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Invariant measures of critical branching random
walks in high dimension
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Abstract

In this work, we characterize cluster-invariant point processes for critical branching
spatial processes on R? for all large enough d when the motion law is a-stable or has
a finite discrete range. More precisely, when the motion is a-stable with o < 2 and
the offspring law 1 of the branching process has an heavy tail such that u(k) ~ k=277,
then we need the dimension d to be strictly larger than the critical dimension «/3. In
particular, when the motion is Brownian and the offspring law x has a second moment,
this critical dimension is 2. Contrary to the previous work of Bramson, Cox and Greven
in [4] whose proof used PDE techniques, our proof uses probabilistic tools only.
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1 Introduction

1.1 Definition of the model and first notation

Let u be a probability distribution on IN called the “offspring law”. We assume that p
is critical, that is, ﬁ;’g kp(k) = 1 and non-trivial, that is p(1) < 1. Let P be a probability
distribution on R? with d € IN*. P is called the “motion law”. We define a discrete-time
critical branching process on R? in the following way:

We start with one particle at an initial position z € R?. It is generation 0 of the
process. Let Z, be the set of particles at generation n. Every particle u € Z,, gives
birth independently to N, offsprings where N, has law . The offsprings of v jump
independently of each others from the position of u according to the motion law P.
All the offsprings of Z,, with their new positions form the (n + 1)-th generation of the
branching process. We remark that the underlying genealogical tree T, of the model
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is a Galton-Watson tree with offspring law . As p is critical, T g, will die out a.s. For
every branching process defined in this article, we use the following notation:

|ul := the generation of some particle u

Zn :=|Z,| = the total number of particles in generation n
{Sy : |lu| =n} := the set of particle positions in generation n

Zn(A) := the number of particles in the set A in generation n

A special case of this model is when P is a standard gaussian distribution. In this
situation the model is called the critical Wiener branching process. One can refer to
[20], [21] and [22] for more properties of the critical Wiener branching process. Another
particular case is when P corresponds to the simple random walk on Z<. In [15], Lalley
and Zheng studied this critical branching simple random walk conditioned on long
survival when d > 2. In particular, they prove a spatial generalization of the famous
Yaglom’s theorem when d > 3.

In the previous paragraph, we defined a critical branching process starting from a
single particle. However we can also start from a point process in R?. Let us consider a
point process, that is, a random locally finite integer valued measure:

CEDNS
icl
where [ is finite or countable. For every point x;, it is possible to define a critical
branching process with critical offspring law p and motion law P starting from an
ancestor located at x;. For every i € I and every n € IN, we denote by {Sff), |u| = n} the
set of positions of the n-th generation of the branching process starting from an ancestor
located at z;. We assume that these branching processes are independent of each other.
This collection of critical branching processes gives us a sequence (0,,),cn of random
integer valued measures on R?. More precisely ©p = O and at each timen > 1,

@n = Z Z 551(‘1').

i€l |u|l=n

We have to be careful here because it is possible that for some n, ©,, is not locally finite
anymore. For example, let us consider a critical Wiener branching process. If we start
with a Poisson point process ©( of intensity e”x“sdx, even O, is not a point process
anymore. However (0,,),cn is a sequence of locally finite point processes when O is
a Poisson point process of constant intensity. Indeed in this situation, if A is a closed
ball of RY, IE [0,,(A)] remains constant and proportional to the volume of A because y is
critical. One can refer to [12] or [19] for more information on point processes. Moreover,
we offer a short warm-up about point processes in subsection 2.3 for this article to be
self-contained.

A critical branching process starting from a point process is a special case of a more
general theory known as the theory of cluster fields. This theory was originally developed
by Liemant, Kerstan, Matthes and Prehn in several papers (in German), e.g [17] and
[13]. The book [19] summarizes most of important facts about this theory. (Especially
chapters 11 and 12.) A very important issue about point processes is to know whether
(©,)nen converges toward a non-trivial point process or not. This is strongly linked with
the concept of stability which is studied in [11]. It is well-known that in dimension 1 or
2, if the motion P is a gaussian random variable with mean 0 and variance 1, (0,,),ecn
converges in law in the vague sense toward the trivial null measure. (See for example
sections 7 and 8 of [7] in a continuous time setting.) On the contrary, if ©, is a Poisson
point process with constant intensity, in dimension d > 3,

@n law A

n—-+o0o
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where A is non-trivial. (See [6] in a continuous-time setting.) This limiting point process
A is cluster-invariant, that is, if ©y = A, then ©,, is distributed as A for every n € IN*. This
raises the natural question of classification of all cluster-invariant point processes. If we
assume spatial stationarity (that is, Og(- + ) faw Oy for every z € R%) or boundedness of
the intensity (that is, IE [©(A)] < +oo for every borel set A in R?) of the initial process
Oy, the classification of cluster-invariant point processes is a well-known fact in a very
general setting. For example, on can refer to Theorem 12.4.6 in [19]. However, spatial
stationarity is a very strong hypothesis. The classification of cluster-invariant point
processes for critical branching Brownian motion when d > 3 is treated without any
extra assumption like spatial stationarity in [4]. Their proof is given in a continuous
time setting and is based on PDE’s techniques. Our article aims to characterize all
cluster-invariant point processes in a more general setting by using only probabilistic
tools. We also mention that the method which is used in this article is inspired by [5]
which treats 1-dimensional binary branching Brownian motion with critical drift.

1.2 Previous results

Let us recall the known result on critical branching Brownian motion in continuous
time which is defined as follows:

» It starts with one particle.

* Each particle dies at rate 1.

At the end of its life, a particle is replaced by 0 particle with probability 1/2 and by
2 particles with probability 1/2.

» During its lifetime, a particle moves like a d-dimensional standard Brownian motion.

Let us summarize the following results of [7], [6] and [4]. For every random variable X,
L(X) stands for the law of X.

Theorem 1.1 ([7], [6] and [4]). If we consider a critical branching Brownian motion
starting from a Poisson point process O of constant intensity 0, it induces a continuous
time family of point processes (0,):>o by collecting the positions of the alive particles at
time t. Then we have the following results:

(i) Ifd € {1, 2}, then (6;);>0 converges vaguely toward the null point process.
(ii) Ifd > 3, then (6,),;>¢ converges vaguely toward a non-trivial point process ]\g;f.

Furthermore, it characterizes the set of cluster-invariant point processes, that is, point
aw

processes O such that ©, 9 for everyt € Ry if Oy = O. Indeed,
{L£(0©), 0 is cluster-invariant}

is a convex set whose extreme points are
( (Agf) OER,).

Remark 1.2. The first point (i) stems from sections 7 and 8 of [7]. The second point (ii)
is Theorem 7.1 in [6]. Moreover, characterization of cluster-invariant point processes is
Theorem 1 in [4].

1.3 Main results

Now let us state our results which generalize Theorem 1.1 in the discrete time setting.
Indeed we work with a general critical offspring law i and a quite general motion law P.
We consider the following three cases for P and p in this paper.
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1. Hypothesis H;: We assume that d > 3. The distribution P is a d-dimensional
gaussian random variable with mean 0 and covariance matrix ¥ = I; where [; is

the identity matrix. Moreover o2 := >0 k?u(k) < +oo.

2. Hypothesis Hy: We assume that P can be written as

P = px)s,

TER

where R is a finite subset of Z? with d > 3. Moreover p is symmetrical in the
sense that for every z € R, —z € R and p(—z) = p(z). P has a positive definite
covariance matrix >.. In addition, we assume that the random walk generated by
the motion P is aperiodic. Furthermore o2 := 3,20 k?u(k) < +oo.

3. Hypothesis H3: The motion law P is given by a spherically symmetric a-stable law
with « €]0, 2]. More precisely for every y € R,

d a/2
/exp (i(y,x)) P(dx) = exp | — (Z |yk2>
k=1

The critical offspring law p has no second moment anymore. However we as-
sume that there exists 3 €]0, 1] such that for every v < 8, .40 k"7 u(k) < +oo.
Moreover, we assume that d > a/8.

Now, let X be a non-negative random variable. If we assume hypotheses H; or Hs,
let Ag’X be a Poisson point process with distribution

PPP(X\(dz))

where ) is the Lebesgue measure. If we assume hypothesis H,, let Ag’X be the discrete
Poisson point process

PPP | X Z Sa

z€Z4

As in subsection 1.1, we can define the sequence (A%X), i by considering the critical
branching process starting from Ag’X. (A4X), en is a sequence of locally finite mea-
sures because the underlying Galton-Watson tree is critical and we started from an
homogeneous Poisson point process. In particular, for every n € IN¥,

E [A2X(4)|0(X)] = B [A§¥ (4)]o(X)| = XVol(4) < +00

where Vol(A) is the Lebesgue measure of A if we assume hypotheses #; or H3 and the
cardinality of A if we assume hypothesis H5. In this paper, a “closed ball” designates a
euclidean closed ball of R¢. Under hypothesis #,, we always assume that a closed ball
contains at least one point of Z<.

Theorem 1.3 (Convergence Theorem). We assume hypotheses H, or H,. Then, there
exists a non-trivial point process A%X such that

in the vague topology. In addition, the point process A%X can be described in the
following way on every closed ball A:
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Pa
AZX(nA) =Y W

=1

where (J\/'X))Z-Zl are i.i.d copies of a point process N4 defined in Proposition 2.13 and
P, is a Poisson random variable of parameter X1, where I, is a constant defined in
definition 2.11. P4 and (J\/:Ef))izl are assumed to be independent.

A point process © is said to be cluster-invariant if the sequence (0,,),cn obtained by
the critical branching process starting from ©y; = O as in subsection 1.1 satisfies

0,6

for every n € IN. One sees easily that the limiting point processes obtained in Theo-
rems 1.1 and 1.3 are cluster-invariant. In fact, all cluster-invariant point processes are
given by the following theorem:

Theorem 1.4 (Characterization of cluster-invariant measures). Let us assume hypotheses
H1 or Ho. Let © be a cluster-invariant point process. Then there exists a non-negative
random variable X such that:

law
0 "= ALY,
Moreover A%X is cluster-invariant for every non-negative random variable X .
oo

Theorems 1.3 and 1.4 assumed hypothesis H; or hypothesis H5. Under these hypothe-
ses, the proofs are quite similar. Under the hypothesis 3, the results of Theorems 1.3
and 1.4 remain true. However proofs require some slight modifications. We focus on
these modifications in section 6.

Theorem 1.5. Let us assume hypothesis Hs. Then the conclusions of Theorems 1.3
and 1.4 remain true.

1.4 Organisation of the paper

* In section 2, we begin by recalling some results about local limit theorems, heat
kernel estimates and point processes. In subsection 2.4, we quickly explain the
classical “spine method” which is a fundamental tool in this article. Finally, in
subsection 2.5, we study the branching process starting from a single particle
conditionally on survival in a given set.

e In section 3, we prove Theorem 1.3.

+ Theorem 1.3 gives us the point process A%X as a limiting object. We give an
independent proof of the compatibility of A‘f,g)X in section 4.

¢ In section 5, we prove Theorem 1.4.

e Then, we briefly explain how to prove analoguous versions of Theorems 1.3 and 1.4
under the hypothesis /3 in section 6.

* We finish in section 7 by a short discussion about our results.

2 Preliminaries

2.1 Local-limit Theorem

The motion law P is not always a gaussian random variable. However all our
computations are easier in this case. The local-limit Theorem is a fundamental tool in
order to make a link between general random walks and gaussian random walks.
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Proposition 2.1 (Local-limit Theorem, Theorem 2.1.1 of [16] ). Let us assume that P

satisfies hypothesis Hy. Let (S, )nen be a random walk with motion law P starting from
0. Then we have the following uniform convergence:

=0.

. 1 1
. d/2 o b -1
nllgloc ;cSeuZpd n=|\P(S, = x) )72 det ()12 X exp ( 5 (z, % x))
Remark that hypothesis #- is really strong. Actually we only need the finiteness of
the second moment of P for the local-limit Theorem to be true. (See Theorem 2.3.9 in
[16].) Moreover, this theorem implies the following useful corollary.

Corollary 2.2. Let (S,)nen be a random walk whose motion law satisfies hypotheses H;
or H,. Let A be a closed ball. Then there exists a constant c,, depending only on the
dimension d and the motion law P, such that for every n € IN¥,

5 4]
]P(Sn S A) S de

where |A| is the Lebesgue measure of A.

2.2 Heat kernel estimate

In addition to the local-limit Theorem, we also need the following so-called heat
kernel estimate:

Proposition 2.3 (Heat kernel estimate). Let us assume that P satisfies hypothesis Hs.

Let (S,)nen be a random walk with motion law P starting from 0. Then there exists a
positive constant C such that for every x € Z¢ and for every n € IN*:

P(S, =z) < Cin~ Y% exp _lle® .
- C’ln

Moreover there exist positive constants T and Cs such that for every n € IN* and for
every x € Z satisfying ||z|| < n:

P(S, =2) > Con % exp | — [l .
- Con

Proof of Proposition 2.3. A random walk (S,,),cn with motion law P under the hypothe-
sis H, can be interpreted as a random walk with conductances (¢(z,¥y))s,yec Where G
is a graph whose vertices are given by Z¢ and (z,y) is an edge of G iff x —y € R. We
recall that R is the finite support of P. moreover, for every edge (z,y) in the graph G,
c(z,y) = ply — z) = p(x — y). For every R > 1, we define B(R) = {z € G,d(0,z) < R}
and V(R) = |B(R)| where d is the graph distance in G. According to Theorem 3.3.5 and
Proposition 3.3.2 of [14], two conditions have to be checked in order to satisfy heat
kernel estimate:

» Condition (V' D): There exists a positive constant C such that for every R > 1,
V(2R) < CV(R).

 Condition (WPI(2)): There exists a positive constant C’ such that for every R > 1
and for every f : B(R) — R,

Y (@) -f<CR Y cay)(f@) - F()?

z€B(R) z,yEB(2R)

where fp = ﬁ ZyeB(R) f().

Verifying condition (V' D) is straightforward in our case. Moreover Condition (W PI(2))
is a consequence of Theorem 4.1 in [23] applied with p = 2. O
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2.3 A warm-up about point processes

For reader’s convenience, we recall a few facts about point processes. One can refer
to [12] and [19] for more details. A point measure m is an integer-valued measure on R
such that m is finite on all compact sets of R¢. We denote by N, the set of point measures.
We can equip N with a o-field 91 which is the smallest o-field that makes measurable
the applications m +— f fdm for every f in .FC(]Rd), the set of compactly supported
continuous functions on R?. A point process © is then defined as a random variable from
a probability space (2, 7, P) into (N,91). It is a random collection of positions which is
locally finite. Sometimes, we use the following abuse of notation: we write x € © as z
runs through the support of © with multiplicity. For example, if ©({z}) = 3, x is counted
three times. A natural question is to know how to characterize the distribution of a point
process. Let us state the following useful criterion.

Lemma 2.4 (Corollary 2.3 in [12]). Let & and & be two point processes. Then the
following are equivalent:

1. & and & have the same distribution.

2. For every f € ]-'j(IRd), the set of non-negative compactly supported continuous

)] -fon (-]

Further, a sequence of point processes (¢, )nen is said to converge in law in the vague
topology toward a point process ¢ if and only if [ fd¢, —— law [ fd¢ for every f € F. (R9).

One can also say that &, converges vaguely toward £. Actually, the following criterion
characterizes convergence in law in the vague topology.

Lemma 2.5 (Theorem 4.11 in [12] ). A sequence of point processes (£, )neN converges
in law toward a point process £ in the vague topology if and only if

]E{exp (— / f(:c)dén(:c)ﬂ — [exp< ] St )]

for every f € F.F(R?), the set of non-negative compactly supported continuous functions.
We also need a criterion for the existence of a limit point process:

Lemma 2.6. Let (£,)nen be a sequence of point processes. Let us assume that for every
f € F.(R%) and for every n € R,

n—-+oo

E [exp <in/f(a:)d§n(o:))] —— ®s(n)

and that n — ®(n) is a continuous function, then (,)new converges in law in the vague
topology toward some point process &.

Proof of Lemma 2.6. We combine Corollary 4.14 in [12] and strong Lévy’s continuity
Theorem. (See [8].) O

2.4 Spine method and change of measure

A key ingredient in our proof is the following spine method which was developed
largely in the study of branching processes. (See [18] or section 2 in [10].) Let us begin
with some useful notation. First, we introduce U := {0} U U5 (]N*) which is called
Neveu'’s space. Every u = i; - - - i,- represents the labelling of a partlcle at generation r.
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Indeed u is the i,-th offspring of the i,._;-th offspring of - - - of the i;-th offspring of the
root (). The length r of u is denoted by |u|. The parent of u is denoted by u. Moreover,
we introduce the partial order < on U by u < v if u is an ancestor of v. Observe that the
notion of parent gives a natural (not locally finite) graph structure on ¢/: we put an edge
between u and u for every v € U \ {(}. Every subset X of U/ inherits the graph structure
of U. In particular, for every X C U and for every x € X, we denote the connected
component of z in X by C(z, X). If u,v € U, we denote by uv the concatenation of v and
v. Furthermore, we need the notion of plane tree. A subgraph ¢ of / is a plane tree if
and only if

c Det,
* tis locally finite,
* If there exists j € IN* such that uj € ¢, then v € t and wi € t forevery i € {1,---j}.

Then let us define V := {(u, s) : u €U, s € R4}. If T is a subset of V, let us define
Tgen ={uel:3s € RY, (u,s) € T}.
Finally we define the set of plane marked trees
E={T cV:C(0,Tyen) is a plane tree ,Vu € Tyen, s, € R? such that (u,s,) € T}.

For every n € IN, we define the o-field F,, on € by F, := 0 ({(u, s4) : |u| <n}) and we
denote by F., the o-field o (U,,cy Fn)- Let T : € — & be the identity map. If we have a
probability measure M on &, T can be seen as a random object of £ with distribution
M. We use the notation £y to mean that we integrate functionals of T with respect to
M. For every T € £ with underlying tree 7., we define a new element 7* of £ starting

from u and its underlying tree as
Tgen = 1v €U 1 uv € Tyen}

and
T4 ={(v,8up — 8u) : v E Tyent

Moreover, for every u € U, we define the measurable function T* from £ into £ by
T(T) =T* for every 7 € £. In the same way, all random variables S,,, Z,,, Z,,(A) which
are introduced in subsection 1.1 can be seen as measurable functions from £ into R.
Let us introduce the measure P on £ which is the probability distribution of the critical
branching process starting from an ancestor located at 0 defined in subsection 1.1. Then,
we introduce a new measure Q thanks to the following change of measure:

Qlr, =27, PlF,

where Z,, is the number of particles at generation n. One can remark that (Z,),cn is a
martingale with respect to (F,), . under P.

Now, let us introduce a “size-biased” branching process. We define a new size-biased
law v on IN by v(k) = ku(k) for every k € IN. This is a probability measure because p has
mean 1. Motions still have distribution P. Then, we proceed recursively to construct the
size-biased version of our branching process:

We start with one particle called w, located at 0 in R?. It defines the generation 0 of
the process. Now let Z,, be the set of particles in generation n. We also have a marked
particle w,, among Z,,. The particle w,, gives birth to an children with an ~ v. The
children of w,, jump independently from the position of w,, according to the motion law
‘P. Among the children of w,,, we choose uniformly at random a special particle called
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wp+1. Moreover, every particle u € Z,\{w,} gives birth independently to N, offsprings
where N,, has law p as in the classical branching process. The offsprings of u € Z,\{w, }
jump from the position of u according to the motion law P. The offsprings of Z, with
their new positions (including the marked particle w,,+1) form the (n + 1)-th generation
of the branching process.

With this construction we get a distinguished ray of particles (wy,)nen called the
spine. Let us define the set £* which consists in elements 7 of £ with an infinite
distinguished ray. The size-biased critical branching process defined above gives us a
probability distribution Q* on £*. Then we have the following proposition establishing a
link between Q and Q*.

Proposition 2.7 ([18]). The marginal of Q* with respect to £ (that is, we forget the
distinguished ray) is Q. Furthermore, for every n € IN* and for every particle u at

generation n,
1
* =ulF,) = —.
Q" (wn, = ulFy) Z

We must insist on the fact that, under Q*, the spine (S, Jnen is @ random walk
starting from 0 with motion law P. We denote by S the o-field generated by the spine and
G the o-field generated by the spine and the number of children of particles in the spine
and the positions of the brothers of the spine. Let us denote by B the set of brothers
of particles in the spine. It is clear from our construction that we get the following
proposition.

Proposition 2.8. Under Q*, conditionally on G (or S), (T“)ue% are independent and T"
has distribution P for every u € B.

Remark 2.9. In the sequel of this paper, we use a lot the measures P, Q and Q* and the
associated expectations Ep,Eq and Eq-. When we work with one branching random
walk which has been constructed in a normal way (that is, as in the introduction), we
use P and when we work with one branching random walk which has been constructed
in the size-biased way, we use Q* or Q. Sometimes we use the probability measure IP or
the associated expectation IE. It means that we integrate with respect to a point process
or sometimes with respect to a simple random walk. (We do not distinguish these two
different cases in the notation for sake of convenience but we always specify it when we
consider a simple random walk.)

2.5 A critical branching random walk conditioned on survival in a given set

We are now going to prove a key lemma for this article. Let us recall some notation.
In every generation n, {S,,|u] = n} is the collection of positions of all particles in
generation n. Z, is the total number of particles in generation n and for any closed ball
A, we denote by Z,,(A) the number of particles lying in A in generation n. Moreover the
set of continuous functions with compact support is denoted by F.(RR%).

Lemma 2.10 (Key Lemma). Let A be a closed ball. We assume H, or H,. Let f € F.(R%)
whose values are in R_ oriR and such that supp(f) C A. Let M > 0. Then, there exists
a constant I 5 ; such that, uniformly in x € B(0, M+/n), as n goes to infinity,

Ep |1{Z,(A—2x) > 1}exp Z f(Sy, +x)

|ul=n

= (14 0n(1)) x (2mn) =42 det(X) "2 exp (— 5 (z, 7 1z)) La 5.
Proof of Lemma 2.10. We do the proof only under the hypothesis H,. Assuming the

hypothesis #;, the proof follows exactly the same lines but with a few notation changes.
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We start by using the spine decomposition and the change of measure described in
subsection 2.4. This yields that for every n € IN* and for every = € B(0, M/n),

Ep |1{Z,(A—2) > 1}exp | Y f(Su+2)

|u|=n
=Ep 7oA —1) exp ;nf(Su—Fa:)
_Zn(A —2){Z,(A—2x)>1}
=Eq 7 ZA—1) exp qu_:nf(Su +x)
1{S,, € A—z}
= Eq- T_x)xexp S fSuta) || 2.1)

|u|l=n

In the second equality, we used the definition of Q and in the last one we used
Proposition 2.7. Now, let us introduce some notation. For every k € IN, let B(wi11) be
the set of brothers of wy1, that is, the children of wj, which are not wy41. |B(wk1)]
stand for the number of individuals in B(wg+1). If Z is a set of particles and g a function,
let us define:

(Z.9) = 3 9(Su).

ueZ

Further, for every particle u, we denote by Z;' the k-th generation of the branching
process T starting from u. Moreover, the positions in T“ are shifted by Su,Nthat is, for
every v € TY,, , the position of v is given by S} := S,, — S,. For every set A, for every

gen’

k > 0 and for every particle u, we define Z}'(A) by

Zp(A) =Y 1{Sye A}

veEZY

Further, for every particle u, we denote by p, the random variable S, — Sy,. Then, by
spinal decomposition we know that,

S F(Suta) =[S D)+ S S (ZY s (S put )

|u|=n k=0 u€B(wr+1)

In the same way,

n—1
Zy(A—2)=1{S,, € A—z}+ > ozt (A—x— Sy, — pu).
k=0 u€B(wg41)

For sake of clarity, let us introduce for every k € {0,--- ,n — 1} and for every z € R
Yink(z) == > (Zo i, f+put)
u€EB(wi41)
Yi-k(z) = > Zy 1 (A—2—pu).
u€B(wk+1)

Moreover, by convention we define for every z € R:
Yio(2) = f(2).
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With this notation, (2.1) becomes

Ep (1{Z,(A—z) > 1}exp [ Y f(Su+2)

|ul=n

1{S, €A—=x "
= Eq- n{ﬂ n } exp (Z Y51 (Sw, + x))
1+ Z Yn,k(ka + .”L’) k=0

k=0

1{S, € A— -
= Eq- {5, i exp <Z Y5k (Sw, _, + x)) . (2.2)
k=0

14+ > YVi(Sw,_, +2)
k=1

Let K > 0. We write Eq- [-|S] when we mean that we condition on the spine. By
conditional Markov inequality we deduce that

Q (swn cA—w, Y Yi(Su, , +2)> 1)

k=K+1

> Yi(Suw,_, +2)|S

k=K+1

<Eq- |1{S,, € A —z}Eq-

1 . (2.3)
However by definition of Q* and Yj(-) and by Proposition 2.8, forany k € {K +1,--- ,n},

Eq- |Yi(Sw,  +2)|S| =Eq- ||B(wn—r+1)||S| X Ep [Zk—1(A -z —y — p)] [y=5.,

k

= 0'2 X ]EP [Zkfl(A —T—Y— p)] |y:Swn,

k

=02 xP (Sk_l CA—z—y— p) ly=S., (2.4)

—k

where (Si)ren is a random walk whose i.i.d increments have distribution P and p is
a random variable with distribution P which is independent of Z;_;(-) under P and
independent of S under PP. In the second equality we used the fact that 1 + |B(wy,_z41)|
has distribution v under Q* and 1 + ¢2 is the mean of v. To obtain the third equality, we
used the fact that the branching process is critical under P. Consequently, thanks to
Corollary 2.2 and identity (2.4), we obtain for any k € {K + 1,--- ,n},

Eq- | Yi(Sw, , +2)|S| < o?|Alcak™ 2. (2.5)

Therefore, combining identities (2.5) and (2.3) and Corollary 2.2 again, there exists a
constant C' > 0 such that

n +oo
Q* <swn €A-xz, Y Yi(Sw, , t+2)> 1) < o?|APcg x T2 Ny EmR
k=K+1 k=K+1

< C x nfd/QKlfd/Z.
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We remark that K'~%/2 = o (1) if and only if d > 3. Thus, together with (2.2), it yields

Ep |1{Z,(A—z) > 1}exp [ Y f(Su+2)

|ul=n
1{Su, € (A—2)} - —a/2
=Eq- = exp ( > Vik(Sw,_, +2) || +ox(1)n 42 (2.6)
1+ Z Yk(Swn—k' +x) k=0
k=1

Now let us introduce some new notation. For every k € IN* and for every z € R,

Vin(z) == X (Z fGE+pat)

B u€B(wk1)

Ye(z) = oo ZE (A= z—py).
u€B(wk41)

Moreover, by convention, we define for every z € R:

f’fyo(z) = f(2).

With this new notation, by reversing time in the spine, (2.6) yields,

Ep |1{Z,(A—12) > 1}exp Z f(Sy + )

|u|=n
1{Sw. — Su, € (A— 12 — Su, i
= Eq- = {~ n ( )} exp (Z Y5 6 ((Sw, — Swe) + x))
L+ 30 Yi((Sw, — Swk) + 7+ (Suw — Suwy)) k=0
k=1

+ o (1)n~9/2, (2.7)

For every z € Z%, let us denote p,_x(z) = Q*(Sw, — Swx = 2). Let us define also the
function

FK,A : ]RK+1 — C

K
(Yoy1,- ,yx) = Eq- |—x———exp (Z Yf,k(y_yk)>
1-1-1627:1 k(Y—Yk) k=0

Therefore, by (2.7) and the independence under Q* between S, — Sy, (Sw,)1<k<k
and (Y74()) , it holds that
1<k<K

Ep |1{Z,(A—z)>1}exp | Y  f(Su+2)

[u[=n

=Eq- | Y pu-k(y— 2 —Suw)Fra (S, 1 <k <K)| +ox(n~ %2 (2.8)
yeANZI
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Using Proposition 2.1, it holds that, uniformly in z € B(0, M+/n),

Ep [1{Z,(A—=x) > 1}exp Z f(Su + )

|ul=n
= (2n(n—K))"¥? det(x)"1/?
1 _
X Z EQ* |:6Xp <2(n_l()<vm,y,K7 b 1Vx,y,K>) FK,A (ya kaa 1 § k S K)
yEANZ2

+ox()n~2 + 0, x(1)n=%2 (2.9)

where for every K € N, 0,, k(1) tends to zero as n goes to infinity and V, , x = y—2— S -
However, we remark that,

L 1
o\ DIER VA — .21
2(n _ K) <V»L,y7K7 VJ,,y,K> om <33, .13)
#_i ‘< Z—l >|+¥<V Z—lv >_< 2_1 >
>~ Q(TL _ K) om Z, x 2(77, — K) z,y, K> x,y, K x, xX
1= (K] =]]?
< 5105 e I+ 1Sl 4 21+ 1S+ 20l S
=M (K]
S0\ n + 2[yl1* + 2/ Swrc [1* + 2012 ([yl] + [[Swc|]) ) - (2.10)

Therefore, on the event {||S,, || < K}, we can use (2.10) and the inequality |[1—e~*| < 2]¢|
in a neighborhood of 0 to show that there is Nx € IN* such that for every n > Nk and
for every z € B(0, M+/n),

1 . 1,
exp <2(n—[()<vz’y7K, by Vm7y7]{>) — exp <2TL<SC, by I’)>) |

1 _ 2||E—1|| K||a;\|2
< _ 1 2 2
_exp( 5 (@)% x>)x(n_K) P+ 1S 1P+ 2l [l + S]]
2| (KM? 2 2
= 0 K>+ M K 2.11
S oK) 5 +Ch+K°+ Myn(Cs + K) ( )

where Cy = maj‘(| ly||. Furthermore, by Proposition 2.3,
S

Q" (ISuwi |l = K) = ok (1). (2.12)

Finally, using inequalities (2.11) and (2.12) in identity (2.9), we know that uniformly in
x € B(0, M+/n),

Ep |1{Z,(A—2) > 1}exp [ > f(Su+2)

|u|=n
_ _ 1 _
= (2mn) =/ det(2) 7/ exp (—2n<x, z 1x>>) > Eq [Fia (4 Su1 < k< K))
yeANZa
+or()n~ Y% + 0, g (1)n~Y2. (2.13)
EJP 28 (2023), paper 16. https://www.imstat.org/ejp
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Now, let us introduce the function G 4 ; defined by

GAJ:IR—)C

1 =
y — Eq- T exp (Z Yir(y — Su»k)>
1+ Z Yk(y - ka) k=0
k=1

G 4,5 is well-defined because the infinite sums in its expression are actually finite sums
almost surely. Indeed, we can prove exactly as in (2.5) that for every k£ € IN¥,

Q" (Vily — Su) 2 1) < Baq- [Vily — Su,)| < o”|Aleak™”,

As d > 3, this is summable. Thus, by Borel-Cantelli Lemma, almost surely, there is only a
finite number of integers k € IN* such that Yy (y — Sw,) > 1. As supp(f) C A, there is also
only a finite number of integers k¥ € IN* such that Y/f, t(y — Sw,) > 1. Consequently, the
random variable inside the expectation in the definition of G 4 y is well-defined. Moreover
the modulus of this quantity is lower than 1. Therefore, G 4  is well-defined. We define
also Ia,f := >, c anze Ga,r(y). Besides, by the dominated convergence theorem,

Y Eq- [Fxa (48,1 < k < K)] = Laj + ox(1).
yeANZ

Finally, using this in (2.13), we proved that uniformly in z € B(0, M\/n),

Ep |1{Z,(A—z) > 1}exp [ Y f(Su+2)

|u|=n
= (2mn) Y2 det(2) Y2 exp (;n(x,El:c))) x T4y
+ ok ()n~Y? 4+ 0, x (1)n"9/2, (2.14)
It concludes the proof. O

In the proof of Lemma 2.10, the quantity 14 ; naturally arises. It is a very important
quantity in the sequel of this article. We often refer to its definition.

Definition 2.11. Let A be a closed ball and let f be a continuous function whose support
is in A and whose values are in —R or in iR. With the notation which is introduced in
the proof of Lemma 2.10, we recall that:

GA;f:R—>C

1 ™=
y — Eq- T exp (Z Yiw(y — ka)>
1+ ZYk(y_ka) k=0
k=1

* Under the hypothesis H1, we define Iy := [, Ga,¢(y)dy.
* Under the hypothesis Hy, we define I,y 1=}, c snza Ga,7(y)-

Moreover, we often use the notation I := 14 .

We remark that the definition 2.11 is reminiscent of the structure of backward tree
introduced by Kallenberg in [11].

As a particular case of the Lemma 2.10, we can estimate the probability for the
branching process to survive in a specified area of R¢.
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Proposition 2.12. Let A be a closed ball. We assume hypotheses H1 or H,. For every
n € IN*, let us define a,, = a+/n for some a € R?. Then we have the following asymptotic
equivalence

P(Zy(A—ay) >1) ~ I4x (27) Y2det() Y 2e (@3 a)/2)~d/2

n——+o0o

with I 4 defined in definition 2.11.
Proof of Proposition 2.12. Apply Lemma 2.10 with f = 0 and M larger than ||al|. O

We are now able to prove our first proposition concerning convergence of point
processes.
Proposition 2.13. Let A be a closed ball. We assume hypotheses H1 or H,. For every
n € I, let us define a,, = a\/n for some a € R?. Then, under probability measure P, we
have the following convergence in law

law
L ; 6Su+un|Zn(A_an) >1 mNA

where N4 is a point process on A which does not depend on a. Moreover for every
f € FF(R?) such that supp(f) C A,

E |:exp (_ / f(x)NA(dx))] e
where the terms of the right-hand side were defined in definition 2.11.

Proof of Proposition 2.13. By Lemma 2.6, it is enough to prove that for every f € F.(R%)
such that supp(f) C A, there exists a continuous function n — ®,(n) such that for every
n €R,

Ep [exp | in Z f(Su+ap)

[u[=n

Zn(A—ay) > 1| —— @4(n).

n—-+4oo

By Lemma 2.10,

IE)P exp in Z f(Su + an) l{Zn(A - an) > 1}

|u|=n

is asymptotically

IA7i _ _ —1 1
(1+ 0n(1) i 577 det(D) 7/ 2em @222,

Combining this with Proposition 2.12 we get that

Ep [exp [ in > f(S0) | |Zn(A—an) > 1| ——— I3 Loy

|lul=n

Looking at the expression of I4 ;,; which is given in definition 2.11, we deduce from
dominated convergence theorem that n > I 4 ;, is a continuous function. It concludes
the proof of the first part of Proposition 2.13 concerning convergence in law toward a
point process N,4. The second part of Proposition 2.13 concerning the Laplace transform
of N4 is obtained by exactly the same computations. We just have to replace inf by

~f. 0
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3 Proof of Theorem 1.3

Strategy of the proof of Theorem 1.3 If a critical branching process starts from a
single particle and if we condition it to visit a closed ball A, we proved in the previous
section that the limiting point process is N4. However, most of the critical branching
processes starting from particles in Ag’e will not reach A because of transience (in
dimension d > 3) or because of extinction of the branching process. Let us make this
intuition more quantitative. By homogeneity of the Poisson point process Ag"g, for every
M >1,
AL (B(0, My/n)) ~ ©(n/?).

Moreover, any particle of Ag’e located at z € R¢ with ||z|| > /n is too far from A to have
descendants in A at time n. Indeed, a centered random walk with second moment is at
distance O (y/n) from 0 at time n. Moreover, we proved in the previous section that a
particle in Ag’e located at « € B(0, M\/n) has descendants which reach A at time n with
probability

P(Z,(A—2z)>1)~0(n"%?).

If Z}#’(.) is the occupation measure of the n-th generation of the critical branching
process starting from a particle y in the support of Ag’g, combining both previous
approximations, we get that

/1{25;0 (A) > 1}dAP (y) ~ ©(n??) x O(n~¥?) = O(1).

Therefore, the number P4 of particles in Ag’g whose descendants reach A is of order
©(1). Moreover, for each of these particles, the positions of the descendants in A form a
point process distributed as N4. That is why, we will get an independent layering of P4
copies of Ny.

Now, let us prove the following lemma.

Lemma 3.1. Let A be a closed ball. Let f € F.(R?) whose values are in R_ or in iR and
such that supp(f) C A. Then, assuming hypothesis H,

Ep /R H{Zu(A—a) > 1} exp |Z F(Suta) | de| ~ Ty
where the definition of 14 s is given in definition 2.11. Moreover, assuming hypothesis
Ha,

Ep Z 1{Z(A—z)=1}exp Z f(Su + ) ~ Iy

n—-+o0o
reZ4 |u|=n

Proof of Lemma 3.1. Let us prove this lemma under the hypothesis Hy. Assuming hy-
pothesis H4, the proof is similar. For sake of clarity, we do the proof only with f = 0. Let
M > 0. Let us use the notation By.(0,t) for the set of elements of Z? whose euclidean
norm is less than ¢. B(0,t) denotes the standard euclidean ball. By Markov inequality
and criticality of the branching process under P, we get for every n € N,

S PZA-n>1< Y BplZ(A-1)
x€B,q(0,M+/n)° x€B,q(0,M+/n)°

= Z P(S, € A—z). (3.1)
2€B,4(0,M/n)°
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where (S’k> . is a random walk with motion law P. Therefore, by Proposition 2.3, there

€
exists C' > 0 such that for every n € IN:
Y PZA-n)z1n<con YT exp miay (3.2)
- T Cn
z€B,4(0,M/n)° 2€B,4(0,M+/n)e

Thus, by standard inequalities, there exists a constant C’ > 0 such that for every n € NN,

2
Z P(Z,(A-2)>1)< C’n_d/z/ exp (—W) dx
B(0,M+/n)¢ C'n

z€B,q(0,M/n)°
]2
= C’/ exp <||é/| ) dx
B(0,M)e

= ij(l). (33)

Moreover, by Lemma 2.10,

> P(Z,(A—2z)>1)

z€B,q(0,M+/n)

1
= (27n) "2 det(2) "Y1, x Z exp (—2<x72_1x>> + M%0,(1). (3.4)
@€Byq(0,M+/n) "

However, one can observe that,

(27n) =2 det(2)~Y/2 x Z exp (—21n<a:,§3_1x>)

@€ B4 (0,M/n)

= (27) %2 det (%) "2 /

B
=1+ op (1) + M, (1).

1
exp (—(w, Z_lm)> dx 4+ M%0,(1)
(0.21) 2

By substituting this into identity (3.4), we get

> P(Zu(A—x)>1) = Ia+on(1) + Mo, (1). (3.5)
:EGBZd (0,M /1)

Then, combining identities (3.5) and (3.3) yields

> P(Zy(A—x) > 1) =L+ on(1) + Mo, (1) (3.6)
r€Z
which concludes the proof. O

Now we are ready to prove Theorem 1.3.

Proof of Theorem 1.3. We only work on the case where X is a constant §. The general
case is obtained by integrating the constant case with respect to the law of X, that is,
Px, and by using the dominated convergence theorem. First we prove Theorem 1.3
under the hypothesis H,. We recall that under this hypothesis, Ag,e is a point process on
7% such that each site contains a number of particles following a Poisson distribution of
parameter 6. Let f € F.(R?). There exists a closed ball A such that supp(f) C A. Let
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1 be a real number. Recall that, by a small abuse of notation, for any point process 0,
"x € ©” takes into account the multiplicity of x in ©. Then, standard computations yield

E [exp (in/f(x)A‘f;"(dm))] =E| [] Ep |exp| > inf(Su+2)

zend® lu|=n
=exp |0 Z Ep |exp Z mf(Su+x) | —1|]. (3.7)
€74 |u|=n

Thus, we only need to investigate the asymptotical behaviour of

ZEP exp Zinf(Squx) -1

z€Z4 |u|=n

However, as supp(f) C A, it holds that

ZEP exp Zinf(Su—l—J;) -1

TEZ4 |ul=n
= > Ep |H{Z,(A-x) =1} [exp | D inf(Su+a) | —1]]|. (3.8)
TEZA |u|=n

By Lemma 3.1, this quantity (3.8) converges toward I 4 ;, — I4. Therefore, together with
identity (3.7), we deduce

B oxp (i [ 1AL (@) )| = 1+ 0,00) exp (000 ~ 12)).
By the description of 14 ;,,; given in definition 2.11, the function 7 — exp ((La,ins — 14))
is continuous. That is why, by Proposition 2.6, there exists a point process Agf such that

l 2
ARS 225 AL
n—-+o0o

In order to do the proof under the hypothesis H;, we just need an identity which is
similar to (3.7). This can be obtained thanks to the exponential formula for Poisson Point
Process. (See [12].) If we replace sums by integrals, the rest of the proof follows the
same lines. Now, let g € F.(R%)" such that supp(g) C A. Following exactly the same
computations than above, we get that,

o (- [o@n2@)] = exp @ty - 1))
Consequently, by Proposition 2.13,

E [exp (—/g(x)Agf(da:)ﬂ = exp (91A (IE) [exp (—/g(x)NA(dx)ﬂ - 1)) .

Therefore, Agg‘) is a Poissonian sum of i.i.d copies of N4, as stated in Theorem 1.3. O

In the proof of Theorem 1.3, we obtained the Laplace transform of A&X .
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Proposition 3.2 ( Laplace transform). For every f € F.} (R%) whose support is included
in some closed ball A, we have

B oxp (- [ AL (@0) ) | = Blewp (X x (a5 = 1)

where 14 and I5,_; are defined in definition 2.11. Another reformulation is

E [exp (—/f(x)/\ggx(dx))} = IE [exp (X1aRy4)]

where
Rja—F [exp ( / f(x)NA(dx)ﬂ Y

Remark 3.3. Let A and B be two closed balls such that A C B. By the previous
Proposition 3.2 we get two formulas to compute the Laplace transform of A&X , one with
respect to A, the other one with respect to B. These formulas must be equal. This is
discussed in the following section.

4 Compatibility of A%¥

Theorem 1.3 shows that A%¥, as a limit of (AZX) | <y 18 @ point process. In particular,
it must be compatible. Here, we give an independent proof of compatibility of the
limiting point processes of the form AZQ,X obtained in Theorem 1.3. In all this section, X
is a non-negative random variable.

Lemma 4.1. Let A; and A, be two closed balls such that A; C A;. We assume hypothe-
ses Hq or Ho. Then

I
P(Na,(Ar) > 1) = ;‘f

where 14, and I 4, are defined in definition 2.11.
Proof of Lemma 4.1. By Proposition 2.13, we know that under P,
LN 05, |Zu(A2) > 1| —"s Na,.

n—-+oo
|u|=n

Then, by Lemma 4.1 in [12], we get

P A)>1)= 1 P(Z,(A) >1|Z,(A2)>1)= 1
Naz (A1) 21) = lim P(Zn(A1) 21|Z0(42) 21) = i 5mm =y
The estimate given by Proposition 2.12 concludes the proof. O

Lemma 4.2. Let A; and A, be two closed balls such that A; C A;. We assume hypothe-
ses Hy or Hs.

L (NAQ(' N Al)

Na, (A7) > 1) RV
Proof of Lemma 4.2. Let f € F.X(R?) such that supp(f) C A;. Let us observe that,
B oxp (- [ @) ) 100 (1) 2 1)
B {exp (_ / F@)N, (dx))] CP(Na,(A)) = 0). @1
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However by Proposition 2.13,

Ep |exp <_| |2—: f(Su)> 1{Z,(42) > 1}
ngrfoo P(Z.(42) > 1) =F [exp (—/f(x)NAz(dac)>] . (4.2)

The left-hand side in (4.2) can be rewritten as

Ep + P(Zn(4s) > 1, Z,(A1) = 0)

exp (— 2 f(Su)> H{Zn (A1) > 1}

|u|=n

>1
P(Z,(A1) > 1) P(Z,(A2) > 1)
By Lemma 4.1 and Propositions 2.12 and 2.13, this converges toward

(IE [exp <_ / f(x)NAl(dx)ﬂ + W _ 1) PN, (A7) > 1).

Consequently, together with (4.2), this implies that

E [exp (_ / )N, <dx>)}
1

_ (IE {exp < ' / f(m)NAl(d:c)ﬂ B ATST 1) PN, (A) > 1), (4.3)

Therefore, using identities (4.1) and (4.3), we know that

E

exp (—/f(m)NAz(dx)> |NA2(A1) > 1]

—E e (- [ 1080 @) |+ st s - P = 1

This is exactly I [exp (— [ f(z)Na, (dz))]. Thus, by Lemma 2.4, this finishes the proof. [

Thanks to the two previous lemmas, we are now able to deduce the compatibility of
ALX,
Proposition 4.3. Let A, and A, be two closed balls such that A1 C A;. We assume
hypotheses H1 or H,. In Theorem 1.3, we get a Poissonian way to define {4, =
ALX(-N Ay) and €4, = ALY (- N Ay). Then,

Ea,(-N A ' €4,

Proof of Proposition 4.3. Let us first construct £ 4, with the construction given in Theo-

rem 1.3. Consider P,4, a Poisson Random variable of parameter X1,, and (Nf,’z))k N a
€
family of i.i.d copies of N4, which is independent of P4,. Then,
Pa,
_ (k)
£A2 - ZNA2 :
k=1
With this construction,
Pa,
k k
Ean(-N AL = D LN (A) = BNV (N Ay).
k=1
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By the previous Lemma 4.2, we only have to check that kai"i I{NXZ) (A1) > 1} has

a Poisson law with parameter X14,. It is a Poissonian sum of independent Bernoulli
random variables of parameter P(NV4,(A4;) > 1). It is well known that this is still a
Poisson random variable with parameter X1, x P(N4,(A;) > 1). This parameter is
equal to X114, by Lemma 4.1. O

5 Characterization of invariant measures

Strategy of the proof of Theorem 1.4 Let us consider a cluster-invariant point
process O. Let f € F.F(R?) whose support is included in a closed ball A. By cluster-
invariance, we remark that for every n € IN¥,

& o ([ 110(00)| =B o (- [ rr0ntan)|

Then, we are looking for the asymptotics of the right-hand side above in order to
describe the distribution of ©. Remark that particles x of © such that ||z|| > M/n can
be neglected. That is why,

E [exp </ f(:z:)@n(dx))] ~ H Ep |exp | — Z f(Su + )
z€EONB(0,M+/n) |u|=n
However, uniformly in € B(0, M+/n),

In | Ep [exp fo(Squx)

|u|=n

=In [1+Ep [1{Z,(A—2)>1} lexp [ = D F(Suta) | -1

|ul=n

AEp [H{Zy(A-x)>1} [exp [ = > f(Suta)| -1
|u|=n

~ Rf’AP(Zn(A — l‘) Z 1)

where the last approximation stems from Lemma 2.10 and

Rja—E [exp (- / f(x)NA(dx))} Y

Finally, we get that for every n € IN*,

E [exp (—/f(r)@n(dx))] ~ T |exp (Rf,A /B(Ome P(Z(A—z) > 1)@(@))] .

In order to conclude the proof, we only need to find a subsequence along which

Ly = / P(Zn(A— 1) > 1)0(dz)
B(0,M/n)
converges in distribution. Therefore, it would be enough to show that (L,),en+ is tight

and use Prokhorov’s theorem.
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5.1 Preliminary lemmas

In order to make the strategy above more rigorous, we need a few lemmas. The proof
of the following lemma is very similar to the proof of proposition 4.(b) in [4].

Lemma 5.1. Let O be a cluster-invariant point process. Let A be a closed ball. Then,
for every n € IN¥,

/P(Zn(A —x) > 1)0(dx)
is finite almost surely. Moreover,

(/ P(Zy(A—1) > 1)@(@))

is a tight sequence of random variables.

nelN

Proof of Lemma 5.1. Lett > 0. By cluster-invariance of ©, it holds that
E [exp(—tO(A))] = E [exp(—tO,,(4))] . (5.1)
By definition of ©,,, (5.1) yields

E [exp(—tO(A))] = E | [] Ep lexp (~tZ,(A - 2))]

€0

—E [exp </ In (Ep lexp (—tZn (A — z))] >®(dx))] )

However, using inequality In(1 + ¢) < t for every t > —1, one gets that for any 2 € R¢
In <Ep [exp (—tZ, (A — x))] )
=1In (1 +Ep [I{Zn(A —z) > 1}<exp (=tZ (A —12)) — 1>} )

< Ep {I{Z,L(A —z) > 1}(exp (—=tZn,(A—2x)) — 1)]
<(et—1DP(Z,(A—2x)>1). (5.3)

Combining (5.2) and (5.3), one gets that

E [exp(—tO(A))] < B {exp <(et - 1)/P (Zn(A—z) > 1) @(dx))]
=E[exp ((e7" = 1)W,,)] (5.4)

where
W, = /P(Zn(A —z) > 1)0(dx).

From (5.4), we deduce that for every L > 0,
E [exp(—tO(A))] <1 —-P(W,, > L) + P(W,, > L)exp((e”* — 1)L). (5.5)

Therefore, for every L > 0,

_ 1 Blexp(—0(4))

P(W,>L . 5.6
W2 1) < 1 —exp((e7t=1)L) (5.6)
By letting L go toward infinity and ¢ go to 0 in (5.6), we get that
P (W,, = 4+00) = 0.
Moreover inequality (5.6) is clearly sufficient to prove tightness. O
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Lemma 5.2. Let A be a closed ball. We assume hypotheses H1 or H,. Then there exist
non-negative constants x and \ such that for every M > 1, there exists an integer Ny
such that for every n > Ny, and for every x € B(0, M\/n)¢,

P(Z,(A—2)>1) < ke M/5P(Zy,(A—z) > 1).

Proof of Lemma 5.2. Let (b1,bs, - -) be an infinite sequence of real numbers. Let n € IN*.
Obviously,

n -1
Eq- (1 +) Yk(bk)> <1 (5.7)
k=1

where Y}, refers to the notation given in the proof of Lemma 2.10. Moreover, by Jensen’s
inequality,

1+ i%(%)}) :

k=1

Eq- <1 + zn: Yk(bk)) > (]EQ*
k=1

However, in a similar manner as in the proof of identity (2.5), it holds that

> Yi(br)
k=1

Therefore, we get that for every sequence (b1, be,---) and for every n € IN*,

+oo
1
]EQ* S |A|Cdg2 E W = OA,d,o‘ < 400.
k=1

—1
~ 1
Eo- |[14+) Yi(b > - 5.8
o| (S ne) |2 9

However we can recall from the proof of Lemma 2.10 that for every n € IN* and for any
x € B(0, M+/n)¢,

P(Zy(A—2)>1) =Eq. |—HSwmcA-n)
1+kz,:1 Yk(Swnfk +x)

where the spine (S, )ken+ is a random walk with motion law P. Moreover, by definition
of Q*, (Sw, )ken~ is independent of the random variables (Y (:))ren~ under Q*. Therefore,
for every n € IN* and for every x € B(0, M+/n)¢,

n -1
k=1 bk:Swn_k“FfL’
(5.9

Combining identities (5.7), (5.8) and (5.9) yields
(1+Cado) 'Q" (Sw, €EA—2)<P(Z,(A—2)>1) < Q*(S,, € A—12). (5.10)

Consequently, under the hypothesis #;, for every n € IN* and for every = € B(0, M\/n)°,

—lly—=|]?/(2n)
P(Z,(A—2x)>1) (14 Caae) /A e dy

P (Zop(A—z)21) ~ / e~ ll=al*/(an) g,
A
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Therefore, under the hypothesis 7, there exists a positive constant ' ; , such that
for every n € IN* and for every x € B(0, M+/n)¢,

< —ll2|[?/(4n)
P (Zop(A—2)>1) — Cado®

<Ol gpe M (5.11)

Thus, (5.11) proves Lemma 5.2 under the hypothesis ;. Under the hypothesis H,,
we will use Proposition 2.3 to give a similar proof. Let us use constants 7, C; and C,
introduced in Proposition 2.3. Moreover, under hypothesis H-, P has a finite range.
Therefore there exists a constant C3 such that P (Z,,(A —z) > 1) = 0 for every n € IN*
and for every x € B(0,C5n)¢. Now let us define r = max(C2C5/(7C1),2). Let n be an
integer larger than (M/Cs3)? and let = be such that M/n < ||z|| < C3n. Then, we get

P(Zy(A-2)>1)< Y Q (Sw, =y-—2)

yeANZ4

o2
<Cm 2 N exp (—”xc‘y”) (5.12)
yeANZI 1n

where we used identity (5.10) in the first inequality and Proposition 2.3 in the second
one. Then, as ||z|| > M+/n, we get

P(Z,(A—2)>1)<Cxn ¥ exp (—(T_I)M2> Z exp (—W)
017" yeAnzd CQ(TC&CQ n)

(5.13)

where C depends only on A and C;. However, by definition of r, ||z|| < C3n < 7rCh C{ln.
Therefore, by the lower bound in Proposition 2.3, there exists C’ > 0 such that for every
x such that M+/n < ||z|| < Csn,

P(Z,(A~x)21) < C xexp ((T—”M2> > Q@ (Su, . =v-2)

017"
yeANZa

<C'"'x (14 Chao) X exp < (TC:)M2> P (Zrclc—ln(A —x) > 1) (5.14)
1 2

where we used identity (5.10) in the second inequality. If ||z|| > Csn, then the left-hand
side in (5.14) is zero. Thus (5.14) is also true in this case. This concludes the proof. O

Lemma 5.3. Let A be a closed ball. Let us assume hypotheses H1 or H,. Let © be a
cluster-invariant point process. Then,

M—+0c0 postoo

lim limsup P / P(Z,(A—1z)>1)0(dx) > e~ M*/(2R) ) — 0.
B(0,M+/n)°

Proof of Lemma 5.3. By Lemma 5.2, for every M > 1 and for every n > Ny,

/ (Zn( l‘) > 1))@(d$) >e M?/(2k)
B(0,M+/n)c =
= / ( )\n( 1 QC) > 1)6(d1’) > K 16A12/(2N)>
B(0,M+/n)¢ =

<P </P(ZM(A —z) > 1)0(dz) > nleM2/(2“)) .
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However, by Lemma 5.1,

([P@na-> o)

nelN

is tight. This concludes the proof. O

5.2 Proof of Theorem 1.4

Proof of Theorem 1.4. Let A be a closed ball. Let f € F}(RY) such that supp(f) C A.
Let M > 0. By cluster-invariance of O, for any n € IN¥,

E [exp (—/f(ac)@(dx))} =E :eXp (—/f(x)@n(dﬂf)ﬂ

=E r[@EP exp —|Z f(Sy + )
e u|=n

=E H Ep |exp | — Z f(Sy + )

| z€©NB(0,M+/n) L |ul=n

X H Ep |exp | — Z f(Sy + ) . (5.15)

z€ONB(0,M/n)° L |u]=n

First, let us look at the random variable

In, M ::/ In | Ep |exp | — Z f(Sy +x) O(dz). (5.16)
B(0,M+/m)e

Ju

As supp(f) C A, J, v is equal to

/ In|14+Ep |[1{Z,(A—z)>1} |exp | — Z f(Sy+2x)| -1 ©(dz). (5.17)
B(0,M+/m)° jul

=n

Moreover, we remark that for every = € R¢,

Ep

HZ(A—x) 21} (exp (— > f(Su +x)> - 1)1 | <SP(Z(A-z)=1)
- < Ep [Z,(4 - o)
=P(S, € A—x)
where (S‘n)nem is a random walk with motion law P. Together with Lemma 2.2, this

implies:

sup
z€ER4

A
Ep [1{Z,(A~2) > 1} | exp _|Z— J(S,+a) | -1 |s6dnd/'2 — 0

(5.18)

Therefore, as |In(1 + ¢)| < 2[¢| for every ¢ small enough, the combination of identities
(5.17) and (5.18) implies that there exists an integer NV such that for every n > N,

Tot] < 2 / P(Z,(A - z) > 1)6(dz)
B(0,M+/n)°
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almost surely. Therefore, using Lemma 5.3,

P (\Jn7M| > 2e—M2/<2“>) = 0 2s(1) (5.19)
where o,, 1/(1) is a function (an,]\/[)neﬂ\l*ME]R*+ such that Mli?oolﬁi';‘f en,m = 0. Further-

more, by (5.15), for every n > N,

E [exp (- / f(x)@(da;))}

) 11 Ep |exp | — > f(Su+x) || xexp(Jnn)

| z€©ONB(0,M+/n) L lul=n

=K H Ep [exp | — Z f(Sy +x)

| z€ONB(0,M+/n) L lul=n ]
+E H Ep |exp | — Z f(Sy + ) x (exp(Jop) — 1) . (5.20)
©€ONB(0,M+/n) lul=n

However,
E H Ep |exp [ — Z f(Sy+x) x (exp(Jnar) — 1) |
zEONB(0,M+/n) lu|=n
is lower than,
E[lexp(Jnn) — 1] =E [| exp(Jnnr) — 1| Jns] < 26—M2/(2K)}}
+E [I exp(Jn,ar) — 1| Jn | > 2671»12/(2@}}

< On,M(]-) + P(|Jn,M| > 26_1\{2/(2”))
w(1) (5.21)

On,

where the second inequality comes from the fact that J,, s is non-positive and the last
equality comes from identity (5.19). Consequently, combining (5.20) and (5.21), it holds
that,

E [exp (—/f(a:)@(da:))} =E II Ee|exp|— > f(Su+2) + on(1).
z€ONB(0,M+/n) lul=n
(5.22)

Furthermore, as supp(f) C A4,

E H Ep |exp | — Z f(Sy + ) =E

exp (/B(O,M\/ﬁ) h“m)@(dw))]

z€ONB(0,M/n) |ul=n
(5.23)
where h,(z) = In (1 +Ep [I{Zn(A —z)>1) (exp (f S utn £ (Su + x)) - 1)})
Nevertheless, by Lemma 2.10, uniformly in = € B(0, M\/n),
hn(z) = 1+ 0n,(1)Rs aAP(Zp(A—12z) > 1) (5.24)
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where we recall that

Rja—E [exp (_/f(wa(dx)ﬂ S1- If};;f Y

Consequently, using (5.24) in (5.23) yields

E H Ep |exp [ — Z f(Su+ )

z€ONB(0,M+/n) |ul=n
=T |exp ((1 + on(l))RfyA/ P(Z,(A—x)> 1)@(dm)>] . (5.25)
B(0,M+/n)

Moreover, by Lemma 5.1, we know that
/ P(Z,(A—1z) > 1)O(dx)
B(0,M+/n)

is tight. Therefore, by Prokhorov’s Theorem (see for example [2]), there exists a subse-
quence 7, = r,(M, A) such that

/ P(Z,. (A—2x)>1)0(dx)

B(0,M /)

converges in law toward some random variable Yj; 4. Combining this with (5.22), (5.25)
and letting n go toward +oo, we deduce that

E [exp (—/f(x)e(dx)ﬂ = Elexp (YaraRs.a)] + oar(1). (5.26)

Besides, thanks to Lemma 5.1, the tightness of (Y 4) MeR?, is easily checked. Thus a
subsequence of (YM7 A)Men+ converges in law toward some finite, non-negative random
variable Y. Letting M go to infinity in (5.26), we deduce that for every f € F.f(R%)
such that supp(f) C A4,

E [exp <—/f(x)@(dx)>} = E[exp(YaRy 4)
= Elexp(XalaR;4)] (5.27)

with X4 :=Y4 x IZl where [ 4 is defined in definition 2.11. Then, we can compare the
expression of the Laplace transform given in Proposition 3.2 and the expression given by
identity (5.27) and we get that for every f € F(R?) such that supp(f) C A:

E {exp </f(x)6(dw))] =E [exp (/f(x)Ad’XA(dm))].

Consequently, by Lemma 2.4, O(- N A) has the same law as A®*4(- N A). At this point,
the proof of Theorem 1.4 is almost complete. The last subtlety is that we only proved our
result in A. Of course we could consider larger and larger balls A but we have to verify
that A C B implies X4 law Xp. Thus, let us consider two closed balls A and B such
that A C B. Let f € FF(R?) such that supp(f) C A. The two formulas for the Laplace
transform given by (5.27) with A and B are equals:

E exp(XalaRs1)] = E {exp (_ / f(a:)@(dx))] —Elexp(XplpRpp).  (5.28)
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As supp(f) C A, we know that

Rip=E [eXp (—/f(w)NB(dx)> - 1]

=K {I{NB(A) >1} (exp (—/f(x)/\/B(d;v)> — 1” . (5.29)
Therefore, using (5.29) and Lemmas 4.1 and 4.2, we obtain that
Pron =6 e~ [ o)) - 1Na(a) 21

_E {exp (_ / f(x)J\/A(dx))] 1

= Ry.4. (5.30)

Thus I4Rs 4 = IpRs . Together with (5.28), for every f € F.(R?) such that supp(f) C
A, this implies that

E [exp(XAIARfyA)] =K [eXp(XBIARfyA)] .

IaRja = Ia (IE [exp (- / f(a;)/\/A(dx)ﬂ _ 1) .

It is equal to 0 for f = 0 and —I4R; 4 can be made as close as we want from I4 by
choosing f of larger and larger infinite norm. Consequently, for every ¢t € [0, I 4],

Moreover

E[exp(—tX4)] = E[exp(—tXB)].

It is sufficient in order to say that X 4 and X p have the same distribution because /4 > 0.
It concludes the proof. O

6 Heavy tail genereralization

6.1 New setting

In this section, we prove Theorem 1.5 which states that Theorems 1.3 and 1.4 remain
true under the hypothesis H3. We recall that hypothesis H3 consists in the following
assumptions: The motion law P is given by spherically symmetric a-stable laws with
a €]0,2]. More precisely, for every y € R,

d a/2
/eXp (iy, 2)) P(dx) = exp | — (Z ka2>
k=1

The critical offspring law i does not have second moment anymore. However we assume
that there exists 3 €]0, 1] such that for every v < 8, 3320 k' u(k) < +oo. Moreover we
assume that d > a/f.

In this new setting, « €]0, 2]. Of course, o = 2 is the Brownian case which has been
treated under the hypothesis 7; when § = 1. Assuming hypothesis H3, any particle is
following a spherically symmetric a-stable Lévy process until its death. One can refer to
[24] for more informations about general Lévy processes.

Remark 6.1. The typical example of an offspring law p satisfying hypothesis H3 is given
by f(s) = s+ 3(1 — s)*7 with 3 €]0, 1, where f(s) = >, u(k)s* for every s € [0,1].
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Of course, it would be much too long to modify the entirety of our proofs. In this
section, we just indicate to the reader how to change the key steps in the proofs of
Theorem 1.3 and 1.4. In the sequel, we often use a random variable x such that for every
y € RY,

d /2
E [ei<y,x>} —exp | — (Z yk|2>
k=1

Let us call such a random variable x “a standard (d-dimensional) a-stable law”. We
denote by L, 4 the density of x. Except for a few values of «, L, 4 has not any closed
form.

6.2 Generalized proofs

In order to prove generalized versions of Theorem 1.3 we have to prove a new version
of Lemma 2.10. Under the hypothesis H3, 14 and 14 ; are defined as in definition 2.11.

Lemma 6.2 ( Key Lemma - generalized version). We assume hypothesis Hsz. Let A be a
closed ball. Let f € F.(R%) whose values are in iR or in R_ and such that supp(f) C A.
Let M > 0. Uniformly in 2 € B(0, Mn'/®), as n goes to infinity,

T nl/a
Ep [1{Z,(A—x) > 1} exp [ > f(Su+2) :(1+on(1))%u,ﬂ

lu|=n

Remark 6.3. /4 ¢ is defined as in definition 2.11 but the motion is now of Levy type. The
well-definiteness of 14 ; can be proved exactly as in the following proof of Lemma 6.2.

Now, let us prove Lemma 6.2.

Proof of Lemma 6.2. With the same notation as in the proof of Lemma 2.10 we know
that

Ep |1{Z,(A—=x) > 1} exp ( > f(Su +az)>

[ul=n

n
=Eq- HSua €AZT o <Z Yk (Sw, , + x))
1+}§1 Yi (Sw,, _,+) k=0

Now let us prove that we can resritct the sum above to a finite number of terms, as in
the proof of Lemma 2.10. Let K > 0. Let us consider v > 0 such that v < § < 1. Recall
the notation Eq- [-|G] when we condition on the spine and on the number of brothers
of every particle in the spine and the positions of the brothers of the spine. Then, by
conditional Markov inequality,

n

Q' (swn cAd—uz, Y Vi@ +S5,, )= 1)

k=K+1 5
( > Yk(ﬁswm))

k=K+1

S ]EQ* l{S'u)n cA-— lL‘}]EQ*

ol |
We know that for any non negative numbers (\;)1<i<n, (31— Ai) < Y, A} because
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0 < v < 1. Consequently,

Q" (Swn €Az, Z Yk('x_'_Swnfk) 2 1)

k=K+1

1{Sy, € A=z} >  Eq
k=K+1

< Eq-

Yk(x+SwM)”|gH . (6.1)

However, for every k € {K + 1,--- ,n}, by definition of Y;(-),

Y

Eq- = Eq- Z ZIZ—I(A —x = Sw,_, — pu) g

UEB(Wn—k41)

Yk(]} + Swn,k)ﬂy ‘g

where for every u € B(w,—k+1), recall that p, = S, — Sy, Then, as 0 < v < 1, by
Jensen’s inequality,

gl
Eq- |Yi(z + Swmy‘g <Eq- | Y, Zi(A—2—Su, ,—pu)|G
UEB(Wn—k41)
gl
= Y Eoe |Z (A—x—Su,_, —pu)|G (6.2)
UWEB(Wyn—k41)
However, by construction of Q*, for every k € {K+1,--- ,n} and for every u € B(w,_k+1),

it holds that

Eq- |Zy 1(A—2 = Su, , —pu) |G| = Ep [Zk1(A =2 = p)] le=c45u, , .o=p.

Then, by criticality of the branching process under P, for every k € {K +1,--- ,n} and
for every u € B(wn—g+1),

Eq- Zlqctl(A —x = Su,_, — Pu) g

= ]P((k - 1)1/0¢X e A —Z — p> ‘Z:$+S'wn_k:p:p’u

where x is a standard d-dimensional a-stable law. Then, as the density L, 4 is bounded,
there exists a constant ¢, > 0 such that for every k € {K + 1,--- ,n} and for every

u € B(wp—k+1),
T+ Sy, + Pu
g =/ Lo (y—“) dy
] A (k—1)1/ (k — 1)t/

< col AlE™, (6.3)

Eq- Zy (A== Sy, _, — pu)

Combining, (6.1), (6.2) and (6.3), we get

o (swn cAd-z, Y Yi(@+Su,,)> 1)
k=K+1

<Al Y kN Eqe [1{Sw, € A— 2} B(wa k1)) (6.4)
k=K+1
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However forevery k € {1,--- ,n}, 14+|B(wp—k+1)|, that is, the number of children of w,,_y,
has the distribution v and is independent of the spine under Q*. We recall that v is defined
by v(k) = ku(k). We assumed that [z't7u(dz) < 4o00. Thus, é, = [27v(dz) < +oc.
Therefore, together with (6.4), this yields

Q (sw” €A-z, Y Yi(z+Su,_,)> 1) < QJAPE, Y kY % QF (S, € A—x)
k=K+1 k=K+1

+oo
< e A e e N g/ (6.5)
k=K+1

Now, we need the sum to be convergent. For this, we need dvy/a > 1, thatis, d > %
However we assumed that d > % Thus, this is possible to find such a v < 3. Therefore,

uniformly in = € B(0, Mn'/®), it holds that

Ep |1{Z,(A—z) > 1}exp [ Y f(Su+2)

[ul=n

K
k=0

K

= Eq- {5, €A -2} exp (Z Yk (Sw, , + x)) +ox(L)n~¥e.  (6.6)
14+ > Yi(Sw, . +2)

k=1

Recall that for every m € IN* the density of S,,,, is given by z — m~ %L, 4(m~/2).
Therefore, using (6.6) and following the same lines as in Lemma 2.10, we get

Ep |1{Z,(A—z) > 1}exp [ Y f(Su+2)
|lu|=n
= (n— K) Y*Eq. [/ Loa((n — K)™ Yy — 2 — 84 ) Frea(y, Swys 1 < k < K)dy
A
+ ox(1)n=%, (6.7)
The function Fx 4 in (6.7) is defined exactly as in the proof of Lemma 2.10. Remark that

1—(1-K/n)Y/
(n — K)/e

(n—K)"(y — 2 — Su,) = —n~ V% + z+ (n—K)"(y = Swy).

En,K,x,y

(6.8)

On the event {||Sw, || < K%/}, uniformly in = € B(0, Mn'/®), the error term &,, x ., can
be majorized in the following way

||5n,K,I,y | <M x On,K(l) + (sup[|2]]) x (n — K)_l/a +K2/a(n - K)_l/a-
z€A

€
=op, k(1) (6.9)

where for every K € IN*, 0, (1) tends to zero as n goes to infinity. Moreover, L, 4 is
continuous and goes to 0 at infinity. Therefore, this function is uniformly continuous.
This implies that, uniformly in = € B(0, Mn'/®), on the event {||Sw, || < K*},

|Laa(n™ %) = Lo.a((n — K) Y%y — 2 — Suy))| = onx (1) (6.10)
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where Lmd(—n*l/”‘x) was replaced by Layd(nfl/“x) by symmetry of L, q. Furthermore,
the event {||S., || > K?/°} can be neglected because

Q" ([[Swx |l > E**) = 0k (1). 6.11)

Therefore, combining (6.7), (6.10) and (6.11), we get that, uniformly in = € B(0, Mnl/a),

Ep |1{Z,(A—2) > 1}exp Z f(Sy + )

|u|=n

— n_d/aLayd(n—l/ax)EQ* [/ FKVA(y, ka, 1<k < K)dy
A
+oxg (D)n~Y* + 0, g (1)n=4/. (6.12)

Thanks to (6.12), the end of the proof goes along the same lines as in the proof of
Lemma 2.10. O

Thanks to this Lemma 6.2, we can derive a generalized version of Theorem 1.3 in the
same way as before. All the proof is the same. We only have to replace Lemma 2.10 by
Lemma 6.2. Moreover, proving Theorem 1.4 under the hypothesis H3 is very similar with
proving the same theorem under hypotheses H; or H,. We only need slight modifications
for the generalization of Lemma 5.3. Let us adapt this lemma under the hypothesis Hs.

Lemma 6.4. Let A be a closed ball. Let us assume hypothesis H3. Let © be a cluster-
invariant point process. Then,

lim limsup P / P(Z,(A—1z)>1)0(dx) > M—e/4) —o.
B(0,Mn1/o)e

M—+00 n—+o0o

By a careful reading, one can convince oneself that one can prove a generalized
version of Theorem 1.4 thanks to this generalized Lemma 6.4. This Lemma 6.4 is a direct
consequence of Lemma 5.1 and the following Lemma 6.5 which is a generalized version
of Lemma 5.2.

Lemma 6.5. We assume hypothesis H3z. Let A be a closed ball. There exists C' > 0 such
that for every M > 1, for every n large enough and for every x € B(0, Mn'/®)e,

(ZJWO‘/QH(A - ZL’) > 1)
Ma/2 :
Proof of Lemma 6.5. As d > «/f, following the same lines as in the proof of Lemma 5.2,

there exists a positive constant C4 4,3 such that for every n € IN* and for every
z € B(0, Mn'/®)e,

P(Z,(A—z)>1) <L

P (Zn(A — a?) > 1) < CA’d’aﬁ]P(nl/aX cA— SC)
P (Zpraren(A—x)>1) = P(M*?n)"/*y ¢ A—2)

/A Y La7d(y)dy
_ CA,d,a,B (A—x)/n
/( Loa(y)dy

A—z)/(Ma/2n)l/a

(6.13)

where we recall that x is a standard d-dimensional a-stable law and L, 4 is its density.
According to [3], there exists a constant ¢, 4 such that

La.a(2) Cayallz|| 747

~Y
[12[|=+o0
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In particular, there exist c( ) > 0 and 0(2) > 0 such that for every z € R? such that
llz[l = 1,

U277 < Laa(z) < 212777 (6.14)

However for x € B(0, Mn'/®)¢, |[n~/*M~'/2z|| > VM. Consequently, if M > 1,
by (6.14), for every = € B(0, Mn'/®),

Cz(xl)dHnil/aMil/Q'r”idia < L(X’d(n*l/aM*l/?z) < C((fzianl/aMfl/Zznfdfa

)

and

el Yog]| e < Lo a(n~Yow) < cC)lln~Yew||mde

Together with (6.13) it implies that there exists a constant C' > 0 such that for every
n € IN* and for every z € B(0, Mn'/®)¢,

R
(A—z)/nt/a

llyl| =4~y

P (Zo(A—2)>1)
P (Zyporen(A—1) > 1)

<C

]C4M/Uwa”nﬂ/“
=(C x M~*/?

where the last equality is obtained by the changes of variable 3’ = n!/®y in the integral
above and y” = v/Mn'/®y in the integral below. It concludes the proof of Lemma 6.5. O

7 Remarks and further discussion

Let us begin with a few remarks concerning our results.

Remark 7.1. In this paper, we discussed three different hypotheses. Observe that,
hypothesis - is a generalization of hypothesis H;. Indeed, in both cases, P has a
second moment. Consequently it is in the domain of attraction of a gaussian distribution.
However, having a second moment is not enough for us. Indeed, in our arguments,
we need the random walk associated to P to meet the heat-kernel estimate stated in
Proposition 2.3. Our results hold for any distribution P which has a finite second moment
and satisfies this heat-kernel estimate. For now, we do not know how to remove this
technical assumption. Under hypotheses H1 and Hs, as P is in the domain of attraction
of a gaussian distribution, the critical branching process with motion law P is analoguous
to a binary branching Brownian motion. In particular, assuming H; or Hs, the critical
dimension is always 2 as in Theorem 1.1. On the contrary, under hypothesis Hs, P
is no more in the Brownian domain. This leads to a change of the critical dimension,
among other consequences. Indeed, under hypothesis /3, we can prove our results for
d > a/f. Moreover, assuming hypothesis #3, Gorostiza and Wakolbinger showed in [9]
(in a continuous setting but the qualitative behaviour must be the same.) that if d < /8,
then the sequence (A%*X), i converges to the null point process. Therefore, a//3 is the
critical dimension if we assume hypothesis H3.

Remark 7.2. Actually, the heat kernel estimate in # is not really necessary for The-
orem 1.3. We see in the proof of Lemma 3.1 that we only need the existence of
a positive integrable function g such that for every z ¢ 7Z? and for every n € IN*,
P(S, = x) < n~%2g(n"'/2z) where S is the random walk associated to P. This is pos-
sible as soon as P has a moment of order d + 1 thanks to the asymptotic expansion of
the local-limit theorem. (See Theorem 22.1 in [1].) However, the heat kernel estimate in
assumption Hs is crucial in the proof of Theorem 1.4 for technical reasons.

EJP 28 (2023), paper 16. https://www.imstat.org/ejp
Page 33/38


https://doi.org/10.1214/23-EJP906
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Invariant measures of critical branching random walks in high dimension

Now, let us try to get another insight about our results. Thanks to Theorem 1.3,
we know a local description of A%X on every closed ball A. Indeed, if P4 is a Poisson
random variable of parameter X I, then A%X(-N A) can be constructed as a layering
of P4 independent copies of M. A natural question is to know whether this is possible
to describe N4 and I, in terms of A‘;X . We prove that there exists another interesting
description of A%X which explains the meaning of N4 and 4. Let us define W the set
of measures W on the set N of point measures on R¢ which satisfy:

a) For any closed ball A of RY, W ({z € N : u(A) > 0}) < +o0.
b) W({0}) = 0 where ( is the null point measure.

If W € W, we can define a Poisson point process = on N with intensity measure W. =
can be written as

where {N;,i € I} is a countable collection of point measures. Then we are able to define
a new point process &y on R? as

iel

where the sum of point measures means that we overlay them. &y is still a locally
finite point process thanks to assumption a). We mention that the point process Ew is
introduced in subsection 2.1 of [19] in a slightly different (but equivalent) way.

Proposition 7.3. We assume hypothesis Hi, Ho or Hs. Then for every § € R*, there
exists a unique measure W%? ¢ W such that:

(i)
Evan 'L ALY

(ii) For any closed ball A, W%%({y € N : u(A) > 1}) = 014.

(iii) For any closed ball A, for any borel set U of the set of point measures on A,

wee <{u rp(-NA)e U}

{,uGN:p(A)>1}> =PWN4s€U).

(iv) Let f € F}(R?) whose support is a closed ball A. Then for every interval I C R*,

o ({u EN: /f(x)du(a:) c 1}) —OI,P (/ F@)dNa(z) € 1) .

Proof of Proposition 7.3. A%? is infinitely divisible. Indeed, it is obtained through a
branching process starting from a Poisson point process which is infinitely divisible. Then,
Theorem 2.1.10 in [19] gives (i). By the local description of Agﬁ given in Theorem 1.3,
for any closed ball 4, it holds that

e ¥ =P (AL (A) =0)

=P (Eyae(A) =0). (7.1)
Now, let us recall that &y a0 is defined through a Poisson point process =), _; dn, on
N with intensity W0 Then, from (7.1), we deduce
e %4 =P (N;(A) =0,Vi € I)
=P E{p: p4) =1}) =0).
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Therefore, as = is a Poisson point process on N with intensity W%,
e s = P (E({p: p(A) > 1}) = 0) = W Lmn(A)21])

This proves (ii). Now, let us consider a closed ball A and f € ]—'j(Rd) such that supp(f) C
A. For every point measure g, let us define Hy(u) = [ f(x)du(x). Then, by definition of

Enas,
E (exp (— / f(x)dé'wd,e(x))> _E {exp (— / Hf(,u)dE(u))} . (7.2)

However, = is a Poisson point process with intensity W%?. Therefore, by Lemma 3.1 in
[12], (7.2) yields

B <exp (- / f(x)dEWd,e(a:)>>
—exp ([0 expl- ()@ )
= exp (/ exp (—/f(x)du(x)) - 1de’9(u))
e ([ (o0 (= [ s@aut)) = 1) 10u4) = aws ()

where the last equality stems from the fact that supp(f) C A. By (ii), this implies that

E <eXp <— / f(ac)dEWd,e(x)>)
= exp <01A (/exp (—/f(m)du(:c)) AW (| u(A) > 1) — 1)) (7.3)

However, by (i), we know that

E (exp (— / f(x)dSWd,e(m))> - (exp (- / f(x)dAfff(x))) .

Consequently, by Proposition 3.2, we get

B (o (- et - o (o4 (B[ (- [ saavica) | 1)), w0

Moreover, the left-hand sides in (7.3) and (7.4) are equals. This implies that

[ (= [ r@uta) ) aw s uina) = 1) =& [exp (- [rwava@) | @)
This proves (iii). Moreover, (iv) is a direct consequence of (ii) and (iii). O

An interesting property of the measure W% is that it is o-finite but not finite. This is
proved by the following proposition. We assume #; for clarity of the discussion.

Proposition 7.4. Assuming hypothesis Hi, I, converges toward infinity when r is
going to infinity.
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Proof of Proposition 7.4. Let A be a closed ball. Using the notation introduced in defini-
tion 2.11, we recall that

Therefore, by Jensen’s inequality,

Iy 2/ +ool dy. (7.6)
4 EQ* |:1 + Z Yk(y - ka):|
k=1

However, with the notation of the proof of Lemma 2.10, for every k € IN*¥,

Fo- [Vily — Sw)| =Fa- | Y Zia(A=y+ Su, —p)
u€EB(wk41)

Then, by construction of Q*, it holds that
Eq- [Viy = Su.)| = Eq- |

where p is independent of S,,,. Moreover p is a standard gaussian random variable
because we assume hypothesis #;. We know that, under Q*, 1 + |B(wx41)| has law v
which has expectation 1 + ¢2. Moreover, the branching process is critical under P. Thus,
Ep [Z-1(A—y+2)] = IP(gk_l € A—y+ z) where S is a brownian motion. Therefore,
together with (7.7), this yields

B(wer)|Eq- [Ep [Zi(A=y+2)]lios,,—]  (77)

Eq- [Yfk(y - ka,)} = 0’P (S, € A—y)
= 02(47rk)*d/2/ exp (—||z — yl[*/4k) da. (7.8)
A

Consequently, combining (7.6) and (7.8), we get

+o00 -1
IAZL<1+UQZ(4ﬂk)d/2AeXp (—llz —yl[*/(4k)) d:zr) dy. (7.9)

k=1

Now, if A = B(0,r), a change of variable in (7.9) yields

+oo
Igo,r) > ré /B(O ) (1 + 02 Z(47rk)_d/2rd/

-1
exp (—r?[lz — yl[*/(4k)) dw) dy

p B(O,l)
+00 -
- / rl oy (drk) = / exp (—r?||z —y[[*/(4k)) dz | dy.
B(0,1) b1 5(0,1)
(7.10)

However, by the dominated convergence theorem, as d > 3, for every y € B(0,1),

—+oo
tim ot S k) [ e (cr?e gl 48) de =0
T [e%s) pt 0,1

Consequently, using Fatou’s Lemma in (7.10),

lim IB(O,T) = +o00. O

T— 400

EJP 28 (2023), paper 16. https://www.imstat.org/ejp
Page 36/38


https://doi.org/10.1214/23-EJP906
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Invariant measures of critical branching random walks in high dimension

References

[1] R. N. Bhattacharya and R. R. Rao, Normal approximation and asymptotic expansions, Clasics
in Applied Mathmatics 64, SIAM-Society for Industrial and Applied Mathematics, 2010.

[2] P. Billingsley, Convergence of probability measures, 2nd ed., Wiley series in probability and
mathematical statistics, John Wiley & Sons Inc., 1999. MRMR1700749
[3] R. M. Blumenthal and R. K. Getoor, Some theorems on stable processes, Trans. Amer. Math.
Soc. 95 (1960), 263-273. MR119247
[4] M. Bramson, ]J. T. Cox, and A. Greven, Invariant measures of critical spatial branching
processes in high dimensions, Ann. Probab. 25 (1997), no. 1, 56-70. MR1428499
[5] X. Chen, C. Garban, and A. Shekhar, The fixed points of branching brownian motion. preprint.
available at https://arxiv.org/abs/2012.03917, 2020.
[6] D. A. Dawson and G. Ivanoff, Branching diffusions and random measures, Advances in
Probability: Branching processes 5 (1978), 61-109.
[7]1 R. Durrett, An infinite particle system with additive interactions, Adv. in Appl. Probab. 11
(1979), no. 2, 355-383. MR526417
[8] B. Fristedt and L. Gray, A modern approach to probability theory, Probability and its Applica-
tions, Birkhauser Boston, Inc., Boston, MA, 1997. MR1422917
[9] L. G. Gorostiza and A. Wakolbinger, Persistence criteria for a class of critical branching
particle systems in continuous time, Ann. Probab. 19 (1991), no. 1, 266-288. MR1085336
[10] Y. Hu and Z. Shi, Minimal position and critical martingale convergence in branching random
walks, and directed polymers on disordered trees, Ann. Probab. 37 (2009), no. 2, 742-789.
MR2510023
[11] O. Kallenberg, Stability of critical cluster fields, Math. Nachr. 77 (1977), 7-43. MR443078
[12] O. Kallenberg, Random measures, theory and applications, Probability Theory and Stochastic
Modelling, Springer, 2017.
[13] J. Kerstan, K. Matthes, and U. Prehn, Verallgemeinerungen eines Satzes von Dobruschin. II.
(Generalization of a theorem of Dobruschin. II.), Math. Nachr. 51 (1971), 149-188. MR324784
[14] T. Kumagai, Random walks on disordered media and their scaling limits, Lecture Notes in
Mathematics, Springer, 2010.
[15] S. P. Lalley and X. Zheng, Occupation statistics of critical branching random walks in two or
higher dimensions, Ann. Probab. 39 (2011), no. 1, 327-368. MR2778804
[16] G. F. Lawler and V. Limic, Random walk: A modern introduction, Cambridge Studies in
Advanced Mathematics, Cambridge University Press, 2010.
[17] A. Liemant, Invariante zuféallige Punktfolgen, Wiss. Z. Friedrich-Schiller-Univ. Jena Natur.
Reihe 18 (1969), no. 2, 361-372. MR292151
[18] R. Lyons, R. Pemantle, and Y. Peres, Conceptual proofs of Llog L criteria for mean behavior
of branching processes, Ann. Probab. 23 (1995), no. 3, 1125-1138. MR1349164
[19] K. Matthes, ]J. Kerstan, and J. Mecke, Infinitely divisible point processes, Wiley series in
probability and mathematical statistics, John Wiley & Sons Inc., 1978.
[20] P. Révész, Distribution of the particles of a critical branching Wiener process, Bernoulli 2
(1996), no. 1, 63-80. MR1394052
[21] P. Révész, The maximum of a critical branching Wiener process, J. Theoret. Probab. 11 (1998),
no. 4, 953-977. MR1660915

[22] P. Révész, Large balls left empty by a critical branching Wiener field, Statist. Neerlandica
56 (2002), no. 2, 195-205, Special issue: Frontier research in theoretical statistics, 2000
(Eindhoven). MR1916319

[23] L. Saloff-Coste, Isoperimetric inequalities and decay of iterated kernels for almost-transitive
Markov chains, Combin. Probab. Comput. 4 (1995), no. 4, 419-442. MR1377559

[24] K. Sato, Lévy processes and infinitely divisible distributions, 1st ed., Cambridge Studies in
Advanced Mathematics, Cambridge University Press, 1999.

EJP 28 (2023), paper 16. https://www.imstat.org/ejp
Page 37/38


https://mathscinet.ams.org/mathscinet-getitem?mr=MR1700749
https://mathscinet.ams.org/mathscinet-getitem?mr=119247
https://mathscinet.ams.org/mathscinet-getitem?mr=1428499
https://arxiv.org/abs/2012.03917
https://mathscinet.ams.org/mathscinet-getitem?mr=526417
https://mathscinet.ams.org/mathscinet-getitem?mr=1422917
https://mathscinet.ams.org/mathscinet-getitem?mr=1085336
https://mathscinet.ams.org/mathscinet-getitem?mr=2510023
https://mathscinet.ams.org/mathscinet-getitem?mr=443078
https://mathscinet.ams.org/mathscinet-getitem?mr=324784
https://mathscinet.ams.org/mathscinet-getitem?mr=2778804
https://mathscinet.ams.org/mathscinet-getitem?mr=292151
https://mathscinet.ams.org/mathscinet-getitem?mr=1349164
https://mathscinet.ams.org/mathscinet-getitem?mr=1394052
https://mathscinet.ams.org/mathscinet-getitem?mr=1660915
https://mathscinet.ams.org/mathscinet-getitem?mr=1916319
https://mathscinet.ams.org/mathscinet-getitem?mr=1377559
https://doi.org/10.1214/23-EJP906
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Invariant measures of critical branching random walks in high dimension

Acknowledgments. I would like to thank my Ph.D supervisor, Xinxin Chen, for her very
useful pieces of advice without which this work could not have been carried out. I also

want to thank Christophe Garban and Hui He whose fruitful discussions with Xinxin
Chen have enlightened us a lot.

EJP 28 (2023), paper 16. https://www.imstat.org/ejp
Page 38/38


https://doi.org/10.1214/23-EJP906
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

	Introduction
	Definition of the model and first notation
	Previous results
	Main results
	Organisation of the paper

	Preliminaries
	Local-limit Theorem
	Heat kernel estimate
	A warm-up about point processes
	Spine method and change of measure
	A critical branching random walk conditioned on survival in a given set

	Proof of Theorem 1.3
	Compatibility of d,X
	Characterization of invariant measures
	Preliminary lemmas
	Proof of Theorem 1.4

	Heavy tail genereralization
	New setting
	Generalized proofs

	Remarks and further discussion
	References

