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Abstract

Multivariate discrete probability laws are considered. We show that such laws are
quasi-infinitely divisible if and only if their characteristic functions are separated
from zero. We generalize the existing results for the univariate discrete laws and for
the multivariate laws on Z¢. The Cramér-Wold devices for infinite and quasi-infinite
divisibility are proved.
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1 Introduction

Let F be a distribution function of a multivariate probability law on R¢, where R is
the real line, d is a positive integer. Recall that F' and the corresponding law are called
infinitely divisible if for every positive integer n there exists a distribution function F,
such that F' = F", where “x” denotes the convolution, i.e. F' is the n-fold convolution
power of F,. It is known that F' is infinitely divisible if and only if its characteristic
function

f(®) ::/ bV AR (x), teRY,
R4
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admits the following Lévy representation (see [26, Theorem 8.1])

ft) = exp{i(t,’y) —1t,Qt) + /R (ei<t~'v> -1- 1i§t|’§>|2)y(dx)}, t e R, (1.1)

where (-, -) denotes the standard scalar product in RY, ||z|| := \/(z, z) for any = € R,
v € R? is a fixed vector, () is a symmetric nonnegative-definite d x d matrix, and v is a
measure on R? that satisfies the following conditions

v({0}) =0, /Rd min{||z||?, 1}v(dz) < co.

Here and below, we denote by 0 the zero vector of R?. The vector (v, Q,v) is called a
characteristic triplet and it is uniquely determined by f and hence by F.

The notion of quasi-infinitely divisible distributions on R? was introduced in the
recent paper by Berger, Kutlu, and Lindner [5]. Following this paper, a distribution
function F' and the corresponding law are called quasi-infinitely divisible, if there exist
infinitely divisible distribution functions F; and F> such that F; = F' x F5 (in the papers
[13, 14, 15], such property is proposed to be called rational infinite divisibility). It was
proved in [5] that F' is quasi-infinitely divisible if and only if the representation (1.1)
holds, where v is a signed finite measure on R?\ (—r,7)¢ for any r > 0 that satisfies
v({0}) =0, and

[ min el 1}vi(do) < oc,
R4

where |v| denotes the total variation of the measure v (see [5] for more details). It is
seen that the class of quasi-infinitely divisible distributions is a natural generalization of
the class of infinitely divisible distributions.

The examples of univariate quasi-infinitely divisible laws can be found in the classical
monographs [9, 19], and [20]. The first detailed analysis of these laws on R was
performed in [18], and a lot of results for the univariate case are contained in the works
[1, 3,4, 12, 13], and [14]. The multivariate case was considered in the recent papers
[5, 6], and [23]. The authors of these works studied questions concerning supports,
moments, continuity, and the weak convergence. The most complete results were
obtained for probability laws on the set Z¢, where Z is the set of integers. In particular,
the following important fact was stated in [6].

Theorem 1.1. Let F be the distribution function of a probability law on Z¢. Let f be its
characteristic function. Then F is quasi-infinitely divisible if and only if f(t) # 0 for all
t € R?. In that case, f admits the following representation

ft) = exp{i(t,'y> + > (e =) } teRY, (1.2)

kez4\{0}

where vy € Z%, Ay € R, k € Z%\ {0}, and Y cza\ gy [ s < 00

It is clear that (1.2) can be rewritten in the form (1.1). Using this theorem, the
authors of [6] also proved the Cramér-Wold device for infinite divisibility of Z?-valued
distributions. We formulate the corresponding result in a simplified form omitting
equivalent propositions.

Theorem 1.2. Let ¢ be a Z%-valued random vector with distribution function F. Let F,
denote the distribution function of {(c,¢), c € R?. The distribution function F is infinitely
divisible if and only if for any ¢ € R¢ the distribution functions F, is infinitely divisible.
Recall that the classical Cramér-Wold device is a fact that a probability distribution
of a d-dimensional random vector £ is uniquely determined by distributions of all linear
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combinations of its components, i.e. by distributions of {(c, &) for all ¢ € R? (see [7]).
Statements concerning some property for multivariate random vectors that can be
expressed by corresponding statements for its linear combinations are also called
as Cramér-Wold devices. So Theorem 1.2 is an interesting particular example of it.
The Cramér-Wold device is well known for strict and symmetric stabilities (see [25]):
d-dimensional random vector ¢ is strictly (symmetrically) stable if and only if random
variable (c, ) is strictly (symmetrically) stable for any c € R?. Note that, however, the
Cramér-Wold device for infinite divisibility in general does not hold. If a d-dimensional
random vector ¢ has infinitely divisible distribution, then the distribution of {(c,¢) is
infinitely divisible too for all ¢ € R4, but for d > 2 there exist examples that the converse
is not true (see [8] and [11]).

The purpose of this article is to generalize Theorems 1.1 and 1.2 to arbitrary multivari-
ate discrete distribution functions. More precisely, we obtain a criterion of quasi-infinitely
divisibility, we get representations, which are similar to (1.2), and we also prove the
Cramér-Wold devices for infinite and quasi-infinite divisibility. The corresponding results
are formulated in Section 2. The necessary tools, which are also of independent interest,
are formulated in Section 3. All of the mentioned results are proved in Section 4.

2 Main results

Let us consider a multivariate discrete probability law with the following distribution
function
F(z)= Y ps, zeR? (2.1)

keN:
T, E€(—00,x]

where 75, € R?, k € N, are distinct numbers with probability weights p,, > 0, k € N (the
set of positive integers), > -, p, = 1. We denote by (—oc,z] with z = (z(V), ... 2(4) €
RY the set (—oo, 2] x -+ x (=00, (D] C R% Let f be the characteristic function of F,
i.e.
ft) = / et dF (z) = meke“t’”””, t e R (2.2)
R keN
We will formulate a criterion for the distribution function F' to be quasi-infinitely
divisible through condition for characteristic function f. For the sharp formulation of
the result we need to introduce the set of all finite Z-linear combinations of elements
from a set Y ¢ C? (C is the set of complex numbers):

(Y) :—{szyk: neN, z, €7, ykeY}. (2.3)
k=1

So (Y) is a module over the ring Z with the generating set Y. It is easily seen that
Y C (Y),0€ (V). If a countable set Y # @, then (Y) is an infinite countable set.
Theorem 2.1. Let F' be a discrete distribution function of the form (2.1) with character-
istic function f of the form (2.2). The following statements are equivalent:

(a) F is quasi-infinitely divisible;

(b) infyepa | £(2)] > 0.
If one of the conditions is satisfied, and hence all, then f admits the following represen-
tation

f(t):exp{i<t,'y>—|— Z Au(ei<tv“>—1)}, t € R4, (2.4)
u€(X)\{0}
where X := {zp: p,, > 0,k € N} # @, v € (X), \y, € R forall u € (X) \ {0}, and
ZuG(X)\{O} | Aul < oo.
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It is easily seen that (2.4) can be rewritten in the form (1.1). So if characteristic
function of multivariate discrete probability law is represented by (2.4), then the cor-
responding distribution function F' is quasi-infinitely divisible. Also observe that, by
this theorem and on account of the conditions and uniqueness of the Lévy representa-
tion (1.1), the multivariate discrete distribution function F' is infinitely divisible if and
only if its characteristic function f admits representation (2.4) with the same X and 7,
but with A, > 0 for all u € (X) \ {0}, and 3, ¢ xy\ (o} Au < .

Note that Theorem 2.1 generalizes Theorem 1.1. Indeed, for characteristic function f
of probability law on Z? the condition that f(t) # 0, t € R?, is equivalent to the condition
that inf;cg [ f(¢)| > 0. It follows due to the continuity and 27-periodicity of the function
|[f(t)], t = (t1,...,ta) € RY, over each t;. Theorem 2.1 also generalizes the corresponding
results from [1] and [13] for the discrete distributions in the univariate case.

We now formulate the Cramér-Wold devices for the infinite and quasi-infinite divisi-
bility of multivariate discrete distribution functions.

Theorem 2.2. Let £ be a discrete random vector with distribution function F of the
form (2.1). Let F. denote the distribution function of (c,&), ¢ € R%. The distribution
function F is (quasi-)infinitely divisible if and only if for any ¢ € R? the distribution
function F. is (quasi-)infinitely divisible.

It is easily seen that Theorem 2.2 generalizes Theorem 1.2. It should be noted that
Theorem 2.2 does not contradict with the results from the [8] and [11], because the
distributions from the counterexamples contained an absolutely continuous part.

3 Tools

We will get the main result from more general positions. Namely, we will consequently
study admission of the Lévy type representations for general almost periodic functions h,
which are very similar to f.

Theorem 3.1. Let h: R? — C be a function of the following form:

h(t) _ Z qyei(t,y)’ te Rd7
yey

where Y C R? is a nonempty at most countable set, gy € Cforally €Y, and 0 <
> yey lay| < co. Assume that h(0) =3, y ¢, = 1. Ifinfega |h(t)] = p > 0, then h admits
the following representation

h(t) = exp{i(t,7> + Z )\u(e“t’”) - 1)}, t e RY, (3.1)
ue(Y)\{0}

where y € (Y), A, € C forallu € (Y) \ {0}, and 3= ¢ iyy\ (o | Aul < 00

It should be noted that the function A in Theorem 3.1 is an almost periodic function
on R™ with the absolutely convergent Fourier series. Recall that (see [16, p. 255] or [21,
Definition 1]) a function h: R? — C is called almost periodic if for any sequence {t, },en
from R< there exists a subsequence (t,, )reny and a continuous function ¢: R¢ — C such

that
sup |A(t + tn,) — @(t)| — 0.
teRd k—o0

The detailed information about almost periodic functions on R? can be found in [2, 16,
17, 21], and [22] with a greater generality (for local compact Abelian groups).
We now turn to the following general version of Theorem 2.1.
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Theorem 3.2. Let h: R? — C be a function of the following form

h(t) =Y g, teRY,
yey

where Y C R? is a nonempty at most countable set, gy € Cforally €Y, and 0 <
> yey lay| < co. Suppose that h(0) = > ey @y = 1. Then the following statements are
equivalent:

(i) infyepa [h()] > 0;
(ii) there exist a countable set Z C R¢ and coefficientsr, € C, z € Z, >

such that 1
i i(t,z) t Rd'
i z;me , teR%

(791) h admits the representation

z€Z ‘TZ| < 00,

po=efita)+ 3 a0 -] rers
u€(Y)\{0}

wherey € (Y), A, € C forallu € (Y) \ {0}, and 3¢ iy 0y [Mul < 00;
(iv) h admits the representation

h(t) = exp{i(t;y) — %(t, Qt) —|—/ (e“t’“) -1- ﬁﬁﬁﬁu(du)}, teRY  (3.2)
Rd
where v € C¢, Q € C?*1 is a matrix, v is a complex measure on R? such that
v({0}) =0, and / min{|z||?, 1}|v|(dz) < cc.
Rd

4 Proofs

Proof of Theorem 3.1. We will sequentially consider the following cases: 1) Y = 7%, 2)
Y is a finite subset of R¢, 3) Y is at most countable subset of R? (the general case). We
always assume that Y # @. Each subsequent case will be based on the previous one.

1) Suppose that Y = Z<. It is easy to see that the function h is 2r-periodic in all
coordinates, i.e. for any k = 1,...,d and t € R? we have h(t + 27e;) = h(t), where
{e1,ea,...,eq} denotes the canonical basis in R?. Let us consider the distinguished
logarithm ¢ + Lnh(t), t € R?, which satisfies exp{Lnh(t)} = h(t), t € R?, and it is
uniquely defined by continuity with the condition Ln /(0) = 0 (see [26, Lemma 7.6]). For
any k=1,...,d we have

exp{Lnh(t + 2me;,)} = h(t 4 2mei) = h(t) = exp{Lnh(t)}, tcR%

So Lnh(t + 2mey) — Lnh(t) € 2miZ for any k = 1,...,d and t € R%. Since ¢t > Lnh(t +
27ey,) — Ln h(t) is a continuous function on RY, there exist constants 71, ...,74 € Z such
that

_ Lnh(t + 2mex) — Lnh(t)

., teRY k=1
21

d.

Vi

PR

Let us define the vector v = (71,...,74)7 € Z. So the function ¢ — Lnh(t) — i(t,v) is
2m-periodic in all coordinates. By [6, Proposition 3.1], one can conclude that

Lnh(t) =i(t,y)+ > A" —1), teR%
u€eZ4\{0}

where )\, € C forall u € Z4\ {0}, and 2 ueza\ {0y [Au| < co. Note that (Y) = Z% in this case.
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2) Assume that Y = {yl, ..., Yn}, where y1,...,y, are distinct elements from R¢. So
we have h(t) = Sp_, g, e’¥), t € RL If n = 1 then Y = {y;} and ¢, = 1. For this
case representation (3.1) holds with v = y; and A\, = 0 for all u € (Y) \ {0}. We next
suppose that n > 2. We set y, = (y,(cl), . 7y,(€d)), k=1,...,n. Without loss of generality,
we can assume that for every j = 1,...,d there exist k = 1,...,n such that yk 7é 0, since
otherwise we can turn to the space RY w1th some d' < d. Next, forevery j =1,...,d
we can choose non-zero [39) ,8(]). e YU {y(]) ...,y,(f)} C R that constitute a
basis in YU) over Q, i.e. for any j € {1,. d} and k € {1 n} there exist uniquely
determined values c,(j;)l, . c,(jm € Q, such that y/) = 37 C/cz 7 (see [16] p. 67-68).

)

Let »(/) be the minimal positive integer such that &) = x0e) € Z for any j, k, [. We set

BZ(J : ﬂ(”/%(ﬂ) and we have y(” S c 51 foranyj € {1,...,d}and k € {1,...,n}.
So it is easy to check that

mi mqg
C{ Zzl(l)ﬁl(l): zl(l) € Z} X o x{ Zzl(d)ﬁl(d): zl(d) IS Z}. “4.1)
=1 =1
Note that for every j = 1,...,d the values 59 ), ey N,(,JLJ) are linearly independent over
Z, i.e. the equation llﬁ(J) -+ lmjﬁﬁﬁg = 0 holds with [y,...,l,, € Z if and only if
lih=--=ly,=0.

We now consider the function

@(tgl),...,tgi,...,t§d)7...,t7(gi qukexp{ ZZ j)ﬂ(j)tu} (4.2)

j=11=1

wheretl(j) eR,l=1,...,mj,andj=1,...,d. Iffor any such j and [ we settl(j) =t eR
then
(¢, Lt D D) = R, (4.3)

? ¥ Mma?
where t = (t1), ... (D). We set M := m; + --- + my. Let us fix an arbitrary ¢ > 0. Since

the function ¢ is uniformly continuous, there exists 6. > 0 such that for any ¢; and 7,
from RM satisfying {1 — f2|| < 6. we have |p(f1) — ¢(f2)| < e. Let us arbitrarily fix the

vector ¢ := (t(l) .. t%,...,tgd),...,t,(gzl) € RM. We set b, = min{|5£j) |ﬁ§,{ I} >0
for every j = 1,...,d. Since for every j the values B? ), .. ,B,(V{J) are linearly independent

over Z, then, by the Kronecker theorem (see [17, p.37]), we conclude that the inequalities
’Bl(J)S(J) _ tl(J) _ 27.(.”1(])’ <

have a common solution s¢) € R for some n'”

conclude that

€ 7Z. We fix these numbers and we

s/ — — l=1,...,m;
(]) _dv 9 1) VR
Joh m;
and
d_my (4) ) |?
N e R
c.
i By
The latter inequality means that ||s — £ || < J., where
1 1 d d M
§ = (s( LS L C B )) e R™,
Fm (m | domE)  dsmld i) g
551) y y ﬂgi ; y id) y 5 B(d)
EJP 28 (2023), paper 130. https://www.imstat.org/ejp
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in the vector s: s repeats m; times, s repeats my times, ..., s(@ repeats my times.
Therefore |¢(s) — ¢(t)| < e. It is easily seen from (4.2) that

A (P5em® el Do o 42enld
‘P(t)—%’ (1) 3t (1) Yty ~(d) 9ty (d)
1 By 1 Brm
B t§1) t(l) tgd) t(d)
- (p B%l) 9. /8(1) PRI T, DY /B(d)
=: (1),

i.e.

d mj
quk exp{ ZZCM (J)}, (4.4)

j=11=1

since t was fixed arbitrarily, we consider ¢ as a function from R™ to C. So we have
that |g0(5) — @(t)| < €. Thus, due to (4.3), we get that for any ¢ > 0 and ¢t € R™ there
exists s’ = (s, ..., s(¥) € R? such that |h(s") — 3(t)| < e. According to the assumption
inf cga |R(s)| > 0, we conclude that inf,cgm [P(¢)] > 0.

We now apply the previous part 1) to the function (4.4) (it is valid, because there are

6,(972 € Z in (4.4)). So we have the following representation:

Lngb(t):LngZJ(t(l) D)
m; d my , ]
iy Y Az<exp{izzz;ﬂt;ﬂ} _1>,
j=11=1 2€ZM\ {0} j=11=1
where z =(2{" ... 200 2D D) € ZM\ {0}, 1) € Z, A, € Cforall 2 € ZM\ {0},

and 3,z (o [Az| < 00. From the above, we get

d mj o
L6, ..t D) =i ST 5

j=11=1
+ Z A, <exp{zZZzl(J)Bl(J)tl(j)} — 1).
2€ZM\ {0} G=11=1

Due to (4.3), for every t = (t(l)7 o ,t(d)) we have

d m;
Lnh(¢ Z(Zv(”ﬁ(“>t(f)+ 3 /\z(exp{iz<zzl(j)5~l(j)>t(j)}1>'

2€ZM\ {0} j=1 \i=1
For every j = 1,...,d we set y0) := 7" (J)Bm, = (y,...,7@D), and u¥) =
A l(J )B(J ) u, = (ug), ..., utV). By the well known theorem on the argurnent of an al-

most periodic function and 1ts corollaries (see [24] and [16] p. 128-135), v and all u, with
A, # 0 belong to (V). Setting A\, := ), for every z € ZM \ {0}, we can deal only with ),
u € (Y)\ {0} (u determines the corresponding vector z uniquely, because ,BI(j ) constitute
a basis, see (4.1) and comments above). Thus we come to the representation (3.1) for h.

3) We now turn to the general case: Y is at most countable subset of R?. Without loss
of generality we can set Y := {yi, o, ...} with distinct y,, € R So A := 377 |gy,| < 00
and h(t) := 3207 | gy, e"*¥), t € RY. We approximate h by the following functions:

n
= an,yke“t’y”, teRY neN,
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where a
Yk
Onyy ' = =n—— k=1,...,n, neN.
ZmZI Qym
Since Y7, @y, = 1, we have | g, | = 4 for all n > no with a positive integer n.
Let us estimate the approximation error for every n > ng:

n

Z(qyk qmyk tyk>+ Z Ty e {tuk)

sup |h(t) — h,(t)| = sup
teRA teR4

k=1 k=n-+1
n 0
< Z'qyk _Qn,yk| + Z |qyk|
k=1 k=n+1

Due to Y. ~_, qy,. = 1, we have

Z|qyk|
k=1
Zlqykl <24 Z |y |

=1 m=n+1

Z 9y — nyi | = '1 -
k=1 PO

mlym

' Zm n+1 qym

> =1 Qym

We used > ;7 |qy,| = Aand [>7 _, qy,.| > 3 for the last inequality. Thus we obtain

sup [A(t) = ha(t)] < (2A+1) > gy, |, n>no.
teR? m=n+1

Since >, _; |qy.| < 0o, we have that sup,cga |h(t) — hy,(t)] = 0, n — co. Hence for any
fixed ¢ € (0, i) there exists a positive integer n. > ng such that for every n > n. we have

sup | h(t) — ha(t)] <ep, (4.5)
teRd

where we set i := inf,cga |h(t)| > 0. So for every n > n

inf |hy(t)] = inf [h(t)] — sup|A(t) — hy(t)] = (1 —e)p. (4.6)
teRd teRd teRd

We now fix n > n. and we represent h(t) = hy(t) - R,(t) with R, (t) := h(t)/hn(t),
t € R%. Since h, h,,, R, are continuous functions without zeroes on R? and they equal
1 att = 0, we can proceed to the distinguished logarithms:

Lnh(t) = Lnh,(t) + Ln R,(t), t€R% 4.7)
Let us consider the function Ln h,,. By the result of part 2), we have

Inha(t) =i(t,ym) + D Anu(e™ —1), teR%
“fe<}/n>\{6}

with a set Y;, := {yx: gy, # 0,k = 1,...,n}, and numbers v, € (¥,), A, € C for all

e (Y, \ {0}, Zue W{0} |Anu| < oo0. Setting A, 5 := _Zu€<Yn>\{()} Anu € C, we
represent Lnh, in the followmg form

Loy () = it y) + Y, Anue'™™, teR™
UE<Y71>

Observe that ¥,, C Y, and hence (Y,,) C (Y). So we can write

Lnhn(t) = ilt,v,) + Z At e RY, (4.8)
Y)
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where for every u € (Y) \ (Y,,) we define A, , := 0 for the case (Y) \ (Y,,) # @.
We next consider the function Ln R,,. Observe that

h(t) — hp(t
LnR,(t) =1In 1+M , teR? (4.9)
ha(t)
where the latter is the principal value of the logarithm. Indeed, due to (4.5) and (4.6),
B(t) = hut) | _ sy [h(E) = ha(D)] _ e
hy (t) inf;cpa |hn ()] S l—¢

and the function in the right-hand side of (4.9) is continuous and it equals 0 at ¢t = 0.
Therefore we get the decomposition

= Y=L Ch(t) — h ()™
Ln R,,( :Z (()hn(t)()> , teRY

sup <1, (4.10)

teRd

which yields the estimate

sup |Ln R, (t)| < — sup|———F—=| < — .
teR| ®)l mz::lm teRrd fn(?) mX::Im 1—¢

Since ¢ € (0, 1), we have

oo 1 € m oo c m 13 c
P g = 1—c = <2
Zm(l—e) mz(l—a) - = 1-2°

m=1 =1 €

Thus we obtain

sup |Ln Rn(t)I < 2e. (4.11)
teRY

Let us consider the function (h — h;,)/h, from (4.9). It is clear that h — h,, is an
almost periodic function with the absolutely convergent Fourier series. Due to [2, The-
orem 3.2] the function 1/h,, is also an almost periodic with the absolutely convergent
Fourier series. Since the function z — In(1 + z), z € C, is analytic on the unit disk,
due to (4.10), [2, Theorem 3.2], and [10, Corollary 5.15], we get that Ln R,, is an almost
periodic function with the absolutely convergent Fourier series:

LnRy(t) = Y Buue™, teR, (4.12)
uEA,

where A,, is at most countable set of vectors from R¢, Bnu € C for u € A,, and

ZuEAn Bl < 0.
We now return to the function Ln h and (4.7). The formulas (4.8) and (4.12) yield
Lnh(t) = Z Mt 1 37 B, et ¢ e RY

ueEA,,

This formula is valid for every n > n.. Let us fix the vector e on the unit sphere
§9-1 = {z € R?: ||z|| = 1}. Since Pueyy Pnul <ocand 3o ca [Bnul < o0, m = mne, itis
easy to see that
. Lnh(Te) ( > <
im ————~ = e n > ne.
T—o0 T s ’ €
Since the vector e is choosen arbitrarily from ga-1 v, are equal for n > n., and we set
v := 7. Due to 7y, € (Y,,) C (Y), we have v € (Y). Thus for every n > n. we obtain

Lnh(t) = i(t, ) + Z)‘" e“t")—i—Zﬁnue*“ t e RY,

ueEA,,
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Due to the uniqueness theorem for the Fourier coefficients (see [2, Lemma 3.1]), one
can conclude that

Luh(t) =i(t,v) Z Attt Z)\uei<t’“>, t € R4,
ue(Y) ue”Z

where Z is at most countable subset of R? such that (Y) N Z = @, A\, € C for all
u€e(Y)UZ, X evyuz [Aul <oo. So for every n > n. the following estimate is true:

ST <Y Baul

uezZ uEA,

Using the Parseval identity (see [16, Ch. VI, §84] or [21, Theorem 28]) and (4.11), we get

Z Aul® < hm (2;) / |Lan(t)|2dt < (2¢)%, n>=n..

ue”z [~T,T]d

Since € > 0 can be chosen arbitrarily small, we conclude that Z = @ or Z # &, but
A, =0 forall u € Z. Thus

Lonh(t) =i(t,v) + ZAetu) t € RY,
Y)

with v € (Y), A\, € Cforall u € (Y), and 3,y [Au| < 00. According to (Lnh(t) —
i(t,7))|,_g = 0, we get \g = — > ue(vy\(o} Mu and we come to the required representa-
tion (3.1). O

We now return to the proof of the Theorem 3.2.

Proof of Theorem 3.2. The proof will be carried out in the following sequence: (%) N

(6) 5 (i) 25 (iv) 2 (5) o (id).
I. Due to (iz), we have

| < Tl =<

sup
teRd ey
It follows that .
inf |h(t —_——— = > 0.
tERd IR = sup;epa |1/h(1)] #

I1. This implication directly follows from Theorem 3.1.
ITI. 1t is clear that (i4¢) yields (iv) with zero matrix @ and the signed measure

v(B) = Z A, for every Borel set B.
uweBN(Y)\{0}

IV. Let us assume the contrary, i.e. h has the representation (3.2) and inf,cga |h(t)| =
0. Since e¢* # 0 for all z € C, then h(t) # 0 for all t € R%. Hence it is sufficient to
focus on the case, where h has the representation (3.2), h(t) # 0 for all ¢ € R?, and
inf,cra |R ()] = 0.

Due to (3.2), for every fixed 7 € R? we have the following representation

h(t h(t — ,
Hf;)(zt()T) = exp{—%(r, QT)+2 / el<t"“>(cos(<7, u)) - 1)V(du)}, t € RY.
R4\ {0}
EJP 28 (2023), paper 130. https://www.imstat.org/ejp
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It follows that for any ¢t € R¢

M=) <exp{(5czn+

h2(t)

JulPlo @ )il +4 |u|<du>}.
o< |lull<1 lull>1
Hence for every 7 € R? there exists C, such that

h(t+ T)h(t — 1)

<C,.

teRd

Let (tn)nen, tn € RY, be a sequence such that h(t,) tends to 0 as n — oco. If there
exists R > 0 such that ||¢,|| < R for every n € N, then there exists subsequence (nj)ren
satisfying t,, — t. € R as k — co. Since h is a continuous function, h(t.) = 0 that
contradicts with the (iv). It follows that |/t,,|| — oo as n — oo. Since h is an almost
periodic function, the sequence (h(- 4 t,))nen is dense in the set of continuous functions,
i.e. there exists a subsequence (ny)ren and a continuous function ¢ such that

sup [A(tn, +7) = @(7)| — 0.

rERd k— o0
It is obvious that |¢(7)| < C := sup,cga |h(t)| < oo for all 7 € RY. Then

Ay, i= sup [h(tn, + 1)h(tn, —7) = (T)o(=7)|

TERY
< sup |h(tn, — 7)||h(tn, +7) = @(7)| + sup [h(tn, — ) — @(=7)| - [o(7)|
reRd TERC
< 2C sup ‘h/(tnk +7)— 99(7')’ — 0.
reRd k—o0

Let us assume that ¢(7)¢(—7) = 0 for all 7 € RY. It follows that

sup |h(tn, + 7)h(tn, —T)| — 0.

TERC k—oc0

So for any fixed s € R?

h‘(tnk + T)h(tﬂk - T)

= h(—8)h(2tp, +5) — 0.

‘r:—tnk —s k—oo
Since h(s) # 0 for every s € R%, we have

h(2t,, +s) — 0. (4.13)
k—o0
Next, it is easy to see that the function h(2¢,, + -) is almost periodic. It means that there
exists a subsequence (ny,, )men such that a sequence (h(2tnkm + -))m ¢y has a uniform
limit. From (4.13) one can conclude that
sup |h(2ty,, +s)] — 0.
sERd m m— o0
Applying this with s = —2¢,,, , we come to a contradiction with ~(0) = 1. Therefore the
assumption inf,cra |R(t)| = 0 is false, i.e. (i) follows from (iv).
V. If (i) holds, then (i7) follows directly from [2, Theorem 3.2]. O

Proof of Theorem 2.1. The implication (a) — (b) directly follows from the implication
(iv) — (i) of Theorem 3.2. The converse (b) — (a) holds due to (i) — (iv) of Theorem 3.2
with applying [5, Theorem 2.7] (so v € RY, Q € R¥¥9, v is real-valued measure). The
representation (2.4) holds due to (iii) of Theorem 3.2 and [5, Theorem 2.7] (so v € R?
and )\, € R). O
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Proof of Theorem 2.2. Necessity. Due to Theorem 2.1 and comments below, it is easily
seen using formula (2.4) that if the distribution function F' of a discrete random vector &
is (quasi-)infinitely divisible, then for any c € R< distribution functions F. of the random
variables (c, £) are (quasi-)infinitely divisible, respectively (there is the case d = 1 for F.).

Sufficiency. Let us consider a discrete random vector ¢ with distribution function (2.1)
and characteristic function (2.2). We write the latter in the expanded form:

FED, ) me eXp{ Zt(“ (J)}

where z), = (:10,(~c ) ,a:;d)) e R%and tV, ...t e R.

We now assume that the distribution functions F, of (¢, £) are quasi-infinitely divisible
for any ¢ = (¢, ..., c®) € R Let f. denote the corresponding characteristic functions.
It is easily seen that

fot) = f(eVt,...,Dt), teR.

Applying Theorem 2.1 to F,. (here the case d = 1), we conclude that there exists a
constant p. > 0 such that

| £t D) > pe forall teR. (4.14)

In order to prove the quasi-infinite divisibility of F', according to Theorem 2.1, it is
sufficient to show that for some p > 0

|FEW, D) > forall ¢, D e R, (4.15)

We set X () .= {x,(j) :Pe, >0,k €N} CR,j=1,...,d. Letussuppose that X = {0}
forevery j = 1,...,d, i.e. for every j there exists k£ € N such that xk) # 0. Therefore

forevery j =1,... 7d one can choose non-zero ﬂl(]) e XU, 171U (here TU) is at most
countable index set) such that for every k € N and for some numbers z(] ) € Q we have
D=3 087, (4.16)

lez()

where only finite number of z,(f ,) are non-zero (see [16] p. 67-68). Note that the numbers

Bl(j ) can be chosen as linearly independent over Q, that is the equation z; Bl(f ) + -+

znﬂl(j) = 0 holds with z;,...,z, € Q, and distinct l4,...,l, € ZU), n € N, if and only if

21 = -+ = z, = 0. It follows that the numbers z(J) (7)

in (4.16). We observe that forevery j =1,...,d

are uniquely determined for z;

(X, :{zlﬁl(f) ot 2B 2 € Q. €TV n e N}, (4.17)

where (X)), is the module over the ring Q with the generating set X (see defini-
tion (2.3) for the one-dimesional case with z; € Q).

We now propose the procedure of choosing of the numbers ¢V, ..., ¢@ € R such
that the elements of the union system {c(l)ﬁl(l) lez®iu---u {c(d)ﬁl(d): 1 €I} are
linearly independent over Q. We first fix any ¢!) € R\ {0}. For every v € (X®),\ {0}
we define

D) .= {ceR:we (c(l)X(1)>r}.

EJP 28 (2023), paper 130. https://www.imstat.org/ejp
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Here and below, for any set X C R we denote by cX the set {cz : z € X} with ¢ € R.
Observe that every set D,(Jz) is countable. Then the set

D@ .— U D@

ve(X@),\{0}

is countable too. Hence the set C(®) := R\ D is not empty. We choose any ¢(?) € C(?),

Observe that
Cc® =R\ Uy b= (l R\DY
ve(X @), \{0} ve(X @), \{0}

This means that for any v € (X)), \ {0} the quantity ¢?)v can not be a finite linear
combination of elements c(l)ﬂl(l), I € T, with rational coefficients. Let v = 2161(12) +

-+ znﬁl(f) with some z1,...,2, € Q. Ili,...,l, € Z®, and n € N. Since ¢y =
z1(c® ﬁl(f)) 4 Zn(c(2)ﬁ(2 ), by the above argument, the elements in the union system
{0(1),61(1) ‘le I(l)} U {c(Q)ﬂ(2 I € ™} are linear independent over Q. We next consider
the set of all finite linear combitations of {c(l)ﬁl(l 1ez®luy {0(2)51 1 € I} with
rational coefficients. It is the set (c(!) XV U ¢ X)), For every v € (X®),\ {0} we
define

D) = {ceR:we (DX y c(Q)X(2)>T}.

Every Df;g) is countable. Hence the set

DB .— U D®)

veE(X @), \{0}

is countable too. Since the set C®) := R\ D is not empty, we choose any c¢(3) € C(*)
Observe that
C® =R\ U »pf= (1 R\DY.
ve(X @)\ {0} ve(X(®),\ {0}

Hence for any v € (X®)),.\ {0} the quantity ¢*v can not be a finite linear combination
of elements of {c(l)ﬁ M€ MW u{c?p @.jer 2)} with rational coefficients. This
implies that the elements in the union system {c!) 3, W.e IWYu{c?p 2) 1ezI®}uy
{c(3)ﬂl(3) 1e1B } are linear independent over Q. We next proceed analogously and
thus we obtain that the elements of the union system {¢(" :1 € ZW}U-.. U {@ g

le I(d)} are linearly independent over Q as required.

We now prove (4.15). Suppose, contrary to our claim, that (4.15) is false, i.e. for any
e > 0 there exist tél), ... ,tgd) € R such that |f(t§1), .. 7t£d))| < e. Sowe fix ¢ > 0 and such
tgj), j=1,...,d. We first find N, € N such that Z,;";Nﬁlpwk < € (see (2.1) and (2.2),

S Pay = 1, Py = 0). Then

Z prkexp{ sz J)Hg i Day, < E. (4.18)

k=N.+1 k=N.+1

sup
t(1) .. t(deR

Hence we get

(D, )] =

d
mek exp{iZw,&j)tgj)H
3k

kEN
| exp{ Q) } ‘
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Pmk exp{ Zx(ﬁ ¢ H

Due to representations (4.16), we write:

N. d N. d
S b exp{zzx,gj)t?)} ~S exp{ Z( T 0 a))tm}
k=1 j=1 =1 -1

d

ez

Ne
=Y pa eXp{ Z Z 29 (89 ())}. (4.19)
k=1

i=11ez(

Let us fix ¢V, ..., c® € R such that the elements of the union system {c(!) W1 e
IO U U @D l(d) :1 € D} are linearly independent over Q. Let »(/) be the minimal
positive integer such that (/) (]l) € Zforany jc {1,...,d}, k€ {1,...,N.}, 1 € TU),
By the Kronecker theorem (see [17, p.37]), for any 6 > O we can find ﬁ’ such that all

following inequalities hold with some integers nl(J ).

) 0)4)
J /o €
c ﬂl t& %(j)

)

—2m” | <8, 1eIV, j=1,...,d, (4.20)

where IU) is the set of all [ € Z() such that z,(jl) # (0 for some k =1,..., N.. Since only

finite number of z(J ) are non-zero in (4.16), the set Ig(j ) is finite and the system (4.20)
has only finite number of inequalities. Let us choose § = §. such that

_max {Z S D }\ . (4.21)

j=1 leI(])

Observe that

e =

eXp{izd: S 02000 50 }

‘=1l€I(1)
. (J) (J) ])
Zpu exp Z > =b
Jj= 1l€1—(1)
20) 0y B
prk exp{ Z Z ] <C(])5J t - %(J) >} - 1‘
3=1 1e7®
(7))
_ 20 (e gDy, CBte @\
an exp{ Z Z U <c B s, ) 27n, 1].
j= 1leI(J)

The last equality holds because all »() 2 (J ) and n, () are integers. Next, using the well
known inequality [e?¥ — 1| < |y|, y € R, and applylng (4.20) and (4.21), we obtain

S LD .| ) 50 Bt @)
/!
S (> (wwzk,» R i)
k=1 Jj= 1161(])
Na
(J) .

<3 S e Lo

1e7d k=1
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<6 mx {ZZ AN} < o

j=1 ZGI(])

Returning to (4.19), we have

N, d
S ob SR TR (E VIR op o L | B
J=11ez k=1 =1lezl

Note that we write 7 () instead of Ie(j ) here. This is obviously possible by the definition
of ZY) . Thus we get

FIG.

mekexp{ Z S 520l g0 H 2.

Jj=11ez()

According to (4.16), we next write

N. d _
mek exp{ Z Z prcr (] 9 J)t }:mek exp{iz;{(j)c(j)xl(f)tgi}.
k=1 j=1

Jj=11ez(

Due to (4.18), we get

d d
exp{iz %(j)c(j)xfj)t:;a}’ > , exp{i Z %(j)c(j)ng)tgi}‘ —c
j=1 j=1

|f( Wy D )] — e
So we have
e = |f(tM, ) = [f (M ey, DD )| - 3e.
Thus for any € > 0 we found ¢/ 5. such that
’f(%(l)c(l)tga, e %(d)c(d)tga)’ < 4e.

This obviously contradicts to the assumption (4.14). So (4.15) holds.

We have proved the Cramér-Wold device for the quasi-infinite divisibility. Let us
now consider the case of infinite divisibility. Let the distribution functions F. of random
variables (c,¢) be infinitely divisible for any ¢ € R?. Then they are also quasi-infinitely
divisible. From what has already been proved, the distribution function F' of the random
vector ¢ is also quasi-infinitly divisible and, by Theorem 2.1, its characteristic function f
admits the representation

flt) = exp{i(t,’y) + Z /\u(ei“’“> - 1)}, t e RY,
u€(X)\{0}
where v € (X), Ay € Rforallu € (X)\ {(_)},. and Zue(x)\{o}")‘ﬂ < oo.'It remains to show
that A\, > 0 forall uw € (X) \ {0}. Let us write the characteristic function f. of F, for any
ceR%:
fo(t) = exp{it(c, )+ Z A (e“<c’“> -1) }, teR.
u€(X)\{0}
Let us fix ¢ = (M), ..., c¥) € R? such that the elements of the union system {c(l)ﬂl(l) :
leIMyu---U {c(d)/jl(d) : 1 € I} are linearly independent over Q. On account
of (4.16), (4.17), and that (X) c (X)), x --- x (X@),, we have (c,u;) # (¢, us) for any
distinct uy,us € (X) \ {0}. Since F, is infinitely divisible (by assumption), we conclude
that A\, > 0 for all u € (X) \ {0}. O
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