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Abstract: We consider the problem of recovering a k-sparse signal 5o € RP
from noisy observations y = XSBo + w € R™. One of the most popular
approaches is the lj-regularized least squares, also known as LASSO. We
analyze the mean square error of LASSO in the case of random designs in
which each row of X is drawn from distribution N(0,X) with general X.
We first derive the asymptotic risk of LASSO for w # 0 in the limit of
n,p — oo with n/p — § € [0,00). We then examine conditions on n, p, and
k for LASSO to exactly reconstruct Bp in the noiseless case w = 0. A phase
boundary d. = d(e) is precisely established in the phase space defined by
0 < d,e < 1, where € = k/p. Above this boundary, LASSO perfectly recovers
Bo with high probability. Below this boundary, LASSO fails to recover g
with high probability. While the values of the non-zero elements of Sp do
not have any effect on the phase transition curve, our analysis shows that
éc does depend on the signed pattern of the nonzero values of By for general
3 # Ipxp. This is in sharp contrast to the previous phase transition results
derived in i.i.d. case with 3 = I, x;, where é. is completely determined by €
regardless of the distribution of Sy. Underlying our formalism is a recently
developed efficient algorithm called approximate message passing (AMP)
algorithm. We generalize the state evolution of AMP from i.i.d. case to
general case with ¥ # I, x,. Extensive computational experiments confirm
that our theoretical predictions are consistent with simulation results on
moderate size system.
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1. Introduction
1.1. LASSO phase transition

Consider the problem of recovering a sparse signal 5y € RP from a under-
sampled collection of noisy measurements y = X5y + w, where the matrix X
is m x p, the p-vector Sy is k-sparse (i.e. it has at most k non-zero entries), and
w € R" is random noise. One of the most popular approaches for this problem is
called LASSO which estimates By by solving the following convex optimization
problem

B3 = avgminges, { g ly = X817+ Al | 0

In the noiseless case w = 0, exact reconstruction of Sy through (1) is possible
when n > p or By is sufficiently sparse for the case of n < p. Knowing the precise
limits to such sparsity for the case of n < p is important both for theory and
practice.

In the noiseless case, the A = 0 limit of (1) is identical to the solution of the
following /1 minimization problem

min [|5]1, (2)
subject to y = Xz.
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F1Gc 1. Phase transition boundary in the plane (8,€) when the matriz X consisting of i.i.d.
Gaussian rows x; ~ N(0,%). Black curve: ¥ = 1. Red curve: ¥ is block-diagonal with AR (1)
block structure 3s, i.e. Y ;5 = p|i*j| with block length s = 2 and p = —0.9. Blue curve: ¥
is block-diagonal with AR(1) block structure, i.e. Xg ;5 = pl"=3l with block length s = 2 and
p=0.9.

The precise condition under which 3(A = 0) can successfully recover o has
been obtained through large system analysis by letting n, p, k tend to infinity
with fixed rates n/p and k/p. Let ¢ = k/p and § = n/p denote the sparsity
and under-sampling fractions for sampling By and y according to y = XJf.
Then (0, €) € [0,1] defines a phase space which expresses different combinations
of under-sampling § and sparsity e. When the elements of the matrix X are
generated from i.i.d. Gaussian, the phase space can be divided into two phases:
“success” and “failure” by a phase transition curve 6 = d.(€) which has been
explicitly derived in the literature (see e.g. [14, 10, 19, 12]) as shown by the black
curve in Figure 1. Above this curve, LASSO perfectly recovers the sparse signal
Bo with high probability, i.e. B (A =0) = Bp. Below this curve, the reconstruction
fails, i.e. B()\ = 0) # By also with high probability.

Our aim in this paper is to study the LASSO phase transition under arbitrary
covariance dependence, i.e. X consists of i.i.d. Gaussian rows x; ~ N(0,X)
with general covariance matrix ¥ > 0 and X # I,x,. We present formulas that
precisely characterize the LASSO sparsity /undersampling trade-off for arbitrary
Y. Our numerical results show that LASSO phase transition depends on the form
of ¥. For example, the red and blue curves in Figure 1 correspond to the phase
transition boundaries for block-diagonal covariance matrix ¥ with AR(1) block
structure X, i.e. Xg;; = p‘i*j‘ with block length s = 2 and p = —0.9 and
p = 0.9 respectively. These results indicate that for a given sparsity fraction e,
the limits of allowable undersampling d.(e) of LASSO in the case when X has
non-independent entries can be either higher or lower than the corresponding
value in the case when X has i.i.d. entries. To the best of our knowledge, this
is the first result to illustrate the LASSO phase transition for matrices X that
have non-independent entries.

1.2. Approzximate message passing

Our analysis is based on the asymptotic study of mean squared error (MSE)
of the LASSO estimator, i.e. the quantity ||3(\) — Bol|?/p, in the large system
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limit n,p — oo with n/p = ¢ € [0,00) fixed. We derive the asymptotic MSE
through the analysis of an efficient iterative algorithm first proposed by [12]
called approximate message passing (AMP) algorithm. The AMP algorithms
can be considered as quadratic approximations of loopy belief propagation algo-
rithms on the dense factor graph corresponding to the LASSO model. A striking
property of AMP algorithms is that their high-dimensional per-iteration behav-
ior can be characterized by a one-dimensional recursion termed state evolution.
The AMP’s state evolution was first conjectured in [12] and subsequently proved
rigorously in [5] for i.i.d. Gaussian matrices. This result was extended to i.i.d.
non-Gaussian matrices in [4] under certain regularity conditions. [17] further
extended the AMP’s state evolution to independent but non-identical Gaussian
matrices. But there remains the important question of how AMP behaves with
non-independent matrices.

In this paper, we establish the AMP’s state evolution for non-independent
Gaussian matrices whose fixed points are consistent with the replica predic-
tion derived in [18]. On the basis of this result, we first derive the MSE for
AMP estimators using the fixed points of state evolution, then we obtain the
MSE for LASSO by proving that, in the large system limits, the AMP algo-
rithm converges to the LASSO optimum after enough iterations. Our analysis
strategy is similar to the one used in [6] for i.i.d. Gaussian matrices. However,
our main result cannot be seen as a straightforward extension of the ones in
[6]. In particular, the proofs of some results for non-independent case are much
more complicated than for i.i.d. case, and our proof techniques are hence of
independent interest, see e.g. the proof of Lemma 1 for the concavity and strict
increasing of v function defined in (27), the proof of Theorem 2 for deriving
the phase transition curve, and the proof of Lemmas 4 and 5 for the structural
property of LASSO under dependent designs.

Note that although this study is motivated by the phase transition problem
shown in Figure 1 which is restricted to the case when (4,€) € [0, 1], the AMP
and main results derived in Theorem 1 work fine for the entire range 6 € [0, 00).
The LASSO risk formulas derived in Theorem 1 apply to both noiseless and noisy
cases with quite general i.i.d. random error. The phase transition results derived
in Theorem 2 are only for the noiseless case. This result can also be generalized
to the noisy case and we have some discussion about this in Section 6.

1.3. Related work

[24] derived expressions for the asymptotic mean square error of LASSO. Similar
results were presented in [16, 18]. Unfortunately, these results were non-rigorous
and were obtained through the famous replica method from statistical physics
[22]. Some rigorous proofs were given in [3, 25, 6] to show that the replica
symmetric prediction for LASSO is exact. However, all these rigorous proofs are
limited to settings with i.i.d. Gaussian measurement matrices.

By now a large amount of empirical and theoretical studies have been con-
ducted to understand the phase transitions of regularized reconstruction exhib-
ited by different algorithms. In the noiseless case, the phase transition curve
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based on (2) was explored in [14] utilizing techniques of combinatorial geometry
for entries of X being i.i.d. Gaussians. The AMP algorithm was proposed in [12]
which produces the same phase transition curve. It has been proved in [6] that
the limit of AMP estimate corresponds to the solution of LASSO in the asymp-
totic settings. Statistical physics methods were used to study i, (0 < ¢ < 1)
based reconstruction methods in [19]. [30] and [28] studied the phase transition
for I, penalized least square in the case of 0 < ¢ < 1 and 1 < ¢ < 2 re-
spectively. [20] replaced the I; regularization with a probabilistic approach and
studied its phase transition. [11] derived phase transition of AMP for a wide
class of denoisers. In noisy case, [13] studied the noise sensitivity phase tran-
sition of LASSO through deriving the minimax formulation of the asymptotic
MSE. [30, 28] studied the phase transition of {,-regularized least squares using
higher order analysis of regularization techniques. The phase transition in gen-
eralized linear models for i.i.d. matrices was characterized in [2]. [21] generalized
AMP to complex approximate message passing methods and used it to study
phase transitions for compressed sensing with complex vectors.

Most of the above results are for i.i.d. Gaussian matrices and some of them
are for independent but non-identical Gaussian matrices. This paper performs
the phase transition analysis of LASSO under dependent Gaussian matrices.
We derive the basic relation between minimax MSE and the phase-transition
boundary in the sparsity-undersampling plane. We adopt the message passing
analysis whose state evolution allows to determine whether AMP recovers the
signal correctly, by simply checking whether the MSE vanishes asymptotically
or not. Most closely related to the current paper are results by [27] that derives
the sharp thresholds for LASSO sparsity recovery in the case of random designs
in which each row of X is drawn from a broad class of Gaussian ensembles
N(0,%). However, the major difference is that [27] only provides the necessary
and sufficient conditions for the recovery of sparsity pattern, while we focus on
the recovery of complete signal including both signed support and magnitude.
Recently, based on Gordon’s inequality, [9] derived the LASSO risk under non-

standard Gaussian design for i.i.d. Gaussian random error, i.e. w; RN 0,02).
But they didn’t study the phase transition problem and also we don’t have
Gaussian restriction here for random error w.

2. LASSO risk

The Gaussian random design model for linear regression is defined as follows.
We are given n ii.d. pairs (y1,%x1), -, (Yn,Xpn) with y; € R, x; € RP, and
x; ~ N(0,X) for some positive definite p X p covariance matrix ¥ > 0. Further,
y; is a linear function of x;, plus noise

yi = x; Bo + wi,

ii.d. . . .
where w; "~ p,, with mean 0 and variance o2, and 3y € RP is a vector of

parameters to be estimated. The special case ¥ = Iy, is usually referred to
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as standard Gaussian design model. In matrix form, letting y = (y1,--- ,yn)7,
w = (wy, - ,w,)T, and denoting by X the matrix with rows x7,--- ,x%, we
have

y =Xpo + w.

In this paper, our approach is based on the LASSO estimator

~

B = argmingC(f),

where .
C(8) = 3lly — XBI1* + M8l

We will consider sequences of instances of increasing sizes. The sequence of
instances {5y (p), w(p), X(p), X(p)} parameterized by p is said to be a converging
sequence if So(p) € RP,w(p) € R™, X(p) € RP*P X(p) € R"*P with n = n(p) is

such that n/p — § € (0,00), and in addition the following conditions hold:

1. The empirical distribution of the entries of Sy(p) converges weakly to a

probability measure pg, on R with bounded second moment. Further

>y Boi(p)?/p — Epy {55}

2. The empirical distribution of the entries of w(p) converges weakly to a

probability measure p,, on R with """ w;(p)?/n — 02 < co.

3. For any v € R, [[v[3,, = O(|[v|?) and ||v||22(p)_1 = O(||v||?), where

V]2 = vTSv.

4. The rows of X(p) are drawn independently from distribution N (0, 1 (p)).

5. The sequence of functions

BERP

£9(a,8) = L2 min { 51 - 5o(s) — VaZ() 2l + 1611

a,b) o0&

(4)

(a,b)

®
admits a differentiable limit £(a,b) on Ry x Ry with 2£ gé - 5

(®
and & pa[ga,b) s 8Eéz,b)
6. For any aj,b1,a9,b2 € Ry and any 2 X 2 positive definite matrix S,

following limit exists and is finite

i L (50 59,

p—o0 p
where (-, -) is the standard scalar product and

~(p)
By

~(p)

where (z1,22) ~ N(0,S ® I,xp) and is independent of 5y(p).

, where z ~ N(0,1,,) is independent of 8y(p).

the

. 1 _
argmingepy {§||5 = Bolp) — Va1 £(p) "z 3y, + b1||51} ;

. 1 _
By’ = argmingcg, {2”5 — Bo(p) — VazX(p) 1/222||22(p) + b2||51} )
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Conditions 1 and 2 have appeared in [6] which indicate that the entries of Sy
and w are drawn i.i.d. from certain distributions with bounded second order mo-
ment. Note that the entries of w are not necessarily normal. Denote Apin (X(p))
and Apax(X(p)) the smallest and largest eigenvalues of ¥(p) respectively, then
Condition 3 is equivalent to that 1/Anin(X(p)) = O(1) and Apmax(Z(p)) = O(1).
Condition 5 indicates that the covariance matrix should satisfy such conditions
that the I, penalized quadratic loss function specified in (4) has a differentiable
limit, i.e. the derivative over a, b and the limit of p are exchangeable. It is worth
stressing that Conditions 5 and 6 are satisfied by a larger family of covariance
matrices. For instance, based on law of large number, it can be proved that it
holds for block-diagonal matrices 3 as long as the blocks have bounded length
and the block’s empirical distribution converges. This condition has also ap-
peared in [18] and it ensures the existence of large dimensional limits of some
functions such as (6), (10), and (12) that will be used in describing the main
results of Theorems 1 and 2. It also allows us to exchange the order of operations
such as taking limit and derivative over these functions. In Section 4.3, we will
discuss the specific choice of covariance structure such that this condition can
be satisfied. We insist on the fact that Sy(p), w(p), X(p), X(p) depend on p.
However, we will drop this dependence most of the time to ease the reading.
In order to present our main result, for any 8 > 0 and X > 0, we need to
introduce the soft-thresholding operation 7y : RP — R? which is defined as

. 1
() = argminges, { 3119 = vIE + 015l | )
Then for a converging sequence of instances, we can define the function
1
6(r%,0) = o+ lim —E (Ilno(o +757"/%2) = o) (6)
p—oo pd

where z ~ N(0,1,x,) is independent of 8y. Notice that the function ¢ depends
implicitly on the law pg,.

Condition 5 allows us to verify the existence of the limit in (6). Toward this
end, we start from (4) and have

1 1, 4 .
£ 0) = LE {115 g0 - rs el o3I} @

where B = n9(Bo + TE‘UQZ). In order to take derivative over 72 and 6, we
need to conduct integrals over z € RP. We first divide the p-dimensional space
into regions such that [3 is differentiable in each region and continuous across
the entire space (see Figure 7 for a simple 2-dimensional illustration). Then the
derivative of £®) (72 6) involves the explicit derivative inside each region and
integrals over the boundaries among different regions over p — 1-dimensional
measure. According to Stokes’s theorem, as in Theorem 1 of [1], we conclude
that the boundary effects are canceled and have no contribution due to the
continuity of B (see detailed discussion in A.6). Further note that, according to
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the definition of 3, the derivative of the integrand in (7) over f3 is 0, therefore
we only need to consider the explicit dependence of the integrand on 72 and 6
in deriving the corresponding derivatives. We obtain

IEWP) (12, 9) 1 5 L 1

i S _ /2 s

or2 o ” </3 bo, 2 Z> Ty )
IE@) (72.6) 1 -

¢ )
From Condition 5, all the limits of £®)(72,6), 9g ”(22"’), and %2 (22’9) exist,
orT or
therefore, lim,_, %E I8 — 50\\%) also exists, which is just the right hand

side of (6). Taking 8y = 0, we immediately obtain that the limit of the following
equation (10) also exists.

We choose 6 = ar, then we have the following result in order to establish a
calibration mapping between a and .

Proposition 1. Define function
1 _
fla) = Jim B (lna(=" 2. (10)

Then the equation f(a) = 1 has a unique solution denoted by cumin(0) when
0 < 1. Then for any § > 1 or § <1 and a > amin(9), the fized point equation

2 = w(Tz,ozT) (11)

admits a unique solution.

We then define a function @ = A(«) on (amin(d), 00) by

Ale)
.1 . -
= ar(a) {1 - plLr& p_éE diviiar, (a)(Bo + e ()X 1/2Z)] } ,  (12)
where the divergence of the vector field is defined as divny(v) = ;7:1 ang,_;-j(v).

This function defines a correspondence between a and A. The existence of the
®) (2

limit of (12) can be obtained from the existence of the limit of w in (8)

following by integration by parts. In the following we will need to invert this

function and define A — «(A) on (0, 00) in such a way that
a(N) € {a € (amin, 20) : A(a) = A} (13)

The next result implies that the function A — «()) is well defined.

Proposition 2. The function o — A(«) is continuous on the interval (Qumin, 00)
and for any given X\ there exist a unique « such that AM(«) = A.
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. . . P
For two sequences (in n) of random variables x,, and y,, write x, = y,

when their difference convergences in probability to 0, i.e. x, —yn, L5 0. For any
m € N5, we say a function ¢ : R™ xR™ — R is pseudo-Lipschitz if there exist a
constant L > 0 such that for all x,y € R™ : |p(x,y)| < L1+|x||+ ]yl IIx—y]-
A sequence (in m) of pseudo-Lipschitz functions {¢m, }men., is called uniformly
pseudo-Lipschitz if, denoting by L,, is the pseudo-Lipschitz constant, we have
L, < oo for each m and sup,,_,,, L, < oo. Note that the input and output
dimensions of each ,, can depend on m. We call any L > sup,, ,.o Lm &
pseudo-Lipschitz constant of the sequence. We can now state our main result.

Theorem 1. Let {So(p), w(p), X(p), X(p) }pen be a converging sequence of in-
stances. Denote B(\) the LASSO estimator for instance {Bo(p),w(p), 2(p),
X(p)} with A > 0 and P{Bo(p) # 0} > 0. For any sequence ¢, : R? x RP —
R, p > 1, of uniformly pseudo-Lipschitz functions, we have

(BN, Bo) & Expp(ng, (Bo + 7.5~"/22), By)

where z ~ N(0,1,x,) is independent of By ~ pg,, T« = T((N)), and 0, =
a(A)7(a(N)).

Using function ¢,(a,b) = %Ha —b||2, we obtain LASSO MSE %HB()\) — Boll?
which can be used to evaluate competing optimization methods on large scale
applications. Using Theorem 1, we get

1. - 1
JIBO) = ol ~ Bl (o + 757 %2) = ol (14)

where z ~ N(0,1,4,) is independent of By ~ pg,, T« = T(a(N)), and 6, =
a(M)7(a(N)).

Therefore, for fixed A, LASSO MSE explicitly depends on 72 which can be
obtained by solving the fixed point equation 72 = (72, at,) together with (12).
Closer to the spirit of this paper, [18] non-rigorously derived the LASSO MSE
under the same setting considered here using the replica method from statistical
physics. The present paper is rigorous and putting on a firmer basis this line of
research.

3. Phase transition of LASSO under dependence

Note that the LASSO risk results based on Theorem 1 work fine for entire
02,6 € [0,00). To study phase transition, we only need to consider § € [0, 1]
and evaluate the results in the noiseless setting 02 = 0 and understand the
extend to which (3) accurately recovers Jy under this setting. Consider a class
of distributions F. whose mass at zero is equal to 1 — ¢, i.e.

Fe ={pp, 1 P, ({0}) = 1 — €}

When the matrix X has i.i.d. Gaussian elements, i.e. ¥ = I,y,, phase space
0 < d,e < 1 can be divided into two components, or phases, separated by a
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curve d. = d(e), which does not depend on the actual distribution of pg, and
can be explicitly computed. Above this curve, LASSO perfectly recovers the
sparse signal 8y with high probability. Below this curve, we have B # Po with
high probability.

For non-standard Gaussian design, i.e. ¥ # I,,,, we need to consider a more
general class of distributions F o defined as

o B (> 0)) — pis ({< O})]
Fen = {% P ({0}) =L —eand | N T pe (< O] A} '

Here we introduce an extra parameter A = ggggg;;gggzzggi which represents

the positive-negative asymmetry for the nonzero components of §y. Clearly,
0<A <1, and if A =0, we have P(8y > 0) = P(8y < 0), i.e. B has positive
and negative nonzero components with equal probability.

We denote by [p] = {1,--- ,p} the set of first p integers. For a subset I C [p],
we let |I] denote its cardinality. For an p X p matrix ¥ and set of indices I C [p],
J C [p], we use X1y to denote the |I| x |J| sub-matrix formed by rows in I and
columns in J. Likewise, for a vector 8 € RP, [y is the restriction of 3 to indices
in I. The following Theorem shows that, under general covariance Y, the phase
transition curve exists and depends on the asymmetry parameter A.

Theorem 2. Let {5o(p), w(p), X(p), X(p)}pen be a converging sequence of in-
stances and w(p) = 0. Assume pg, € Fe,a. Then the phase space 0 < §,e < 1
can be divided into two components separated by a curve §. = d(€). Above this
curve, LASSO algorithm (3) perfectly recovers the sparse signal By with high
probability, i.e. %HB()\) — Boll = O after appropriately choosing the tuning pa-
rameter \. Below this curve, we have B #+ By with high probability. For fized ¢,
the 6. is determined by

b = inf M(e, A, ), (15)
where
M(e, A, a)
= Jlim 2 B{((52).4 — asign(3.0) TS L((2 22).4 — asion(B.0))}(16)

where the active set A= BUB with B = {j : Bo,; # 0} and B the active set of
LASSO problem

_ . 1, _
5 = argmingese { ly - X513 + a3l | (17)
with
X = (Zpepe — Upesippiese)?,
y = X (EV22)p - SpenSps{(S1%2)5 - asign(ﬁo,s)}} ;

where p = |B°| and z ~ N(0,1,x,) is independent of pg, .
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Note that all the nonzero components of 5y contribute to function (16). Some
zero components also have contribution if they are selected by the LASSO prob-
lem (17). Theorem 2 shows that the LASSO phase transition is independent of
the actual distribution of pg, but depends on the positive-negative asymme-
try of the nonzero components of Sy, i.e. depends on e, = #{5y > 0}/p and
e- =#{Bo<0}/pwithe=e€; +e_and A= (e; —e_)/(e; +€_).

The following two Corollaries provide the explicit phase transition curves for
two special covariance matrices.

Corollary 1. For ¥ = I,»p,, the LASSO phase transition curve is determined
by

2¢(a)
a+2¢(a) — 2a®(—a)’
2¢0(a) — 2a®(—a)

T oo+ 2¢(a) — 2a®(—a)’ (18)

This is equivalent to the result provided in [12] based on techniques of com-
binatorial geometry.

Corollary 2. For block-diagonal matriz ¥ with block ( 2; /10 ), the LASSO

phase transition curve is determined by
§ = A, A)+e(l—e)B(a)+ (1—¢€)2C(a),
20"(a) — B'(a) + / B'(a)? — 4248) 01 )

< - HPCE i) )y (19

where
Al,A) = 1+ %2 (11+_A: + 11+Ap2) : (20)
B(a) = Bi(a)+ Ba(a) + Bs(a), (21)
Cla) = Ci(a)+ Ca(a) + C3(a) + Cu(a), (22)
where
Bi(a) = E(& —a)’I(|& — pér + pal < a)

+E(& — )’I(|& — p&o + pol < ),
(& —a)’ + (&L —a) =2p(61 —a) (& — @)
1— p2?
{I(& — p&1 + pa > ) + (&1 — péa + pa > )},
(&1 — )’ + (&4 a)? —2p(& — o) (& + @)
1—p?
I(&a — pé1 + pa < —a)

BQ(O{) = F

Bg(&) = F
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(G1+a)P+ (&L —a)?—2p(6 + ) —a)

+E —
I(& — p&2 + pa < —av),
Ci(a) = E(& —@)?I(|é — p& + pal < a)I(& > )
+E(& + ) I(|& — p&1 + pal < a)I (& < —a),
Ca(a) = E(&—a)’I(|é — p& + pal < a)I(&2 > a)
+E(& + )’ 1(|61 — pba + pa| < a)l(& < —a),
Cs(a) = E(& _Q)Q"‘(& _C;)i;fp(& a)(§e — )
I(& — p&a + pa = ) I(&2 — p&y + pa > )
JrE(fl —a)+ (b + Olé)i;fp(fl —a)(§e+a)
I(& — p€a + pa > ) (&2 — p&1 + pa < —av),
Cyla) = E(fl + o) + (& — Oi)ipfp(fl +a)(€2 — )
I(&1 — p€a + pa < —a) (&2 — p€1 + pa > @)
g+l + (& +a)?—2p(& +a)(&+a)
1— p?
I(& — pa + pa < —a)I (&2 — p&a + pa < —a),
where
6 = ¢1+p-2h/1—pzl+ \/1+p;x/1—pZ27
& = \/1+pg\/1—pzl+ x/1+p-2h/1—p22,

and (21,22) ~ N(O,ngg).

For general ¥, it is difficult to derive closed form analytic result for . due to
the complicated expression of (16) and LASSO problem (17). We provide Monte
Carlo based numerical solutions in following section.

4. Numerical illustration

In this section, we present some numerical studies to support our theoretical
results in Section 2 and Section 3. Our studies are based on simulations on
finite size systems of moderate dimensions. We compute asymptotic LASSO
risks and compare them with simulation results in Section 4.1. In Section 4.2,
we verify our theoretical prediction on LASSO phase transition through Monte
Carlo simulations. In Section 4.3, we study the dependence of LASSO phase
transition on the covariance structure ¥ and positive negative asymmetrical
parameter A under various settings.
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Fia 2. LASSO MSE as a function of the regularization parameter A compared to the asymp-
totic prediction. The solid curves represent theoretical prediction using (14) and the error
bars are summaries over 100 simulated data with p = 400. Here the covariance matriz is
block-diagonal with AR(1) block structure Xs ;5 = pli=3l with s = 2 and p = 0.5. The under-
sampling 6 = 1 and the sparsity ¢ = 0.15. Left panel is for A = 0 and right panel is for
A=1.

We consider block-diagonal covariance matrix with AR(1) block structure.
For this choice, we can easily verify that Condition 5 is satisfied with limit

1 1 1 N
lm €0 (a,t) = 2B {315 - g0 - vasThalg, +0il b (9

p—+00 S

. 1
where Y is the block matrix with length s and 8 = n,(8y + VaXs 2z) with
covariance matrix s and z ~ N(0, Is«). Similarly, we can verify that Condition
6 is also satisfied. We use s = 2,10, 20, 50 in our numeric studies.

4.1. LASSO risk

We compute LASSO risk using (14) with 72 determined by solving the fixed
point equation of 72 = (72, a(\)7), where a(\) is defined in (13). We use the
bisection method to numerically solve the non-linear equation f(72) = 72 —
P(12,a7) = 0.

For each setting, we generate 100 data sets with p = 400 consisting of design
matrix X ~ N(0,X) and measurement vector y = XSy + w obtained from in-
dependent signal vector Sy and independent noise vector w. For each data set,
we obtain the LASSO optimum estimator B (M) using glmnet, an efficient pack-
age for fitting lasso or elastic-net regularization path for linear and generalized
linear regression models. For each case, the dependence of MSE as a function
of tuning parameter X is plotted as shown in Figure 3. Here the random error
w; LN (0,1) and the magnitude for nonzero components of 8y are sampled
from uniform [1,2]. The agreement is remarkably good already for p,n of a few
hundred.
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F1c 3. Compare the theoretical phase transition curve with the one determined by simulation
studies with p = 500. Here the covariance matriz is based on AR(1) model with p = 0.5. The
black curves represent the theoretical estimations while the red curves represent the simulation
results. Left panel is for A = 0 and right panel is for A = 1.

4.2. Phase transition verification

For noiseless case, we compare the theoretical phase transition with the empirical
one estimated by applying the following optimization algorithm to simulated
data.

minimizel|5]|1,
subject to y = Xz.

Using the similar procedure as in [12], we first fix a grid of 31 € values between
0.05 and 0.95. For each €, we consider a series of ¢ values between max (0, d.(€) —
0.2) and min(1,.(e) + 0.2), where d.(€) is the theoretically expected phase
transition based on Theorem 2. We then have a grid of 4, € values in parameter
space [0,1]2. At each §, ¢, we generate m = 100 problem instances (X, 3y) with
size p = 500. Then y = Xfy. For the ith problem instance, we obtain an output
Bi by using the rq.lasso.fit function in package rqPen to the ith simulated data.

We set the success indicator variable S; = 1 if W?Hﬁ—iﬁa\l <107%*and S, =0

ofl
otherwise. Then at each (4, €) combination, we have S =" S;.

We analyze the simulated data-set to estimate the phase transition. At each
fixed value of € in our grid, we model the dependence of S on ¢ using logistic
regression. We assume that S follows a binomial B(w,100) distribution with
logit(m) = a + bd. We define the phase transition as the value of ¢ at which
the success probability 7 = 0.5. In terms of the fitted parameters a, 13, we have
the estimated phase transition d(¢) = —a/b. Figure 3 shows that the agreement
between the estimated phase transition curve based on the simulated finite-size
systems and the analytical curve based on asymptotic theorem is remarkably
good. We have tried different distributions for the random error w and nonzero
components of Sy and found that our phase transition results are dependent of
those choices as illustrated by Theorem 2.
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F1G 4. The values of 6c(€) as a function of € for several different values of block length s with
fized A = 1. Here the block covariance matriz is based on AR(1) model with X ;; = pli—il,
Left panel is for p = 0.9 and right panel is for p = —0.9.

4.3. Phase transition under different dependent settings

In this section, we study the dependence of phase transition on the block length
s, correlation coefficient p, and asymmetric coefficient A. Figure 4 shows the
change of phase transition boundaries with the block length s for fixed A =1
and p. As s increases, the boundary moves further away from the i.i.d. bound-
ary. For large s, in order to make a perfect recovery, less samples are needed
under positive correlation p = 0.9 and more samples are needed under negative
correlation p = —0.9. When s is big enough, e.g. s = 20, the boundaries only
change slightly for further increasing of s.

Figure 5 shows the dependence of phase transition on p for fixed s = 2 and
A. If the distribution of pg, is positive-negative symmetric, i.e. A = 0, the
boundaries are almost independent of p and very close to the Donoho-Tanner
phase transition observed in [10] as illustrated by the left panel of Figure 5. If
the distribution of the nonzero components of pg, is highly skewed, e.g. A =1,
the phase transition curves fall below the Donoho-Tanner phase transition curve
for p > 0 and above it for p < 0. As is clear from the right panel of Figure 5,
for asymmetrically distributed signal 3y, the performance can be improved by
increasing the correlation of covariance matrix X.

The phase transition curves for different A with fixed p are exhibited in
Figure 6. For positive correlation, at the same sparsity level e, the number of
measurements § that is required for successful recovery decreases as we increase
A as shown by the left panel of Figure 6. For negative correlation, the conclusion
is opposite as shown by the right panel of Figure 6.

5. Proof of the main results

We prove Theorem 1 using the limiting distribution of the approximate message
passing (AMP) estimator. The AMP algorithm is a recently developed efficient
iterative algorithm for solving the optimization problem (3). In order to define
AMP algorithm, we need to use the soft-thresholding operation 79 : RP —
RP defined in (5). For an arbitrary sequence of thresholds {6;}:>0, the AMP
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F1G 5. The values of 6c(€) as a function of p with fized s =2 and A. Left panel is for A =0
and right panel is for A = 1.
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Fic 6. The dependence of the phase transition curve on A for fixred s = 2 and p. Left panel
is for p = 0.9 and right panel is for p = —0.9.

constructs a sequence of estimates 3* € RP, and residuals z* € R", according to
the iteration

6t+1 — ngt(zfleZt +Bt)7
1
2 =y XG4 i (STXTE Y, 2

where divny(v) is the divergence of the soft thresholding function. The algorithm
(24) is mainly designed for theoretical analysis rather than practical use due to
the fact that X is usually unknown. The following proposition shows the relation
between the fixed-point solution of AMP algorithm (24) and the optimization
solution of LASSO problem (3).

Proposition 3. Any fized point Bt = B,,z' = z, of the AMP iteration (24)
with 0, = 6, is a minimizer of the LASSO cost function (3) with

A=06, {1 - pi(sdivng* (2'X"z, + B*)} . (25)

For a converging sequence of instances {5o(p), w(p), X(p), X(p)}, the asymp-
totic behavior of the recursion (24) can be characterized as follows. Define the
sequence {77 }+>0 by setting 7§ = 02, + lim, 00 E{||Bol|%}/(pd) (for Bo ~ pg,)
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and letting, for all ¢ > 0:
oo = (77, 0), (26)

where the function (-, -) is defined in (6) which depends implicitly on the law
pg,- The next proposition shows that the behavior of AMP can be tracked by the
above one dimensional recursion which was often referred to as state evolution.

Proposition 4. Let {By(p), w(p), 2(p), X(p)}pen be a converging sequence of
instances and let sequence ¢, : RP x RP — R, p > 1 be uniformly pseudo-
Lipschitz functions. Then

0o (B, Bo) & By, (Bo + 75~1/22), o),

where z ~ N(0,I,x,) is independent of Bo ~ pa, and the sequence {7 }i>0 is
given by the recursion (20).

In order to establish the connection with LASSO, a specific policy has to be
chosen for the thresholds {6;};>0. Throughout this paper we will take 6, = ar,
with « is fixed. The sequence {7;};>¢ is given by the recursion

i = (7, am). (27)
We prove Theorem 1 by proving the following result.

Theorem 3. Assume the hypothesis of Theorem 1. Let B()\;p) be the LASSO
estimator for instance {Bo(p), w(p), X(p), X(p)} and denote by {B'(c;p)}i>o0
the sequence of estimators produced by AMP algorithm (24) with 0; = a(\)r,
where a(N) is the calibration mapping between « and X defined in (13) and 74
is updated by the recursion (27). Then

. N B()- 2 _
As mentioned by [6], Theorem 3 requires taking the limit of infinite dimen-
sions p — oo before the limit of an infinite number of t — co.

6. Discussion

This paper focuses on the behavior of LASSO for learning the sparse coeffi-
cient vector in high-dimensional setting. We rigorously analyze the asymptotic
behavior of LASSO for nonstandard Gaussian design models where the row of
design matrix X are drawn independently from distribution N(0,3). We first
obtain the formula for the asymptotic mean square error (AMSE) characterized
through a series of non-linear equations. Then we present an accurate charac-
terization of the phase transition curve d. = 0(¢) for separating successful from
unsuccessful reconstruction of fy by LASSO in the noiseless case y = Xfy. Our
results show that the values of the non-zero elements of 5y do not have any effect
on the phase transition curve. However, for general X, the phase boundary d.
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not only depends on the sparsity coefficient ¢ but also depends on the signed
sparsity pattern of the nonzero components of 3. This is in sharp contrast to
the result for i.i.d. case where d. is completely determined by e regardless of the
distribution of f.

[30] shows that, in the noiseless setting, the I,-regularized least squares ex-
hibits the same phase transition for every 0 < ¢ < 1 and this phase transition is
much better than that of LASSO. However, in the noisy setting, there is a major
difference between the performance of I,-regularized least squares with different
values of ¢. For instance, ¢ = 0 and ¢ = 1 outperform the other values of ¢ for
very small and very large measurement noises. [28] further reveals some of the
limitations and misleading features of the phase transition analysis. To over-
come these limitations, they propose the small error analysis for [,-regularized
least squares to describe when phase transition analysis is reliable. [11] applied
the AMP framework to a wider range of shrinkers including firm shrinkage and
minimax shrinkage. Particularly, they show that the phase transition curve for
AMP firm shrinkage and AMP minimax shrinkage are slightly better than that
for LASSO.

An interesting future research direction is to generalize the results derived in
[30, 28, 11] from the case of ¥ = I, to the case of ¥ # I,,. Our goal is to
provide more accurate comparison for different regularizers in general setting for
3. One of the major challenges in this direction is to establish the correspondence
between regularized least square methods and specific AMP algorithms.

[23] introduces a class of generalized approximate message passing (GA MP)
algorithms that cope with the case where the noisy measurement vector y can be
non-linear function of the noiseless measurement X3y. [2] evaluate the asymp-
totic behavior of GLAM in standard Gaussian setting and locate the associated
sharp phase transitions separating learnable and nonlearnable regions in phase
space. Another interesting future direction is to generalize these GLM results
from the case of i.i.d. design matrix to the case of general design matrix.

This work deals with the phase transition in noiseless case. For i.i.d. design
matrix, [13] studied the phase transition behavior in the noisy case by intro-
ducing a quantity called noise sensitivity which is proportional to the mean-
squared error of LASSO estimator. They found a boundary curve in the phase
space 0 < ¢,d < 1 such that the noise sensitivity is bounded above the curve
and unbounded below the curve. This phase boundary is identical to the phase
transition curve in the noiseless case for i.i.d. design. We plan to investigate if
there is a similar phenomenon for LASSO phase transition with non-zero noise
under non-i.i.d. design.

Appendix A: Proofs
A.1. Proof of Proposition 3

Proof. First we need to prove that the fixed-point of iteration (24) is a solution
of (3). Toward this end, the first equation of (24) implies that

2{Bs — (E_IXTZ* + Bi)} + 0.9 B[l = 0.
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Therefore
XTZ* = G*a”ﬂ* H 1.

The second equation of (24) implies that
(1 _W*) Z, =Y — Xﬁ*,

where 1
Wy = p—adivng* (E_leZ* + By)- (28)
Therefore
X" (y = XBi) = 0. (1 —w,) 9|8,

which is the solution of (3) for appropriately choosing tuning parameter \ =
0, (1—wy). O

A.2. Proof of Proposition

Proof. Since the entries of X are not i.i.d. normal, we do transformation X =
X¥~1/2 and consider a different problem from (3)

2

8= argminBC(B), (29)
where

C(B) = 3lly ~ KBI? + N|Z~/25].

Here the design matrix X has i.i.d. normal entries but the penalty term is not
component-wise. The AMP algorithm for solving 3 in (29) constructs a sequence

~t
of estimates 8 € RP, and residuals z' € R™, according to the iteration

St41 R ot
ﬁ = 779,5 (XTZt + 6 )a
"~ 1 - o
2 = y—XB'+ ﬁzt_ldivﬁehl(Xth_l + 37, (30)

initialized with BO =0 € RP, where

o : 1 -
() = angain s { 319 - VI + 62251, }. (31)
Comparing (31) and (5), we have
_ : J - -
Mg(v) = argminges {5”2 V2B = STV 4 01 1/25”1}
= Zl/an(Z_l/Qv).
Substituting 3 = £~/24 into (30), the AMP update for 8¢+ is

_ ~t+1 _ ~ S ~t
ﬂt-i-l - % 1/2ﬁ -3 1/2n9t(Xth+ﬁ)
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= 0o, (VX 2t + B)) = e, (571X 2+ BY)

1 - i
z = y-Xp'+ —(Szt_ldiv779t71 (E_l/Q(Xth_l + Bt 1))
p

1
= y— Xﬂt + pféztfldivngt_1 (Eflethl + Btfl)

which is equal to the AMP (24) constructed for solving the original problem

The asymptotic property of AMP algorithm (30) has been established in [7].
It can be verified that the assumptions (C1)-(C6) of Theorem 14 in [7] are satis-
fied for the AMP iteration problem (30) by using the Conditions 1-6 introduced
in the definition of converging sequences. More specifically, assumption (C1) is
trivial. Assumptions (C3) and (C4) can be implied by Conditions 1 and 2 re-
spectively. Assumption (C2) is satisfied due to the fact that both 1/Api,(2) and
Amax(2) are bounded. Assumptions (C5) and (C6) can be implied by Condition
6. Applying Theorem 14 in [7], for any sequence @, : (RP)> - R, p > 1, of
uniformly pseudo-Lipschitz functions, we obtain

D (»BHI, Bo) & Eg, (ﬁet (B + T:2), Bo) ) (32)

where z ~ N(0,1,x,) is independent of Bo and 7 is determined by the following
state evolution recursion

1 -
3 Ui*'p—(;EHﬁoHQ,
1 - N
Tt2+1 = 0721; + p_6E (Hnet (Bo + m2) — ﬂo||2) )
where 3, = %1/24,.
Define sequence of functions: ¢, (x,y) = ¢, (£71/?x, £71/2y) which is also

uniformly pseudo-Lipschitz due to the fact that ¥ ~1/2 is well-conditioned. There-
fore, the distributional limit of g1 = 2_1/2Bt+1 can be described by

oo (B, 50) = 0y (5726 71280) = 5, (B o)

ﬂo‘f'TtZ 50)
R

p (7,
(=

= FEy, (nat 2By + th))a50>
(1.

A.3. Proof of Proposition 1

Proof. In order to prove Proposition 1, we need the following Lemma.
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Lemma 1. For any fized o > 0, the function (72, at) is strictly increasing
and concave with respect to 2.

We first prove that f(a) = 1 has a unique solution when § < 1. From the
definition (5), we get

na(S22) = B (33)
. 1 _
— angminges, { 3119 - 572l + allsl }.
which is equivalent to the solution of LASSO problem with X = X/ 22 y =z,
and A = a. It can be easily verified that f(«) = ]%EH}?H? = p—léEHXﬁH2 with
f(0) = 1/6 and f(oco) = 0. Thus in order to find unique solution of f(a) = 1,

it is enough if we can prove that f(«) is a strictly decreasing function. Denote
A ={j: B; # 0} the active set of LASSO solution /. From (33), we obtain

S(B - 2722) + ad||B|h =0,
which implies
Saa(Ba— (5722)4) = Saac(S712) ac + asign(B 4) = 0.
Taking derivative over o on both side, we obtain
df .
ZAA% +sign(B4) + h(e,z) =0,

where h(a, z) is the contribution from the changing of active set A with «. Since
76 (271/22)||% is continuous across the entire space z € R?, according to the

discussion before (48) in Section A.6, the term h(«,z) disappears after taking
expectation over z. Therefore

dlo) 2 <3izAA35—A> =~ -2 (Blsin(A) <0,

do pd O " pé

and we prove that f(«) is a decreasing function from 1/6 to 0 as « increasing
from 0 to oco. Hence f(«) = 1 has a unique solution denoted by cmin.

Next we prove that for fixed o > cupin, the solution of equation (11) exists.
According to the definition (6), we have

tim B (nar (B0 +7572) = Bo]1E) = B (lna(S722)]13) 7
which implies

based on the definition (10). From Lemma 1, we have that (72, at) is strictly

increasing and concave function. Further, we have ¢(72, at)|,2—g = 02 > 0.
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Therefore, in order for the fixed point equation 72 = v(72, a7) to have solutions,
it is enough to show that f(a) < 1 for a > auin(d). This can be obtained
from the fact that f(«) is decreasing and f(@min) = 1. Thus we conclude that
(12, ar) < 72 as 72 — oo and prove that the solution of (11) exists and is
unique. O

A.4. Proof of Proposition 2

Proof. Consider a system of equations

2 = (12 0), (34)
6 = 1- 1E <Tle(ﬂo + 787 1/2g) z> . (35)
6 )

According to Theorem 1 in [9], for 02 > 0, equations (34) and (35) have a

unique solution denoted by 7*, 6*. Therefore, for any give A, let @ = A/(6*7%),
then « satisfies equation (12) and is also unique. O

A.5. Proof of Theorem 3
Proof. The proof of Theorem 3 is based on a series of Lemmas. The first Lemma
implies that, asymptotically for large p, the AMP estimates converge.

Lemma 2. The estimates {8'}1>0 and residuals {z'}1>0 of AMP (24) almost
surely satisfy

1 1
lim lim —||g* — 7> =0, lim lim -||z* — 2"} = 0.
t—00 p—o0 P t—o00 p—oo p

Denote opin(X) and opmax(X) the maximum and minimum non-zero singular
value of X. Then the second Lemma implies that with high probability, omin(X)
is lower bounded and 0y,,x(X) is upper bounded.

Lemma 3. For everyt > 0, there exists cs > 0 such that
P (Cgl S Umin(X) S Umax(X) S 05) >1-— 26Xp(—t2/2)

According to the first equation of (24), denote the subgradient vt € 9|81
such that
S{pt — (27X 4 B+ 0,4vE = 0. (36)

Then the next Lemma implies that with high probability, the subgradient v*
cannot have too many coordinates with magnitude close to 1.

Lemma 4. For large enough t, there exists c,C,co > 0 such that

e pl: vt >1—
P(p [p] : [vi] > ‘32|>1_w*/2><cexp<_cn>,

n
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where w* is defined in (28) and

1
x _ = —1/2
o = 8 (. (B0 + mmt )] ).
Define the minimum singular value of X over a set S C [p] by
5 (X, 8) = inf {|Xw]l> : supp(w) C S, [wll» = 1},
and the s sparse singular value by

k—(X,s) = min k_(X,95).

|S|<s

Then the next Lemma implies that x_ (X, s) is lower bounded with high prob-
ability.

Lemma 5. For every ¢y > 0, there exists C,c > 0 such that
P(r_(X,n(l —w*/4)) <¢yq) < Ce ",

We are now ready to prove Theorem 3. The remainder of the argument takes
place on the high-probability event determined by Lemmas 3, 4, and 5.

Let r = 3 — B! denote the distance between the LASSO optimum and the
AMP estimate at ¢-th iteration, then

C(B' +r)—C(B")
P
S 2, A Lo 2 A
= 2p||.‘5’ X (B +r) +p||l3t+1‘||1 2pHy X5 p||5t||1

r’XT(y — Xp")

1 A
= %IIXFHQ— +]—?(Hﬁt+rll1—llﬁtlll)-

Then by using equation (24) we have

02 o X + 2 (r,sgC(8) + (18" + xlly = |8 =27V (37

——
I I 111

where the sub-gradient sgC(3!) = —X%(y — XB!) + Av? and v* is defined in
(36).

Let’s first take a look at the second term of (37). Substituting (24) and v*
from (36), we obtain

A
0r—1

s2C(B) = XT(wz'™! ") = (8 = p) - X"z}
A — (gt_l(l — wt)

A
— XTZt—l _ XT Zt _ Zt—l _
Ht_l ( ) et—l

E(Bt _ Bt—l)7
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where w; = divng,_, (S71XTz! "1 + g¢71) /p/§. Hence

1 A =01 (1 = w)| Iz~ |z — 21
C t < max X- + max X-
\/ﬁllsg BN < = Tmax(X) NN (X) 7
A 18" =81
+ max E .
Or—1 ) \/ﬁ

By Lemmas 2, 3 and the fact that A\pax(X) is bounded as p — oo, we deduce
that the last two terms converge to 0 as p — oo and then ¢ — oo. For the

first term, using state evolution, we obtain HZ\[ I = = O(1). Finally, using the

calibration relation (25), we get

— _q(1 —
lim lim [A = B d
t—00 p—o0 ot—l

as. 1
Ol o 0—\)\—9*(1—0)*)|:0.

t — sl
Therefore \/_||sgC(ﬁ )|l = 0 almost surely. Since = O(1) and 5= 0(1),

we get that u_gl = O(1) and hence the second term of (37) (r,sgC(S")) — 0
almost surely. From (37), we have

éﬁ

1
%IIXFII2 (Ilﬁt +rfy = 18 — 1"V < e

Both the first and third terms on the right-hand side of (37) are non-negative.
The first one is trivial. Denote S = {j € N : 8 # 0} the support of 5. The
third one is non-negative since

18* +xll = 18] = x !
185 + sl — 1185l — risign(85) + lIrglh — rgvy
= (85 +rs){sign(Bs +rs) —sign(By)} + rgl —rgvg = 0.

Since (8% + rs){sign(Bs +rs) —sign(8g)} > 0 and ||v[[; <1, we have

2
E%—g&@, (38)
Iesl — vl < péie), (39

where & (g) > 0ase — 0.
Consider r = r* +rl with rll € ker(X) and rt L ker(X). It follows from (38)
and Lemma 3 that

l4]* < pesér(e). (40)
We need to prove an analogous bound for rl. Note that Hrg—-Hl < \/}—?HrJS:HQ <

VBl ll2 < py/&i(e), from (39), we get

ekl — (e < pes(e). (41)
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Define S(cz2) = {j € N: [vf| > 1 — ¢y}, then S(cy) € S. We have

ekl — (el Ty > el

t
TV = el

Seenllt — |rS(c Sen)| 2 Sen -

Therefore using (41), we have

Il < 5 'pEale): (42)

Denote c3 = dw* /4. Then from Lemma 4, we have [S(c2)| < n — 2pc3. Thus if
|S(ca)| < pe3/2, one obtains p < n — 3pcz/2. In this case, ker(X) = {0} and
the proof is concluded. Let us now consider the case [S(c2)| > pe3/2. Then
partition S(cg) = U{ilSl, where pe3/2 < |S)] < pes, and for each i € Sy,
J € Sit1, |7’H| \TJH| Also define Sy = UK ,S; C S(cz). Since, for any i € 9,

)| < ek 11 /1Si—1], we have

rg, I
ey I3 = an ||2<Z|sl\ @—1

IN

Zn N (Z rg,_,| )

4 2 452( )
< . = . 4
= s ||rs(cQ)||1 = "2 —5 —p =p&s(e) (43)

To conclude the proof, it is sufficient to prove an analogous bound for ||I‘!.+ IE;

with S = S(c2)USs. Since |S1| < peg and |S(cz)| < n—2pes, we have |S4| < n—
pcs and by Lemma 5 that omin (Xs, ) > c4. Since 0 = Xrll = Xs+r” +Xs+r‘L ,

we have
Alek, 13 < 1Xs,rh 3= X2k, 2 < csllel 3 < canta(e).  (44)

Combining (40), (43), and (44), we conclude the proof. O

A.6. Proof of Theorem 2

Proof. Since there is no measurement noise, i.e. 2, = 0, we have 1 (72, at)|,2—g =
0. Thus in order for the fixed point equation 72 = (72, at) to have unique so-

lution 72 = 0, we need to have inf, ML@ —o < 1 due to the fact that
(72, aT) is a increasing and concave function of 72 for fixed a. Since (72, at)
decreases with d, the critical value ¢, is defined as

2
5. = inf {5 e PO0T) 1} . (45)
« T
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Then for any § > J., we have unique solution 72 = 0; for any § < 6., we also
have solution 72 > 0. According to Theorem 1, we can consider the following
solution

A

. 1 -
b= anginses, { 5118 - 6o — 7522l + arlalh ).

where z ~ N(0,1,,) is independent of pg,. Define A = {j : 3; # 0}, then we
have 3 4. = 0 and

{S(B — Bo) — 78"z} a + arsign(B4) = 0,
which implies

Saa(Bs — Bo,a) = T(EY22) 4 — atsign(B 1) + X4 Bo,ac,

and

Ba—Bo.a (46)
= S AT(EY22) 4 — arsign(B4) + XaacBo,ac}-

Substituting into the definition, we get

E{||3 = Bol%:}
= B{(Ba—Boa) Saa(Bs— Boa)
—2(B4 — Bo.a) S ancBo,ac + BE e EoacacBo ac}
= B{r*((3"%2) 4 — asign(B 1)) S14((E"?2) 4 — asign(B.4))}
+E{B] ac (Bacac — Sacal 14T aac)Bo.ac}- (47)

To perform the integrals over z € RP, we divide the p-dimensional space into re-
gions such that the active set of B (z) keeps the same in each region and changes
by one variable between two neighboring regions that share a common boundary
hyperplane. In each region, the sign of 5(z) also keeps the same. A illustration of
this space separation is shown in Figure 7 for a simple two dimensional example.
Let S; and S; denote two neighboring regions that share a common hyperplane
F;; determined by equation g;;(z, 7) = 0 with g;;(z,7) > 0in S; and g;;(z,7) < 0
in S;. Denote f;(z,7) the function form of ||3(z,7) — Bo||2 in region S;. Then
fi(z,7) is differentiable over 72 inside S; and the derivative of Ef;(z,7)I(z € S;)
over 72 involves integrals over face F;; with respect to d — 1 dimensional mea-
sure oy, (-). An application of Stokes’s theorem, as in Theorem 1 of [1], estab-
lishes differentiability of this integral which is given by o, ( fi(z,T)‘%lg—gT)).
Similarly, we can obtain the boundary contribution of Fj; to the derivative

of Efj(z,7)I(z € S;) over 72 which is given by 70’Fij(fj(z,7')8giaj—7(_z’7—)). Since

B(z, ) is continuous across Fj;, we have f;(z,7) = f;(z,7) on F;; and thus the
contributions of the boundary effects due to Fj; cancel each other between the
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derivative of Ef;(z,7)I(z € S;) over 72 and the derivative of Ef;(z,7)I(z € S;)
over 72. Therefore, in taking derivative over 72 for (47), the boundary effects
are canceled and one gets

diy(r2, at)
dr?

= lim —B{(2 7). - asign(54)) L34 ((£%2) 4 — asign(B.4)) }48)

p—oo pd

which only depends on the sign of the non-zero components of B .

We need to consider situations as 72 — 0. Since B — By, we have B =
Bo 4+ op(1) as 72 — 0. Let B = {j : Bo; # 0}, clearly B C A and A° C B¢ as
72 — 0. For B part, from (46), we obtain

{2(B — Bo) — 72422} 3 + arsign(Bg) = 0,
which implies
Sp5(Bs — Bo,s)
= 7(2Y?%2)p — arsign(Bg) — Spse g,

and thus

A

Br — Bos (49)
= Yop{r(2'22)5 — arsign(Bg) — ZspeBpe -
For B¢ part, we have
{2(B - Bo) — 7="%2} g + 18| Bye 1 =0
which implies

Spes(Bp — Bo.s)
T(Zl/QZ)Bc — aTa”Blchl — ZBCBCBBC.

Using (49), we have

SiesYgpiT(2Y%2)5 — arsign(Bg) — Lssefp. }
= 7(5"*2)5: — a1 Bpe |1 — SneneBpe.

The final equation for 3. is

(Sgese — SpesSppies:)Bg. — 7(31%2)5
—&—TZBCBZgé{(Zl/Qz)B — asign(BB)} + oz7’8||BBc||1 =0.

Therefore [3 ge is equivalent to the solution of the following LASSO problem

. _ 1
Bpe = argmingcg, {§||y — X533 + /\||5||1}
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with
X = (Zpese — Spesippese)?,
X1 [(Zl/2z)3c — EBCBZgé{(El/Qz)B - asign(ﬂo’g)}] ,

Yy

and A = ar. Since (48) only involves the sign of B, without loss of generality,
we can take 7 = 1. Therefore B ge is independent of the actual distribution of
Bo but depends on € and A. Denote B = {j : j € B® and Bj # 0}, then we have
A = B U B. Define function

M(e,A,a) = lim 1E{((EUQZ)A - asign(BA))TZ;\i‘((El/Qz)A — ozsign(BA))}7

p—00 P
which exists according to Condition 5. Substituting (48) into (45), we obtain

0. = inf M (e, A, ).
«

A.7. Proof of Lemma 1

Proof. For fixed «, in order to prove that ¢ (72, ar) is an increasing and concave
2 2 2
function of 72, we need to show that w > 0and % < 0. Since ¥

2
is positive definite, from (48), we get W > 0 and prove that (72, ar) is

an increasing function of 72.
2 2
We need to take further derivative over 72 to obtain %. Toward this
end, consider the LASSO problem with

X =x2y =124 X123,

and A = ar. Following the discussion in deriving (48), we can divide the p-
dimensional space z € RP into regions such that the active set and the sign
of each variable are fixed in each region. Denote by A4; and A; the active sets
in two neighboring regions S; and S; respectively. Further denote by Fj; the
boundary hyperplane between S; and S;. Assume that |A;| = k, |A;| = k —
1, and denote x;, the active variable that drops when moving from S; to S;.
Therefore, A; C A; and A; \ A; = x. Then, from (46), we obtain that the

solution of 3 inside S; is differentiable over 72 and can be written as 3 s =
E;&Ai {(El/2y)Ai - aTsign(BSi)}. Assume that the k-th component of Bsi,

ie. Bsi [k] > 0 in S; and Bsi [k] = 01in S;, then the boundary hyperplane F;; is
determined by equation

gij(z,7) = ea)BSi =e( T, {(E”Qy)Ai - arsign(ﬁ&,)} =0, (50)

where e(y) represents the k-th coordinate vector for B 4, Denote by S; and S'j the
other two neighboring regions that have the same active sets but opposite sign
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of variables comparing to S; to S;, i.e. sign(ﬁgi) = —sign(,@’si) and sign(ﬁgj) =
—sign(B s, ). Then their boundary hyperplane Fj; is determined by equation

Gij(2z,7) = ea)/;’gi = ea)E;lilAi {(El/gy)Ai — OZTSigH(BgJ} =0,

Denote f;(z,7) the integrand inside the expectation on the right hand side
of (48) in region S, i.e.

filz,7) = ((£'%2) 4, — asign(B4,)) S0, (£'%2) 4, — asign(B.,)),

which does not depend on 72 explicitly, thus the dependence of the expecta-
tion on 72 only comes from the boundary effects. From (47), the continuity of

18(z,7) — Bol|2 leads to

T ((2%2) 4, — asign(Ba,)] Sl [(£°2) 4, — asign(B4,)]
JrﬂoT,Ag(EAgAg - EA;AiEZ}AiEAlAf)ﬂo,Ag
= 7—2[(21/2z)A_7. — asign(BAj)]TZ;‘j_Aj [(21/2Z)Aj - asign(BAJ_)]

T —1
+50,A;.(EA;A; — Xaca, EAjAj EA.fAi)BOvAE'

Therefore, the difference of the integrand function on (48) caused by the change
of active set from region S; to region S; can be written as

Ay = filz7) = fi(z,7)
(=) asign(BA,.)]TE;t:AiKEUQZ)A@' - asign(BAi)]
—[(SY/22) 4, — asign(B )75 [(5122) 4, — asign(Ba,)
= {ﬂt:)F,A§(EA§A§ = Dasa, E;t]l-Aj Ea;4¢)Bo, A

—Bo.a (Zacas — Tasa,Saia,Saas)Bo,ac /72, (51)

which only depends on the active sets A; and A;. Therefore, we also have
Aij = A;;, where Aij represents the difference of the integrand function caused
by the change of active set from region \S; to region S;.

According to Stokes’s theorem shown in Theorem 1 of [1], the contribution of
boundary F;; to the derivative of integral E f;(z,7)I(z € S;)+Ef;(z,7)I(z € S;)
over 72 is given by op,, (Ay; ng—g,r)). Similarly, we derive that the contribution
of boundary F; to the derivative of integral E f;(z,7)I(z € S;)+ Ef;(z,7)I(z €

S;) over 72 is given by —op,, (A 8577;57(—277')). Define

a, = SIS e,
b, = ea)E;‘inSign(ﬂsiL

cx = ez‘rk)E;‘in(Eﬂo)Ai.
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Then from (50), we have g;;(z,7) = Ta}z — arby + c;. Therefore, 691'8"752’7) =
L (a,:gz — aby). We obtain the boundary contributions of F;; and Fj; as

27
Aijck |: ( Ck Oébk) < Ck abk ):|}
or, 6 o) g (o
{27'3||ak|| Tllaxll  flakl Tllakll  lakll
From (51), since A; C A;, we get AS D AF and hence A;; > 0. Then we
conclude that the boundary contribution is less than or equal to zero since
z(d(x 4+ ¢) — ¢z — ¢)) <0 for any = and ¢ > 0. This complete the proof of the
concavity of function ¥ (72, ar). O

A.8. Proof of Lemma 2

Proof. We begin with the convergence of the state evolution (27) iteration de-
scribed by the following lemma which can be immediately proved using the

concavity of 1 (72, at) over 72.

Lemma 6. For any o > Qumin. The iteration (27) converges to the unique

solution of the fized-point equation 72 = (12, arty), i.e. 77 — 72 ast — oo.

Next we need to generalize state evolution to compute large system limits
for functions of 8%, 3%, with ¢t # s. To this purpose, we define the covariances
{Ts,1}s,1>0 recursively by

) 1 _
Totlit1 = 0o erlgglo IT(SE {[Tles (Bo+X7%z,) — B|TS

[0, (B + 57 22,) = o] } (52)

where (zs,2;) jointly Gaussian, independent from Sy ~ pg, with mean 0 and
covariance given by E(zsz]) = 75 sLyxp = 72 Lpxp, BE(2:2] ) = Te.tlpsp = T2 Lxps
and E(zszl) = 7s:I,xp. The boundary condition is fixed by letting 790 =
oo +E{|1B11£}/0 and 0,1 = 0, +1imy, 00 E{[Bo— 10, (Bo+X~"/20)]"Sho}/p/.
With this definition, we have the following generalization of Proposition 1.

Lemma 7. Let {5o(p), w(p),2(p), X(p)}pen be a converging sequence of in-
stances and let sequence ¢, : (RP)? — R, p > 1 be uniformly pseudo-Lipschitz
functions. Then for all s > 0 and t > 0, we get

@p(ﬁs+17 Bt+17 /80) 5 @p(nes (/80 + 271/2Z3)7 Mo, (ﬂo + Eil/QZt% 60)a

where (zs,2;) jointly Gaussian, independent from By ~ pg, with mean 0 and
covariance given by E(zszl) = 12,xp, E(zizl) = 121xp, and E(zszl) =
TstIpxp. The recursion 7, ; for all s,t > 0 is determined by (6) and (52).

Proof of Lemma 2. Define sequence of {y; }+>0 as

o1 B B )
Yt :pgngo ﬁEHTlet(ﬂo+2 122,) —ng, (Bo + % 1/2Zt_1)HE
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From (52), we have
Yo =TE+ TP — 2Th4 1. (53)

Take 0; = ar; with « is fixed, then according to Lemma 6, we have 77 — 72
and 6; — 0, = ar, as t — oco. We will show that y; — 0 which in turn yields
Te+—1 — T2 based on (53). For large enough ¢, we have the representation as
follows in terms of the two independent random vectors z, w ~ N(0,1,x,):

U <Bo +4\/7F — %271/22 - y/%EWW)
—Te, (50 +4 [T~ —yzl 212 1/—%;1 El/2w>

Consider y; as a function of y;—1 denoted by v = R(yt—1). A straightforward
calculation yields

—F

li 1
= lim
Yt 0o pd

2
P

Ry:) = lim —F (Tr {2—1 {Vne* (b’o + 2—1/2Zt) }T

p—o0 pd
XVne, (50 + Z_l/QZt—l)D )

where

g — \/7*2 U [Vt - \/73 e, e

and V denotes the vector differential operator. For y; 1 = 0, we have z; = z;_,
and 1
R(0) = lim —F (Tr [2*1 (vi” zwyD : (54)

p—o p

where #) = 1a-, (8o + T*E_l/zz). Denote A = {j : /); # 0}. From the definition
(5), we get Ly
(i~ (Bo + 5722)) + 0.0][]l, = 0,

which implies that
Saalia— (Bo+X7%2) ) = Sanc(Bo + £7%2) 4c + Ousign(iy)) = 0.
Taking derivatives, we obtain
Eaa(Vi)aa = XasandE 44 (Vi) aae = Eaae.
Substituting into (54), we obtain
R'(0)

= lim iE (Tr [{(2_1),4,4 (V) aal” + (571) aue [(Vf?)AAc]T} Yaa

pP— o0 p

+ {(E_I)ACA [(Vi)aal” + (571 acae [(Vf?)AAc]T} EAAcD
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= lim iE( [[(VTI A {Zaa(E N a4 + Baac (B aca}

p—oo pd

+ (V) aae) {Zaa(E") aae + EAAc(E_l)AcAc}D

lim —E{dlv(ﬁ)} = lim —E ZI N; #0) » <1,

p—o0 p p—00 p 1
Jj=

for any o > amin according to Propositions (1) and (2). By the argument in [6],
the covariance of z; and z;_1 is 72 — y;_1/2 decreasing with y;_; which implies
that R'(y:—1) is a decreasing function. Moreover R(0) = 0. Therefore R(y) is
concave with R’'(0) < 1 and R(0) = 0. For any yo > 0, the iteration procedure

yr = R(ys—1) leads to a convergent result with y; 12%% 0. Therefore,

lim _H t+1 BtHQ
p—>oop
2
- Pli{glo EHU&H 50+E 1/2 zt) Mo, _ 1(BO+E 1/2Zt 1)H

which vanishes as t — oo. The statement of lim;_, o lim,— oo %Hzt —z7]? =

0
can be proved similarly. O

A.9. Proof of Lemma 7

Proof. Applying Corollary 2 of [7] to the AMP iteration (30), for any sequence
@p ¢ (RP)® - R, p > 1, of uniformly pseudo-Lipschitz functions, we obtain

> (B”'_l’B ,BO) g(ﬁp (ﬁgt(,@o+Zt)77~]9t(BO+ZS)’BO) ’ (55)

where (zg,2;) jointly Gaussian, independent from Sy ~ pg, with mean 0 and

covariance given by E(zsz!) = 12L,xp, E(zz]) = 72 1,xp, and E(zsz]) =

Ts,t1pxp. The recursion 7, ; for all s, > 0 is determined by

. 1 - N
THi = o4 +pli>ﬂc}o —5E (770, (Bo + 72) = Boll?) »
1 -
Ty = ot Jim A E (|litg, (Bo + 7s2) — Boll?) ,
.1 L PN ~
Tt+1,s+1 = 0121; + plggo 175E (Wet (B + Te2) — 50) (7795 (Bo + Tiz) — [30) .

Then define sequence of functions: @, (x,y,z) = ¢, (571/2x, 571/2y, ¥71/25)
which is also uniformly pseudo-Lipschitz. We then obtain the distributional limit
for ﬁtJrl _ 271/23t+1 nd 5s+1 - 1/25 using (55) 0
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A.10. Proof of Lemma 3

Proof. The matrix X = X%'/2, where X has entries distributed i.i.d. N(0,1/n).
Thus, one has ([26], Corollary 5.35)

P (\/S 1t < oin(X) < Tman(X) < VB 1+ t) >1— 2exp(—t2/2).
From the fact that
Omin(X) > amin(X)amm(El/Q),andamaX(X) < O'max(X)O'max(El/Z),
We conclude that, for every ¢ > 0, there exists ¢5 > 0 such that

P(c5" < omin(X) € omax(X) < ¢5) > 1 — 2exp(—t?/2).

A.11. Proof of Lemma 4

Proof. Define S(c2) = {j € [p] : [v}| > 1 — c2}, we have almost surely

|S(c2)] 1 { 1 T, t—1 t—1 t }
— %I XTzt™1 4 2B - B > 1 —c
5 5 ; L (8 5 2
- liﬂ L\E{ﬂoJthﬂE_l/QZ—??e (Bo + 1127 ?2)};
P Ui o
Z 1-— CQ} .

1/2

Let us write & = 5/ Amins Te—1 = Te—1/Aiins 01 = 0¢—1/Amin, so that

B = ng,_,(Bo+ 11X ?2)

. 1
~ axgmingeg, { 31828 — ) — rcsal + 0i-a1 1

— angminges, { 315778 - o) - szl +Bald f GO
The KKT conditions of this optimization problem are
2 Gz + £ (80 - B)) € 010 Bl
Define § = 3 + 2_)1/2(%t,1z + il/Q(ﬁo — B)), we have

B = nsoft(y; e_t—l)7

where 7s0 14 (25 )

= sign(z)(Jz|] — o)+ and applies coordinates-wise. Define
_ o—1.al
£(F12) = (Tyxp —

> /2 (Bo — B), then y can be written as

A

¥ = Bot+ =Rzt @pxp — & NSV (B0 - )
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=1/2,_ _
= Bo+X" (eo1z + £(Te-12)).

Denote o; the j-th row of £ and asz = z, then x ~ N(0,]|0;]|3). Let PJ.J-

be the projection operator onto the orthogonal complement of the span of o;.
Then

B = ot Ttz + T8R0T D)0y o3 + Frs Pra)
Bo + Ti—ra + 0] £(Ti1z0;/||oj]3 + Fim1Pjrz) = h(z).  (57)

By (56), 21/2@0 — B) is 1-Lipschitz in 7_1z. Thus, f(7;_12) is (1 — Kb o)-

Lipschitz in 71z and 7_1(1 — &_ ,)/llo;||2-Lipschitz in @, where Keong =
Amax/Amin. For any z1,zs € R, we have

(1) = h(22)]
o {f<ﬂ 0y z)
llo 13

() )
o113

> Toi|r — x| — T (1 — Hwndﬂxl — To| = T 1ffcond|9€1 — x2|. (58)

v

Te—1|z1 — 22| —

According to (36), we have
t_ 1
V= =——(§ — Nsopt (33 01-1))- (59)
01
By the definition of S(cz), one obtains
S(ea) = {j € [pl : 951 > 01-1(1 — c2)}.
Therefore

[S(e2)l _ {4 € [p) = 1951 > 011} VAR 19;1/01-1 € 0, 2]} (60)

n n n

Consider the function

Y7 02

BI?—‘

P
= 2 (i)

where g1(9, ¢c2) = min {1, (% — % + 2)+}. Since

IN

X X 1 ¢ R X
|9(31,c2) — 9(F2,c2)] n Zﬂgl(ylm c2) — g1(72,5, c2)[}

—Z

IN

t9t c 2|yl,j - yz,j|
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VP

nbi_1ca

I¥1 — ¥2ll2,

the function ¢(¥,c2) is iz—Lipschitz in y. For all §, by definition we have

nbi_1c

Lﬁz)l <g(y,c) < W Moreover, by (58) and (60), one obtains

3 j 11— |9;]/0,— 2
E(5.c) < E (nmm) E ({J € lp): 1= 19,1/ € [0, 02]}>
n n
h
< 1—-w"+supk, (]I (ag ﬁ §a+402)>
a i—1
4
< 1-w+supk, (]I ((mcond < < at cQ)I{COM))
a Tt—1 01 Tt—1
S 1— w* + 402’€cond0t—l

\/2777_'t_1 -

o 1/2 — . o N . 2pRlE A
From (57), ¥ is Qﬁcénth,l—Llpschltz in z. Therefore, ¢g(¥,co) is %—

Lipschitz in z. By Gaussian concentration of Lipschitz functions

]}D(S(Q)l zl—w*ﬁ-w—i—e)
n \/%th1

A 402/{condét71 >
< P(g(§,e) >1— w4 —2lcondVt-1 |
< <9(y 2) Vo
< P(g9(¥,c2) > E(9(3,¢2)) +¢)

néb?_,c3
< exp|—c——=—€|.
8Hcond7-t_1

Absorbing constants appropriately, we conclude there exists C, ¢; > 0 such that

P (B> 1 w2 < Coxp (e,

n

A.12. Proof of Lemma 5

Proof. Let k = [n(1 — w*/4)] and note that k < p. Because for k > p, we
have k_ (X, n(l — w*/4)) = k_(X,p) and thus P(k_(X,n(l — w*/4)) > c4) >
1 — Cexp(—cn).

Because x_(X,S") > k_(X,S) when S’ C S, we have that x_(X,n(1 —
w*/4)) = min g— £ (X, S). By a union bound, for any ¢ > 0

P(r_(X,n(l—w*/4) <t) < Y P(r(Xs) < t). (61)
|S|=k
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The matrix Xg = XSZE/E where Xg has entries distribution i.i.d. N(0,1/n).
Thus, one has

1/2

min

ko (Xs) > ko (Xs)r- (B43) > k- (Xo)x

Invoking the fact that Xg has the same distribution for all |S| = k, expression
(61) implies

PUL(XJﬂl—uﬂ/@)St)fg(p )PUL(XS)Stﬂ#m}

k min

Let fmin(kl n, \) denote the probability density function for the smallest eigen-
value k_(Xg). By Prop. 5.2, pp.553 [15], fmin(k,n, ) satisfies

fmin(kvn; )\) S gmin(kan; A)

T((n+1)/2)
T(k/2)T((n — k + 1)/2)0((n — k + 2)/2)

7 \L2 (xR

It can be verified that the quantity gmin(k,n; ) is strictly increasing in A on
[0,(n—k—1)/n). Lemma 2.9 of 8] states that as n, k — oo with k/n — p € (0,1],

Gmin (K, 15 A) = Prmin (1, ) exp(nmin (A, p)),

where pmin(n, A) is a polynomial in n, A, and tmin(X, p) = H(p)+1[(1—p) log A+

1—p+plogp— A], where H(p) = plog(1/p) + (1 —p)log(1/(1 — p)). Therefore,
1/2
for t/k, 5 < 1— p, we have
t/ ki
Plo(Rs) <t/nifz) = [ fumlhomi VA
0

1/2

t/Kmin
/ Gmin (K, 73 \)dA
0
£/ Fonlio Grnin (R 5 horl)

Cln,t/kH2) exp(nip(p, t/kH2)),

IN

IN

where C(a,b) is a polynomial in a,b. To simplify < z ), we apply the second

of Binet’s log gamma formulas [29] and obtain

1 P 11 1
nlog( A ) —>plog5+(g—p)logl_p6 = H(pd)/o.

We conclude that

P(r-(X,n(1 = ¢*/4) < 1) < Cln,t/r ) exp(n(H (p8) /6 + ¥, t/iin)).
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Note that H(p) < 1/2 for p € (0,1). Thus, there exists ¢ > 0 such that
H (p8) /8 +(p,t/myl) < —c

for all 1og(t//£r1n/ii) <-1- W — 8¢ Because C(n, t//frln/ii)e_c" is upper

bounded by a constant C, we conclude there exists C, ¢ > 0 such that

Plr_(X,n(l —w*/4)) <t) < Ce™ "

A.13. Proof of Corollary 1

Proof. For ¥ =1,x,, (16) can be simplified as

M(e,A,a) = e,E(z—a)?+e E(z+a)*+(1-eE[(z—a)’I(z> )
+ (2 +a)*I(2 < —a)]
= e(l+a?) +2(1-¢[(1+a*)(1 - ¢(a)) - ad(a)],

where the first term comes from the non-zero components of 5y and the second
term comes from the zero components of 5y. To determine . = inf, M (¢, A, @),
we can solve 229 — ( and thus obtain the phase transition curve as shown

in (18). O
A.14. Proof of Corollary 2

Proof. For block-diagonal matrix with block 3, = ( ﬁ17 fl) ), (16) can be sim-

plified as
M(e, A )

= SB((EY?0)4 — asign(3.))" A5 204 — esign(Ba)} (62

where z ~ N(0,I42). Note that Ei/Q = ( Zl 22 ), where p; = % and
2 Pl

p2 = —12_p~

There are three scenarios. In the first scenario, both components of S8y are
non-zero, which means that B = {1,2} and B® = @. Its contribution to (16) can
be written as

Oz2 a2 2
Mi(e,Aja) = E(1+ 1+p)+e2_(1+ 1+p)+2e+e,(1+ 1_p)
= Ala,A),

where A(a, A) is defined in (20). In the second scenario, only one component of
Bo are non-zero, i.e. B = {1} or B = {2}. In the situation where B = {1} and
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Bo,1 > 0, we need to consider the one-dimensional LASSO problem specified by
(17) with Z = /1 — p? and § = 271 (& — p€1 + pa) whose solution is

positive if & — p& + pa >«
0 if €2 —péi+pal <a
negative if & — p&1 + pa < —a

Plugging this result into (17), we obtain its contribution to (62) to be

e+ (1= {E(& — )’1(|& — p&i + pal < )
(& —a)+ (o —a)® =2p(& — ) (& — )

+ F 1—p? [& = tpaza)
L gl a)? + (& + a)12_p22p(£1 —a)*(&+ 0‘)21(52 = pé1+ pa < —a)}.

The other situations in this scenario can be considered in a similar way. The
total contribution of the second scenario to (62) is

Ms(e, A o) = €(1 — €)B(a),

where B(a) is defined in (21).

In the third scenario, both components of 3y are zero, i.e. B =@ and B¢ =
{1,2}. According to (17), we need to consider the following two dimensional
LASSO problem

. 1
5= angmingse { 312~ 532018 + a3l }.
There exists subgradients 9||81||1 and 9||S2]]1 such that

517-1-[)@2 = 51—045H5:1||17
pBL+ P2 = & —ad|Be:- (63)

By dividing the two dimensional space into nine regions (as illustrated by Fig-
ure 7), we obtain the following solution for g

Br=Py=0 if 161]] < a & [|&afl < a

B1>0, By =0 if [&1]] = o & [&2 = p&1 + paf < a

B1 <0, By =0 if [61]] < —ev & [€2 — p€1 — pa] < @

B1=0, By>0 if [&2]l = o & €1 = p&2 + paf < a

B1=0, By <0 if [&2]] < —a & |& — pé2 — pa| < @ - (64)

B1>0, By >0 if & —pStpa>akl—ps+pa>a
Br1>0, By <0 if & —p&—paza&ls—p&i+pa<—a
B1<0, By >0 if & —plet+pa<—alkl—pl—pa>a
B <0, By <0 if & —ple—pa<—al&—pl—pa<—a

Substituting into (17), the total contribution of the third scenario to (62) can
be written as

Ms(e, A, a) = (1 - €)2C(a),
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<4
1<0, B>0 B1>0, B2>0
o
N T A Ton Ao
N © B4<0, Bo=0 B4>0, Bo=0
AN
|
B1<0, Bo<0
S

Fic 7. Illustration of the solution (64) for equation (63) in two dimensional space. Here
p=0.5and a=1.

where C(«) is defined in (22). Therefore

M(e,Aa) = Mi(e, A ) + Ma(e, A, o) + M3(e, A, )
2 A(a, A) + (1 — €)B(a) + (1 — €)*C(a). (65)

To get ., we need to solve the equation W = 0 for € which is given by

20/( B/ + \/B/ 8A(D¢A C/( )
2{ 242 _ B/(a) + C'(a)}

Substituting into (65), we conclude that the transition curve is determined by
(19). O
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