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Let B = (By)cpd be a collection of N (0, 1) random variables forming
areal-valued continuous stationary Gaussian field on R?, and set C(x — y) =
E[Bx By]. Let ¢ : R — R be such that E[(p(N)Z] < oo with N ~ N(0, 1),
let R be the Hermite rank of ¢, and consider Y; = ftD ¢(By)dx, t > 0 with
DcR? compact.

Since the pioneering works from the 1980s by Breuer, Dobrushin, Major,
Rosenblatt, Tagqu and others, central and noncentral limit theorems for Y;
have been constantly refined, extended and applied to an increasing number
of diverse situations, to such an extent that it has become a field of research
in its own right.

The common belief, representing the intuition that specialists in the sub-
ject have developed over the last four decades, is that as  — oo the fluctua-
tions of Y; around its mean are, in general (i.e., except possibly in very special
cases), Gaussian when B has short memory, and non-Gaussian when B has
long memory and R > 2.

We show in this paper that this intuition forged over the last 40 years can
be wrong, and not only marginally or in critical cases. We will indeed bring
to light a variety of situations where Y; admits Gaussian fluctuations in a long
memory context.

To achieve this goal, we state and prove a spectral central limit theorem,
which extends the conclusion of the celebrated Breuer—Major theorem to sit-
uations where C ¢ LR (Rd). Our main mathematical tools are the Malliavin—
Stein method and Fourier analysis techniques.

1. Introduction. Fix a dimension d > 2, and consider a real-valued almost surely con-
tinuous Gaussian field (By),cga defined on R?. Assume furthermore that B is stationary,
that is, there is a function C : R? — R such that

(1) Cov(By, By)=C(x—y), x,yeR’,

and suppose that By ~ N (0, 1) for all x € R or, equivalently, that E[B,] =0 and C(0) = 1.
As a second ingredient, consider a measurable function ¢ : R — R such that

2) E[p(N)?] <oo for N ~N(0, 1).
Our object of interest in this paper is
3) vi=[ g@Bodx >0
tD

where D c R? is compact with Vol(D) > 0 and ¢t D := {rx|x € D}. Well-posedness of (3) as
a random variable in L?() is ensured by Proposition 2.1 and the almost sure continuity of
(Bx)cprd- We also observe that the continuity of B, together with its stationarity, implies'
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ndeed, since |Bo(Bytn — Bx)| < Bg + %B% + %Bg - by applying the generalized dominated convergence
theorem we have C(x + h) — C(x) =E[Bo(By4+, — Bx)] > 0as h — 0.
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the continuity of its covariance function C, a property that will be needed to evoke Bochner’s
theorem later in (14).

Studying the asymptotic behavior of functionals of the form (3) dates back from the 1980s,
with seminal works by Breuer and Major [4], Dobrushin and Major [6], Rosenblatt [25] and
Taqqu [27]. Since then, limit theorems for (3) have been constantly investigated, and represent
nowadays a central theme in the modern probability theory.

We note that many interesting geometric quantities associated with the Gaussian field
(By),cre can be represented as functionals of the form (3). For instance, the choice ¢ =
1(—00,u] (resp., ¢ = 1[,,00)), u € R corresponds to the volume of the lower (resp., upper) level
sets of (By),eRrd-

Since (2) holds, we can decompose ¢ in Hermite polynomials (see, e.g., [19], Section 1.4)
as

oo
(4) ¢ =E[p(N)]+ > asH, with R > 1suchthatag #0,
g=R

where H; denotes the gth Hermite polynomial and a; = a,(¢) = %E[go (N)H;(N)] € R. The
integer R > 1 is called the Hermite rank of ¢. We also define the second Hermite rank R’ > 2
of ¢ as the Hermite rank of ¢(x) — E[@(N)] — arHg(x) (f ¢(x) = E[p(N)] + agr Hg(x),
we set R’ = 00).

In the present paper, we are more specifically interested in the asymptotic behavior of

Y —my
) , t— 00,
O

where we have Y; € LZ(Q) for all ¢, and where we note m, = [E[Y;] and o; = 4/ Var(Y;) > 0.
For simplicity, to ensure that o; > O for all #, we will assume for the rest of the paper the
existence of some k > 1 such that as; # 0,2 or equivalently that ¢ is not an odd function. As
an illustration of what may happen when ¢ is odd; see (22).

Throughout all the paper, for two functions f, g : Ry — R we write

(6) f(1)=<g(@)
to indicate that f (1) = O(g(¢)) and g(¢r) = O(f(¢)) as t — 0.

1.1. Previous results. Given its importance in our paper, we start with the celebrated
Breuer—Major theorem, stated here in its continuous form.

THEOREM 1.1 (Breuer, Major [4]). Let B = (By),crd be a real-valued continuous
centered Gaussian field on R?, assumed to be stationary and to have unit variance. Let
¢ : R — R be such that E[go(N)z] < oo with N ~ N(0, 1), let R be the Hermite rank of
@, consider Y; defined by (3), and recall the definition (1) of the covariance function C.

law

If [ga |C(x)|Rdx < oo, then t_%(Y, —E[Y;]) = N(0, 0%) where

o0
(7) o> =Vol(D) ) _ q!aj /R C@)?dz=0.
g=R

. . . 2 2 d
In particular, if ¢ is not odd, then 0= > 0, o <t and

Y —my taw

N, 1).

Ot

2This comes from the fact that 0,2 = Var(¥y) = Z;":R q!ag f(zD)z Cl(x —y)dxdy.
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To describe the asymptotic behavior in the case where C ¢ LR(RY) (i.e., when we cannot
apply the Breuer—-Major Theorem 1.1), we have to be more precise on the behavior of C at
infinity. In the papers studying limit theorem for (5) in a general framework (i.e., not for a
particular model), it is often (if not always) assumed that

(8) C(x) = Ix|PL(x]),

with 8 € (0,00) and L : Ry — R slowly varying (i.e., satistying L(Ar)/L(X) — 1 as L —
0o, for every fixed r > 0). The following three different situations (i)—(ii)—(iii) then occur:

G If g > %, then C € LR(R?) and we say that we are in the short-memory case. We
law

deduce from Breuer—-Major Theorem 1.1 that t~4/2(y, — E[Y;]) = N(0, 0%).

(i) If g = %, we are in a critical case. Although C ¢ LR(R?), fluctuations of ¥, around
its mean are still asymptotically Gaussian (see, e.g., [4], Theorem 1°, [17], Section 5, and
[18], Theorem 1).

i) If B < %, then C ¢ LR(R?) and we say that we are in the long-memory case. A

theorem of Dobrushin and Major [6] asserts that i~ _¥)L_R/ 2 )Yy —E[Y:]) lgl Z where,
up to a multiplicative constant, Z is the Hermite distribution of order R and self-similarity
index H € (0, 1) (with H depending only on ). Since we do not use it in the sequel, we do
not give its precise definition here. (The interested reader can, e.g., consult [28].) Let us only
stress here that the Hermite distribution of order R belongs to the Rth Wiener chaos, and so
is not Gaussian as soon as R > 2.

1.2. Motivating examples. The intuition we can naturally develop from the previous (i)—
(i1)—(iii) (and that represents the common intuition forged by the papers written on the subject
over the last 40 years) is that Y; defined by (3) displays Gaussian (resp., non-Gaussian)
fluctuations when the Gaussian field B has short (resp., long) memory, and this whatever the
function ¢ with Hermite rank R > 2. (The case R =1 is apart.3)

As anticipated, we will show in this paper that this intuition can be wrong, and not only
marginally or in critical cases. We will indeed state a central limit theorem (Theorem 1.2
below) whose conclusion is valid provided that a certain spectral condition is satisfied. As we
will see, this may lead to Gaussian fluctuations in a long memory context, in total contrast
with Dobrushin and Major [6] (see (iii) above).

Recently, Berry’s Random Wave Model (BRWM) has attracted a lot of attention. It is de-
fined as follows. Choose the dimension d = 2 and consider the centered continuous Gaussian
field B on R? with covariance E[B, Byl =C(x —y) = Jo(|x — y|), with Jy the Bessel func-
tion of the first kind of order O (see Section 2.2 for its definition and some properties); in
particular, we have

2 1 T _3
) C(x)=\/;|x| 2cos<|x|—z>—i—0(|x| 2) s [x| > oo;

see, for example, [11], Theorem 4. This field, called in this way in honor of Berry who intro-
duced it in the seminal paper [2], can be seen as a universal Gaussian field emerging as the
local scaling limit of a number of random fields on two-dimensional manifolds; see, for exam-
ple, [5] and the references therein. It is widely regarded as a popular model for the Laplacian
eigenfunctions (with large eigenvalue %) of classically chaotic billiards, hence its importance

3The case where R =1 is apart since, whatever the memory, we generally obtain Gaussian fluctuations. But
this is for different reasons that we understand better in the functional version: in the short memory case, the limit
is a standard Brownian motion, while in the long memory case the limit is a fractional Brownian motion.
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in quantum mechanics. Indeed, integrating ¢ (B, ) over ¢ D is the same as integrating ¢ (Bsy)
over the fixed domain D, after a change of variable. As we will see, our Theorem 1.2 will al-
low to prove the Gaussian fluctuations of [, ¢(B;y)dx for many functionals that were never
investigated in the literature, in particular for the cases R =2 and R =1 in (10), enriching
the knowledge on the geometric properties of the Berry’s random wave model. Indeed, to
the best of our knowledge, so far Gaussian fluctuations were proved only for (3) under the
assumption R > 4 (see, e.g., [15]), or for nodal set volumes (see [21]), where the latter cannot
be expressed in the form (3).

If we compare (9) with (8), it is like we have g = % and that we had replaced the slowly
varying function L in (8) by the bounded and oscillatory function cos(- — 7). As we will
see, this replacement is all but insignificant in the presence of long memory. Indeed, taking,

for example, D compact such that D = D and with smooth 3D and nonvanishing Gaussian
curvature, if we apply our main result (Theorem 1.2 below) for R € {1,2,4} and Breuer—
Major theorem for R > 5, we obtain (recalling that R, resp., R’, denotes the Hermite rank,
resp., the second Hermite rank, of the nonodd function ¢):

& if R=2or(R=1and R =2),
(10) 012 =17 log(t) if R=4or(R=1and R =4),
12 if R>50r(R=1and R’ >5)
and
(11) i =My v 0.1) ast— oo,

Ot

Indeed, Gaussian fluctuations (11) and asymptotics (10) follow directly from (9) and the
Breuer—Major Theorem 1.1 when R > 5, because in this case we have fRd |C (x)lR dx < o0.
The case R =4 is comparable with the situation (ii) in the model (8), since 8 = % = %;
Gaussian fluctuations (11) and asymptotic (10) displaying a logarithmic correction are then
not surprising, since in agreement with what is usually observed in critical cases. In contrast,
the fact that we still have Gaussian fluctuations in (11) with unconventional rate when R €
{1, 2} is very surprising. Indeed, since § = % <1< % in this case, we are in the long-memory
case where non-Gaussian fluctuations are usually the rule; see (iii). This last case turns out to
be the most important, since R = 1 and R = 2 are the most common values in applications.

As we will see, what we just described (Gaussian fluctuations in a long memory frame-
work) for BRWM is not an isolated phenomenon. In fact, we are going to state and prove
Theorem 1.2 (our main result), which not only explains in a clear way the phenomenon ob-
served for BRWM, but also bring to light an easy-to-check condition on the spectral measure
of a general Gaussian field B (see (20) below) to imply Gaussian fluctuations for Y;.

We conclude this section by emphasizing that Gaussian fluctuations in presence of long
memory have already been observed in the literature in other (non-Euclidean) contexts, in
particular for integral functionals of random Laplace eigenfunctions on the sphere S?, see
[14] for more details.

1.3. Main result. In order to state Theorem 1.2, we have to introduce a certain number
of further quantities and notation. We continue to let B, ¢ and Y; be as described in (1), (2)
and (3), respectively, and we recall the Hermite decomposition (4) of ¢ defining its Hermite
rank R and its second Hermite rank R’.

Fix t > 0 and ¢ > R, and set

(12) Y, :fm H,(B,)dx.
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Using (4), we immediately get that

0.¢]
(13) Yi=E[Y,]+ ) agYy, t>0.
q=R

Moreover, a direct computation (making use of the isometry properties of Hermite polyno-
mials (see, e.g., [19], Section 1.4)) yields that

Var(Y, ;) = q't%v, 1,

where

vq,_f C(z)qu( )dz-/ C(z)qu( )dz>0
{|z| <diam(D)t}

with gp (x) the covariogram of D at x € R, defined as the Lebesgue measure of DN (x + D),
and diam(D) := sup{|x — y| : x, y € D} < oo since D is compact. When C € L4 (RY), we
deduce by dominated convergence (using that [|gpllec < VoI(D) and gp(3) — Vol(D) as
t — oo for all fixed z € R?) that

Vgt = Vol(D)/d C(2)?dz=>0.
R

Since our field B is stationary and its covariance function C is continuous, Bochner’s
theorem yields the existence of a finite measure G on R? such that

(14) Cx)= /Rd PG,

with (-, -) the usual scalar product on R?. The measure G is called the spectral measure of
B, and it will be our gateway toward the Fourier analysis techniques developed in the sequel.

At this stage, let us make a further assumption on B, by supposing that it is also isotropic.
In our framework, this is equivalent to suppose that the quantity C(x) only depends on the
norm |x|, namely that there is a function p : Ry — R such that

Cx)=p(x]), xeR9
Now, set
(15) w)=G({Ix| <s}), s€(0,00),
Since p is increasing and bounded, it defines a finite measure on R, called the isotropic
spectral measure of B. Because C(x) only depends of |x|, we can write, with wg = [qa—1 d&
(591 being the unit Sphere of RY):

pr= [ conas=- [ ae [ @G an

(16) ’
= [ balr )G @ = [~ b as),
where
1 .
- i{x.8)
(17) ballt) = - /;d_le d.

By d-dimensional polar coordinates, we readily find (see [26], p. 815) that

(18) bd(r):cdrlf%.]%_l(r), r >0,



742 L. MAINI AND I. NOURDIN

with J,, denoting the Bessel function of the first kind of order v (see Section 2.2) and ¢z > 0
a constant depending only of d.

We are at last in a position to state our main result, which we have decided to call the
spectral central limit theorem, because it leads to Gaussian fluctuations on the one hand
(hence “central”) and the main assumption we have to check is the spectral condition (20) on
the other hand (hence “spectral”).

THEOREM 1.2 (Spectral CLT). Fix d > 2, let B = (By),cge be a real-valued contin-
uous centered Gaussian field on R?, and assume that B is stationary, isotropic and has
unit variance. Let ¢ : R — R be not odd and such that E[go(N)z] < oo with N~ N(0,1),
let R (resp., R') be the Hermite rank (resp., second Hermite rank) of ¢, where (R, R') ¢
{(1,3)} U{QRk +1,n): k> 1,n € N}. Consider Y, defined by (3), where D C R4 compact
and Vol(D) > 0. Set m; = E[Y;] and o, = «/Var(Y;) > 0, and recall the definition (15) of the
isotropic spectral measure (. Set

(19) wu=[  C@rd
{lz]=<t}
and assume that the following spectral condition holds:
4
(20) / sTRu(ds) < oo.
0

Finally, when R = 2 assume that |F[1p](x)| = 0(|x|+/2) as |x| — oo, and when R =1
assume that |F[1pl(x)| = 0(|x|+/2) as |x| — oo, with F the Fourier transform (since we
assumed D to be compact, these two assumptions are satisfied, for example, when D = D
and 0 D is smooth with nonvanishing Gaussian curvature; see, e.g., [3]). Then we have

tdwR,, if R even,

o? =< 1t'wr, ifR=1and R €{2,4},

14 ifR=1and R' > 5

and

Y_
FT MY N ©0,1) asf— oo.

Ot

By a simple Fubini argument, we observe that the spectral condition (20) is equivalent to
o0 d
(21) / sTImRp(s)ds < .
0

When p(r) = rPL(r) with B € (0, %) and L slowly varying as r — 0o, we have u(s) ~
sPL(s™1) ass — 0; see [12], Theorem 1.4.3. We deduce that (20)—(21) is not satisfied, which
is of course perfectly consistent with the conclusion of the Dobrushin—-Major noncentral limit
theorem [6].

Also, let us observe that the assumption “¢ is not odd” is equivalent to “3 k > 1 such
that ap; # 0,” and so is needed only in the case where R = 1 and R’ > 5. Moreover, the
cases not covered by our Theorem 1.2 are R > 3 odd, (R, R") = (1, 3) and ¢ odd. In these
situations, very peculiar things can happen. Consider, for example, ¢(x) = x, which gives
Y, = [,p Bxdx. Using (29), (14) and Fubini, we have, with F the Fourier transform,

var(r) = [ C@an(@rdz = [ Flanl)G @h.
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Using that g;p = 1;p * 1_;p, we obtain

(22) Var(Y,) = const / |tA|d|]:[1D](tA)| G (d2).

a |ald
In particular, for D = {|z| < 1} ¢ R and Berry’s Random Wave Model B = (Bx) ycr2> We
get (using (26))

0,2 = Var(Y) = const 1? le(t);

although Y; is Gaussian the conclusion of Theorem 1.2 cannot hold in this case, the limit of
Yi=my being ill-defined due to the fact that Card{r : o, =0} N [T, 00) = +oo forall T > 0.

To understand the significance of our spectral CLT, let us go back to BRWM and explain
how Theorem 1.2 together with the Breuer—Major theorem allow to prove (11). Since C(x) =
o(lx]) = Jo(|x]), it follows immediately from the representation (16) that the isotropic spec-
tral measure associated with BRWM B = (By), g2 is n = 81, with §; the Dirac mass at 1.
In particular, the spectral condition (20) is obviously satisfied, whatever the value of R. The
convergence (11) thus follows from the Breuer—Major Theorem 1.1 (see also (9)) if R > 5
and from Theorem 1.2 in all the other cases in (10).

1.4. Possible natural extensions of Theorem 1.2. As a natural extension of the present
work, it would be interesting to study the joint convergence associated with Theorem 1.2.
More precisely, taking Dy, ..., D, compact domains in RY is it possible to identify condi-
tions that resemble those in Theorem 1.2 ensuring that the random vector

( o(By)dx, . fcp(Bx)dx)
t D tDy,

converges, after proper normalization, to a Gaussian random vector? In other words, can
we prove a multivariate spectral central limit theorem? Such an extension is not immediate,
because the spectral condition (20) alone looks too general to capture the asymptotic behavior
of the covariances between the components of the random vector. A partial answer to this
question (covering also Berry’s model) will be given in the forthcoming work [13] by the first
author. Note that a multivariate result was obtained in the particular case of the nodal length
of Berry’s model restricted to a finite collection of smooth compact domains Dy, ..., D, of
the plane in the recent paper [24].

A further stronger generalization of Theorem 1.2 would be to prove a functional spectral
central limit theorem. This problem has been investigated in the particular case of nodal set
volumes in [16] by ad hoc techniques. In our general framework, we believe however that
proving such a functional extension would require novel ideas that go beyond the scope of
the present paper.

1.5. Plan of the paper. Apart from Section 6 that illustrates a use of Theorem 1.2, the
rest of the paper is fully devoted to the proof of this latter. More precisely, after a few needed
preliminaries given in Section 2,

(i) In Section 3, we will first consider the situation where the Hermite rank R of ¢ is
even and bigger or equal than 4. As we will see, in this case we have that [, , |C ()| Rdx =
O (logt), meaning that we are somehow in the “domain of attraction” of the Breuer—-Major
Theorem 1.1;

(i) We will then deal with the remaining cases, namely R =2 in Section 4 and (R =1, ¢
nonodd and R’ # 3) in Section 5. We regard this part as the most important contribution of
this paper, especially since among the Hermite ranks, R = 1 and R = 2 are the most common
values encountered in practice. They turn out to be also the most difficult cases. To deal with
them, we will have to introduce novel ideas, by making heavy use of Fourier techniques in a
way that, to the best of our knowledge, has never been introduced before this work.
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2. A few preliminaries for the proof of Theorem 1.2.

2.1. Well-posedness of Y;. The following proposition explains why the random variable
Y; defined by (3) is well defined for all 7.

PROPOSITION 2.1. Let B = (By),cgd be a real-valued continuous centered Gaussian
field on RY, assumed to be stationary and to have unit variance. Let D C R¢ be compact with
Vol(D) > 0 and let ¢ : R — R be such that E[go(N)z] < oo with N~ N(0, 1). Consider the
Hermite expansion of ¢ given by (4), and set

n
on=E[o(N)]+ Y aqH;, n>R.
g=R

For each fixed t > 0, the sequence [, ¢,(By)dx, n > R, is a.s. well defined and converges
in L>(). The limit is noted Y; and we write, possibly with a slight abuse of notation:

Yt=f ¢(By) dx.
tD

PROOF. That [, ¢,(By)dx is a.s. well defined is because ¢ D is compact, ¢, is a poly-
nomial and B is continuous. For any n, m > R and g € N, we have (since |C(z)| < C(0) =1,
apo=E[p(N)]anda; =0ifg € {l,...,R—1})

\l[o,mmm) / qlagC(x — )7 dx dy\ < Vol(tD)*qlag,
(tD)?

with Zf;ozo Vol(tD)zq!ag = Vol(tD)z]E[go(N 2] < 00 by assumption. Then, by dominated
convergence we obtain as n, m — 00,

E[/tDson(Bx)dx /thom<By>dy]

nAm

:Zq!aZ/ Cx—y)dxdy
= Jupy

o0
— IE[(p(N)]ZVol(tD)2 + Z q!aé/ . Cx—y)dxdy.
_ (D)
g=R

That is, { [, , ¢n(Byx) dx},=r is an LZ(Q)-Cauchy sequence, and the desired conclusion fol-
lows. [

2.2. Bessel functions and Fourier transform of the indicator of the unit ball. 'The Bessel
function J,,, v > 0 is defined by the series

_(tY VY A G
Jo(1) <2) j;( 1) TG D) teR,

and it is a solution to the ODE
27 (t) + I () + (2 — v Ju (1) = 0.

It satisfies the classical Schlifli’s representation

1 r7 : o0 )
(23) I =— / cos(vl — tsin@)d — ™) / e—V0—1sinh0 g
T Jo T 0
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as well as the Mehler—Sonine formula

t/2)" 1, _1
(24) Jy(@) = L)l/ e (1—s%)""2ds.
ﬁ F(V + j) -1

Schlifli’s representation (23) immediately implies that J,, is bounded on R. This, combined
with an inequality found, for example, in [11] (see also the references therein), leads to
(25) sup /1|J,(t)] < oo forall v >0,

t €R+

a simple property that we will use several times in the forthcoming proof of Theorem 1.2.

The Fourier transform of the indicator of the unit ball is given by

}—[l{x|<1}](y)=/{| |<l}ei(x,y> dox.

Since F[1yx|<1;] is rotationally symmetric, we can write, with ay the volume of the unit ball
{Ix| <1} S RY,

Fx<11(») = Fljx<31((0, ..., 0, 1y]))
1 —1 .
(26) :/_ (1=x3) T ago1e™P dxy

=0t 1f1“( 1)2”|y| 2Jd/2(|Y|)

the last equality being a consequence of (24).

2.3. Reduction to the Rth chaos. In the short memory case, that is, when C € LR(Rd),
the Breuer—Major Theorem 1.1 yields Gaussian fluctuations for Y;. In its modern proof given
by [20] (see also [19], Chapter 7), the chaotic expansion of Y; — m; is considered, namely

[e.¢]
27) Yi—mi=Y) agYy,
=R

and the proof goes as follows. It is first shown that t 4o 2 — o2 in (7) by means of the isome-

try property of Hermite polynomlals Then it is proved usmg the fourth moment theorem (see
[19], Theorem 5.2.7) that ¢ d/zY i —> N (O, 02) for all ¢ > R from which it is deduced that

law

t_% Yy —mg) — N(O, Zq R aq q) thanks to [19], Theorem 5.2.7. In particular, we observe
that no term is asymptotically dominant in (27); they all contribute to the limit.

As the following result will show, the situation is totally opposite in the critical and long
memory cases (when R is even); here, it is the term Yz ; alone which is responsible of the
limit.

PROPOSITION 2.2 (Reduction to the Rth chaos). Let B = (By),cge be a real-valued
continuous centered Gaussian field on R?, and assume that B is stationary and has unit
variance (note that d > 2 and isotropy are not required here). Let ¢ : R — R be such that
E[(p(N)z] < 0o (with N ~ N (0, 1)) and have Hermite decomposition (4) and Hermite rank
R, and consider Y; defined by (3), where D C R4 compact and Vol(D) > 0. Set m; = E[Y;],

=/ Var(Y;) > 0, and recall the definition (1) of C(x) and the definition (12) of Y, ;.

IfR is even, if t~ dVar(YR 1) — 00 and if [pa |C(x)|M dx < oo for some M > R + 1 then,
ast — oo, we have Ut = Var(Yg ;) and

Y, —my law

(28) Yo/ Var(Yr) S N©O, 1) = BY N0, 1).

Ot
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PROOF. We have
_ — — v
Var(Y, ;) _/(tD)2 IE[Hq(By)Hq(Bx)]dxdy_q.‘/(‘tD)2 Cx—y)dxdy.

Applying the change of variable z = y — x and then Fubini, we obtain that
Var(Y,,) = q't%vg ;.

where

29) vy = / Cl) gD(E) dz,
{|z]<diam(D)t} t

where diam(D) = sup{|x — y|: x, y € D} < oo (because D is compact) and gp(x) is the
covariogram of D at x € RY, that s, gp(x) is the Lebesgue measure of D N (x + D). Also,
set

~ Z
(30) Vgt :/ . IC(x)| gD(_> dz.
{|z|<diam(D)t} 1

and observe that vg ; = Vg ; > 0 since R is even.
For any ¢ > R, we have

Var(Y, ;) . qlvg.:
Var(YR,,) R!URJ.
Applying the Cauchy—Schwarz inequality, we obtain for ¢ > R,

(1)

Vgl _ Jizi=diampyy IC @180 () dz

VRt UR,t
_R R
 e<diampyy IC@I721C(2) 1 2 gp(3) dz
UR,t
< (f{|z|<diam(D>r} |C(Z)|2q_RgD(%)dZ)l/2 B (Ezq—ze,r.)l/z
- UR.¢ UR.¢

Applying Cauchy—Schwarz again, but this time with 2¢ — R > R instead of ¢ > R, we obtain

~ 172 ~ 1
V2g— Vag— g
( 2 R,t) 5( 4q 3R,t> ‘
UR,t UR,t
By iterating the process, we get, for every n > 3,

~ 1/2 ~ 1 ~ 1
v Vg — V4g— ! v n(g—_ on
| q,t| S( 2q R,t) S( 4q 3R,t> <_”<< R+2"(q R),t> .
UR ¢t UR,t UR ¢t UR ¢

When ¢ > R, we have R + 2" (¢ — R) > 2", so we may and will choose n large enough so
that R + 2"(¢ — R) > M for all ¢ > R (recall from the statement of Proposition 2.2 that
M is an integer supposed to be such that [pa IC(x)|Mdx < 00). Using |C(x)| < C(0) =1
and gp(x) < Vol(D) for all x € R4, we deduce that VR42n(g—R),t < Vol(D) Jra |C(x)|Mdx.
Combining all these facts together, we finally get that

1
mo L
(32) gl Vol(D)f Ic)Mdx)” v forallg > R.
UR,t Rd o
Since Var(Y;) = ;;O:R aé Var(Y, ;), we deduce
(33) ‘Var—(Y,)_az <i<Vol(D)/ {C(x)|de>2Ln io: alq! v_zln
Var(Yg ) Rl =R R Bt qq* | VR >



SPECTRAL CLT 747

from which it comes that Var(Y;) ~ aIZQVar(YRJ) as t — 0o, since vg; = %t‘dVar(YR,,) —
oo by assumption.

To conclude the proof of Proposition 2.2, it remains to prove (28). Using the decomposi-
tion,

Y;—m YR,Z‘

Nty N Naren

_ sgn(ag)(Yr —m; —arYg z)+ —my {1_ L | Var(Y;) }
ar+/Var(Yg ;) «/ Var(Y;) laglV Var(Yr ;)

we get that
E[(—Yt_mt —sgn(a )7YR’I >2]
- SVar) R R VR

§2E[(Yt —zmt —aRYR,t)Z] +2(1 _ 1 Var(Y;) )2.
axVar(Yg ;) lar| \ Var(Yr,)
Since E[(Y; — m; — aRYR?,)Z] = 20=R+1 afj Var(Y, ;), we deduce from (31) and (32) that

E[(Y; —m; — arYr.()?]
a%eVar(YR,,)

ot ot (5 o)t

g=R+1

and this tends to zero as t — 00. By plugging this into (34) and taking into account that (33)
holds, we deduce that

Y — sgn(ag) Yr: LZ(Q)
SVar(v;) R Var(Yr, )

from which the implication (28) now follows easily. [

0 ast— oo,

2.4. Elements of Malliavin calculus and the fourth moment theorem. To obtain the
N (0, 1) distribution in the limit in Theorem 1.2, we rely on the fourth moment theorem
of Nualart and Peccati (see [19], Theorem 5.2.7). Before stating and reformulating it in our
framework, we start with some notions on Malliavin calculus. For all the missing details, we
refer to [19] and [22].

2.4.1. The Wiener-Ito integral. Let B = (By),cga be a real-valued continuous centered
Gaussian field on R, and assume that B is stationary with unit variance. Define

2
H = span{By, x ERd}L @

Since # is a real, separable Hilbert space, there is an isometry ® : % — L?(R,). If we set
ey = ®(By) for every x € R4, we have

E[ByBy]=C(x —y) = (ex, ey>L2(R+)-

Consider now the Gaussian noise W = {W (h), h € L>(R,)}, that is, a family of centered
Gaussian random variables with covariance given by

E[W)W()] = (h, &) 12®,)-
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Since in this paper we are only interested in distributions, we can assume without loss of
generality that (By),crd = (W(ex)),cprd-

For ¢ > 1, we also define the gth Wiener chaos as the linear subspace of L2(Q) generated
by {H,(W(h)), h € L?(R,)}. For every h € L>(R,) with ||h||L2(R+) =1, we define the gth
Wiener—Ito integral

Iq (h®7) = Hy (W (),
where %4 : RY — R is defined by

q
h®(xy, ... xg) =[] h(x).
r=1
Note that the definition of I, can be extended to every function in the space L2(R ) of

symmetric functions in LZ(]Rq) so that I, Lz(Rq) — LZ(Q) is a linear map, because
span{h®9, h € L*(R;)} is dense in L2(R%. ) (see, e.g., [7]).

2.4.2. Contractions and the fourth moment theorem. Forq e N,r e{l,...,q — 1} and
h1, hy symmetric functions with unit norm in LZ(R+), we can define the rth contraction of
h?q and h?q as the (nonsymmetric) element of L? (]qu*%) given by

W @ hy? = (hy h) o, by " @B

Here again, this definition can be extended (taking the closure in LZ(R )) to every hy, ha
in Lz(R ). We will denote the norm in the space L2(R ) as ||-[l;. We can finally state the
celebrated fourth moment theorem proved in [23] by Nualart and Peccati.

THEOREM 2.3 (Fourth moment theorem). Fix g > 2, consider (h;)i~o C LZ(R ) and
assume that K[ 1, (h))?] = 1 as t — oco. Then the following assertions are equivalent:

o 1,(hy) converges in distribution to a standard Gaussian N ~ N (0, 1).
. E[l (h:)*] = 3 =E[N*], where N ~ N(0, 1).
o |lh; @ hillag—2r —> 0ast — oo, forallr=1,...,q — 1.

An important consequence of the previous result (in our framework) is the following.

THEOREM 2.4. Let B = (By),cprd be a real-valued continuous centered Gaussian field
on RY, and assume that B is stationary and has unit variance. Assume that D C R4 is com-
pact with Vol(D) > 0. Recall the definition (1) of C. Fix also q > 2, recall the definition (12)
of Y41 and assume Var(Y, ;) > O for all t large enough. If we have, foranyr € {1, ...,q —1},
that

d

35 7/.
( ) Varz(Yq ;) {lu|<diam(D)z}3

}C(x)y ICOIC@I"|Cx+y+2)|T " dxdydz

converges to 0 as t — o0, then Y, ;/./Var(Yy ;) Lgv N, 1) ast — oo.

PROOF. Let us first write Y ; as a gth multiple Wiener—It6 integral with respect to B:

Yy = fm Hy(By)dx = /m Hy(W(ey))dx = fm 1,(e21) dx = 1,(f1.4),

where

ft’qz,/ e;@q dx.
tD
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Since by definition,

Jrq ®r frq= /tD /ZD C"(x — y)e21™7 29 dx dy,
we obtain
I fr.q ®r frgl3g—ar

= Juny C(x; —x3) C(xa —x4) C(x; —x)7"
13

x C(x3 —x4)17 " dx1dxydx3zdxs.

Applying the change of variable x = x3 — x{, y = X2 — x4, 2 = X] — X2, @ = x4 (whose
Jacobian is equal to 1) and using the symmetry of C, we get that

2
I fr.g ®r fr.qll5g—2r

< Vol(D)td/ IC| |[c[C@|T|Cx+y+2)|T " dxdydz.
{lu| <diam(D)t}3

The fourth moment theorem asserts that Y, , /., /Var(Y, ;) converges in distribution to N (0, 1)
if (and only if) || f;.q ® fr.qll2g—2r/Var(Yy,) — Oforallr =1,...,q — 1. The desired con-
clusion thus follows from (35) and the previous bound for || f; 4 ®; fr.4 ||% g—2r U

3. Proof of Theorem 1.2 when R > 4 even. This section is devoted to the proof of
Theorem 1.2 when R > 4 is even, which is equivalent to say that % < % and R even. It
represents the “easy” part of Theorem 1.2.

To ease the exposition, we write in the following proposition the statement obtained when,

in Theorem 1.2, we suppose that % < % and R even.

PROPOSITION 3.1. Fixd > 2, let B = (By),cgd be a real-valued continuous centered
Gaussian field on RY, and assume that B is stationary, isotropic and has unit variance. Let
¢ : R — R be such that E[(p(N)Z] < oo with N ~ N(0, 1), let R be the Hermite rank of
@ and consider Y, defined by (3), where D compact and Vol(D) > 0. Set m;, = E[Y;] and
oy = «/Var(Yy) > 0, and recall the definition (15) of the isotropic spectral measure |1 and the
definition (19) of wg ;:

WR :/ CR(z)dz.
{lz]<t}
If (20) holds, if R even and % < % (i.e., R >4 and R even), then otz = tdwR,t and

Y, —
! mtﬂVN(O, 1) ast— oo.

Oy

The goal of this Section 3 is to prove Proposition 3.1. As we will see, it will be a direct
consequence of Lemma 3.2 and Proposition 3.3 below.
We start with Lemma 3.2.

LEMMA 3.2. Let p and u be associated as in (16) and consider an exponent 8 €
(0, %]. If [ s Pu(ds) < oo, then SUP,eR, rBlp(r)| < oo.
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PROOF. Since p(|x|) = E[ByB,] for all x € R¢, we deduce from Cauchy—Schwarz that
|p| is bounded by 1, and thus sup, .9 7} rPlp(r)| < oo for all fixed T > 0.
On the other hand, using the representation (16), we can write

u(dS)

Pp(r) = / (rs)Pba(rs)

But J%_l is bounded and satisfies J%_l(u) = 0(u‘l/2) as u — oo (see (25)). So,

SUP,cR, uP|by(u)| < 0o, and the desired conclusion follows. [
Now, let us state and prove Proposition 3.3, which may be of independent interest.

PROPOSITION 3.3. Let B = (By),cra be a real-valued continuous centered Gaussian
field on RY, and assume that B is stationary and has unit variance (note that we did not as-
sume isotropy and d > 2). Let ¢ : R — R be such that IE[(p(N)z] <oowith N~ N(0,1), let
R be the Hermite rank of ¢ and consider Y; defined by (3), where D compact and Vol(D) > 0.
Set m; = E[Y;] and o; = /Var(Y;) > 0, and recall the definition (1) of the covariance C and
the definition (19) of wg ;.

If R is even, if lim;_, oo wg s = 00 and if

(36) sup |x|9R|C(x)| < oo,

xeRd
then 0,2 = tdwR,t and

37) Y, —my, law

— N(@,1) ast— oo.

ef}

PROOF. The proof is divided into several steps. Recall the definition (12) of Y ;.
Step 1. We claim that if R even, then

(38) UR,t X< WR ¢,

where v ; is defined by (29). To prove it, below we let ¢ > 0 denote a constant independent
of + whose value can change from one instance to another. Using (29), we have on the one
hand

1
URt = —t_dVar(YR,t) :f
R! {Iz|<diam(D)r}

C(z)RgD< )dz

< Vol(D)wg diam(D)r < CWR,z,

where the last equality follows from the so-called doubling conditions at the origin for non-
negative positive definite functions (see [10]).

On the other hand, gp is uniformly continuous (in particular continuous in 0) according to
[8]. We deduce that gp (%) > Vol(D) — $Vol(D) = $Vol(D) for all z € {|z| < 8pt} for some
dp > 0 depending only on D and for every ¢ > 0. As a result,

1 4
VR, = Et Var(Yg ) > /

C(2) gD( ) dz
{lz|<dpt}

1
= EVOI(D)wR,SDt = CWR ¢,

where the last inequality follows again from the doubling conditions proved in [10]. The
announced claim (38) follows.
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Step 2. Since wg ; — 00, it follows from Step 1 that t‘dVar(Y R.t) — 00. Moreover, since
(36) holds, we have that [pa |C (x)| R+ dx < co. Applying Proposition 2.2, we obtain that
atz = tdwR,, and also that (37) will follow if we prove that Yz ;//Var(Yg ;) = N (0, 1).

Step 3. In this last step, we prove that Yg ;/,/Var(Yr ) — N(0, 1), which will complete
the proof of Proposition 3.3, see the conclusion of Step 2. To do this, we use Theorem 2.4,
following the same approach as in [21], Lemma 8.1. Fix a contraction index r € {1, ..., R —
1}. Using the inequality u"vE~" < u® 4+ v® for u, v € Ry, we have

/{l |<dia (D)r}%’C(x)r’C(Y)V’C(Z”R_r‘c(x+Y+Z)|R_rdxa'ydz
u|<diam >

52[ |C(x)|r|c(y)|R|C(x+y+z)|R_rdxdydz
{Ju|<diam(D)r}3

S CWp t WR tWR—rt5

where the last inequality follows from the change of variable a = x + y + z and doubling
conditions in [10], and

s =f C@)|" dz.
{lz]=t}

We deduce that (35) is bounded by

c ﬁjr,sz,sz—r,t -0 t_d ﬁ)r,sz—r,t
td 2 - ’

VRt WR.t

where the big O comes from (38). We deduce from (36) that W, , = O(Id_d%) for g < R.
Using this last fact, we get

~ o~ d—d~ .d—dB=r
—qd WrtWR—r,t _4t Rt R 1
0(; o0 ):0(1 1 )=0
WR,t WR,t WR,t

and then (35) converges to 0 as ¢t — oo. Therefore, the convergence Yg ;//Var(Yg ;) —
N (0, 1) follows from Theorem 2.4, and completes the proof of Proposition 3.3. [

We can now proceed with the proof of Proposition 3.1, that is, the proof of Theorem 1.2

when R >4 and R even (or equivalently, % < % and R even).

PROOF OF PROPOSITION 3.1. If wg, is convergent, then the result follows applying
the Breuer—Major Theorem 1.1. So, we can assume that wg ; — 0o0. Now, by comparing the
statements of Proposition 3.1 and Proposition 3.3, we see that we are left to check that, if
(20) holds with 4 < %, then (36) holds. Since this is a mere application of Lemma 3.2 with

B = %, the proof of Proposition 3.1 is complete. [

4. Proof of Theorem 1.2 when R = 2. This section is devoted to the proof of Theo-
rem 1.2 when R = 2. It requires the introduction of novel ideas with respect to the existing
literature, mainly Fourier arguments.

To ease the exposition, we write in the following proposition the statement obtained when,
in Theorem 1.2, we additionally suppose that R =2 and |F[1p](x)| = O(W)'

PROPOSITION 4.1. Fix d > 2, let B = (By),cgd be a real-valued continuous centered
Gaussian field on RY, and assume that B is stationary, isotropic and has unit variance. Let
¢ : R — R be such that E[go(N)z] < oo with N ~ N(0, 1), and assume that ¢ has Hermite
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rank R =?2. Consider Y; defined by (3), where D compact and Vol(D) > 0. Set m; = E[Y;]
and o, = «/Var(Y;) > 0, and recall the definition (15) of the isotropic spectral measure . and
the definition (19) of wy ;.

If | F1plx)| = O(lxl;d/z) as |x| — 00,* with F the Fourier transform, and if the spectral
condition holds

(39) /0 ¥ 4 uds) < oo

then atz = tdwgvt and

Y, —
! mthi“)/N(O,l) ast — oo.

Ot

Before proving Proposition 4.1 (which is the goal of this section), let us recall the definition
(12) of Y2 ; and let us state and prove some preliminary results. We start with Lemma 4.2,
reformulating in a spectral form the norm of the contractions introduced in Section 2.4. Note
that the following result has an analogous version for a general rth contraction in the case
Y, 1, but we skip this unnecessary extension for the sake of brevity.

LEMMA 4.2. Let B = (By),cga be a real-valued continuous centered Gaussian field on
R?, and assume that B is stationary and has unit variance (note that we did not assume
isotropy and d > 2). Assume that D C R? is compact with Vol(D) > 0, recall the notions
introduced in Section 2.4 and write

Yo, — f | Hy(B)dx=D(f).

where

fi :/ e®?dx.
tD
Recall the definition (1) of C and define
(40) Ci(u) 1= C ()l <diampy) ), 1 >0,u € R?,
and for D C R compact
(41) Di(u):=tDN (D +u), ueck
Finally, recall the definition (14) of G. Then

If: @1 fill3
42) 2

= [ 6@ [, &rFCI | €t ALl dul

where F is the Fourier transform, and

/d Cr(w)e' ™ Fl1p, (—uy] () dw
(43) R
= fRd FIC1(x = 2)Fipl(y — 2) F[1:ipl(2) dz.

4Since we assumed D to be compact, this happens, for example, when D = D and 3D is smooth with non-
vanishing Gaussian curvature; see, for example, [3].
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PROOF. Proceeding exactly as in the proof of Theorem 2.4, we have

1@ fli= [ Cw - x)Ca - xCn —x)

X C(X3 — X4) dX1 de dX3 dX4.

Applying the change of variable ¥ = x| — x3, v = x3 — x4, W = X4 — X2, Z = X3 We have:
o=z, x4=w+x=w+z,x3=v+x4=vt+wtzandxi=u-+x3=u—+v+w-+z.
Then

If: @1 fi113
_ ./]R3d Cu)C()C(w)Cu+ v+ w)

% ([, 1o @l + DLpw+w+ p+ v+ w+2)dz) dudvdu
_ /de Cu)CW)C(w)Cu+ v+ w)

< (/Rd Lp@Lp(—w+2)lLp(—v—w+2),p(—u —v—w +Z)dz> dudvdw
_ /RM Cu)CW)C(w)Cu+ v+ w)

X (/Rd 1 DAt D+w)N (@ D+w+)N (@ D+utvtw) (2) dZ) dudvdw

= /R3d Ciu)Ci(v)Cr(w)C(u + v+ w)

x Vol(tD —w)NtDN(ED+v)N (D +u+v))dudvdw,

where in the last equality we used the translation invariance of the Lebesgue measure (sub-
tracting w) and the definition (40), justified by the fact that tD N (tD + a) is empty when
|a| > diam(D)t. Now recall the definition (41). We have

I f: ®1 fil3

= /R3d Ci(u)C(v)C(w)C(u + v+ w)Vol(Dy (—w) N (D (u) + v)) dudvdw

= [, COCWCwICE+ v+ w) (L, # 1, )W) dudvduw,
where in the last expression we used that
Vol(D;(—w) N (D; () + v))
= [ 10 @b = 00 dz = Uy $ 1Dy ().
Now, using the spectral representation (14),
Cu+v+w)= /Rd UV G (dx),
we have that

If: @1 fi113

(44) =/RdG(dx)/RZd dudwCz(u)Ct(w)e”x’“w/ ¢ e (v)

R4

X (1p,(—w) * 1-p, ) (v) dv.
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Fix x, u and w, and let us focus in (44) on the integral with respect to v. Using the properties
of the Fourier transform JF with respect to convolution and products, we can write

L,y * L p) @)

=F[Ci - Ap,—w) * 1-p, )] (x)
= (FIC * Fdp,(—w) * 1_p, 1) (x) = (FIC/] % (F[1p,(—w) ) F[1=p,w)1)) (x)

= [, €6 = ) FT, ] 0)F L pyy]3)
Putting everything in (44), we get

2= d dud i(x,ut+w)
- MO [, 6@ [, dudwciaciwe
x [ dyFICG = 9 FMLp, ) FIL-p, )]0

Exchanging integrals in (45) yields
ILf ®1 fi113
= [ 6@ [ ayFicie -y
x ([, dwCutwie ™ Fip, ) )( [ duciae ™0 Fi1_p,)m)

2

’

= [ G [ arFicat | G Ay ol du

which is exactly (42). Now, let us focus on the term 4 Ct(w)e”x*w)]-'[lpt(_w)](y) dw in
(42). Using again basic Fourier analysis and Fubini theorem, we obtain

[, Cw)e S FLp, ol dw

- / Cow)e! ™ F[1 plip—u](y) dw
Rd

= [, Cweitew ( [, Fitipl = 0 F lip-ul@) dz) dw
Rd ]Rd

_ f Co(wpel &) ( f Fllipl(y — DF[Lpl(2)e! dz) dw
R4 R4

- f[lmuy—z)f[lmuz)(/ ct(w>e"<”’w>dw)dz
Rd Rd

- /Rd FIC1(x —2)F[Lipl(y — 2) F[1:pl(2) dz,

which is exactly (43). O

LEMMA 4.3. Fixd > 2, let B = (By),cgrd be a real-valued continuous centered Gaus-
sian field on RY, and assume that B is isotropic, stationary and has unit variance. Assume
that D C R4 is compact with Vol(D) > 0. Recall the definition (1) of C, the definition (14) of
G, the definition (19) of wa s, the definition (40) of C; and the definition (41) of D;(u). If the



SPECTRAL CLT 755

spectral condition (39) holds, then

2
_ i{x,w)
[ G @ /|x-y|>|x L IFICI =) \ |, Crw)e = F L, ol dw

3/2
< constw;’7 1.

PROOEF. First, call

= _ i{x,w)
I:= A;dG(dx) flx_yzlxl/zdy!]:[ct](x y)!u;gd Ci(w)e Flp, )]y dw| .

Using polar coordinates, we can write

. diam(D) .
Ficiw = | Cae ™ du=r [ darpeoyrd =t [ et ap.
{lu|<diam(D)t} 0 sd—1

Thanks to (17)—(18) and (25), we have for |x| > 1,

] d d 1 const
/ !9 6| = const|x|'2[Jg_ (1x])| = const x| 2 [x| 2 < —=.
§d—1 > |X|
We deduce
| FIC1(x)| < const 4 /diam(D)| ( t)lrd?1 dr = diam(D)[| )| Hid-1,
X)) = o(r r= o(r)|r r
Vx| Jrt Vx| Jo
const 4 diam(D)t d—1 const d-1 diam(D)t
<=t @)= ar = SZ S [T g2t ar
|x] 0 A x] 0
const a1 1/2 const d—1 1,2

= ——t w < ——t w
R.d D)t — R,t>
VIx] amD) = /x|

where the last inequality follows from the doubling conditions in [10]. With this estimate, we
have that / satisfies:

1 d d -
S/RJG( X)/y—XIEXI/Z y’f[Ct](x Y)|

2

x A&d dwCy(w)e"™ ") F[1p, —uw)1(y)

) d—1 1/2 G(d.x) / i(X,U})
<const-t 2wy AV Rddy RddwCz(w)e Flp,(—uy](y)

2

=const - ¢ Elw}e/f/ dudwC;(u)Ce(w)
G (dx) (x,u+w )/
dyF[1 Fl1_
(]Rd «/lT yFp,—uw)lWMFA-p, )l (y)
=C (u+w)

~1 12
<COI1St 1 2 th

/Zd dudw|Cy(u)Cr(w)C (u + w)|

x \/Vol(tD N (1D +w))/Vol(tD N (tD + u)

d-1 172

< const - 134 wRt/deudw|Ct(u)Ct(w)C_’(u+w){,
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where in the third inequality we used the Cauchy—Schwarz inequality and Plancherel theo-
rem.
Recall now that [pa |x|_%G (dx) = [5° s‘diu(ds) < 00 by assumption; see (39). By def-

inition, the spectral measure of Cis Gﬁ%) (see (14)), and the associated isotropic spec-

tral measure is i(ds) = %. Since fooos_%,u(ds) = fooos_d_glﬁ(ds) < 00, we deduce
from Lemma 3.2 that supreRJrr%m(r)l = SUp, crd |u|%|c_’(u)| < 00, that is, C(u) <
const |u|_d%l. Using the inequality |ab| < a® + b2, this yields

d-% 172

3
I <const-t2 Wg

/ dudwC?w)|C(u + w)|
{lul,lw|<diam(D)z}

3 1

34-1 12

27 2Wp ,WR diam(D)s )
’ {|z|<2diam(D)t

<const -t

}|C_‘(z)}dz

2diam(D)t ,_

3 1 d—1

fconst-ﬁd_iwz/?/‘ rz dr=const-t2dwz/f,
"t Jo :

where in the last inequality we used again doubling conditions in [10].

LEMMA 4.4,  Let B = (By),cga be a real-valued continuous centered Gaussian field on
R?, and assume that B is stationary and has unit variance (note that we did not assume
isotropy and d > 2). Assume that D C R? is compact with Vol(D) > 0. Recall the definition
(1) of C, the definition (14) of G, the definition (19) of wa ;, the definition (40) of C; and the
definition (41) of D;(u). If | F[1pl(x)| = O(M%) as |x| = 00,2 with F the Fourier trans-
form, and if the analogous of the spectral condition (39) holds (note that here the isotropic
spectral measure |1 is not defined, because B is not necessarily isotropic, but G is defined)

/d|x|*%G(dx) <00,
R

then

2
_ i(x,w)
/RdG(dX)f|y|le/2dy|f[Ct](x y)IVRd Ci(w)e Flp,—u)](y) dw

3/2
< constw)/ 12,

PROOF. First, by (43) in Lemma 4.2, we can write
) 2
I:= / G (dx)/ dy|FICl(x — y)W C,(w)e’<x’w>.7-'[11),(w)](y)dw‘
R4 lyl=]x]/2 R4

:/RdG(dx)

2
x [ aylFiCae - y)}‘ [, 76 = 2 F 010 ~ 9 FLp1(2) d2
[y|=|x]/2 R4

Using the Cauchy—Schwarz inequality two times (first with respect to y, then with respect to
z) and then Plancherel theorem, I7 satisfies, with ||-|» the LZ-norm:

1< | FI1c.|, /R G

SSince we assumed D to be compact, this happens, for example, when D = D and 9D is smooth with nonvan-
ishing Gaussian curvature; see, for example, [3].
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4>1/2
<|7cal, [, 6 @

2012
dy| Frc,1|I2 )
8 </|y|z|x|/2 yIFICl

12
B 3 2 2, 2
=17ca [ea@n(f  avlFuml < Fofor)

x ( f dy' f dzFIC1(x — D F L]0y — DF[Lip]()
[y|=]x|/2 R4

/Rd dz| Fl1p1* (v — 2| FLp] @)

1/2
< ||f[Ct]||§A;d G(dX)(|y|S>l|l£)/2|f[ltD]|2* FlLp1 ) !

2 2 172
« ( [ a7 L) | 7o) <y>|)

= [F1CA [, G @ ( swp [Pl «[FLoI )

[yl1=lx]

< ([ JFtmimPay)

— const - 14 3 Lol * | FLolP )"
const - 1| FIC,1|12 /R dG(dx)(y|s;E/2|f[ ol [ FLpIP»)

where the last inequality comes from Young convolution inequalities and the last equality
from Plancherel theorem.
Since by assumption |F[1p](x)| = O(|X|+/2) as |x| — oo, in particular sup, cga |x|4/2 x

|F[1pl(x)| < co. We deduce, for all # > 0 and all y € R?, that
[ FLp)0)| = 2| Fl1pl(ey)| < consts?|y|~.
This implies

sup | F[Lpl|* * [ F1pl*(y)
ly|=]x|/2

= sup ‘ / dlf[lm]lz(y—z>|f[1tD]|2(z)dz‘
lyl>Ixl/21 /R

td
<const- ——  sup
X% 1y 1> 1x1/2

/ \F[Lp] P& — 2 dz + FTL ]/ (2) dz
[z]=]x|/4 ly—zl=|x|/4

td 5 t2d
< const - —/ Fl1;pl|"(z) dz = const—.
e Jra ] x|

‘We deduce that
II < const -t ||}'[Ct]||szd x|4/2
- a3 G (dx) 24 3&[%
=const - ¢t WR diam(D)t /Rd |x|d/2 <const -t Wpe s Rd |x|d/2,

where the last equality comes from Plancherel theorem and the last inequality from doubling
conditions in [10].
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Since [pa |x I_% G (dx) < oo by assumption, our bound for /7 is

Il < const - IZdwz/?

and the proof is concluded. [J
Now we can proceed with the proof of Proposition 4.1.

PROOF OF PROPOSITION 4.1.  First, we assume without loss of generality that w; ; —
oo, since otherwise the statement follows from Theorem 1.1. Moreover, throughout all the
proof we freely use that vy ; < w2 ;; see (38).

Starting from now, the proof is divided into three steps.

Step 1: Reduction of the proof. We claim that it is enough to check that Y5 ;/,/Var(Y2 ;) —

d—1

N (0, 1) in order to prove Proposition 4.1. Indeed, since (39) holds and given that % > S, we

deduce from Lemma 3.2 that sup, R, {r o p(r)} < oo. Proposition 2.2 implies the statement

on otz and justifies that we are left to prove that Y5 ;/,/Var(Y2;) — N(0, 1).
As done in the proof of Proposition 3.1, in order to prove the convergence Y>,/
v Var(Y2 ;) — N(0, 1) we make use of the fourth moment theorem ([19], Theorem 5.2.7);
this requires checking that the only involved contraction goes to zero. To do this, we will use
the novel ideas from Fourier analysis introduced in Lemma 4.2, Lemma 4.3 and Lemma 4.4.
As in the proof of Theorem 2.4, we can first rewrite Y> ; as a double Wiener—It6 integral
with respect to B:

Yo, =h(f;), where f; =f ¢®%dx,

tD
with e, such that B, = I1(ex). We know from the fourth moment theorem stated in Sec-
tion 2.4 that Y2 ;/,/Var(Y2 ;) — N(0, 1) if and only if || f; ®1 f¢ll2/Var(Y2;) — O.
Step 2: A two-term error bound for the norm of the contraction. Here, we apply Lemma 4.2.
Noting that for x, y € R? either |x — y| > |x|/2 or |y| > |x|/2, we deduce from (42) and (43)
the following two terms error bound:

I fi ®1 fil3

2

_ i{x,w)
[ @[ alFCIw | [, e L ) du

i (x,w) ?
[ o@n | lFCIe -y [, G F il nlmd

=1+1.

Step 3: The norm of the contraction divided by the variance goes to 0. To conclude
the proof of Proposition 4.1, we will now check (see the conclusion of Step 1) that
|l f: ®1 fill2/Var(Y2;) — 0. From (38), we have

(46) Var(Ys,) < t%wg ;.
We deduce from Step 2, Lemma 4.3 and Lemma 4.4, that
3/2
I f; ®1 filI3 Wit
~ 5 <const- —* =const- —173
Var(Y,,,) wh, wy’

and the right-hand side goes to 0, since we assumed at the beginning of the proof that w; ; —
co. [
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5. Proof of Theorem 1.2 when R = 1. This section is devoted to the proof of Theo-
rem 1.2 in the remaining cases, namely ¢ nonodd, R = 1 and R’ # 3.

To ease the exposition, we write in the following proposition the statement obtained when,
in Theorem 1.2, we additionally suppose that we are in the cases just mentioned above.

PROPOSITION 5.1. Fix d > 2, let B = (By),cgd be a real-valued continuous centered
Gaussian field on R? and assume that B is stationary, isotropic and has unit variance. Let ¢ :
R — R be not odd and such that E[(p(N)z] < oo with N ~ N(0, 1). Assume ¢ has Hermite
rank R =1 and let R’ > 2, R' # 3, be its second Hermite rank. Consider Y; defined by (3),
where D is compact and Vol(D) > 0. Set m; = E[Y;] and o, = /Var(Y;) > 0, and recall
the definition (15) of the isotropic spectral measure i, the definition (12) of Y, and the
definition (19) of wy ;. Assume that the spectral condition holds

o0
(47) / s~ u(ds) < 0o
0
and that | F[1p](x)| = 0(|x|+/2) as |x| — 00.,% with F the Fourier transform. Then

o2 tYwr, ifR €{2,4),
t td l‘fR/ZS

and

Y, —m
Y N©0.1) ast— oo

Ot

PROOF. Set ¢(x) = ¢(x) — ag — ajx. By the very definition of R’, the function @ has
Hermite rank R’. Let us define

o0
(48) 7, =fD¢<Bx>dx= S ag¥yi =Y, —ElY,]— a1,
t
q=R'

and its variance

o
(49) 67 =Var(Y,)= Y alVar(Y,,) =0} —aiVar(Y},).
q=R’

The proof is divided into two steps.
Step 1: CLT for Y;. We claim that 32 < t?wg/ , and

Y, —my; taw

50) — N(@0,1) ast— oo.

Ot

First of all, observe that (47) implies (20) for R’ > 2. Moreover, note that we can have three
different situations:

e If R > 5, then by (47) and Lemma 3.2 we have SUpP,cRr, r% lo(r)| = sup,cga |u|d75] X
|[C(u)] < o0, C € LR,(Rd), and the claim follows immediately by Theorem 1.1 and the
fact that ¢ is not odd.

e If R' =4, then the claim follows by Proposition 3.1.

e If R =2, since |F[1pl(x)| = o(m+,/2) as |x| — oo implies |F[1p](x)| = 0(m+,/2) as
|x| = oo, then the claim follows by Proposition 4.1.

6Since we assumed D to be compact, this happens, for example, when D = D and 9D is smooth with nonvan-
ishing Gaussian curvature; see, for example, [3].
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Step 2: CLT for Y;. We claim that o; ~ 6; as t — oo and

VN2
(51) E[(Y’_m’ —ﬁ) ]—>0.

Ot Ot

The proof of Proposition 5.1 thus follows as soon as these two claims are shown to be true.
From (22), we have
G(dxr)

TG 1tA | F[p1A) |

t_dVar(Yl,t) = constf
Rd

Then, combining (47), dominated convergence theorem and the fact that |F[1p](x)| =
O(W) as |x| — oo, we have that Var(Y7 ;) = o(t?) as t — oo. Since in Step 1 we proved

that 6,2 = 14 or @2 = tder’,, we have by (49) that 5; ~ o;. It remains to prove (51). By
orthogonality of chaotic projections, we have

Y,—m; Y;\? Var(Y G, 2
(2 B (2
Ot Ot Var(Y;) Ot
Since Var(Y; ;) = o(t?), the first addend converges to 0. On the other hand, the second term
vanishes because o; ~ oy ast — oo. O

6. An example of application of Theorem 1.2. In this section, we illustrate a possible
use of Theorem 1.2. In order to introduce our class of fields of interest, recall the definition
of the Bessel function J, given in Section 2.2 and define, for every v > 0, the normalized
Bessel function function p,, : [0, 0c0) — R as

pv(r) =cy JV(F),

rl)

where ¢, is chosen so that p,(0) = 1.

Note that Pd_ is equal to the function b, defined in (18), and in particular pg = b = Jy
when d = 2.

Throughout this section, we define the Bessel Gaussian field of order v and dimension d as
the real-valued continuous centered Gaussian field BY = (B}), g« With covariance function

IE[B)‘C’B;] = py(lx — y).

In particular, d-dimensional Berry’s random wave model is defined as the Bessel Gaussian
field of order % — 1 and dimension d.

The existence of the Bessel Gaussian field of order v and dimension d > 2 is neither ob-
vious, nor always true. The following result provides a complete picture, and also shows that
d-dimensional Berry’s random wave model appears to be the critical case for the existence of
the Bessel Gaussian field.

PROPOSITION 6.1. Fix d > 2 and v > 0. There exists a Bessel Gaussian field B® =
(BY),cra of order v and dimension d if and only if v > % — 1. In this case, the isotropic
spectral measure associated to BY (see (16)) is

_d d
cd,vsd_l(l —sz)v 21 1yds ifv> 3 1,
(52) wy(ds) = 4
81(ds) ifV=§—1,

where cq,, > 0 is chosen so that ., is a probability measure.
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PROOF. Observe that p, has representation

v< ) T+ D(r?/4)7

JITG+v+1) -

ov(r) =cy = const X Z( 1/

Combining this representation with [9], Proposmon 2.2, one has that p, is not positive definite
when v < % — 1, showing that the Bessel Gaussian field does not exist in this case.

The statement for the critical case v = % — 1 immediately follows from (16) and (18), after
observing that pd_y = by.
For v > % — 1, one can actually check that u, given in the statement is the distribution

of the square root of the Beta random variable ,8(4, v — % + 1). Then, using Fubini and
by = pd_y We have

! HE (D2, o ok
[Obd(rt)uv(dr)=const/0 (Z: m((ﬁ) /4)" |y (dr)

(—D¥r@/2) [t Lo
_“’“Stz F(k+d/2)k'( ) fo e ()

P+ DD\
—Cont2m<> = py(1),

where the second-last equality comes from the fact that the kth moment of a random variable
BG.v—4+1)is

L d/24+kTCw+1)

C(d/2)T(w+k+1)
This means (see (16)) that p, defines a Bessel Gaussian field when v > % — 1 and that its
spectral measure is i, as defined in the statement.

The fact that any Bessel Gaussian field is continuous can be proved using standard results;
see, for example, [1], Theorem 1.4.1. [

Now let us apply our Theorem 1.2 to the Bessel Gaussian field with parameter v > % -1
and dimension d > 2.

COROLLARY 6.2 (Spectral CLT applied to B"). Fixd >2 and v > % — 1. Let BY =
(B)),cpd be a Bessel Gaussian field on R, Let ¢ : R — R be not odd and such that
E[p(N)?] < oo with N ~ N(0, 1), let R be the Hermite rank of ¢ and consider Y; defined by
(3), where B = BY and D is compact, Vol(D) > 0. Set m; = E[Y;] and o; = /Var(Y;) > 0.
If R =2, assume that | F[1p](x)| = O(W) as |x| — oo. Then, if R =2 or R > 4, we have
that atz = tdwRJ and

Y nmy law

— N@,1) ast— oo.
Ot

PROOF. Using standard asymptotics for Bessel functions (see, e.g., [11]), one has

cos(r —ay) 1
’0"("):6”7,,%1/2 + 0 SRy as r — o0

for some constants ¢, and a,,. Then it follows that

2t 4 d—1 2t dr
A |pv(r)’ r dr:O(/] 7,.&]V+%+1—d> as t — 0.
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Since v > % — 1, when R > 5 we have that | p|2(r)r¢ ! is integrable, and the result follows by
Breuer—Major Theorem 1.1. For R =2 and R = 4, the result follows by a direct application
of Theorem 1.2, since the negative moment of order d/R of u, exists for every d > 2 and
R>2. 0

REMARK 6.3. For simplicity, in the previous statement we did not consider all the cases

which can be solved applying our Theorem 1.2. For example, the spectral condition (20) for

R =11isnot verified by u, if v > ‘71 — 1, but holds in the d-dimensional Berry case v = % —1.

Moreover, relying on a slight variation of the proof of Proposition 5.1, it would have not been
very difficult to also cover the noncritical cases where v € [% -1, % - %). We skip the details
for the sake of brevity.
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