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Abstract: Let f(y | ), 8 € Q be a parametric family, n(0) a given
function, and G an unknown mixing distribution. It is desired to esti-
mate Eg(n(0)) = ng based on independent observations Y1, ..., Y, where
Yi~ f(y|0;), and 0; ~ G are iid.

We explore the Generalized Maximum Likelihood Estimators (GMLE)
for this problem. Some basic properties and representations of those esti-
mators are shown. In particular we suggest a new perspective, of the weak
convergence result by [14], with implications to a corresponding setup in
which 61, ...,0, are fized parameters. We also relate the above problem,
of estimating 7, to nonparametric empirical Bayes estimation under a
squared loss.

Applications of GMLE to sampling problems are presented. The perfor-
mance of the GMLE is demonstrated both in simulations and through a
real data example.
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1. Introduction

Let fo(y) = f(y | 0), 6 € Q, be a parametric family of densities with respect
to some measure u. Let G be an unknown mixture distribution. We observe
Y1, ..., Yy, which are realizations of the following process. Let 6, ~ G, i =1, ..., n,
be independent, where conditional on 01, ...,0,, Y; ~ f(y | 6;),i=1,...,n, are
independent. Given a function n(6), let ng = n(G) = Egn(6). Based on our
observations, it is desired to estimate 7.

Consider for example the case where Y; ~ N(6;,1) and §; ~ G where G
is supported away from 0. If n(f) = Ey(Y), then the natural estimator for
NG is %ZYi, which is consistent and efficient. On the other hand, deriving a
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consistent estimator for ng is less obvious if 7(6) = 1/6. Yet, the Generalized
Maximum Likelihood Estimator (GMLE) defined below, see (2), yields a simple
consistent estimator for both functionals: If G is a GMLE estimator for G a
GMLE estimator of g = Egn(6) is defined by

fic = Eem(0) (1)

GMLE for GG. Given a distribution G and a dominated family of distributions
with densities {f(y | ) : 6 € Q}, define

fely) = / f(y | 9)dG().

Given observations Yi, ..., Y,, a GMLE G for G [14] is defined as:

G = argmax TTfq(Y;); (2)
G

the maximization is with respect to all probability distributions. Note, GMLE
for GG is also referred in the literature as Nonparametric Maximum Likelihood
Estimator (NPMLE). We use GMLE as a tribute to its originators, [14]. Tradi-
tionally, a GMLE estimator G for a mixture G is approximated via EM algo-
rithm on a finite subset of the parameter space, see the seminal paper, [16]. [15]
suggested exploitation of convex optimization techniques.

Much of the research on GMLE is about characterization of the GMLE @ in
terms of the size of its support, see, e.g., [17]. Asymptotics and efficiency of the
estimator 7 for n¢ is studied in semiparametric theory, see e.g., [1]. One goal
of this paper is to present some new problems and applications where GMLE
estimators are useful: we elaborate in particular on examples of ‘sampling with
no response’, ‘post-stratification’, and ‘observational studies’.

We also relate GMLE estimators 7jg to nonparametric empirical Bayes and
compound decision problems, and provide useful and insightful representations.
In nonparametric empirical Bayes the goal is to estimate the specific values
n; = n(6;), i = 1,...,n, under a given loss, mainly, as in our case, a squared
loss. A mixing distribution G induces a joint distribution of (Y, 6). We denote
the corresponding conditional expectation of 6 conditional on Y, by Eg(0|Y).
The nonparametric empirical Bayes approach is to estimate n;, ¢ = 1,...,n by
the plug-in estimator #; = Ex(n(f) | Y;), see, the general approach in the
seminal papers of [22, 23, 24|, see the plug-in approach in, e.g., [12, 15], and
g-modeling in [6]. In subsection 3.2 we show that fj¢ may be represented as
e =+ > 0 =+ 3 Ea(n(9) | Yi). In the case of Y; ~ N(6;,1) with (f) = EpY,
0; ~ G are iid (and more generally) we show, that g = Egn(f) = 1 3V,

Asymptotics of GMLE estimators 7jg, mainly in terms of consistency, is ex-
plored both theoretically and through simulations. There are cases where G is
not unique, e.g., in situations where G is non-identifiable. When G is not unique,
we consider as GMLE any 7j¢ = Esn(0) that corresponds to any GMLE G. In
such cases, as n — o0, often, not every sequence of GMLE is consistent; we
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argue that GMLE estimators are still plausible and worthwhile, and suggest
“GMLE related” Confidence-Intervals for ng.

Given realizations Y7, ..., Y, as above, a related problem, studied in [26], is
the prediction of the realized > n(6;), where ; ~ G are iid. His approach is also
related to GMLE. Zhang elaborates on the difference between the estimation
and the prediction problems in terms of efficiency. He also presents interesting
applications where it is desired to estimate the realized > 1(6;).

Our problem may be formalized without considering the parameters, 6;s, as
random and appealing to a mixture distribution G. We consider 64, ...,68, as
unknown parameters and Y; ~ f(y | 6;), i = 1,...,n, as independent (but not
identically distributed) observations. The goal is to estimate > 7(6;). Let G™ be
the empirical distribution of 64, ..., 6,,. Let G™ be the GMLE based on Yi,... Y,
as defined in (2) (i.e., the GMLE pretending 64, . .., 0, arei.i.d. random variables
sampled from a distribution ). Under suitable triangular array formulation and
conditions, the sequence of signed measures (G’” — G™), converges weakly to the
zero-measure. However, a reference to such a general result is not known to
us, and we give a proof in Section 3.3. This weak convergence result motivates
estimating £ 3" n(6;) = Egnn(0) = ngn by Eg.n(0).

As in most of the literature, we often appeal to a mixing distribution G
and random 6; ~ G, which makes the formulation more convenient. The two
approaches of appealing to a mixing distribution G, versus avoiding it, are analo-
gous to empirical Bayes versus compound decision approaches. See, e.g., [25, 2],
and the fore mentioned seminal papers by Robbins. It is also related to the
distinction between incidental and random nuisance parameters, see, e.g., [20]).

In Section 2 we present some motivating examples. In Section 3 we present
some theoretical results concerning representations of 7jg, and some asymptotics.
In Section 4 we present simulations. In Section 5 we sketch a ‘GMLE related’
Confidence Interval for ng. In Section 6 we present a real data example taken
from the Israeli Social Survey.

2. Examples

A main motivation for our study of GMLE are the following sampling models
and problems in the context of stratification, and observational studies.

In stratified sampling and in post-stratification, it is desired to have a very
fine stratification. Then, conditional on a fine stratum it appeals that missing
observations are missing completely at random. Similarly in observational study
(or, in convenience sampling), fine stratification makes the assumption that
conditional on the strata the success or failure of a treatment are independent of
the, often unknown, allocation mechanism to treatment and control. However,
under very fine natural stratification many strata are likely to be randomly
empty, i.e., with no sampled observations. In practice, when the number of
observations is high the stratification used is fine to the level of existence of
a meaningful number of empty cells. The GMLE method is a natural way of
handling the resulting difficulties of empty strata.
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We elaborate on the above. Suppose that it is desired to estimate the pro-
portion of unemployed in the population. A sampled subject will respond to
the survey with unknown probability. The proportion of unemployed among the
responders in the survey is strictly a biased estimator of their proportion in the
population, since there is a strong observed correlation between employment
status and response. It is known that in the relevant surveys, subgroups with
higher unemployment rates have lower response rates. We may hope, however,
that if we consider small enough and homogenous stratum, the willingness to
answer and the answer will be, conditionally on the stratum, practically inde-
pendent. Thus, the missing responses would be practically missed completely at
random (MCAR) within each stratum. See, e.g., [18].

Let K; be the number of full observations in Stratum ¢ (i.e., K; were sampled
and responded). Let X; be the number of unemployed among the observations
from Stratum ¢. For simplicity, we consider a situation of n strata with equal
weights. Our observations are Y; = (X;, K;), i = 1,...,n, where the conditional
distribution of X; conditional on K; is B(Kj;,p;). It is desired to estimate the
population’s proportion p = n=* " p;.

Similar considerations apply in observational studies. Suppose that condi-
tional on a fine stratification, within each stratum the probability of success
or failure, under treatment or control, is independent of the unknown alloca-
tion mechanism to treatment or control. Given a treatment, we thinks of X;,
the number of successes of the treatment in stratum ¢, and K;, the number of
times the treatment was applied in Stratum i. We observe Y; = (X;, K;). One
approach of analyzing such observational data is to pair observations based on
their propensity score. Using our method we do not need pairing, and we may
handle even the extreme case, where treatment was applied in one subset of
strata, while control was applied in another, disjoint, subset of strata.

2.1. Sampling models

We consider the following two realistic scenarios, where the sample size K; is
random. In light of Section 3.3, the following motivating models apply to both
setups of random and fixed 04, ...,6,,. We use the notations and formulation of
random 0;, i = 1, ..., n, for convenience.

Model (i) Stratified sampling with non-response. A random sample of k;
subjects from stratum ¢ is sampled. The probability of a random subject from
stratum 4 to respond is m; < 1. Thus, the number of actual responses, K;,
K; ~ B(k;, ;) is a random variable.

Model (ii): Post-Stratification. We assume that K; has a Poisson(\;) distri-
bution, ¢ = 1,2,...,n. This scenario is reasonable whenever we have a conve-
nience sample, observational studies, or, very low response rate.

In Model (i), 8; = (6;1,0:2) = (m;, pi), where 7; is the probability of response,
while p; is the proportion (of, say, unemployed) in stratum 4. Conditional on 6;,
Xi | Kl ~ B(Kl,pl) and Kl ~ B(Iii,ﬂi). In Model (ll)7 91 = (6’11,91'2) = ()\Z,pl)
Given 0;, X, | K; ~ B(K;,p;) as before, and K; ~ Poisson(\;).
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Suppose we are interested in estimating ng = Egn(0), for n(6;) = p;. If
there are no empty strata, i.e., K; > 0, ¢ = 1,...,n then the obvious and naive

estimator:
n

. 1 X

SR
is applicable. The problem with the above estimator is that many strata may be
empty, i.e., with corresponding K; = 0. When there are some empty strata, a
common ad-hoc approach is of ‘collapsing strata’ where after the data is observed
some empty strata are unified with non-empty ones. An extreme collapsing is
to a single stratum, which yields the Extreme Collapsing estimator:

L2
PEC = ZK'L’

which is, in fact, desirable when p; = ... = p,, but not in general.

Another way of handling the difficulty of empty strata, is to assume that
strata are ‘missing at random’, that is K; is uncorrelated with p;, and strata
with K; = 0 may be simply ignored.

Our approach, of applying GMLE, handles cases with many empty strata
in a natural way, which is not ad-hoc and does not rely heavily on missing at
random type of assumptions.

Finding a GMLE for a two dimensional distribution GG, outside of the normal
setup, only recently appears in the literature, see, e.g., [9, 19]. One reason might
be its recent popularity due to Koenker and Mizera‘s computational methods.
Our Model (ii) is presented in Feng and Dicker, however, their motivation and
context is very different than ours, and is not related to sampling. In addition,
they study the estimation of the the individual p;, ¢ = 1, ..., n via non parametric
empirical Bayes, while we study the estimation of ng = Egn(6), where n(6;) =
pi. We also provide consistency results in the estimation of 7g.

Different related sampling models are studied in [8]. In their censored-case,
n individuals are attempted to be interviewed, where there are at most x°
attempts for each individual ¢, ¢ = 1,...,n. The probability of a response from
individual ¢ in any single attempt is m;, and attempts are independent. Let
K; < k° be the number of interviewing attempts of individual 4, then K; is
a truncated geometric variable. Let Z; be a 0-1 valued r.v., e.g., indicator of
unemployment, p; = P(Z; = 1). Suppose 6; = (m;, p;) are i.i.d distributed G. Tt
is desired to estimate EqZ; = Eqc(n(0)), where n(0) = p. The possible outcomes,
of the attempted interviews of individual i, are (Z;, K;) € {(1, K;), (0, K;), 1 <
K; <K% & NULL}, where NULL indicates non-response in x° attempts. This
scenario is within our setup as one may think of individuals as strata of size
one.

The truncated case of [8] is similar to the above censored case, except that
we do not know about the existence of items that did not respond. Denote by
G" the conditional distribution of 6, conditional on response. Then: dG*(6)
Py(K; < K°)dG(#). Let G* be the GMLE for G*, which is based only on the
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(non-truncated) observations {i : K; < x°}. Then, when m; > 0 w.p.1, we
suggest the GMLE estimator

3. Asymptotic results and equivalent representations of GMLE
estimators

We consider mainly the model in which 0, = (A, p;), 6; ~ G, i = 1,..n are
iid random variables and consider the estimation of the function n(8;) = p;. In
light of subsection 3.3 below, analogous results may be derived when 64, ..., 6,
are considered unknown parameters.

3.1. Comnsistency and asymptotics in models (i) and (ii)

We will now argue that under (ii) if P(A = 0) = 0, then the expected value of p
can be consistently estimated, while under model (i) it cannot. The difference
between the two models is that on the one hand, in model (ii) K; may get the
values 0,1,2,..., and as n — oo, the number of observed outcomes grows to
infinity. On the other hand, in model (i), x; is bounded by some finite %, then
the total number of outcomes is (k + 1)(k + 2)/2, which is not enough for the
identification of the distribution or even the mean of of p;. Here are the details.

3.1.1. Consistency in Model (i)

In Model (ii) we have consistency in the estimation of ng, when Pg(A = 0) =
G({X =0}) =0, as proved in the following theorem.

It is convenient to re-parametrize the problem, as follows. Given X; ~ B(K;, p;)
conditional on K;, and K; ~ Poisson()\;). Denote W;; = X;, and W;s = K;—X;.
Then W;; and W;s are independent Poissons conditional on (A;, p;), with corre-
sponding parameters £1; = p;A; and &o; = (1 — p;) ;.

Before presenting the theorem, recall that G is identifiable in the model

fa(y) = [ fo(y)dG(V) if fo = fg implies G = G.

Theorem 1. Let G¢ be the distribution of (£1,&2) and let ég be the GMLE
based on iid (Wi1, Wiz), i = 1,...,n. then G¢ is identifiable and ég converges
weakly to Ge.

Proof. The proof follows from [14]. Checking the conditions is standard, the
identifiability condition is verified, e.g., by [13]. |

Corollary 1. for any function n(9), such that n(6) = ¥(&1,&2), for ¢ which is
continuous and bounded on the support of (&1,&2) under G, Ezn(0) — Egn(0).
In particular, if under G¢, P(A>0) =1, then Egp is identifiable.
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The condition P(A>0) = 1 is necessary, since otherwise P(n=0) > 0 while
the distribution of p conditioned on A = 0 is unidentified, since there are no
observations on p from the atom at {A = 0}. On the other hand, if P(A>0) =1
than n.(8) = ¥c(&1,&) = ﬁl{& + &>0} is bounded and continuous,
Esn-(0) — Egn.(0) for any ¢ > 0. But limc_,o Egn. = Egn(0), and hence
Ecn(0) — Ecn(0).

We conclude that when confining to the class of distributions in I' = {G |
G({X = 0}) = 0}, we have consistency of the estimator Esn(f) for Egn(8)
for any G € T'. However, the convergence may be arbitrarily slow and depends
heavily on the probability concentration of G in the neighborhood of 0.

Consider the following example. A ~ G, p = pg+01(A < Xp) for some Xg. To
get a bound on the rate, suppose we know all parameters except for § and we
are told when A\ < A\g. Then the only sample relevant to the information is the
sample of size Op,(nGx(\g)) coming from A < Ag. Given the sample, > X;1(A <

Ao) is binomial, hence we can estimate § with accuracy of (n)\OG )\()\0)) —/ ? This

error has a contribution of G\(Xo) (nAoGa(Ao)) 2 Since Ao can be arbitrarily
small G () can converge to 0 as slow as we want, the estimating error of ¢ has
as slow rate as we want.

3.1.2. Inconsistency in Model (i)

Again, we consider the function n(6;) = p;. Now 0; = (m;, p;).

In Model (i) there is no consistency in estimating G for every G, neither a
consistency in estimating Fq(n(0)). This is a result of the non-identifiability,
and it is demonstrated in the following example for x; = 1.

Example 1. When k; = 1 there are M = 3 possible outcomes of the i'th
observation, we list them as: X; = 1, X; = 0 (while K; = 1), and K; =
0; the corresponding probabilities are: (m;ip;, mi(1 — p;), (1 — m;)). Suppose the
outcomes of n realization have ny occurrences of X; = 1, ng occurrences of
X; =0, and ng occurrences of K; = 0. Note (n1,na,n3) is multinomial. Suppose
%(nl,ng,ng) = (0.25,0.25,0.5), obviously the following G1 and Go are both
GMLE. Let Gy be degenerate at (m,p) = (0.5,0.5). Let Gy be the distribution
whose support is (0,1),(1,0),(1,1) with corresponding probabilities 0.5, 0.25,
0.25. Then, obviously both Gi and G5 are GMLE, while Egm(0) = 0.5 #
Eg,n(0) = 0.75.

More generally, if k; € IC, K a bounded set, then (x;, K;, X;) may get at most
M wvalues, and hence the distribution G is not identified (as long as it is not
constraint to have a finite support with cardinality less the above number of
possible values). In fact, one can estimate the expectations

ga(k,x) = EqrF(1 — )" *p*(1 —p)*~®, 0<z<k<k; €Kk. (3)

Note that n(m, p) = p is not the linear span of the functions under the expecta-
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tion in right hand side of (3). Consider now the system of equations:

9co (kyx) = ngk(l - W)“i_kpw(l —p)k_m, 0<z<k<k; €K

4

n= Egp @
The set of equations (4) is a linear system of M, say, linearly independent
equation in G. In fact, fix any ; and k, the span of the subset of functions with
ki and k is 78 (1 — 7)%=Fpi i = 0,1,..., k. Similarly span{m*(1 — m)~=F .k =
1,...,ki} = span{n? : j = 1,...,k;}. Thus, span of the functions on the top
line of (4) is span {m7p’ : i < j < maxK}. In particular, p is not in this span,
and hence (4) is a set of linearly independent equations. Suppose, for simplicity,
that the true distribution Go has M support points. Then, for any 7, (4) has
as a solution with the same support as Gg. It is a distribution function, since
1 is in the span of the functions in the right hand side of the top line of (4)
and hence [dG = [dG, = 1. However, it is not necessarily positive. But, by
the inverse function theorem, the solution is continuous in 77 and hence for any
71 in some neighborhood of 1y = E¢,p there is a positive solution G which is a
probability distribution function.

This argument fails for model (ii), where K = {0,1,2,...}, since p is now
in the closed linear span of the probability functions. However, this is another
explanation for the slow potential convergence. We need to observe the rare
large values of k; to estimate the functional.

3.2. The GMLE and the mean of the empirical Bayes estimates

Given a function 7(0), suppose it is desired to estimate ng = Egn(6). Again,
for convenience we consider the notations of random parameters 61, ..., 0,, but,
in light of Section 3.3 the results apply also to the setup of fixed 64, ...,0,,. By
the following theorem, the estimator fjg = Exn(f) equals to the average of
Ex(n(0) | Y;), i = 1,...,n. The appeal of this fact is that if we estimate the
values of the individual n(6;) via nonparametric empirical Bayes under squared
loss, specifically by Ex(n(0) | Y;), there is a consistency and agreement between
the estimates of the individual parameters and the estimate of their total, or,
of their average. In [26], the problem of estimating random sums involving a
latent variable is explored. One approach in [26] is to estimate the random sum,
by the sum of the estimated conditional expectations of the summands. This
is analogous to estimate ). 7(60;) by >, Ea(n(0) | Y3), the last term equals to
nExn(0) by the following theorem.

Theorem 2. Assume n(0) is a bounded function, then
. 1
ia = Egn(0) =~ Eg(n(0) | Ya). ()

Proof. Let

PN

dGy(0) = (1 +t(n(8) — 1ic))dG (6).
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Since n(0) is bounded, it follows that for £ > 0 small enough, G = {G¢, t €

(—e,e)} is a curve of cdf’s (i.e., G; is a positive measure with total mass 1).
Since G is a GMLE, it maximizes the likelihood within G. Hence:

0 = %%Zlog(/f(ﬁ- | 6)dG4(0)) |1=o

B S (n(0) —ic) £( Ié(e)_g rp
_ Z ffY|9 —n;/mwdewm

This concludes the proof of the theorem. O

Theorem 2 represent the GMLE estimator, 7 as an average of what may
look like of almost i.i.d. random variables, n=' 3" E¢(n(f) | Y;). The latter
is y/n consistent and asymptotically normal. However, this is misleading. All
terms in the sum in (5) depend on all other through G and Ex(n(d) | Y;) is
possibly a biased estimator for Eg(n(f) | Y;). In fact, as we argue, 14(60) may
be inconsistent or consistent but converges in a very slow rate. On the other
hand, in many other models, the GMLE is actually consistent, see the discussion
in Section 7.8 of [1]. One such a case is described in Section 3.2.1 below. See
further discussion there.

3.2.1. GMLE for the mean of exponential miztures

Let Y; ~ N(0;,1), i = 1,...,n be independent observations, the obvious estima-
tor for > 0; is > Y;. One may wonder about a comparison between the trivial
estimator ) Y; and the estimator nEs0 = Y Ex (0 | Y;). The nonparametric
empirical Bayes Ex (6 | Y;) is strictly better than Y; as a point-wise estimator
of 0;. c.f., [2, 12, 15]. Similarly one may wonder about the similar model, es-
timating > A\; when Y; ~ Poisson();). In the following we will show that the
two estimators are in fact equal. Thus, GMLE does not improve over the trivial
estimator, yet, it does not harm.

In the following theorem the notations are for a one dimensional exponential
family, but it applies for a general exponential family.

Theorem 3. Let Y1,...,Y,, be independent observations, Y; ~ fo,(y). Suppose
that the density of Y is of the form fo(y) = f(y | 0) = exp(fy — ¥(6)), 6 € Q,
with respect to some dominating measure p. Let G be a GMLE supported on the
interior of the parameter set Q. Let n(0) = EgY . Then:

nEen(0) =Y.
Proof. Given the observations Y7, ..., Yy, let G be a GMLE. Define the transla-

tion Ga(.)=G(.—A).
Note:

/ exp(By — (0))dG A (6) = / exp((8 — A)y — (6 — A))dC(6).
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Since G is GMLE,
d N
0 = 5 Y los( [ exp(6Y: — w(0)dCa(6)) |amo

— 5 Sto( [ expl(6 - A)Y; ~ 0(6 — A)AG()]acy

_ Zf —Y; + /(0 eXp(@Y—i/}(@))dé(G)
J exp( 9Y 1/)( ))dG (6)

= —ZYi—FZE@ Y;)

= - Z Y+ HEGU(G)
The last equality follows by Theorem 2, and since for exponential family
n(0) = ¢'(0) = EpY. O

The above theorem implies that under an exponential family setup, E:n(0)
is unique for n(f) = EY even if G is not. See the following example.

Example 2. LetY; ~ Bernoulli(p;) be independent where p; ~ G are indepen-
dent, t = 1,...,n. Suppose Y1 = ... =Yz =0 and Yz, = ... =Y, = 1. Then,
obviously both Gy and Gy are GMLE, where G1 has half of its mass at p = 0.1
and the other half at p = 0.9, while Go is degenerate at p = 0.5. Obviously
G1 #* ég, however, E¢ p = Eg,p = 0.5.

In the normal model, ¥; ~ N(6;,1) all finite camulants of § can be estimated
in the y/n rate by the corresponding cumulants of Y. For example, estimate
Egf by n=1Y_Y;. That these estimators are equivalent to the GMLE can be
argued by a similar argument as in the proof of Theorem 3 by taking further
derivatives. However, other functions cannot be estimated in such a rate, e.g.,
the deconvolution problem of estimating G(6y) = Eg1(0 < 6p) has a logarithmic
rate see [7]. Even a very smooth function like n(6) = e="%*/2 o > 1, cannot
be estimated in the parametric rate, see [5]. However, estimating functions of
finite cumulants is efficient, as the tangent space is saturated, and any mean is
an efficient estimate of its expectations. An example of a less trivial function
that can be estimated efficiently at the \/n is the density at 0 of G * N(0,a~2),
a? < 1, which in our framework is Egn(6), where n(0) = \/a2/27re’0‘292/2. This
is also, the density at 0 of fg * N(O, (1- a2)/o¢2), and hence can be estimated
with the unbiased kernel estimator: n=1\/(1 — a2)/21a2 3. e~ ¥i/2(1=0")  Gee
Bickel et al. Section 4.5 for the tangent space and for the argument that it is
efficient.

3.3. The compound decision model and weak convergence

The seminal paper of [14], appeals to a completely unknown distribution G, as-
suming that 8, ~ G, i = 1,2, ... are iid. They prove weak convergence of GG to G.
It may be seen in the introduction of that paper, that the authors are somewhat
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uncomfortable with this (very weak) assumption. The weak convergence in [14]
is explored from a broader perspective in [3].

In this subsection we attempt to present a weak convergence result when
01, ...,0, are considered as fixed unknown parameters that may depend on n.
That is, we consider a general triangular array where at stage n the parameters
are some (07, ...,0"), as also elaborated in the sequel.

Recently there are results about rates of convergence of G and other esti-
mators to G. See, e.g., [21] for the multivariate Gaussian case, [10] for finite
mixtures. Those papers do not cover the weak convergence for triangular arrays
presented in this subsection. In [10] a non-GMLE estimator, G for G, is studied
and they provide minmax rates for the Wasserstein distance between G and G,
for mixtures with m components. However, those rates do not imply our weak
convergence result in the triangular array formulation. Specifically, in our tri-
angular array setup, as the number of observations n increases, the number of
components m in the mixture is also increased since we allow m = n.

Given any triangular array sequence of sets {67,...,0}, n = 1,2, ..., denote
by G™ its corresponding empirical distribution. Given independent observations
Y7, LY Y ~ f(y | 07), we denote the corresponding GMLE, as defined
above, by G™. That is, G" is the GMLE ignoring the fact that the observations
are not i.i.d. from the mixture. In the sequel we may omit the superscript n and
write 6;, Y;.

Note that, in our current setup the true joint likelihood f&(Y1,...,Y,,) does
not satisfy f&(Ya,...,Y,) =1L fa(Y;), since Y; are not independent.

Theorem 4. Assume A1-A5 below, then for any bounded and continuous func-

tion f, [ fdG™ — [ fdG™ —, . 0.
Assumptions

A1 The parameter space {2 is compact.
Let

h(y) = sup [log(f(y | 0))I,

A2 supgeq Egh?(Y) < cc.

A3 The functions f(yo | 8) are uniformly bounded and continuous in 6 for
every 4o.

A4 The class of densities {fa(y)}, that correspond to the set of all possible
mixtures {G}, is identifiable.

A5 For every Gy € {G}, every € > 0, and every M > 0, the set

(G| 1og(£5) = 1og(FE) e < €},

is an open set under the weak convergence topology, where féM) V) =
[fa(Y)]ar and [z]pr = max(—M, min(X, M)).

Condition A1 is used to avoid situations where mass can escape. The theorem
fails when (61,...,0,) = (n,n+1/n,...,n+ (n — 1)/n) since we can consider
a bounded and continuous f which is not uniform continuous, for example,
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f(#) = sin(#*). This may be considered as a technical issue, as the GMLE is
translation equivariant, and in this case we do have convergence to uniform,
as could be obtained by restricting to a smaller set of test functions, e.g., to
bounded functions with a bounded first derivative. More problematic example
is with the parameters at sample size n being (1,2,...,n). In this case the
convergence fails even when f(0) = e, Assumption Al, however, can be
replaced by a weaker one that ensures compactness of the measures such as
strong moments conditions. We preferred to keep it simple, but strong enough
for our models (although it does not cover, for example, a Gaussian mixing
distribution).

The purpose of A5 is to ensure, that given an open cover for {G}, a finite
covering subset may be extracted by compactness. The assumption is implied
by A1-A4 if, in addition, it is assumed that for every M > 0, the functions
log(( éM) (y)), 6 € Q are uniformly continuous.

Proof. By Al we trivially have tightness, and hence any sequence G™ of mea-
sures, has a weakly converging sub-sequence. Our plan is to show that every
sub-sequence of a, = [ fdG" — J fdG™ has a further sub-sequence that con-
verges to zero w.p.1. The later implies the assertion of the theorem.

Given any sub-sequence of a,,, take a corresponding further sub-sequence n;,
so that G =, G° and G =,, GO, for some GO and GO.

Denote by G the joint distribution of 61, ..., 8,, when the parameters are sam-
pled independently from G", as if the parameters are sampled with replacement
from the set {61, ...,0,}. We denote by G% the joint distribution of 64, ...,60,
when the sampling is done without replacement. Note that, for any function 1,

Egn Zw(m = Egyp Zw(m (6)

We keep the notations that for any function 1, Eqy(Y) is the expectation
when 0 ~Gand Y |0 ~ f(y | 0).

By Lemma 1 in the Appendix, under both sequences of joint measures G}’
and Gy,

— Z log(f@nj (}/z)) —a.s. Ego IOg(féO (Y)) (7)

Similarly, under both sequences of joint measures G5’ , and G}?
1 nj
— > log(fgn (i) —a.s. Egolog(foo(Y)). (8)
7 =1

By definition of (" as GMLE, L 3™ log(fen, (¥)) > 2 3, log(fam (Y:)),
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thus under the sequence of measures G5’ :

B log(fgo(Y) = lim = S log(f, (12)

7 i=1
> lim nij 271 log(fgni (Yi))
— Egolog(fen(Y)),
Since fgo = argmax;, Fgolog(fc(Y)), we obtain that:
oo log(fa0 (Y)) < Eao log(fo (V). (10)
From the last two inequalities we obtain:
Egolog(feo(Y)) = Egolog(fe (Y)).

By the identifiability assumption A4, and by concavity of the log function,
argmax s, Egolog(fa(Y)) is unique, and G° = G°.
This concludes our proof. O

Remark. In compound decision, where 04, ...,0, are fixed, it is desired to
estimate 7; = 1(0;). Then, the goal is to approximate the optimal separable
estimator, some times also termed optimal simple symmetric estimator. Under
a squared loss, the later estimator for 7;, given an observation Y;, is Egn (n(0;) |
Y:), see, e.g., [25, 2]. In our triangular array setup, our weak convergence result,
implies under suitable conditions [Egn(n(6;) | Y;) — Egn(n(6s) | Y3)] — 0. A
simple such possible additional condition in our triangular array setup, is that
liminf fgn (™) > 0.

4. Simulations

In this section, we simulate the estimation of ng = Egn(0), where n(6;) = p;, un-
der both models (i) and (ii). In all of the following simulations, for convenience,
ng equals 0.5. For any parameter configuration, the number of repetitions is 50.

We compute the GMLE G via EM algorithm on a grid. As suggested by [15],
we search for a “confined GMLE” where we confine our search to distributions
with a finite and specific support. Our choice of a specific support is ad-hoc,
see some rigorous treatment in [4]. The search for GMLE among distributions
on the specific grid via EM-algorithm, is also the approach in [19], see further
elaboration there.

The grids for (6;1,60;2) contain 40 x 40 = 1600 equally spaced grid points in
a range that fits the relevant problem. The parametrization in Model (ii) is via
a two dimensional Poisson, as explained in Section 3.1.1. The EM algorithm
started with G uniform on the grid and ran for 1000 iterations.
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TABLE 1
Poisson Simulation discrete G. The estimated mean and standard deviations of two
estimators.

| Support points of (A,p)) || The naive estimator | The GMLE |

(2,0.4),(1,0.6) 0.486, (0.014) 0.503, (0.020)

(2,0.2),(1,0.8) 0.453, (0.015) 0.496, (0.018)

(2,0.2),(0.5,0.8) 0.385, (0.013) 0.505, (0.022)
TABLE 2

Poisson simulation with continuous G. The distribution of X is U(0.5,1), for the first 500
strata, and U(0.5,2) for the remaining strata. The binary probabilities p! corresponding to
the first 500 strata are given the table. The binary probabilities of in the rest of the strata are
1 — pl. The table gives estimates of the mean and standard deviation of the two estimators.

[ p" ] Naive | GMLE |
0.4 || 0.513, (0.015) | 0.500, (0.023)
0.3 || 0.529, (0.017) | 0.501, (0.027)
0.2 || 0.538, (0.016) | 0.491, (0.027)

4.1. Poisson sample sizes

Table 1 presents the results of Model (ii) with 2-points support distribution G.
There are 500 strata corresponding to each of the two points in the support of
G. The table presents the mean and the sample standard deviation of the naive
and the GMLE estimators for 7g.

In Table 2 we report on one such set of simulations. In the three cases pre-
sented in Table 2 there are again 500 strata of two types. The probability p!
of first 500 strata is fixed while for the rest of the strata the probability is
p!! = (1 —p!). The Poisson parameter \ is continuous in all the three cases and
is chosen from a uniform distribution, U(0.5,1) in the first 500 strata and from
U(0.5,2) in each of the remaining 500 strata.

4.2. Binomial sample sizes

We next study Model (i), where K;, the realized sample size from stratum g,
is distributed B(k;,m;). Again, our simulated populations have two types of
strata, 500 of each type. In the simulations reported in Table 3, k; = 4 for all
of the 1000 strata, and ng = 0.5 throughout the three simulations summarized
in the table. In 500 strata m; = p; = 0.5 — § while in the other 500 strata,
T = Pi :05+5

The final reported simulations are summarized in Table 4. We study Binomial
sampling with various values of «, fixed at k = 1,...,5. Again, there are two
types of strata, 500 strata for each of the two types; for 500 strata p; and m; are
sampled independently from U(0.1, 0.6), while for the rest of the strata they are
ii.d. from U(0.4,0.9).

It is surprising how well the GMLE is doing already for x = 2, 3, in spite of
the non-identifiability of G and the inconsistency of the GMLE.
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TABLE 3
The mean and standard deviation of two estimators. Binomial Simulation. k =4 and
i =p; =05%6.

| 1) || Naive | GMLE |
0.3 || 0.559, (0.012) | 0.502, (0.014)
0.2 || 0.522, (0.011) | 0.504, (0.012)
0.1 0.504, (0.010) | 0.501, (0.010)

TABLE 4
Binomial Simulations with continuous G. k=1,2,3,4,5.

[ K “ Naive | GMLE |
1 0.544, (0.019) | 0.530, (0.015)
2 || 0.528, (0.014) | 0.502, (0.021)
3 || 0.522, (0.014) | 0.498, (0.022)
4 0.517, (0.012) | 0.499, (0.020)
5 || 0.512, (0.009) | 0.501, (0.013)

5. Confidence Interval for ng

Although the GMLE 7 is an appealing estimator, we do not know how good is
its performance, beyond the consistency results we established. This is especially
under non-identifiability where consistency is not implied. In the following we
suggest an asymptotically level-(1 —«) conservative confidence interval for ng =
Ecn(f). We only elaborate on defining the corresponding convex optimization
problem. Implementing and solving the sketched convex optimization problem,
could be challenging.

Let Z = Z(Y) be a random variable with M possible outcomes, z;, j =

M. One may think of M “chosen cells” in a goodness of fit test. The
considerations for the choice and for the number of cells is beyond the scope
of this section, in particular M(n) = M is fixed. Then the densities fy (y | 6)
induce densities fz(z | 0), 6 € Q. Denote

v = PolZ = 2) = [ F2(z | 9)dG(0);
denote p/ = W =24, j=1,.., M, where n; is implicitly defined. Recall

that:

an log(p an log pG)) =G X(M 1)
j

Let X?Mfl),lfa’ be the (1 — a) quantile of a X%Mq) distribution. Define
={G : an log(pl) > Zn] log(p X(M 1),1— alt-

Observe that T',, is a convex set of distributions.
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The functional n(G) = Egn(0), is a linear functional.
Let
L : .U
= win 9(G); 7 = max n(G).

By the above, finding (n*,1Y) is a convex problem, and in addition the later
interval is a (1 — a) conservative confidence interval for Eqn(0).

The above set T'y, is in the spirit of the F-localiztion in [11]. While our sug-
gestion for the choice of Z(Y) is ad-hoc, as often done in goodness of fit tests,
they carefully elaborate on optimal choices of ‘affine estimators’

It may be shown that the above is also a conservative (1 — a)-level CI for
> n(6;) for fixed 61, ...,0,, and also a (1 — a)-level conservative credible set for
> n(6;) when 04, ...,60,, are independent realizations 6; ~ G.

6. Real data example

Our example is based on data from the Social-Survey conducted yearly by Israel
Census Bureau (ICB). A random sample representing a 1/1000 fraction of the
age 20 or older individuals in the registry is drawn. The home addresses of those
in the sampled are verified and they are interviewed in person.

We study here the data accumulated for Tel-Aviv, in the surveys collected
during 2015-2017. The total sample size in those three years is 1256. There are
156 ‘statistical-areas’ in Tel-Aviv, very roughly of equal size, about 3000 indi-
viduals in each. This means that around three individuals are sample from each
statistical area. Statistical-areas are considered homogeneous in many respects,
and we take them as our strata.

Let K; be the sample size in stratum i, ¢ = 1,...156, then our data satisfy
K; > 0,i=1,..,156. (Admittedly, we neglected a few small statistical-areas
that actually had zero sample sizes). In our analysis, p; is the proportion of
individuals in stratum ¢ that own their living place (or, it is owned by a member
of their household). The goal is to estimate n~1 Y p;, roughly the proportion of
individuals that own their living-place.

The naive estimator is applicable since K; > 0, i = 1, ..., 156. The estimated
proportion obtained by the naive estimator is:

! En Xi _ 0.434
=1
On the other hand, the ‘extreme collapse’ estimator, satisfy:

> Xi
> K

The significant difference between the two estimates has to do also with the
fact that strata are, in fact, not of equal size. But, more importantly for us,
the ‘extreme collapse’ seems to over estimate the proportion, since owners are
over represented in the sample. One reason is that their address in the registry

= 0.488.
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TABLE 5
Home ownership in Tel-Aviv. Performance of the two estimators as function of sampling
rate.

[ 7 [] Naive [ GMLE |
0.1 [[ 0471 [ 0.457

0.2 0.467 0.443
0.25 0.447 0.434

is more accurate and thus it is easier to find them. In other words, individuals
are not MCAR (missing completely at random). This phenomena is partially
corrected by the stratification, when MAR (missing at random) conditional on
the fine strata is approximately right.

In Table 5 we compare the GMLE and the naive estimators in semi-real
simulated scenarios in which only a randomly sub-sampled with probability -y, of
the described sample, is retained. The average estimates based on 25 simulations
applied on the real data with v = 0.1,0.2,0.25, are presented in Table 5. The
(random) number of simulated strata with zero sample sizes, corresponding to
v =0.1,0.2,0.25, are around 70, 40, and 30, correspondingly.

It is reasonable to assume that the number of observations in the strata are
Poisson random variables. Thus, the sample sizes K; in the simulated sub-sample
are Poisson(\;) too, i = 1,...,156. The naive estimate based on the entire data
equals 0.434, which is a reasonable benchmark, since that based on the entire
data we have no empty strata.

In the semi-real simulations the GMLE seems to perform much better than
the naive estimator.

7. Appendix

Lemma 1. Assume the setup of Section 3.3, Assumptions A1-Ab5, and the
notion of the proof of Theorem 4. Then, under both G’ and G4,

i)

n;

S 108y (V) s, B log(feo (V) (1)

7 i=1

i) N
LS 108 (V) s, B log(feo (V) (12)

7 =1

Proof. We prove part i).
First we show that:

lim Egn; log(fen; (Y)) = Egolog(fee(Y)). (13)

Note that by A2 for every € > 0, there exists large enough m > 0, such that for
every G',G" € {G},

|EG1 logf //(Y) X I(h(Y) < m) — Eq logf //(Y)| < €,
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here I is an indicator function.
Hence, (13) is implied by the following,

lim By 0g( Sy (V) % 1(h(Y) < m)

= lim Bgalog(fgn, (V) x I(h(Y) < m) X f;;((yf
= Egolimlog(fgn, (Y)) x I(h(Y) < m) x fGn'( )
" fao(Y)

—  Eoolog(fea(Y)) x I(h(Y) < m).

The above is by Lebesgue dominating convergence theorem, applying A2. Note

that, the likelihood ratio f;’;g((yY)) is bounded when A(Y) < m. Equation (13)
follows by letting m — oo and utilizing A2.
Under G, the proof will follow, by Borel Cantelli, if we show that for every

€ > 0:

Z (‘ ilog(fc‘;"j (Y:)) — Egns log(fen; (Y))’ > e) < o0. (14)
i1

n;

The complication in the above is that in the terms fzn; (Y;), the random
function fan; depends on its argument Y;. We will prove (14) through the
following steps.

In fact, the convergence in equation (14) is of a sub-series n;, but also the
original series converges. Indeed, in the sequel we consider the original series
with a general index n. Let log(¥) € {log(fg), G € {G}}, be a fized function,
in particular, independent of the observations. Then for every € > 0

(’ Zlog — Egn log(W (Y))’ > e) < w/n?,

for a suitable large enough x. The above is by is by Markov inequality, utiliz-
ing the bounded fourth moment assumption A2, and the fact that under G}
(sampling with replacement), Y;, i = 1,...,n, are independent.

Note, that by tightness, {G} is compact under the weak convergence topology,
since that every sequence G* has a converging sub-sequence. For every ¢ > 0
and M > 0, by A5 and compactness of {G}, we may find a finite cover of L
open sets, and corresponding functions ¥q,..., ¥, ¥; € {fg}, such that for

every fo € {fa}

: M) (M)
in lo — log(W 0o < €. 15
ve(w,. ,\I’L [ g( ) g( )| € (15)

Next, since L is finite, the above considerations coupled with Bonferroni,
imply that:

Zlog NP — Egn log(W(Y ))‘>e)<fi/n2, (16)
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for a suitable large enough «.
Now we show that in Equation (14), for large enough M, we may neglect the
terms where |log(fgn;i (Y;))| > M. For every e > 0, for large enough M, a.s.,

msup~ S0 Jlog(fe. (Vi) < e

i: [log(fen (Yi))|2M

This follows since |log(fan (Yi))| < h(Y;), and by A2, coupled with Borel Can-
telli. Hence, in the following, considering large M, we may neglect

LS leg(fe M)

n
it [log(fgn (Yi))|[>M

By (15) we may conclude, by taking large enough M, that for every € > 0,

P, n( sup
Te{ fa}!'M
for a suitable large enough K.

Equation (14) follows by the last equation and the above.

The Lemma is now implied by Borel Cantelli, for the case G'7, of sampling
with replacement.

The convergence under G;j is obtained by comparing sampling with re-
placement to sampling without replacement. Let S, = S log(¥(Y;)). Then,
EGTJ- Sﬁj > EG;J- S4 It may be seen by applying Rao-Blackwell on the convex
function g(S,;) = Sn , when conditioning on k;, ¢ = 1,...,n;, where k; is the
number of times 6; was sampled in the sampling with replacement process, that
defines G77. The implied bounded 4’th moment of S,,, under G3’, coupled with
(6), implies (14), along the lines of the above, under G5’. This concludes our
proof. O

Zlog — Egn log(\Il(Y))‘ > e) <w/n?,  (17)
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