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Local limit theorems for a directed random walk on
the backbone of a supercritical oriented percolation
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Abstract

We consider a directed random walk on the backbone of the supercritical oriented
percolation cluster in dimensions d + 1 with d > 3 being the spatial dimension. For
this random walk we prove an annealed local central limit theorem and a quenched
local limit theorem. The latter shows that the quenched transition probabilities of
the random walk converge to the annealed transition probabilities reweighted by a
function of the medium centred at the target site. This function is the density of the
unique measure which is invariant for the point of view of the particle, is absolutely
continuous with respect to the annealed measure and satisfies certain concentration
properties.
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1 Introduction

Random walks in a static or dynamic random environment arise in different models

from physical and biological sciences. The investigation of such random walks under

different conditions on the environment has been an active research area with a lot of

recent progress. In this paper, we analyse a directed random walk on the backbone of a
supercritical oriented percolation cluster on Z% x Z. This random walk was introduced
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Local limit for random walk on oriented percolation

and studied in [4]. There it was shown that the random walk satisfies a law of large
numbers and a quenched central limit theorem for all spatial dimensions d > 1. The main
purpose of this work is to extend these results and derive a quenched local limit theorem.
For this, we will have to restrict ourselves to spatial dimensions d > 3. Analogous results
for a class of ballistic random walks in uniformly elliptic i.i.d. random environments were
recently obtained in [2]. This paper has been an inspiration and a guide for the present
study.

1.1 The model and background

Consider a discrete space-time field w = {w(x,n) : (z,n) € Z% x Z} of i.i.d. Bernoulli
random variables with parameter p € [0, 1], defined on some (large enough) probability
space equipped with a probability measure IP. We denote the set of possible values for w
by  := {0,1}%2"%%, which we endow with the product topology.

As common in percolation theory, a space-time site (x,n) € Z? x Z is said to be open
if w(z,n) = 1 and closed if w(x,n) = 0. A directed open path (with respect to w) from
(z,m) to (y,n) for m < n is a space-time sequence (z,,,m),..., (z,,n) such that z,, = z,
Tp =Y, ||z —xp—1|| < lfork=m+1,...,nand w(zg, k) = 1 forall k = m,...,n. Here,
and in the following |-|| denotes the sup-norm on R¢. We will write (z,m) <% (y,n) if
such an open path exists and (x, m) 2, oo if there exists at least one infinite directed
open path starting at (x,m), i.e. if for each n > m there is y € Z¢ so that (z,m) <> (y,n).

It is well known that there is p. = p.(d) € (0,1) such that P((0,0) = co) > 0 if and
only if p > p.; see e.g. Theorem 1 in [15]. We consider here only the case of a fixed
p € (pe, 1]. We define by

C:= {(m,n)EdeZ:(x,n)ﬁoo} (1.1)

the backbone of the space-time cluster of the oriented percolation, i.e. the set of all
space-time sites which are connected to “time +0co0” by a directed open path. Note that
C depends on w and that we have P(|C| = o) = 1 for p > p.. For future reference we
define the process ¢ == (£, )nez on {0,1}%" by

n(x) = Le((2,n)). (1.2)

The process £ can be interpreted as the time reversal of the stationary discrete time
contact process. In particular, for any n € Z the random field &,(-) is distributed
according to the upper invariant measure of the discrete time contact process, which is
non-trivial in the case p > p.. For more details we refer the reader to Section 1 (around
equation (1.2)) in [4], see also [5].

Our goal is to study the directed random walk on the cluster C. This random walk
was studied in [4] in the case that the initial point of the random walk belongs to the
cluster. Here we want to compare the annealed and quenched laws for starting points
without checking whether they are on the cluster or not. Thus, we define the random
walk slightly differently: It behaves as a simple random walk (which jumps uniformly
to one of the sites in the unit ball around the present site) as long as it is not on the
cluster and once it hits the cluster it will behave as the random walk from [4]. For a site
(x,n) € Z¢ x 7 we define its neighbourhood at time (n + 1) by

Uz, n) =A{(y,n+1): [lx -yl <1} (1.3)

Given w and therefore the random cluster C and (y,m) € Z? x Z we consider random
walks (X,,)n>nm with initial position X,, = y and transition probabilities for n > m given
by

|U(z,n)NC|~ if (z,n) € Cand (2,n+1) €C,

1.4
|U(z,n)|~1 if (x,n) ¢ C, (1.4)

P =213, =)= |
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for (z,n+ 1) € U(z,n), and otherwise P(X,,+1 = 2| X,, = z,w) = 0. We write P, for the
conditional law of P given w and E,, for the corresponding expectation. In particular, for
the transition probabilities we have

P,(Xpi1=2|X, =2)=P(X41 = 2| X, = z,w). (1.5)

For the above random walk starting from position X,,, = y € Z? at time m € Z we denote
by PV"™ its quenched law and by E"™ the corresponding expectation. The annealed
(or averaged) law of that random walk is denoted by P(¥™) and its expectation by E¥™),
Note that for any A € 0(X,, : n =m,m +1,...) we have

PUm(A) = [ PO(A) dP(d). (1.6)

1.2 Main results: annealed and quenched local limit theorems

In Theorem 1.1 in [4] it is shown that the random walk (X, ) starting in 0 € Z< at time
0 satisfies an annealed central limit theorem and the limiting law is a non-trivial centred
isotropic d-dimensional normal law. In particular its covariance matrix ¥ is of the form
021, for a positive constant ¢ and the d-dimensional identity matrix I;. Recall that in
[4] it is assumed that the space-time origin is contained in C so that the random walk
starts and stays on C. This is not a big constraint because the time a random walk needs
to hit the cluster C has exponentially decaying tails; see Lemma B.1 in the appendix.

The annealed CLT from [4] can be strengthened to an annealed local CLT. For a proof
of the following theorem we refer to Section 3.

Theorem 1.1 (Annealed local CLT). Ford > 1 and ¥ as above we have

1 1
lim E ‘IP(O’O) X,=12)— —————exp(——2T2" 12 ‘ =0. (1.7)
n—o0 ( ) (27rn)d/2 det X p( 2n )

z€Z4

Theorem 3.1 in [4] extends the annealed CLT therein to a quenched version with the
same limiting law. Thus, the quenched and annealed laws after N steps are comparable
on the level of boxes of side length N'/2. This result was later refined in [21, Chapter 3],
where a comparison result between the quenched and annealed laws after N steps on
the level of boxes of side length N%/2 for § € (0, 1) was obtained. (We recall this result in
Theorem 8.1 below.)

The main goal of this paper is to strengthen this further and prove a quenched local
limit theorem which is an analogue of Theorem 1.1. In order to state the precise result,
we need to introduce some notation. First, for (y,m) € Z¢ x Z, we define the space-time
shift operator ¢ on ) by

I (ymw(z,n) = w(x +y,n+m) (1.8)

and we write &, (y;w) for &,,(y) read off from a given realization w as in (1.1) and (1.2).
We define the transition kernel for the environment seen from the particle (compare this
with (1.4)) by

Rfw) = Y g(yw)f(ognw) (1.9)

lyll<1

acting on bounded measurable functions f : 2 — R, where

&i(y;w) 1
g va) =1 z;w)>0,w(0,0)= 7"’_1 z;w)=0 or w(0,0)=0} 57 (110)
( {3 aEw=0w00=0 "5 ¢ ooyt S atw=oore0o=03;
llzll<1
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Definition 1.2. A measure ) on () is called invariant with respect to the point of view
of the particle if for every bounded continuous function f : @ — R

| R#@)dQw) = [ ) dQ(), (1.11)
Q Q

Theorem 1.3. Let d > 3 and p € (p.,1]. Then there exists a unique measure (Q on )
which is invariant with respect to the point of view of the particle satisfying Q@ < P and
the concentration property (2.9) below.

The main result of this paper is a quenched local limit theorem which is an analogue
of Theorem 1.11 in [2] in the case of our model.

Theorem 1.4 (Quenched local limit theorem). Let d > 3 and p € (p., 1], let Q be the
measure from Theorem 1.3 and denote by ¢ = dQ/dP € L,(P) the Radon-Nikodym
derivative of () with respect to IP. Then for P almost every w we have

lim > |PPO(X, =) - POO(X, = 2)p(0(4mw)| = 0. (1.12)
/A

Remark 1.5 (Theorem 1.4 for d = 1, 2). While this paper was under review, inspired
by work of Tal Peretz [20], we found a way to prove the crucial quenched annealed-
comparison result Theorem 8.1, which we quote from [21] for d > 3, also ford = 1, 2.
Consequently, all intermediate results can be carried over to d = 1, 2 and this allows to
prove Theorem 1.4 for d = 1,2 as well. The details will be presented in future work.

Remark 1.6 (Uniqueness of Q). By a general argument (see e.g. [2, Section 7.1]), when
it exists the function ¢ in (1.12) is IP almost surely unique. Furthermore, it will follow
from the arguments in the proofs below (cf. also Remark 2.6) that if a measure Q' on 2 is
invariant with respect to the point of view of the particle and satisfies Q' < IP and (1.12)
with ¢’ = dQ’/dP then this measure @’ satisfies the concentration property (2.9) as well
and thus in particular agrees with Q.

Related literature Random walks in static and dynamic random environments is a
very active research area. For a review of random walks in random environments and
basic concepts and objects we refer the reader to [22]; for a more recent review see
[12].

The random walk that we consider here can be seen as a random walk in a dynamic
random environment. Its relation to random walks in dynamic random environments
in the literature is discussed in some detail in [4, Remark 1.7]. The main differences
are that the random environment is not uniformly elliptic and is not i.i.d. In fact the
environment that we consider here has even infinite range dependencies, due to the
fact that the steps of the random walk are restricted to the backbone of the oriented
percolation cluster once it hits the cluster. The environment also does not satisfy mixing
conditions such as (conditional) cone-mixing in contrast to the model considered in [16].
In [7] a much weaker mixing assumption than cone-mixing is introduced (literally for a
continuous time model) and our model does satisfy their assumption. However, they only
prove a LLN for a nearest neighbour random walk in d = 1. A comprehensive overview
of the recent literature on random walks in dynamic random environments can be found
in the introduction of [7]. See also [6, Remark 1.1].

Results on quenched local limit theorems for random walks in random environments
are very recent. Our research is inspired by [2] where a quenched local limit theorem
was shown (in dimension d > 4) for the case of an i.i.d. random environment and where
the random walk satisfies a ballisticity criterion and has uniformly elliptic transition
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probabilities. (Note that ballisticity in the “time” direction is trivial in our model. Uniform
ellipticity and the i.i.d. property are not satisfied.)

Other results on local limit theorems in random environments that we are aware of
are concerned with specific models. In [9] the quenched local CLT is proven for random
walks in a time-dependent balanced random environment. In [10] and [11] quenched
local limit theorems are obtained for random walks in random environments on a strip.
A different class of random walks in random media for which quenched local CLTs have
been obtained are the so called random conductance models. For a recent work in
this direction and an overview of the literature see [1] and references therein. In a
continuous set-up, [13] recently proved a local limit theorem for a diffusion in a Gaussian
random medium which is white in time.

Outlook and open questions While we do exhibit a measure () which is invariant
with respect to the point of view of the particle and absolutely continuous with respect to
P, we can currently establish uniqueness only in the class of such measures satisfying the
additional property (2.9), see Remark 1.6. Furthermore, because of non-ellipticity, ) is
not equivalent to IP, see the discussion in Remark 2.6 below. We leave open the questions
whether property (2.9) is necessary for uniqueness and whether @ is equivalent to P
when restricted to the set Q from (2.11) in Remark 2.6.

We restrict our analysis in this paper to the case d > 3. This is essentially owed to the
fact that Theorem 8.1, which we quote from [21, Thm. 3.24], is presently only available
under this assumption. It was proved there using an environment exposure technique
from [8], which was also used by [2], and the proof exploited the fact that in dimension
at least 3, two independent random walks will almost surely meet only finitely often,
irrespective of the number N of steps they take.

As already mentioned in Remark 1.5, since the submission of this paper we were
inspired by [20] and realized that we are also able to prove Theorem 1.4 for d = 1,2
since in the proof of Theorem 3.24 in [21] some estimates were more conservative than
needed and it turns out that we can extend this theorem to d = 1, 2.

We prove in Theorem 1.4 a quenched local limit theorem for a very specific model of a
non-elliptic random walk in a non-trivial dynamic random environment, and our proofs do
exploit specific properties of this environment, namely the oriented percolation cluster.
However, we think that this environment is prototypical for a large class of dynamic
environments which can be “mapped” to it by suitable coarse-graining procedures, see
[3], Section 3 and the concrete example in Section 4 there. It seems quite possible that
given substantial technical effort, our approach to Theorem 1.4 could be extended to the
class of environments from [3]. We leave this for future work.

Outline of the paper The proofs of the main results are long and quite technical. Let
us describe the main ideas of the proofs and explain how the paper is organised: In
Section 2 we first give several auxiliary results which we then use for the proofs of
Theorem 1.3 and of Theorem 1.4.

Annealed estimates: In Section 3 we prove several annealed derivative estimates which
build on, and extend somewhat, previous work by [21]. These estimates will be used for
the proof of the annealed local CLT, Theorem 1.1, also presented in Section 3. Starting
with Section 4 the paper is devoted to the proofs of the auxiliary results from Section 2.

Comparison of the quenched and annealed laws: Lemma 2.1, proven in Section 4,
provides a comparison between the quenched and annealed laws on the level of large
(but finite) boxes. In particular it shows that the total variation distance between
P(Xy € ) and P, (Xn € -) on the level of boxes of side length M > 1 is small with very
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high probability as N — oo in a suitably quantified way; see equation (2.1). The starting
point of the proof of Lemma 2.1 is [21, Theorem 3.24], recalled in Theorem 8.1 below,
which gives an analogous result for boxes whose size grows like N%/2 with 0 < # < 1 as
N — oo, and therefore much slower than the diffusive scale N1/2. We augment this with
an iteration scheme that is guided by the proof of Theorem 5.1 in [2]. The main argument
towards the proof of Lemma 2.1 is formulated as Proposition 4.1 which provides the
crucial estimate for the iteration step. The proof of that proposition is long and relies
to a large extent on ideas from [2] and is postponed to Section 8. It requires a suitable
control of the density of “good” boxes on which an estimate as in equation (2.1) from
Lemma 2.1 holds locally uniformly, see Definition 8.2. This deviates from the set-up
in [2] because our environment is not i.i.d. and in fact here the boxes are in principle
correlated over arbitrary lengths, albeit weakly.

Measure for the point of view of the particle: The function ¢ = dQ/dP from (1.12) is the
density of a measure () which is invariant with respect to the point of view of the particle
and absolutely continuous with respect to P. For the existence of such a measure @
we consider the quenched laws @ of the environment seen from the particle after NV
steps of the walk; see (2.4). The measure () is constructed as a weak limit of the Cesaro
average of the measures ()5 along a subsequence; see (2.6) and (2.7). In Proposition 2.2
and Corollary 2.4 we show that averages of dQy/dP and dQ/dP over large boxes are
close to one with high probability depending on the size of the boxes. It will turn out that
the measure () which we obtain as described above is unique, i.e. it does not depend on
the particular subsequence; see Remark 2.6.

Proposition 2.2 and Corollary 2.4 are proven in Section 5. To this end we construct a
coupling of @ and Py, the law of the environment viewed relative to the annealed walk
(note that Py = P for all N). Lemma 2.1 allows for a coupling which puts both walks in
the same M-box with very high probability. We strengthen this to a coupling which puts
both walks at exactly the same spatial position with uniformly non-vanishing probability;
see the proof of Lemma 5.3.

Since we average over the environment in the definition of the annealed law of the
random walk in equation (1.6) it is clear that the annealed random walk does not see
any specific environment. In contrast to that the quenched random walk knows the
exact environment it walks in. So, to compare the annealed and quenched laws of
the random walk, the annealed walk needs to see the environment of the quenched
random walk. This is done through reweighting by ¢. In particular, a consequence of
multiplying the annealed law with ¢ is that this product will be zero for all space-time
points (z,n) € Z% x Z in which the contact process ¢ is 0 in the environment w.

In Proposition 2.8 we show that the annealed law of the random walk at time n
reweighted with the function ¢ converges for almost all w to a probability law on Z?. It
is proven in Section 6.

Hybrid measures: For the proof of Theorem 1.4, instead of comparing the quenched
and annealed laws directly, we use the triangle inequality, some “hybrid” measures
and space-time convolutions of quenched-annealed measures; see Definition 2.7. In
Proposition 2.9, proven in Section 7, we show that the total variation distance of some
of these measures converges to 0 as n, the number of steps of the random walk, goes
to infinity. An essential tool of the proof of Proposition 2.9 is Lemma 7.1 in which we
study the total variation distance of quenched laws of two random walks starting at
different positions. The idea is to use couplings with the annealed measures on the level
of large (growing) boxes combined with annealed derivative estimates in order to first
ensure that the two walks are in the same box with probability bounded away from 0.
Using connectivity properties of the oriented percolation clusters (see below) the above
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described procedure can be iterated to produce a literal coupling where the two walks
coincide with high probability after sufficiently many steps. Lemma 7.1 is proven in
Section 9.

Oriented percolation results: In the appendix, Section A, we show that two infinite
percolation clusters intersect with high probability within a finite time. This result was
pointed out in [15], who proved that two infinite clusters do intersect almost surely, but
without the quantification of the time of intersection. Finally, in Section B, we show that
the probability that a random walk started off the cluster does not hit the cluster within
time ¢t decays exponentially with ¢.

2 Proofs of the main results

In this section we collect several important auxiliary results and present towards
the end of this section how to utilise them to prove Theorem 1.3 and Theorem 1.4. The
proofs of the auxiliary results are postponed to the subsequent sections.

Our starting point is a lemma which can be seen as an adaptation of Theorem 5.1
in [2] to our setting. Recall between (1.5) and (1.6) the definitions of the quenched
measure P.°™ and the annealed measure P(®™) for the random walk (X)) nem,m+1,...
with X,, = z. For any positive real number L we denote by II; a partition of Z¢ into
boxes of side length | L].

Lemma 2.1. Letd > 3. For N,M € NN, ¢,C > 0 denote by K(N) := K(N,M,c,C) the set
of environments w € Q such that for every x € Z¢ satisfying ||z|| < N

3 PEO (X € A) — PO (Xy € A)| < c ., C
Me¢ = Ne¢
A€ellpm

(2.1)

If ¢ > 0 is small enough and C' < ~o large enough, there are universal positive constants

¢, C, for which we have
P(K(N)) >1—-CN~¢°eN forall N. (2.2)

In words, Lemma 2.1 shows that the total variation distance between the annealed
measure P(*%) (X € -) and the quenched measure PUSI’O)(XN € -) on the level of boxes of
side length M > 1 is small with very high probability as N — oc. The proof of Lemma 2.1
is given in Section 4. It builds on a preliminary result by Steiber [21, Theorem 3.24]
which we recall in Theorem 8.1 below. The latter gives an analogous result to Lemma 2.1
for boxes of side length N%/? with 0 < # < 1 for large N. In particular, for N — co the
side length of these boxes grows much more slowly than the diffusive scale N'/2.

Lemma 2.1 allows to construct a coupling of the quenched walk under Pff’o) and the
annealed walk under P(*¥) which puts both walks in the same M-box with very high
probability. We strengthen this coupling to a coupling which puts both walks at exactly
the same spatial position with uniformly non-vanishing probability; see Lemma 5.3 below.
This, in turn, is essential for the next statement which concerns the difference between
the annealed and quenched law of the environment viewed relative to the walk after
N steps, which we denote by Py and Q respectively. More precisely, for N € IN, we
define Qn and Py by

Pr(A) = IE[ 3 POO(Xy = :c)l{g(I)N)weA}} (2.3)
VA
and
Qn(A) = B[ 30 POO(Xx = 2)1(0, sy @.4)
TE€Z4
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Note that, in fact we have Py = IP for all NV; see (5.9).
The following proposition is proven in Section 5.

Proposition 2.2. For M € NN let Aq(M) denote a d-dimensional cube of side length M
in Z¢ centred at the origin. There exists a universal constant ¢ > 0 so that for every
€ > 0 there is My = My(e) € N so that for M > My and all N € N

1 dQn cloe M

P(‘i TN w—1‘>€)§MC°g . (2.5)

&OD], 2 ap 7o)
€20 (M)

Corollary 2.3. Let d > 3 and p > p,. Then, for every k € N, sup y E[(“2X)F] < oo,

Proof. For M € N large enough, Proposition 2.2 implies
d
P(@(w) >2(2M +1)%)

dlP
1 dQn —clog M
<P D SN (5 ) > 2) < MeloE M,
= \@M 1) ap (T@m@) >2) <
w€{—M,..,M}d

which in turn implies the assertion. O

Let us consider the Cesaro sequence
N 1 n—1

Qni=—=3 Qn, n=12.... (2.6)
" NZo

Since (@,L)n are measures on a compact space (recall that Q) carries the product topology),
the sequence is tight. In particular, there is a weakly converging subsequence, say
(Qn, )k, and we set

Q= klingo @nk- (2.7)

Using Corollary 2.3 and the Cauchy-Schwarz inequality for some finite positive constant
¢ we have uniformly for all n

n—1 n—1
S(E s R SRR

N,N’=0

o

. (2.8)

Note that (2.8) implies Q < P; see the proof of Theorem 1.3. A standard argument shows
that @ is invariant with respect to the point of view of the particle; see Proposition 1.8 in
[17] for an abstract argument or the proof of Lemma 1 in [12] for the argument in the
case of random walks in random environments.

The proof of the following analogue of Proposition 2.2 for ) instead of @,, is given in
Section 5.

Corollary 2.4. Recall the notation of Proposition 2.2 and let () be the measure obtained
as a limit in (2.7). There exists a universal constant ¢ > 0 so that for every € > 0 there is
My = My(e) € N and for every M > M, we have

1 dQ

Pl T o)1 > ) < aeb |
(izom) e;M) (o) ~1| > ) <M 29
z€Ao

Proof of Theorem 1.3. By construction and shift invariance of P we have Qn < P for
every N and therefore Q,, < P for every n. Furthermore, by (2.8) the family of Radon-
Nikodym derivatives (dQn /dP)p=1,2,... is uniformly integrable. These facts together imply
that we also have () < P for any @ obtained as in (2.7). The concentration property
is the assertion of Corollary 2.4. For the question of uniqueness of () see Remark 2.6
below. O
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Remark 2.5. Using shift-invariance of P, it is easy to see that for Qy from (2.4) a
version of dQy /dP is given by

pn(w) = > PENI(X = 0) (2.10)
z€Z

(we have Pé?L(?y_N)w(XN =1z) = PQ(J_N’_I)(XO = 0), recall the notation introduced be-
low (1.5)). This formula is the analogue of [8, Proposition 1.2] in our context. In
particular, ¢ is a local function of the space-time values of ¢ which themselves can be
obtained as limits of local functions of w. By (2.7) we obtain dQ/dP as a limit of d@nk /dP.
Thus, by taking a subsequence of (ny)x, dQ/dP can be considered as an almost sure limit
of averages of functions of the form in (2.10).

Remark 2.6 (Unigueness of invariant (Q < P with concentration properties of the density).
A measure () obtained as in (2.7) may in principle depend on a particular subsequence.
In the proof of Theorem 1.4 we will show that the density ¢ = dQ/dP of any measure @
satisfying the concentration property (2.9) also satisfies (1.12). As shown in [2, Section
7.1], when it exists such a measure is IP almost surely unique. In particular, in (2.7) we
have weak convergence towards the unique ) along any subsequence and therefore we
have weak convergence of the Cesaro sequence (én)nG]N from (2.6) towards (). However,
we currently do not know whether the sequence (Qx)nyen from (2.4) converges itself.

Using Lemma B.1 and (2.10) from Remark 2.5 one can show that ¢ is concentrated
on

Q= {w € Q : w contains a doubly infinite directed open path through (0, O)} (2.11)
and thus @ is not equivalent to IP because 0 < ]P(ﬁ) < 1. We note also that Kozlov’s
classical argument concerning equivalence, see e.g. [12, Thm. 2.12], does not ap~p1y
because our walks are not elliptic. We do not know whether @ is equivalent to P(-|).

To prove Theorem 1.4 we want to make use of the good control of the difference
between the quenched and annealed law on the level of boxes and various properties
of the prefactor ¢ that we have formulated above in Lemma 2.1 and Corollary 2.4. Fur-
thermore, instead of comparing P(>%)(Xy € -) and PU(JO’O)(XN € -) directly, we compare
both of these two measures with auxiliary “hybrid” measures which are introduced in
the following definition, analogous to [2], Definition 7.2.

Definition 2.7. Let (Q be the measure on ) defined in (2.7), which by Theorem 1.3 and
its proof is invariant with respect to the point of view of the particle with () < IP. Let
» = dQ/dP be the corresponding Radon-Nikodym derivative. For w € ) and a given

partition I of Z¢ into boxes of a fixed side length we define the following measures on
Z74+1.

1
l/(;a}nnxpre(x7n) = TIP(O»O) (Xn — ;I;)sp(g(x’n)w)’ (212)
vdue(z,m) = PQSO’O)(X,L = z), (2.13)
@(U(x,n)w)

Vboquuexpre(x’n) — Pu()070)(Xn e Am)

w

. (2.14)

Here, Zyn =Y cq0 POO(X,, = 2)¢(0(y,nw) s the normalizing constant in (2.12) and
A, in (2.14) is the unique d-dimensional box that contains x in the partition II.

All of the measures introduced in the above definition are different measures of
the random walk after n steps: v2"*P™(. n) is the annealed measure with a prefactor,
vaue(. n) is the quenched measure and y2ox~9uexPre(. p) is a “hybrid” measure, where
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the box is chosen according to the quenched measure but then the point inside the
box is chosen according to the (annealed) normalised prefactor. Of course the measure
VBOX_q“eXPre(-, n) does depend on the particular partition II but it will be clear from the
context which partition is used.

First we study the behaviour of the normalizing constant in (2.12); see Section 6 for
a proof of the following result.

Proposition 2.8. For IP-almost all w € ) the normalizing constant Z,, ,, satisfies

lim Z,,=1. (2.15)
n—oo

Note that this proposition is an analogous result to Lemma 7.3 in [2].

The following proposition is the key result for the proof of Theorem 1.4. It states that
for large n the above introduced measures are close to each other in a suitable norm
and is an analogous result to Lemma 7.5 in [2]. To state this precisely, for w € €2 and
any two probability measures v} and v2 on Z% x Z (more precisely these are transition
kernels from Q to Z¢ x Z) let the L' distance of v}, and v2 at time n € Z be defined by

HZ/(}] — VU%Hl,n = Z |1/3)(x7n) — Vi(a:,n)| (2.16)
rcZd

Furthermore, for k < n the space-time convolution of v}, and v? is defined by

(v n(w,n) = Z vl(y,n— k)’/g(y,n,k)w(x -y, k). (2.17)

yEeZ4

We can interpret (2.17) as follows: A random walk takes n—k steps in the random medium
w according to v}, then re-centers the medium at its current position in space-time and
takes the remaining k steps according to v/2.

Proposition 2.9. Fix 0 < 26 < ¢ < 1, and forn € N set k = [n°] and ¢ = [n°]. Let

II = II(¢) be a partition of Z into boxes of side length {. For P-almost every w € () the
measures from Definition 2.7 satisfy

lim Hyznnxpre _ (VannXpre % une)w’kHl . _ 0’ (Ll)
n—r00 ,n
. box—
nh_{%o H(yannxpre " une)w’]C _ (V ox—quexpre o une)w’kHL" _ 0’ (LZ)
lim H(Vbox—queXpre * une)w’k — (une * une)“’!kHl =0. (L3)
n—r00 N

The proof of the above proposition is given in Section 7. With the results stated in
the present section we can give a proof of the quenched local limit theorem.

Proof of Theorem 1.4. Using the triangle inequality we have

Y IRV (X, = 2) — POO(X, = 2)p(0(p nw)|

€74
< ) IPOO(X, = x) — (pPoxTaepre a0y (2, n)) (2.18)
€74

+ Z |(Vbox—que><pre % une)w,k(xan) o (l/annxpre % une)w’k(x’n)‘ (2.19)

z€Z4
+ Z |(Vann><pre % l/que)w,k(l',n) _ Vznnxpre(xyn)‘ (2.20)

z€Z4
+ ) ez, n) — POO(X, = 2)@(0/pmw)l- (2.21)

€74
EJP 28 (2023), paper 37. https://www.imstat.org/ejp
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By Proposition 2.9 the terms in (2.18), (2.19) and (2.20) tend to 0 as n goes to infinity.
In order to compare (2.18) with (L3) literally note that we have PUSO’O)(Xn =) =
vaue s paue) 1 (x,n) by construction. Finally, by definition of v2""*P™(z,n) the term
in (2.21) can be written as

1
:Z‘) (U(z,n)w) = 7

. 1‘Zw,n. (2.22)
rcZ9

By Proposition 2.8 it follows that the expression in (2.22) converges to 0 as n tends to
infinity. O

3 Annealed estimates and the proof of Theorem 1.1

In this section we collect estimates for the annealed walk that will be needed later in
the proofs, and present a proof of Theorem 1.1.

Lemma 3.1 (Annealed derivative estimates). Let D be a positive constant. For d > 3,
j=1,....,d, meZ neN,z,ycZ% such that |z — y|| < D\/nlog®n, denoting by ¢; the
j-th (canonical) unit vector we have

PO (X = 2) = POF™ (X, = )| < O™ (D72, (3.1)
|]P(W”) (X = ) — P(y,m+1>(Xn+m = )| < Cn‘(‘”l)/?, (3.2)
‘Ip(%m)(Xner =z)— Plym )(X tm=a+e;)| < Cn_(d+1)/2, (3.3)
|P(y,m)(Xn+m =) — pPlym )(X =) < Cn*(d“)/?, (3.4)

for some positive constant C = C (D).

Proof. The estimates (3.1) and (3.2) are from [21]; see Lemma 3.9 and its proof in
Appendix A.2 there. Note that Lemma 3.9 in [21] the choice of parameters essentially
leads to the assumption ||z —y|| < /nlog®n with y being in a box near the origin.
However, the proofs of this lemma show that we can choose an arbitrary constant, that
is independent of n and it sufficient to assume |z — y|| < D+/nlog® n. Furthermore, by
translation invariance we obtain these upper bound for all starting positions (y,m). By
translation invariance we have

pPyte;m) (Xpym =) = IP(y””)(Xner =z —€j)
and
PO (X, =) = PO (X, = ).
Thus, the estimates (3.3) and (3.4) follow from (3.1) and (3.2). O

We will also need the following generalization of the annealed derivative estimates in
the previous lemma.

Lemma 3.2. Lete > 0. Forn € IN large enough and every partition Hgf)

of side length |n¢ |, we have

of Z% into boxes
>y rnax PO (X, =y) - POO(X, =2)] < Cn- 3434, (3.5)
AEH(E) xEA

Proof. We consider the following set of boxes around the origin of Z<

1) = {A e TI® : An[—y/nlog®n, v/nlog® n] # 0} (3.6)
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With this notation we can write the sum on the left hand side of (3.5) as

Z max[IP(O’O) (X, =y)—POO(X, = )] (3.7)
A€fi(®) 7€ vea
+ Z Z max PO (X, =y) - POY(X, =1)]. (3.8)

AT\ ven !

So, it is enough to prove suitable upper bounds for these two sums. By Lemma 3.6 from
[21] we have

> POO(X, eA) < CnolEn (3.9)
AN

for some positive constants C' and c. Thus, the double sum (3.8) is bounded from above
by

> Y [POIX, €a) -POO(X, = )]
ALY €A
= 3 (A= DPOY(X, € A) < Cntpelosn < CpClosn
AN

for suitably chosen constants ¢ and C. Using annealed derivative estimates from
Lemma 3.1 the double sum (3.7) is bounded above by

Z Z Cnn~% < C(nf + vnlog® n)inn=% < Cn®%n=1/2,

Aeﬁgf) TEA
Combination of the last two displays completes the proof. O

Proof of Theorem 1.1. Let ¢, > 0 be small (they will later be tuned appropriately). Let
1 be a partition of Z? in boxes of side length [ey/n]. Let Cs > 0 be a constant such
that P09 (||X,,|| > Csv/n) < §; such a constant exists by the annealed central limit

) (e)

theorem, see [4], Theorem 1. Furthermore denote by Hgf’é the subset of boxes in II;,

intersecting {r € Z¢ : ||z|| < Cs/n}. Then

1 1
2 : (0,0) — _ L Tyl
‘IP o =2) (27n)4/2+/det 2 eXp( om” > x)‘

TEZA

1 1
_ E : E (0.0 X,=2)— ————ex R Y ‘ (3.10)
’ ( ) (27Tn)d/2\/ det X p( 2n )

AeHE?\nﬁ?‘” TEA

1 1
N PO, =2)— (- aTE ) @
> S[POOn=0) - s e (- 5,a T ) )

AT TEA

We will show that e can be chosen so small that the above sum is bounded by 44 for large
enough n. We first find an upper bound for (3.10). By definition of 1" if A € T \Hﬁf"s)
then we have ||z|| > Cs+/n for all x € A. Thus, (3.10) is bounded from above by

0.0 (X, — 1 1 e
gzgz:d (IP W (Xn =)+ (2mn)4/2\/det © exp( 2najTE 133))

lz]|>Csvn
<&+ Cexp(—gC’g).
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By choosing Cs large enough we can ensure that (3.10) is bounded by 2.

Turning to (3.11) we first compare the two terms in | - | with the averages over
appropriate boxes. First, let € Z¢ be fixed and let A € Hgf) be the box containing x.
Using annealed derivative estimates from Lemma 3.1 we obtain

‘P(Ovo) (Xn = x) — IP(()’O) (Xn € A)|

[ev/n ]
1
= FaTel S P =) POV =y

_ g
< dZHIE—yHn (@+1) /27[\f]'n (d+1)/2§T/2

n

(

Now consider A € Hna"s). For every x € A we have

L re ) 1 R I ’
oo (- 5a"5712) = e ol )
1 _ 1 1 _ _
:exp<—%xTE lx)‘l[g\/ﬁ]d/AeXp(Qn(yTE ly — 2™y 11’)) dy’

1
< exp(—Q—xTZ_lx>
n

1
[evn]d

<[ 1= e (5= - a) 2075 = )| dy
< exp(—%mTZ_lao ﬁ /A‘l — exp(%(CsQn + CC(;E?’L)) ‘ dy

1
< exp(—z—xTE’lx) -Ce < Ck,
n

where we have used ||z — y|| <
|1 — exp(—2)| < exp(]z|) — 1. Using first the triangle inequality and then combining the
last two estimates we see that each summand in (3.11) is bounded from above by

1
POO(X, =2) - POO(X, € A
\ ( ) YL ( )|
1 1
Y & 1 o - Ty-—1
(27m)d/2\/det2’ ( v > faf]d/eXp( o = y) dy‘
(0,0) T
+ feﬁld‘ﬂ) (X, €A) - (%n)d/z Ty e / y 271y) dy’ (3.12)
Ce Ce
< —+
nd/2 " (2rn)d/2\/det &
1
__ - |00 I
+ PO (K€ 8) - (m)dmret s [ e (g )

The number of vertices summed over all A € I is bounded by ((Cs + e)yn)t <
C(Cs+/n)?. Thus,

Ce
Z Z (nd/2 an)d/2m) <C- Céle. (3.13)

Acr(e) TEA

Summing the last line in (3.12) with the double sum ZAeH(E,s) > zen gives

PO (X, € A / — Tyt )d ’ (3.14)
z(:a 5 ‘ (Xn )- (27rn)d/2\/@ y vy
A€ll,,”
EJP 28 (2023), paper 37. https://www.imstat.org/ejp
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By applying the annealed CLT from [4] (and approximating the indicator 15 appropriately
by continuous and bounded functions) and noting that for fixed ¢ and § the set Hgf’é) is
finite implies that (3.14) goes to zero as n tends to infinity. In particular it is smaller
than § for large enough n.

Combining the estimates above we obtain

1 1
POYX, =2)— ————— exp(——2aTS 2 ‘ <204C-Cle+8<46
gjgd ‘ X ) (27n)4/2+/det B p( 2n ) - b

for large enough n and choosing ¢ > 0 so that C - Cge < 4. This concludes the proof. O

4 Proof of Lemma 2.1

For the proof of of Lemma 2.1 we follow closely the proof of Theorem 5.1 in [2]
and adapt their arguments to our model. The general idea is to implement an iteration
scheme that carries the annealed-quenched comparison from Theorem 8.1 below along
a sequence of more and more slowly growing box scales.

Let us introduce some notation first. Let # > 0 be a (small) constant to be determined
in the proof. For j € IN, we set n; :== [N? | and r(N) = [logQ(ﬁéZg]éVﬂ. Note that r(N)
is the smallest integer satisfying nf( Ny < M. Furthermore we set

r(N) k
No:=N — Z n; and N, = an + No=Nj_1 +nyg, forall 1 <k <r(N). (4.1)
j=1 j=1

Finally, for 0 < k < r(N), abusing the notation and suppressing the dependence on # and
n we write for the rest of this section Il = IL,0 and define

Me(w) = Y |POO (X, € A) = PO (Xy, € A). (4.2)
A€l

Note in particular that A,y is twice the total variation distance between the quenched
and the annealed measures on boxes of side length < M, which is the term we wish
to bound from above to show (2.1). If one wishes to be slightly more precise, then one
should replace N,y by M, thus obtaining the total variation for boxes of side length M
exactly. This, however, does not influence the estimates to follow.

The proof of the following proposition is long and technical and will be given in
Section 8.

Proposition 4.1. There exists constants C,c,a > 0 and events G(N),N € N, with
P(G(N)) >1— CN~°!°¢N guch that for allw € G(N) we have

e < M1+ Cn®, V1<k<r(N). (4.3)

In particular, A,(ny < A1 + C’Z;g) n;,* forw € G(N).

Proof of Lemma 2.1. The assertion is a consequence of Proposition 4.1 (and Theo-
rem 8.1) and can be proven analogously to the argument in the last part of the proof of
Theorem 5.1 in [2], page 2920. O

5 Concentration from coupling: Proofs of Proposition 2.2 and
Corollary 2.4

In this section we prove some analogues of the results of Section 6 in [2] and present
proofs of Proposition 2.2 and Corollary 2.4.
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Lemma 5.1. There exists a constant ¢ > 0 and set of environments K (N, c¢) satisfying

P(K(N,c)) >1— N—¢lelN (5.1)

such that for every w there exists a coupling ©,, y of P00 (X =) and P (Xy =)
with the property

O, N(A) > ¢ foreveryw € K(N,c), (5.2)
where A = {(x,7) : x € Z4}.

Proof. For ¢ > 0 and M € IN denote by K(N) = K(N, M,e¢) the set of environments
w € () satisfying

> PP (Xy € A) PO (Xy € A)| <, (5.3)
A€ll

where I, is a partition of 74 into d-dimensional boxes of side length M. By Lemma 2.1,
for every ¢ € (0,1) there exists a M € N such that P(K(N)) > 1 — N~¢°¢N_ On the
event K (N), the inequality (5.3) tells us that twice the total variation distance between
PO (Xy € -) and PUSO’O)(XN € -) on Il is less than ¢ and therefore there exists a
coupling @)M ~. of both measures on 1Ty, x I, such that é% N (Am,, ) > 1 —¢, where
A, = {(AA) A et}

Using the coupling © we construct a new coupling of P9 (Xy = -) and P"% (X = 1)
on Z¢ x 7 which puts positive probability on the diagonal A = {(z,z) : € Z%}. We
define ©,, y on Z? x Z< by

Oun(,y) = Y Oun_mm(AA)
A A eIy (5.4)
PO Xy =z Xy € A)- POO(Xy =y|Xn_a € A).
Since (:)“,VN,M,M is a coupling of P©.9 and PU(JO’O) on II;; x IT); one can easily see
that by the formula of total probability ©,, x is indeed a coupling of P(>:9) (X = -) and
PO (Xy = ).

For z € Z¢, let A, be the unique cube which contains z in the partition II,,. Since
the side length of each box in the partition I, is M it follows that the annealed random
walk can reach z from each point in the box A, in less than M steps.

Next we want to show that the coupling gives us a positive chance for the two walks
to end up at the same position. In [2] this is done by showing that O, y(x,x) is bounded
away from zero for all = € Z?. This is not true in our model because we do not have
uniform ellipticity for the quenched measure. The idea here is to show that for “typical”
w the measure O, y(z, ) is bounded away from zero for “many” z € Z<. To this end for
given w we define the set II7, C I, as the set of boxes A € II,; satisfying

POO(Xy = 2| Xy_p € A)>0. (5.5)

Note that if IT?, = () for  and w then we have O, x(z,z) = 0. Furthermore, by definition
of POSO’O)(XN =z|Xy_1 = y) we have

1 M
POO(Xy = 2| Xy_p € A) > (?)d) (5.6)
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for all A € II?. Now using (5.4), (5.6) and uniform ellipticity of the annealed measure
we obtain

Ou.n(z, z) > Z éw,NfM,JVI(AaA)

ATz
PO Xy =2|Xy_ar € A) - POO(Xy = 2| Xy_pr € A)

where 7 € (0,1) is the “uniform ellipticity bound” of the annealed random walk. Now it
suffices to show

Z Z @wN M (A A) Z Ouwn_arm (A A). (5.7)

zeZa AEHT A€l
This follows immediately if we can show that for all A € I, \ U,cz<IIZ we have
Oun_mar(A,A)=0.

For that consider a box A € s \ U,ez4I12, i.e. there is no x € Z? with A € TI% for the
fixed w. Thus, we have PUEO’O)(XN = 2|Xy_m € A) =0 forall 2 € Z9. Tt follows that

PLSO’O) (Xn_m € A) =0, because there can be no infinitely long open path starting from
A. We obtain

~ 1 M
= Z @w,N(%x) > Z Z @%N_M_’M(A,A)nM (3d)

wezd weZd A€y,
) L\ N (5.8)
> Oun-nm(A,A)pM <3d> > (1—em" (3(1>
A€l
for every w € K(N). O

Recall the definitions of Py and @y from (2.3) respectively (2.4). Note that for every
N € N the measure Py is in fact the measure P since for every measurable event A € ()
we have by translation invariance

= IE|: Z ]P(O’O)(XN = I)l{o'(er)wEA}:| = Z ]P(O’O)(XN = I)E[l{U(I’N)UJeA}]

IeZd TEZ?
zezd z€Z2

Definition 5.2. Given two environments w,w’ € §) we define their distance by
dist(w,w’) = inf{||(x, n)|:w' = U(I7n)w},

where the infimum over an empty set is defined to be infinity.

We denote by ¥y the coupling of Py and Q) from Lemma 5.1 extended to €2 x €,
that is,

\IIN(A) = E|: Z ew,N(xv y)1{(U(IwN)w,o(y’N)w)6A}] . (5.10)
r,ycZa
The following result is an analogue to Lemma 6.6 in [2].
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Lemma 5.3. For M, N € NN let D)\ : @ — [0,00] and D} : © — [0, oc] be defined by

D§\2N(Wz’) = By [Lidist(wy we)> M} Sw ) (wi), i=1,2,

where §.,,, §., are the o-algebras generated by the first, respectively, second coordinate
in Q x Q and VY is defined in (5.10). For M € NN, there exists an event F,; with the
following properties:

(1) P(Fyr) > 1 — M—clogM,
(2) For every ¢ > 0 one can choose M = M (¢) large enough

aQx

- (W)DﬁfN(w)} < elpy (@) + Lpe (). (5.11)

maX{Dg\ll),N(w)v

Proof. Let

Fy = ﬂ {weQ:Vme [—k,k’]dﬂZd,

k>M/2 02 CQ
> PEO (X € A) - BEO (X € A)| < 2+ 2]
A€l

where II,, is a partition of Z% into boxes of side length M and C5, ¢; are the (renamed)
constants from Lemma 2.1. Thus, P(Fy;) > 1 — M—¢°¢M  Fix ¢ > 0. Then, by the
definition of F); and the coupling @)w,k’ m constructed in the proof of Lemma 5.1, for
every w € Fy, every k > M/2 and every x € [k, k]Y N Z? we have

20,
Met

Ou, sttt (Army) > 1 — >1—¢ (5.12)

for large enough M, where Ar,, = {(A,A) : A € TI;;}. Note that for k < M/2 the left
hand side of (5.12) is 1 and therefore (5.11) is trivially true for N < M/2.

Let us now verify the estimates (5.11) for Dg\}) y and ‘%NDRQ{), yand N > M /2. Note
that for IP-almost every environment w € 2 we will show that

D y(w) = D 00N (@ W) L amy > a1y (5.13)

z,yeZ4

and for () y-almost every w

dQ -t
Dg\f[))N(w) = (d];(w)) Z Os_ (N (T, Y) L ey > 13- (5.14)

z,y€Z%

Using (5.10) we have for every measurable event A C (2

By [Li(w w)eaxa} Lidist(wiws)>M}]
=Un(Ax QN {(w1,ws) : dist(wy,ws) > M})

:E|: Z @w,N(l‘vy)l{(a(z‘N)w,a(y,N>w)€A><Q}1{dist(a(w7N)w,a(ny)w)>M}
z,yeZ

= > BOun(@,9) e, vweayy Lie—y>]

x,y€Z4

= Y B0, vun@y)lweanloyl>a}],

z,y€Z9

EJP 28 (2023), paper 37. https://www.imstat.org/ejp
Page 17/54


https://doi.org/10.1214/23-EJP924
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Local limit for random walk on oriented percolation

where the last equality follows by translation invariance of IP. Since ¥ is a coupling of
Py = P and Qu the last term equals

Byy |L{ww)eaxay 90—<m,N>w,N($7y)l{uzfynw}}7

z,y€Z%

which implies (5.13).
For By = {w: %@~ (w) # 0} we have Qn(BS) = Un(Q x BS) = 0, and we get
similarly

By [1{axayLidist(w wa)>M})

= By [LioxanBa} Lidist(wr,we)> M}
= \I/N(Q X (Aﬂ BN) n {(wl,wQ) : dist(wl,wg) > M})

= E|: Z ew,N(my y)1{(U(I,N)w,o’(ny)w)€QXAﬂBN}1{dist(G(E,N)w,o'(yﬁN)w)>M}

z,y€Z?
:E{ Z @“’vN(x’y)l{wy,N)WEAﬂBN}1{Hx—yll>M}]
x,yeZ
:E{ > eo-w,mw,N(fC’y)l{weAmBN}l{umebM}}
z,y€Z4
rdQn\"1
= Eqy (W) w) > @a,(yTN)w,N(xay)l{weAﬂBN}l{Hw7y||>M}]
i z,y€Z?
rdQn\1
= FEyy, (TIP) (w2) > @L(y,N)wZ,N(%y)l{(wl,wz)enx(AmBN)}l{ux—leM}}
) x,ycZ
[(dQn\ 1
= Buy (T]p) (w2) D @my.mwa,N(%y>1{<w1,w2>eﬂxA}l{ux—yn>M}}»
) x,y€Z

which shows (5.14)

If O,_, vyw.n(,y) > 0 then necessarily 2 € [-N, N]* N Z* because in N steps the
annealed walk can only reach points in this box. It follows that for large enough M,
every w € Fj; and every N > M we have

Z @”—w,w)%N(xvy)l{l\x*yle}

z,yeZ

=1- Z Oo_ oy N (@, Y) Loy <nr}

z,y€Z

. .
<1- omin oD O e (@Y lge—yicn
z,yeZ

<1- min E E C] ~N(z,y
— 2€[- N,N]J4nzd T—(z,N)%, ( ’ )
A€lly z,yeA

11— | o AA
e Y O mwn(AA)

A€eTly
=1- ze[*l{fr}fi\lfl]dmzd ég’<z’NW’N’M(AHM) s
Thus,
DYy = > 00w (@ )L jamysary < elpy, (@) + 1pe ().
z,y€Z9
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For w € Fyy N By we have shown

dQn

2
p ¥ )DiP () = Y O e Le-ylsay S €
z,y€Zd
whereas for w € Fy; N B
dQn 2
dT(W)DJ(w),N(W) =0
and thus
dQn 2
—5 (@DI) (@) < elpy, (@) + Lg, (@): 0

Proof of Proposition 2.2. We follow the ideas of the proof of Lemma 6.5 in [2]. To this
end, we consider the events

B ={we: (cow) <l—c¢

- = |AO|Z (z.0)W) }

Bf ={weQ: Z U(IO)w)>1+5}
|A0|mEA

First we consider B_. We decompose this event into two events, first of which has
probability M —¢1°&M and the second is a IP null set. We assume without loss of generality
that A is centred at the (spatial) origin, set M. = 55 M, define Ay = {z € Z*: |z|| <
M — M.} and

S; ={we B o ow e Fu., Vo € Ao},
where F,. is the event from Lemma 5.3. Due to property (1) of Fj;. from Lemma 5.3

P(S2) > P(B.) — |Ao[P(Fy,)
> IP(BE_) _ Md(ME)—clogJWE > IP(BE_) _ ]\4—6logM7

where ¢ is a positive constant. Therefore it is enough to show that P(S.) = 0.
We claim that there exists an event K~ C S such that

P(K™) > P(S7) - ((4d)?|Ag)) ™ (5.15)
and
ifw,w € K7, w# W', then dist(w,w’) > 4M. (5.16)

For every (z,n) € Z% x 7 let U(z,n) be an independent (of everything else defined so far)
random variable uniformly distributed on [0, 1], and define

T= {w S SE_ V(J?,O) €40 x {0} \ {(0,0)} if O(z,0)W € Ba_ then U(:p,O) < U(O,O)}-

This means informally, that from each family of environments whose distance is smaller
than 4M we choose one uniformly. This implies that property (5.16) for K~ holds.
Property (5.15) holds because due to translation invariance of P we have

P)<P( U ook )< Y Plowok ) = @d))AP(K ).

r€4dAg reddAy
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Now, let

G= U U($70)K7 and G~ = U U(a:,O)Ki-
€A €AY

By property (5.16) of K~ these are in both cases disjoint unions and therefore we have

P(G)= > PognK ) =|AfP(K~) and
2€h0 (5.17)

P(G7) = A5 [P(K7) = 80| (1 = =) P(K) > (1= D)P(G).

Going back to the definition of the event B_ and recalling that K~ C S C BZ we
obtain

o (G) = [ ) dPw) - Py [ e
— [ 3 o) dpw)
FISYANG

< [ (-9 dP(w) = (1 - )AafP(K ) = (1 - £)P(G)
Combining this with (5.17), for small enough ¢ > 0 we obtain

On(G) < (1-2P(@) = 7 (1- ) P(O)

1-¢/6 6
L . (5.18)
P(G™ 1—-)P(G7).
STt )< 3) (@)
Let A~ = {(w,w') :w € G~,w’ ¢ G}. Then by (5.17) and (5.18)
— € —
U (A7) 2 P(GT) = Qn(G) = P(GT) — (1= £ )P(G7)
c c c (5.19)
> - - —(1—= )P -P(G).
3(G)>3( 6) (G)>4(G)
By construction of K, for every (w,w’) € A~ we have dist(w,w’) > M, and, therefore,
(1) / (1) !
DM N DME,N d¥y(w,w') > DME,N d¥n(w,w')
GxQ G—xQ
= A QE\I/N[l{dist(w,w/)>M5} | Tl (W)lie-xay(w,w') d¥ y(w,w')
X
= By [Ldist(w,0)> M3 L{a-x0) (W, ) | §u](w) AV (w, ')
QxQ
= / 1{dist(w,w’)>Mg}1{G_ xQ} (wv W/) d\IIN(wv w/) (5.20)
QxQ

> / 1{dist(w,w’)>M5}1{A*}(w7 w/) d\I’N(wa wl)
QxQ

= / 14 (w,w)d¥ y(w,w)
QxQ

—Un(AT) > Z]P(G).

Since G C F);, by definition, using Lemma 5.3 with M, and /5 instead of M and ¢ we
obtain

(1) e . g N g
/G DY) y(w) dP(w) < /G S 1 (@) + Ly, () dP(w) = / ZdP@W) = SP(G). (5.2D)

G
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Combining (5.20) and (5.21) we conclude that P(G) = 0 and, therefore P(K~) = 0. By
property (5.15) of K~ this implies that P(S-) = 0 and ﬁnally P(BI) < M—closM,

Next we turn to the event Bj . As before we set M, = 3 d2 M and assume that Ay is
centred at the origin. Define Al = {z € Z%: ||z|| < M + M.} and let

S‘j = {w S B;L PO0(z0)W € Fy. Vo € AS_},
where F),_ is, as before, the event from Lemma 5.3. Due to property (1) of F,,

P(SH) > P(BY) — |A§IP(Fy.) = P(BF) — (1 4+ —) M (M)~ cloaMe

6d2
> ]P(B:-) o M—élog]\/[

and again it is enough to show that P(S:) = 0. As for S we claim that there exists an
event K C ST such that

P(K™) > P(ST) - ((4d)|ag)~ (5.22)
and
if w,w’ € K* with w # «/, then dist(w,w’) > 4(M + M.). (5.23)
We define K similar to K, that is
Kt ={we St :V¥(z,0) €4Af x {0} \ {(0,0)} if o, 0w € B then U, 0) < U }-
Let

H= ] opoKk" and H'= (] ouok™.
€A TEAL

Both are, by property (5.23) of K+ disjoint unions. Therefore we have for ¢ > 0 small
enough

P(H) = |Ao|P(KT) and

N N N e (5.24)
P(HY) = A [P(KH) = (1 +6d2) 1Ao[P(KT) < <1+3)1P(H).
From K+ C S+ C B we obtain
dQN dQN
H) = — P(w) = — P
i = [ Fware =Y [ e e
€N ¥ 9(,0)
/ Z > (0(@0w) dP(w) (5.25)
K+
>/ [Ao](1 +¢)dP(w) = (1 +¢)|Ag|P(KT) = (1 +¢)P(H).
K+
Combination of this with (5.24), for small enough ¢ > 0 then yields
1+¢ €
Qn(H) > (1+)P(H) = —— (1 + 7) P(H)
1+¢/5 5 (5.26)
1+4¢ € ’
——P(H" 1+ - )P(HT).
>1+5/5 ( )>( +3) (H7)
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Let AT = {(w,w') :w ¢ H",w' € H}. Then by (5.26)

N(AT) > Qn(H) —P(HT)

(5.27)
> QulH) = 1 @n(H) = L2 Qu () = SQu ().

By the construction of K, for every (w,w’) € A" we have dist(w,w’) > M. and, therefore,

| D swydan) = [ DE ) duy(ew)
QxH

= Ds\Z,N(W/)l{QxH}(w,w/) dV N (w,w')
QxQ

= E\IIN [1{dist(w7w’)>Mg} | Sw'] (w/)l{QxH} (wa w/) d¥n (w7 w/)
QxQ

= By [Ldistww)>m 3 Lioxmy (W, o) | Fu] (@) ¥y (w,w')
QxQ

= / Ldist(w,w)> M. Lioxay (W, w') d¥ v (w,w’)
QxQ

Y

/ :I-{dist(w,w’)>ME}:I-AJr (Wawl> dlI/N<w7w/)
QxQ

1+ (w,w') d¥ N (w,w)
QxQ
= Uy(At) > ZQN(H). (5.28)

Since H C Fj. by definition, P(H) < Qn(H) by (5.25), and using Lemma 5.3 with M.
and % instead of M and ¢ we obtain

/ DY dQn(w) < /HﬂB (%)71 [%lFMEmBN + l(FI\JEﬁBN)C:| dQ n (w)
/HQBN (%) R ElFMeﬁBN * 1(FMmBN>C} dQn (w)

3
/ [glFMamBN + 1(FMEOBN)C} dP(w) (5.29)
HNBnN

AP (w)
HNBpn 5

P(H N By) < ZP(H) < ZQn(H),

Il
T

cmm

where we recall from Lemma 5.3 that By = {w : dC?PN( ) # 0} and note that B, is a
QN null set. Combining (5.28) and (5.29), we conclude that Qn(H) = 0 and, therefore,
by (5.25) we have P(H) = 0. It follows that P(K ™) = 0, which by property (5.22) of K+
implies that P(S) = 0 and finally that (2.5) holds. O

Proof of Corollary 2.4. To show that Proposition 2.2 holds for @) as well we define ¥
as the weak limit of {13\~ ' Wy}22, along any converging sub-sequence {nj}x>1
(tightness of ¥ follows 51m11arly to the discussion below Corollary 2.3). Note that ¥ is
a coupling of IP and Q on 2 x (). Furthermore let

D](\Z)(wz) = E‘ll[ldist(w1,w2)>dM ‘]:wi](wi)v 1= ]-a 2.
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Now we want to prove inequality (5.11) from Lemma 5.3 for nglj) and Dg\?. It is
enough to show that along some sub-sequence {ng};>1 of {ny}r>1

. 1 ne—1
DY (w W)= Jim =37 D) y(w) P-as. (5.30)
N=0
and
neg—1
(2) aQ dQn () )
Dy (w) = (d]P( )) elinolo ng &= dP “ap WPinw) Qas. (5.3

In fact, if the above equalities hold, then for P-almost every w we have

1 neg—1
1 1
1 _M 1 ne—1
— lim — D ( D'l }
ZLIEOnZ_NZ::O MN Z MN

£—00 Ny NeM
1 _ ng—l
< i —_
< Jim =M + NZ:IM<51FM (@) + Lpg ()]

= ElFI\/I (W) + 1F1Cu (w)

In addition for Dg\? we have for @) almost all w

9 DD (w) = 1m = Y ) p@ ()

dPP Zaoo ’rLg N=0 dPP

M-1 ng—1
< lim i[ dOn (4 3 dQ—N(w)DﬁN(w)}
M

T l—00 Ny N0 dlP - dlP
M-—1 ne—1
.1 dQn
< lim [ 37 TEH@) Y (el (@) + L, ()]

N
<elpy, (W) +1pc (W)

Let us now prove (5.30) and (5.31). Starting with (5.30) let A C Q be a measurable
event. We have

E[D{} (w1)1a(wn)]
= Ev[1{dist(w1,wo)>dm Laxa(wi, w2)]
= \D({(wl,w2) cOxO: dist(wl,wg) > dM} NA X Q)
1 neg—1
= lim — Z Uy ({(wy,w2) € Q2 x Q:dist(wy,ws) >dM}NAxQ)
N=0

’n.gl

. 1
= Jim - NEIO By [Lidist(wr ws)>anmy Laxa(wr, wa)]

’n,[l

= lim — Z E[D M N(w1)1A(W1)]

£—00 My N=0
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ng—1

- [E 3 s

where we used the definitions of ¥ and of Dgl[) n as the conditional expectation. This

implies convergence of n% Xf;ol DE\? N to nglj) in L'(P). Thus, by standard arguments

we can choose a subsequence that converges P-almost surely. For Dj(é)

similar way that Q-almost surely we have

we obtain in a

Eq[D§) (w)1a(ws)]
= Ey[Llaist(w, ws)>an Laxa(wi, wa)]
— U({dist(wr,ws) > AM} N Q x A)
n[—l

= lim o NEZ:O Wy ({dist(wy,w2) > dM} NQ x A)

’ngfl

= Zlgglo p J\;O By [Ldist(wy ws)>am Laxa(wi, wa)]

’ngfl

= lim — 3" By, [Df] y (w2) Laxa(wr,ws)]

N=0
ne—1
2

=ggag%&mDMm@nﬂmn

ne—1

-1 dQn ()

g&EEZ%[ ws)) "+ S (wa) - DYy w2)1a(ws)
— lim E [(dQ iwzl GON (1) D2 (w2)La(w )]
7l~>ooQ dIP TL@N MNZAQ'

Thus, Lemma 5.3 holds for DE&I) and Dﬁ) instead of D§V11) N and Dﬁ) N Tespectively.
Since the only results we need for the proof of Proposition 2.2 are Lemma 2.1 and

Lemma 5.3, we can walk through the proof of Proposition 2.2 and repeat the same steps

for % to show Corollary 2.4. O

The following proposition is an analogue to Proposition 7.1 from [2]. Note that the
assertion is not model-specific as it expresses a general property of the density of a
measure which is invariant for the point of view of the particle in the setting of a random
walk in random environment. Recall that ¢ = dQ/dP is the Radon-Nikodym derivative of
@ with respect to P from Definition 2.7.

Proposition 5.4. For P-almost every w, every n € Ny, everyz € Z and all k < n

_ Z P(f)w-l—’y,n—@ (Xn = $)(P(U(x+y,n—k)w)'
yeZ?

Proof. Let n € IN. First we consider the case k = 1. For every bounded measurable
function A : Q2 — R we have (recall the notation in (1.9) and (1.10))

[ @600 n) ) = [ bo(a-)o(w) dPw)
Q Q
— [ o) dQw)
Q
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_ /Q Rh(0(_p—pyw) AQ(w)
/ S 9@ (O atya-n@)p(w) dP(w)

llyll<t

/ Z 0(3: y,n—1)W, y)h( )Qo(o—(af—y,n—l)w) dIP(W)

llyll<1

Thus

@(U(Jz,n)w) = Z g(U(z,ym,1)60)(,0(0'(1,%“,1)60)
llyllI<1

= 2 PRY, (X =900y )
i<t

= Z Pu()z_ym_l)(Xl = x)sp(a(zfy,nfl)w)
llyll<1

_ Z Pu()wﬂ-y,n—l)(Xl = 1')80(0'(1+y,n—1)w)'
y€Zd

By applying the operator R a second time we see that

[ @)oo ap
= [ @) 35 P = )00 1) AP
Q
llyall<1
= [ MOy ) 3D P (X0 = a)p(e) dR()
lyll<1
- /Q[(Wh(w—w—yh-mnw R0 = ) [ee) dp(w)
lylI<1
/ Z w y2 93*y1+y2,7n+2)w)
R PATES!
Y Pltwntl) (X0 = 2)p(w) dP(w)
llyzlI<1
:/ Z z+y1 Y2,m— 2)w y?)h( )
lly2I<1
> PET(X) = 2)@(0 (0 4y —ypin—2yw) AP (w)
lylI<1
/ Z P(»L+Z/1+y2,7l 2)(X1 —m+y1)
lly2I<1
> P T(Xy = 2)h(w)(0 (ays 4yam—2)w) AP(w).
ly1lI<1
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Thus,

@(U(z,n)w)

= Z Z Pbgm+y1+y27n—2)(X1 =4 yl)P£z+y17n—1)(X1 = $)¢(0(1+y1+y2,n72)w)
llyaI<1 |ly=]I<1

=Y P R(Xp = 2)9(0(asym-2)w).
yeZ4
Inductively we obtain
w) =Y PEUTI(X) = 2)0(0 (0 tym—i)w)
yeZ4

forall k <n. O

6 Proof of Proposition 2.8

Let II be a partition of Z? into boxes of side length [n°] with 0 < § < &;. Since
P9 (X, =) =0 for ||z|| > n only boxes in II,, := {A € I : A N [-n, n]? # (0} have to be

considered. We have

‘Zw,n - ]-| = ‘ Z ]P(070) (Xn = x)[@(a(ac,n)(“)) - 1]‘
reZd

- ‘ Z Z PO (X, = z) (0@ nyw) — 1}‘

A€ll, zeA

(6.1)

By the annealed CLT from [4] for any ¢ > 0 there exists a constant C. > 0 such that
POO(||X, || > Cov/n) < €

We want to use this fact below and separate the sum in the last line of (6.1) into boxes
inll, ={A€ll,: An{z € Z¢: ||z|| < C.\/n} # 0} and in II,, \ II,,. Using the triangle
inequality we obtain

|Zw,n_1|
< ‘ 3 Y POYX, = 2)[p(0nw) - 1]’ (6.2)

A€\, z€EA

ap> Z( Z CO(X, = y) — POO(X, = )] ) [p(0(amw) — 11| (63)

Actl, TEA
+’ Z Z ZP(O” (X =y)lp (a(mw)—l]‘ (6.4)
i wEA uEA

We start with an upper bound of (6.2). By Corollary 2.4 there exists a constant ', such
that, due to translation invariance of P, with IP probability of a least 1 — Cn~¢!°8" for
every A € II,, we have ) A [¢(0(y,nw)+1] < C|A|. Under this event we can bound (6.2)
from above by

> Y POYX, =) p(0emw) +11<C > maxPOO(X, =2)A.

~ TEA
A€l \II, €A Aell,\1,

yGA

Using Lemma 3.2 with § > 0 replacing ¢ there we see that (6.2) is bounded from above
by

c Y ¥ {gleaidf’(o (X, = z) - POO(X, = y)] +c Y Y POYx, =y

A€\, YEA A€l \II, Y€A
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< (0 = — (0’0) " =
Ce+C Y 3 [maxPOO(X, = 2) - PO (X, =)
A€Il, yeA

< Ce + COn~ 21340,
Since ¢ < g; it follows by the Borel-Cantelli lemma that
lim sup‘ Z Z POO(X, = z)[p (O(@nyw) —1]| < Ck, P-a.s. (6.5)
T Aem\fi, z€A

Next we turn to (6.3). First note that by the annealed derivative estimates from
Lemma 3.1 we have for z,y € A, A €11,

PO (X, = z) - POO(X, = y)| < O ||z -yl n~F < Cn= "5+, (6.6)

By triangle inequality, (6.6) and again, as above, using Corollary 2.4 for the bound
> yealp(onw) +1] < C|A] the expression (6.3) is bounded from above by

Z Z Z POV (X, = y) - PO (X, = 2)||p(00mw) — 1|

IS Z Z \A\ Z O’(I n)w 1]

cil, meA yEA
Acil,, T€A yeEA
Y S
Aell, yEA
< 5(C€\/ﬁ)dn_%+6 < C.n2t,
with probability at least 1 — Cn~¢!°¢™ Thus, as n — oo, by the Borel-Cantelli lemma the
expression (6.3) tends to 0 P-almost surely.

Finally we consider (6.4). By triangle inequality and P(%% (X, =) < Cn~%? for all
y we have

|3 ¥ SR = e - 1]

Aefl, IEA yEA
< 3 SO =[S leteane) 1]
AGH yeA zEA
< C’nidﬂ Z ’Z [@(J(x,n)w) - 1}‘
AGﬁ TEA
< Cn~A0/2m0 R |A|’ O(a n)w)_l]"
Aefl, mEA

Using Corollary 2.4 we obtain
_ _ 1
]P(Cn w2 3 W‘Z[@(U(%n)w) —1]' >s)
Aeﬁn TEA
<P(An et | Y plonw) ~ 11| > mg)
n o TAT O(z,n - T~
- Al coct
TeEA
1
< Ccfnd“/zf‘;)lf’(m‘ Y lp(o@mw) - 1]‘ > L)
0
0
< chnd(l/Q—é)n—cé2 logn < Cvn—élogn7
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where Ag € ﬁn is an arbitrarily fixed box. Thus, for ¢ > 0 as n — oo the lim sup of (6.4)
is bounded from above by ¢ IP-alAmost surely. Combining all three bounds of (6.2)-(6.4),
we see that there is a constant C so that foralle > 0

limsup |Z,, , — 1] < 65, P-almost surely,

n—oo

which concludes the proof. O

7 Proof of Proposition 2.9

The following result is an essential tool to prove Proposition 2.9 and will be proven in
Section 9.

Lemma 7.1. Let 0 < § < 1/2 and b > 0. Define the set

D)= {prvm(xn €.)— PWO(X, e )H < e*lllin} (7.1)
x,yEZd: v
lall Iyl <n®,
lo—yll<n

Then there are constants C,c > 0 so that P(D(n)) > 1 — Cn~=¢logn,

Note that the restriction ||z||,||y|| < n® in the definition of D(n) in (7.1) is necessary
because with probability 1 we have an environment where there exist (somewhere far
out in space) two neighbouring points z,y € Z? so that the sites (z,0) and (y,0) are
both connected to infinity but the respective clusters do not intersect for the first n time
steps.

Remark 7.2. The above lemma is the analogue of Lemma 7.7 from [2] in our setting.
Note that the bound stated in Lemma 7.7 from [2] is too optimistic to hold in general.
However, its assertion can be weakened and one obtains a bound which is still strong
enough to prove Lemma 7.5 in [2] by going a similar route as in the proof of Lemma 7.1
here.

Proof of Proposition 2.9, (L1). For this part we make use of the fact that, due to the
annealed derivative estimates from Lemma 3.1 for |z — y| < k, [P®0(X, = z) —
POY(X, 1 = y)| < Ck/(n — k)[4tD/2 ~ n~=(d+1)/2+¢ gince k = [n°] < n. Further-
more we use the fact that by definition as a density of the invariant measure of the
environment with respect to the point of view of the particle, the prefactor can be
“transported” along the quenched transition probabilities; see Proposition 5.4. Finally
we use the concentration property of Corollary 2.4; see equation (2.9).
We have to show

reZ4 w "
€ | (7.2)
— 7 . ]P(O’O) (Xn—k = y)@(U(y7”_k)w)Pg(?y701)z—k)w(Xk =T y) =0.
w,n— yezd

Note that the by the triangle inequality the sum on the left hand side is bounded from
above by

1
Z ‘ Zwsn
z€Z4 ’

’IP(O 0) = x)gp(o(z,n)w)

wnk

Z ‘]P(O 0) = x)(p(a(x,n)w)

wn k weZd

EJP 28 (2023), paper 37. https://www.imstat.org/ejp
Page 28/54


https://doi.org/10.1214/23-EJP924
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Local limit for random walk on oriented percolation

- Z ]P(O,O) (Xn—k = y)@(g(y,nfk)w)Pé?fz,k)w(Xk =T — Z/) .
yeza

By definition of Z,, ,, recall from Definition 2.7, the first sum in the above display equals
to

1 1
[—— ,
Zw,n Zw,n—k “n

which by Proposition 2.8 almost surely goes to 0 as n and n — k both tend to co. Thus,
taking also into account the trivial deterministic bound on the speed of the random walk,
for (7.2) it suffices to show

1 (070) —
nh_}rrgo Z ‘IP (Xn = 2)0(0(z,mw)
z€Z4N[—n,n]?

=Y POYX = 9)0(0anw) P u(Xe =2 —y)| =0,

yE€ZIN[—n,n]d

(7.3)

Denoting by B, = {z € Z% : ||z|| < \/nlog® n} and using the triangle inequality an upper
bound of the sum in (7.3) is given by

S| OY PO =) - PO, = )]
zE€Byn yeZiNn[—n,n]d (7.4)
X (0@ PO o(Xe =2 )|

+ > POOX, =)
x€B,

(7.5)
< Je@amw) = Y Pmn@) PO (X =2 —y)|
y€Z4n[—n,n]?
+ ) ’]P(O’O’ (Xn = 2)9(0(,n)w)
z€Z4N[—n,n]9\ B, (7.6)

- Z IP(O7O)(Xn—k = y)@(a(y,nfk)w)Pé?fj_k)w(Xk =T — y)’
yEZIN[—n,n]¢

By the annealed derivative estimates (see Lemma 3.1) the term in (7.4) is bounded from
above by

S| Y POV =2) - POOX, = y)]

r€eB, yGZd
le—yll<k
X Pl i@ PO o (Xk =2~ )|

2Ck 0.0
< m Z Z @(U(y,n—k)w)P;(;,,)L,Mw(Xk =z —y)
r€B,, yEZd

lz—yll<k

< 2Ck(y/nlog® n + k)4 1 Z
- (n— k)02 (/nlog® n + k)d

©(O(yn—k)w)-

yez?
dist(y,Bn )<k

Now using Corollary 2.4 and the fact that k& = [n°] < n'/* for P-almost every w the last
term tends to zero as n tend to infinity.
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Next we deal with (7.5). Recall that by Proposition 5.4 we have

eO@mw) = Y. W0@nrw) PV (X =)

yEZN[—n,n]d

for every = € Z< such that = + [k, k|* N Z? C [-n,n]? N Z%. This holds for every z € B,
and therefore the expression (7.5) equals 0.

Finally, for (7.6), using Lemma 3.6 from [21], we have P(*0) (X, ¢ B,) < Cn~clogn,
Recall that k = [n°] and note that if PY"" ¥ (X, = z) > 0 then ||z — y|| < k. Thus, for
x € [-n,n]*NZ4\ B, and large enough n

1
lyll > ll2ll = llz = yll > vnlog® n — k > - /nlog® n.

This implies, again due to Lemma 3.6 from [21] that P(®9) (X, _, = y) < Cn—¢logn,
Therefore, the expression (7.6) is bounded from above by

IP(O’O) (Xn = x)@(a(w,n)w)
TE€ZN[—n,n]\ B,

+ Z z P(O’O)(Xn—k = y)‘P(U(y,n—k)w)Pugy’nik) (Xk = :17)

z€Z4N[—n,n]?\ B, y€Z4N[—n,n]?¢

< Cnfclogn Z @(U(w,n)w)

TE€ZN[—n,n]\ B,

+Cpelosn$0 > o) PP (X = a)
z€Z4N[—n,n]4\ B, yEZiN[—n,n]d

< Cnfclogn Z @(U(m,n)w) + Cn*clogn Z @(U(y,nfk)w).

z€Z4N[—n,n]? y€ZN[—n,n]?

By Corollary 2.4 we have

P( 3 poww) < @+ 1)) > 1—nclen,

r€ZN[—n,n]d
as well as

]P( Z @(U(y,nfk)w) < (27’L + 1)d) >1— Cn_CIOg".

yE€ZIN[—n,n]d

Thus, the probability of the event that (7.6) is bounded above by 4Cn—¢1°¢"n? converges
to 1 super-algebraically fast. Hence the expression (7.6) converges to 0 IP-almost surely.
O

Proof of Proposition 2.9, (L2). First note that, it is enough to show that

annxpre box—que X pre
—-v,

n— 00
HVW 07

||1,n7k

since the last k steps are according to the quenched law for both hybrid measures.
Then, as the measure yPo¥—auexprre gyggests, we make use of the comparison between
the quenched and the annealed laws on the level of boxes we derived from Lemma 2.1.
We also use the concentration properties of ¢ from Corollary 2.4.

Let k € {0,...,n} be fixed. Note that we have

annxpre ue box—queX pre ue annxpre box—queX pre
T T I

w ||1,nfk
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P©.0) (ank = CL’) POSO’O) (ank S Am)

= 50(0( ,n—k)w) - 3
xg‘i ’ Zwn—k ZyEAI @(U(y’n,k)w)

where Z,, , i is the normalizing constant from Definition 2.7. By using Proposition 2.8 it
is enough to show that P-almost surely

Pu(JO7O) (ank S Az)

=0. (7.7)
2 yen, POy n—rw)

nlglgo Z w(a(x,n—k)w) IP(O,O) (Xn—k = ‘T) -
z€Z?
Let A, = {z € Z% : ||z| < C(¢')v/n}, with C(¢') chosen so that PO (|| X, .| >

%E,)\/ n—k) < € for n large enough. Note that ¢ can be chosen independently of
€ and ¢ from Proposition 2.9. Using the triangle inequality the sum in (7.7) is bounded by

PRYX, e AL) ‘

(0,0 _
PO (@n—kyw) [P (Xpp = ) = (7.8)
IEZdﬂ[—Z’ﬂ,,n]d\An " ZyEAz (p(O'(yynfk)W)
POY(X, e A,
53 oloen i) POV (X, = ) - B o € 40) 7.9)
= |A|
]p(o,0> X, . €A, POO(X, , €A,
£ plome (Ak ) _ (Xt )’ (7.10)
seA, | w| ZyGAI (P(O-(yv”*k)w)
POO(X, €A, PRY(X, e A,
£ o) (Xnr €As) (Xn € Aa) BRCATY
€A, ZyeAz (0 (yn-r)w) Zyeﬁz PO n-rw)

Now we deal with the four terms separately. Expression (7.8) is bounded from above
by

> POO(X,_ = 2)p(0 (s n_r)w) + PLO (| Xnil| > C(E)Vn).
T€ZAN[—n,n]d\ A,

We obtain lim sup,, o 3 czan(—nn\ 4, POO(X,, i = 2)¢(0(4n—kyw) < Ce’ by the same
arguments used to bound (6.2) in the proof of Proposition 2.8. For the second term we
can argue as in the proof of Claim 2.15 from [2], to obtain that for a set of environments,
with P probability > 1 — v/¢/, for large enough n

PO, > &) < PO (x> CE0 ) < v
Since ¢’ > 0 was arbitrary, this proves that (7.8) goes to zero as n goes to infinity.

Next we turn to (7.9). The annealed derivative estimates (recall Lemma 3.1) yield
that it is bounded from above by

Z (U(x n—k) )|A | Z |P(070) (ank — l‘) _ P(O’O) (anlc _ y)|

T€EA, yEA,
1 1
< j—
cxezA: @n—0@) T3 ’ Z AR |z —y]|
< Cdn’ " (d+1)/2 > (O @n—iw
T€A,
Cn6+d/2 1 n—o0
- (n — k)(d+1)/2 (nd/2 Z ‘P(U(m,n—k)w)) — 0, P-as.,
T€EA,
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where for the limit we use Corollary 2.4, the fact that k = [n°] and § < e < 1.

Next we deal with (7.10). Writing II,, = {A ell: An A, # 0}, using annealed
derivative estimates and Corollary 2.4 we see that (7.10) is bound by

1
z;; 0O (zn—k) )mlp(o NXp_r €A1 @Zy@w ga(cr(y,n—k)w)‘
1

< d/2 x;; (z,n—k)W ‘ ‘A} ‘ ZyeAm cp(U(y,n—k)W)‘

_ d/2 1 1
= O(n n ) nd/2 A%l; é (=m—k)% ‘1 \Al \ > yEA, @(U(yyn—k)w)‘
=c(-) " AZ”;A ZOA( £ nlAk : s | 25 Fon0) - |
- C(l - %)%/Qn(d/;( > ‘ |A| PO @n-rw) = 1‘

AEHn

Using the same argument that was used for (6.4), we get that by the Borel-Cantelli
lemma the last term goes to zero PP-a.s.
Finally, we estimate (7.11). It is bounded from above by

<)0(0—(ar:,n—k:)("))
S 2yen, $(Ty kW)

PO (X, € Ag) — PO Xy € A

= > POYX, reA) - PLIX, k€A
Aetl,

For the last term we can use Theorem 8.1 which implies that it is bounded by Cn~3° for
P-almost every w and large enough n. Therefore P almost surely it converges to zero as
n tends to infinity. O

Proof of Proposition 2.9, (L3). Note that the first measure chooses, at time n — k, a box
according to the quenched law and a point in that box weighted by the prefactor, whereas
the second measure chooses a box and a point in that box according to the quenched
law at time n — k. These points are then the starting points for the quenched random
walks for the remaining & steps. We use the fact that, given enough time (much more
than the square of the starting distance), the total variation distance for two quenched
random walks starting from any pair of sites in a box with side length [n‘] is, given
enough time, i.e. much more than the square of the side length of the box, is small with
high probability, see Lemma 7.1.

The proof follows along the same lines as in [2]. We will highlight the point in the
proof where we deviate. We have

[(posamecpre ) e s ey

_ Z |(Vboquue><pre % une)w7k(x7n) o (une % une)w,k(l‘,n”

VA

P(I(yn-rw)
= Z ‘ Z PLEJO’())(X’I’L*’C e Ay) (y ) P§?1;93_k>w(Xk =z —y)
w€Zd yeZd ZzeAy @(U(z,n—k)w) k

- Z PO (X g = y)Pé(()ka)w(Xk =x— y)‘

yeZd
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= 2|2 X PO = )P0 (X € A)

zeZd A€l yeA

(0 (yn—r)w) (0,0)
' _Pw, (Xn—k::y Xnr€A ’
<Zz€A @(J(z,n—k)w) | ))

<3 3 Rt = o) PO (X € A)

xeZd A€ll yeA

O (ym—k)W
(s . o iw) — PO =yl X € A))| (712)
zZEA z,n—

Since for every A € Il and = € Z? we have

Z Z Pon=k) (X )[ POyn-rw) POO(X, 4 = y| Xos € A)} _
ueA UEA 2oea P(9(zn—k)w)

it follows that (7.12) equals

> 3 R0 < ]St = - (3 e =)

zeZd A€ll yeA wea
_ ( POyn-rw) POOYX, o =y|Xn_p € A))‘
>eea (0 n-rw) ¥

= Z Z PUEO,O)(Xn_k c A)‘ |i| Z Z |: y,n k) — .f) _ Pogw’n_k)(Xk; _ .13):|

zeZd AETT YEA wEA
(P(O' n—k w)
| b t0®)__ pOO(X, = y| Xup € A))|
ZZEA SD(U(Z n— k)w)

<Z ZP(OO) nek €A) Z|A| Z‘Pyn k) =x)— P plwn— k)( k:l’)‘

A€ll zezd wEA

T(y,n—k)w) (0,0)
~ pOO(X, _k:y|X_keA)‘ (7.13)
‘ZzeASO zn—k)w) " "

Until this point the steps are basically the same as in [2]. Here we deviate from their
proof. Note that P{"”(X,,_j, € A) = 0if An[-n+k, n—k]? = 0. For AN[—n+k,n—k]< # 0
we have y, w € A implies that ||y||, |w|| < n = kY and ||y — w|| < nd = k%/=.

Using Lemma 7.1 we see that (7.13) is bounded from above by

Z p(0 0) X € A Z J(y,n k)w) Pu(jo’o)(Xn—k =y | Xk € A)’
Acll yeA 2zen Plo(nrw)

T D [P = ) - P (X = 1)

wEA reZa
< o~CTEleT > Pgo’o) (Xn—k € A)
A€l
PlO@n-pw) POOYX, 4 =y| Xk € A)‘

2 ea P0G n-pw)

_ log k _ log k _~_logn
< 2e Cloglogk E PQ(JO’O) (ank c A) = 2¢ CToglogk < Ce CToglogn

Aell
since k = [n®]. The right hand side goes to 0 for n — occ. O
EJP 28 (2023), paper 37. https://www.imstat.org/ejp

Page 33/54


https://doi.org/10.1214/23-EJP924
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Local limit for random walk on oriented percolation

8 Proof of Proposition 4.1

The starting point is a result from [21]. Define
— 1 3 1 3 27]% 1 d
P(N) = ([—ﬂ\/ﬁlog N, 5V N log N} X [0, gND N(Z¢ x 7). (8.1)

For 6 € (0,1) and (z,m) € P(N) let G'((z,m), N) denote the event that for every box
A C 74 of side length N%/? we have

|PE™ (X € A) = PO (X, € A)| < CN-10-0/2-30, (8.2)
Furthermore set

G'(N)= ) (G m),N)U{&(x)=0}). (8.3)

(z,m)EP(N)
Theorem 8.1 (Theorem 3.24 in [21]). Let d > 3. There exist positive constants ¢ and C,
such that for all (x,m) € P(N) we have
P (G ((x,m), N)) > 1~ CN—cloeN (8.4)
and
P(G'(N)) >1— CN~closN, (8.5)

The following notion of good sites and good boxes will be needed in the proof of
Proposition 4.1. On such boxes the annealed and quenched laws are “close” to each other.
Recall the process £ = (&, )nez from (1.2) and the definition of n; from the beginning of
Section 4. Recall also that 11}, is a partition of Z? into the boxes of side length [n].

Definition 8.2. For a given realisation w € (), we say that (v, m) € Z x Z is (k — 1,0, ¢)-
good if either &, (x;w) = 0 or &,,(z;w) = 1 and the following two conditions are satisfied

P(x,m) X A _IP(af,m) X AN < 0d—g—e 8.6
sSup | w (Xmin, € A7) (Xminy, € )‘_nk ) (8.6)
A€l
pP@m (néax | Xomis — || > /ng log? nk> < COny 18, (8.7)
SSNg

Otherwise the site is said to be (k — 1,0, ¢)-bad. We say that for A € II;_; and m € Z the
box A x {m} is (k —1,0,¢)-good if each (z,m) € A x {m} is (k — 1,0,¢)-good. Otherwise
we say that A x {m} is (k — 1,0, ¢)-bad.

The following lemma is a direct consequence of Theorem 8.1.
Lemma 8.3. For all A € I1,_, there are positive constants C' and c so that

P (A is (k- 1,6,¢)-good) > 1 — Cny ©'8 ™. (8.8)

The assertion of Proposition 4.1 is the analogue of the inequality (5.1) in [2]. The
strategy of the proof there is as follows. First, using the triangle inequality and the
Markov property an upper bound of )\, is obtained which is given by a sum of four
terms (5.2) - (5.5) in [2]. Second, for each of these four terms an upper bound is shown.
Three of these upper bounds, the ones for (5.2), (5.4) and (5.5), are not difficult and
can be proven in the same way as in [2]. We will omit their proofs here and refer to
Appendix C. For (5.3), [2] use a notion of “good” boxes and the fact that for their model
they are independent at a large but finite distance. The definition of those good boxes
translates to our Definition 8.2, where it is clear that the dependence on £ prevents
us from directly using any argument hinging on independence at a finite distance. We
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circumvent this problem by defining a new type of boxes for which we are able to
work with independence, see the ideas below Proposition 8.4. Using those boxes as an
approximation for the good boxes we prove a lower bound on the probability of hitting a
good box in Proposition 8.4.

Proof of Proposition 4.1. To prove Proposition 4.1 we need to show inequality (4.3) which
we recall here

Ak < A1+ Cni @, V1I<Ek<r(N).

for some positive constants « and C on the event G(N) from (8.20).
Fix w € G(N). Recall the definition

A= Y |PLO(Xy, € A) = PO (Xy, €A)]
AEHk

from equation (4.2). Note that, by the triangle inequality, we obtain
Ak <(8.9)+ (8.10) +(8.11) + (8.12),

where

> 3 | X A e

A€l A’El_1 ueA’

X [PLSO’O)(XNkfl = u) - ]P(O’O)(XNkfl € A/)PLEJOJ))(XNR—I = U|XN1¢71 € A/)] , (8.9)
S Y | X RO, € AP (X, , = ulXn, , € A)
A€Ell, A'€ll_1 uceA’
x [PNe-D)(X e A) — PONe-1) (X e A)]|, (8.10)

>Y | X pey e a)

A€l A€l ueA’
X [IP(QO) (XNk—l € A/)Pu()O?O)(XNkfl = U"XNk—l € A/) - IP(O,O)(XNkfl = u)]’ (8.11)

> ¥ ‘ 3 PO (X, , = wPENeD(Xy, € A)

A€lly A’ell_1 ueA’

—~POO(Xy, €A Xy,_, € A)]. (8.12)

The following estimates and their proofs are analogous to the estimates of the terms in
(5.2), (5.4) and (5.5) in [2]
(log ny)3?
1/2—20
Ny,

(8.9 <\, (B.11)<C + Cn,j“og”k, (8.12) < Cny“.
We provide the proofs adapted to our notation and setting in the Appendix C.
Using these estimates combined with the estimate (8.10) < C” n;/f proven below,

for each of the summands respectively we obtain
(log ng)3?

_cl _ ~
W_A'_ancognk —&—C’nkf < )\k,1+0nka
k

A < A1 + C”n,;f/fl +C

for appropriate choices of & > 0 and C' > 0. The fact that P(Gy) > 1 — CN—clogN jg
proved in Proposition 8.4 below. O
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Proof of the analogue of an upper bound of (5.3) in [2]. First, by the triangle inequal-

ity, (8.10) is bounded from above by

S PO Xy, € AP0 (X, , = ulXn, , € A)
A€l 1 ueA’

(8.13)
Z |Pu()u71\7k—1)(AX'N)C c A) _ P(U,Nk—l)(XNk c A)’
AETTy,
Next we define II} , as the set of boxes A’ € II;,_; with the property
A'n{zeZ: |z|| < /Ne_1log® N1} # 0.
By Lemma 3.6 in [21] it follows
> POY(Xy, , € A) < ON RN (8.14)
AV
and consequently (8.10) is bounded from above by
CNEEN T 4 3 S POy, € AP0 (Xn,, = ul X, € A)
A’ell; _, ued’
(8.15)

Z |P£U,Nk71)(XNk c A) _ ]P(U’Nkfl)(XNk c A)’
A€l

Recall Definition 8.2. We will write “good” for (k—1, 6, €)-good to simplify the notation.
By Lemma 8.3 we have P(A is good) > 1 — Cny °'°8™ . For u € Z* define by H;l’u) the
set of boxes A € II}, satisfying (note that E(“0[X,, | = u)

Aﬂ{xGZd: ||x7uH §\/7Tklog3nk}7é®. (8.16)

If a box A’ € II}_, is good, then for u € A’

D [P (X, € A) = PN (X, € A)|

A€ETly
= > PN (X, € A) - PON) (X, € A)
NS 1
+ Y PeNe (X, € A) - PN (X, € A
(1,u)
A€M \IT,; (817)
< 3PN (Xy, € A) - PON) (X, € A)| 4 Ongt 8
Aemt™
_d__
< ‘H](€17U)|and 5 E_i_On]:clognk
d_ _4d__
< Cn;? 0d+0d—5 s(lOg nk)gd + Cn];clog ng
< C(ny = (lognk)> 4 ny, <18 ™) < Cny <2,
where we used in the first inequality that by Lemma 3.6 from [21]
POO(| X, || > Vnlog®n) < Cn=clogn
and that [TI{""| < Cn®/>~"(log ny )3
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It follows that (8.10) is bounded from above by

CNEN e Y Y POV (X, € AYPO (X, = ulXn,, € A)On

A/Eni,1 ueA’
is good

+ 3 3 POY(Xy,, € AYPOY(Xy, , = ulXy,_, €A
A’e]‘[}ciluGA’

is bad
x Y PN (X, € A) = PUND (X, € A))
A€l
<ONEN pon P Y POO(Xy, e ). (8.18)
Ael}
is bakd

Now we want to find an estimate for the probability of hitting a bad box. For some 5 > 0,
to be chosen later, we consider the following event

CNmp s = { 3> Laisgooat POV (X, €A) > 1 c’n;ﬂ} (8.19)
A€ _4
and define
r(N)
Gy = () Gy, (8.20)
k=1

We want to mimic the proof in [2] and for that we need to define a new type of boxes
to approximate the density of bad boxes. The problem with following the proof in [2]
arises from the fact that our environment is, due to the dependence on infinitely long
open paths, not i.i.d. To overcome that problem the idea is to exchange the environment
& with a process that only has finite range dependencies. We will use this idea to show in
Proposition 8.4 below that

P(Gy) > 1— CN—cloe), (8.21)
Note that ni_1 = nﬁ Thus, on Gy the expression (8.10) is bounded from above by

CN’;_cllogNk—l + Cn’:E/Q +C Z IP(O’O)(XNk,l € A/)

1
A'elly,
is bad

< C,Nl;_cllogNk,l +Cn;E/2 +Cln1§_ﬁ1 < Clln;f{4.

(8.22)

As can be seen in the proof of Proposition 8.4 we can choose 8 > /4 to obtain the last
inequality in (8.22). O

Proposition 8.4. For the events Gy from (8.20) there exists Ny € IN such that, for all
N > Ny we have that

P(Gy)>1—CNclosh, (8.23)

Let § > 0 and put f(ng) = log® ny,. First we need another notion of good sites. Given
a realization w we define for all (z,¢) € Z? x Z the set C,,(z,¢) as the set of sites at time
£+ m € Z which can be reached from (z, ¢) via an open path w.r.t. w. We start by defining
for k =1,2,... afield £¥ := (£F(x)),cza as follows

() &F(x) = & (x) forall (z,t) € Z¢ x {ny + f(ni),ne + f(ng) +1,...}

EJP 28 (2023), paper 37. https://www.imstat.org/ejp
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(ii) For all (z,t) € Z% x {...,nx + f(nx) — 2,k + f(nx) — 1} we set {f(x) = 1 if
Crpt f(np)—t(x, 1) # 0. Otherwise we set & (x) = 0.

Note that ¢ < £ since for (z,t) with ¢t < ng + f(n) we set & (z) = 1 if (z,t) has an open
path of length at least n; + f(n;) — t instead of requiring an infinite open path. For
&i(x) # €F(x) we necessarily must have ¢ < ny, + f(n;) and there must exist an open path
started at (z,t) whose length is at least ny + f(ny) — ¢ but the contact process started at
(x,t) has to eventually die out, i.e. there is no infinite open path starting in (z,t).

The following lemma gives us an upper bound on that probability. The result is well
known in the oriented percolation and contact process world. For a proof see for instance
Lemma A.1. in [4].

Lemma 8.5. For p > p. there exist C,c > 0 such that for all (z,t) € Z¢ x Z
]P((x,t) - 74 x {t+n} and (z,t) »* Z x {oo}) <Ce ™, nelN

As a direct consequence we get the following corollary.
Corollary 8.6. For = € Z¢ define

D, (z) = (z + [-nf_y — ng,nj_y +ng]® x [0,n4]) N (Z¢ x Z).
For p > p. there exist constants C, c > 0 such that

P (&) = &(v) forall (3,1) € Dy (2)) = 1= Com s, (8.24)

Proof. Note that 6 > 0 is a small constant and can be chosen such that we have nf_, =
n3? < ny and thus |D,,, (z)| < 24", By definition of £* £f(y) # & (y) implies that there
is at least one open but finite path whose length is larger that f(n;). Using Lemma 8.5
the assertion (8.24) follows by the choice of f(ny) = log2 ni. (Here one can see that
other choices of f(ny) are possible as well.) O

Let (X' ) be a random walk in the environment é * with transition probabilities given
by

|U(z,n) NC*¥|~' if (z,n) € C* and (y,n + 1) € CF,

~ 8.25
|U(z,n)|~? if (z,n) ¢ ck ( )

Pw,ék(Xn+1 = y|X7L =7x)= {

for (y,n+ 1) € U(z,n) and 0 otherwise and where C* := {(z,n) € Z¢ x Z : £¥(x) = 1}.

Given a realisation w, we say that (z,m) is (k — 1,9,5,§~k)-good if it satisfies the
conditions from Definition 8.2 with & replaced by é ¥ and X replaced by X in the quenched
probabilities.

Lemma 8.7. For all (z,t) € Z¢ x Z we have that

P((x,t) is (k — 1,0,¢,£*)-good) > 1 — Cnj, 18", (8.26)

Proof. Due to Lemma 8.3 it suffices to show that with probability at least 1 — On,:dog Mt
we have £F(y) = & (y) for all (y,t) € D, (x). This is exactly the assertion of Corollary 8.6.

On that event (z,t) is (k — 1,6, ¢)-good if and only if (z,t) is (k — 1,6, ¢, £¥)-good. O

Proof of Proposition 8.4. Recall the definition of Gy ,, , from (8.19). To estimate the
probability of hitting a bad box we can now mimic the proof in [2] since we get a lower
bound by estimating the probability for the (k — 1,6, ¢, 5’“ )-good boxes. By construction
those boxes are independent of each other at distance > 5n;. Define

n? = {A' eIl dist(A,0) < WJKJ} (8.27)

EJP 28 (2023), paper 37. https://www.imstat.org/ejp
Page 38/54


https://doi.org/10.1214/23-EJP924
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Local limit for random walk on oriented percolation

and for r > 1 let
", = {A’ eIl PT*l\/mJ < dist(A/,0) < PMJ } (8.28)

Note that (H;(:_)l)rzo is a partition of IT}_, into disjoint subsets according to the distance
of the boxes from the origin which allows us to estimate the hitting probabilities of the
bad boxes. Using the annealed local CLT (Theorem 1.1), we have

> POY(Xy,_, €A

Alelly,
is bad
[og, (log Ni.—1)*] ~ )
< > I, N {(k—1,6,¢,&")-bad boxes}|Cnf? | N, /e~
r=0

holds for some constants C, ¢ > 0 and P is the measure for the changed environments 5’“.
In order to estimate the number of bad boxes in each H,(Ql we define the event

éN = éN(C) by

N 7(N) [log,(log Ni—1)3] -
Gv= N {20k - 1,6,2,6")-bad boxes} < CII, [0 |

k=1 r=0

where 5 > 0 is a constant to be tuned later. Let p;_; be the probability for a box
A’ €T}, to be (k — 1,0,¢,%)-bad. Note that f, € O(n, °'**™*) and on the event Gy

- [log, (log N —1)°] e
Z POO(Xy, , eA)< Z C'|H( )1|”k il N / e

2

Alell;_, r=0
is bad
[ogs (log Ni—1)*]
dr d do —d/2 —cr? - -B
< § O2% (\/Nip—1/mf 1) "ngZ N e 2y < Oy 2
r=0

Now it suffices to show that P(Gy(C)) > 1 — CN—<s(N) for some constant C' > 0. To
do so, fix k > 1 and note that boxes A’ € II,_; at distance 5n; are, by construction
of £€*, good or bad independently of each other. To see this note that 2(n2_1 + n, +

f(ng)) < 5ny and recall that éf (y) = 1 if there exists an open path connecting (y,¢) to
7 x {ng+ f(ny)} and £ (y) = 0 otherwise. Let (II7/ ), be a partition of II\" | into at most
(5n)¢ subsets of boxes so that the distance between each pair of boxes in ;7 | is bigger
than 5nk, for every j, and the number of boxes in IT;7 | is between |1'[,(:7)1 |/(2(5n)%) and
2T, /(B ).

If the number of (k — 1,6, ¢, £¥)-bad boxes in 11", is bigger than C|H§Ql\ngfl, then
there exists at least one j so that the number of bad boxes in II}’, is larger than
Oy |n,”,. Since the boxes in I} | are good or bad independently of each other, their

number is bounded and they are bad with probability p;_1, it follows by Hoeffding’s
inequality that
B (177" _ Fky () ,—8
P(|I1,”,n{(k — 1,0,¢,£")-bad boxes}| > C|II;”,|n, "))
< (5P (|52, 1 {(k = 1,0, 2,6)-bad boxes}| > [CIIL, [ ?, /(5n1)])
< (k)" exp(—(Cn "y — 25k 1)? |, |/ (5mi) ™)
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C(5n,)4 exp(— Cn,fﬂﬂm |/ (5n 3d)

do 3d

C’( ) exp( CQTszk S R )

4 2d6+3d
(ﬁ“r + )

= C'(5nk)  exp(— CordN s ), (8.29)

where the right hand side decays stretched exponentially in N for k > 4 if § is small
enough, e.g. § = 1 (which is still sufficient for the proof of (8.10)). For 1 < k < 3 notice
that

P(I, n{(k — 1,0,¢,&")-bad boxes}| > C|I1", [n; 7))
< P({(k - 1,0,¢,")-bad boxes} # 0)
< I, e
< (VN1og®(N))¥pr_1 < (VN log?(N))4N—closW) < ¢ y—clog(N),

(8.30)

Using the estimates above together with the definition of G ~ shows that

P(GF)

I
=i

7(N) [log, (log Ni,—1)*]
( U U {0 {(k - 1,6,2,8)bad boxes}| > cn§;_>1|nk_ﬁl}>
k=1 r=0
7(N) [log, (log Nx—1)?]
<> P (|H,(Q1 N{(k —1,0,¢,&")-bad boxes}| > C|H](€’;)1\n;fl)
k=1 r=0
< r(N)[logy(log Ni_1)>]CN—¢18(N) < C'loglog(N) - log(N)?/6 N—¢los(V)

<N~ Elog(N)

Next we show that the number of (k—1, 915)-bad boxes in ¢ is on the same order as
the number of (k — 1,6, ¢,£)-bad boxes in ¥ with high probability. First we define, in
a slight abuse of notation, the sets

Dy, (A) = {(x,t) € Z% x Z : dist(x, A) < ng,t € [0,n4]},
Apa = {weQ:&(x) = EF(x) for all (z,t) € D, (A)}

forall A € H,(:)l Note that D, (A) is the same box as D, (z) if x is the center of A.
Using the above defined partitions (II;” 1) we see that for every choice of A, A’ € H;’Zl
the events A A and Ay A are independent, since dist(A, A’) > 5ny. Since £ < gk the
number of (k—1, 6, ¢)-good boxes in £ is less or equal to the number of (k— 1,6, ¢, gk)-bad
boxes in &F.

To shorten the notation we say for a box A € H,(:_)l that it is good in ¢ ifitis (k—1, 6, ¢)-
good and good in 5’“ ifitis (k—1,0,¢, f’“)-good. A box can only be bad in £ and good in
&k for w € Af A- Using Corollary 8.6 we get P(Af; 5) < Cny °'°8™, and thus, again by
Hoeffding’s inequality,

P (I, n {bad in ¢}| - |11{”, 1 {bad in &} > O, n, ”, )

, . - RO 1
<P(3jst. G2, N {badin &}| - 7, 1 {bad in £} > O n,*, ——)

(5 )
1

< (5mp)" (|H” N {bad in ¢}| — [I}7, N {bad in £} > CI"  |n;? )

' (5ny)
() - 1
< (5n1)" ( Y Lac, =COMm7 e W)
AEHT,_7
< C’(Snk)dexp ( _ C«QMN%_(er;ng)).
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Again the right hand side decays stretched exponentially in N for £ > 4 for 8 > 0
small enough. For £ < 3 we can repeat the ideas of (8.30). The reason we can
prove an upper bound in the same way as in (8.29) and (8.30) is that the probabil-
ity for a box to be bad in £ is of the same order as ]P(A%)A), namely n,;dog "t De-
fine

r(N) [logs (log Ni_1)%] ~
Av = N {|n,<;;>1 N {bad in ¢}| — |1I", N {bad in £*}| > C\ngjlm,;fl}
k=1 r=0

then by the same arguments as above we also get
P(Af) < Nl

Since éN N Ay C Gy the claim follows. O

9 Mixing properties of the quenched law: proof of Lemma 7.1

Definition 9.1. Let I1,; be a partition of Z¢ into boxes of side lengths M, let C > 0 and
let w be a realisation of the environment. We call a box A € II;; social with respect to w
at time N € IN, if for any pair of points z,y € A there exists z € Z such that

PN (Xnyren =2) >0, and PYN)(Xnirear = 2) > 0.
Note that if Pf,x’N)(XNHCM] = z) > 0, then by construction Pu(,x’N)(XN_HCMW =2z)>
(3-4)CM
The next result shows that the density of social boxes is suitably high.

Lemma 9.2. For every ¢ > 0 there exists My € IN and constants c,C > 0 such that for
all M > M there exists a set of environments S); satisfying

Y PEOX,eA)<e forallwe Sy

A€
A is not social

and P(Sy) >1— Ce—clogn (Recall that the property of A being social depends on w.)

Corollary 9.3. For every € > 0 there exists My € IN so that for all M > M, there are
environments Sy, such that

Y PUO(XpeA) <2

A€l
A is not social

forallw € Sy, and P(Sy;) > 1 — Cn=closn,
Proof. Combine Lemma 9.2 and Lemma 2.1. O

Proof of Lemma 9.2. The proof idea is similar to the one we have used to prove the high
density of good boxes; see the proof of Proposition 8.4. We set

pa = PP(A is not social).

As a direct consequence of Lemma A.1 for every A € II;; we have that py; < Ce™°M for
some positive constants C, c. We define

log, log®n
Sar = ﬂ {|H§&) N {not social boxes}| < C|H§&) |pM} , 9.1)
r=0
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where
(Y = {A € 1T, : dist(A,0) < v/},
() = {A ey : 2771 /n < dist(A,0) < 2"/n} forr > 1.

By Lemma 3.6 from [21] we have P9 (|| X,,|| > /nlog®n) < Cn=c1°™ and so for w € Sy
(note that being social depends on w)

log, log®n
> POYX,eA) <CnelEr 4 Y > POYX, €A
A€My r=0 Aer?
A is not social M

A is not social

IN

10g210gn
S o e (@ Va2

log, log n
r/m\? 1
<C E ( ) —az exp(—cr?)pas
r=0

M
log, log®n
< Cpm Z Tl exp(—cr? + rdlog2)
r=0
<C'pu

where we used the annealed local CLT in the second inequality. It remains to show that
PO (Sy) > 1 — Ce 8™ We have

0:0)(85,) = PO (Ir < log, log®n : 11" N {not social boxes}| > C|11{) Ipar)

log, log®n
< Z ]P(O*O)(|Hg\? N {not social boxes}| > C|11{7 lpar).
r=0

Next, let (H?\’j)jg be a further partition of Hg\? so that for each j € J the distance
between any pair of distinct boxes in II}} is bigger than 3C'M and

(r) , (r)
2(3CM)d (BCM)d

Note that the index set J = J(M,r) is finite (in fact we have |J| < 2(3CM)?) and
that by construction the boxes in II}/ are social or not social independently of each

other. If |II, N {not social boxes}| > C|II} (r) lpas then there exists a j such that [T}/ N
{not social boxes}| > C|H |pM/ 3CM)%. Using Hoeffding’s inequality for r > 1 we

obtain
]P(O*O)(|HSC}) N {not social boxes}| > C|1 lpar)

o) |pM)

< Z]P(O’O) (\H}wj N {not social boxes}| > (3CAY

jeJ

, ot ,
= ZIP(O’O) (\HR’} N {not social boxes}| — [IT}/ [pas > (M - |H7];’43|)pM)

. (3CM)d
jed
| (T)| 7,7 2
<o (e g - i) )
jeJ
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H(T’) 2
= z;e"p( m(@=2) (310%%)
=1 /n 2d
2(3CM)? exp(—Cp?w(?gC]\\ggd).

Similarly for » = 0 we have

2d
.0 (|H§8[) N {not social boxes}| > C|H§\3) Ipar) < 2(30M)dexp(—C’p?w(3\Ofx4)2d>.

Using the above estimates we obtain

IP(O’O)(SJCVI)

2d log, log® n r—1 2d
d VnT Z (271y/n)

o
< log, log®(n) 'eXP(*CP?\/I W) < COn~closm,

O
Proof of Lemma 7.1. The proof relies on a construction of a suitable coupling of
PO (x, e -) and PY9(X, € ). First we show that there is a coupling on the level of
boxes with side length M, where M is a constant. Let IT); be a partition of Z% in boxes
of side length M and fix « and y. Set

Fpo= ) {w V2 € [k, K] N Z°,

k2nt (2.0) (2.0) G, G
> IPEO(X, € A) - PEO (X € A) < 4+ o L
@ ke: T Me2
A€
and
F(l?,y) = ﬂ O—(i'JrL)Fne N ﬂ J(Q,7rL)Fn9
(#,m)€Z*x Ny (§,m)€Z xNg
lZ—z||<n lg—yll<n
m<n m<n

By Lemma 2.1 we have P(F,0) > 1 —n~c8" and thus P(F(z,y)) > 1 — Cn=¢!°¢"_ In the
following we assume that the indices of the random walks are integers, otherwise we
take the integer part. Now choosing M and n large enough for ||z — y|| < n? on the event
F(z,y) we obtain

Z |Pu()m70) (Xn29 log8d n® € A) (y,O) (Xn29 log8d n® € A)‘

A€elly
< Z |P£I’O) (ane log84 n? S A) — IP(I7O)(X,L29 log8d no S A)|

A€y

+ Z ‘Pbgy,O) (ane log8d no S A) — P(y’o) (ane log®e n? € A)|
A€y

+ Z ‘]P(xO) (Xn29 log8? n® S A) - P(y’O) (Xn29 log84 nf € A)|
AEHM

1

g + 3 + Z IP(T 0)( 020 log8d no € A) — P®:0) (X 20 log8d no € A)|

A€y
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1
< Z + C«n—clogn
+ Z |IP(I’O) (Xn29 log84 nf € A) - IP(y’O) (Xn29 log8? nf € A)|
AETTZY (n20 logdd no)
1
< Z_|_Cn—clogn_’_|I-[]I\/,Iy(n2910g8d 9 |dn90( 2910g8d 0)
1
< 1_|_C«nfclogn+2(n910g4d(n0)10g3( 20 JogBd 9)> dn®C(n? log 9)
1 3d
_ Z + Cnfclogn + C(log(n% 10g8d 77,0)) log—4d(n0)
L
9’

for n large enough, where
W5 (m) = {A €Ty - AN {z € Z% s minflz — 2|, lly — 2]) < Vimlog® m} # 0}

and we used Lemma 3.6 from [21] and the annealed derivative estimates; see Lemma 3.1.
The number of steps we chose might seem a bit strange at first. The choice becomes more
clear by looking at the last inequality above. There we see that, with the methods we
use, we need a bit more steps than the square of the current distance. One can calculate
that any additional factor log™ (n?) with m > 6d is enough to get the estimate. So there
exists a coupling = ._w n29 log®4 10 of Pu(;w’o) (X 20 log8dno € -) and Pu(;y’o) (X 20 logddno € -) on
IT); x I such that for w € F(z,y)

=y : 1

= dns({(A7A) .AEH]\/[}) > 5

w,n29 log®
Recall Sj; from Corollary 9.3. We have for
w e H({E,y) = F(.’E, y) N m J(fc,m)gjw n m U(gj,nz)SM

(#,m)Z%xNg (§,m)Zx Ny

|£—z|[<n lg—yll<n

m<n m<n

that 1 1

=T,y
E So,n20 long no (A, A) > 5 — €(M) > Z
A€l
A is social

By Corollary 9.3 we obtain P(H (z,y)) > 1 — Cn~¢!°8"  Thus, by the definition of social
boxes (Definition 9.1), we can construct a coupling = y@ of P{"” (X120 1084 oo € °)

and P (X, 20 loghd noyopr € ) satisfying ”f}ig({(z,z) Dz € Z7)) > (57)%M. If this
coupling is successful, we let the random walks go along the same path until time n. In
case it isn’t, we try to couple from their current position. Note that w € H(z,y) ensures
that we can repeat the coupling attempt at the new positions.

For the rest of the proof let nj, = n’ logk(4d+3) n, k € Ny and sy == ni long ng + CM.
The n; will represent the distance between the walkers at the start of an attempt at
coupling and s; will be the number of steps necessary for the attempt. Furthermore let
Sk =30, si.

By Lemma 3.6 from [21], we know that with probability of at least 1 — Cn—°¢1°8” the
distance between the random walks will only be

(n 20 184 9) /210g3( 20 184 9) < n%log*(n?) log(n) < n® log*t3n = n,,

as long as 8d < (1 — 20) logkl’i;ne. This condition is not a restriction, since we will let
n — o0.
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Let us now iterate the coupling procedure. If the coupling in step £ — 1 is not
successful, i.e. if the walks are not at the same point, we try to couple again starting
from the current positions. This leads to an iterative coupling = of the following form:

=Y _ Zwy =Y
Eoo =800, =B, e andfork >1
=T,y _ =T,y
“w,k(zl’ZQ) - “w,kfl(aﬂb)
a,beZd

' [1{a:b}1{z1:z2}P£a’S‘""l)(Xsk = 21) + L{o< Jabl <ne} E55, (21, 22)

+ L{jacbf>ne PY5 ) (Xg, = 21) PPS1 (X, = 29) |,

where 22 is a coupling of PUE“’S’H)(XSk € ) and Pu(,b’s’“’l)(XSk € -). The idea is that

w,ng
the random walks will stay together once they are at the same site. We try to couple
them via 2%° . if their distance is not too large and we let them evolve independently

otherwise.
Since at distance n; for the next coupling we walk s, steps and with high probability

have at most a distance of s,lc/ 2 log3 sk, the above coupling will work as long as k <
(1-20)logn 8d
(8d+6) loglogn 8d+6

holds, which we show below. We obtain
1/2, 3 2. 8d V20 5( 50 g4
s,/ " log® s, = (nk log™ ny + CM) log (nk log™" ny + CM).

Now for k < M% and n large enough

n2log® ny, + CM < n?log®n
and
log?® ny, = log*? (n9 logk(4d+3)(n)) <log'n.
Thus, we have
3,16/2 log® sj, < ny log*®(n) log® (ni log®? n)

(1—-20)logn 8d

BdT0)loglogn — 8t then

Furthermore, if k <

2logny, + 8dloglogn = 2log (ne logk(4d+3) n) + 8dloglogn
= 20logn + k(8d 4 6) loglogn + 8dloglogn < logn
It follows that

5,16/2 log® s, < 2ny log?® nlog®n = 2n? 1og(k+1)(4d+3) (n) = ngy1-

So after we try the k-th coupling we are, with high probability, at distance nj;. The

probability for each try to be successful is bounded from below by ;(57)?“* and we
(1—20)logn

have ®dT0)loglogn — 1 attempts. So the time we need for those attempts is
Z Sp = Z ni logsdnk +CM
k=0 k=0

(1—26)logn 1
(8d+6) loglog n

< Z 1% 1og* B4 (n) 1og®(n) + CM
k=0
(s(dl-;(f)gl) lo1g 1
(1 —20)logn 207 . 8d — (8d+6) k
= oM 1 (1 ) .
(8d + 6)loglogn +n”log™(n) kZ:O o8 (n)
9.2)
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Note that

(1—20) logn

(log n) BaFotsstosm S9H6) — oxpy (1 — 26) log n) = n'~%
and therefore the right hand side of (9.2) is bounded from above by
(1 —20)logn 201 8d n'=20 1
CcM 1 —_—_—
(8d + 6) loglogn 7 log™(n) log®4+9) (n) — 1
(1 —20)logn N
~ (8d +6)loglogn log®(n)

(1 —20)logn 1
= M
" <n(8d +6)log lognc - log® n s

for n large enough. And the probability for the above coupling to fail is smaller than

(1—-20)logn log n
(1 _ p*)4(8d+6) Toglogn 1 < e Cloglogn

where p* = §(37)%M

|z — y| < n® we have

and ¢ > 0 is a constant. So for a fixed pair of points x,y with

HPLE}T70) (Xn € ) - PLE!%O) (Xn S )H S eiclol;lgogn
TV

with probability at least 1 — n~¢!°¢™  Thus we get for every b > 0

POm) =P( N {[PrOx e - PeO, €| <eombin )
x,yeZd:
izl llyll<n®,
lz—yll<n
S RO )
z,y€Z?:
I, lyll<n®,
e~y <n®

>1— nd(b+9)nfclogn >1-— Cnfc’ logn'

Note that b > 0 can be chosen arbitrarily large, but the constants C and ¢’ will have to
adjusted accordingly. O

A Intersection of clusters of points connected to infinity

The following lemma is a quantification of Theorem 2 from [15] which was pointed
out there without a proof. We give a proof using a key result from [14].

Lemma A.1. Letd > 2, p > p.. Then there are positive constants M and C' and c such
that for all z,y € Z® with ||z — y|| < M

P (B(z,y; M, C)|(x,0) — 00, (y,0) = 00) > 1 — exp(—cM), (A1)
where B(xz,y; M, C) is the set of all w € ) for which there is z € Z? satisfying
(z,0) % (2,CM), (y,0) % (2,CM) and (z,CM) % .

Proof. For A C Z% we put n{*(x) = 1{(y,0)=(a.t) for some yca} (this is the discrete time
contact process starting from all sites in A infected at time 0). Write

B(x,t) = {32 : & —2|| < est and n™ (2) # 0 (2)}
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for the “bad” event that coupling in a ball around x has not occurred at time ¢. We obtain
from [14, Thm. 1, Formula (3)] that

P(B(z,t) N {(z,0) = o0}) < Ce (A.2)

for certain constants ¢1,C, ¢ € (0,00) (which depend on d and on p > p.). Literally, the
result in [14] is proved for the continuous time version of the contact process, but we
believe that the same holds in discrete time.

Now consider z,y € Z¢ with ||z — y|| < M. Pick C; so large that

J={z:|z—2z| < C3M and ||z —y| < CoM}

satisfies #.J > M?. Applying (A.2) with t = CoM for = and for y gives

P((B(@; CyM) U B(y, CoaM)) N {(2,0) — 00, (y,0) — oo})

< P(B(z,CoM) N {(z,0) = oo}) + P(B(y, C2M) N {(y,0) — oo}) < 2Ce Mz

hence

P (nihi(2) = nar(2) = nh () ¥z € T | (2,0) = 00, (3,0) = 00) = 1 = Cle™eC=1,
Furthermore

IP(EIZ eJ :nng(z) =1and (z,CoM) = ‘ (x,0) = o0, (y,0) = oo)
> IP(EIZ €J: n(z) =1and (z,CoM) — oo) >1— CeM"

where we used the FKG inequality in the first inequality. For the second inequality we use

the fact that extinction starting from A is exponentially unlikely in # A (see Theorem 2.30
d

(b) in [18]) and the fact that 17%2 » dominates the upper invariant measure which itself

dominates a product measure on {0, I}Zd with some density p > 0 (see Corollary 4.1 in
[19D).
Combining, we find that for

A(z,y,Cy, M) :={3z € /i (2,0) = (2,CoM), (y,0) = (2,CoM), (2,CoM) — oo}
we have

IP(A(x,y,C’g,M) ‘ (2,0) = o0, (y,0) — oo) >1— (e cC2M _ CeeM” O

B Quenched random walk finds the cluster fast

Since we allow the quenched random walk to start outside the cluster we need some
kind of control on the time it needs to hit the cluster. The following lemma will yield
exactly that.

Lemma B.1. Let d > 1 and define the set A, = A,(C',c') = {w € Q: pi0 (&(X;) =
0,i=1,...,n) < C’e‘c/”}. There exist constants C,c > 0, so that for every p > p.(d) and
small enough C' and ¢’ we have

P(AS) < Ce " foralln=1,2,....

Proof. Note that by our definition of the quenched law, see equation (1.4), the quenched
random walk performs a simple random walk until it hits the cluster C. Thus, on the
event that the random walk doesn’t hit the cluster, we can switch the random walk with
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a simple random walk (Y},),, that is independent of the environment. Using Lemma 2.11
from [3] it follows

PO (§(Xo) = -+ = &u(Xp) = 0)
= 3 POY((Xy,.. X)) = (21,0, 20),&(0) = -+ = Eu(2a) = 0)
— Z nIP(U’O)((Yl,...,Yn) = (T1,...,7,),&(0) = -+ = &, () = 0)
= Z nIP(O’O)((Yl,...,Yn) = (21,...,2,))P(&(0) = -+ = &, () = 0)
< g,e!;:

where C and ¢ are certain constants depending only on p and d.
Using the definition of the annealed law we get

P00 (Eo(Xo) = =6 (Xn) = o)
= [ PO = 0= 1, ) ()
An
+ [ POY(X)=0,i=1,...,n)dP(w)
AS
> [ POOE(X)=0,i=1,...,n)dPw)

Ag
> P(AS)Ce "

and since

POO(g(X) =0,i=1...,n)dP(w) < Ce™®"
we obtain that P(AS) < Ce™*" with ¢ = ¢ — ¢/ > 0 by choosing ¢’ < ¢. O

C Remaining upper bounds for the proof of Proposition 4.1

In this section we prove the three remaining upper bounds for the proof of Proposi-
tion 4.1.

Proof of the upper bound of (8.9). Consider
> 3 | X At e s
A€l A’Ell—1 u€eA’ (C.l)
X [Pu(JO’O) (XNk—l = u) - IP(O,O) (XNk—l € A/)PUSO,O)(XNkfl = U‘XNIC71 € A/)] ‘
To get an upper bound for (C.1) the arguments in [2] do not require any specific properties

of the model and apply to our model as well. The steps are as follows: by the triangle
inequality followed by elementary computations (C.1) is bounded from above by

DD DD D G
A€, A’E_1 ueA’
< | PP (X, = u) POV (Xy,_, € A)PPO(Xn,, = ulXn,_, € 4]

- Z Z ‘PUS(LO) (XNk—l = U) — PO (XNk—1 € A/)Pu(JQO)(XNk—l = U‘XNk—l € A/)l
A’ETT, 1 u€A
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= > > POIXw,, =ulXn,, € A) PPV (Xy, , € A) = PO (Xy, , €A
A€l 1 uel’

= Y PPNy, , € A) PO (X, , € A= N1
A€l 1

Proof of the upper bound of (8.11). Consider
> 3 | Z e e )
A€, A’€,_1 u€A’ (C.2)
X []P(QO) (XNk—l € A/)PUSO’O) (XNk—l = U|XNk—1 € A,) - IP(O)O) (XNk—1 = u)}

For any two probability measures 1 and ji on Z? we have

> flp(u) = D f(w)i(u) < max f(u) — min f(u).
ueA’ ueA’
Thus, the expression (C.2) can be bounded from above by

Z Z PO (Xy, e A |maXIP(“N’“ (X, EA)—HHD/IP(“N" (X, €A
AETl, A7Ell, 4 uea

< Y POOXy,, en)

JANAS) § FRSY
(u,Ni—1) _ (u,Ng—1) —clognk
X Z |£réaA>§IP (Xn, €4) 7frenAn/]P (Xn, € A)|+Cny
Aerih™
(C.3)
where for H,(cl’") is the set defined in (8.16).
Using P(Ne-)(Xy, € A) =3 A PNe-1) (X, = v) we have
géaA%IP(U N — 1)(XN €A) _EGHAH P Ne— 1)(X N, €A)
< (u,Ni—1) — _ (u,Nk—1) _
irézngP (XN, =) irenAn,IP (XN, =)
vEA
C
. '
< Z dlam(A )W
vEA nk
< ()l

—1 nl(chrl)/Q I

where the second to last inequality follows by the annealed derivative estimates from
Lemma 3.1. Altogether the expression (C.2) is bounded from above by

C —clognyg
Z P(O’O) ()(N,C,1 S A/) Z (HZ)an_lw + C’nk g "k
k

A€ AGHLL“)

N lognk 3 d(ng)dne— —c ogn
<o ¥ POy, e an(® log ) ) gt o)
A€M, ny,

ng

)Bd

+ 7clognk) SC((IOgnk 7clognk).

301
< C((log ny)’? e T
k

1/2
ny

Proof of the upper bound of (8.12). Consider
> Y | PO, = P (X, € )
A€, A’EMl_1 u€eA’ (C.4)

—POY(Xy, €A Xy, , €A
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Recall the regeneration times introduced in [4]. There they are defined for a random walk
on the backbone of the oriented percolation cluster, whereas we allow the random walk
to start outside the cluster. As noted in [4, Remark 2.3], the local construction, which
they use to obtain the regeneration times, can be extended to starting points outside
the cluster. Let B,, 5 be the event that the first regeneration time greater than m will
happen before m + m?, for some small constant 3 > 0 to be tuned appropriately later. By
Lemma 2.5 from [4] the distribution of the regeneration increments has exponential tail
bounds, and thus P(B,, ) < Ce—cm”, First, note that by the theorem of total probability
and the triangle inequality (C.4) is bounded from above by

Z Z IP(O’O)(XNk_l = ’U,) Z IIP(u,Nkil)(XNk € A) - IP(OO)(XNA € A‘XNk—l = u)|
A'ETT), 1 uEA A€,

< Y Y POYXy,, =w)
A€l _1 ueA’
X Z (|pNe-D( Xy, € A) = POO(Xy, € A, By, 0y | X, = 1)
A€y
+ IP(O’O) (XNk € AvBJ(\:/k.,l,nk‘XNk71 = ’LL)) (C.5)

First note that
Z Z IP(O’O) (XNk—l = u) Z IP(Op)(XNk € A’Blc\/kal,nkaNkfl = u)
A€l 1 uel’ A€l
—P(BS, ,,.) < Ce .
The remaining part of the right hand side of (C.5) is bounded from above by

> Y POy, =u) Y (B (X, € A B,

A€, 1 ueA’ A€l
+ |IP(U7Nk_1)(XNk € AvBoynk) - PO (XNk € A7BN1¢717"1¢‘XN7¢71 = u)|)

Using the same arguments as above we obtain
B

S Y POYXy,, =u) Y PUNeI(Xy, € ABS, ) =P(BY, ) < Ce ™
A'ETT,_1 uEA’ A€l

and thus it remains to find a suitable upper bound for

Y. D Py, =uw

A€l 1 uel’
Z ‘P(U’Nk_l)(XNk € A’B07nk) - IP(O’O)(XNJC € AvBNk71-,nk|XNk71 = u)|
AEHk

Let 7n,_, denote the first regeneration time greater than N,_;. By splitting the
probabilities above into the sum over the possible times at which the regeneration
can occur and the possible sites at which the random walk can be at the time of the
regeneration we see that the term in the above display equals to

Z Z IP(O’O)(XNk—l = U)

ATl _1 uEA’

’ Z Z P(v’t)(XNk, S A)P(U’Nkil)(%Nk_l = t’X%Nk—l = U)
A€Mk 1[Ny 1, Ny 1+nf] (C.6)
vEZ|lu—v||<nf
- Z IP(U’t)()(Nk S A)P(O’O)(%Nk—l = t7X7:Nk—1 = U‘XN’“’l - u) '

tE[Nk—lyNk—l‘f‘”f]
vGZd:Hu—vHSHf
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The modulus in the last two lines of the above display is bounded from above by

vt E Ni—1) (= — _
" m;x ﬂ]]P(U )(XNk S A) ]P(u k 1)(7']\116_1 = t,X-,*—Nk_l = ’U)
te[Ng—1,Ng—14+n
kd.1 Bt & tE[Nk—l,Nk—lJrnlz]
vEZ":|lu—v||<nj; 4 8
vEZ":lu—v||<nj;
- min POY(Xy, € A)
tE[Nk—hNk—l""ﬂi]
d. B
vEZ: u—v]| <nf
0,0) (= _ _ _
E POO (7y, = t, Xey, , = VXN, = u)‘

t€[Nk—1,Np—1+n}]
veZd:HuvaSng

< max POY(Xy, € A) — min POY(Xy, € A)‘
tE[Nk—l,Nk—lJrnl,z] tE[Nk—l,Nk—lJrni]
UEZd:Hu—vHSnf vEZd:Hu—vHSnf
+ max ]P(U’t) (XNk € A)]P(U’Nk’l)(f’]vk71 > Np_1+ nf)

te[Nk—l,Nk—1+an}
veZ*:|lu—v||<nf
+ min PO ( Xy, € AYPOD (Fy, | > Ny + 0 | Xn,_, =)
tG[Nk,—l,Nk—1+n§}
vEZd:Hu—vHSnf

Plugging that into the sums in (C.6) we obtain that an upper bound of (C.4) is given by

Z Z IP(O?O)(XNkfl = U)

A’€Tl;_y ueA!

max POY(Xy, € A) — min POY(Xy, € A)
A€TT, tG[Nk—l,Nk—lJrnf] tE[Nk—lyNk—lJrni]
UEZd:Hu—vHSnQ vEZd:Hu—ngng

+ Y > PO Xy, =u)

A'Ell_1 ueA!

max PO (Xy, € AP (7 > Ny +n)
AcTl, t€[Ng—1,N—_1+n?]
vEZd’:HuvaSni

+ Z Z Z min PUY(Xy, € A)

B
A€l _1 u€A’ A€l te[Nk*hNk*lJrn}“]
vEZY:|lu—vl|<nf

IP(O’O)(%N,C,l > N1+ nf,XNk,l =u)

+ Ceem,

Recall the definition of TI{""") from (8.16).
Now define H,lc’“’ﬁ as the set boxes A € II}, for which

Aﬂ( U {erd:Hx—UHS\/TTklog?’nk});é@. (C.7)

. B
vt lo—ul| <nf

Using Lemma 3.6 from [21] we obtain

Z PO (X, € A) <POO (| Xy, — v > /Ny, — tlog® Ny —t) < Cnj ©1o8 "
Agry?
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for all v € Z< with [jv — ul| < nf and all t € [Ny_1, Np_1 + nf} Using this it follows

DR SR LLLIC N

AV€lp_1 uel’
max PO (Xy, € A)PONe-D(Fy > Ny 4nf)

8
A€, tE[Nk;hNk—l"rgk
vEZ": |u—v|<nj

< |H’1€7“,5|IP(0,0)(7-N1C71 > Ni_1 +n£) + Cn};clognk

— B _ _
< ngan/Z(l 20) (log nk)SdCefcnk + an clogng < anCIOgnk,

1,u, d 1,
17| < ).

where we have used the fact that, by the definition of Hg’“) in (8.16),
Similarly

Z Z Z min ﬁ]IP(”’t)(XN,C eA)

A’EMy_1 uEA’ ACTIy, tE[Ng—1,Ng_1+nj
vEZd:\u—v\gnf

POO(Fy, | > Nyy +nb, Xy, _, = u) (C.8)
< [P PO (Fy, | > Nj_y +nj)) + Cnj 8™

— B _ —
< nfan/Q(l 29)(lognk)3dcefcnk +anclognk < anclognk.

Altogether it follows that (C.4) is bounded from above by

DR DELLIC N

A€l 1 uel’

X max POY( Xy, € A) — min POY(Xy, € A)
AEHl’u’ﬁ te[Nk—laNk—l'f'ni] te[Nk—laNk—l'f‘ni]
k vEZd:Hu—UHgng vEZd:Hu—ngng

+ Cn;clognk + Ce—cng

Using the annealed derivative estimates from Lemma 3.1 we obtain

‘ max Pt (Xn, €A) — min Pt (Xn, € A)‘
tE[Nk—laNk—l'f'ni] te[Nk—laNk—l'i‘ni]

1)6Zd:|\u—v\|§nf 1)6Zd:|\u—v\|§nf

< |A] max PO ( Xy, =) — min PO (Xy, = y)‘

te[Nk—lkafl“’ni] ’ tG[Nkfl,Nk71+n£]
UGZd:HuvaSnQ UGZd:HuvaSnf
TEA yeEA
_d+1
< |AIC(nf] + nf)ny,

_dt1
< ngeC(ng +nd)n, 2 .

Now if we choose 8 = 0 and # small enough, we get that the above expression is smaller
2d+1

than Cn, * . Putting everything together we get the upper bound

—d_
2

RTINS DD D) CICIETED D

A€l 1 ueA’ AGH}C’H’B

_d_ 1
< Ce—cni _i_C,n];ClOgnk + Z Z IP(O,O)(AXNI“_1 c u)ln};%ﬂnk 271

A€M, _q u€A’
Bd, d(1-0) 3d, — %%
) ny,

< Cem 4 Cnpe™ 1 Y PO (X, e Al (log g
A€,y
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1

logs _d_
< Cemmh Cny, 8™ an/2(log ng)?in, 27

= Ce ™ + Cny, “'°8™ + C(log 71;@)3‘7%121/47

where we used the fact that [IIy""| < nfd\H,(cl’“” < Cnfdnz(lfe) log®? nj, and that we
choose = 6. Thus, recalling equation (C.4), we obtain

> > ‘ > POO(Xy, = u)P N (Xy, € A)

A€, ATEll—1 ueA’

~POO(Xy, €A Xp, , €A <COn ¢ (C9)

for some constants C,c > 0. O
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