G~!+[G]. Since G = m — A° and thus AG = Am — AA°, we obtain

[G] = [m] — [m, A°] + [A°, A°] = [m] — Am+ A° — (Am — AA°) + A°
=[m] — Am+ A° — AG + A°

so that
J=G—-G'e[Gl=m_A°— G e[m]+ G (Am+ A% + AG .« A°).
Using the equalities m = m — G~ « [m] and Am = G — G_, we get
J=m+G  e[m]—A° =G e[m] - G (G- G_) e A° — AG+ A°).
Since G — G = AA°, we also have that

(G '=G e[m =G 'GHG - G)e[m] = -GG TAA° . [m]
= GG N AM)? A’ = -GGG - G_)? . A0
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Consequently,
J=m—-A°+G G -G_+AG -G MG ~G_)?) e A° =i~ G'G%.T,

which, when combined with (7.3), shows that (7.1) is valid. To establish (7.2), we first
compute

Q.G =—-G22.[Q", G+ GG [Q", [G]]
= -G72.Q", Gl + GTIGTIAG.[Q, G = -GG . [Q7, G).

Finally, using the equalities AG = —GG_AG~! and G = m — A°, we obtain

Q",G7'=-G'GZ'.[Q",G] =G 'GZ'R.[A°,G] - G'GZ'« ([K,G] + [C", G])
=-G'GZ' ([K,G] + [C",G]) — RAG™ . A°
= -G 'G7t . ([K,m] - [K,A°| +[C",G]) — RAG™'. A°

and thus equality (7.2) is proven as well. O

We maintain the assumption that G > 0 (and thus also G > 0) and we consider the
process
Y =G 'Q=G'(K-R.A° +O). (7.4)
Our goal is to derive the dynamics of Y in terms of 1:7 m and

K:=K—-G'.[K,m].

In the proof of Lemma 7.3, we will employ the optional integration by parts formula.
Recall that, by definition, any semimartingale is a cadlag process but an optional
semimartingale is not necessarily a cadlag process although, by definition, it is a ladlag
process.

Let X = X"+ X9 and Y = Y" + Y9 be laglad optional semimartingales such as Y is
of finite variation. Then the optional integration by parts formula reads (see Theorem
8.2 in Gal’cuk [24])

XY =XoYo+XoY +YoX+[X,Y] (7.5)

where the optional stochastic integrals are given by

XoY =X_oV "+ X%V,
YoX=Y_ X" +Y %X,

where X (respectively, Y) is the cadlag version of the caglad process X9 (respectively,
Y9) and the quadratic covariation [X, Y] equals

(X, Y]i= > AXAY.+ > ATX.ATY,

0<s<t 0<s<t

where we denote AX; = X; — X; and ATX; = X, — X;.

For the reader’s convenience, we formulate a variant of the optional integration by
parts formula (7.5), which holds when X = X" is a (cadlag) semimartingale and Y = Y9
is a caglad process of finite variation.

Lemma 7.2. Let X = X" be a semimartingale and let Y = Y9 be a caglad process of
finite variation. Then the process XY is ladlag and satisfies, for every 0 < s < t,

XY, = X.Y, Jr/]1 RAC /[[ Ky (7.6)

where Y7 is the cadlag version of Y9.
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We will use the shorthand notation for (7.6)
XY:X0Y0+Y.X+X*Yf_’

but all equalities in the proof of Lemma 7.3 should be understood in the sense of (7.6),
meaning that all integrals with respect to a cadlag (respectively, caglad) process should
be evaluated on the interval |s,t] (respectively, on the interval [s,t[) for arbitrary
0<s<t.

Lemma 7.3. If the process Y is given by (7.4) where C is a ladlag process of finite
variation with the decomposition C = C" + CY, then

Y, =Y — /ﬂw (Ry — Yy)dT's — /ﬂw Y, G ding + /110th Gl dR, (7.7)
+ /]]0th G rder + /[[O,t[[Gs_l ey, .
Proof. We note that @ satisfies
Q=K -—ReA°+C =K —ReA®+C" +C9 = Q" + (9
where
Q =K—-—ReA°+C" =K+G ' [K,m]—Re.A°+C".
The integration by parts formulas applied to Y = G71Q = G~1Q" + G~'CY gives

Y =G'Q"+G 1Y
=Y+ Q-G +G Q"+ Q"G+ G xCY (7.8)

since G~! and Q" are (cadlag) semimartingales and thus the Itd integration by parts
formula applied to the product G~'Q" yields

Gl =Q .G+ GT QT [QNGT
whereas the optional integration by parts formula from Lemma 7.2 gives
G'CI=C% G+ G+ CY.
From (7.2) and (7.8), we obtain

Y =Yy— Q_(G2em— G 'eT) +G' e (K + G o [K,m] — Re A° + C7)
—GZ'GTY([K,m] — [K,A°] +[C",G]) — RAG™' e A° + G~ x CY (7.9)
=Yy - Y. G lem+G ' K+ K+ H

where
K:=G'eC"+G 'xCL -GG [C",G]
=G CTH+ G X 0O - GTIGIIAGACT =G CTH G O,
and
H:=G 'GT'AK « A° + G2 (G™' -~ G7Y) o [K,m]
—RG ' A+ Y. GGG A = i:H
i=1
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We first recall that AA° =G — Gand Am =G — G _. Therefore,
H'+ H* =G 'GZ'AK « A° + GZH G = G7Y) o [K,m]
=GIGTH(AK « A° — GTIAA K, m]) = GTIGTH(AK « A° — GTIAK Am o A°)
=GIGTHAK —G7Y(G ~ G_)AK) « A° = GT'GTIAK « A°.
Next, we deduce from (7.4) that
AK = A(YG) + RAA® — AC" = A(YG) + R(G — G) — AC"
and thus
H=G1'GHAYG)+R(G—~G)—ACT)« A° —RG™1e A° + Y_.GT'G_G™1. A°
=G 'GH(YG+R(G—G)—AC") « A° — RG™'. A°
=G 'Y A -~ G IGTTACT W A° — RGT L A°
=G 'Y A~ G 'GTIAA.CT — RGT L A°
=(Y=R).T+(G'=GH.C".
To complete the derivation of (7.7), it suffices to substitute K and H into (7.9). O

In the next lemma, which is a counterpart of Lemma 7.3, we study the dynamics of
the process Y given by

Y =G (M~ (Rx A°)) (7.10)
where the F-martingale M is defined as follows, for every t € [0, 7],
My :=Ep[PrGr + (Rx A1 | F].
Notice that the process Y given by (7.10) is related to the payoff Pri y>r) + Ryl{g<1y,

which is encountered in credit risk modeling (see, e.g., Li et al. [38]). We recall that

(R* A%), = / R, dA°
0.1]

and thus R x A° is a left-continuous process.
Lemma 7.4. If Gy = G, then the process Y given by (7.10) satisfies
Y =Yy+G'eM-Y_Glein— (R—Yy)+T (7.11)

where M := M — G~='«[M,m] and i := m — G~ « [m, m].
Proof. Note that

Y =G ' (M—-R+xA°) =G 'H
where we denote H = M — R % A°. Since

G l=Go—G2eim+ G «T
the integration by parts formula gives
Y=G'(M—-RxA°) =G 'H

G 'eH +G "% HI+H_o(G) '+ H+ (G +[H",(G") Y+ [H, (G

=G ' H —R+T94+H_o(G) '+ H,G ' «T9+[H",(G")7Y
=G H + H_o(G") 4 [H™ (G — (R~ HyG) +T9
=G ' M —ReT°—H_ «G2em+H-G 1T+ [H,(G")7Y] — (R~ HLG™1) % T¢

=G M - H_GZ?ein+ G2 [M, 7] — (R~ H_(G_)"') oI — (R~ H,G™') 9.
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Using the equalities Y = G~1H, M = M — G~' «[M,m] and

G 'eM=G"' M+G'G " [M,m]

G2 [M,m] = G=2 e [M,m] — G=2G'Am «[M,m] = —GG~' « [M, m]

combined with the property that Y has at most countable number of jumps, we obtain

Y =G 'eM-Y.G'em—(R-Y_)eT®— (R—Y,)xIY

=G ' M-Y.G'em— (R—Y.) D

as was required to show. O
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