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Abstract: Mixture of experts (MoE) are a popular class of statistical
and machine learning models that have gained attention over the years
due to their flexibility and efficiency. In this work, we consider Gaussian-
gated localized MoE (GLoME) and block-diagonal covariance localized
MoE (BLoME) regression models to present nonlinear relationships in het-
erogeneous data with potential hidden graph-structured interactions be-
tween high-dimensional predictors. These models pose difficult statistical
estimation and model selection questions, both from a computational and
theoretical perspective. This paper is devoted to the study of the problem
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of model selection among a collection of GLoME or BLoME models charac-
terized by the number of mixture components, the complexity of Gaussian
mean experts, and the hidden block-diagonal structures of the covariance
matrices, in a penalized maximum likelihood estimation framework. In par-
ticular, we establish non-asymptotic risk bounds that take the form of weak

oracle inequalities, provided that lower bounds for the penalties hold. The
good empirical behavior of our models is then demonstrated on synthetic
and real datasets.

MSC2020 subject classifications: Primary 62H30, 62E17; secondary
62H12.

Keywords and phrases: Mixture of experts, linear cluster-weighted mod-
els, mixture of regressions, Gaussian locally-linear mapping models, clus-
tering, oracle inequality, model selection, penalized maximum likelihood,
block-diagonal covariance matrix, graphical Lasso.

Received May 2021.

Contents

1 Imtroduction. . . . . . . . . . .. L 4744
1.1 Mixture of experts models . . . . .. .. ... ... ... ... 4744
1.2 Goals . . . . . . 4745
1.3 Related literature . . . . . .. . . .. ... ... ... . ..., 4746
1.4 Main contributions . . . . . . . ... ... . . 4746
1.5 Main challenges . . . . . . ... ... L 4748
1.6 Organization . . . .. ... ... ... o 4749
2 Notation and framework . . . . . . . ... .. oL oL 4749
2.1 GLoME and BLoME models . . . ... ... .......... 4749
2.1.1 Gaussian gating networks . . . ... ... ... L. 4752
2.1.2 Gaussian experts . . . . . ... ..o 4752
2.2 High-dimensional regression via GLLiM and BLLiM models . . 4754
2.3 Collection of GLoME and BLoME models . . . . ... ... .. 4756
2.4 Loss functions and penalized maximum likelihood estimator . . 4757
3 Main results of finite-sample oracle inequalities . . . . . . . ... .. 4758
3.1 Deterministic collection of GLoME models . . . . . . . ... .. 4758
3.2 Random subcollection of BLoME models . . . . . ... ... .. 4760
3.3 Practical application of finite-sample oracle inequalities . . . . 4761

4 Proofs of finite-sample oracle inequalities and main mathematical chal-
lenges . . . . ... 4763
4.1 Proof for deterministic collections of GLoME models . . . . . . 4763

4.1.1 A general conditional density model selection theorem for
deterministic collection of models . . . . .. ... ... 4763
4.1.2  Sketch of the proof for LinBoSGaME models . . . . .. 4765
4.1.3  Our contributions on the proof for GLoME models . . . 4768
4.2 Proof of random subcollection of BLoME models . . . ... .. 4770

4.2.1 A model selection theorem for MLLE among a random sub-
collection . . . . .. .. Lo 4770

4.2.2  Sketch of the proof for BLOME models . . . . . . .. .. 4771


https://mathscinet.ams.org/mathscinet/msc/msc2020.html

4744 T. Nguyen et al.

4.2.3 Our contributions on BLoME models . . .. ... ... 4771
5 Numerical experiments . . . . . . ... ... Lo 4773
5.1 The procedure . . . . . . . . . ... 4773
5.2 Simulated datasets. . . . ... ... ... L . 4774
5.3 Ethanoldataset . .. .. ... ... .. ... .. .. ... ... 4789
6 Conclusion and perspectives . . . . . . .. ... L oL 4789
A Our contributions on lemma proofs . . . . . . ... ... ... .... 4796
A.1 Proof of Lemma 2.1: Inverse regression trick . ... ... ... 4796
A.1.1 Elliptically symmetric distributions . . . . . . . . .. .. 4797
A.1.2 Relation between forward and inverse regression . . . . 4799
A.2 Proof of Lemma 4.5: Bracketing entropy of Gaussian gating net-
WOTKS . . . . e e e e 4801
A21 Proofof Lemma A5 . .. ... ... ... ........ 4802
A22 Proofof Lemma A.G ... ... ... ... ........ 4803
A.3 Proof of Lemma 4.7: Bracketing entropy of Gaussian experts with
1-block covariance matrices . . . . . .. .. ... L. 4806
A4 Proof of Lemma 4.11 . . . . . . . .. ... 4807
A.5 Proof of Lemma 4.12: Bracketing entropy of Gaussian experts
with multi-block-diagonal covariance matrices . . . . . . . . .. 4808
A51 Proofof Lemma A8 . . ... ... ... ... ..., 4809
A52 Proofof Lemma A9 . .. ... ... ... ... ... . 4810
Acknowledgments . . . . .. ... 4815
References . . . . . . . . . . e 4816

1. Introduction
1.1. Mixture of experts models

Mixture of experts (MoE) models, originally introduced as neural network archi-
tectures in [48, 50], are flexible models that generalize the classical finite mixture
models as well as finite mixtures of regression models [66, Sec. 5.13]. Their flex-
ibility comes from allowing the mixture weights (or the gating functions) to
depend on the explanatory variables, along with the component densities (or
experts). In the context of regression, MoE models with Gaussian experts and
softmax or normalized Gaussian gating functions are the most popular choices
and are powerful tools for modeling more complex nonlinear relationships be-
tween outputs (responses) and inputs (predictors) that arise from different sub-
populations. The popularity of these conditional mixture density models arise
largely due to their universal approximation properties, which have been studied
in [49, 81, 74, 45, 73, 75], and which improve upon approximation capabilities
of unconditional finite mixture models, as studied in [41, 85, 80, 43, 44, 78, 77].
Detailed reviews on the practical and theoretical aspects of MoE models can be
found in [101, 59, 72, 76].

In this paper, we wish to investigate MoE models with Gaussian experts and
normalized Gaussian gating functions for clustering and regression, first intro-
duced by [99], which extended the original MoE models of [48]. From hereon
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in, we refer to these models as Gaussian-gated localized MoE (GLoME) mod-
els and block-diagonal covariance for localized MoE (BLoME) models, and we
provide their precise definitions in Section 2.1. Furthermore, the original MoE
models with softmax gating functions will be referred to as linear-combination-
of-bounded-functions softmaxz-gated MoE (LinBoSGaME) regression models. In
particular, we simply refer to affine instances of LinBoSGaME models as
softmaz-gated MoE (SGaME) regression models. It is worth pointing out that
the BLoME models generalize GLoME models by utilizing a parsimonious co-
variance structure, via block-diagonal structures for covariance matrices in the
Gaussian experts. It is also interesting to point out that supervised Gaussian
locally-linear mapping (GLLIM) and block-diagonal covariance for Gaussian
locally-linear mapping (BLLiM) models in [26] and [34] are affine instances of
GLoME and BLoME models, respectively, where the latter pair consider general
linear combination of bounded functions instead of affine for mean functions of
Gaussian experts, in the prior pair.

One of the main disadvantages of LinBoSGaME models is the difficulty of ap-
plying an expectation—maximization (EM) algorithm [27, 65], which requires an
internal iterative numerical optimization procedure (e.g., iteratively-reweighted
least squares, Newton-Raphson algorithm) to update the softmax parameters.
To overcome this problem, we instead use the Gaussian gating network that
enables us to link BLoME with hierarchical Gaussian mixture model. Then,
the maximization with respect to the parameters of the gating network can be
solved analytically with the EM algorithm framework, which decreases the com-
putational complexity of the estimation routine. Furthermore, we can then also
make use of well-established theoretical results for finite mixture models.

We note here that both GLoME and BLoME models have been thoroughly
studied in the statistics and machine learning literatures in many different
guises, including localized MoE [86, 87, 69, 15], normalized Gaussian networks
[90], MoE modeling of priors in Bayesian nonparametric regression [83, 82],
cluster-weighted modeling [47], deep mixture of linear inverse regressions [55], hi-
erarchical Gaussian locally linear mapping structured mixture (HGLLiM) model
[95], multiple-output Gaussian gated mixture of linear experts [73], and approx-
imate Bayesian computation with surrogate posteriors using GLLiM [39].

1.2. Goals

Our main goal is to learn potentially nonlinear relationships between a multi-
variate output and a high-dimensional input issued from a heterogeneous pop-
ulation. This involves performing regression, clustering and model selection,
simultaneously. While estimation can be performed using standard EM algo-
rithms, it crucially depends and requires data-driven hyperparameter choices,
including the number of mixture components (or clusters), the degree of com-
plexity of each Gaussian expert’s mean function, and the hidden block-diagonal
structures of the covariance matrices. Recall that hyperparameter choices of
data-driven learning algorithms belong to the class of model selection problems,
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which have attracted a lot of attention in statistics and machine learning over
the past 50 years [1, 58, 2, 60, 3]. Specifically, given a set of models, how do
we select the one with the lowest possible risk from the data? Note that penal-
ization is one of the main strategies proposed for model selection. It suggests
choosing the estimator that minimizes the sum of its empirical risk and some
penalty terms corresponding to the fit of the model to the data while avoiding
overfitting.

1.3. Related literature

In general, model selection for MoE models is often performed using the Akaike
information criterion (AIC) [1], the Bayesian information criterion (BIC) [91]
or the BIC-like approximation of integrated classification likelihood (ICL-BIC)
[10]. An important limitation of these criteria, however, is that they are only
valid asymptotically. This implies that there is no finite-sample guarantee when
using AIC, BIC or ICL-BIC, to choose between different levels of complexity.
Their use in small samples is, therefore, ad hoc. To overcome such difficulties,
[11] proposed a novel approach, called the slope heuristics, supported by a non-
asymptotic oracle inequality. This method leads to an optimal data-driven choice
of multiplicative constants for the penalties. Recent reviews and practical issues
concerning the slope heuristic can be found in [8, 3] and the references given
therein.

It should be emphasized that a general model selection result, originally es-
tablished by [60, Theorem 7.11], ensures a penalized criterion leads to a good
model selection and that the penalty is known only up to multiplicative con-
stants and is proportional to the dimensions of models. In particular, these
multiplicative constants can be calibrated by the slope heuristic approach in a
finite-sample setting. Then, in the spirit of the methods based on concentration
inequalities developed in [60, 61, 22, 23], a number of finite-sample oracle type
inequalities have been established for the least absolute shrinkage and selection
operator (LASSO) [94] and general penalized maximum likelihood estimators
(PMLE). These results include the works for high-dimensional Gaussian graph-
ical models [33], Gaussian mixture model selection [62, 63, 64], finite mixture
regression models [68, 28, 29, 31, 32], and LinBoSGaME models, outside the
high-dimensional setting [70].

1.4. Main contributions

To the best of our knowledge, no attempt has been made in the literature to
develop a finite-sample oracle inequality for the framework of MoE regression
models for high-dimensional data. In this paper, our first original contribu-
tion is to provide finite-sample oracle inequalities, Theorems 3.1 and 3.2 for
high-dimensional GLoME and BLoME models, respectively. More specifically,
we establish non-asymptotic risk bounds that take the form of weak oracle
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inequalities, provided that the lower bounds on the penalties are true, in high-
dimensional GLoME and BLoME models, based on an inverse regression strat-
egy and block-diagonal structures of the Gaussian covariance matrices experts.
Unlike traditional criteria such as AIC, BIC, or ICL-BIC, which are based on
asymptotic theory or a Bayesian approach, our contributed non-asymptotic risk
bounds allow the number n of observations to be fixed while the dimensionality
and cardinality of the models, characterized by the number of covariates and
the size of the response, are allowed to grow with respect to n and can be much
larger than n.

In particular, our oracle inequalities show that the Jensen—Kullback-Leibler
loss performance of our PMLEs is comparable to that of oracle models if we
take sufficiently large constants in front of the penalties, whose shapes are only
known up to multiplicative constants and proportional to the dimensions of the
models. These theoretical justifications for the shapes of the penalties motivate
us to make use of the slope heuristic criterion to select several hyperparameters,
including the number of mixture components, the degree of polynomial mean
functions, and the potential hidden block-diagonal structures of the covariance
matrices of the multivariate predictors.

Moreover, in Theorem 3.1, we extends a corollary of [70, Theorem 1], which
can be verified via Lemma 1 from [75], which makes explicit the relationship
between softmax and Gaussian gating classes.

Another significant contribution is the numerical experiments for simulated
and real data sets in Section 5 that support our theoretical results, and the sta-
tistical study of non-asymptotic model selection in GLoME models. To the best
of our knowledge, instead of using classical asymptotic approaches for model
selection such as AIC, BIC and ICL-BIC, we are the first to illustrate that
the slope heuristic works well for MoEs with Gaussian experts and normalized
Gaussian gating networks such as GLLiM, BLLiM, GLoME, and BLoME mod-
els. Note that our main objective here is to investigate how well the empirical
tensorized Kullback—Leibler divergence between the true model (s§) and the
selected model ?1?1 follows the finite-sample oracle inequality of Theorem 3.1, as

well as the convergence rate O(n~!) of the error upper bound. Therefore, we
focus on 1-dimensional data sets. Beyond the statistical estimation and model
selection purposes considered here, the dimensionality reduction capability of
GLLiM and BLLiM models in high-dimensional regression data, can be found
in [26, Section 6] and [34, Sections 3 and 4], respectively.

Specifically, besides the important theoretical issues regarding the tightness of
upper bounds, how to integrate a priori information, and a minimax analysis of
our proposed PMLESs, our finite-sample oracle inequalities and the correspond-
ing illustrative numerical experiments help to partially answer the following two
important questions raised in the field of MoE regression models: (1) What is
the number of mixture components K to choose, given the sample size n; and
(2) Whether it is better to use a few complex experts or a combination of many
simple experts, given the total number of parameters. Note that such problems
are also considered in the work of [67, Proposition 1], where the authors provided



4748 T. Nguyen et al.

some qualitative guidance and only suggested a practical method for choosing
K and d, involving a complexity penalty or cross-validation. Furthermore, their
model is only non-regularized maximum-likelihood estimation, and thus is not
suitable for the high-dimensional setting.

Lastly, we emphasize that although the finite-sample oracle inequalities com-
pare performances of our estimators with the best model in the collection, they
also allow us to approximate a rich class of conditional densities if we take
enough clusters and/or a high enough degree d of polynomials in the mean of
the functions of Gaussian experts, in the context of mixture of Gaussian experts
[49, 67, 74, 45, 75]. This leads to the upper bounds of the risks being small.

1.5. Main challenges

For the Gaussian gating parameters, the technique for handling the logistic
weights in the SGaME models of [70] is not directly applicable to the GLoME or
BLoME framework, due to the quadratic form of the canonical link. Therefore,
we have to propose a reparameterization trick' to bound the metric entropy of
the Gaussian gating parameters space; see (36) and Lemma 4.5 for more details.

To work with conditional density estimation in the BLLiM and BLoME mod-
els, it is natural to make use of a general conditional density model selection
theorem from [22, 23], see also Theorem 4.1 for its adaption to our context.
However, it is worth mentioning that since the collection of models constructed
by the BLLiM model [34] or by some appropriate procedures for BLoME models
in practice is usually random, we have to utilize a model selection theorem for
MLE among a random subcollection (cf. [29, Theorem 5.1] and [33, Theorem
7.3]).

In particular, our collections of BLoME models must satisfy certain regularity
assumptions, see Section 4.2.3 for details, which are not easy to verify due to the
complexity of BLoME models and technical reasons. For BLoME models, the
main difficulty in proving our oracle inequality lies in bounding the bracketing
entropy of the Gaussian gating functions and Gaussian experts with block-
diagonal covariance matrices. To solve the first problem, we need to use our
previous trick of reparametrizing the Gaussian gating parameter space. For the
second one, based on some ideas of Gaussian mixture models from [41, 62],
we provide a novel extension for standard MoE models with Gaussian gating
networks. Note that our important contributions also extend the recent result on
block-diagonal covariance matrices in [33], which is only developed for Gaussian
graphical models.

In addition, there are two possible ways to decompose the bracketing entropy
of collection models based on different distances. As mentioning in Appendix
B.2.1 from [70], their decomposition boils down to assuming that the predictor

1Note that we only use this nomenclature to perform a change of variables of the Gaussian
gating parameters space of GLoME models via the logistic weights of SGaME models. This
reparameterization trick does not stand for the well-known one of variational autoencoders
(VAESs) in deep learning literature (see [52], for more details).
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domain is bounded. And this limiting assumption can then be relaxed by using
a smaller distance, namely a tensorized extension of the Hellinger distance d®®
n (22), but bounding the corresponding bracketing entropy becomes much more
difficult. Nevertheless, it is important to point out that we are able to weaken
this limiting assumption by using the smaller distance: d®®, for the bracketing
entropy of our collection of BLoME models, see Lemma 4.10 for more details.
This reinforces our original contributions concerning the control of bracketing
entropy of BLoME models.

1.6. Organization

The rest of this paper is organized as follows. In Section 2, we present the
notation and framework for GLoME, and BLoME models and their special
cases, GLLiM, and BLLiM models. In Section 3, we state the main results of
this paper: finite-sample oracle inequalities satisfied by the PMLEs. Section 4 is
devoted to the proofs and main mathematical challenges in establishing our new
finite-sample oracle inequalities. We experimentally evaluate our new results in
simulated and real datasets in Section 5. Some conclusions and perspectives
are provided in Section 6. The proofs of technical lemmas can be found in
Appendix A.

2. Notation and framework

From now on, for any L € N*, we write [L] to denote the set {1,...,L}. We
are interested in estimating the law of the random variable Y = (Y;)
conditionally on X = (Xj)je[D
(X[n], Y[n]) = (X, Yi)ie[n] denotes a random sample, and x and y stands for
the observed values of the random variables X and Y, respectively. The following
assumptions will be needed throughout the paper. We assume that the covariates
X are independent but not necessarily identically distributed. The assumptions
on the responses Y are stronger: conditional on Xy,), Y|, are independent,
and each Y follows a law with true (but unknown) PDF s (- | X = x), which
is approximated via MoE models. For a matrix A, let m(A) and M(A) be,
respectively, the modulus of the smallest and largest eigenvalues of A.

JELL]
- Here and subsequently, given any n € N*,

2.1. GLoME and BLoME models

Motivated by an inverse regression framework, where the role of predictor and
response variables will be exchanged such that Y becomes the input and X plays
the role of a multivariate output, we consider GLoME and BLoME models with
inverse conditional probability density functions (PDFs) of the form (1). This
construction goes back to the work of [57, 99, 26, 84|, and is very useful in a
high-dimensional regression context, where typically D > L. In this way, we
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define PDF of X conditional on Y =y as follows:

K

S (X 1Y) =D gk (Viw) ép (X3 vna(y), Zi) , (1)
k=1

ah (y; w) _ ;kﬁbL (YE Cr, Fk) . (2)

> =1 ™oL (y5¢5,T5)

Here, gx(;w) and ¢p (;vr4(), Bk), k € [K], K € N*, d € N*, are called nor-
malized Gaussian gating functions (or Gaussian gating networks) and Gaussian
experts, respectively. Furthermore, we decompose the parameters of the model
as follows: ¢K,d = (w,vd,Z) € Qx X TK,d X Vg =: qlK,d, w = (TI',C,]._‘) S
(HK—l X CK X VI/() =: QK, ™ = (ﬂ'k)ke[K]v Cc = (Ck>k€[K]’ I = (Fk)ke[K]’
vy = (vkvd)ke[K] € TK,d7 and X = (zk)ke[K] € Vg. Note that Il =
{(ﬂ'k)ke[K] e (R, S = 1} is a K —1 dimensional probability simplex,
Ck is a set of K-tuples of mean vectors of size L x 1, V}; is a set of K-tuples
of elements in SZ'+, where SLH denotes the collection of symmetric positive
definite matrices on RE, Y K.d is a set of K-tuples of mean functions from RE
to R depending on a degree d (e.g., a degree of polynomials), and V is a set
containing K-tuples from SZT.

Recall that GLLiM and BLLiM models are affine instances of GLoME and
BLoME models, and are especially useful for high-dimensional regression data,
since there exist link functions between the inverse and forward conditional den-
sity; see Figure 1 for comprehensive classification and nomenclature of standard
MokE regression models with Gaussian gating networks. Note that the principle
of inverse regression is only useful when the functions vy 4(y) are linear, be-
cause there is no explicit way to express the law of Y | X from that of X | Y for
higher degree of polynomials. However, to have more consistent notations with
the previous affine results of GLLiM, BLLiM models from [26, 34], we decide to
use the inverse regression frameworks instead of the forward one.

In the BLoME model, we wish to make use of block-diagonal covariance
structures by replacing Xy and Vg with X (Bg) and Vg (B), defined in (3),
respectively (see, e.g., [34, 33]). This block-diagonal structures for covariance
matrices are not only used to trade-off between complexity and sparsity but
is also motivated by some real applications, where we want to perform predic-
tion on data sets with heterogeneous observations and hidden graph-structured
interactions between covariates; for instance, for gene expression data sets in
which conditionally on the phenotypic response, genes interact with few other
genes only, i.e., there are small modules of correlated genes (see [34, 33] for
more details). To be more precise, for k € [K], we decompose Xy, (By) into Gy,

blocks, G, € N*, and we denote by dgf] the set of variables into the gth group,
for g € [G], and by card (dgcg]) the number of variables in the corresponding

set. Then, we define By, = (dgf]> ) to be a block structure for the cluster
9€|Gk

k, and B = (Byg) re[k] to be the covariate indexes into each group for each clus-
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ian Locally-Linear

Fic 1. A comprehensive classification and nomenclature of standard MoE regression models
with Gaussian gating networks.

ter. In this way, to construct the block-diagonal covariance matrices, up to a
permutation, we make the following definition: Vi (B) = (Vi (Bg))e (g, for
every k € [K],

= o 0
0o x 0 )
3 (Bg) =Py P,
k
Vi (By)=< 2k (Bg) € SpF 0 0 0
0 o0 IR
(9] ++
Ek < Sca d(dEﬁ)’Vg € [Gk]

Here, P corresponds to the permutation leading to a block-diagonal matrix
in cluster k. It is worth pointing out that outside the blocks, all coefficients
of the matrix are zeros and we also authorize reordering of the blocks: e.g.,
{(1,3);(2,4)} is identical to {(2,4);(1,3)}, and the permutation inside blocks:
e.g., the partition of 4 variables into blocks {(1,3);(2,4)} is the same as the
partition {(3,1);(4,2)}.

It is interesting to point out that the BLLiM framework aims to model a sam-
ple of high-dimensional regression data issued from a heterogeneous population
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with hidden graph-structured interaction between covariates. In particular, the
BLLiM model is considered as a good candidate for performing model-based
clustering and for predicting the response in situations affected by the “curse of
dimensionality” phenomenon, where the number of parameters could be larger
than the sample size. Indeed, to deal with high-dimensional regression prob-
lems, the BLLiM model is based on an inverse regression strategy, which in-
verts the role of the high-dimensional predictor and the multivariate response.
Therefore, the number of parameters to estimate is drastically reduced. More
precisely, BLLIM utilizes GLLiM, described in [25, 26], in conjunction with a
block-diagonal structure hypothesis on the residual covariance matrices, to make
a trade-off between complexity and sparsity. This prediction model is fully para-
metric and highly interpretable. For instance, it can be used for the analysis of
transcriptomic data in molecular biology to classify observations or predict phe-
notypic states; see e.g., [42, 71, 56]. Indeed, if the predictor variables are gene
expression data measured by microarrays or by the RNA-seq technologies, and
the response is a phenotypic variable, the BLLiM model not only provides clus-
ters of individuals based on the relation between gene expression data and the
phenotype, but also implies a gene regulatory network specific to each cluster
of individuals (see [34] for more details).

In order to establish our finite-sample oracle inequalities, Theorems 3.1 and
3.2, we need to explicitly impose some classical boundedness conditions on the
parameter space.

2.1.1. Gaussian gating networks

We shall restrict our study to bounded Gaussian gating parameter vectors.
Specifically, we assume that there exist deterministic positive constants ar, Ae,
ar, Ar, such that w belongs to Qg , where

Qe — {w € Qe vk € (K], flenll. < Ao

arSm(I‘k)SM(I‘k)SAF,aﬂ-Sﬂ'k}. (4)

2.1.2. Gaussian experts

Following the same structure for the Gaussian mean experts from [70], the set
Y k,q will be chosen as a tensor product of compact sets of moderate dimen-
sion (e.g., a set of polynomials of degree smaller than d, whose coefficients are
smaller in absolute values than T ). Then, Y 4 is defined as a linear combi-
nation of a finite set of bounded functions whose coefficients belong to a com-
pact set. This general setting includes polynomial bases when the covariates are
bounded, Fourier bases on an interval, as well as suitably renormalized wavelet
dictionaries. More specifically, X i 4 = ®ke[K]Tk,d = Tf’d, where Y, g = Yy 4,
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Vk € [K], and

d
Yoa={yr (Z aE”goT,i(y)) = (Va;(¥)jeppy ¢ 1@l <Tx ¢ (5)
=1 Jj€(D]

Here, the subscript b stands for “bounded functions”, d € N*, Ty € R*, and
((,D'r’i)ie[ 4 1s a collection of bounded functions on Y. In particular, we focus on
the bounded ) case and assume that ) = [0, 1]¥, without loss of generality. In
this case, ¢y ; can be chosen as monomials with maximum (non-negative) degree
d:y" = Hle y;'- Recall that a multi-index r = (r),¢(7) , 71 € N*U{0}, VI € [L],
is an L-tuple of nonnegative integers. We define |r| = ZIL:1 r; and the number
|r| is called the order or degree of y*. Then, Yk 4 = Tffd, where

d
Toa=y— | DY ally = (va;(¥))jerp)  letlloe < T oo (6)
Ir1=0 jelD]

Here, the subscript p stands for “polynomial”.

For GLoME models, note that any covariance matrix 3j can be decomposed
into the form BkPkAkPkT, such that B, = \Ek|1/D is a positive scalar corre-
sponding to the volume, Py, is the matrix of eigenvectors of X and Ay the diag-
onal matrix of normalized eigenvalues of Xy; B_ € RY, B, € RT, A(A_,\}) is
a set of diagonal matrices Ay, such that [Ay| =1 and Vi € [D], A\~ < (Ay),;,; <
As, where A_; Ay € R; and SO(D) is the special orthogonal group of dimension
D. In this way, we obtain what is known as the classical covariance matrix sets

described by [20] for Gaussian parsimonious clustering models, defined by
Vic = { (BiPLAKP]), )V € (K], B- < By < By,
P, € SO(D), Ay € A\_,\s) } (7)
For the block-diagonal covariances of Gaussian experts from BLoME models,

we assume that there exist some positive constants A, and Ap; such that, for
every k € [K],

Vi (B) = { (S (By)) o) € Vic (B) :
0< /\m < m(Z}k (Bk)) <M (Ek (Bk)) < )\M} (8)

Note that this is a typical assumption and is also used in the block-diagonal
covariance selection for Gaussian graphical models of [33].

Next, characterizations of GLLiIM and BLLiM models are provided in Sec-
tion 2.2.
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2.2. High-dimensional regression via GLLiM and BLLiM models

The GLLiM and BLLiM models, as originally introduced in [26, 34], are used to
capture the nonlinear relationship between the response and the set of covariates
from a high-dimensional regression data, imposed by a potential hidden graph
structured interaction, typically in the case when D > L, by the K locally affine
mappings:

K
Y:§n(zzk)(A;X+b;+Ez). (9)

Here, I is an indicator function and Z is a latent variable capturing a cluster
relationship, such that Z = k if 'Y originates from cluster k € [K]. Cluster
specific affine transformations are defined by matrices A} € RL*P and vectors
b} € R, Furthermore, Ej, are error terms capturing both the reconstruction
error due to the local affine approximations and the observation noise in R”.

Following the common assumption that Ej is a zero-mean Gaussian variable
with covariance matrix ¥j € RE*E | it holds that

p(Y=y|X=x7Z=kv%) =2, (y;Aix+ b}, X}), (10)

where we denote by 17 the vector of model parameters and @y, is the PDF of
a Gaussian distribution of dimension L. In order to allow the affine transfor-
mations to be local, X is defined as a mixture of K Gaussian components as
follows:

p(X=x|Z=kvk) =p (x;¢;,T) . p(Z = k;py) = mp, (11)

where ¢ € RP Ty € RPXP g+ = () e € M1, and My, is the K — 1
dimensional probability simplex. Then, according to formulas for conditional
multivariate Gaussian variables and the following hierarchical decomposition

K
p(Y =y, X=x;9%) = > mi®p (x;:¢,T}) @1 (v Afx + b, 1),
k=1
we obtain the following forward conditional density [26]:
K

p(Y=y|X=x9})=>_

Py Zszl 71';?(1>D (x; c;f,l";-)

7 ®p (x;¢5,T)

®p (y; Apx + by, X7,
(12)

where ¢ = (7*,0% ) €l _1 X O =: ¥y Here, 0% =(c;, T}, A}, by, EZ)kE[K]
and
O} = (R x SHH(R) x REXP x RE x S7H(R))™ .
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Without assuming anything on the structure of parameters, the dimension of
the model, denoted by dim (-), is defined as the total number of parameters that
has to be estimated, as follows:

dim(lll})K<1+D(L+1)+D<D+1)+L(L+1)+L> Y

2 2

It is worth mentioning that dim (¥g) is typically very large compared to
the sample size (see, e.g., [26, 34, 84] for more details in their real data sets)
whenever D is large and D > L. Furthermore, it is more realistic to make
assumption on the residual covariance matrices X}, of error vectors Ej rather
than on T'j, (cf. [26, Section 3]). This justifies the use of the inverse regression
trick from [26], which leads a drastic reduction in the number of parameters to
be estimated.

More specifically, in (12), the roles of input and response variables were ex-
changed such that Y becomes the covariates and X plays the role of the mul-
tivariate response. Therefore, its corresponding inverse conditional density is
defined as a Gaussian locally-linear mapping (GLLiIM) model, based on the
previous hierarchical Gaussian mixture model, as follows:

p(Z = ki) = mi, (13)
p(Y=y|Z=kvg)=2L(y;cr, k), (14)
pX=x|Y=y,Z=Fkvg)=2p (x; Ay + bi, Zp), (15)

K
TP ;c, I

P(X=x|Y=yig) =) = AL, @ p(x; Apy+by, Ep),

=1 =1 Pr(yics, I'y)

(16)

where Xy, is a D x D covariance structure (usually diagonal in GLLIM models,
chosen to reduce the number of parameters) automatically learned from data and
1 is the set of parameters, denoted by ¥, = (7,0k) € Ix_1 X O =: Pk
It is important to note that the BLLiM model imposes block-diagonal structures
on (Xg) ke[k] tO make a trade-off between complexity and sparsity.

The following interesting feature of both GLLiM and BLLiM models is proved
in Appendix A.1.

Lemma 2.1. The parameter 1% in the forward conditional PDF, defined in
(12), can then be deduced from 1y in (16) via the following one-to-one corre-
spondence:

Ck cy Ajc + by
T, r; S+ AT A
by, b (T, 'er — A = 'by)
* _ _ -1
k) kelx] X/ kei) (T +ATZ Ay) ke[K]
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2.3. Collection of GLoME and BLoMFE models

For GLoME, we only need to choose the degree of polynomials d and the number
of components K among finite sets Dy = [dmax] and K = [Kax], respectively,
where dpax € N* and Kpnax € N* may depend on the sample size n. We wish
to estimate the unknown inverse conditional density sy by inverse conditional
densities belonging to the following collection of models (Sm)y,c - Here, we
define M = {(K,d) : K € K,d € Dy}, and

S = {(6.3) = 5,0, (x | ¥) =5 sl | ) :

¢K7d:(w,vd,2)GﬁKXTKdeVK}, (18)

where sy, Qx, Y i.q and Vg are define previously in (1), (4), (6) (or more
general (5)) and (7), respectively.

While for the BLoME model, we also need to select B from a list of can-
didate structures (Bk)ex) = (B)yepr), Where B denotes the set of all pos-
sible partitions of the covariables indexed by [D], for each cluster of indi-
viduals. The collection of BLoME models is defined as follows: (Sm)caq

M = {(K7d7B) . KekK,deDy,Be (B)kem},

S = { 063) 7 590, ¥) = mx |9
VYiap = (W,ve, 2 (B)) € QU x T x Vi (B) } (19)

where sy, |, o Qx, Yk 4, and Vi (B) are defined in (1), (4), (6) (or more
generally (5)), and (8), respectively. In theory, we would like to consider the
whole collection of models (Sm),,c - However, the cardinality of B is large;
its size is a Bell number. Even for a moderate number of variables D, it is
not possible to explore the set B, exhaustively. We restrict our attention to a
random subcollection B® of moderate size. For example, we can consider the

BLLiM procedure from [34, Section 2.2].

Remark 2.2. It is worth noting that we can also define the collection of the
forward GLoME and BLoME models in the same framework as in (18) and (19),
respectively. For example, in GloME models, the unknown forward conditional
density s is estimated via the following collection of forward models (S}, ), c 40
with M = K x Dy, and

S = {3) > s (v | %) = sty | %)

Wic = (@03 B € Qe x Thoa x Vie = Treaf, (20)

where &TZ;(, Y 4 and Vi are defined similar to (4), (6) (or more general (5))
and (7), respectively.
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Motivated by the inverse conditional densities (16) and the one-to-one cor-
respondence in Lemma 2.1, for the sake of simplicity of notation, we only state
our main Theorems 3.1 and 3.2 for the collection of inverse models (Sm), e vq
in (18) and (19), respectively. However, our finite-sample oracle inequalities,
Theorems 3.1 and 3.2 can be applied to the forward model (S},),,c ¢ €stab-

lished in (20), if we consider y and x as realizations of predictors and response
variables, respectively.

2.4. Loss functions and penalized maximum likelihood estimator

In the maximum likelihood approach, the Kullback—Leibler divergence is the
most natural loss function, which is defined for two densities s and ¢ by

Jgp In (%) s(y)dy if sdy is absolutely continuous w.r.t. tdy,

+00 otherwise.

KL(s,t) = {

However, to take into account the structure of conditional densities and the ran-

dom covariates (Y[n})v we consider the tensorized Kullback—Leibler divergence
KL®", defined as:

n

%ZKL(S(-|Yi),t('|Yi))

i=1

KL®(s,1) = By, : (21)

if sdy is absolutely continuous w.r.t. tdy, and +oo otherwise. Note that if the
predictors are fixed, this divergence is the classical fixed design type divergence
in which there is no expectation. We refer to our result as a weak oracle inequal-
ity, because its statement is based on a smaller divergence, when compared to
KL®" namely the tensorized Jensen—Kullback-Leibler divergence:

n

%Z%mwum%wwnumnmumﬂ7

i=1

n _
JKLE"(s,t) = Ey,,

with p € (0,1). We note that JKLE™ was first used in [22, 23]. However, a version
of this divergence appears explicitly with p = % in [60], and it is also found im-
plicitly in [12]. This loss is always bounded by %ln lip but behaves like KL®",
when ¢t is close to s. The main tools in the proof of such a weak oracle inequal-
ity are deviation inequalities for sums of random variables and their suprema.
These tools require a boundedness assumption on the controlled functions which
is not satisfied by —In SS—';‘, and thus also not satisfied by KL®". Therefore,

we consider instead the use of JKL?“. In particular, in general, it holds that
n n n 1. s 1—
C,d%en < JKL? < KL®", where C, = 5 min (Tp,l) (ln (1 + ﬁ) — p)

(see [22, Prop. 1]) and d?®" is a tensorized extension of the squared Hellinger
distance d2®", defined by

<W%M=MMEZ¥@unmumﬂ. (22)
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Moreover, if we assume that, for any m € M and any sy, € Sm, SodA <K SmdA,
then (see [70, 22])
G
2+ In|[so/smll
In the context of MLE, given the collection of conditional densities Sy,, we
aim to estimate sg by the conditional density S, that maximizes the likeli-
hood (conditionally to (yi)ie[n]) or equivalently that minimizes the negative
log-likelihood (NLL), which we can write as:

KL®" (80, $m) < JKL?“(so,sm). (23)

Sm = argmmz —Iln[sm (x; | ¥4)] -
$m€Sm =1
We should work with almost minimizer of this quantity and define a 7-log-
likelihood minimizer as any Sy, that satisfies:

n

> —In[fm (x| yi)] < inf Z In [sm (% | ¥3)] + 7, (24)

i=1 $mESm T
where the error term 7 is necessary to avoid any existence issue, e.g., the infimum
may not be reached. Roughly speaking, the Ekeland variational principle asserts
that, for any extended-valued lower semicontinuous function which is bounded
below, one can add a small perturbation to ensure the existence of the minimum,
see e.g., [14, Chapter 2]. This framework is also used in [22, 23, 70].

As always, using the NLL of the estimate in each model as a criterion is not
sufficient. It is an underestimation of the risk of the estimate and this leads to
choosing models that are too complex. In the context of PMLE, by adding a
suitable penalty pen(m), one hopes to create a trade-off between good data fit
and model complexity. For a given choice of pen(m), the selected model S, is
chosen as the one whose index is an 7'-almost minimizer of the sum of the NLL
and this penalty:

Z In [ SA (x; | yi)] +pen (m)< inf {Z —1In[8m (%; | yi)]—&-pen(m)} +1.

i=1 meM | ;5
(25)

Note that s~ is then called the 1’-penalized likelihood estimate and depends on
both the error terms 7 and 7. From hereon in, the term selected model (estimate)
or best data-driven model (estimate) is used to indicate that it satisfies the
definition in (25).

3. Main results of finite-sample oracle inequalities
3.1. Deterministic collection of GLoME models

Theorem 3.1 provides a lower bound on the penalty function, pen(m), which
guarantees that the PMLE selects a best data-driven model that performs al-
most as well as the best model. We highlight our main contribution and briefly
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establish the proof of Theorem 3.1 in Section 4.1.3. A more detail technical
proof can be found in Appendices A.2 and A.3.

Theorem 3.1 (Finite-sample oracle inequality for GLoME models). Assume
that we observe (x[n],y[n]), arising from an unknown conditional density sg.
Given a collection of GLoME models, (Sm)menqs there is a constant C' such
that for any p € (0,1), for anym € M, 2y e RT, 2 =3 e < oo and
any C1 > 1, there is a constant k depending only on p and Cy, such that if for
every index m € M,

pen(m) > £ [(C + 1nn) dim (Sm) + 2m] , (26)

then the 1'-penalized likelihood estimate 5, defined in (24) and (25), satisfies

Ex,. vy, [JKLE" (s0,52)] < C1 inf < inf KL®" (s0, sm) + 2 en(m))
meM \sm€ESm n

o= +7
KOE |
n n

+ (27)

It is worth noting that Theorem 3.1 extends a corollary of [70, Theorem 1],
which can be verified via Lemma 1 from [75], which makes explicit the relation-
ship between softmax and Gaussian gating classes.

Note that we only aim to construct upper bounds and do not focus on the
important question of the existence of the corresponding lower bounds or mini-
max adaptive estimation. However, as a special case of GLoME models, [62, 64]
consider a collection of univariate Gaussian mixture models having the same
and known component variance. They show that the PMLE s~ is minimax
adaptive to the regularity 3, 5 > 0, of univariate density classes Hg whose log-

arithm of the elements is locally g-Holder, with convergence rate n_% up to
a power of In(n). Although this result is stated for the Hellinger risk, it remains
valid for the Kullback—Leibler divergence if we further assume that In (||s/t||)
is uniformly bounded on U a1.Sm, see e.g., Lemma 7.23 in [60]. Note that this
assumption guarantees that the Kullback—Leibler divergence and the Hellinger
distance are equivalent.

A special case of GLoME models, namely model-selection (nearly-D-sparse)
aggregation in mixture models, is considered by [17, 9, 89, 18, 24] and is related
to our model selection results. More precisely, the authors of [89] did not consider
PMLEs with Kullback-Leibler loss but only with Lo-loss or aggregation of a
finite number of densities. Similarly, the results from [17, 9] dealt with the La-
loss and investigate the Lasso and the Dantzig estimators, respectively, suitably
adapted to the problem of density estimation. With respect to the Kullback—
Leibler loss, [18] established model selection type oracle inequalities with high
probability rather than in expectation. In particular, a bound in expectation
with Kullback-Leibler loss in [24] is perhaps the most relevant reference to our
result. They established exact oracle inequalities with a rate-optimal remainder
term ((In K) /n)l/ 2 up to a possible logarithm correction, in the problem of
convex aggregation when the number K of components is larger than n'/2. It
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is worth noting that they did not consider PMLEs as we do or as [62, 64], see
e.g., (25). Instead, the constraint that the weight vector in the mixture model
belongs to the probabilistic simplex acts as a sparsity-inducing penalty. However,
in their collection of mixture models, the mixture components are deterministic
and chosen from a dictionary obtained on the basis of previous experiments or
expert knowledge rather estimated from data. The adjective exact refers to the
fact that the “bias term” KL®" (s, sm) is not multiplied by factor strictly larger
than one as in our Theorem 3.1.

To the best of our knowledge, providing a minimax analysis for the PMLEs
or the problem of model-selection (nearly-D-sparse) aggregation in the context
of standard MoE models is still an open question. In particular, it is not trivial
to extend such optimal risk bounds regarding Gaussian mixtures, see e.g., [64,
Theorem 2.8] or [24, Theorems 2.3 and 3.1}, to standard MoE models. However,
we wish to provide such a minimax analysis in future research.

In contract to Theorem 3.1, in Theorem 3.2, we consider a random subcollec-
tion of models M, included in the whole collection M. This is particularly useful
in a high-dimensional context where we cannot test all the models. Therefore,
we have to restrict ourselves to a smaller subcollection of models, which is then
potentially random.

3.2. Random subcollection of BLoMFE models

Note that the constructed collection of models with block-diagonal structures
for each cluster of individuals is designed, for example, by the BLLiM procedure
from [34], where each collection of partitions is sorted by sparsity level. Nev-
ertheless, our finite-sample oracle inequality, Theorem 3.2, still holds for any
random subcollection of M, which is constructed by some suitable tools in the
framework of BLoME regression models. We highlight our main contribution
and briefly establish the proof of Theorem 3.2 in Section 4.2. A more detailed
technical proof can be found in Appendices A.4 and A.5 and Section 4.2.3.

Theorem 3.2 (Finite-sample oracle inequality for BLoME models). Let
(X[n]> ¥[n]) be observations coming from an unknown conditional density so. For
each m = (K,d,B) € (K x Dy x B) = M, let Sy, be define by (19). Assume
that there exists T > 0 and ek > 0 such that, for all m € M, one can find
Sm € Sm, such that

KL®" (50,5m) < inf KL®" (sq,t) + ﬂ’ and Sm > € Sp. (28)
t€Sm n

Neat, we construct some random subcollections (Sm), 5y of (Sm)men by let-

ting M = (IC X Dy X BR) C M, where B® is a random subcollection B, of

moderate size. Consider the collection (§m)m€/\~4 of n-log likelihood minimizers

satisfying (24) for all m € M. Then, there is a constant C such that for any
p € (0,1), and any C1 > 1, there are two constants k and Cy depending only on
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p and Cy such that, for every inder, m € M, zp, € RT, 2= Y omem €™ < 00
and

pen(m) > k[(C +1Inn) dim(Sm) + (1 V 7)zm] , (29)

the n'-penalized likelihood estimator s~ , defined as in (25) on the subset McC
M, satisfies

EX ), ¥ 1 [JKLS?H (30@&)}

S CIEX[W],Y[W] inf ( inf KL®H (So, t) + 2M>
o me/\] tE€Sm n
n + n

+02(1vT)— +—
n

(30)

It is worth mentioning that the comparison of the two inequalities in The-
orems 3.1 and 3.2 involves the following major differences. First, to control
the random subcollection, in Theorem 3.2, we further assume condition (28).
However, this is not a strong assumption and is satisfied, for example, if sq is
bounded, with a compact support. Assumption (28) is needed because we con-
sider a random subcollection from the whole collection. Thanks to this assump-
tion, we can utilize Bernstein’s inequality to control the additional randomness.
It is important to stress that the parameter 7 depends on the true unknown den-
sity sg and cannot be explicitly determined for this reason. It appears not only
in the oracle type inequality (30), but also in the penalty term (29). However,
in some special cases of BLoME models, for instance finite mixture regression
models, we can construct a larger penalty independent of 7 to obtain an oracle
type inequality but the price to pay for getting rid of 7 in the risk bound is the
increased value of error upper bound, see Appendix C in [32] for more details.
Second, the constant = associated to the Kraft-type inequality for the collection
appears squared in the upper bound of the oracle inequality in Theorem 3.2.
This is because of the random subcollection M of M, if the model collection is
fixed, we get a linear bound as in Theorem 3.1.

3.3. Practical application of finite-sample oracle inequalities

It is important to mention that Theorems 3.1 and 3.2 provide some theoretical
justification regarding the penalty shapes when using the slope heuristic for our
collection of MoE models, including GLLiM, GLoME, BLLiM, BLoME models.

More precisely, our oracle inequalities show that the performance in JKL?“
loss of our PMLEs are roughly comparable to that of oracle models if we take
large enough constants in front of the penalties, whose forms are only known up
to multiplicative constants and proportional to the dimensions of models. This
motivate us to make use of the slope heuristic criterion to select our data-driven
hyperparameters, including the number of mixture components, the degree of
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polynomial Gaussian expert’s mean functions, and the potential hidden block-
diagonal structures of the covariance matrices of the multivariate predictor, see
more in Section 5.

To be more precise, we consider the condition (31) for GLoME models. As
shown in the proof of Theorem 3.1, in fact we can replace the assumption on
pen(m) by a milder one. More precisely, given a constant €, which we specify
later, there is a constant x depending only on p and Cy, such that for every
index m € M, pen(m) is bounded from below by

<d1m( )( (f+f) < (\/E+\/%;l2dim(sm))+>+z’“>' (31)

In our numerical experiment, namely, Figures 3 and 4, we confirm the validity
of the linear penalty shape assumption, which supports the use of penalties
proportional to the dimension. This implies that the logarithm terms are not
detected in practice as shown in Figures 3 and 4 and thus only the preponderant
term in dim (Sy,) is retained in the penalty form.

In particular, based on Appendix B.4 from [22], we can make explicit the
dependence of the theoretical constant «, with respect to p and C; as follows. For
instance, in Theorem 3.1, given any p € (0,1) and C; > 1, define €pen =1 —

c
Then « is determined by g
2 72C €pen
ro (55 + 1) (14 i +1) g
K= + —,
2C €pen 0
where ¢4 is a given positive constant and
2(2 1 1—
Kpy = Mw‘ﬁ - - (35@,\/5—&—12—}—16 /_p> ,
14+ e p(1—p) P
Ky < 27, Kkh = ; 42 + ——
p(1—p) 4\/
For example, if p = , Ci1 =2,¢eq =1, k = 27, then €pen = 1 — C% — %,
Kl =3, K| =56 + 162\/5, Kh =84 4+ 3, and
1 1—
C, = - min (—p,1> (m (1 n L) —p) — 9221,
p p I—p
K /= 2126069. (32)

According to the previous example, we can see that the theoretical penalty is
lower bounded by x, which can be large in practice. This result is not surprising
since, according to [22, Appendix B.4, page 40, line 7], if we choose €; small
enough then x scales proportionally to

1 P

Cop(1 = p)épen (1—p)2 (ln ( + % ) - p)
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and thus explodes to +0o when p goes to 1 and C goes to 1. Therefore, it is
important to study a natural question as to whether the constant x appearing in
the penalty can be estimated from the data without losing theoretical guaranties
on the performance? No definite answer exists so far for MoE regression mod-
els, however at least our numerical experiment in Section 5 shows that the slope
heuristic proposed by [11] may lead to a good practical solution. In particular,
we seek to mathematically and fully justify the slope heuristic in MoE regression
models as in least-squares regression on a random (or fixed) design with regres-
sogram (projection) estimators, respectively, see [11, 5, 4, 3] for greater details.
Furthermore, as is often the case in empirical processes theory, the constant s
appearing in the bound is pessimistic as shown in (32). Numerical experiments
in Section 5 show that there is a hope that this is only a technical issue. For
instance, Figures 5 and 6 show that the practical values of &, selecting by slope
heuristic, are generally very small compared to the theoretical values.

4. Proofs of finite-sample oracle inequalities and main mathematical
challenges

4.1. Proof for deterministic collections of GLoMFE models

The deterministic collection of MoE models include GLLiM, GLoME, SGaME
and LinBoSGaME models, where finite-sample oracle inequalities have only been
well studied for the latter two models [22, Theorem 2], see also [23, Theorem
2.2.] and [70, Theorem 2]. We first summarize this general model selection the-
orem and the techniques that [70] used to control the bracketing entropy of
LinBoSGaME models with softmax gating networks in Sections 4.1.1 and 4.1.2,
respectively. Then, we explain why such techniques can not be directly applied
to our collection of GLoME models via Section 4.1.3 and propose our approach
to highlight the main issues and our contributions.

4.1.1. A general conditional density model selection theorem for deterministic
collection of models

Before stating a general model selection theorem for conditional densities, we
have to present some regularity assumptions.

First, we need an information theory type assumption to control the com-
plexity of our collection. We assume the existence of a Kraft-type inequality for
the collection [60, 6].

Assumption 4.1 (K). There is a family (zm)meprg 0f non-negative numbers
and a real number = such that

== Z e "™ < +4o0.
meM

For technical reasons, a separability assumption, always satisfied in the set-
ting of this paper, is also required. It is a mild condition, which is classical
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in empirical process theory [97, 96]. Assumption 4.2 allows us to work with a
countable subset.

Assumption 4.2 (Sep). For every model Sy, in the collection (Sm)y,c a4, there
exists some countable subset SI, of Sm and a set X}, with (X \ X},) = 0,
where v denotes Lebesque measure, such that for everyt € Sy, there exist some
sequences (tk)k>1 of elements of S.,, such that for every y € Y and every

X € X, In (1 (x | y)) 25225 In (2 (x | ).

Next, recall that the bracketing entropy of a set .S with respect to any distance
d, denoted by H4((d,S5)), is defined as the logarithm of the minimal number
Njj.a(0,S) of brackets [t~,¢T] covering S, such that d(t~,t") < d. That is,

N[.]’d(é,S)::min{neN*:El[t,;,t;c"]k[ std(ty, ) < U ty b }
. (33)

Here, s € [t; .t} ] means that t (x,y) < s(x,y) <t (x,y), V(x,y) € X x V.
We also need the following important Assumption 4.3 on Dudley-type integral

of these bracketing entropies, which is often utilized in empirical process theory
[97, 96, 53].

Assumption 4.3 (H). For every model Sy in the collection S, there is a non-
decreasing function ¢ such that § — %Qﬁm(é) is non-increasing on (0,00) and
for every § € RT,

é
A \/H[»],d‘x’“ (57 Sm (ga 5))d5 S (bm((S),

where Sm (5,0) = {Sm € Sm : d®" (5, 8m) < 0}. The model complezity of Sm s

then defined as Dy = nd2,, where 6y, is the unique root of %gbm(é) =./nd.

Observe that the model complexity does not depend on the bracketing en-
tropies of the global models Sy,, but rather on those of smaller localized sets
Sm (5,0). We are now able to state an important weak oracle inequality, Theo-
rem 4.1, originally from [22, 23, Theorem 2].

Theorem 4.1. Assume that we observe (x[n],y[n]), arising from an unknown
conditional density so. Let S = (Sm)meq be an at most countable conditional
density model collection. Assume that Assumption 4.1 (K), Assumption 4.2
(Sep), and Assumption 4.3 (H) hold for every model Sy € S. Then, for any

€ (0,1) and any C1 > 1, there is a constant k depending only on p and C1,
such that for every index m € M,

pen(m) > £k (162, + zm)

with 0w is the unique T00t of 5¢m(8) = \/nd, such that the n'-penalized likelihood
estimator S~ satisfies
m
Ex

~ . . 0 en(m
Y [JKL?“ (so,sa)] < (i inf ( inf KL®" (sq, 8m) + pf())

s mMEM \5m€Sm n
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kKCLZ +17
S I L/
n

+ (34)

For the sake of generality, Theorem 4.1 is relatively abstract. Since the as-
sumptions of Theorem 4.1 are as general as possible. But from the practical
point of view, a natural question is the existence of interesting model collec-
tions that satisfy these assumptions. We will sketch the proof for collection of
LinBoSGaME models from [70, Theorem 1] and show that their result is not
directly applicable to the GLoME setting. The main reason is that the technique
for handling the linear combination of bounded functions for the weight func-
tions of logistic schemes of [70] is not valid for the Gaussian gating parameters
in GLoME models. Therefore, we propose a reparameterization trick to bound
the metric entropy of the Gaussian gating parameters space; see Section 4.1.3
for more details.

4.1.2. Sketch of the proof for LinBoSGaMFE models

To prove the main conditional density model selection theorem for LinBoSGaME
models, [70, Theorem 1], the authors have to make use of Theorem 4.1. Then,
they need to prove that their collection of LinBoSGaME models have to satisfy
Assumption 4.1 (K), Assumption 4.2 (Sep), and Assumption 4.3 (H). However,
they did not verify Assumption 4.1 (K) and Assumption 4.2 (Sep) and consid-
ered them as primative assumptions on their LinBoSGaME models because of
the complexity of LinBoSGaME models and technical reasons. Therefore, the
main difficulty remains on verifying Assumption 4.3 (H) via bracketing entropy
controls of the linear combination of bounded functions for the weight functions
of logistic schemes.
Firstly, they define the following distance over conditional densities:

sup de(s, 1) = sup ( /X (VxTy) = Vilx | y))de)m.

yey

This leads straightforwardly to d?®"(s,t) < sup,, d2(s,t). Then, they also define

K 9 1/2
supdy, (9,9') = sup (Z (\/gk(y) - \/92(y)> ) :
y Y€V \k=1

for any gating functions g and ¢’. To this end, given any densities s and ¢ over
X, the following distance, depending on y, is constructed as follows:

sup max dy (s, t) = sup max dx (sg(-,y), tx(-,¥))
y k yey kelK]

9 1/2
= sup max (/ (\/sk(x,y) — \/tk(x,y)) dx> .
yey ke[K] X
Then, they prove that definition of complexity of model Sy, in Assumption 4.3
(H) is related to an classical entropy dimension with respect to a Hellinger type
divergence d®", due to Proposition 4.2.
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Proposition 4.2 (Proposition 2 from [22]). For any 6 € (0,/2], such that
Hijaen (6, 9m) < dim(Spm,) (C'm + In (%)), the function

5>a¢m(@+ﬁ+ l(mimQ)

satisfies Assumption 4.3 (H). Furthermore, the unique solution dp, of %qﬁm (6) =
\/né, satisfies

nd2, < dim(S (\/_+\F> (

(\/_+f) dim (S )>+

Therefore, Proposition 4.2 implies that Assumption 4.3 (H) can be proved
via Lemma 4.3.

Lemma 4.3. For any 6 € (0,1/2], the collection of LinBoSGaME models, S =
(Sm)merqs Satisfies

Hy qon (6, Sem) < dim(Sim) (cm +ln (%)) .

Lemma 4.3 is then obtained by decomposing the entropy terms between
the softmax gating functions and the Gaussian experts. Note that both Lin-
BoSGaME and GLoME models share the same structures of Gaussian experts
mean, see Figure 1 again for more details. Therefore, in Section 4.1.3, we only
highlight our contributions regarding the control of bracketing entropy for the
parameter of gating network compared to [70].

More precisely, the authors of [70] rewrite the softmax gating parameters’
space as follows:

dw
WK,dw = {O} (%9 WKil,W =49y deaw,d (y) € R: max |wd| < TW R
= dedw]

Wk(Y)

= (), = O € Wi
kE[K]

Then, they also require the definition of metric entropy of the set Wg:
Hd .y (6, Wi ), which measures the logarithm of the minimal number of balls
of radius at most ¢, according to a distance d||sup|_ - needed to cover Wi where

djjsupl| . ((Sk)ke[K] ) (tk)ke[K]) = ]?El% 6up||8k( ) = ti(¥) |2 (35)
for any K-tuples of functions (sk)eigys (tk)peprg and [[sk(y) — te(y)ll, is the
Euclidean distance in R, By using Lemma 5 and Proposition 2 from [70],
Lemma 4.3 holds true if we can prove Lemma 4.4. Note that the first inequality
of Lemma 4.4 comes from [70, Lemma 4] and describes relationship between the
bracketing entropy of Px and the entropy of Wg.
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Lemma 4.4. For all § € (0, \/5], there exists a constant Cyy, such that

5 336
H[.],supy dg <5’PK> < HstuPHoo (W,WK)

< dim (Wk) (CWK +1n (2037*/5?» .

By the linearity from the construction of linear combination of a finite set of
bounded functions whose coefficients belong to a compact set, in the argument
from [70, Proof of Part 1 of Lemma 1, Page 1689], the second inequality of
Lemma 4.4 is then easily established as follows.

Proof of the second inequality of Lemma 4.4. Note that for all
W = (vak)ke[[{,l] S WK,dw7 v = (Ovvk)ke[[{fl] S WK,dwa
it holds that

djsupl, (W= V) = max [Wic = villo,

dw dW
= max su Wy Ow i — wy 0w i
kE[K—l]yeg Z ki W,z(y) ; ki W,l(y)

i=1
dw

< max wa»—wv- sup |Ow ;

T kelK -1 = i ’w’yeg‘ w.i(Y)|

<1

v

<d ]|wkw7i—wk

W max z| .
ke[K—1]i€ldw ’

Therefore, we obtain

3v/30
HstupHoc <20\/ﬁ7 WK>

3/39 K-1)d

< Hajoupi, (ma {w € RV lw| , < TW}

20VK — 1dWTW>

< (K —1dwin {1+

= (K= Lidw n( 3v/30

20VK — ldwTw <1)>
+In{ <) ].

3v3

< (K —1)dw In <\/§+

0 0O

However, proving Lemma 4.5, our equivalent of Lemma 4.4, will be much
harder and could be used for controlling the bracketing entropy for many stan-
dard MoE regression models with Gaussian gating networks, see Section 4.1.3
for more details.
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4.1.8. Our contributions on the proof for GLoME models

To prove Theorem 3.1, we also need to make use of Theorem 4.1. Then, our
model collection has to satisfy Assumption 4.1 (K), Assumption 4.2 (Sep), and
Assumption 4.3 (H).

Note that in the proof of LinBoSGaME models, the authors of [70] did not
prove Assumption 4.1 (K) and Assumption 4.2 (Sep) and considered them as
assumptions on their LinBoSGaME models because of the complexity of Lin-
BoSGaME models and technical reasons. However, in our proof for GLoME
models, we consider an explicit example where the model is defined by M =
K X Dy = [Kmax] X [dmax], Kmax; dmax € N*, leads to the Assumption 4.1 (K) is
always satisfied. It is interesting to find the optimal family (2m),,c a4 satisfying
Assumption 4.1 (K). To the best of our knowledge, this question is only partially
answered in some special cases of MoE regression models, e.g., Gaussian graph-
ical model [33], Gaussian finite mixture models [62], finite mixture of Gaussian
regression models [29, 32]. However, for the standard MoE regression models
such as LinBoSGaME and GLoME models, such question still remains open
due to the complexity of models. We hope to resolve this important and inter-
esting problem in our future work. Furthermore, note that the Assumption 4.2
(Sep) is true when we consider Gaussian densities [60].

Therefore, our model has only to satisfy the remaining Assumption 4.3 (H).
Following the same strategy as in the proof of LinBoSGaME models, the main
task for GLoME models is to establish Lemma 4.5, which is much more difficult
compared to Lemma 4.4 and is proved in Appendix A.2.

For the Gaussian gating parameters, to make use of the first inequality from
Lemma 4.4 of [70], we propose the following reparameterization trick of the
Gaussian gating space, which is defined in (2), via the logistics scheme Pk and
the nonlinear space Wy as follows:

Wk = {Y’—> (In (medr (¥ ks Tk))) e = (Wi (Y3 W) e =W (i w) s we€ QK} ,

eWr(y)

P =4y <K7> = (Gt (e W € Wic | (36)
El:l eWt (¥) k‘E[K]

We aim to provide the following important upper bound for metric entropy of
nonlinear space Lemma 4.5, which play a key step for controlling the bracketing
entropy not only for GLoME models but also for any standard MoE regression
models with Gaussian gating networks, e.g., BLLIM and BLoME models, see
again Figure 1 for comprehensive descriptions of this general class.

Lemma 4.5. For all § € (0,/2], there exists a constant Cyy,, such that

5 3v/36
Hisupy du (5’PK> < Hajoupi,, (ﬁ’wf()

< dim (W) (OWK +1n <2037\/§?>) .
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More precisely, Assumption 4.3 (H) is proved due to Lemma 4.3 and the
following Lemma 4.6 by using the fact that Eszl gwi (y) = 1,Vy € Y,Vw €
Wi and H[) gen (6, Sm) < H{,sup, d (8, Sm), which is obtained by definition of
bracketing entropy and d®"(s,t) < supy, dx(s,1).

Lemma 4.6 (Lemma 5 from [70]). Let
Gica = {X x V'3 (x,9) = (@ (% 05.a(¥), T)yerre) : va € Yica, B € Vic |

For all § € (0,+/2] and m € M,
0 0
7_[[»],supy dx (53 Sm) S 7-lH,supy dy ga PK + HH,supy maxy dx 5’ gde .

By making use of Lemma 4.6, the remaining task is to control the bracketing
entropy of the Gaussian gating functions and experts separately via Lemmas 4.5
and 4.7, which are proved in Appendices A.2 and A.3, respectively.

Lemma 4.7. For all § € (0,V/2], there exists a constant Cg,. , such that

1) 1
H[-],supy maxy, dx <ga gK,d) < dim (gK,d) (Cgk,d +In <5)> : (37)

To this end, Lemma 4.6 allows us to conclude that given € = Cyy, +
In (5Kmx\/Kmx> +Coye s

aw

4] 0
HH,supy dx (57 Sm) < H[-],supy dy, (37 PK) + H[-],supy maxy, dx <ga gK,d)

< dim(Sw) (c +ln (%)) .

Then, Proposition 4.2 leads to

ndg, < dim(Spm) 2(\/6“/%)2+ m(\/_ \/_;Ld (Sm)
¢+ 1m

Finally, Theorem 4.1 implies that for any given collection of GLoME models
(Sm)me > the oracle inequality of Theorem 3.1 is satisfied if pen(m) is bounded
from below by

K | dim(Sp) 2(\/E+ﬁ>2+ ln(\/_ \/_;d = + Zm
<+ m

+



4770 T. Nguyen et al.

4.2. Proof of random subcollection of BLoME models

The random subcollection of MoE models include BLLiM and BLoME models
where finite-sample oracle inequalities were only well studied for finite mixture
of Gaussian regression models via a model selection theorem for MLE among a
random subcollection of models in regression framework of [29, Theorem 5.1],
see also [33, Theorem 7.3]. This is an extension of a whole collection of condi-
tional densities from [22, Theorem 2], and of [60, Theorem 7.11], working only
for density estimation. In Section 4.2.1, we first summarize this theorem and the
techniques that [32] used to control the bracketing entropy of finite mixture of
Gaussian regression models with joint rank and variable selection for parsimo-
nious estimation in a high-dimensional framework. Then, we explain why such
techniques can not be applied to our collection of BLLiM and BLoME models
to highlight the main challenges and our contributions.

4.2.1. A model selection theorem for MLE among a random subcollection

We can now state the main result of [29, Theorem 5.1] for the model selection
theorem for MLE among a random subcollection.

Theorem 4.8 (Theorem 5.1 from [29]). Let (x[n],y[n]) be observations coming
from an unknown conditional density so. Let the model collection (Sm)yerq
be an at most countable collection of conditional density sets. Assume that As-
sumption 4.1 (K), Assumption 4.2 (Sep), and Assumption 4.3 (H) hold for every
me M. Let exr, >0, and Sy € Sm, such that

KL®" (59, 5m) < inf KLE™ (sq,¢ )+6K—L
tESm

and let T > 0, such that
Sm > e Tsp. (38)
Introduce (Swm) 7

lection (gm)mefxt of n-log likelihood minimizer satisfying (24) for all m € M.
Then, for any p € (0,1), and any Cy > 1, there are two constants k and Cs
depending only on p and C1, such that, for every index m € M,

a random subcollection of (Sm)me (- Consider the col-

pen(m) > Kk (D + (LV 7)zm) ,

and where the model complexity Dy, is defined in Assumption 4.3 (H), the n'-

penalized likelihood estimator 5=, defined as in (25) on the subset M C M,
satisfies

EX Y, [JKL?H (507§;ﬁ)]

[n]> ¥ [n]

< CiEx, v, | inf (inf KLE" (50, t) +2M>
mE/\/[ tes, n
Wt

+CQ(1\/T)—+
n
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4.2.2. Sketch of the proof for BLoME models

To work with conditional density estimation in the BLLiM and BLoME models,
it is natural to make use of Theorem 4.1. However, it is worth mentioning
that because the model collection constructed by the BLLiM [34] or by some
suitable procedures for BLoME models in practice is usually random, we have
to use a model selection theorem for MLE among a random subcollection (cf.
[29, Theorem 5.1] and [33, Theorem 7.3]).

More precisely, we explain how Theorem 4.8 implies the finite-sample or-
acle inequality, Theorem 3.2. To this end, our collections of BLoME models
has to satisfy some regularity assumptions, see Section 4.2.3 for more details.
For BLoME models, the main difficulty in proving our oracle inequality lies in
bounding the bracketing entropy of the Gaussian gating functions and Gaussian
experts with block-diagonal covariance matrices. To overcome the former issue,
we follow a reparameterization trick of the Gaussian gating parameters space
in (36) and Lemma 4.5. For the second one, based on some ideas of Gaussian
mixture models from [41, 62], we contribute a novel extension for standard MoE
models with Gaussian gating networks. Note that our contributions extend the
recent novel result on block-diagonal covariance matrices in [33], which is only
developed for Gaussian graphical models.

4.2.83. Our contributions on BLoME models

It should be stressed that all we need is to verify that Assumption 4.3 (H),
Assumption 4.2 (Sep) and Assumption 4.1 (K) hold for every m € M. Ac-
cording to the result from [29, Section 5.3], Assumption 4.2 (Sep) holds when
we consider Gaussian densities and the assumption defined by (38) is true if
we assume further that the true conditional density sy is bounded and com-
pactly supported. Furthermore, since we restricted d and K to Dy = [dmax]
and K = [Knax], respectively, it is true that there exists a family (2m),,c 4 and
= > 0 such that, Assumption 4.1 (K) is satisfied. Therefore, the proof for the
remaining Assumption 4.3 (H) is our novel contribution. In particular, to the
best of our knowledge, there are no results that can be directly applied to As-
sumption 4.3 (H) for BLoME models due to their complexity with the Gaussian
gating functions and Gaussian experts with block-diagonal covariance matrices.
This highlights our contributions to this challenging problem concerning the
work of [41, 62, 29, 32, 33, 70].

By using Lemma 4.3, Assumption 4.3 (H) holds true if we can prove that for

any ¢ € (0,/2], the collection of LinBoSGaME models, S = (Sm)me s satisfies

Hiqon (6, Sm) < dim(Sem) <cm +n (%)) . (39)

Proof of (39). Note that (39) can be established by first decomposing the en-
tropy term between the Gaussian gating functions and the Gaussian experts.
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Motivated by our reparameterization trick of the Gaussian gating space in Sec-
tion 4.1.3 and (36), we define Gaussian experts Gg 4.p as follows.

gK,d,B:{(Xa y) = (¢ (%5 0k,a(y): Bk (Br)))je(x) : va € Yk a, E(B)EVK(B)}'

There are two possible ways to decompose the bracketing entropy of Sy, based on
different distances. For the first approach, we can use Lemma 4.9 [70, Lemma 5]:

Lemma 4.9. For all § € (0,4/2] and m € M,

] ]
H[-],supy dx (67 Sm) < HH,supy dy, (ga PK) + HH,supy maxy, dx <5a gK,d,B) .

As mentioning in Appendix B.2.1 from [70], Lemma 4.9 boils down to as-
suming that Y is bounded. Furthermore, they also claim that this boundedness
assumption can be relaxed when using smaller distance d®® but bounding the
corresponding bracketing entropy becomes much more challenging. We success-
fully weaken such boundedness assumption via utilizing the smaller distance:
d®n, for the bracketing entropy of Sy, although bounding such bracketing en-
tropy for Wx and Gi 5 becomes much more challenging. This reinforces our new
contributions concerning the control of bracketing entropy of BLoME models.
Consequently, this leads to the second approach via Lemma 4.10 [70, Lemma 6].

Lemma 4.10. For all § € (0,/2],

§ 1)
Hipaen (6, Sm) < Hpap, (5,7)1() T H)do ey <§agK,d,B) ;

where

d%x (g+7g_) = ]EY[n] % Zdi (9+ (Y3) 79_(Yi))]
i=1

~a [P (Vi o - o ) |

=1 k=1

i=1 k=1

'1 n K
déK.d,B (¢+’ ¢7) = ]EY[n] E Z Zdi ((ﬁ: (,Yi) ) (b]: (sz))]

i n K

=By, %ZZ/X <\/(sz (x,Yi) - \/q$Zr (X’Yi)>2 dx] '

i=1 k=1

Next, we make use of Lemma 4.11, which is proved in Appendix A.4, to
provide an upper bound on the bracketing entropy of Sy, and Pg on the corre-
sponding distances d®® and dp,, respectively.

Lemma 4.11. It holds that

d®"(s,t) < supdy(s,t), and Hij,aen (0, Sm) < ”H[.]@upy .. (0,5m), (40)
y
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_ _ 4] 0
dPK (ngvg ) < Supdk(g+,g ); and H[~],d7>K (E,PK) < H[-],supydk (gatpK> .
y
(41)

Lemmas 4.10 and 4.11 imply that

1 0
Hipaen (6, 9m) < Hisup, da (5,771(> T Hdoy 4 n <§,QK,4,B) :

Based on this metric, one can first relate the bracketing entropy of Px to
Hdusupum (6, Wk ), and then obtain the upper bound for its entropy via Lem-
ma 4.5. Then, we present our main contribution for BLoME models via Lem-
ma 4.12. This lemma allows us to construct the Gaussian brackets to handle the
metric entropy for Gaussian experts, which is established in Appendix A.5.

Lemma 4.12.

0 1
H[']>dgx,d,s (5, gK,(LB) < dim (gK,d,B) (ng,d,B +In <5)> . (42)

Finally, (39) can easily proved via Lemmas 4.5 and 4.12. O

5. Numerical experiments

Note that our numerical experiments in Section 5, and the codes written in the
R programming language [93] are available in the following link:

https://github.com/Trung-TinNGUYEN/NamsGLoME-Simulation.

5.1. The procedure

We illustrate our theoretical results in settings similar to those considered by
[21] and [70], including simulated as well as real data sets. We first observe n
random samples (X;,y;) icn) from an forward conditional density s;;, and look for
the best estimate among s}, € Sy, m € M, defined in (20). We considered the
simple case where the mean experts are linear functions, which leads to GLoME
and supervised GLLiM are identical models. Our aim is to estimate the best
number of components K, as well as the model parameters. As described in more
detail in [26], we use a GLLIM-EM algorithm to estimate the model parameters
for each K, and select the optimal model using the penalized approach that was
described earlier. More precisely, in the following numerical experiments, the
GLoME model is learned using functions from the package xLLiM, available on
CRAN. Tt solves the inverse regression problem, defined in (16), and obtain the
inverse maximum likelihood estimates (MLE) (5w (%i | ¥i));e(n), m € M, then
via (17), we obtain the forward MLE (5%, (vi | %i)) ey, m € M.

According to the general procedure for model selection, we first compute the
forward MLE for each model m € M, where M = K. Then, we select the model
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that satisfies the definition (25) with pen(m) = x dim(S%,), where & is a positive
hyperparameter. The point we want to stress here is that the theoretical result
stated in Theorem 3.1 gives the general form of penalty functions but it does not
provide explicit penalties since the lower bounds on penalty functions in (26)
are defined up to an unknown multiplicative constant x and mixture parameters
are not bounded in practice. Nevertheless, Theorem 3.1 is required to justify the
shape of penalties using for the slope heuristic and allows the number of variables
D as well as responses L to be large compared to the fixed sample size n. In
particular, our Theorem 3.1 and Remark 2.2 guarantee that there exists a &
large enough for which the estimate has the desired properties. Therefore, we
need a data-driven method to choose k. According to the AIC or the BIC, we
can select Kk =1 or Kk = 1“7" An important limitation of these criteria, however,
is that they are only valid asymptotically. This implies that there are no finite-
sample guarantees when using AIC or BIC for choosing between different levels
of complexity. Their use in small sample settings is thus ad hoc. To overcome
such difficulties, Birgé and Massart [11] proposed a novel approach, called slope
heuristics, supported by a non-asymptotic oracle inequality. This method leads
to an optimal data-driven choice of multiplicative constants for penalties, e.g., Kk
in our framework. Thus, we shall concentrate our attention on the slope heuristic
for choosing the number of mixture components in our numerical experiments.

5.2. Simulated data sets

Note that our main objective here is to investigate how well the empirical ten-
sorized Kullback-Leibler divergence between the true model (sf) and the se-
lected model ?:?1 follows the finite-sample oracle inequality of Theorem 3.1, as
well as the rate of convergence of the error term. Therefore, we focus on 1-
dimensional data sets, that is, with L. = D = 1. Beyond the statistical estimation
and model selection objectives considered here, the dimensionality reduction ca-
pability of GLLiM in high-dimensional regression data, typically D > L, can
be found in [26, Section 6.

We construct simulated data sets following two scenarios: a well-specified
(WS) case in which the true forward conditional density belongs to the class of
proposed models:

®(2;0.2,0.1)
x;0.2,0.1) + ®(z;0.8,0.15)
n ®(x;0.8,0.15)
B(2;0.2,0.1) + ®(z;0.8,0.15)

soly | z) = B O (y; —5x + 2,0.09)

®(y;0.12,0.09),

and a misspecified (MS) case, whereupon such an assumption is not true:

®(2;0.2,0.1)
®(2;0.2,0.1) + P(x;0.8,0.15)
®(2;0.8,0.15)
(2;0.2,0.1) + ®(x;0.8,0.15)

so(y | z) = @ (y; 2% — 62 +1,0.09)

+3 ® (y; —0.42%,0.09) .
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Figures 2a and 2e show some typical realizations of 2000 data points arising
from the WS and MS scenarios. Note that by using GLoME, our estimator
performs well in the WS setting (Figures 2b to 2d). In the MS case, we expect our
algorithm to automatically balance the model bias and its variance (Figures 2f
to 2h), which leads to the choice of a complex model, with 4 mixture components.
This observation will be elaborated upon in the subsequent experiments.

Firstly, by using the capushe (CAlibrating Penalities Using Slope HEuristics)
package in R [8], we can select the penalty coefficient, along with the number
of mixture components K. This heuristic comprises two possible criteria: the
slope criterion and the jump criterion. The first criterion consists of computing
the asymptotic slope of the log-likelihood (Figures 3 and 4), drawn according
to the model dimension, and then penalizing the log-likelihood by twice the
slope times the model dimension. Regarding the second criterion, one aims to
represent the dimension of the selected model according to x (Figures 5 and 6),
and find &, such that if k < K, then the dimension of the selected model is large,
and of reasonable size, otherwise. The slope heuristic prescribes then the use of
k = 2k. In our simulated data sets, Figures 7 to 10 show that the jump criterion
appears to work better. The slope criterion sometimes chooses highly complex
models in the WS case, with the problem exacerbated in the MS case.

Next, a close inspection shows that the bias-variance trade-off differs between
the two examples. We run our experiment over 100 trials with K € K = [20],
using both the jump and slope criteria. The first remark is that the best choice
of K = 2 appears to be selected with very high probability, even for large
samples (n = 10000) in the WS case. This can be observed in Figures 7a, 7b, 9a
and 9b. In the MS case, the best choice for K should balance between the
model approximation error term and the variance one, which is observed in
Figures 8a, 8b, 10a and 10b. Here, the larger the number of samples n, the
larger the value of K that is selected as optimal.

From hereon in, we only focus on the jump criterion, due to its stability re-
garding the choice of K. We wish to measure the performances of our chosen
GLoME models in term of the tensorized Kullback-Leibler divergence, KL®",
which can not be calculated exactly in the case of Gaussian mixtures. There-
fore, we evaluate the divergence using a Monte Carlo simulation, since we know
the true density. We note that the variability of this randomized approxima-
tion has been demonstrated to be negligible in practice, which is also supported
in the numerical experiments by [70]. More precisely, we compute the Monte
Carlo approximation for the tensorized Kullback—Leibler divergence as follows.
First, note that the Monte Carlo approximation for tensorized Kullback—Leibler
divergence between the true model, sg, and the selected model 3}1 can be ap-
proximated as

Xn * Ak _
KL (5075,;1) =Ex
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Fic 2. Clustering deduced from the estimated conditional density of GLoME by a MAP prin-
ciple with 2000 data points of example WS and MS. The dash and solid black curves present

the true and estimated mean functions.
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F1G 5. Plot of the selected model dimension using the jump criterion with 2000 data points.
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F1G 6. Plot of the selected model dimension using the jump criterion with 10000 data points.
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F1c 7. Comparison histograms of selected K in WS case using jump criterion over 100 trials.
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F1c 8. Comparison histograms of selected K in MS case using jump criterion over 100 trials.
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F1G 9. Comparison histograms of selected K in WS case using slope criterion over 100 trials.
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:—Z Zl (M)

S5 (i | xi)

where the data x;,7 € [n], and (yi7j) n,) are drawn from sg (- | x;). Then,

je
E [KL®n (sé,é}l)] is approximated again by averaging over N, = 100 Monte
Carlo trials. Therefore, the simulated data used for approximation can be writ-
ten as (x;,y4), with i € [n],j € [n,],t € [IN].

Based on the approximation, Figures 11 and 12 show the box plots and the
mean of the tensorized Kullback—Leibler divergence over 100 trials, based on
the jump criterion. Our boxplots confirm that the mean tensorized Kullback—
Leibler divergence between 55, and s, over K € {1,...,20} number of mixture
components, is always larger than the mean of tensorized Kullback—Leibler di-
vergence between the penalized estimator ’s\*[? and s, which is consistent with
Theorem 3.1. In particular, if the true model belongs to our nested collection,
the mean tensorized Kullback—Leibler divergence seems to behave like %
(shown by a dotted line), which can be explained by the AIC heuristic. More
precisely, we firstly assume that

S:;l = {X X y > (X7y) — an = Sw;«n(y | X) . 1/):;1 c ‘I’:(n C Rdim(S:n)}

is identifiable and make some strong regularity assumptions on 5, s¢

Further, we assume the existence of dim (S},) x dim (S},) matrices A (¢y,) and
B (1y,), which are defined as follows:

0% 1n 54
Z/W ey xi>ss<y|xi>dy]7

B (4], = [ Z/alnsw* y|xi)%<y|xoss<y|x»dy].

(A (Y)]

a¢m k aIwm,l

Then, the results from [98] and [22] imply that E [KL®" (s§,5%,)] is asymptoti-
cally equivalent to

1 _
KL®" (55, 505:) + -t (B (i) A (437",

where we defined 13 = argmin, . es; KL®™ (5§, s> ).

In particular, E [KL®™ (s§, m)] is asymptotically equivalent to 5 dim (S},),
whenever sj belongs to the model collection S},. Furthermore, even though
there is no theoretical guarantee, the slope of the mean error in the misspecified
case seems also to grow at the same rate as dmg(f‘") for large enough number
of mixture components (K > 6 in the WS case and K > 9 in the MS case).

Figure 13 shows that the error decays when the sample size n grows, when
using the penalty based on the jump criterion. The first remark is that we
observed the error decay is of order ¢/n, as predicted in by the theory, where ¢
is some constant, as expected in the well-specified case. The rate of convergence
for the misspecified case seems to be slower.
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(b) 10000 data points.

Fic 11. Boz-plot of the tensorized Kullback—Leibler divergence according to the mumber of
mizture components in WS case using the jump criterion over 100 trials. The tensorized
Kullback—Leibler divergence of the penalized estimator 5% is shown in the right-most boz-plot

of each graph.
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Fic 12. Boz-plot of the tensorized Kullback—Leibler divergence according to the mumber of
mizture components itn MS case using the jump criterion over 100 trials. The tensorized
Kullback—Leibler divergence of the penalized estimator TS\I? is shown in the right-most boz-plot
of each graph.
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F1c 13. Tensorized Kullback—Leibler divergence between the true and selected densities based
on the jump criterion, represented in a log-log scale, using 30 trials. A free least-square
regression with standard error and a regression with slope —1 were added to stress the two
different behavior for each graph.
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5.3. FEthanol data set

We now consider the use of GLoME models for performing clustering and re-
gression tasks on a real data set. Following the numerical experiments from [100]
and [70], we demonstrate our model on the ethanol data set of [16]. The data
comprises of 88 observations, which represent the relationship between the en-
gine’s concentration of nitrogen oxide (NO) emissions and the equivalence ratio
(ER), a measure of the air-ethanol mix, used as a spark-ignition engine fuel
in a single-cylinder automobile test (Figures 18a and 18e). Our goal is then to
estimate the parameters of a GLoME model, as well as the number of mixture
components.

More precisely, we first use the EM algorithm from the xLLiM package to
compute the forward PMLE of (1), for each K € [12], on the Ethanol data set.
Then, based on the slope heuristic (Figures 14 to 17), we select the best model.
Given the estimators of the model chosen, we obtain the estimated conditional
density and clustering by applying the maximum a posteriori probability (MAP)
rule (Figures 18 and 19).

Because we only have 88 data points and 6 parameters per class, the EM
algorithm is strongly dependent on the random initialization of the parameters.
One solution is that we can modify slightly that procedure in order to guarantee
that at least 10 points are assigned to each class so that the estimated parameters
are more stable (cf. [70]). In this work, we wish to investigate how well our
proposed PMLE performs for detecting the best number of mixture components
for the GLoME model. Thus, we run our experiment over 100 trials with different
initializations for the EM algorithm. Histograms of selected values of K are
presented in Figures 14 and 15. Notice that it is quite unlikely that the true
conditional PDF of Ethanol data set belongs to our hypothesised collection of
GLoME models. In fact, this phenomenon has been observed in the MS case,
Figures 7 to 10, on the simulated data set. We believe that this is due to the
simplistic affine models used in our experiments. Furthermore, it seems that the
jump criterion outperformed the slope criterion in the stability of order selection
for GLoME models, as previously observed.

Based on the highest empirical probabilities in all situations, our procedure
selects K = 4 components, which is consistent with the results from [70]. It
is worth noting that if we consider the regression of NO with respect to ER,
our proposed PMLE of GLoME performs very well for both the clustering and
regression tasks (Figure 19). Here, instead of considering the variable NO as the
covariate, we use it as the response variable. Then, the resulting clustering, the
estimated mean function (black curve) and mixing probabilities are more easily
interpretable. This is very similar to the results obtained in [70].

6. Conclusion and perspectives

We have studied the PMLEs for GLoME and BLoME regression models. Our
main contributions are to establish non-asymptotic risk bounds that take the


https://cran.r-project.org/web/packages/xLLiM/index.html

4790 T. Nguyen et al.

@ -
S

=

3

E

o o4

g o©

w©

153

a

£

i
S
<o
S

T T T T T 1
2 4 6 8 10 12
Selected number of classes
(a) Jump criterion.

0
.
o
o
S 4
o

2

3

g e

6—_ o

®

L2

a

E

w
o
s
0
S 4
=)
o
s
=)

Selected number of classes

(b) Slope criterion.
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abilities.



A non-asymptotic model selection in mixture of experts models 4793

Contrast representation

=
]
84
2
o
°
° —— The regression line is computed with 7 points
T s
PeNghape(m) (labels : Model names)
(a) Slope criterion based on NO
Contrast representation
8
o
=
]

-50

=100

—— The regression line is computed with 7 points

T L & ¥ 5 & T & & T T &

PeNghaps(m) (labels : Model names)

(b) Slope criterion based on ER

Fic 17. The slope criterion corresponding to the models chosen with highest empirical prob-
abilities.



4794 T. Nguyen et al.

Equivalence Ratio
o o
Equivalence Ratio

o

o

O
(4
o

Equivalence Ratio
06 07 08 09 10 11 12

05 10 15 20 25 30 35 40
NO
(c) 3D view of the resulting conditional (d) 2D view of the same conditional den-
density based on NO with the 4 clusters. sity on NO.

o %o
o
%
0 ©

[
o
3 % 3
o
g S
9 00° °
L °° & z
) o %
ol
y )
o®
o o )
N ®0 o 1"
o o 0,
o a1
o o®
o o

07 09 x| ['xd )
Equivalence Ratio Equivalence Ratio

(e) Raw Ethanol data set based on ER. (f) Clustering by GLoME based on ER.

05 10 15 20 25 30 35 40

06 07 08 09 10 11 12

Equivalence Ratio

(g) 3D view of the estimated conditional (h) 2D view of the same conditional den-
density with the 4 clusters. sity.

Fic 18. Estimated conditional density with 4 components based upon on the covariate NO or
ER from the Ethanol data set.



A non-asymptotic model selection in mixture of experts models 4795

Equivalence Ratio
NO

2 3 4 o7 09 11
NO Equivalence Ratio

(a) Clustering based on NO (b) Clustering based on ER

Mixing probabilities.

2 3 4 07 09
NO Equivalence Ratio

(c) Gating network probabilities based on  (d) Gating network probabilities based on
NO ER

Fic 19. Clustering of Ethanol data set. The black curves present the estimated mean functions.
The size of the component mean functions corresponds to the posterior mixture proportions.

form of finite-sample weak oracle inequalities, provided that lower bounds on
the penalties hold true. We believe that our contributions help to popularize
GLoME and BLoME models as well as slope heuristics, by giving some non-
asymptotic theoretical foundations for model selection technique in this area and
demonstrating some interesting numerical schemes and experiments. In particu-
lar, we aim to provide extensions of the current finite-sample oracle inequalities,
Theorems 3.1 and 3.2, to more general frameworks where Gaussian experts are
replaced by the elliptical distributions in the future work.

Some important theoretical issues regarding the tightness of the bounds of
the PMLEs are still open. As per the SGaME models from [70], we also have
to deal with three potential issues: the differences of divergence on the left
(JKLE™) and the right (KL®") hand side, C > 1, and the relationship between

pen(m) ond the variance. The first issue is important as in general we have
JKLE™ (50, 8m) < KL®"(s0, sm). However, (23) ensures that the two divergences

are equivalent under regularity conditions. Namely, when

sup  sup |[o/smllo, < 00
mEM SmESm

Such a strong assumption is satisfied as long as X is compact, sp is com-
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pactly supported, and the regression functions are uniformly bounded, and un-
der the condition that there is a uniform lower bound on the eigenvalues of
the covariance matrices. When sg ¢ (Sm)mepqs the error bound converges to
Cyinf, cg KL®" (s, Sm), which may be large. Nevertheless, as we consider
GLoME models, some recent results from [73, 75] imply that if we take a suffi-
ciently large number of mixture components, we can approximate a broad class
of densities, and thus the term on the right hand side is small for K sufficiently
large. This improves the error bound even when sy does not belong to Sy, for any
m € M. For the last issue, it holds that %(m) is approximately proportional

%, in the parametric case, see its justification

to the asymptotic variance,
in Section 3.3.

Finally, it is also interesting to point out that the weak inequalities in Theo-
rems 3.1 and 3.2 make use of different divergences and require some regularity
assumptions to be considered proper oracle inequalities. To illustrate the strict-
ness of the compactness assumption for sy, we only need to consider sy as a
univariate Gaussian PDF, which obviously does not satisfy such a hypothesis.
This motivates [79, Theorem 3.1] to investigate an /;-ball model selection pro-
cedure and an [;-oracle inequality of SGaME with the LASSO estimator. Such
an [j-oracle inequality can be considered as a complementary to Theorem 3.1.
In particular, the most intriguing property of the li-oracle inequality is that
it requires only the boundedness assumption of the parameters of the model,
which is also required in Theorem 3.1, as well as in [92, 68, 30, 79]. Note that
such a mild assumption is quite common when working with MLE (cf. [7, 62]),
to tackle the problem of the unboundedness of the likelihood at the boundary of
the parameter space [66, 88], and to prevent it from diverging. Nevertheless, by
using the smaller divergence: J KL;‘)§n (or more strict assumptions on sg and Sy,
with the same divergence KL®" as ours), Theorem 3.1 obtain a faster conver-
gence rate of order 1/n compared to 1/+/n in the l;-oracle inequality. Therefore,
in the case where there is no guarantee of a compact support of sg or uniformly
bounded regression functions, the /;-oracle inequality gives a theoretical founda-
tion for the l;-ball model selection procedure, with the order of rate convergence
of 1/y/n, with only the boundedness assumption on the parameter space.

Appendix A: Our contributions on lemma proofs
A.1. Proof of Lemma 2.1: Inverse regression trick

We firstly aim to provide the proof of one-to-one correspondence defines the
link between the inverse and forward conditional distributions not only for the
special case of Gaussian distribution in (17) but also for elliptical distributions
(cf. [19, 38]). It is worth mentioning that the multivariate normal distribution,
multivariate ¢-distribution and multivariate Laplace distribution are some in-
stances of elliptical distributions (cf. [40, Chapter 1], [46]). Note that a state-
ment similar to the following has been proved in the linear regression setting in
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[35, Section 2.2]. We include a proof for mixture of regression models, which is
an extension to the aforementioned result.

A.1.1. Elliptically symmetric distributions

We will provide the proof of Lemma 2.1 by using some general results regarding
elliptical distributions.

Definition A.1. Let X be a D-dimensional random vector. Then X is said to
be elliptically distributed (or simply elliptical) if and only if there exist a vector
€ RP | a positive semidefinite matrix 3 € RP*P and a function ¢ : RT — R
such that the characteristic function t — ¢x_,(t) of X — p corresponds to
t— ¢ (tTEt) .t € RP. We write X ~ Ep (1, 3, ¢) to denote that X is elliptical.

The function ¢ is referred to as the characteristic generator of X. When
D =1 the class of elliptical distributions coincides with the class of univariate
symmetric distributions. Thanks to Proposition 1 from [40], it holds that every
affinely transformed elliptical random vector is elliptically distributed. More-
over, the following stochastic representation theorem, Theorem A.2, shows that
the converse is true if the transformation matrix has full rank.

Theorem A.2 (Theorem 1 from [19]). Let X be a D-dimensional random vec-
tor. Then X ~ Ep (w, X, ¢) with rank(X) = k if and only if

X =p+RAUD,

where U¥) is a k-dimensional random vector uniformly distributed on the unit
hypersphere with k — 1 dimensions S*~' = {x € RP : ||z||, =1}, R is a non-
negative random variable with distribution function F' related to ¢ being stochas-
tically independent of U, p € RP and ¥ = AAT is a rank factorization of
3 where A € RP*F with rank(A) = k.

Note that via the transformation matrix A, the spherical random vector U %)
produces elliptically contoured density surfaces, whereas the generating random
variable R determines the distribution’s shape, in particular the heaviness of the
distribution’s tails. Further, p determines the location of the random vector X.
The matrix X is called the dispersion matriz or scatter matriz of X. Therefore,
it holds that every elliptical distribution belongs to a location-scale-family [51]
defined by an underlying spherical standard distribution.

Example A.3 (Multivariate normal distribution). Let u € RP and A €
RP>*k guch that ¥ := AAT € RP*P ig positive definite. The random vec-
tor X ~ ®p (p,X) is elliptically distributed since X is representable as X =
un+ \/X_iAU("’). The underlying spherical standard distribution is the standard
normal distribution. Further, since s — exp(—s/2) is the characteristic gener-
ator for the class of normal distributions, the characteristic function of X — p
corresponds to t — ¢x_,(t) = exp (—tTEt) .t € RY,
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We next describe some important results on the conditional distributions of
elliptical random vectors (cf. [19, Corollary 5], [40, Chapter 1]).

Theorem A.4. Let X ~ Ep (u, X, ¢) with rank(X) = k. It holds that:

(a)

(b)
(c)

(d)

(¢)

(f)

E(X)=p. )

CER) L, e ,
var(X) = ==X = —2¢'(0)X, if ¢ is differentiable at 0.
The sum of independent elliptically distributed random vector with the
same dispersion matriz 3 is elliptically too. Furthermore, the sum of two
dependent elliptical random vectors with the same dispersion matriz, which
are dependent only through their radial parts R, is also elliptical [46, Theo-
rem 4.1]. More precisely, let R and R be nonnegative random variables and

let X:=u+RZ ~Ep (u, X, ) and X == i+RZ ~ Ep (ﬁ,E,a), where
(R, ﬁ), Z, and 7 are independent. Then X+ X ~Ep (p+p, X, 0%).

Affine transformation: every affinely transformed and particularly every
linearly combined elliptical random vector is elliptical, too. More formally,
for anyb e RE, A e REXP and Y = b+ AX where X = p+ RAU®
with A € RP*k it follows that Y = &y, (b +Ap, AZAT, qzﬁ) since

Y=b+A (u + RAU(k)) — (Ap+b) + RAAU®.  (43)

Marginal distribution: let P,, € {0,1}"*” (m < D) be a permutation
and deletion matriz, i.e., P, has only binary entries of 0’s and 1’s and
PmP;'; = IL,. So the transformation P,X =: Y permutes and deletes
certain components of X such that 'Y is a k-dimensional random vector
containing the remaining components of X and having a (multivariate)
marginal distribution with respect to the joint distribution of X. Then
by (43), we obtain Y ~ &, (”Pmu,PmEP;, qS) since

Y =", (u n RAU““)) = Pt + RPAUW. (44)

Conditional distribution: let X = (X1, Xs), where X1 is a k-dimensional
sub-vector of X, and let ¥ = (EH 212) € RP*P | Provided the con-

Yo oo
ditional random vector Xo | Xy = x1 exists, it is also elliptically dis-
tributed: Xo | (X1 = x1) ~ Ep—i (u*, X%, ¢*). Moreover, it can be pre-
sented stochastically by

Xy | (X) =x;) = p* + RIUPHT
and UP=F) js uniformly distributed on SP~+=1 and

R* = RVI 3| (RVIUS = 357 (1~ )

B=py + 22121_11 (X1 — 1),
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¥ = 222 — 221211 212.

where B ~ Beta (k/2,(D — k)/2) and R, B, U™ and UL~ are mutually
independent, and X* = (I'*) " T'*.

A.1.2. Relation between forward and inverse regression

Proposition 1 from [26], a multivariate extension of [47], leads to a link between
GLLiM, defined in (16) models, and a Gaussian mixture model on the joint
variable [X;Y]. This result motivates us to establish the general proof for the
relationship between forward and inverse mixture of elliptical regression models.
More precisely, we consider the following generative model, conditionally on the
cluster label:

(X Y] [(Z =k) ~Epip (my, Vi, 8), (45)

where &4 p denotes an elliptical distribution of dimension D + L, and are my,
and V, its location and scale parameters, respectively.

When applying the inverse regression strategy in the context of mixture of
elliptical locally-linear mapping, the key point is to account for (46):

K
X =Y 1(Z=k) (ArY + bi + Ey), (46)
k=1

where A;, € RP*L and vector b, € RP, and Ej, is an error term capturing
both the reconstruction error due to the local affine approximation and the
observation noise in R”, into the parameterization of my and V.. Given Z = k,
it follows from (45) that Y is also elliptical distribution by using Theorem A.4
(e) and Y can be assumed to have a location c;, € RL and a scale matrix
T, € REXL. We assume further that the error term E; ~ £ (0, ¢, , X) is an
unobserved centered elliptical random noise with residual covariance matrix Xy
of type ¢, , and is independent of Y. Then, using (46) and Theorem A.4, we
have

EX|(Z=k)) =E(ArY + b + E) = Agci + by,
var (X | (Z = k)) = var (AY) + var (E) = AT Al + 35,
cov (X, Y | (Z =k)) = ApTg,cov (Y, X) = cov (Y, A, Y) =T/ A/,

[Akck + bk:| (47)

mg = )

Ck

i+ AkI‘kAT A, T,

Vk = T k .

’ (AxT%) Ly

Note that in the forward and inverse regression problems of elliptical locally-
linear mapping (containing the Gaussian case (10), (11), (15) and (14)), by
using Theorem A.4, the joint distribution defined in (45) allows us to consider
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a mixture of linear regression problem, characterized by the following marginal
and conditional distributions:

X | (Z=k)~Ep(c;, Ty, 0), (48)
Y| (X,Z=k)= A*X+b +E;, (49)
| ( k) ~ (Ck71—‘ka¢)7 (50)
X|(Y,Z=k)=ALY + by + E, (51)

where By, ~ £ (0, ¢, , 5) and Ef ~ & (0, Bez 2;;).

Then, we claim that the joint distribution, defined in (45) and (47), leads
to the marginal and the conditional distributions of Equations (48) to (51) and
to a mapping between their mean and variance parameters. Indeed, by using
conditioning properties of elliptical distributions, see more in Theorem A.4,
implies the following marginal for X and conditional distribution for Y given
X as follows:

X | (Z =k) ~ Ep (Arcy + bi, B + AxTwA L, ) (52)
Y| (X,2 = k)~ & (mf", 5)7,0) (53)
where the explicit expression of the characteristic function 5 can be found in
[19, Corollary 5], and
@ -1
mi” =c, + T AL (S + ATRA]) (X — Agey, — by),
SV =Ty —TLA] (Sk+ AwTRA ) AT, = (T + A S AL
k—k*kk(kJFkkk) kk—(k+kk k)v
with the fact that the last equality is the Woodbury matrix identity. Note that
the locations and scale matrices of the conditional distribution do not depend
upon the third parameter of the joint distribution, and consequently, we do not
describe the explicit expression for ¢. We then utilize again the Woodbury ma-

trix identity and the symmetric property of T' to identify (48) and (49) with (52)
and (53), respectively, which implies the following important connections:

* * — _ —1
ci = Apcy + b, Tf =S + A TwA L S) = (T + AT MAL)

* —1
A; =T[A] (3 + AT A))
_ _ _ _ —1 _
=T A S, —T A/ 'A, T +ALS AL ALSY
= [Ty (T3 + AL SN AL) — TRA] S AL (T + AT S MAL) T AT S !
— (T + AL S A T AS = SAl s
* —1
b =ci + T Al () + AyTRAL)  (—Ayce, — by)
—cr+ Ty + A S AL) T AT (—Ascy — by)
_ (-1 Ty —1 -1 -1 Ty —1 Ty —1
= (Fk +Ak Ek Ak) [(Fk +Ak Ek Ak) Ck+Ak Ek (—Akck —bk)]
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Therefore, the desired results then are obtained by using the fact that the
multivariate normal distribution not only has the property of having Gaus-
sian marginal and conditional distributions [13, Sections 2.3.1 and 2.3.2] but
also belongs to elliptical distributions (detailed in Example A.3). Furthermore,
it should be stressed that several versions of multivariate ¢-distributions (e.g.,
Section 5.5, page 94 of [54], [36]) have the previous property. This leads to the
inverse regression model based on the multivariate ¢-distributions [84]. It will be
interesting to find other sub-classes of elliptically contoured distributions that
have the closedness property on marginal and conditional distribution so that
the previous inverse regression trick can be applied.

A.2. Proof of Lemma /.5: Bracketing entropy of Gaussian gating
networks

Note that the first inequality of Lemma 4.5 comes from [70, Lemma 4] and
describes relationship between the bracketing entropy of Px and the entropy of
Wp . Therefore, Lemma 4.5 is obtained by proving that there exists a constant
Cw, such that V¢ € (0, 2],

My (6. Wi) < dim (Wk) <CWK +1In (%)) , (54)

where dim (Wg) =K — 1+ KL + KL(L2+1).

In order to establish the proof for (54), we have to construct firstly the d,-
covering Ilg_1 ., of IIx_; via Lemma A.5, which is proved in Appendix A.2.1.

Lemma A.5 (Covering number of probability simplex with maximum norm).
Given any dr > 0, any 7 € Il _1, we can choose T € Ik _1,,, an dx-covering
of Ik _1, so that maxyek) | — Tk| < Ox. Furthermore, it holds that

K (2me)%/?

N (0n, g1, ||l o) < §E-T

(55)

Then, by definition of the covering number, (54) is obtained immediately
via Lemma A.6, which controls the covering number of Wy and is proved in
Appendix A.2.2.

Lemma A.6. Given a bounded set Y in RY such that Y = {y € RL : |ly||
Cy}, it holds that Wy has a covering number satisfied N (5, WK’stupHx)
Co— V) - for some constant C.

ININ

Indeed, Lemma A.6 implies the desired result by noting that

c
Hstupllm (6’ WK) =N (5, Wi, d||sup||oo) <l |:(5dim(WK):|
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= dim (Wk) {m InC+ln (%ﬂ

im0 (o + 10 (2)).

A.2.1. Proof of Lemma A.5

Note that [41, Lemma 2] provide a result for controlling a d.-Hellinger bracket-
ing of IIx_;. However, such result can not be applied for our Lemma A.5 since
they use d.-Hellinger bracketing entropy while we use d,-covering number for
the probability complex with maximum norm.

Given any m = (mp)pex) € Mr-1, let & = (§;)ye(rg Where & = /i,
Vk € [K]. Then 7 € Tl _1 if and only if £ € QT N U, where U is the surface
of the unit sphere and Q7 is the positive quadrant of R¥. Next, we divide the
unit cube in R¥ into disjoint cubes with sides parallel to the axes and sides of
length 6, /vVK. Let (Cj)je[N] is the subset of these cubes that have non-empty

intersection with QT NU. For any j € [N], let v; = (v, 1)
the cube C; and v5 = (V?,k)

ke[K] be the center of

ke[K]'
Then {Vj}jE[N] isadn/ (%/?)-covering of @t NU, since we have for any
€= (§)rex) € @7 NU, there exists jo € [N] such that £ € Cj,, and

Om

~Vijolloo = — vkl € = 56
||€ VJOHOO /?61?1}((] ‘gk Vjo,k‘ = 2\/? ( )

Therefore, it follows that Ilx_; ., 1= {I/? }je[N] is a dr-covering of ITx_ 4, since

for any m = (mk)je(x) € Hi—1, (56) leads to the existence of jo € [IV], such
that

2
Hﬂ- - V?o ||oo = kn’el[a‘;({] |£/€ - V?o,k‘ = knel[a‘;é] {|€k —Vjo,k |£k + Vj07k|}
< On max |£, + v |<—(S7T <5
~ /= X j T
oV kelw) F TS VR S

where we used the fact that maxye(xi [§), + v,k < 2. Now, it remains to count
the number of cubes N. Let 7, = {z € Q" : ||z]|, < a} and let C = Ujern Ci-
Note that C C Tiys, — Ti—s, =T, and so

Volume(T) = Volume(C) = N <j—%) "

Note that here we use the notation 7 for the Archimedes’ constant, which differs
from w = (ﬂ'k)ke[K] for the mixing proportion of the GLoME model. Then, we

define Vi (a) = a®7%/2 as the volume of a sphere of radius a. Since 2! > z%e~*
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and (1+6,)% — (1 —6,)% = K [707 2514z < 26, K (1 + 6,) 7", it follows

that o
N (O, i1, ||l o)
Volume (C) _ 1k (146x) —Vk (1 —0dx)
TR T )’
) [(1 ro) - @,)K} CK2 oKy [(1 ro)K - 5,,)K}
T oK (5,7/\/R>K (K/2)! = (7) oK

K (2me)*/?
< —————,

A.2.2. Proof of Lemma A.6

In order to find an upper bound for a covering number of Wy, we wish to
construct a finite d-covering W i, of Wi, with respect to the distance djjsup]|_ -
That is, given any 6 > 0,w (;w) € Wy, we aim to prove that there exists
w (-;@) € Wk, such that

djjsup| . (W(;w), W(5@)) = o sup Wk (y;w) =Wk (y; @) < 9. (57)

In order to accomplish such task, given any positive constants d., dr, dr, and
any k € [K], let us define

F={Y3yr~In(¢r(y;c,T)): el < Ac,ar <m () < M(T') < Ar},
Foo = {I (61 (300, Tw) : In (61 (500, Tw) € F,
Ckj € {~Cy +10e/L:1=0,....,2CyL/o 1} j € (L]}, (58)

1)
FerTw = {ln (oL (5er, ) : In (oL (50, L)) € Feps [vee (T)], ; = %',J'L—rg,

LQAFJ {LQAF

or or ” ’iG[L]’J'G[L]}, (59)

Vi = Vi € LN {{
Wgkow= {w (hw):w(w) € Wk,
Wk € [K],In (61 (0 Th)) € Fopm, 7 € HK_l,w}. (60)

Here, [-] and |-] are ceiling and floor functions, respectively, and vec (+) is an
operator that stacks matrix columns into a column vector. In particular, we
denote ITx_1,, as a dp-covering of Ilx_;, which is defined in Lemma A.5.
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By the previous definition, it holds that Vk € [K], F¢,r, C Fe, C F, and
WK,w C Wk.

Next, we claim that W, is a finite J-covering of Wy with respect to the
distance djjsyp|__ . To do this, for any w(;w) = (In(mrér (5 ¢k Th)))perg €
W, In(¢r (¢, Tx)) € F,m € IIg_1, and for any k € [K], by (58), we first
choose a function In (¢, (+; €, T'x)) € Fe, so that

L 5
€r — cklly =D [€r; — crjl < Lf = de.
=1

Furthermore, by (59), we can obtain a result to construct the covariance ma-
trix lattice. That is, any In(¢r (;€x,T'x)) € Fe, can be approximated by

In (QSL (-; 6k,f‘k>) € Fe,r, such that

Hvec (f‘k> — vec (I‘k)H = Hvec (f‘k — I‘k> H
1 1

Note that since for any k € [K], (y,ck,vec(Tk)) — In(¢r (y;c, T')) is
differentiable, it is also continuous w.r.t. y and its parameters c; and I'j.
Thus, for every fixed y € )Y, for every ¢,c, € X with ¢, < cg, and for

every f‘k, 'y, where vec (fk> < vec (I'), we can apply the mean value the-
orem (see [37, Lemma 2.5.1]) to In (¢ (y;-,Tk)) and In(¢r (y;Ck,-)) on the
intervals [, cx] and |vec (f‘k> ,vec (I‘k)} for some z., € (Ck,cr) and zr, €

(vec (fk> ,vec (I‘k.)), respectively, to get

In (¢r, (y: €, Tx)) — In (61, (yicx, T)) = (G — ck) ' Ve, In (61 (5 2e,, Tk)) »

In (q’)L (y; Ek,f‘k)) —In(¢r (y; ¢k IT'k))
= <vec (f‘k) — vec (I‘k)>T Viee(ry) In (oL (¥; €k; 21, ) -

Moreover, (y,cg,vec(IT'y)) — Ve, In (oL (y; 2c,,Tx)) and (y, cg, vec (Ty))
Veee(r,) In (oL (¥; €k, 21, )) are continuous functions on the compact set U :=

YxYxlar, AF]L2 leads to they attain minimum and maximum values (see [37,
Theorem 1.8.8]). That is, we can set

0< (Cc)lT ; ‘= max sup Ve, In|or (y; ¢, )| < 00,
T ke[K] (y,ck,vec(Ty))eU

0< (CF)I...,L2 := max sup |chc(pk) In|¢r (y; ¢k, Tk) (33)|| < 00.
ke[K] (y,ck,vec(Ty))eU
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Therefore, by the Cauchy—Schwarz inequality, we have

sup |n (61, (3 €. T)) — In (61, (v cr, Th))| < |6 — el (Ce)] 1
yey

= Cc ||Ek - Ck‘ll < Cc(sﬂ'a

525 In (¢L (Y;Ek,f‘k)) —In(¢r (}’;Ek,rk))’ <Cr HVGC (fk - Fk) Hl < Crdr,

and by using the triangle inequality, it follows that

. A A _ . < .
max stelg In (¢L (y, Ckvrk)) In (or (y; ck,l“k))‘ < Cebe + Crér.  (62)

Moreover, for every w € Ily_1, Lemma A.5 implies that we can choose 7w €
ITx 1, so that maxge(k] [Tx — k| < 0r. Notice that [arx, 00) 3¢+ In(t), ax >
0 is a Lipschitz continuous function on [ar,o0]|. Indeed, by the mean value
theorem, it holds that there exists ¢ € (¢1,t2), such that

1
IIn (t1) — In (t2)] = In'(c) [t — ta] < . [t1 — to|, for all t1,ts € [ar,0). (63)

Therefore, (57) can be obtained by the following evaluation
= max sup |In (1 ¢r (y;¢x, T'x)) — In (7?1@051: (y; Elmf‘k))‘

kE[K] yey
= max ilelg In (7)) —In (7)) + In (o1, (y; ¢k, L)) — In (¢L (y; c/wI‘k))(
< T - ¢, T
< mae In (m) = In ()| + max sup [In (¢ (¥ e ) — In (o1 (vi2u Tu) )|
1
< . gnax | — k| + Cede + Cror (using (63) and (62))
x kE[K
O . § & 4
< —= 4 Cede + Cror (using Lemma A.5) < 3 + 3 + 3= d,
an
where we choose d, = 5“7”,56 = 3gu,5r = %. Finally, we get the covering

number

N (6, Wi, djjsupy .. )

L(L+1)
> K

N O, T, ||l)

KL 2
< card(Wgk o) = [203}['} [QAFL ]

de or
C B C
SKL+KEEE) g1 §dim(Wik)’

where

L(L+1) K-1
C = (6C.CyL)*" (6CrArL?)” 7 K(i> K (2me)™ /2.

QA
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A.3. Proof of Lemma 4.7: Bracketing entropy of Gaussian experts
with 1-block covariance matrices

Note that the proof of Lemma 4.7 is adapted from [70] and is given here for the
sake of completeness.
Indeed, Lemmas 1 and 2 from [70] imply that there exists a constant Cy,. , =

In (\/§+ \/BdTT) (when Y4 = Tg’(d) or Cy,, =In (\/§+ \/E(d'EL)TT)
(when Yk 4 = YL ,) such that, V5 € (0,v2),
. 1
HdHS“plloo ((57 TK,d) < dim (TKA) (C‘rK,d +In g> . (64)

Next, we rely on Proposition A.7 for constructing of Gaussian brackets to for
the Gaussian experts.

sps e 17 _ 25(k—1%
Proposition A.7 (Proposition 2 from [70]). Let x > 55 and 7, = aEL
For any 0 < § < V2, any D > 1, and any 0y < L %, let

5 nzcosh(%)Jr%
(4, B,A,P) € Yiq x [B_,By] x A(A_,\}) x SO(D) and (m,é,&,f’) €
Yiq x [B_,By] x A(A_,+00) X SO(D), and define & = BPAPT, & =
BPAPT,
_ -D ~ 1S
£ (x,y) = (L+#0%) " @b (x:Ta(y), (1+65) ' B), and

t+@gy):(l++ﬁzyj¢D(x;ﬁﬂyﬁ(l+5z)§>.
If

¥y € Y, [lvaly) = Ba(y)|® < Dyl A-3=0%
(1+ £0x)'B<B<B
vie [D],|A} A <4
¥x € R?, ||Px — Px|| < £53=ds][x||

then [t=,t*] is a & Hellinger bracket such that t~(x,y) < ®p (x;va(y), %) <
tt(x,y).

Then, following the same argument as in [70, Appendix B.2.3], Proposi-
tion A.7 allows us to construct nets over the spaces of the means, the volumes,
the eigenvector matrices, the normalized eigenvalue matrices and then control
the bracketing entropy of Gk 4. More precisely, three different contexts are con-
sidered for the mean, volume and matrix parameters. They can be all known
(* = 0), unknown but common to all classes (*x = ¢), unknown and possibly
different for every class (x = K). For example, [vk, By, Py, Ag] denotes a model
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in which only mean vectors are assumed to be free. Then, we obtain

H ) sup, maxy, d (g, de) < dim (Gxk.q) (Cgk,d +1In <%>> , (65)
where dim (Gx q) = Zox + Zp« + pry* + (D —1)Za . Here, Zy g =

dim (Y x,a) ; Zuv,e = dim (Y1), Zy0 = 0, Zpo = Zpo = Zao = 0, Zp. =
Zpc=2Zac=1, 2Kk =2p Kk = Zax = K, and given a universal constant

Cu,
2K 1 1 A
ng,d = hl <5D\/I§}2 COSh ( ) + 2) + CTKd ln <D7kﬁ>

44129 ln
+1n ln (cv)

107, 4 52\,
1 In(= In .
w5 )+ <5+5A <A )

A.4. Proof of Lemma 4.11

We first aim to prove that d**"(s,t) < supy, dz(s,t). Indeed, by definition, it
follows that

d*® (s,t) = Ey,,, [ Zd2 (- Yi))]
:_ZEY (- 1Y3),t(-1Yy)]

:_Z/f A1) sxo(y)dy

SWWM%Z/%WW:WQ@W

y ni=Jy y

where sy o denotes that marginal PDF of sy, w.r.t. x. Consequently, it holds

that d®"(s,t) \/W sup,, dz(s,t) = sup,, dx(s,t). To prove that
Hipaen (6,Sm) < Hisup, dy (0, 5m)

it is sufficient to check that
Nijaen (0, 8m) < '/\[H,Supy dx (6,5m) -

By using the definition of bracketing entropy in (33) and d®"(s,t) < supy, dx (s, 1),

given

n
A:{neN* DIttt st supdx(s, ) (¢t U tk,t+}
Yy k=1
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n
B= {neN*;at;,tf,...,t;,tj; st d® (¢ ,t)) <6,5m C U [t,;,t;]},
k=1

it leads to that A C B and then (40) follows, since
-A/'[v],supy dx (s,t) (5, Sm) =min A > min B = .A/’[.Ld@n (5, Sm) .

With the similar argument as in the proof of (40), it holds that dp,. (g7, g7) <
supy di.(g%,97) and (41) is proved.

A.5. Proof of Lemma 4.12: Bracketing entropy of Gaussian experts
with multi-block-diagonal covariance matrices

It is worth mentioning that without any structures on covariance matrices of

Gaussian experts from the collection M, Lemma 4.12 can be proved using [70,

Proposition 2 and Appendix B.2.3], for constructing of Gaussian brackets to

deal with the Gaussian experts. However, dealing with block-diagonal covari-

ance matrices with random subcollection is not a trivial extension. We have to

establish more constructive bracketing entropies in the spirits of [62, 29, 33].
Given any k € [K], by defining

Gap, = {(x,y) = ¢ (x;v1,a(y), Tk (Bi)) =: ¢y :
Vi,d € Tia, Bk (Bi) € Vi(By) }, (66)
it follows that Gk 4B = Hszl GaB,, where [] stands for the cartesian product.
By using Lemma A.8, which is proved in Appendix A.5.1, it follows that

K

0 )
Hildo ey n (5791@1,3) < Z"H[.],dgwk <—2\/?7gd,Bk>~ (67)

k=1

Lemma A.8. Given Gk aB = HkK:l Ga,B,, where Gam, is defined in (66), it
holds that

K

0 0
Nildo um (5,QK,¢1,B> H [1dgy 5, (W,gd,m),

where for any ¢+, ¢~ € Gk aB and any ¢g, ¢, € Gam,. k€ [K],

ZZdQ ¢k Y ¢k (', 1))]’

i=1 k=1
Zd2 ¢k; '7 (aYz))] :

Lemma 4.12 is proved via (67) and Lemma A.9, which is proved in Ap-
pendix A.5.2.

ngB (¢+ q&i =

94 B, (¢k ) ¢k EY[n]
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Lemma A.9. By defining Gan, as in (66), for all § € (0,+/2], it holds that
8 1
H[‘]vdgd,gk (2,9d73k> < dim (GaB,) (C’ngBk +1In (6)) , where (68)

Dy — % card (dgf]) (card <d£€g]> — 1)

k 2 9
g=1

D, In (6IAMD (D— 1)) 4 dim (Tp0) In (G@exp(CYk‘d))

Am DB

Ogd,Bk = dim (gd,Bk)
Indeed, (67) and (68) lead to

5 S 5
Moy <§a9de,B> < Z’H[-Ldgd,Bk (W’gwk)

i Gazm) (Coun, + 10 (VE) 410 (5 )

k=1

@) (Corso -1 (1))

Here, Cgy,p = Zszl Cg,p, +In (\/E) and note that dim (Gxap) =

25:1 dim (QdBk), dim (gd7Bk) = D]_:»,,c + dim (Tk7d), dim (Tk:,d) = Dd‘rk’d,
Cy,, = \/Bdi, Ty, , (in cases where linear combination of bounded func-
tions are used for means, i.e., Y 4 = Yp) or dim (Y 4) = D(dT’“de+L), Cy,, =

dy, ,+L : . , .
VD( h )T, , (in cases where we use polynomial means, i.e., Yp g = Y,).

\ /\

A.5.1. Proof of Lemma A.8

By the definition of the bracketing entropy in (33), for each k € [K], let
I,— 1, .. . .
{[‘7519 ’d)kﬂ }1<l<NgdB be a minimal covering of §;, brackets for dg, of

GaB,, with cardinality NG, 5, - This leads to
vie |:Ngd,Bk:| de B, <¢k ) ) < G-

Therefore, we claim that the set {Hszl [¢2’_, is a covering

k HlﬁlsNgd,Bk
of $-bracket for dg,. ,, of Gram Wwith cardinality Hk":lj\/[,]ydgwk (0k,GaB,)-
Indeed, let any ¢ = (¢r)yex] € Yk ,a,8- Consequently, for each k € (K], ¢x €
Ga B, , there exists (k) € {Ngd,Bk}, such that

¢2(k)’7 < < ¢§€(k),+7déwk (¢gk),+7¢§€(k)s) < (5k)2.
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Then, it follows that ¢ € [¢7,¢%] € {[Tr [0k, , with

+
k }}1Sl§/\fgd,3k
_ 1(k),— 1(k . o
® = ( k( ) )ke[K]a ot = (¢( )+)k€ (K] which implies that
{Hszl wij’ ¢§€,+] }1§lgNgd,Bk is a bracket covering of Gk 4 B.

Now, we want to verify that the size of this bracket is /2 by choosing 5, =
%,Vk € [K]. It follows that

QK d,B (¢ ¢+ Y [n)

i G 'Yi>,¢§§’“>’+<~,Yi>)1
i %Z (497 (Y08 (. »)]
k=1 i=1

SN

To this end, by definition of a minimal g—bracket covering number for Gx 4 B,
Lemma A.8 is proved.

A.5.2. Proof of Lemma A.9

To provide the upper bound of the bracketing entropy in (68), our technique
is adapted from the work of [41] for unidimensional Gaussian mixture families,
which is recently generalized to multidimensional case by [62] for Gaussian mix-
ture models. Furthermore, we make use of the results from [33] to deal with
block-diagonal covariance matrices, Vi (By), k € [K], and from [70] to handle
the means of Gaussian experts Yy 4,k € [K].

The main idea in our approach is to define firstly a net over the parame-
ter spaces of Gaussian experts, Y 4 X Vi (By),k € [K], and to construct a
bracket covering of G4 B, according to the tensorized Hellinger distance. Note
that dim (gd7Bk) = dim (‘I‘W) + dim (Vg (Bg)).

Step 1: Construction of a net for the block-diagonal covariance ma-
trices. Firstly, for k € [K], we denote by Adj (2 (Bx)) the adjacency matrix
associated to the covariance matrix Xy (By). Note that this matrix of size D?
can be defined by a vector of concatenated upper triangular vectors. We are
going to make use of the result from [33] to handle the block-diagonal covari-
ance matrices Xy (By), via its corresponding adjacency matrix. To do this, we

D(D-1)/2

need to construct a discrete space for {0,1} , which is a one-to-one

correspondence (bijection) with
.ABk = {ABk € Sp ({O, 1}) =) I (Bk) eV (Bk) s.t Adj (Ek (Bk)) = ABk},

where Sp ({0,1}) is the set of symmetric matrices of size D taking values on

{0,1}.
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Then, we want to deduce a discretization of the set of covariance matrices.
Let h denotes Hamming distance on {0, l}D(D_l)/2 defined by

d(z,2) =Y I{z#}, forall 2,2 € {0,1}7P7V/2.
=1

Let {0, 1}§£D71)/2 be the subset of {0, 1}D(D_1)/2 of vectors for which the cor-
responding graph has structure By = (dLg]) - Corollary 1 and Proposition
g€|Gr

2 from Supplementary Material A of [33] imply that there exists some subset

R of {0, 1}D(D71)/ 2, as well as its equivalent Agic for adjacency matrices such
that, given € > 0, and

Sie(e) = {zk (B) € S5 (R) : Adj (S (By)) € AL,

—AM Am
(B Br)li; = oije 005 € [ c 77} ﬂZ}’

it holds that for all (zk (By), S (Bk)) € (5&%(e))” .3 (By) # 3 (By),

sz (Br) — 3 (Bk)Hz < % A€
card ( ~%ilfc(e)) < ( \‘QlMJ DélD)B_k 1)>DB]€ ) (69)
k car 9 (car gy _
Dg,, = dim (V (Bg)) = ?—:1 - (dk ) ( 2 : (dk ) 1) : (70)

By choosing €2 < D];’“, given 3, (By,) € Vi (By), then there exists 3 (By) €

S%izc (¢), such that

sz (By) — = (Bk)Hz <é. (71)

Step 2: Construction of a net for the mean functions. Based on 3}, (B),
we can construct the following bracket covering of G4, by defining the nets
for the means of Gaussian experts. The proof of Lemma 1, page 1693, from [70]
implies that

dim(Yk g4
exp (C-rk,d) (Xrd)
6Tk,d .

Nigsupy -, (0kas Trsa) < (

Here dim (Y,q) = Ddx, ,, and Cy, , = \/Ed-rk,dTyk‘d in the general case or
dim (Ypq) = D(dr’ff—w), and Cy, , = \/E(drkf-kL)Tyk’d in the special case of
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polynomial means. Then, by the definition of bracketing entropy in (33), for any
minimal dv, ,-bracketing covering of the means from Gaussian experts, denoted
by G, , (6x,.,), it is true that

(72)

dim (Y, q)
exp (C‘rk,d) (Y
6T}c,d '

card (GTW (5TM)) < <
Therefore, given o > 0, which is specified later, we claim that the set

05,y) = (14 20) 7 6 (x: Bpaly), (1 + 0) 7 Sy (By))
L] wx,y) = (1 +2a)” ¢£x; Braly), (1 +a) Sy (Bk)> , :
'Elad S G‘rk’d (6Tk,d) 72k (Bk) (S S’g:c(E)

is a 0y, ,-brackets set over Ggp,. Indeed, let X x YV > (x,y) — f(x,y) =
¢ (x;v1,4(y), X (Bg)) be a function of G4 B, , where vy, q € X, g and Xy, (By) €
Vi (Bg). According to (71), there exists 3y (Bg) € ggiic(e), such that

~ 2
oo - 5w <

By definition of G, , (6x, ,), there exists ¥y q € Gy, , (0v,.,), such that

sup [[Tr.a(y) — ve.a(y)ll; < 0%, - (73)
yey

Step 3: Upper bound of the number of the bracketing entropy. Next,
we wish to make use of Lemma A.10 to evaluate the ratio of two Gaussian
densities.

Lemma A.10 (Proposition C.1 from [62]). Let ¢ (5 1, 21) and ¢ (5 phy, X2)
be two Gaussian densities. If 3o — 31 is a positive definite matriz then for all
x € RP,

1

exp {5 (g = tg) " (B2 = 31) 7" (g — py) | -

¢ (x5, 31) < |3,
¢ (x5 g, 32) | X

The following Lemma A.11 allows us to fulfill the assumptions of Lemma A.10.

Lemma A.11. Assume that 0 < € < A2, /9, and set o = 3\/€/\,. Then, for
every k € [K], (1+a) ), (Br) — =k (By) and Ty (B) — (1 +a)” ' Xy (By,) are
both positive definite matrices. Moreover, for all x € RP,

x" [(1 + )2 (By) — =5, (Bk)} x > ellxf3,

X7 (S (Be) — (14 ) S (Bi)] x> e x|
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Proof of Lemma A.11. For all x # 0, since

sup A = sz (By) — (Bk)H2 <e
Aevp (S (Br)—Zx(Br) )

where vp denotes the spectrum of matrix, —e > —\,,/3, and a = 3¢/\,,, it
follow that

xT [(1 + o)) (By) — Sk (Bk)] x
—(1+a)x" [ik (By) — = (Bk)] x + ax" =y, (By) x
> — (14 ) || (Br) = B (B I3 + v 1x3
> (@A — (1+ ) ) [x]13 = (@A — ac — o) [|x]2
> (5o = <) Il = elxl > 0
and

xT [zk (Br) — (1+a) ' (Bk)} X

—(1+a) " x" [z (Bk) — S By x+ (1-(1+a) ") x5 (By)x

> (‘“ )| X = 2 xR 2 e3> 0 (smee 0 <a<l).

1+a

By Lemma A.10 and the same argument as in the proof of Lemma B.9 from
[62], given 0 < € < A, /3, where € is chosen later, and o = 3¢/\,,, we obtain

ax{;(x’ y) f(x7y)} (1 +2a),g exp (”’Uk,d(Y) - ’l~)k,d(Y)||§> . (74)

x,y) u(x,y) 2¢

) is a non-decreasing function, In (1 4 2a) > a,Va € [0,1]. Com-
73) where 0%, = Dae, we conclude that

s fn (120 (L6220
f(xy) u(x,y)
.D 5'2I'k d D 5’2I‘k d
< —— _okd o T ,
Syt 5= s —gat =
This means that I(x,y) < f(x,y) < u(x,y),V(x,y) € X x V. Hence, it remains

to bound the size of bracket [I,u] w.r.t. dg, s, - To this end, we aim to verify
that déd 5, (liu) < %. To do that, we make use of the following Lemma A.12.

(
Because In (-
bined with (

=0.

Lemma A.12 (Proposition C.3 from [62]). Let ¢ (-; 1, 21) and ¢ (5 oy, X2)
be two Gaussian densities with full rank covariance. It holds that

d2 (¢ ('5/"’1721) ;¢('§N2722))
=92 {1 _ 2D/2 ‘2122|71/4 |21_1 + 22_1’71/2 exp_i(m—uz)T(21-&-22)’1(#1—#2)} .
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—t

e’ Temma A.12 leads to, for all

Therefore, using the fact that cosh(t) = ¢—

y ey
d2(l('ﬂY)7u('7y))
:/ [l(x,y +u(x,y) — 2 l()gy)u(x,y)} dx
X
= (1+20) 7+ (1+2a)” -2

+d? (6 (5B1a), (14 0) 7 B (BL)) 0 (5 Braly). (14 ) i (By) ) )
=2cosh [D1In (1 + 2a)] —2

42 {1 — 222 [(14+0)" +(1+0) o ‘ik (B,g)jfl/2 ’ik (Bk)‘l/Q]

= 2cosh [DIn (1 + 2a)] — 2+ 2 — 2[cosh (In (1 + a))] " P/?
=2¢9(DIn(1+2a))+2h(In(1+«)),

where g(t) = cosh(t) — 1 = eft;et — 1, and h(t) = 1 — cosh(t)~P/2. The upper

bounds of terms g and h separately imply that, for all y € ),

2
A2, y),u(-,y)) <2 <2(:osh <1) oa’D? + 1a2D2> < 6a’D? = o

V6 4 4’
where we choose a = f’; ,E= G‘i}‘é”D, Vo € (0,1], D € N*, \,;, > 0, which appears
in (74) and satisfies o = 2\/—% and 0 < € < ’\T"’ Indeed, studying functions g

and h yields
g'(t) = sinh(t), g" (t) = cosh(t) < cosh(c),Vt € [0,¢],c € Ry,

D
h'(t) = = cosh(t)~P/?> ! sinh(t),
2

D D D
h"(t) = 5 <§ - 1) cosh(t)™P/2=2sinh?(t) + 5 cosh(t)~P/?

<5 (1= (5+0) () Yoo

where we used the fact that cosh(¢) > 1. Then, since g(0) = 0,4'(0) = 0, h(0) =
0,R'(0) = 0, by applying Taylor’s Theorem, it is true that

(1) = 9(t) ~ 9(0) ~ (0}t = R, (1) < cosh(e) .Vt € 0, ],

Dt*  D?*¢?
h(t) = () — h(0) — K(0)t = Roa(t) < 25 < 22 5.
’ 2 2 2 2
We wish to find an upper bound for t = DIn (14 2a), D € N*, a = -2

T 2v6D’
0 € (0,1]. Since In is an increasing function, then we have

1) 1 1 1
t=Dn (14 -2 ) <Dm(14—)<p—t -1 vse(.
n( \/GD)‘ n( \/GD)‘ V6D~ V6 0.1
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since In (1 + ﬁ) < \/_D, VD € N*. Then, since In (1 + 2a) < 2a,Va > 0,

D1 2
) (Pn(1+20)7 (_) D7y,
V6 2 V6) 2
D% (In(1+a))® _ D?
2 - 4
Note that the set of §/2-brackets [/, u] over G p, is totally defined by the
parameter spaces S%ilfc(e) and G, , (0, ,)- This leads to an upper bound of the

d/2-bracketing entropy of G4 g, evaluated from an upper bound of the two set

. .. . . _ m _ 3e __ )
cardinalities. Hence, given any § > 0, by choosing € = 66D T e T 376D

2 _ 5 A _ 8y
and oy, , = Dae = D575 576p = b it holds that

)
M']7d9d B, (_7gd,Bk>

< card (S§°(¢)) x card (G, , (0vy.))

o | D=1\ (Cro) )"
. Q eMJ éDBk )) (%) (using (70) and (72))

g(DIn (14 2a)) < cosh (

h(ln(1+a)) <

dim(Y
< <2>‘MG\/6D D (D — 1)>DB,c (6\/ﬁexp (C’TM)> (Xx,4)

S 2Dg, Vo
B (6\/6/\MD2 (D - 1) ) s, (G@exp (Cx,.) ) dim(¥e,a) (1) Dy, +dim(Yk,a)
B A Dp, VA 5 '

Finally, by definition of bracketing entropy in (33), we obtain

)
HH,dgdek (53 gd,Bk)

66\ D% (D — 1)) + dim (Ypg) In <6\/ﬁexp (Cx,. d))

< Dp 1
= 7By n( AmDs, o,

1 1
+ (DBk + dim (Tk,d)) In <(5) = dim (gd,Bk) (ngka +In (5)> ,
where dim (G4 B, ) = D, + dim (Y} 4) and

2(p_ . 62D exp (C'
Dg, In (‘6\/6/\;2[1;3(5 U) +dim (Y q) In <—p( TM))

C =
Ga,By, dim (gd,Bk)
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