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Example of a Dirichlet process whose zero energy part has
finite p-th variation

Laszl6 Bondici* Vilmos Prokaj’

Abstract

Let B¥ be a fractional Brownian motion on R with Hurst parameter H ¢ (0,1) and
let F' be its pathwise antiderivative (so F' is a differentiable random function such
that F’(z) = BX) with F(0) = 0. Let B be a standard Brownian motion, independent
of B”. We show that the zero energy part A; = F(B;) — fot F'(B;)dB; of F(B) has
positive and finite p-th variation in a special sense for py = H_LH We also present
some simulation results about the zero energy part of a certain median process which
suggest that its 4/3-th variation is positive and finite.
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1 Introduction

In a recent paper ([5]) we showed that a certain median process lacks the semimartin-
gale property. This median process has a decomposition into a sum of a martingale and a
process with zero quadratic variation. Such a process is called a Dirichlet process in [3],
and a process with zero quadratic variation is said to have zero energy. Since the median
process above is not a semimartingale, the zero energy part of the decompostion can
not be of finite total variation. The proof provided in [5] is indirect, it does not compute
the total variation of the zero energy part. This paper tries to make the first steps for
this computation. We consider a simpler case where the computation can be carried out
and we also present some simulation result for the above median process. These results
suggest that if we compute the 4/3-th variation along a specially selected sequence of
partitions, then it has a finite limit. The exponent 4/3 is the same as in [9]. They consider
a process X obtained from a Brownian motion B with the formula X; = fot 1(B.<B,)ds,
that is X is the amount of time spent so far below the current value of B.

Without going into too much details, short term increments of these processes are
obtained roughly by substituting a Brownian motion B into a continuously differentiable
random function F' whose first derivative f has non-zero and finite quadratic variation.
The increment of the zero energy part of F'(B) during an upcrossing of the interval (0, )
is F(6) — F(0) — [ f(Bs)dB, where 7 is the exit time of (—6,6) and B is conditioned to
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B, = . By the mean value theorem there is a £ € (0,9) such that F'(§) — F(0) = f(£)d
and we get that the increment is roughly §(f(£) — f(0)). Here the stochastic integral is
simply approximated with f(0)(B, — By) = f(0)d.

Similarly, the increment of the zero energy part during a downcrossing of (0, ¢) is
roughly §(f(6) — f(€)). Since the number of down and upcrossing up to time ¢ differs only
by one and is proportional to 1/4, we get that the contribution of crossings of (0, §) is
roughly proportional to $|6(f(6) — f(0))|P. Similar computation can be done for intervals
of form (rd, (r + 1)d). The fact that the quadratic variation of f is finite roughly means
that for most of the increments f((r + 1)d) — f(rd) is of order 6'/? so finally we arrive at
the conclusion that in order to have finite p-th variation it is needed that %53/ 2P = §, that
isp=4/3.

This argument is far from being rigorous. The aim of this paper to make this argument
precise for the simplest case when f is a fractional Brownian motion. The increments of
a fractional Brownian motion with Hurst index H over an interval of length § is of size oH,
so the last step of the above heuristic computation is 38 (I+H)p — §, that is p = 2/(1 + H).

Theorem 1.1. Let B be a fractional Brownian motion (fBM) on R with Hurst parameter
H and let B be a standard Brownian motion (BM), independent of BY. Denote F the
pathwise antiderivative of BY with F(0) = 0 and
t
Ay = F(By) —/ F'(Bs)dBs.
0

For py = HLH the po-th variation of A on any [0,t] exists and equals to ¢t with ¢ =

E(]Aq[P0).

Especially, for p < pg the p-th variation is infinite almost surely on any non degenerate
interval, while for p > pq it is identically zero.

In the previous claim the p-th variation (Vt(p ))tzo is definied similarly to the quadratic

variation, that is, for any ¢ and any (deterministic) sequence of subdivisions (t§">) of [0, ¢]
whose mesh goes to zero we have that

Ao —Awm
> |Aue, - Ay
K3

We start with a somewhat simpler claim.

" 5 V" in probabili
f probability.

Theorem 1.2. Using the assumptions and the notation of Theorem 1.1, for § > 0 let

7-(();:07 Tg+1:inf{t>7—]§ N ‘Bt_BT;: 25}

Then with ¢ = ]E(|AT11 |p0) we have

D
A_s — A
Z ‘ Thk+1 Tk

)
kirp <t

’ — ¢t in probability as § — 0.

2 Proof of Theorem 1.2

Using the scaling property of the (fractional) Brownian motion we have that

3 ’ATngATg RELEDY ‘AT;HfATé " (2.1)

kird<t k:rl<t/s?

For details see Lemma 2.4 below. Since E(Tll) = 1, we have by the law of large numbers

that lim % =1 a.s. This implies that we can replace the right hand side of (2.1) with

62 Z ‘AT}ii»l _AT%

k<t/§2

Po
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and investigate its limiting behavior as § — 0. The difference is that now the number of
summands is deterministic, therefore the summands are identically distributed by their
definition, although not independent. It is also clear that we can further simplify the
expression; to prove Theorem 1.2 it is enough to show that

1

=) :‘ATl '

n k+1 k
k<n

As ¢ is now fixed to 1, we drop it from the notation. In this form it is a weak law of
large numbers and we prove it by showing that the variance of this sum is o(n?). For
this we use the strong mixing property of the increments of the fractional Brownian
motion which follows easily from the decay of the correlation (see [4]). We formulate it
in Lemma 2.2 below.
We finish the proof of Theorem 1.2 by showing the next proposition.

Proposition 2.1. Let B be a fBM on R with Hurst parameter H and let B be a
standard BM, independent of BH. With B¥) = B. ., — B.,, t > 0 and BH" () =
B (x+ B,,)— B"(B,,), r € R, let & = (B®), BH:®)), Then (&)1>0 is strictly stationary
and strong mixing in the sense that

Po

p
0) in probability. (2.2)

cov(g(o), 9(&k)) = 0 as k — oo

for any measurable g : C[0,00) x C(R) — R functional for which g(&) is a square
integrable random variable.

From Proposition 2.1 we have the weak law of large numbers for square integrable
functionals g(&). Indeed, using the stationarity we can estimate the variance

v(jl > g@)) < 23 feovlg(6o). 906
k=0 k=0

Here |cov(g(&), 9(€x))] — 0, hence its arithmetic mean sequence does the same.

It is possible to show that |A,, | is square integrable, but we do not need this result.
Indeed, if we know the L? and hence the L' convergence of the averages % ZZ;S 9(&k)
for bounded g, then we have the same limiting relation for integrable functionals as well.
So to finish the proof it is enough to show that A, is square integrable,

A, =F(B,,) —/O F'(B,)dB,.

Here F(B,, ) has the same law as fol BXdz which has a normal law, so this part is
obviously square intagrable. For the It6 integral part we can use the isometry combined
with the occupation time formula ([8, Chapter VI., Corollary (1.6)]) to obtain that

B ([ F(B.is, N\ g OO(F’(BS))2]l(s§ﬁ)ds - E((F’(x))z)E(Lfl)dx
0 0 R

< sup E((Bf)2)IE</]RLfldx> = sup B((B)")B(B2) = 1.

lz[<1 lz[<1
It remains to check that Proposition 2.1 holds. We do this using the next lemma
whose proof involves only elementary computation, hence it is left for the reader.

Lemma 2.2. There is a constant depending only on H, such that for x,2',y € R and for
a fractional Brownian motion BY with Hurst index H

Hy pH |z]|2"] o max(|z|, |2']) _ 1
COV((TyB )$7B.’E’) S C<y|2(1_H) ; if T S 5,

where T, is the translation with y, that is (T,B"), = B[, , — B}’
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This lemma extends easily with the monotone class argument to a much wider set of
functionals involving scaling as well. In what follows we need it in the following form

Corollary 2.3. Let BY be a fractional Brownian motion with Hurst index H. For ¢ > 0
let (S.B™), = |¢| " BX. Then for a measurable functional g : C(R) — R,
cov(g(Se, Ty, B™), g(Ser Ty BT)) — 0,

Yh
provided that g(B*) is square integrable and c,,c, = o((y, — y,)?).

Proof. Using the monotone class argument it is enough to prove for functionals of the
form g(B") = g(BE,...,Bll) = g(B['), where g is a bounded continuous function on
R". For this case it is enough to show that the (S.,7T,,B"), and (S, T, B¥), are
asymptotically independent, so eventually it is enough to check that the covariances

cov((Se, Ty, B?)z,, (Se, Tyr B?);,) 1 < i, j < k are vanishing in the limit.

J

Note that cov((S, Ty, B?)a,, (Se. Ty B?)y,) = (cnc),) ™ cov (Tyn—yiLBngngwj) and
lenail, |chaj| < 3|yn — y,| for n large enough. Then, from Lemma 2.2
COV((SchynBH)xw (SC’"Ty;BH)zj) = (CnC;L)_H COV(TynfyLBglmia Bf;lxj)
< Clege )" ( Cnlilch ;] ) < lolle| ( )”’
< C(eqc | | < C -zl | ——— ,
o [Yn — [P T\ (g — )2
which tends to zero by the assumption. The proof is complete. O

Proof of Proposition 2.1. For the strict stationarity we need to show that (£x)x>0 and
(€k+e)k>0 have the same law for each ¢ > 0. By the special structure of the sequence
(&k)k>0 is obtained from &, in the same way as ({x+¢)r>0 is obtained from &,. So it is to
show that &, and &, has the same law. It follows easily from the strong Markov property of
the Brownian motion B that (7, B,,) is independent of B¥) and B*. By the stationarity
of the increments of fractional Brownian motion B, (Bl — B}).cr has the same
law as B! for any y. Now using the value of B,, as y yields that B and B9 are
independent, and has the same joint law as B and B”.

For the strong mixing property it is enough to consider functionals of the form
g(B, B) = g1(B)g2(B*) with g1, g» bounded and then use monotone class argument.
For this special case it is enough to show that

E(91(B)91(B")) - E(1(B) and E(ga2(B")g2(BU) | o(B)) 5 B2 (ga(B™)),

as k tends to infinity. Then using the boundedness of g;, g2 the result easily follows.
Using the translation notation from Lemma 2.2, E(g2(B¥)g2(BUY%) | o(B)) is easy
to express,

E(92(B™)g(BUY) | 0(B) ) = Bloa(B")a(T:B™)|,_y, -

So this part follows from Corollary 2.3 and the fact that |B;, | % cc.
Concerning ¢; (B), we can consider bounded functionals of the form ¢, (B;), where
t € [0,00)% and B, is the vector variable obtained from B by sampling the values at the

time points t = (¢1,...,%q4). Let t AT, = (t1 AT, ..., tqg A Ty), then g1 (Biar,) &gl(Bi) S0
E(g1(B)g(BM)) —E(g1(B B® 0
91(Be)g1(B;) 91(Binr, )91 (By7) ) —
and as ¢;(Biar, ) is independent of gl(Bék)) we also have that

E(91(Birr )91 (BP)) = B(91(Bur ) B (91 (BM)) = E2(91(By) =
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Lemma 2.4. Let BY be a fBM on R with Hurst parameter H and let B be a standard

BM, independent of BY. For § > 0 let Bt(é) = 1Bys2 and B9 - §~H B Then

1. (B,BH) L (B® ),
2. 79(B) = §*>r}1(BY) and
3. A(B,BY) = 61+HAt/62 (B®, BUH.9)),
Proof. The first two point follows from the scaling invariance of the (fractional) Brownian

motion and from the definition of the stopping time sequence.
For the last point

A, = F(B,) — /Ot F'(B,)dB,.

Here F is the pathwise antiderivative of B¥ such that F(0) = 0. Then B; = 5Bt(%2. If
F(©) denotes the pathwise antiderivative of B(#+%) with F(%)(0) = 0, then for positive x
Fa)= [ Bllay= [ By = 6O )
0 0

and similarly for negative z. From these computations F(B;) = '+ F(®) (BE%Q)

For the stochastic integral note that F'(x) = BY = 6HB§C756) = 0" (F@)Y(x/5), so

2

t t /8
/(; F/(Bu)dBu :§H/0 (F((S))/(BI(;S/)(;Q)(SCZBS/)(;Q :51+H/0 (F((S))/(BSS))CZBSS). O

3 Proof of Theorem 1.1

The proof of Theorem 1.1 goes along similar lines as that of Theorem 1.2. For a given
interval I = [a,b] C [0,00) let’s define

By

H _
B(b—a)t-l—a - B, (HI) _ B(b—a)1/2x+Ba a (3.1)

b—ayz = ® (b— a)H/2

The key point here is again the scaling property of the (fractional) Brownian motion: for
0<s<t I=]st]

B{" =

Ay — Ay = F(By) — F(B,) — /t F'(B,)dB,.

If ) is the random function with B(-1) as its derivative and F/)(0) = 0, then for = > 0

(I ¢ (H,I) ¢ 35,5)1/2%3 - Bj
F = By dy = — ~d
(=) o Y A (t— S)H/2 Y

= (t — s)"HFV/2(F(B, + v/t — s) — F(B,)) — x(t — s)"H4/2F'(B,)
and similarly for = < 0. So if we write By) in place of = we get
FOBY) = (¢ = )" WEV2(E(B,) - F(B,) — (B - B)F'(By)).

Similary for the stochastic integral

! ’ ‘ F/(Bu) — F/(BS) dB“
/O (F(I)) (Bq(f))dB&I) :/S\ (t— S)H/2 (t— 8)1/2

= (t —s)HHD/2 (/t F'(B,)dB, — F'(B;)(B; — Bs)),

s0 |A; — A P/HAD = (t — 5)g(BUs) BUL[s)) with a suitable functional g.
The proof of Theorem 1.2 is based on the next two claims which we prove below.
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Proposition 3.1. For a non-degenerated interval I C [0,c0) denote ¢; = (B, BULD),
Then the law of {; does not depends on I and

cov(g(&r,),9(€5,)) = 0 if max(|I,|,|J.]) = 0 and liminfdist(1,, J,) > 0,
n

provided that g(£o,1)) is square integrable.

Corollary 3.2. Suppose that (m,,) is a sequence of subdivisions of [0,t], such that the
mesh maxser, |I| — 0 and g is a functional such that g(¢o,1)) is integrable. Then

> Mlg(r) = tE(g(¢p0.0y)) in LY,

Iemy,

Theorem 1.2 follows from Corollary 3.2 if we apply it to

Po

, F'(x)=BY, F(0)=o0.

x

1
9(&0,1]) = ‘F(Bl) */0 F'(B,)dB,

We check that g(¢) is integrable by showing that g({j,1]) € L?/?°. Note that 2/p < 2 so
it is enough to show that the next random variable is square integrable

1
F(By)— | F'(B,)dBs, F'(z)=BY  F(0)=0.
0
Since by trivial estimations E(F(z)?) < z* we obviously have that F(B;) € L?. For the
second term we apply again It6 isometry followed by the occupation time formula, and

IE((/OlF’(BS)dBS>2> :/}RE((BE)Q)E(Lf)dz:/R|x|2HIE(Lf)da:
< /R(x2 + DE(LY)dx = ]E(/Ol(Bf - 1)ds) =3/2.

Proof of Proposition 3.1. We start with the law of £;. Since the increments of the frac-
tional Brownian motion B are stationary, (B, — B/').cr has the same law as BY
for any deterministic y. Then by the independence of B and B the conditional law of
(BY. g, — B, )zer given B does not depend on B, that is (B}, 5 — Bp, ).cr is indepen-
dent of B with the same law as BY. But then by the scaling invariance of B¥ the same
is true for B(1:))| Finally, by the Markov property and scaling invariance of B we get
that B() is also a Brownian motion which is obviously independent of B(-1), So &; has
the same law as (B, Bf) which is §[0,1) by definition.

To show the asymptotics of the covariance it is enough to consider again functionals
of the form g¢(B,BY) = g,(B)g2(B") where g1, g» are bounded. As in the proof of
Proposition 2.1 it is enough to show that E(gz(BH:1"))go(BH-72)) | 5(B)) 5 E2(g2(BH))
and that E(g; (BY") g, (B"))) — E?(g,(B)) whenever (I, = [a,, by, Jn = [cn,dp])n>1 is @
sequence such that max(|1,|,|J,|) — 0 and inf,, dist(I,,, J,) > 0.

Using the independence of B and BY we get that

E(g2(BU)g2(BH ) | 0(B)) = E(ga(Sir, r2Te B )ga(Sy,12 T, B))|

‘T:Ban 7y:Bcn

/2 /2
where we used the notation of Corollary 2.3. By assumption % 50 asn — .

Then Corollary 2.3 shows that E(go(BH1)) gy (BH-)) | 0(B)) 5 E?(g2(BH)).
For E(g1(BY"))g1(BY))) = E(91(S1,Tu, B))91(S),Te, B)) we can also use Corol-
lary 2.3 with H = 1/2. O
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Proof of Corollary 3.2. First assume that g({jo,1)) is square integrable, and for a sequence
of partitions 7, of [0,#] let f, = >_; ;e Lixscov(g(&r),9(£s)). Then

Var (3, Mloten) = [ fu 0, it il 0,

since the sequence of function (f,) is dominated by Varg({o,1)) and tends to zero
everywhere but the diagonal of [0,¢]? by Proposition 3.1. Also by Proposition 3.1 the
expectation E(Y" ;.. |I]g(&1)) = tE(g(£j0,1;)) does not depend on n, hence we have the
claim for g provided that g(£,1)) € L?.

For general g, when g({[o,1)) is integrable, we can use truncation. O

4 The zero energy part of the median process
Let B be a Brownian motion and suppose that (D¢(x));> ,e(o,1] Satisfies
dD(x) = o(D¢(x))dBy, o(z)=xA(1—2), Do(z)==z, ze€]0,1]. 4.1)

This two parameter process was analyzed in [6] in detail. It was shown that the solu-
tion D;(x) can be viewed as a conditional distribution function, and this justifies the
(conditional) quantile name for the process ¢; = D; *(a), a € (0,1), and particularly
the (conditional) median name for the process m; = D; *(1/2). In [5] it was proved
that ¢s1+ = D;'(qgs ) with g5 = D;tl(a), where D, ,(z) is the solution of (4.1) with B
replaced by B,; = B4+ — B; “a Brownian motion that starts evolving at time s”, and
(D;1)(x) is a random function with infinite total variation in its space variable on [0, 1].

In [5] it was also proved that the quantile process ¢; is not a semimartingale, so
neither the median process m; is it. The following decomposition formula holds for ¢; (cf.
Subsection 5.2 in [5])

A =g+ / (D7) (@)o(a)dB,.

This A is a process of zero energy, that is, the quadratic variation of A exists and [A] = 0.
If A would have finite total variation, then q: would be a semimartingale, so A should
have infinite total variation.

We will refer to the process A as the zero energy part of the quantile process. In the
following we prove that the local martingale part in the previous decomposition of ¢; is
a true martingale and we will investigate the following main question: whenever the
total variation of A is infinite, and the quadratic variation is identically 0, is there any
p € (1,2) for which the p-th variation of A is positive and finite? We are not able to give a
mathematically rigorous answer to this latter question, but we formulate some heuristic
arguments which are supported by some simulation results.

4.1 Space inverse of a stochastic flow

In this subsection we revise a method for obtaining the space inverse of a stochastic
flow (which is given by an It6 diffusion) at a given time point. We will use this in the next
subsection (in the proof of the martingale property of the local martingale part of ¢;). We
prove only for the case of the unit diffusion coefficient but with suitable transformations
this result can be extended.

Let B be a Brownian motion and let (G¢(x)):>0.4cr be a stochastic flow which satisfies
the following equation

dGi(z) = p(Ge(x))dt +dB, Go(z) =z, z€R, (4.2)

where p is a bounded measurable function. Suppose that on an almost sure event the
mapping (¢, z) — Gi(x) is continuous and the mappings 2 — G¢(z) are homeomorphisms
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of R for all t. We now define a process which produces as its terminal value on an almost
sure event the space inverse of x — Gr(x) for a certain T > 0. For this we will use the
time reversion of the Brownian motion.

For a fixed time horizon T" > 0 let BE = Bp_, — Br be the time reversed Brownian
motion on [0, 7). Let (H{ (x))te[o,),zer be the solution of the following equation

dHY (z) = —p(HY (2))dt + dBT, HI(z) =z, ze€R. (4.3)

Suppose again that on an almost sure event the mapping (t,z) — H/ (z) is continuous
and the mappings = + H} (z) are homeomorphisms of R for all t.

Recall the following result from [1] (see also in [2]; a different approach and a
generalization of this result can be found in [10] and [11])

Theorem 4.1 (Davie (2007), Theorem 1.1). Consider the following equation
t
X, = Xo+ B + / f(s,X.)ds, >0, (4.4)
0

where X, € R?, B is a standard d-dimensional Brownian motion and f is a bounded Borel
function from [0, 00) x R¢ to R

For a.e. Brownian path B, there is a unique continuous X : [0,00) — R? satisfy-
ing (4.4).

It will be pointed out in the next proof the role of this theorem. From this we know
that on an almost sure event there are unique continuous functions G(zo) : [0,00) = R
and H(zg) : [0,00) — R satisfying dGy(z¢) = u(Gy(z0))dt + dB;, Go(zo) = z and
dH, (z9) = —u(ﬁt(xo))dt +dB;, ﬁo(xo) = zo. Taking into account all rational zy and then
using the continuity of G¢(z) and H} (x), we obtain that on an almost sure event ' C )
the mappings (¢,z) — G(x) and (¢,x) — H.(x) are unique. Then we have the following

Proposition 4.2. On an almost sure event, for all v € [0,T] and for all z € R we have
the following: Gr_,(z) = HY (Gr(z)) and HY_ (z) = G, (HE (x)).
Especially, we have HY.(Gr(z)) = 2 and Gr(H¥ (z)) = z, so G;' = HF.

Proof. We restrict ourselves to . Let 0 < s <t < T. For u € [0,T] let GT(z) = Gr_.(z)
be the time reversed process of (G(2)),¢ (o r- Using (4.2) we obtain

T—s

Gf (2) = G} (2) = —(Gr—s(2) — Gr_4(2)) = */ p(Gu(@))du — (Br—s — Br—) =

T—t

_ /t 1(Cr—o(@))du+ (Br—y — By — (Br—s — Br)) = — /t u(éf(x))dw (BtT - BZ).

Substituting G' () in place of z yields

t
GT(Gr @) - (G @) = - [ w(GI(Gr @) dur (BT - BT).
As GI(G;'(z)) = Gr(G;'(z)) = 2, we have obtained that G (G;'(z)) solves the
equation (4.3) of H” (z). However, from [12] we know that (4.3) has a unique strong
solution, but it is not obvious that (ég (G;l(at))) o is adapted to the filtration
uel0,

generated by BT, hence we need the previously cited uniqueness result, Theorem 4.1. It
follows that on ' we have HI (z) = GL(G3'(2)), so HL (Gr(z)) = Gr—u(2).

A similar argument for H” yields G, (Hf (z)) = H}_,,(z). O
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4.2 The local martingale part of the quantile process is a true martingale

Now we turn to the case of the quantile process. Using the previous results we derive
a process which produces a transformed version of D;l as its terminal value and we
prove that the local martingale part of the quantile process is a true martingale.

Proposition 4.3. Let B be a Brownian motion and suppose that (D¢(2)) > ,e[0,1] Satis-
fies (4.1). Then |, (D; 1) (@)o(@)dB, is a true martingale.

Proof. In the proof we do not use the exact form of o from the equation (4.1) of D(z),
but we only use that it is a Lipschitz continuous function with Lipschitz constant L and it
is bounded on C = (0,1). We also provide the particular results for that special case.

As the first step, consider the Lamperti transform of D(z), so let ¢ : C' — R be such
that ¢’ = 1/0, where C is a connected component of R \ {c = 0}. In the special case of
o(z)=xzA(1—2z)and C = (0,1) we can use ¢(z) = sign(1 — 2z) In(1 — |1 — 2z|).

Let Gy(z) = YoDyorp~1(z), s0 dGy(z) = — 3 (0 0tp™1)(Gy(x))dt+dBy, Go(z) =z, z € R,
and let H[ (z) be the solution of dH[ (v) = (/09 1) (H} (2))dt+dBf, H! (z) = z, = € R.
In the special case we have dG,(z) = 1sign(Gy(z))dt + dB,;, Go(z) =z, x € R and
dHf (z) = —% sign(H (z))dt + dBT, HI (z) =z, z € R.

In order to be able to calculate (D;l)/, let s be a scale function (or Zvonkin transform,
[13]) for HT (z). This removes the drift, and s satisfies s'(x)(c’ o 1) (z) + s”(x) = 0.
For such a function we have s’ = chl with some ¢ € R, and the transformed process

(Fl(x) = so HI (x)),5, ,g Satisfies
c ~
deT(z) = W<FtT(l’))dBtT, FOT(JZ) =z, zelR. (4.5)
In the special case a possible s can be s(z) = sign(z)(exp{|z|} — 1), and with this choice
dFl'(z) = (1 + |Fl'(2)|)dBf, F(z)=2, z€R. (4.5")
!/
For (FL) = f¥ we use Lemma 16 from [6]. Since (W) = —0'o(soq))7!, we
know that W is a Lipschitz continuous function (with the same Lipschitz constant

L as o), so FtT is differentiable in its space variable, and the space derivative ftT satisfies
dff (x) = =0’ o (s o))" YW(ET (x)) fF (x)dBT, fI(x) =1, z € R. From this we obtain that
[ (z) = exp{ N[ (z) — 3[NT(2)];} with N (z) = — fot o’ o(sotp) " Y(FT(x))dBT, and this
yields E(|f7|”) < exp{L?p(p — })t}, where L is the Lipschitz constant for o.

To be able to apply Proposition 4.2, we need to guarantee that on an almost sure
event (t,x) — Gy(z) and (¢,z) — H] (z) are continuous, G(x) and H} () are homeomor-
phisms of R for all ¢t and theirs drifts are bounded. The latter property follows from
the Lipschitz continuity of ¢. Moreover, since also ch),l is a Lipschitz continuous
function, we know that (Theorems 37 and 46 from Chapter V in [7]) the above proper-
ties hold for (D(2)),5¢ ,ecr and (FtT(x))po,xe]R' and hence hold for (G¢(z)),5¢ ,cg and

(H{ (%)), .cg (as they are transformations). So by Proposition 4.2 we know that almost
surely HY = G;' = o D7l oyp™!, so Dt = (s04)) "' o F¥ 04, and hence

(D7) = c-a%(sow)—lgon?ouijjow.

Now suppose that |0| < K on C. Then

E(((Dﬁ)’(a)a(a)f) = PE(0" o (so ) o FY o () - fil o t(a))

< A(B(e% o (sow) o Ft o (@) P (B((1) o via))) " < e T},
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2
and hence supogugt]E((Dgl)’(a)) < ;sz;) exp{2L?t} < oo, so in the case of o(z) =

x A (1—2z)and C = (0,1) it follows that the local martingale part of the quantile process,
IR (D;1) (@)o(@)dB,, is a true martingale. O

4.3 Simulation framework and results

In this subsection we restrict ourselves to the case « = 1/2, so ¢; = m; is the median
process, and with ¢ (x) = sign(1 — 22) In(1 — |1 — 2z|) and F7(x) satisfying (4.5") we have

mr = (so ) ' (FF(0)). (4.6)

Now we present the simulation framework and the results which supports the following
Conjecture 4.4. With the above notations, for p = 4/3, the stochastic limit of

n—1

> Ay —Anl”, n— oo (4.7)
k=0

is positive and finite (where 0 =ty < t; < --- < t, =T denotes, with simplified indices, a
sequence of partitions of [0, T which have grid size tending to 0).

Instead of the sum in the above conjecture, we investigate the following sum

n—1

Z|E(Atk+1 - Atk | }—tk)‘pv 4.8)

k=0

where F is the natural filtration of the Brownian motion B. If for p > 1 the p-th
variation (4.7) tends to 0 in expectation, then so does the conditional version (4.8), so
if the conditional version has a positive and finite limit, then (4.7) can not tend to 0.
Moreover, using the Proposition 4.3, the martingale term in the definition of A can be
eliminated

E(Atk+1 — Atk |—Ftk) = E(mtk“ —mt,c ‘-Ftk) = E(mtkH |—Ftk) —mtk.

4.3.1 Calculating the median and calculating the conditional expectation

For calculating the value of the median we can use (4.6), since for mr it is enough
to calculate FTT (0) (and transform its value). In order to do this, we want to use the
discretised version of the equation (4.5")

FT

tiv1

=F'+ (1+|F)ABL, Ry, =0, (4.9)

where 0 = to < t; < --- < t;, = T is an equidistant grid of [0,T] with mesh size
At = %, and ABt:’; are correspondingly rescaled independent Rademacher variables

(with expectation 0 and variance At, so IP(ABf = \/At) = ]P(ABZ = — At) =1). We

restrict ourselves to the interval [0,1], so T € [0, 1]. For the calculation of the median we
use the sequence (t; = %)izow,k for some suitable values of n (typically powers of 10).

Between the time reversed Brownian motions we have the following relationship: for
Ty < T and u € [0,T»], we have

NT> _ pTh T
B, = Biy_ry—1iyvo T Burnir—my) (4.10)

T
(u—(To—T1))VO

from the increments of B in the interval [0, 7}], and Bfi ( is an increment of B in

which easily follows from the definition of B”. Since B can be calculated

To—Ty)

[Ty, T»], they are independent.
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Suppose that we want to calculate the values of the median in two consecutive time
points, in 7} and T = T7 + At, on the same trajectory (until 7). Suppose that we
use a sequence (ABTl) for m,; in order to calculate my,, we append one independent
rescaled Rademacher variable to the beginning of the sequence (ABTl ), and we calculate
mr, along this extended sequence. In this way we can guarantee that we remain on the
same trajectory.

Now we describe how to estimate the conditional expectation of m. Let 7T; and
Ty, = T + At be again two consecutive time points. We want to calculate one realization
of E(mp,+a¢ | Fr,) on the same trajectory as we did in the case of mp,. Since for

Ty < Ty and t € [Ty — Ty, Ty] we have F}*(z) = FtTj(TTTl) (F%;{Tl (;v)) we obtain that
F% (0) = Fgll (FE (O)) and from (4.10) we know that F{2(0) is independent of Ffll (x).

Suppose that mr, is calculated using the sequence (ABTI ). To calculate the condi-
tional expectation E(mr, 1a: | Fry) along this trajectory, we can do the following. We
use the discretised equation (4.9) of F' with the same driving sequence ABTI, but with
different initial values: we approximate the distribution of FAT’;’ (0) using a finer grid of
[0, At] (using (4.9) with independent random increments), and we calculate the values of
Ffll from these points as initial values. Finally, we take the average of Ffll ’s.

4.3.2 One single increment and p-th variation for some values of p

Next we summarize the simulation results. We present the results regarding one single
increment on the time interval [1,1 + Ar] for different values of p, so we investigate

|E(A1yar — A1 | F) ’p = [E(miyar | F1) —mal|”

The values of At range from 10-2 to 10~7. To approximate the values of m; and
E(mi+a- | F1) we set the grid mesh to 107% (n = 10° gridpoints).

We have simulated 103 realizations, and the results can be seen on the figure below.
This is a log-log (base 10) plot. On the z-axis we indicated A7, while on the y-axis we
marked the average of the above mentioned increments. Around the mean we can
also see the 95% confidence interval of the expected value. We also give the slope and
intercept values for the fitted lines, and the sum of squared residuals (SSR).

This figure (Figure 1) and the fitted lines (Table 1) suggest the following: there is a
linear relationship between the logarithm of A7 and the logarithm of the expected value
of one single increment:

log (E(|E(A14ar — A1 | F1)[7)) =co + c1 log(AT), so E(|E(A14ar — A1 | F1)[7) =& (A7)

By a scaling argument we can suppose that this relationship is valid not only on the
interval [1, 1 + Ar] but also on other intervals. The slope of the thick line is ¢; = 1, and is
very close to the points which belong to the case p = 4/3. As the number of intervals in
[0, 1] with length A7 is roughly ﬁ, this has the following consequences:

« for p = 4/3, the sum Y} —) E(|E(4y,., — A¢, | Fi.)|”) has a positive and finite limit;
» for p < 4/3, the above sum is unbounded from above;
+ for p > 4/3, the above sum tends to 0.
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Number of simulations = 1000
Confidence intervals for the
expected value of an increment

.
o p=1.00
—o—p=1.20

p=1.33

—o—p=1.50
< p=2.00

i P slope | intercept SSR

1.00 | 0.7455 | —1.3994 | 0.0002
1.20 | 0.8935 | —1.6443 | 0.0002
] 1.33 | 0.9920 | —1.8034 | 0.0003
1.50 | 1.1149 | —1.9980 | 0.0004
2.00 | 1.4820 | —2.5593 | 0.0008

108

Table 1: Fitted lines

1012k 4

1013k 3|

101
10 107 10° 10° 10 10% 10?2 107

Figure 1: One single increment
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