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Abstract: In this paper, we consider a one-dimensional diffusion process
with jumps driven by a Hawkes process. We are interested in the esti-
mations of the volatility function and of the jump function from discrete
high-frequency observations in a long time horizon which remained an open
question until now. First, we propose to estimate the volatility coefficient.
For that, we introduce a truncation function in our estimation procedure
that allows us to take into account the jumps of the process and estimate
the volatility function on a linear subspace of L2(A) where A is a compact
interval of R. We obtain a bound for the empirical risk of the volatility
estimator, ensuring its consistency, and then we study an adaptive estima-
tor w.r.t. the regularity. Then, we define an estimator of a sum between
the volatility and the jump coefficient modified with the conditional ex-
pectation of the intensity of the jumps. We also establish a bound for the
empirical risk for the non-adaptive estimators of this sum, the convergence
rate up to the regularity of the true function, and an oracle inequality for
the final adaptive estimator.

Finally, we give a methodology to recover the jump function in some ap-
plications. We conduct a simulation study to measure our estimators’ accu-
racy in practice and discuss the possibility of recovering the jump function
from our estimation procedure.
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1. Introduction

The present work focuses on the jump-diffusion process introduced in [20]. It is
defined as the solution of the following equation

M
dXy = b(X;)dt + o (Xe)dW; + a(X,-) Y dN, (1)

j=1

where X, denotes the process of left limits, N = (N® ... N is a M-
dimensional Hawkes process with intensity function A and W is the standard
Brownian motion independent of N. Some probabilistic results have been estab-
lished for this model in [20], such as the ergodicity and the f—mixing. A second
work has then been conducted to estimate the drift function of the model using
a model selection procedure and upper bounds on the risk of this adaptive esti-
mator have been established in [19] in the high frequency observations context.

In this work, we are interested in estimating the volatility function o2 and
the jump function a. The jumps in this process make estimating these two
functions difficult. We assume that discrete observations of a X are available at
high frequency and on a large time interval.

1.1. Motivation and state of the art

Let us notice first that this model has practical relevance thinking of continu-
ous phenomenon impacted by an exterior event, with auto-excitation structure.
For example, one can think of the interest rate model (see [26]) in insurance;
then, in neurosciences of the evolution of the membrane potential impacted by
the signals of the other neurons around it (see [19]). Indeed, it is common to
describe the spike train of a neuron through a Hawkes process which models
the auto-excitation of the phenomenon: for a specific type of neurons, when it
spikes once, the probability that it will spike again increases. Finally, referring
to [7] for a complete review on Hawkes process in finance, the reader can see
the considered model as a generalization of the so-called mutually-exciting-jump
diffusion proposed in [5] to study an asset price evolution. This process gener-
alizes Poisson jumps (or Lévy jumps, which have independent increments) with
auto-exciting jumps and is more tractable than jumps driven by Lévy process.

Nonparametric estimation of coefficients of stochastic differential equations
from the observation of a discrete path is a challenge studied a lot in literature.
From a frequentist point of view in the high-frequency context, one can cite [27,
12] and in bayesian, one recently in [1]. Nevertheless, the purpose of this article
falls more under the scope of statistics for stochastic processes with jumps. The
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literature for the diffusion with jumps from a pure centered Lévy process is
large. For example one can refer to [28], [34] and [36].

The first goal of this work is to estimate the volatility coefficient o2. As it
is well known, in the presence of jumps, the approximate quadratic variation
based on the squared increments of X no longer converges to the integrated
volatility. As in [33], we base the approach on truncated quadratic variation to
estimate the coefficient o2. The structure of the jumps here is very different from
the one induced by the pure-jump Lévy-process. Indeed, the increments are not
independent, and this implies the necessity to develop a proper methodology as
the one presented hereafter.

Secondly, we want to to find a way to approximate the coefficient a. It is
important to note that, as presented in [36], in the classical jump-diffusion
framework (where a Lévy process is used instead of the Hawkes process for M =
1), it is possible to obtain an estimator for the function o2 + a? by considering
the quadratic increments (without truncation) of the process. This is no longer
the case here due to the form of the intensity function of the Hawkes process.
Indeed, we recover a more complicated function to be estimated, as explained
in the following.

1.2. Main contribution

The estimations of the coefficients in Model (1) are challenging in the sense
that we have to take into account the jumps of the Hawkes process. Statistical
inference for the volatility and for the jump function in a jump-diffusion model
with jumps driven by a Hawkes process has never been studied before. As for
the estimation of the drift in [19], we assume that the coupled process (X, \)
is ergodic, stationary, and exponentially S—mixing. Besides, in this article we
obtain that the projection on X of the invariant measure of the process has a
density which is lower and upper bounded on compact sets. This property is
useful to lead studies of convergence rates for nonparametric estimators since
it gives equivalence between empirical and continuous norms. To estimate the
volatility in a nonparametric way, as in [4] we consider a truncation of the
increments of the quadratic variation of X that allows judging if a jump occurred
or not in a time interval. We estimate o2 on a collection of subspaces of L? by
minimizing a least-squares contrast over each model, and we establish for the
obtained estimators a bound on the risk. We give the convergence rates of these
estimators depending on the regularity of the true volatility function. Then,
we propose a selection model procedure through a penalized criteria, we obtain
non-asymptotic oracle-type inequality for the final estimator that guarantees its
theoretical performance.

In the second part of this work, we are interested in the estimation of the
jump function As it has been said before, it is not possible to recover directly
the jump function a from the quadratic increments of X, and what appears
naturally is the sum of the volatility and of the product of the square of the
jump function and the jump intensity. The jump intensity is hard to control
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properly, and it is unobserved. To overcome such a problem, we introduce the
conditional expectation of the intensity given the observation of X, which leads
us to estimate the sum of the volatility and of the product between a? and the
conditional expectation of the jump intensity given X. We lead a penalized min-
imum contrast estimation procedure again, and we establish a non-asymptotic
oracle inequality for the adaptive estimator. The achieved rates of convergence
are similar to the ones obtained in the Lévy jump-diffusion context in [36]. Both
adaptive estimators are studied using Talagrand’s concentration inequalities.

We then discuss how we can recover a, as a quotient in which we plug the
estimators of 02 and g := 02 4+ a? x f, where f is the conditional expectation
of the jump intensity that we do not know in practice. We propose to estimate
f using a Nadaraya-Watson estimator. We show that the risk of the estimator
of a cumulates the errors coming from the estimation of the three functions o2,
g and the conditional expectation of the jump intensity, which shows how hard
it is to estimate a correctly.

Finally, we have conducted a simulation study to observe the behavior of our
estimators in practice. We compare the empirical risks of our estimators to the
risks of the oracle estimator to which we have access in a simulation study (they
correspond to the estimator in the collection of models, which minimizes the
empirical error). We show that we can recover rather well the volatility o2 and
g from our procedure, but it is harder to recover the jump function a.

1.3. Plan of the paper

The model is described in Section 2, some assumptions on the model are dis-
cussed and we give properties on the process (X¢, A¢). In Section 3 we present the
adaptive estimation procedure for the volatility o2 and obtain the consistency
and the convergence rate. Section 4 is devoted to the estimation of o2 4 a? x f,
where f is the expectation of the jump intensity A given X. In this section, we
return to the reason for estimating this function, we detail the estimation proce-
dure and establish bounds for the risks of the non-adaptive estimator and of the
adaptive estimator in the regularity. The estimation of the jump coefficient a is
discussed in Section 5. In Section 6 we have conducted a simulation study and
give a little conclusion and some perspective to this work in Section 7. Finally,
the proofs of the main results are detailed in Section 8 and the technical results
are proved in Appendix A.

2. Framework and assumptions
2.1. The Hawkes process

Let (2, F,P) be a probability space. We define the Hawkes process for ¢ > 0
through stochastic intensity representation. We introduce the M-dimensional
point process N; := (Nt(l), .. .,Nt(M)) and its intensity A\ is a vector of non-
negative stochastic intensity functions given by a collection of baseline inten-
sities. It consists in positive constants (;, for j € {1,..., M}, and in M x M



3216 C. Amorino et al.

interaction functions h;; : Rt — R, which are measurable functions (i,j €
{1,...,M}). Fori e {1,..., M} we also introduce n(?), a discrete point measure
on R~ satisfying

/ hij(t — $)n'(ds) < oo for all t > 0.

They can be interpreted as initial condition of the process. The linear Hawkes
process with initial condition n() and with parameters (G, hi j)1<i j<nm is & mul-
tivariate counting process (Ny)¢>o. It is such that for all ¢ # j, PP - almost surely,
N@ and N never jump simultaneously. Moreover, for any i € {1,...,M},
the compensator of N is given by Agi) = fot )\gi)ds, where A is the intensity
process of the counting process N and satisfies the following equation:

‘ M - , M .0 '
AD =+ Z/O hi ;i (t — u)dNY) + Z/ hi i (t — w)dn$).
j=1 j=1v7%°

We remark that Nt(J ) is the cumulative number of events in the j-th component
at time t while dNt(j ) represents the number of points in the time increment
[t,t + dt]. We define N, := N, — A; and F; := 0(Ns,0 < s < t) the history of
the counting process N (see Daley and Vere - Jones [16]). The intensity process
A= (/\(1)7 .. .,)\(M)) of the counting process N is the F;-predictable process
that makes Nt a F;-local martingale.

Requiring that the functions h; ; are locally integrable, it is possible to prove

with standard arguments the existence of a process (Nt(j ))tzo (see for example

[17]). We denote as ¢; the exogenous intensity of the process and as (T,gj ))kzl
the non-decreasing jump times of the process N).

We interpret the interaction functions h;; (also called kernel function or
transfer function) as the influence of the past activity of subject 7 on the subject
J, while the parameter (; > 0 is the spontaneous rate and is used to take into
account all the unobserved signals. In the sequel we focus on the exponential
kernel functions defined by

h@j RT — R+, I’Lz”j(t) = Cijeiodt7 a >0, Cij > 0, 1<4,73<M.
With this choice of h; ; the conditional intensity process (\;) is then Markovian.
In this case we can introduce the auxiliary Markov process Y = Y (#9);

.. t . 0 .
Yt(”) = ci,j/ e =N 4 cm’/ e t=)anW) 1< j <M.
0 —o00

The intensity can be expressed in terms of sums of these Markovian processes
that is, for all 1 <i < M

M
AD =, ny_w) , with f;(z) = { + .
Jj=1
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We remark that all the point processes NU) behave as homogeneous Poisson
processes with constant intensity (;, before the first occurrence. Then, as soon
as the first occurrence appears for a particular N it affects all the process
increasing the conditional intensity through the interaction functions h; ;.

Let us emphasized that from the work [20], it is possible to not assume
the positiveness of the coefficients ¢; ;, taking then f;(z) = (¢; + x)4+. This is
particularly important for the neuronal applications where the neurons can have
excitatory or inhibitory behavior.

2.2. Model assumptions

In this work we consider the following jump-diffusion model. We write the pro-
cess as M + 1 stochastic differential equations:

{dxg") = —a\) — Gt + M e dNY ) i=1,. M @

dXy = b(Xy)dt + o (Xe)dW,; + a(X,-) M dND,

with )\((Jj ) and Xo random variables independent of the others. In particular,
(/\,El)7 ceey /\,EM), X}) is a Markovian process for the general filtration

Fri=0(W, N, j=1,... .M 0<s<t).

We remark that the process Nt(j ) has jumps of size 1. We aim at estimating,
in a non-parametric way, the volatility ¢ and the jump coefficient a starting
from a discrete observation of the process X. The process X is indeed ob-
served at high frequency on the time interval [0,7,]. For 0 = tp < t; < ... <
t, = T),, the observations are denoted as X;,. We define A,, ; := t;41 — ¢; and
Ay = sup;_g,. n, Ani. We are here assuming that A, — 0 and nA, — oo,
for n — oo. We suppose that there exists c¢1, co such that, Vi € {0,...,n — 1},
c1Amin < Ay < 2/, We remark we are considering a general case, where the
discretization step is not necessarily uniform. However, in case where the dis-
cretization step is uniform we clearly have A, = A, ; for any ¢ € {0,...,n — 1}
(which implies that the condition here above is clearly respected with ¢; = ¢o =
1) and the time horizon becomes T;, = nA,,. Furthermore, we require that

logn = o(v/nAy,). (3)

The size parameter M is fixed and finite all along, and asymptotic properties
are obtained when T" — oo.

Requiring that the size of the discretization step is always the same, as we
do asking that the maximal and minimal discretization steps differ only on a
constant, is a pretty classical assumption in our framework. On the other side,
the step conditions (3) is more technical. This condition is replaced with a
stronger one to obtain Theorem 2 (see Assumption 6 and the discussion below).

Assumption 1 (Assumptions on the coefficients of X). 1. The coefficients
b and o are of class C*> and there exists a positive constants ¢ such that,
for allz € R, |/ (x)| + |0’ (z)]| + |d’(z)| < e.
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2. There exist positive constants ay and o1 such that |a(x)| < a1 and 0 <
o?(x) < o for all x € R.

3. There exist positive constants c',q such that, for all z € R, |b"(x)| +
0"(2)] < ¢/(1+ |a]9).

4. There exist d > 0 and r > 0 such that, for all x satisfying |x| > r, we have
xb(z) < —da?.

We remark that, as a consequence of Assumption 1, item 1, the coefficients
b, 0 and a are globally Lipschitz continuous.

The first three assumptions ensure the existence of a unique solution X (as
proven in [20] Proposition 2.3). The last assumption is introduced to study the
longtime behavior of X and to ensure its ergodicity (see [20]). Note that the
assumption on @ can be relaxed (see [20]).

Assumption 2 (Assumptions on the kernels). 1. Let H be a matriz such
that
Hij = [, hij(t)dt = cij/a, for 1 < i,j < M. The matriz H has a
spectral radius smaller than 1.
2. We suppose that Z]M=1 ¢ > 0 and that the matriz H is invertible.

The first point of the Assumption 2 here above implies that the process
(N¢) admits a version with stationary increments (see [10]). In the sequel, we
always will consider such an assumption satisfied. The process (N;) corresponds
to the asymptotic limit and (\;) is a stationary process. The second point of
A2 is needed to ensure the positive Harris recurrence of the couple (X¢, \). A
discussion about it can be found in Section 2.3 of [19].

2.3. Ergodicity and moments

In the sequel, we repeatedly use the ergodic properties of the process Z; :=
(X¢, At). From Theorem 3.6 in [20] we know that, under Assumptions 1 and 2,
the process (X¢, At)i>0 is positive Harris recurrent with unique invariant measure
7(dx). Moreover, in [20], the Foster-Lyapunov condition in the exponential frame
implies that, for all ¢ > 0, E[X}!] < oo (see Proposition 3.4). In the sequel we
need X to have arbitrarily big moments and, therefore, we propose a modified
Lyapunov function. In particular, following the ideas in [20], we take V : R X
RM>M s R, such that

V(a,y) = fa|™ 4 eZea

(4)

where m > 2 is a constant arbitrarily big and m;; = %, being k € Ri/[ a
left eigenvector of H, which exists and has non-negative components under our
Assumption 2 (see [20] below Assumption 3.3).

We now introduce the generator of the process Z; := (X4, Y:), defined for
sufficiently smooth test function g by

M
iy 1
AZge.y) = —a Y 40,6 g(x,y) + Org(2,y)b(x) + 50 (2)8g(z.y)  (5)

i,j=1
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M M )
+> 0 f (Z y“’”) l9(z + a(z),y + A;) — g(z,)],
k=1

J=1

with (Aj)(”) = ¢; ;1= for all 1 < 4,1 < M. Then, the following proposition
holds true.

Proposition 1. Suppose that Assumptions 1 and 2 hold true. Let V be as
in (4). Then, there exist positive constants di and do such that the following
Foster-Lyapunov type drift condition holds:

AZV < dy — doV.

Moreover, both X and A have bounded moments of any order.

Proposition 1 is proven in the Appendix. Let us now add the third assump-
tion.

Assumption 3. (Xg, \g) has probability .

Then, the process (X¢, A\t)i>0 is in its stationary regime.

We recall that the process Z is called § - mixing if 8z (t) = o(1) for t — oo
and exponentially § - mixing if there exists a constant 77 > 0 such that Sz (¢) =
O(e™"t) for t — oo, where (7 is the § - mixing coefficient of the process Z as
defined for a Markov process Z with transition semigroup (P;)¢cr+, by

B0) = [ IR (e) =~ n(a:), (©

where ||A|| stands for the total variation norm of a signed measure A.
Moreover, it is

ﬂx(t) = /]R - ||]3t1(,z7 ) — 7TX|| w(dz),

where P}(z,.) is the projection on X of P;(z,.) such that P} (z,dx) := P;(z,dx x
RM) and 7% (dz) := m(dr x RM) is the projection of m on the coordinate X
(which exists, see Theorem 2.3 in [19] and proof in [20]). Then, according to
Theorem 4.9 in [20], under A1-A3 the process Z; := (X, A¢) is exponentially
[B-mixing and there exist some constant K, > 0 such that

Bx(t) < Bz(t) < Ke .

Furthermore, from Proposition 3.7 in [20], we know that the measure 7 (dx)
admits a Lebesgue density  — 7% () and it is lower bounded on each compact
set of R. In the following lemma we additionally prove that this density is also
upper bounded on each compact set.

Lemma 1. Assume that Assumptions 1 and 2 hold true. Then, for any compact
set K of R, there exists a constant Cr > 0 such that 7% (x) < Ck for allz € K.
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Finally, we know that for each compact set A C R there exist two positive
constants mg, m, such that for x € A we have

0<7T0§7Tx($)§7rl. (7)

Let us define the norm with respect to mx:
[t]2x = / t*(z)mx (dz).
A

According to Lemma 1 it yields that for a deterministic function ¢, mo||t||* <
[Ellmx < ][]

3. Estimation procedure of the volatility function

With the background introduced in the previous sections, we are now ready to
estimate the volatility function to whom this section is dedicated. We remind
the reader that the procedure is based on the observations (X, )i=1,... n-

First of all, in Subsection 3.1, we propose a non-adaptive estimator based on
the squared increments of the process X. To do that, we decompose such incre-
ments in several terms, aimed to isolate the volatility function. Regarding the
other terms, we can recognize a bias term (which we will show being small), the
contribution of the Brownian part (which is centered), and the jumps’ contribu-
tion. To make the latter small as well, we introduce a truncation function (see
Lemma 3 below). Thus, we can define a contrast function based on the trun-
cated squared increments of X and the associated estimator of the volatility. In
Proposition 3, which is the main result of this subsection, we prove a bound for
the empirical risk of the volatility estimator we propose.

As the presented estimator depends on the model, in Subsection 3.2 we in-
troduce a fully data-driven procedure to select the best model automatically in
the sense of the empirical risk. We choose the model such that it minimizes the
sum between the contrast and a penalization function, as explained in (15). In
Theorem 1 we show that the estimator associated with the selected model real-
izes the best compromise between automatically the bias term and the penalty
term.

3.1. Non-adaptive estimator

Let us consider the increments of the process X as follows:

tit1

tit1
Xti+1 — Xti, = Xg)dS +/ O'(Xs)dW.; +/
t. .

i 7

M
a(X,-) Y dND
j=1

titv1
i
tit1

f
/t b(Xs)ds + Z,, + T, (8)

i
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where Z, J are given in Equation (9):

tir1 tit1 M .
Zy, = / o(X)dW,, — Jy, = / a(X,-)Y dNY). (9)
t t; i=1

i i

To estimate o2 for a diffusion process (without jumps), the idea is to consider the
random variables T3, := A%I(Xti ., — Xt,)?. Following this idea, we decompose
T;,, in order to isolate the contribution of the volatility computed in X;,. In
particular, Equation (8) yields

1
T, = — (X,

i A o Xti)2 = Uz(Xti) + Ati + Bti + Etm (10)

i+1

where A, B, F are functions of Z, J:

2

_ 1 tit1 92 tit1
A, = - / b(Xo)ds ) + —(Zy, + b)) / (B(X4) — b(Xy,))ds
An t; An t;
1 tit1
b [P 0P + 20X, 2
n Ji;
1 tit1
B, ;:—[zf_—/ o2(X,)ds): (11)
A, An )
2 1,
Et.; = 2b(th)Jt1 + A—nZtthi + A_thl

The term A;, is small, whereas By, is centered. In order to make Fj, small as
well, we introduce the truncation function N i(Xt - Xy,), for B€(0,3). It
is a version of the indicator function, such that ’gp(g“) = 0 for each ¢, with |¢| > 2
and ¢(¢) = 1 for each ¢, with |¢] < 1. Also, we define ¢,(.) :== ¢(./2),z > 0. The
idea is to use the size of the increment of the process A;X := X;, , — X;, in
order to judge if a jump occurred or not in the interval [¢;, ;11). As it is hard for
the increment of X with continuous transition to overcome the threshold Ag,i

i+1

for <3, we can assert the presence of a jump in [t;, ;1) if | Xy, , — Xy, | > Afm..
Hence, we consider the random variables

Tti@AB (A,LX> = UQ(Xti) + Ati =+ Bti =+ EtinAﬁ (AlX),
with

Ay, = UQ(Xt,i)(SDAgi(AiX) -1+ AtisﬁAg (AX) + Bii(ppr (AiX) —1).

Now, the just-introduced Ay, is once again a small term, because so A;, was
and because the truncation function does not differ a lot from the indicator
function, as better justified in Lemma 2 below.

In the sequel, the constant ¢ may change the value from line to line.
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Lemma 2. Suppose that Assumptions 1,2,3 hold. Then, for 5 € (0, %) and for
any k > 1,

k
E |:‘(pA5 (AZX) - 1‘ :| S CAn7i~

The proof of Lemma 2 can be found in the Appendix. The same is for the
proof of Lemma 3 below, which illustrates the reason why we have introduced a
truncation function. Indeed, without the presence of ¢, the same Lemma would
have held with just a ¢/, ; on the right-hand side. Filtering the contribution

of the jumps, we can gain an extra Aﬁ?i which, as we will see in Proposition 2,
will make the contribution of E;, small.

Lemma 3. Suppose that Assumptions 1,2,3 hold. Then, forq > 1, for 8 € (0, %)
and for any k > 1

E ||, %% (AX)| < eALH.
From Lemmas 2 and 3 here above, it is possible to prove the following propo-
sition. Also, its proof can be found in the Appendix.

Proposition 2. Suppose that Assumptions 1,2,3 hold. Then, for 5 € (i, %),
1. V&> 0, E[A2] < cAlF E[A}] < cALZ;

2. E[B,|F] =0, E[B|F,]<col, E[B!<c
5. Bl|Bulpps (AX)] =A%, E[F2p,s (AX)] < cA¥

E[Ef ppe (A:X)] < AV

In the Proposition here above, it is possible to see in detail in what terms the
contribution of /Ll. and of the truncation of F;, are small. Moreover, an analysis
of the centered Brownian term B, and its powers is proposed.

Based on these variables, we propose a nonparametric estimation procedure
for the function o?(-) on a compact interval A of R. We consider S,, a linear
subspace of L?(A) such that S,,, = span(ip1,...,¢p,,) of dimension D,,, where
(¢4); is an orthonormal basis of L?(A). We denote S, = Umem,, Sm, where M,

M<N is a set of indexes for the model collection. The contrast function is
defined by
1 n—1
Ynpa(t) o= DXy, - URAIND (AiX)*1a(Xe,) (12)
=0 "

with the T}, given in Equation (10). The associated mean squares contrast esti-
mator is
~2 .
= arg min t). 13
Om g €S, 'Vn,M( ) ( )

We observe that as 52, achieves the minimum, it represents the projection of
our estimator on the space S,,. The indicator function in (12) suppresses the
contribution of the data falling outside the compact set A, on which we estimate
the unknown function o2. However, this indicator function is introduced for
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convenience and could be removed without affecting the value of the argmin
in (13), as all elements of S,,, are compactly supported on A. The approximation
spaces S, have to satisfy the following properties.

Assumption 4 (Assumptions on the subspaces).

1. There exists ¢1 such that, for any t € Sp,, Ht||io < ¢1 Dy |I1E]17.

2. Nesting condition: (Sm)mem,, s a collection of models such that there
erists a space denoted by Sn, belonging to the collection, with S,, C Sn
for all m € M,,. We denote by N,, the dimension of S,. It implies that,
VYm e M, D,, <N,.

3. For any positive d there exists € > 0 such that, for any € < g,

Y omem, e~ < Y(d), where ¥(d) denotes a finite constant depending
only on d.

Several possible collections of spaces are available: we can consider the col-
lection of dyadic regular piecewise polynomial spaces [DP], the trigonometric
spaces [T] or the dyadic wavelet-generated spaces [W] (see Sections 2.2 and 2.3
of [12] for details). As we will see, in the numerical part we will consider the
trigonometric spaces while all the results gathered in the theory hold true for
no matter which space. However, depending on the collection we consider, we
need to require a different condition on the dimension of the space, as stated in
the assumption below.

Assumption 5 (Assumptions on the dimension).

3
1. There exists a constant ¢ > 0 such that N,, < ¢ Vlg’gAn” and A;’ <1 for the

collection [T].
2. There exists a constant ¢ > 0 such that N,, < c Z?T’LIL for collections [DP]

and [W]. 1

We now introduce the empirical norm

n—1

1

2

62 = = 3 A )Ta(X).
=0

The main result of this section consists in a bound for E[||5Z, — o2 Hi], which
is gathered in the following proposition. Its proof can be found in Section 8.1.

Proposition 3. Suppose that Assumptions 1,2,3,4,5 hold and that 8 € (%, %)
If A, — 0, logn = o(v/nA,,) for n — oo, then the estimator G2, of o on A
given by FEquation (13) satisfies

4 0A(48-3)
€10iDm | pap-1y CoBn

E[52 - o*|] <3 g [}t - 0?2, + 91 -

teESH

(14)
with C1, Co and C3 positive constants.

This result measures the accuracy of our estimator 2, for the empirical norm.
The right-hand side of the Equation (14) is decomposed into different types of
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TABLE 1
Rates of convergence for &2,

| Hawkes-diffusion | Diffusion
0<7§;Ta+1)§1/2 A, 2P-1/2 An
D ST S é(2a+12>?4ﬁ—1>) M An?P/2 noo/ery
(merdtmn) A=<t O

error. The first term corresponds to the bias term, which decreases with the
dimension D, of the space of approximation S,,. The second term corresponds
to the variance term, i.e., the estimation error, and contrary to the bias, it
increases with D,,,. The third term comes from the discretization error and the
controls obtained in Proposition 2, taking into account the jumps. Then, the
fourth term arise evaluating the norm ||52, — o2||2 when ||.||,, and ||.||,x are not
equivalent. This inequality ensures that our estimator 52, does almost as well
as the best approximation of the true function by a function of S,,.

Finally, it should be noted that the variance term is the same as for a diffusion
without jumps. Nevertheless, the remaining terms are larger because of the
presence of the jumps.

Rates of convergence Let us remind that ||t — o?||2«

< mllt - U|2AH2 ac-
cording to Lemma 1. Thus let us consider ¢ = o2, the projection of o2 on S,,
for the L2-norm which realizes the minimum. We assume now that the function

of interest a|2A is in a Besov space BY ,, with regularity a > 0 (see e.g. [18] for
a proper definition). Then it comes that [|o2, — (7|2AH2 < C(a)D,2%. Finally,

choosing Dy, = n*/2*+Y and A, = n=7 with 0 < v < 1, we obtain the rates
of convergences given in Table 1. This table allows to compare the actual rates
with the one obtained when a = 1 and the process is a simple diffusion process.

Since 8 € (1/4,1/2), the best choice for § is to choose it close to 1/4. In
this case, the estimator reaches the classical nonparametric convergence rate
for high-frequency observations (nA, *72%/2% — O(1)). Otherwise, most of the
time the remainder term will be predominant in the risk. This result is analogous
to the jump-diffusion case studied in [36].

We observe that, after having replaced the optimal choice for D,,, which
corresponds to Dy, = n'/(2a+1) " the conditions gathered in Assumption 5
become v < fig{i for collection [T] and v < 1_25‘& for collections [DP] and [W].

It is important also to remark that in order to have negligible reminder terms,
we want v to be such that v > W. As € (%, %), the best possible
case is to have (3 in the neighbourhood of 1/2, so that the right hand side of the
inequality here above becomes —29—. It means that, considering the collections

12«
[DP] and [W] are respected at the same time up to have a discretization step

A, =(3) r#5 while considering the collection [T] the two conditions can not be
respected at the same time and the only possibility is to take a big. Indeed, if the
function of interest is in a Besov space B5%,,, then the condition in Assumption

5 is respected and the reminder terms are negligible for v = 1, which means
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A, =1/n.

This implies that the term A%%~1 always dominates the others. As it is easy
to see comparing it with the third point of Proposition 2, it comes from the
contribution of the jumps. However, the bound obtained in Proposition 2 on
the filtered jumps is optimal. Hence, in order to have negligible reminder terms,
the idea is to try to lighten the condition on N, gathered in Assumption 5,
rather than trying to improve the bound on the contribution of the jumps.

3.2. Adaption procedure

We want to define a criterion in order to select automatically the best dimension
D,,, (and so the best model) in the sense of the empirical risk. This procedure
should be adaptive, meaning independent of o2 and dependent only on the
observations. The final chosen model minimizes the following criterion:

My = arg min {y,.1(52) + pen, (m)}, (15)

meMn

with pen, () the increasing function on D,, given by

D
pen,(m) := k1 Tm (16)

where k1 > 0 is a constant which has to be calibrated. Next theorem is proven
in Section 8.1.

Theorem 1. Suppose that Assumptions 1,2,3,4 hold and that 8 € (i, %) If
A, = 0 and logn = o(v/nA,,) for n — oo, then the estimator 372%0 of 0% on A
given by equations (13) and (15) satisfies

~ 2 . .
B [l52, - 2] < ¢ ing, { e o= Pl 4 pen )
_3
. C3Ay 2 LG

48—
+ Gy — =

n
where C7 > 1 is a numerical constant and Cs,C3,Cy are positive constants
depending on A, o1 in particular.

This inequality ensures that the final estimator 872%0 realizes the best compro-
mise between the bias term and the penalty term, which is of the same order as
the variance term. Indeed, it achieves the rates given in Table 1 automatically,
without the knowledge of the regularity of the function o2.

The convergence of this adaptive estimator is studied in Section 6.

4. Estimation procedure for both coefficients

In addition to the volatility estimation, our goal is to propose a procedure to
recover in a non-parametric way the jump coefficient a. The idea is to study the
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sum between the volatility and the jump coefficient and to recover consequently
a way to approach the estimation of a (see Section 5 below). However, what turns
out naturally is the volatility plus the product between the jump coefficient and
the jump intensity, which leads to some difficulties as we will see in the sequel. To
overcome such difficulties, we must bring ourselves to consider the conditional
expectation of the intensity of the jumps with respect to X;,. In this way, we
analyze the squared increments of the process X differently to highlight the role
of the conditional expectation. In the following, we use for the decomposition
of the squared increments, the same notation as before: we denote the small
bias term as A;,, the Brownian contribution as B;, and the jump contribution
as I}, , even if the forms of such terms are no longer the same as in Section 3.
In particular, A;, and E;, are no longer the same as before, and their new
definition can be found below, while the Brownian contribution B;, remains
exactly the same. To these, as previously anticipated, a term C}, deriving from
the conditional expectation of the intensity is added.

Besides, as in the previous section, we show that A;, is small and By, is
centered. Moreover, in this case, we also need the jump part to be centered.
Therefore, we consider the compensated measure dN; instead of dNy, relocating
the difference in the drift.

Let us rewrite the process of interest as:

A = —a(W — ¢yt + XM ¢ dNS
dX, = (b(X,) + a(X-) M, Ag Ndt + o(X)dW; + a(X-) M aN.
(17)

tit1 M o
Jy, 1= / a(X,-) > AN, (18)
t i=1

i

We set now

The increments of the process X are such that

tit1 M .
Xti+1 - Xti = / b(Xs) + a’(Xs— ) Z )‘gj) ds + Zti + Jti (19)
t; j=1

where J is given in Equation (18) and Z has not changed and is given in Equa-
tion (9). Let us define this time:

Ay = —— /tm(b(xs) +a(Xe-) Y AD)ds

i j=1

1 tit1 )
+A_n /t‘q (UQ(XS) _UQ(XtI))dS—i_A_n(Zt‘ +Jt1)

M

><(/ti“(b(Xs)—b(Xti)H(a(X)ZA ~a(Xy) ZA“ ds

=1
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1 tit1 ) ) M )
+A_n/t (a*(X,) — a*(Xy,)) Y APds

i _]:1
a2(X 1) i1 M ) . M .
N Ant / 2“9) —Ads +2 [ b(Xs,) +a(Xti);)\g) Z,
M
b(Xy,) + a(Xy, Z)\ Ji,, (20)
j=1
2 1 tm

The term Ay, is small, whereas By, (which is the same as in the previous section)
and E;, are centered. Moreover, let us introduce the quantity

)
fRMTF th,zh...,ZM)dzh...,dzM

M
Z )\(J)|Xt ZfRM 2 ( Xty 2150y 2m)d2, - dzg
j=1
where 7 is the invariant density of the process (X, \), whose existence has been
discussed in Section 2.3; and

M
a*(Xe) Y- — BN X0 ). (22)
j=1
It comes the following decomposition:

i

M
1 .
Tt':A_(Xt1+1 X ) :0—2(Xt1)+a2(Xt1)ZE[)\Ef)‘Xt1]+At1+Bt1+Ctl+Etl
j=1

(23)
In the last decomposition of the squared increments, we have isolated the sum
of the volatility plus the jump coefficient times the conditional expectation of
the intensity with respect to X;,, which is an object on which we can finally
use the same approach as before. Thus, as previously, the other terms need
to be evaluated. The term A, is small and By, and E,, are centered. More-
over, the just added term Cy, is clearly centered, by construction, if conditioned
with respect to the random variable Xy, and, as we will see in the sequel, it is
enough to get our main results. Here it is important to remark that the nat-
ural choice would have been to estimate directly o?(X;,) + a?(Xy,) Z]A/i1 At;s
rather than o?(Xy,) +a?(Xy,) Z;\il IE[)\,(:Z)|XtJ. The problem is that A, has its
own randomness and is not observed and so the method used before for the
estimation of the volatility coefficient can not work anymore. However, replac-
ing )\g) with E[Agf”Xti}, our goal turns out being the estimation of g where
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9(Xy,) = 0?(Xy,) +a?(Xy, )Z [)\(J)|Xf ], is now a function of the observa-
tion X, and so its non- parametrlc estimation can be accomplished using the
same method as in previous section (see details below).

As explained above Assumption 3, the Foster-Lyapunov condition in the ex-
ponential frames implies the existence of bounded moments for A and so we also
get E[)\g)|Xti] < o0, for any j € {1,...,M}.

The properties here above listed are stated in Proposition 4 below, whose
proof can be found in the appendix.

Proposition 4. Suppose that Assumptions 1,2,3 hold. Then,
1. Ve >0,E[A?] <AL E[A;{,] < cALTE

n,t n,t

2. E[Bt7 7} =0, [32 |~7: ] < CUla E[B;ﬂ <g;
3. E[E,|F,,) =0, E[E2|F,] < ‘fjl i Aif), E[E.] < 55
4- E[C,| X, ] =0,  E[C]<¢,  E[CE] <

From Proposition 4 one can see in detail how small the bias term Ay, is
Moreover, it sheds light on the fact that the Brownian term and the jump term
are centered with respect to the filtration (F;) while C' is centered with respect
to the o-algebra generated by the process X.

4.1. Non-adaptive estimator

Based on variables we have just introduced, we propose a nonparametric esti-
mation procedure for the function

g(x) = 0*(2) + a*(2) f () (24)
e it S 2 Jdai, - d
. i—1 RMZjﬂ' LyZyyee-y M )AZ1, ..., A2\
f(l‘) o ’ fRM 7'('(3?,21,...72:]”)6[21,...,dZM (25)

on a closed interval A. One can see that the estimation of g is a natural way
to approach the problem of the estimation of the jump coefficient. The same
idea can be found for example in [36], where a Lévy-driven stochastic differential
equation is considered. The reason why in the above mentioned work the density
does not play any role is that it is assumed to be one.

We consider S, the linear subspace of L?(A) defined in the previous section
for m € M,, and satisfying Assumption 4. The contrast function is defined
almost as before, since this time we no longer need to truncate the contribution
of the jumps. It is, for ¢ € S,

n—1

1
Yup(t) = ;(t(Xti) = T,,)*La(Xy,) (26)
and the T3, are given in Equation (23) this time. The associated mean squares
contrast estimator is

[ i . 2
m argtlgég%,M(t) (27)
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We want to bound the empirical risk E[||g,, — g||i] on the compact A. It is
the object of the next result, whose proof can be found in Section 8.2.

Proposition 5. Suppose that Assumptions 1,2,3,4,5 hold. If A, — 0 and
logn = o(v/nA,,), then the estimator g,, of g on A satisfies, for any 0 < £, < 1,

611(0'41L + a% + :[)D,ln-"aE + CgA}lié Cd
(

~ 2 . 2
E (g — gll2] <3 inf 1t =gl +

ooﬁmm

)

with Cy, Co and C5 positive constants.

As in the previous section, this inequality measures the performance of our
estimator g, for the empirical norm and the comments given after Proposition 3
hold. The main difference between the proof of Proposition 3 and the proof of
Proposition 5 is that, in the first case, we deal with the jumps by introducing
the indicator function . In this way, the jump part is small and some rough
estimations are enough to get rid of them (see point 3 of Proposition 2). From
Proposition 4 we can see that for the estimation of both coefficients, instead, the
jump contribution (gathered in Cy; and E,) is no longer small. However, Cy, and
E,, are both centered (even if with respect to different o algebras) and we can
therefore apply on them the same reasoning as we did for B,,, which consists in
a more detailed analysis. Hence, proving Proposition 5 is more challenging than
proving Proposition 3. Evidence of this is for example the fact that, to estimate
g, a bound on the variance of Cy, relying on mixing properties is required (see
Lemma 4).

Finally, let us compare this result with the bound (14) obtained for the esti-
mator 62,. The main difference is that, up to a term D2¢ for ¢ arbitrarily small,
the second term is of order D,,/(nA) here, instead of D, /n as it was previously.
Consequently, in practice, the risks will depend mainly on nA for the estimation
of g and n for the estimation of 2.

It is worth remarking that the reason why this extra term D2¢ appears relies
on the use of the S-mixing property of the process (see Lemma 4). However,
in the intensity is of the jump process is constant (Poisson process) or in the
case where the process satisfies some stronger mixing properties (such as the
p-mixing, for example for diffusion processes, see [23]), it is possible to improve
the result gathered in Proposition 5 and to lose the D2,

Rates of convergence Assume now that g4 € Baoo with a > 1, then,
taking ¢ = g2, (the projection of g on S,,) produces [|gm — gja* < C(a )D:nzo‘.

Choosing D,y,,,, = (nA)Y/ 222+ if nA2=2 0 leads to
E |:H§mopt 9” ] nA) 20/(20+2e+1)

We obtain, up to an ¢ arbitrarily small, the same rate of convergence for the
regularity « as [36] for the estimation of 02 + a? in the case of a jump diffusion
with a Lévy process instead of the Hawkes process.

In practice the regularity of g is unknown and thus it is necessary to choose
the best model in a data driven way. This it the subject of the next paragraph.
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4.2. Adaption procedure

Also for the estimation of g we define a criterion in order to select the best
dimension D,, in the sense of the empirical risk. This procedure should be
adaptive, meaning independent of g and dependent only on the observations.
The final chosen model minimizes the following criterion:

My := i g 29
oy = axg min {(30,00(Gm) + pen, (m)}, (29)
with peng(+) the increasing function on Dy, given by

142e
Dm
b)
ni\,

pen,(m) = kg (30)

where kg is a constant which has to be calibrated and ¢ is arbitrarily small.
To establish an oracle-type inequality for the adaptive estimator gs,, the
following further assumption on the discretizion step is essential.

Assumption 6. There ezxists € > 0 such that n€log(n) = o(vnA) for n — oco.

One can be interested in the reason why this condition, stronger than (3)
we previously required, is needed. Note that (3) is also the condition required
in the discretization scheme proposed in [19] and used in [12] for the nonpara-
metric estimation of coefficients for diffusions. As already said, the proof of
the adaptive procedure involves the application of Talagrand inequality. To ap-
ply Talagrand, we need to get independent, bounded random variables through
Berbee’s coupling method and truncation. Intuitively the point is that, in gen-
eral, such variables are built starting from the Brownian part only (in particular
from By, as in (11)). For the adaptive estimation g, instead, also the jumps are
involved (Talagrand variables depend on By, + Cy, + Ey,, with C;, and Ey, as
in (21) and (22), respectively). Then, an extra term n® appears naturally look-
ing for a bound for the jump part (see Lemma 7 and its proof), which results
in the final stronger condition gathered in Assumption 6.

We analyse the quantity E[||gs — g||i] in the following theorem, whose proof
is relegated in Section 8.2.

Theorem 2. Suppose that Assumptions 1,2,3,4,5,6 hold. If A, — 0, then the
estimator gm, of g on A satisfies, for any 1 <& <0,

~ 2 . . 2
B (g, ~ ol < v g, { i = ol -+ pen, )}
Cs . Cy

n2A§ nA,,

+ CoALF +

where C1 > 1 is a numerical constants and Cs,Cs3,Cy are positive constants
depending on Ay, a1,01 in particular.
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This result guarantees that our final data-driven estimator gz realizes auto-
matically the best compromise between the bias term and the penalty term, and
thus reaches the same rate obtained when the regularity of the true function g
is known. Note that here since it is more difficult to estimate g because we have
to deal with the conditional expectation of the intensity f, the last two error
terms are larger than the ones obtained in Theorem 1 for the estimation of o2.

5. A strategy to approach the jump coefficient

The challenge is to get an estimator of the coefficient a(-). Let us first remind
the reader of the notation f(z) := Z;Vil E[Agf)\Xt = z] (see Equation (25))
and

9(z) = 0*(x) + a*(2) f ().

Thus, a natural idea is to replace f in the previous equation by an estimator,

and then, to study an estimator of a(-) of the form %32(@ This is not a

simple issue and let us discuss the estimation of f later in the section.
Assuming that an estimator of f is known and denoted fh where h > 0
denotes a tunning parameter.
Then, we also assume that f > fo on A. We then define:

ag — ./q\mz (mz\_ 8311 (‘T) 1-
z fh(l') fr(x)>fo/2

with z = (my, mgo, h). Let us study this estimator, for the empirical norm. Due
to the disjoint support of the two terms and together with Cauchy-Schwarz
inequality, we obtain

~ 2
- o2 _ 52 TN
Ha _0'2”31 _ g 2 _|_( _ ml) + (g a )f ,\fh ]lf o
In f In mEE
2
+H 7 ]lfh<f0/2
~ 2
f_fh
< f2||gm2 g”2 f2HU _U Hn—|—3 ( fh ILfh>f0/2

3

1 _
o Z fh(Xt )<fo/2°
1=0

Besides, if f;, < fo/2 then |ﬁ — fl > fo/2 and as a?(-) < a? finally:

|

. ~ 12a
Efla2 - a®2] < BE[|Gn. — gll2] + BEllo* - 52,112] + IEUU T

+4 S0 P (X)) — F(XG) )
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And by Markov’s inequality, we obtain:
B2 - o))
—~ 12
< % (B0 - o130+ B0, -1+ 2at || - ]] ). 0

This equation teaches us that the empirical risk of the estimator a, is upper
bounded by the sum of the three empirical risks of the estimators of the functions
g,02, f. The first two are controlled in Theorem 1 and 2.

Finally, the triplet of parameters z = (mj, mo, h) must be chosen in a col-
lection. A first way to do it is to use the model selection proposed in the paper
for 67, ,Gm, and then select h through cross-validation for example, obtaining

finally 2 = (M., my, ) Another possible way would consist in defining a new se-
lection procedure for the triplet, for example a Goldenshluger-Lepski type, as it
is proposed in [14]. Nevertheless, the authors mention that it seems numerically
less performing than to use the one-bandwidth leave-one-out cross validation
method in the Nadaraya-watson estimator context.

Then, we choose to study the first methodology in the next Section, because
it is directly implementable using the built adaptive estimators of ¢2 and g.
Besides, the risk bound obtained on @, in Equation (31) suggests that the better
the three functions o2, g, f are estimated, the better the estimation of a will be.

Remark 1. Let us note here that f can be lower bounded by construction. In-
deed, its definition jointly with the fact that )\Ef) > (; because of the positiveness
of hi j, provides us the wanted lower bound. For a2 to be an estimator, fo must
be known or estimated.

Estimation of f For sake of simplicity let us assume that M = 1. We have
that f(x¢,) = E[A,|Xt, = x4, ] for all k. Thus, f depends on the conditional
intensity A; thus, the estimator of f will also depend on the estimator of . In
addition, to estimate A\, we need more data: we already observe the process X
on discrete times, but we also need to observe the jump times (which are not
assumed to be known in the above).

Let us assume that we have at our disposal in addition to the (Xi,);’s the
sequence Tj’s of jump times. Now, as the Hawkes process is assumed to have
exponential kernel, this estimation can simply be done using likelihood contrast
estimator for example, and we denote \; the estimator of the intensity process at
time ¢ (which do not depend on X). Then, function f can be estimated through
a Nadaraya-Watson type estimator defined as

Z th) ’>\\
Zz lKh xiXt)

The parameter, h can be chosen using cross-validation for simplicity. Under
strong assumptions, the risk of f,]LV W is bounded by the risk of the numerator
and by the risk of the denominator. Nevertheless here, to get a bound for the
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risk of the estimator we need to get a bound for the numerator which does not
seem to be a direct computation. This is not solved in the present paper and
will be the object of further considerations.

6. Numerical experiments

In this section, we present our numerical study on synthetic data.

6.1. Simulated data

We simulate the Hawkes process N with M = 1 for simplicity, and here we
denote (T} ) the sequence of jump times. In fact, the multidimensional structure
of the Hawkes process allows to consider a lot of kinds of data, but what is
impacting the dynamic of X is the cumulative Hawkes process, thus in that
sense we do not lose generality taking M = 1. In this case, the intensity process
is written as

A =&+ (Mo — e ™+ Z ce=(t=T),

Tk <t

The initial conditions Xy, A9 should be simulated according to the invariant
distribution (and A¢ should be larger than £ > 0). This measure of probability
is not explicit. Thus we choose: A\g = £ and Xy = 2 in the examples. Also, the
exogenous intensities ¢ is chosen equal to 0.5, the coefficient ¢ is equal to 0.4
and a = 5.

Then we simulate (Xa,...X41)a) from an Euler scheme with a constant
time step A; = A. Because of the additional jump term (when a # 0), it is not
possible to use classical more sophisticated scheme to the best of our knowledge.
A simulation algorithm is also detailed in [20] Section 2.3.

To challenge the proposed methodology, we investigate different kinds of mod-
els. In this section, we present the results for four models, which are the following

(a) b(x) = -4z, o(z) =1, a(z) = /2 + 0.5sin(x),

(b) b(z) = =2z +sin(x), o(z) = /(3 + 22) /(1 + 22), a(z) = 1,

(c) b(z) = -2z, o(z) = V1422, a(z) =1,

(d) b(x) = =2z, o(x) = V1422, a(x) = 21 [_55 + 51 (0o, —5) — 51 (5 100)-

The drift is chosen linear to satisfy the assumptions and as it is not of interest
to study the estimation of b here, keeping a simple drift coefficient, let us focus on
the differences observed due to the coefficients ¢ and a. For example, in models
¢) and d), o does not satisfy Assumption 1. Let us now detail the numerical
estimation strategy.

6.2. Computation of nonparametric estimators

It is important to remind the reader that the estimation procedures are only

based on the observations (Xia)k=o,...n. Indeed, the estimators 8%% and g,
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of 02 and g respectively defined by (13) and (27), are based on the statistics:

(Xkt1)a — Xia)?
A

Tin = ,k=0,...,n—1.

Estimation of 0> To compute 52, we use a version of the truncated quadratic
variation through a function ¢ that vanishes when the increments of the data
are too large compared to the standard increments of a continuous diffusion
process. Precisely, we choose

De ¥ 1 Jz| <1

k+1)A — XkA

TEy = Tha X ¢ ((H)Aﬂ> L plr) = e1/341/(aP 1) (32)
0 |z|>2

This choice for the smooth function ¢ is discussed in [4].
Estimation of ¢ As far as the estimation of ¢ := 02 + a? x f is concerned,
we do not know the true conditional expectations f(x:,) = E[A, | Xt, = 2¢,]
for all k. Thus we compare the estimations of g to the approximate function
zm(x, z)dz .
“7)7 which
mx (z)
corresponds to E[A|X = z], is estimated with the classical Nadaraya-Watson
estimator fNW(x), where h is the bandwidth parameter. To do so, we use the

g(z) = o%(z) + a?(z) x ]?TlNW(x) where the function f(z) =

R-package ksmooth. Then, h is chosen through a cross-validation leave-one-out
procedure.

Choice of the subspaces of L?(A) The spaces S,, are generated by the
trigonometric basis. The maximal dimension N,, is chosen equal to 20 for this
study. The theoretical dimension |v/nA/n®log(n)] is often too small in practice
since we have to consider higher dimension to estimate non-regular functions.
In the theoretical part, the estimation is done on a fixed compact interval A.
Here it is slightly different. We consider for each model the random data range
as the estimation interval. This is more adapted to a real-life data set situation.

6.3. Details on the calibration of the constants

Let us remind the reader that the two penalty functions pen, are given in
Equation (16) and pen, given in Equation (30). We consider here the limit
scenario where € = 0 and the penalties are both linear in the dimension. They
depend on constants named k1, ko. These constants need to be chosen once for
all for each estimator in order to compute the final adaptive estimators 8%% and
gm,- We explain now how these choices are made.

Choice for the universal constants In order to choose the universal con-
stants x; and ky we investigate models varying b, a,c? (different from those
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used to validate the procedure later on) for n € {100,1000,10000} and A €
{0.1,0.01}. We compute Monte-Carlo estimators of the risks IE[||872%0 —0??]
and E[Hgm — g|I2]. We choose to do Nyep, = 1000 repetitions to estimate this
expectatlon by the average:

Nxep Nrep
~2,(k ~(k ~
T S IEEY o and < S 6%~ gl
rep k=1 rep k=1

Finally, comparing the risks as functions of k1, ko leads to select values making a
good compromise overall experiences. Applying this procedure, we finally choose
k1 = 100 and ko = 100.

Choice for the threshold 5 The parameter § appears in Equation (32). This
parameter helps the algorithm to decide if the process has jumped or not. The
theoretical range of values is (1/4,1/2). We choose to work with 5 = 1/440.01.

Choice for the bandwidth h The bandwidth h in the Nadaraya-Watson
estimator of the conditional expectation is chosen through a leave-one-out cross-
validation procedure. Since the true conditional expectation is unknown, we
focus on the estimation of g, which depends on this estimator anyway. Indeed
it is the estimation procedure of g that is evaluated. Other choices for the best
bandwidth exist as the Goldenshluger and Lepski method [25] or a Penalized
Comparison to Overfitting [31].

6.4. Results: estimation of the empirical risk

As for the calibration phase, we compute Monte-Carlo estimators of the empir-
ical risks. We choose to do N;., = 1000 repetitions to estimate this expectation
by the average on the simulations. In the risk tables 2 and 3, we present for the
three models and different values of (A,n): the average of the estimated risk
over 1000 simulations (MISE) and the standard deviation in the brackets.

Also, we print the result for the oracle function in both cases. Indeed, as
on simulations we know functions o2, §, we can compute the estimator in the
collection M,, = {1,..., N,,} which minimises in m the errors ||g2, — |2 and
|G — 3|2 Let us denote the oracle estimators 52,. and gy,» respectively. These
are not true estimators as they are not available in practice. Nevertheless, it is
the benchmark. The goal of this numerical study is thus to see how close the
risk results of 032, b gm are to the risks of these two oracle functions.

Let us detail the result for each estimator.

Estimation of o2

Figure 1 shows for models (a),(b),(c), three estimators

872%0 in green (light grey) and the true function o2 in black (dotted line). We
can appreciate here the good reconstruction of the function o2 by our estimator.
Table 2 sums up the results of the estimator 5%  for the different models and
different parameter choices. We present also the results for the oracle estimator

52 . as it has been said previously.

m*



3236 C. Amorino et al.

-0.5 0.0 0.5 1.0 -1 0 1 2 -0.5 0.0 0.5 1.0 1.5

Fic 1. Models (a),(b),(c) with n = 10000, A = 0.01. Three final estimators are plain green
(plain line), true o? plain black (dotted line)

TABLE 2
Estimation on a compact interval. Average and standard deviation of the estimated risks
52, — 02|12 and ||52,. — 02||2 computed over 1000 repetitions.

A,n || Estimator Model (a) Model (b) Model (c)
A= 0.1 n = 1000 T 0.361 (0.285) 0.107 (0.989) 0.798 (0.208)
G, 0.410 (0.280)  0.187 (1.678)  1.201 (0.216)
A = 0.1 n = 10000 G 0.278 (0.088) 0.027 (1.014) 0.366 (0.042)
G, 0.385 (0.122)  0.046 (1.162)  0.452 (0.062)

A = 0.01 n = 10000 G 0.010 (0.023) 0.005 (0.008) _ 0.008 (0.07)
G 0.015 (0.028)  0.005 (0.015)  0.015 (0.012)

The estimations of the MISE and the standard deviation are really close to
the oracle ones. As it has been shown in the theoretical part, we can notice
that the MISE decreases when n increases. Besides, as the variance term is
proportional to 1/n when n is fixed and large enough, we can see the clear
influence of A from 0.1 to 0.01, the MISEs are divided at least by 10. Model (c)
seems to be the more challenging for the procedure.

Estimation of § Figure 2 shows for each of the three models (a),(b),(c), three
estimators ggm, of g in green (light gray) and function § in black (dotted line).
The beams of the three realizations of the estimator are satisfying.
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Fic 2. Models (a),(b),(c) with n = 10000, A = 0.01. Three final estimators of § are plain
green (plain line) and § plain black (dotted line).

TABLE 3
Estimation on a compact interval. Average and standard deviation of the estimated risks
97, — g2 and ||gm=* — §||2 computed over 1000 repetitions.

An || Estimator Model (a) Model (b) Model (c)
A =0.1n=1000 G 0.895 (0.060) 0.474 (0.393) 0.311 (0.320)
Gin, 1.363 (0.715)  0.915 (0.520) 0.707 (0.964)
A =0.1n = 10000 G 0.735 (0.195) 0.198 (0.079) 0.099 (0.056)
G, 0.948 (0.193)  0.313 (0.174)  0.236 (0.202)
A = 0.01 n = 10000 G 0.109 (0.120) _ 0.098 (0.072) _0.035 (0.035)
Gin, 0.129 (0.141)  0.240 (0.100)  0.073 (0.130)

We observe that the procedure has difficulties in Model (a), and we confirm
that impression in Table 3 below with the estimation of the risk. But for the
two other models, the estimators seem closer to the true function. The estima-
tion appears to work better in Model (c) than in Model (b), and this is also
corroborated by the estimation of the risk given in Table 3.

Table 3 gives the Mean Integrated Squared Errors (MISEs) of the estimator
gm, obtained from our procedure and of the oracle estimator g,,-, which is the
best one in the collection for the three different models with different values of
A and n.

As expected, we observe that the MISEs are smaller when n increases and A



3238 C. Amorino et al.

decreases. The different Models (a), (b), (c) gives relatively good results even
if, as already said, it seems a little bit more difficult to estimate correctly g in
Model (a), probably because the volatility o2 is constant in this case. For the
two other models, the estimators seem to be better. Compared with the results
on the estimation of o2, the variance is proportional to 1/(nA), and thus, the
risks are greater in general.

6.5. Estimation of a?

As explained in Section 5, the challenge is to get an approximation of the co-
efficient a from the two previous estimators. A main numerical issue is that,
according to the theoretical and numerical results, the best setting for the es-
timation of o2 and ¢ are not the same. Indeed, the smallest A is, the best the
estimation of 02 is, as only large n is important, and on the contrary, nA needs
to be large to estimate g properly.

To overcome this difficulty, we choose a thin discretization of the trajecto-
ries of X. We simulate here discrete path of the process X at first with A =
1073, n = 10°. Then, we first compute Gm, the estimator of g on all the obser-
vations. Secondly, we compute 3727% the estimator of o2 from a subsample of the
discretized observations (one over ten observations thus A = 0.01, n = 10000).

We finally compute the estimator

L (@) =53, ()
2 (g) = e e
W (2)

This procedure is presented in Section 5. We have plugged-in a? the final esti-
mators of 02, g.

We present on Figure 3 the results obtained on model (d) in which neither
o2 nor a are constant. Indeed, for the three other models, our procedure has
difficulties estimating properly g, o2 and a?, when one of the diffusion jump
process parameters is constant. We see that the final estimator a% is not so far
from the true function a? even if there are some fluctuations around the true
function. This is understandable because we add the errors coming from the
estimations of o2 and g as we can see on Inequality (31). Moreover, it should
not be forgotten that we do not know exactly g and that we already make an
error by estimating g instead of g, this error is then reflected in the estimate of

a’.

7. Discussion

This paper investigates the jump-diffusion model with jumps driven by a Hawkes
process. This model is interesting to complete the collection of jump-diffusion
models and consider dependency in the jump process. The dynamic of the tra-
jectories obtained from this model is impacted by the Hawkes process, which
acts independently of the diffusion process.
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and @ are plain green (plain line), and true

-65 00 05 -0.5 00
FIG 3. Model (d). Final estimators Ga,,, 8%“
in plain black (dotted line) from left to right respectively

parameters §, o2 and a

This work focuses on the estimation of the unknown coefficients o and a. We
propose a classical adaptive estimator of o based on the truncated increments of
the observed discrete trajectory. This allows estimating the diffusion coefficient

when no jump is detected
not o2 + a? that can be estimated. The multiplicative term f is the sum of the

) 9 X
conditional expectations of the jump process. This function can be estimated
separately through a Nadaraya-Watson estimator. The proposed estimator of g

is built using all increments of the quadratic variation this time
Furthermore, a main issue is to reach the jump coefficient a from the two

Then, we estimate the sum g := 02 + a? x f. Indeed, it is this function and

and gg,, for which the theoretical and numerical results are

first estimators 02
convincing. The last section of this article answered this question partially. It is
simple to build an estimator of a from the two previous ones and the estimator

of the unknown conditional intensity function f

Nevertheless, this is possible only if the jumps of the Hawkes process are
observed, which is the case of the simulation study. Then, when real-life data
arises, the jump times of the counting process must be known to be able to
reach a with our methodology. Otherwise, the issue remains an open question.

Then, the proposed estimator a,, with z = (my,mq,h), is a quotient of
estimators and the denominator must be lower bounded to ensure the proper
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definition of the estimator. This could be theoretically and numerically carefully
studied and be the object for further works.

Finally, our analysis sheds light on the importance to further investigate the
conditional intensity function f, dependent on the invariant density w. A future
perspective would be to propose a kernel estimator for the invariant density m
and to study its behavior and its asymptotic properties deeply, following the
same approach as in [37] and [3]. A projection method is instead considered in
[30] to estimate the invariant density associated with a piecewise deterministic
Markov process. Consequently, it will be possible to discuss the properties of
the related estimator of f.

From the nonparametric estimation point of view, it should be interesting to
extend the present estimation work to estimation on the real line instead of on
a compact interval. [13] brings a solution to deal with the estimation of the drift
function on the all real line from repeated observations. The procedure may be
extended to the present framework in future works.

8. Proofs

This section is devoted to the proofs of the results stated in Sections 3 and 4.
One may observe that, concerning non-adaptive estimators, the proof of both
Propositions 3 and 5 relies on the same scheme. It consists in introducing the set
2, as in (35), on which the norms ||-||_x and ||-||,, are equivalent, and to bound
the risk on 2,, and €0f,, respectively. On ), a rough bound on the quantities we
are considering is enough, as the probability of Q¢ is very small (see (40)). Hence,
the idea to bound the risk on Q¢ in Proposition 3 and 5 is basically the same. On
Q,, instead, there are main differences. Indeed, in Proposition 3, it is enough to
upper bound roughly both the bias and the jump terms, (to deal more in detail
only with the Brownian part), while in Proposition 5 a in-depth study is required
for By,, Cy, and Ey,. Such difference between the proofs for the estimation of o
and ¢ is more highlighted in the analysis of the adaptive procedure. The proof
of both Theorems 1 and 2, indeed, heavily relies on Talagrand inequality and, as
for the non-adaptive procedure, for the estimation of o what really matters is the
contribution of By, while for the estimation of ¢ also Ct, and E;, are involved. It
implies that, for the proof of Theorem 2, we are using Berbee’s coupling method
to get independent variables and truncation to make them bounded, starting
from some variables in which also the jumps contribute; which is challenging.

8.1. Proof of volatility estimation
Here we prove all the results stated in Section 3. We start proving Proposition 3.

8.1.1. Proof of Proposition 3

Proof. We want to obtain an upper bound for the empirical risk E[||52, — o2 Hi]

First of all we remark that, if ¢ is a deterministic function, then it is E[||t||i] =



Nonparametric inference of Hawkes coefficients 3241

2
[
By the definition of T}, we have that

n—1

1 2
)= 53 (H0X0) = Tipas (A:X)) 1a(X0,)

n—1
1 - 2
== > (t(Xti) = 0*(Xe,) = (Ap, + By, + Brppp _(AiX))) 14(X,,)
i=0

n—1

1 -
+ o ;(Ati + By, + EtiﬁpAZYi(AiX))zllA(Xti)

2

= le=27|
n

n—1
92 -
— 23 (A + Bi + By (80X)) (HX0) = 0%(X)) Ta(Xe,).
i=0 '

As 72, minimizes 7, r(t), for any o2, € Sy, it is Y1 (02,) < Y (02,) and
therefore

162, = &[I} < llo = oI
9 n—1 ~ R
+ E (Atl + Bti + thgpAgl(AlX))(O—?n(X&) - Urzn(th‘,))v

~
Il
o

where in the last sum we can remove the indicator since 7, and o, are com-
pactly supported on A. Let us denote the contrast function

n—1
Un(t) := % > Bit(Xy). (33)
=0

In the sequel, we will repeatedly use that, for d > 0, it is 2zy < 22/d + dy?. Tt
follows

R d n—1 _ 9
(52—} < ot =02+ =3 (Au + Bueys (AiX)
i=0 "
L 2|2 2 ~2
+E ||0m - O'mHn + 2v, (07, — 05,)-
The linearity of the function v, in ¢ implies that

200 (7, — o) = 2157, — onllwx [ (G — 07,)/150 — o)

< 2(57, — opllax sup |va(#)],

€bm

then, using again that 2zy < %2 + dy?, we obtain the upper bound

~ 1.
20vn (G5 — om) < Sll60 — onllzx + d sup v, (t)
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where B, = {t €S, : ||t||frx < 1}. Finally, using Cauchy-Schwarz’s inequality

leads to
N o4 =t _
162 —o?[, < ||03n*02||i+;214§ ZEt Par (AiX)
i=0
+ 3158 = o3+ o2 + 5 15— o2 - 30
Let us set
; )12 1
Q, = qw, ¥t € S,\{0}, 5= — 1 < -0, (35)
e 2

on which the norms ||-||.x and |||, are equivalent. We now act differently to
bound the risk on €, and Q.

Bound of the risk on ,, On ,, it is

<2|[3%, — ohll, <435 — oI, + 4o ~ o

~2 2
HO’m*O' mHn’

mllex

where in the last estimation we have used triangular inequality. In the same way
we get

~2 212 ~2 2112 2 2112
167 = omll, < 2|57, = o®|[, + 2[|o* = on|[,

Replacing them in (34) we obtain

_ 2d
s M R ZA2 Z(Etimg,xAiX)F

=0

+d sup () + 5 3% |+ o~ o3

We need d to be more than 6. We take the optimal choice for d, which
corresponds to d = 12, obtaining

63~ oI < 8ll0% — o2+ 3" A2
=0
48 n—1
+— D (Bropr (AiX))?+ 24 sup va(t). (36)
=0 ™t teBwn

We denote as (¢); an orthonormal basis of S, for the L?y norm (thus
Jg V7 ()7 (x)dx = 1). Each t € B,, can be written

Dy, Dy,
t= Zall/}l, with ZO{? <1.
=1 =1
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Then,

D,
sup v2(t) = sup I/,,2L (Z aﬂ/zl>

teBm zl 1 ai<
< sup <Z 041) (Z Vﬁ(%)) = vn(t). (37)
Y <1 =1 =1

To study the risk we need to evaluate the expected value. From (36), (37) and
using the first and the third points of Proposition 2, we get

Dy,
E [Ha%; ~o?| Imn} <3E [Ha; - UZH;‘J +eALE A 4 20y B2 (1)),
=1

(38)
By the definition (33) of v, it is
n—1
Un wl ZBt wl Xt,)
i=0

As By, is conditionally centered, using the second point of Proposition 2, it is

D, n—1 D,,
ZE[ SHLZZ]E% (X:,)E[B}, | 7))
=1 i=0 I=1

c coi{D
< 7§ § j 1ER(X ==
S 02 01 7/)1 )] < n
Replacing the inequality here above in (38) it yields
4
. Dy,
E[[6% - o?I 10,] < 3B [[lo2, - 0% + catp-1 4 1 om
n n n

As for any deterministic ¢ it is E[||¢]|,,] = ||¢||,.x, it follows

cot Dy,

E([57 — o[l le,] <3 inf It =0 [x + Al + (39)

Bound of the risk on Qf The complementary space € of 2, given in
Equation (35) is defined as:

-

Let us set e = (e,...,e€1,_,), where e;, := Ty, 8 (AX) — o2(X,,) =
Ay, + By, + Eyp 8 (A;X). Moreover

[1£]15

T 1‘ > 1/2}.
7

I,Te = Hm(Tto@Aﬁ O(AOX), SRR Ttn_l‘PAg - (Ap_1X))
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= (a\fn(Xto)’ R m(th 1))
where II,,, is the Euclidean orthogonal projection over S,,. Then, according to
the projection definition,

2

~2 2 2
155 =11,

Mo = 02, = [T~ Mno?|[, + [Mmo® = o2,
< |lTe =l + llo [, = llellz + llo°,

Therefore, from Cauchy -Schwarz inequality and the boundless of o2(z),

~ 2 2
E[|62 - o?| ta;] < E[llel tag ]| +E [[|o? ta;
1 n—1 1 n—1
= - > Elef 1] + - > Elo* (X))o
i=0 i=0
1 n
<~ D Ele)P()? +oiP().
From Lemma 6.4 in [19], if (logn)2 — 00 and N, < o for [DP] and [W] and
N2 < aﬁg% for the collection [T}, then
€o
P) < 7 (40)

In the hypothesis of our proposition we have requested that logn = o(v/nA,,).

As for n going to oo we have % < 1‘;% — 0, the first condition in Lemma

6.4 in [19] hold true. Regarding the bound on N,,, we have required Assumption
5 and so we can apply the here above mentioned lemma, which yields (40).
We are left to evaluate E[ef ]. From Proposition 2 it follows

B[eh] SB[+ Bl + Bloky (AX)] < Al 4 op eal S < cal s

Putting the pieces together it yields

TN (41)

~ 2
E[[}3% - %I} 10y <
From (39) and (41) it follows

0A4B—3
ClUl 2

E[HGER—HHQ} <6 inf ||t -0+ T CoAT
n tESm 4

8.1.2. Proof of Theorem 1

Proof. For simplicity in notation we denote m, = m in the proof. We analyse
the quantity IE[HE% —o? Hz]7 acting again in different way depending on whether
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or not we are on 2,,. On Qf the proof can be led as before, getting
0ndp—3
~2 2 2 CAn
E (|62 - o[} 10 | < = (42)
Now we investigate what happens on §2,,. By the definition of m it is

YoM (i) + pen(m) < v ar(Gm) + pen(m) < v ar(0m) + pen(m)

and so, acting as before (36), we get

2 2, 48 ~
E||l0% - 0| 10, | < 3E[o%, - o?[2] + — ; E[A2)]
48 n—1 ) 5
+ B S BBy (A2 +UE| s 120) (43)
=0 n,i te m,
+ 12pen(m) — 12E[pen(m)], (44)

where v, has been defined in (33) and
Bm,m/ = {h S Sm =+ Sm’ : ||hH7rX S ]_} .

We want to control the term Efsup,cs _ (vn(t))?] and, to do that, we introduce
the function p(m, m’) which is such that

plm, m') = 5 (pen(m) + pen(m’)). (45)

It is

E

sup Vn(t)Q] < E[p(m,m)] + Z E l( sup (Vn(t))Q—p(m,m’)> ]
+

teEB,, = oM, tEB, i

In order to bound the second term in the right hand side here above we want to
use Lemma 7 in [35]. We can remark that, for any p > 2, E[| By, |P] < ﬁE[Zip] +

o According to Proposition 4.2 in Barlow and Yor [8] there exists a constant
¢ such that, for any p > 0,

E [Zép} < cAflUfp.

It follows
E[|By, "] < co?.

By Lemma 7 in [35] there exists a constant k such that, for any m,m’ € M,

E

tGBmﬁm/ n

ef(Dm+Dm’)
sup V2 (t) — keoyp(m,m’) <e—m—. (46)
+
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We have said, in the definition of the penalization function pen, given in
Subsection 3.2, that the constant x; has to be calibrated. In particular, we need
it to be such that 5} > kcoy, where o1 is the upper bound for the volatility
provided in the second point of Assumption 1 and k and ¢ are as in Lemma 7 of
[35]. We underline that Lemma 7 in [35] has been proved for a noisy diffusion.
However, the same reasoning applies for a jump diffusion (see the proof of The-
orem 13 in [36]) and for our framework as well, as it is based on a projection
argument and on algebraic computations which still hold true.

We remark that Assumption (iii) of Section 2.2 of [35], on the cardinality
of the support of the basis, holds true only for the collections [DP] and [W].
However, Lemma 7 of [35] still holds true for the collection [T], up to add the

3

condition NT < 1 as in the first point of Assumption 5. Indeed Lemma 8 of
[35] (on which the proof of Lemma 7 relies) does not change considering the
collection [T]. Then 7, , as introduced in the proof of Lemma 7 in [35], is
now bounded by an extra D = max(D,,, D}, ), which implies an extra D in the
definition of both 1y and 7. In particular now we have, using the notation in
Lemma 7 of [35], my 1= 27%(/c3xk + caDzy). It follows, after having replaced
Tk,

D

n

7’ =0 m)? < ev’(
k=0

4 3
Now, % < % as we have assumed % < 1 in Assumption 5. Then, following

again the proof of Lemma 7 in [35] but substituting the variable 7 with y such
2
that 7 = ¢y?*(£ 4+ D?*%3), we get

E =C~% P / e Vdy + — D?*ye~Ydy)
0 0
2 D2
<c—eP(1+ )
n

However, Assumption 5 implies DTz < 1 and so we get that the extra part due

to the choice of the collection [T] is negligible. We recover E < C%Qe_D

Lemma 7 of [35] and as we wanted.
From (46) and the fourth point of Assumption 4 we get

E 5 2(4) — ! <t ~(Dm+Dyr) <« &
> & 0] <2 % <

m'eM,, tEB,, m' EM,,

, as in

It provides us, using also (41) and Proposition 2,

m

E [H&\% - O'2Hi] < 3E [Ha?n - 02”1} + AL 4 % + cpen(m)
cA%AMﬂ?%

E B SR s
n? n
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< (; inf {inf It — 2|2 x +pen(m)}

meM, |tESm
482
CsA, 2 C
FO AN B0 L O
n n

8.2. Proof of results on estimation of g

In this section we prove the results stated in Section 4.

8.2.1. Proof of Proposition 5

Proof. The proof follows the same scheme than the proof of Proposition 3. We
want to upper bound the empirical risk E[||g,, — g||fl} By the definition of T3,
we have that

n—1
1
Tm(t) = ) (H(Xe) ~ T,)*1a(Xy,)
=0
1 n—1
= (t(X1,) = 9(Xs,) = (Ap, + Bi, + Ci, + Er,)*1a(Xy,)
=0
1 n—1
= Ht - g”i + E Z()(Atl + Bti + Cti + Eti)Z]lA(Xti)
9 n—1
7% Z(Atq + th‘, + Cti + Et7)(t(Xt7) - g(Xt7))]1A(Xt7)
1=0

As g, minimizes v, a(t), for any g, € Sp it i Vo, v (Gm) < Yo, m(gm) and
therefore

_ R _
Hgm - gHi < ||gm - gHi + E Z(Atz + Bti + Ct,i + Et'i)(gm(Xti) - gm(Xti))'
=0

Using Cauchy-Schwarz inequality and the fact that, for d > 0, 2xy < % + dy?,
we get

2d <2 1

—~ 2 2 ~ 2

1Gm =gl < llgm = glln+ = > AL + = [Gm — gmll;, + 2dsup oy (1)
=0

m

1,
+E G — gm”iX + 2dsup 1/72172(1‘,), (47)
B

where B, = {t € S It x < 1} and

n—1

n—1
vt = = S (Bu + BHXL), wnalt) = - 3 Cut(X,). (48)
i=0 =0
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We still denote €, the space on which the norms ||-|| x and ||-||,, are equivalent
given by Equation (35). We now act differently to bound the risk on €2,, and
QS

Bound of the risk on Q,, On ,, it is

_~ 2 ~ 2 ~ 2 2
1Gm — 9m||7rX <2 ||gm - gmHn <4|gm — an +4 ”g - gm”nv

where in the last estimation we have used triangular inequality. Replacing it
in (47) we get

n—1

_ 24
G =gl < llgm = glln+ > A7 +2dsup vy (1) + 2dsup vy 5(2)

i=0 m m
6~ 2, 6 2
+E 1Gm — gll;, + i lg = gmll,

As before, we take d = 12. It yields

R 48 n—1
(G — g2 < 3llgm — gll2 + — ZA2 +48 sup vy (1) +48 sup vy (1) (49)
i=0 teB, teB,

We now need introduce a orthonormal basis of S,,,. Hence, we consider (15;@);@,
an orthonormal basis of S, for the Ler norm, as before. Each ¢t € B,, can be

written
D, Dy,
t:Zaﬂ/}l, with Zalzg 1.
=1 =1

Then, for j =1 and j = 2,

Dy,
sup v, ;(t) = sup v <Z aﬂ/ﬁ) (50)
1=1

1€Bm T of<

D, D B D, N
PR (za%) (zuz,jwl))zuz,jwo, 61
Zl 1 O(l =1 =1 =1

where we have also used Cauchy-Schwartz inequality. To study the risk we need
to evaluate the expected value. From (49), (51) and using the first point of
Proposition 4, we get

~ 2
12 {Hgm =gl ﬂnn}

D,,

SSE[Ilgm—gHQ]JrcAl 5+4821E Vi1 ()] +482E[ M)} (52)

=1 =1
By the definition (48) of v, ; and the points 2 and 3 of Proposition 4, it is

n—1 D,,

D,
S EWR )] < =5 D E[GROG)EIBE + B} IR
=1

=0 [=1
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n—1 D,
YR |G ek + £ Z A
i=0 =1 Ani
We observe that the first term in the right hand side here above is
Co_4 n—1Dp,
2 2 D B (Xu] <
i=0 1=1

Regarding the second term, we remark that, as HUZZH < D,, and its norm 2 is
bounded by 1, it is =

72 i Cal
U (Xe) 5 < ZE PE[A]]s
cal w 2er[,72 1 () ey 1=
< - Y DEER(X)IEIN | ]
n,t =1
4
€A1 ry2e
< LD
- An,i

where we have used Holder inequality with p = 1+¢, for € > 0 arbitrarily small,
and the boundedness of the moments of A. It follows

n—1 D,, +2e 4
cal a;
30 D El(X0) Z\A 7A .
i=0 I=1 5t
Hence,
D,

~ 4 4 D1+25
E |:U2 wl)i| S C(Ul + al) m )

—

In order to evaluate E[VTQL,Q(LZ)[)], the following lemma will be useful:
Lemma 4. Suppose that A1-A3 hold true. Then, for any € > 0 arbitrarily
small,
n—1
cD?*
Cy, (X .,
v (25 i ) < 2
The proof of Lemma 4 is in the appendix. Lemma 4 yields

D1+25

ZE[Mwl}_—. (54)

Replacing the inequality here above and (53) in (52) we get, using also that
A, i > cApin and the fact that there exist ¢ and ¢ for which ¢; < < o,

c(of +aj +1)Dyt*
nA, '

E [l — 912 10, | < 3E [llgm — glI2] + AL +
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As the choice g,,, € S, is arbitrary, we obtain

c(of +af +1)DLI2

]E[Am— ’1 ]< inf ||t — g AL-¢
1gm = gl Be, | <3 inf It —gllx +cAp™ + WAL (55)
Bound of the risk on Qf Let us set e = (ey,...,e,_,), where e;, :=

T:, — g(Xs,) = Ay, + B, + Cy, + E},. Moreover

1L, T = Hm(Ttm s 7Ttn71) = (/g\m(Xto)u ce 7/g\m<th71))ﬂ

where II,, is the Euclidean orthogonal projection over S,,. Then, according to
the projection definition,

~ 2 2 2 2
[Gm =gl = T = gll;, = [T = ngll;, + [Mmg = gll,
2 2 2 2
< T =gl + llgllz, = lelly + llgll5, -
Therefore, from Cauchy -Schwarz inequality,

~ 2 2 2
Ellgm — gl Tog] < Elllell, Log] +Efllgll, Log]

n—1 n—1
1 1
=Y El2 g+ =) Elg(X, ) 1ae
”;:o lef 1o ] + ”;:o [9(X¢,) 1o ]

|
—

Elg(X,, )7 P(Q5)*

IN

1 n—1 1 n
ST E[elEPQS): + —
nz e, JEP(0) 2 +

=0 3

Il
o

Moreover, using the boundedness of both a and o and the fact that E[|A\;, |*] <
00, we obtain E[g(Xy,)?*] < co. We are left to evaluate Elef ]. From Proposition 4
it follows

_: c c
Ele; ] <E[A} + B} +C} + E}] <Al +ctc+ AT S An
Putting the pieces together it yields
- c 1 c c
E|gm — glln log] < —5 5+ —5 < ——. (56)
Az n2A2
From (55) and (56) it follows
R Ci(of+at +1)DLt2 = C
Ellin — 012) < 3E[lgn — g2+ AT DI DO g n1-ey G
nl, n2Az2

8.2.2. Proof of Theorem 2

Proof. For simplicity in notation we denote m, = m in the proof.
We act again in different way depending on whether or not we are on £2,,. On
Q¢ the proof can be led as before, getting

~ C
E [Ilgm — gll} 1o; | < = (57)

n2A2
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Now we investigate what happens on €2,,. In particular, we analyse what happens
on O C Q,, a set which will be defined later (see (65)). By the definition of m
we have

YoM (G) + pen(m) < vn a1 (Gm) + pen(m) < v, a1 (gm) + pen(m)

and so, acting as to obtain Equation (49), we get

~ 48 <
E[lgn - ol 10] < 3Ellgm —gl)+ 5 EeZ) + 15E [ sup Vﬁ(t)]lo]
i=0 t€Bm,m
+12pen(m) — 12E[pen(m)],

where )

1«

Vn(t) = ﬁ ZO(Bt7 + Otl + Eti)t(Xti)’

and

Bpm: :=1{h € S+ Sp : ||h]|.x <1}
In order to control the term E[sup,ep v2(t)1e], we introduce the function
p(m,m’):
plm,m') < 4 (pen(m) + pen(m).
It is

E{tesgfﬁy ()]lo} < E[p(m,m)] m;/l E

( sup Vﬁ(t)—p(m,m’)) ]lo].
tEBmym/ i

Replacing it in (43) and using the first point of Proposition 4 we get
E[lgn - g2 10] < 3E[lgn —gl2] +cal
+48E[p(m, m)] + 12pen(m) — 12E[pen(m)]

+48 Z El( sup Vﬁ(ﬂ—p(m,m’)) 1@](58)
+

m’'eEM,, t€By,m

We have introduced the function p(m,m’) with the purpose to use Talagrand
inequality on the last term in the right hand side of the equation here above. We
recall the following version of the Talagrand inequality, which has been stated in
[36] and proved by Birgé and Massart (1998) [9] (corollary 2 p.354) and Comte
and Merlevede (2002) [15] (p.222-223).

Lemma 5. Let Ty, ...,T, be independent random variables with values in some
Polish space X and vy : Byym — R such that

=-> (T, r(T;)]).

Jj=1

’EI'—‘
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Then,

p 2 M2 b
E sup |vp(r)|* — 2H? <c <B€C il _26077) ,  (59)
TEBm,m/ n p p

with ¢ a universal constant and where

12
sup ||Irll, <M, E[ sup |v,(r)]] <H, sup — E Var(r(T})) < v.
rEB,, reB,, .1 reB,, .o P =

We observe that in Talagrand lemma here above the random variables 77,. . .,
T, are supposed to be independent. Starting from our variables we can get
independent variables through Berbee’s coupling method. We recall it below, it
is proved by Viennet in Proposition 5.1 of [38] while an analogous statement in
continuous time can be found in [3].

Lemma 6. Let (M;)i>0 be a stationary and exponentially S mizing process
observed at discrete times 0 = tg < t; < ... <t, =T. Let p, and g, be two
integers such that n = 2pnq,. For any j € {0,1} and 1 < k < p,, we consider
the random variables

Uk,j = (Mt(2<k71)+j)qn+1’ T Mt(2k—1+j)qn )-

There exist random variables My, , ..., M{ such that
* * *
Uk,j T (Mt(2<k—1>+j>qn+1’ T Mt(zk—lﬂ')qn)

satisfy the following properties.

e For any j € {0,1}, the random vectors Uy ;,...,Uy . are independent.
e For any (j,k) € {0,1} x {1,...,pn}, Uk,; and U} ; have the same distri-
bution.

o Forany (j,k) € {0,1} x{1,...,pn}, P(Uk; # Uy ;) < Brr(qnAmin), where
Bar is the B-mixing coefficient of the process (My).

We want to apply Berbee’s coupling lemma to the random vectors M;, =
(By;, Cy,, Ey,, Xy,), that we write as a function of (X, A;), which is stationary
and exponentially - mixing, as discussed in Section 2.3. We define the ¢ algebra

fti = CT(XS,)\S,S S (ti,ti+1]), (60)

completed with the null sets. Because of the exponentially S-mixing of (X, \¢)
we know it is o
B(Fr, Fry) < ce Ml

Writing the dynamic of A = (A®, ... A\(@) in the matrix form, d\; = —a(\; —
¢)dt + e¢dNy, and since c is invertible, we can get dN; as a function of d\; and
At. Then, using the invertibility of o with the second line of (2), we can write
dW; as a function of dX;, Xi,d\, and A;. Now, by the definition of By,, C4,
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and By, it follows that (By,, C;,, E;,) is measurable with respect to Fy,. We can
therefore use Berbee’s coupling on M,, = (By,, Cy,, Et,, X+,). Let ¢, be the size
of the blocks, which we will specify later. As it may happen that 2¢, does not
divide n, we set p,, = [n/(2¢y)] and remove from the definition of the contrast
function (26) the data corresponding to the indexes i € {2p,qn,...,n — 1}.
This modification avoids dealing with a last block having a different size, and
we can apply Berbee’s lemma to (My,)i=o,... 2p,.q,- It yields to the construction
of variables (Uf;j)ke{l,...,pn};j=0,1 such that Uy ; has the same law as Uy; =

(bBt(Q(k‘fl)+j)Qn+l7Ct(2(k*1)+j)_qn+l’ t(2<k—1)+j>qn+nXt@(k—lm')qwz)16{17---1%}’and for
j € {0, 1}, the random variables (U} ;)1<k<p, are independent. Let us set

Q= {w,Vj,Vk, Uy ; = U:J},
by Berbee’s coupling lemma it comes that

P(2") < 2pnB7 (G Amin) < c-me 0 Amin,

qn
It is enough to take g, := Lﬁ logn] in (61) to get

c

P(Q"°) < WTlogn” (61)
For t € By, m/, and (4, k) € {0,1} x {1,...,p,} we define both
1 &
WUks) = - ;(Bfmmmw + Ctatemsyrsans T Fiaonyesrans)
x t(X:@(k—l)-*—j)thH)’ (62)

and t(Uy, ;) the analogous quantity based on Uy ;.
We want to apply Talagrand inequality on v};(t) := v)*(t) 4+ vy *(t), where

W0 (t) =

> HUR ). (63)

k=1

p
Yotk w(t) =
k=1

AR

With these definitions, we have on the set Q*, v} (t) = v, (t) for all t € By, .
Now we want to compute the constants M, v and H as defined in Lemma 5. The
random variables t(U,’; j) are not bounded, hence, to compute M, we introduce
the following set

QB = {w : Vjv Vk,Vt € Bm,m'v |t(U/:,J)‘ S 6n€OD%} ’ (64)

with D := D,, + D,y and some gy > 0. The following lemma is proven in the
appendix.

Lemma 7. Suppose that A1-A3 hold. Then there exists ¢ > 0 such that

c &
B(Q5) < 5.
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We introduce bounded version of the random variables ¢(Uy ;) by setting for
M >0,
tMD(Ur ) =t(UL ;) vV —M A M.

With the choice M := EnSUD%, we have on the event Qp that t(M)(U]:J) _
t(U; ;) V3,Vk, Yt € By . We set

From (40), (61) and Lemma 7 it follows

C

P(O°) < —.

n
We act on O¢ as we did on €)f, getting
c

T
n2Az

E[|gm — gl 1oe] < (66)

On the other side, on O we are really going to use Talagrand’s inequality to

control
> E

m’'eM,,

On O, we have v, (t) = v*(t) + v)* (t) and

teBm’m/

( sup vn(t)g—p(m»m')> 101- (67)
+

>N (U;,) = 37 (#9007, ~ BEODWE ) + B (U5)

where vJ* has been defined in (63).
Using E[t(Ug )] = 0, we deduce

B[ (U30)]] < E [|(t = 100U o)L | < E[1U5 )] B25) /2.
We need the following Lemma whose proof is postponed to the Appendix.

% 5
Lemma 8. We have supyep, , E[t(Ug0)?] < cahs

for & arbitrarily small
and some constant c.

Using Lemma 7 and Lemma 8, we deduce

" 5/2 5/2 m’
SUPtep, . ./ |E[t(M)(UO,0)]| < c(an[i)l/Qrﬂ <c (ln(,,?))lmnz < cp(mnm ). Hence
to control the term (67) it is sufficient to get an upper bound, for n large enough

on
- 1
S E|( sw o2 - Lpemmty) |
tEBmym/ 4 4

m’'eM,
for 7 = 0,1. We can apply Lemma 5 to this term. To this purpose, we need to
compute the constants M, v and H appearing therein. By construction, we can
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5
use M = anOD%, and by Lemma 8 and stationarity we can take v = quT. In

nean

order to compute H? we observe it is

B w0 SE] swp [ (0010l B swp o @l1o),
€ m,m’ S

m,m’ te m,m’

<E[ sup [v}*(O)[Lo] + sup [E[t™™)(Ug,)]l + MP(O°),

m,m/ tEB

- Do/2 D1/2pg0 DL/2
<EL s o Ol te Aot < \/Ele%‘f,’m, ()2 (O +e =7

where we have used [t (U; )| < M. To find an upper bound for the right
hand side here above we act similarly to how we did before (51): we introduce
the orthonormal basis (¢), such that each t € By, v can be written as the

following
D

D
t= ZO_Q'LZ_JI, with Zo‘z% <1.
=1

1=1
Similarly to (51), we have

D
sup (v)2(t) =  sup  (u))’ (Zam>

teB'm,'m/ ZlDzl d?gl

INA

™

Iy

ot

IA

z ~

s
Qi
N

N——

g
=
h=IET
o
=

~

=1

Acting exactly as we did in order to get (53) and Lemma 4 on v} ; and v , (as
for Equation (54)) we obtain

[ sup (0 )2(0)] < o) 2

E[ sup (v3")2(t)] <ec .
\/ tEBnL,nL’ P nAn

In turn we have E[sup;cp \vg’*(t(M))H < cy/ 5’;;25 =: H.

We now use Talagrand inequality as in Lemma 5. Tt follows

<sup V:(t)2—2H2> ]lo]
teB,.m +

< D exp (cDH%pnann) + D exp —cipnp%r€
o annAn nAnDé p2 vV nAnn‘SOD%

5 2
< cD exp(—EDH%_é) Lo D exp [ - cy/nD* ’
ni\, 2 p2 2qn VARG

E

n
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where we used % 27, 1. We recall that g, = Lcleg”J We observe that,

min

as Apin and A, differs only from a constant, \/Ai‘g_neu > 1ng Zﬁfb . Moreover, it
n4n

goes to oo for n going to infinity as we have assumed that (logn)n® = o(v/nA,,)
for some ¢ and the constant €9 can be arbitrarily small. Therefore, the second
term here above is negligible compared to the first one. It follows, using also the
definition of p(m,m), the fact that for D > 11itis D% —gDME <D6€_%D175 <

R
"e=¢DP"2 and the fourth point of Assumption 4,

/! , _ /! E /
Z E sup v ()% — p(m,m’) < ¢ Z Doe=<'P’ < (e )
m'eM t€Bm m + nin m'eM nln

Replacing it in the equivalent of (58), considering that we are now on O, it
follows

E[lga — 912 10] < 3E[lgm — gl}) + cAL~* + 48E[p(m, 7))
C
nA,,’

+12pen(m) — 12E[pen(m)] +

It provides us, using also (66),

Ellga —glln] < 3E[gm — glln] + AL + —— + cpen(m) +

n2A2 niy,

< 1&%{ nf 0ol +penin) | + Canl
+

+ O

E
2

n2A2

Supplementary material
Appendix A

For the following proofs, the lemma stated and proved below is a very helpful
tool. It provides the size of the increments of both X and .

Lemma 9. Suppose that A1-A8 hold. Then, there exist ¢; and co positive con-
stants such that, for allt > s, |t — s| < 1 the following hold true

1. For allp > 2, E[|X;: — Xs|P] < c1]t — 3.

2. For allp > 2 and for any j € {1,..., M}, E[\/\?) - /\§])|P] < colt — s8]

3 E[[A — || Fs] < eslt — s|(L+ |As]), where A = (AD, .. M) and | - |
stands for the euclidean norm.

4. Forany j €{1,..., M}, SUPpe0,1] H)‘erh”]:] < |)‘ ‘+C|h|(1 + [ As])-
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Proof. We start proving the first point. From the dynamic (2) of the process X

we have
t
/ b(Xy,)du

From Jensen inequality, the polynomial growth of b and the fact that X has
bounded moments it follows

p

t P
X, — X P <c +ec / o (Xy,)dW, +c/ ZdN(J

=I5+ Ir + Is.

E[l] < c|t — sP™? / E[|b(X,)|P]du < c|t — s|P. (68)

Using Burkholder-Davis-Gundy inequality, Jensen inequality and Assumption

1.2.on o itis
i t
<clt— 5\571/ El|o(X.)|P)du < co|t — s|%.
S

</5t JZ(Xu)du)
(69)

To evaluate I3, Kunita inequality will be useful. We refer to the Appendix of [29]
for its proof in a general form, while below (A7) on page 52 of [2] can be found
an example of its application in a form closer to the one we are going to use.
For a compensated Poisson random measure i = u — i and a jump coefficient
l(z, ), indeed, Kunita inequality provides the following;:

] < E [ / t / 1<Xs7z>|pu<ds,dz>]
/12 o 2)i(ds, dz) ]

We remark that, up to change the constant ¢ in the right hand side, the equa-
tion here above holds with the measure p instead of the compensated one f.

NS

E[IQ} S cE

Xs—, 2)i(ds, dz)

+cE

In the sequel we will apply Kunita inequality on the measure dNi(f ) and the
compensated one d]\?ﬁj), for j € {1,..., M}. The compensator is in this case
A9 (w)du.

Using on I3 Kunita inequality together with Jensen inequality and the bound-
edness of a we get
E[I3]

t 5 t P
<CZE / la(X |PA<J>du+(/ (Xu)Agﬂdu) +(/ a(Xu))\Sj)du>]

t
<Zc|a1|p/ A duclay [Pt — s~ /E[|Ag>|%]du

S
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t
+c\a1|P|t—s|P*1/ E[AD) [Pldu
< clay|P()t — 8|+t — s|2) < clag|P|t — 5], (70)

where we have used that A has the moment of any order because of Proposition 1.
From (68), (69) and (70), as |t — s| < 1, it follows E[|X; — X|P] < ¢t — s|.
Point 2
Concerning the second point, for any j € {1,..., M} it is

p

A AP < e O‘/ A9 () = G)du| +ec

t M )
Z Cj’idNél)
i=1

S

Acting as in the proof of the first point, using as main arguments Jensen in-
equality, Kunita inequality and the boundedness of the moments of \, we easily
get the wanted estimation.

Point 3

We consider the dynamic of A gathered in (2) in matrix form and so we have

t t
/\tf)\sza/()\ufq)dqu/ ¢dN, =: D, + G,

where \; = ()\gl), e )\EM)), c € RM x RM. We start evaluating D,. By adding
and subtracting As we easily get, denoting as Eg[-] the quantity E[-|Fs],

t
Eq[|Ds|] < |t — s|(1 4+ |As]) + c/ Eq[|Aw — As|]ds.

On G we use compensation formula and we apply the same reasoning as before,
getting

t t

EJ[|Gs|] < Es {/ c)\u|du] < |t = s||As| + c/ Eq[|Aw — As|]ds.
Putting the pieces together it follows

t
Eq[|Ae — Asl] <t — s|(T+|As]) + c/ Eq[|Aw — As]]ds.
Finally, Gronwall lemma yields
Es[| At — Asl] < et — s|(1 4 |As))el.
Point 4 We observe that, for any h € [0, 1],
A0 < N+ ESlAZ, = A9 < Y]+ elhl (L + A,

where we have used the just showed third point of this lemma. O
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A.1. Proof of Proposition 1

Proof. We write V(z,y) = Vi(z) + Va(y), where Vi (z) = [z|™ for m arbitrarily
big and Va(y) = eX i miilv™| From the definition (5) of A* we have

A7V = AZV + AZV,

where
AV(y) = 0V (@) + 5o @)V (e,9)
M M
+> 4 (Zyw ) Vi(z +a(z)) — Vi(z)]
j=1 k=1
1

= mla|™ () +
+ij (Zw) [ + a(a)™ - |2|™)
j=1

is the jump-diffusion part and

o*(@)m(m — 1)|a" 2

[\

AGV (2,y) == APV (2,y) — ATV (2,y)
= —a XMy 0,0 Vi(z,y) + X0 LT ) Valy + A)) — Va(y)],

is the Hawkes part of the generator. The arguments of the proof of Proposition
4.5 in [11] imply that

ALV (2,y) = AZVa(y) < —e1Valy) + e2li, (), (71)

with ¢; and co some positive constants and K7 some compact of RM*M N\ore-
over, denoting f(y) := Z]Ail fi( M ~, yUR) the total jump rate, it is

7 m— 1 m— m
ATV (2,y) = m|z[™ " b(z) + 502(33)771( = D"+ f(y)lle +a(@)|™ — [«|™].
From the drift condition on b gathered in the fourth point of Assumption 1 and
the boundedness of both o2 and a it follows

A2V (2,y) < —dml|z[™ + c|z[" 2 + Fy)(ere™ 4 4 em). (72)

We observe that, for any = such that |x| > r, |2|™~2 is negligible compared to
|z|™ = Vi(x). To study the last term in the right hand side of (72), we choose
I <p<2andq>2such that p(m —1) <m (iep <1+ —5 )and +——1
Then,

Fy)?.

FW)(alz|™ 4.t em) < =(alz|™ 4.4 em) +

Do
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The first term is again negligible compared to |z|™ = V;(z), being p(m—1) < m.
To estimate the second one we observe that, for each y € RM the total jump
rate f(y) can be seen as Zf‘il(g +22; y(7)) (see page 12 in [20]). Therefore, it
is

M
fly)<e+é ) [y <e+élog(Valy)),
i,j=1
which is negligible with respect to the negative term of (71) —c;V2(y). The same
reasoning applies for 5 f(y)4. It follows that

ATV (2,y) < —dm|z|™ + o(Vi(x)) + o(Va(y))

which, together with (71), conclude the proof of the first part. Regarding the
boundedness of the moments, we use that the Lyapunov function V' admits a
finite integral with respect to the stationary probability of Z = (X,Y). As the
process A can be recovered as a linear function of Y, the ergodicity Z of implies
the ergodicity of Z = (X, \) as well, and we have existence of bounded moments
of any order for both X and A under the stationary law. O

A.2. Proof of Lemma 1

Proof. We first recall the representation of 7% () given in the proof of Propo-
sition 3.7 in [20]. For t > 0, let L; = sup{s < t| 37, ANY) = 1} be the time of
the last jump before ¢, with L; = 0 if there is no such jump. Then, we have for
all z € R

X (2) = /]R oy T [, (K1),

where (ps)s>o is the family of transition densities associated to the stochastic
differential equation dX; = b(X;)dt + o(X;)dW;. From Proposition 1.2 of [24],
we know that there exist constants ¢, C' such that for all s > 0, (u,z) € R?

_ _(@—w? 2
ps(u,z) < es V2™ os O,

We deduce that

ps(u,z) < 6871/267(365:)2 2Cs(e—u)?+2Csa* < cs1/2e (acz_cus)2 eQCS‘TZ, if s is
smaller than 1/(2C). Choosing ¢ < 1/(2C), it yields
1 2
X(z) < / dz)E. 20k, 73
m (I) =¢ RxRM XM 7T( Z) m © ( )

We now give an upper bound for E, [ﬁ} Writing

(b= Lo)™Y/2 = § [y He=R2t 447172, we have

1 1 (' P.(L; > s) 1
| < = = 7 R
& [\/t—LJ B 2/0 (t —s)3/2 e ")
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From the definition of L, it is P,(Ly > s) = P,(3u € [5,],3j : ANY) =1)
which implies

M
P.(L; >s) <P, Z/ ANV >1| <E,
[5.1]

Jj=1

M

AN
>

j=1
M + ) M + ]

<E, Z/ A9 du, :Z/ E.[AD]du.
j=17°% j=17°%

Using Lemma 9 we get that if u <1, Ez[)\gj)] < (14 [Ao(2)]), where X (z) =
f; (Zi\il y') for 2 = (x,5). Thus, if ¢ is chosen smaller than 1, we have P,(L; >
s) < (14 |Xo(2)])(t — s). Using this control with (74) we deduce,

E, [;] < E/Otwds+ L 14 o).

— <
Vi—Li| 2 (t—s)l/2 t/2 = \/i(
tzQ
From (73), we obtain 7% (z) < ”2\2 Jrsegarxar (dz) (14 |Ao(2)]). By Proposi-

tion 1, we know that the intensity A has finite moments of any order under the

stationary measure, and thus [o_ parxar 7(d2)(1 + [Ao(2)]) < ¢ < co. This gives

ta?
X (z) < % for any sufficiently small ¢, and the lemma follows. |

Remark 2. The proof of Lemma 1 heavily relies on the integrability near zero
of the supremum of the heat kernel and is thus limited to the dimension 1. We
do not know if it is possible to extend this result to higher dimension for the
process X . However, it is certainly possible to extend this proof to more general
situations, as for instance the case where the jump intensity depends on X.

A.3. Proof of Lemma 2

Proof. By the definition of ¢, for any k > 1 |, s (A;X) — 1|* is different from
zero only if |A; X| > Agz Therefore,

Ellpas (AX) = 1 < cBlL 5 xons ]

n,i

n,i 2

=cE |1 AB +cE (1 B . (75)
{|A1‘X\>A/3 ,‘Jti‘f#} {'AiX‘>A£i,iv‘Jti‘> n.l}

We denote as A; X ¢ the increment of the continuous part of X, which is

A X = X{

tit1

tit1
- X¢ :/ b(X,)ds + Zy,.

tq
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The first term in the right hand side of (75) is

AB_ .vce|r
cE ]l{ N } :C]P)(|AZXC| > n,z) S CEHAABZ;X ‘ ]

g, 5 < cA:L(,i%—ﬁ)7
[A;Xe|>—5

(76)
where we have used Markov inequality and a classical estimation for the con-
tinuous increments of X (see for example point 6 of Lemma 1 in [4]). In order
to evaluate the second term in the right hand side of (75), instead, we have to
introduce the set

- N ) 0y 400
Ni,n = Z |AiN(j)| = Z |th+1 — Ntij | < T
j=1 j=1

We observe that, on Nf, , there exists j € {1,..., M} such that |A; NG| £ 0.
Therefore,

M M
P(N,) <D PIANY| > 1) <Y EJAND]] < eMA,,;. (77)
j=1 j=1

>

On N; ,, instead, Vj |A; NW| =0 and so (N;,,)N {|Jti
that the second term in the right hand side of (75) is

8
A;"i } = (. It follows

2

cE (1 AB + CE[]I AB ]
B n,i B n,i c
{\AVLXDA,I,,;»\JQD P 7N1',n} {IA'LX‘>An,i7‘Jt7;‘> 7Ni’n}
< cP(N{,) < cAn.

Putting the pieces together, as r is arbitrary, it follows

E [|<pA5A(AZ—X) - 1|k] < cApi O

A.4. Proof of Lemma 3

Proof. Again, we act differently depending on whether the jumps are big or not:

BJJu "0k (AiX)

=E |Jti|qukAZYi(AiX)]l{|Jti|>3A§,i}:| +E |:Jti|q§02i’i(AiX)]l{|Jtl|§3Ag,i} '
(78)



Nonparametric inference of Hawkes coefficients 3263

By the definition of ¢ it is different from 0 only if |A;X| < 2A§’i. As A X =
N XC+ Ty, it s

k
E ["]“W’Ai,i (AiX)]l{Jt,;|>3Ai,i}] sk ['Jti|qﬂ{|Ach|>Aii,i}

1

L 23 = (35— r(l_gy_
BT PITE [ van y] 7 < ealE Al <earli O

where we have used first of all Holder inequality and then Kunita inequality
and (76). We remark it is possible to use Kunita inequality only for ¢p; > 2.
However, as in the estimation here above the power of A is arbitrarily large, we
can always choose p; such that, for any ¢ > 1, ¢p; is bigger than 2. In order to
evaluate the second term of (78), we introduce again the set N;,, defined in the
proof of Lemma 2. On N; ,, the increments A;N) are null and so |.J;,| = 0. On
Ny, instead, using also (77), we have

E||J;, %% (AiX) 1| S CANIP(NE,) < cApie.

ﬂ{wgsﬂ Ny

By the arbitrariness of r it follows

10k 5 (AX)] < e

as we wanted. O

A.5. Proof of Proposition 2

Proof. As the second point is useful in order to prove the first one, we start
proving point 2.

Point 2 By definition we know that B, is centered. In the sequel we denote
as E;[-] the conditional expected value E[-|F;,]. Regarding the second moment,
it is

1 tit1
Ei[B}] < 17 Ei {Zf + (/ UQ(Xs)dS)ﬂ
n,i t

i

tit1 2
(/ az(Xs)ds> ] < cot
123

where we have used, sequentially, BDG inequality, Jensen inequality and the
boundedness of o. Using the same arguments we show the following:
4 1
Ei[B;] < ATEi

tit1 4
z3 + (/ UQ(XS)ds>
n,i ti
tit1 4
(/ UQ(XS)dS> < cob.
t;

c

<" E,
> D) i
An,i

c
4
An

N2

< E;




3264 C. Amorino et al.

Point 1 We analyse the behaviour of
Ati = 02(Xti>(90Ai z(Al)(> - 1) + Ati(pAﬁ 1(A1X> + Bti (@Af z(AZ‘X) - 1)

From Holder inequality, the boundedness of o and a repeated use of Lemma 2
we get

1

E[A7] < colAni + E[A7 ©%s (AX)]+E[B]rcAL,.

We evaluate the moments of B;, acting as in the proof of the first point and we
choose p big and g next to 1, getting

n,i ?

for € > 0 arbitrarily small. We are left to study Aicpi,; . From its definition,

recalling that ¢ is a bounded function, we obtain

BIAZ A, (MX)] < A%E[(/tji“b()(s)ds)z;}

HED(Xy,) Z7)]

=: le.

Jj=1

Using Jensen inequality, the polynomial growth of b and the existence of bounded
moments of X we get

tit1
I < A%Afm / E[b*(X)]ds < cA? ;. (80)
n,i t;

On I we use first of all Holder inequality. Then, on the first we use B.D.G. and
Kunita inequalities, as in (69) and (70), while on the second the finite increments
theorem, the boundedness of b’ and the first point of Lemma 9:

1

(/ bOX.) ~ b0X, ) ] E

1
2

4ds} <cA,,;. (81)

¢
I, < FE[(Zt,;JFJti)B]%]E

IN

c 1 3 tit1
A2 A‘?L,iA’I?L,iE {/ C|Xs - Xti
ti

n,t
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In order to study the behaviour of I3, Jensen inequality, the finite increment
theorem, the boundedness of the derivative of o2 and the first point of Lemma 9
will be once again useful.

tit1
I3 < A, R [/ X, — Xy, 2ds| < cAp (82)
An,z’ t;

From Holder inequality, the polynomial growth of b, the boundedness of the
moments of X and BDG inequality we obtain

I < cE[b(X;,) FE[Z1]2 < eA, (83)
Putting the pieces together it follows that, for any € > 0,
}E[jlfj < cAi;f.
We now evaluate ]E[flf}?] Acting as above (79) it easily follows

E[A}] < eA +E[AL ppn (X))

Replacing the definition of Ay, we get that E[Af @‘ZB (A;X)] is again the sum

of 4 terms, that we now denote as Iy, . .., I4. Using exactly the same arguments
as in the study of E[A} cp‘lAﬁ (A;X)] we easily get

B tita
h< 5L [ BB < el

n,i t;

1
2
~ c 1

L= ATE[(th + Jtz)4]éE

( /t ;Hl b(X,) — b(Xti)ds> 8]

1
2

c 1 7 ti+1
Ar (B + A7)AE U | Xs — Xt7¢|8d5} < cAp i,
n,t t;

IN

5 tit1
I < A%AE;JE [/ | X, — Xti|4ds} < chny,
n,t t;

Iy <Eb(X:,)¥)2E[Z8]3 < cA?

n,i*

The four equations here above provide the wanted result.

Point 8 To prove the estimations on the jumps gathered in the third point
of Proposition 3 we repeatedly use Lemma 3. Using also Holder inequality with
p big and ¢ next to 1, BDG inequality, the polynomial growth of b and the
boundedness of the moments of X it is

]EHEtl

|Jti

par (AiX)] < CB[B(X0)| e lppp (AiX)]
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+

E[|Z:,

o (8 X))]

An,z
+EJE [|Jti |2<PA?M. (AiX)}

IN

B[ )PP EI T |10k (AiX)]s

1 Cc
E{1 20 P) B 10 (AX))T + 5 —A

*Am

thus, because, as 8 € (0, %), we can always find an € > 0 such that %—!—B—s > 28.
Hence, we set 1/g =1 — e. It comes

EllBuless (AX)) < el + Ak AL +ca,

1 _
= AL p enZ TP en? = en?

In analogous way we obtain
BB Poar (AX)] < BIBG)PIE]L 19, (AX))r

o Bl 20, [P B[ [29%, ) (B X))

AQ
+FE[|Jti : s (AX)]
$+ /3 c 28 C 1448
< eAl Bl + AT

_ 1428—¢ 28— 4B—1 _ A4B-1
= A + AT AT =AY

where the last inequality is, again, consequence of the fact that we can always
find € > 0 for which 28 — ¢ > 48 — 1. Finally, acting as before,

E[|Et7|450A31(A1X)] < CA:LJTLB : A4 A2 A1+4ﬁ : A4 A:Ltgﬂ - CAfLﬁz 3'
O

A.6. Proof of Proposition 4

Proof. Point 1

Regarding the first point, we first introduce l;(Xs) = b(Xs) + a(Xs_)z:jM:1

)\gj )ds. We observe that, as b has polynomial growth, a is bounded and both A
and X have bounded moments of any order, then b has bounded moments of
any order as well. Recalling that A, is given as in (20) we can denote

7
Ati = Zj]
j=1
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Replacing b with b, we already know from (80), (81), (82) and (83) that
E[I7 4+ I3 + I3 + IZ] < A, (84)

We now consider 1. From Assumption 1 we know the function a is Lipschitz and
with bounded derivative. Therefore, we use the finite increments theorem fol-
lowed by the first point of Lemma 9. It provides us, using also Jensen inequality
and Holder inequality with ¢ big and p next to 1,

_ c tit .
BB < gdui [ B |@00)-a00)2 (A0 | as
n,i t; j=1
9 1
c bt 1 Mo ’
< o [ EE@E) - @e)PRE | (A0 | as
n,i Jt; =1
c tit1 1 s
< 5 / AP ds < cA)E, (85)
n,t Jt,

where we have also used the boundedness of the moments of A and set 1/p =
1 —¢. On I5 we use that a(z) < a; and the second point of Lemma 9, getting

tiyn M

BIB] < i [ DB = AD)ds < e (86)
n,i i j=1

To conclude the proof of the bound on E[A? ] we are left to evaluate I7. We do
that through Holder and Kunita inequalities. It yields

E[[2] < E[b(X:,)2J2] < E[b(X,,) 2|7 E[J2)7 < cAl® (87)

n,.

where in the last inequality we have chosen p big and ¢ next to 1. In particular,
we have taken 1/g =1 — £. From (84), (85), (86) and (87) it follows

E[A7] < cALE.

Concerning the fourth moment of A;,, as before we know from Proposition 2
that

B[l + I3 + I} + 1] < cAn. (88)
Acting as in (85) we get
4
_ c . tit1 M .
B < 0% [ E|@00) - @) (X0 [ds 9)
n,i t; j=1
4q %
¢ i 2 2 4p1L d ) 1-¢
<5 [T Bl - @) e | [ SoA0 )| ds<eal?,
n,e Jit; j:1
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where we have chosen 1/p = 1 —£. In the same way, acting as in (86) we obtain

E[IY] < / Z]E (AP = AN ds < e, ;. (90)

We conclude the proof of the point 2 by observing that

E[I}] < cE[b(X,,)*]FE[J 97 < cAL (91)

77/7,7

by the boundedness of the moments of b and Kunita inequality.

Point 2
We observe that B, is defined in the same way in Section 3 and Section 4.
Therefore, the second point has already been showed in point 2 of Proposition 2.

Point 3
By the definition of E, it clearly follows E;[E;,] = 0. We now analyse
2
tit1 M )
BBE) < qy BAZE )+ g B+ | [ @ o) ) o)
i j=1

We show that the first term in the right hand side of the equation (92) is
negligible if compared to the second one. By a conditional version of Holder,
BDG and Kunita inequalities we get

Ei[Z2 J2] < _° _E, Vs Pl E [qu]q <

iy S ALAT <A (93)

n,i AQ .
for any € > 0, setting 1/qg = 1 — &. To study the last term in the right hand side
of (92) werecall it is J;, = f:f“ a(X,-) Zjvil dNY . Therefore, from conditional

Kunita inequality, we have

tit1
B |+ / ZA(J)ds
t

nl k3

2

| /\

c tit1 M ] tit1 M 4
~ B / a*(X-) Y APds +2 / a®(X-) Y APds
t =1 t j=1

n,t i i

cal tit Mo
A7 (1+Am)/ Ei | A0 ds,

ti j=1

| /\

where we have also used Jensen inequality on the last term here above, which
is the reason why we get an extra A, ;. From the fourth point of Lemma 9 it
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4 .
follows that the equation here above is upper bounded by AcalA ]M: )\gj )7 plus

a negligible term. Replacing it and (93) in (92) it follows

4 M
Ei[E?] < %Z/\?) +eAs g cai Z/\(J)
Lt

where the last inequality is a consequence of the fact that A\ is always strictly
more than zero. Regarding the fourth moment of E;,, from Kunita, Holder and
Jensen inequality we have

4
tit1 M .
E[E}] < ATIE[ PR 7 + Aj E; |JP + / a®(Xo-) Y APds
n,i t; j=1
Cc
< AT(Az Al ¢ + An K + A?L71An,l) S AT

Point 4

The result follows directly from the definition of C%, and the boundedness of
a and of the moments of A.
O

A.7. Proof of Lemma 4

Proof. 1t is

Ct ’(/}l<Xt Z ‘Xt ])/&l(Xti) = f(th/\tz')'

Jj=1

Since

n—1in—

1 n—1
ar <E Z f(Xi,, A, ) <
i=0

we need to estimate the covariance.

As explained in Section 2.3 we know that, under our assumptions, the process
Z = (X, ) is - mixing with exponential decay. It means that there exists v > 0
such that

1
Cov(f Ats)s f(Xt,-, )\tj))a
0

1
107

Bx(t) < Bz(t) < Ce .

If the process Y is (- mixing, then it is also a-mixing and so the following
estimation holds (see Theorem 3 in Section 1.2.2 of [21])

|Cov(Yi,, Vi, )l < e|Yaill, [V, ], o7 (i, ¥i,)
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with a the coefficient of a-mixing and p, ¢ and r such that % + % + % = 1. Using
that

a(Zu,, Zry) < Bz(|ti — t;]) < ce 7101,

in our case the inequality here above becomes

|Cov(f(Xt;s At,)s f( Xy M)l < el f(Xe,, A

o (X5 20| o100,

From the definition of f and the boundedness of a and the existence of moments
of A we have
‘PP‘Z

b (th)

M:

17X Al < e | ~END1xD|

<.
Il
—

Ms

le Xt,)

)
pp2

J

with p; and py such that p% + p% = 1. We remark that, as we are going to bound
both the LP and the L? norm of f(X¢,,As,), it seems natural to chose p = g,
in order to repeat twice the same estimation. Then, as £ +  + % =1 and we
need r > 0, we obtain p = ¢ > 2. We can then chose, for ¢ > 0 arbitrarily small,
pp2 = 2+¢. It implies p; = 2+E , which leads us to chose 2 < p = 2+¢& < 2+¢,

for some & < €. Then, using that the L? norm of 151 is smaller than 1 and that
we can bound ¢;(z) by D,,, we obtain

- ~ R
[aux)|, < elfmeen)| x|, <ens.
24¢ o) 9
which provides
1f (Xt Ae)l, < eM Dy,
In a similar way, it is easy to see that
I (Xt M)l < eM Dy,

We now introduce a partition of (0,7;,] (where T;, is the time horizon) based
on the sets Ay := (k2= (k+1)Z=], for which (0, T;,] = U}Z; Ax. Now each point
t; in (0,7),] can be seen as ty 5, where k identifies the particular set Ay to which
the point belongs while, defining My, as |Ag[, b is a number in {1,..., M} which
enumerates the points in each set. It follows

n—1ln—1 n—1 n—1 Mgy My,
i E E 67%7|ti7tj‘ S i § § E E e T’Yltkl hq —tko, h2|
n2 £ 4 n2
1=0 5=0 = 0 h1=1ho=1
_“fT_ —1 n—1 Mi, Mg,
T n

SDID D SERSUECES

k1=0ko=0h1=1ha=1
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where the last inequality is a consequence of the following estimation: for each
ki, ko € {O, Lo, n = 1} it is |tk1,h1 - tk2,h2| > |]€1 — kg‘% — %

We remark here that, as we are considering the general case where the dis-
cretization step is not necessarily uniform, we can not replace % with simply
A,: we have to keep it like this and compare it with A, and Ay, which is
equal to A,, by definition.

Now we observe that the exponent does not depend on h anymore, hence the
last term here above can be upper bounded by

1 ki—k
ce Zkl 0 222 0 Mklez — |k —k2
Moreover, remarking that the length of each interval Ay, is T” , it is easy to see

with T}, = En_l Ay <nAy,

‘ Tn

that we can always upper bound M, with L=
and so M} <
Furthermore, btlu using that T, < nAn, We have e T < e An <ec.

To conclude, we have to evaluate -5 Zkl 0 Zkz o€ _%W“l_k?'%. We define
j := k1 — ko and we apply a change of variable, getting

Amm

C — — c =
_1 —ko| T 15 In .
_2 § : § : w\kr k‘z < ﬁ § e +Nd1 5 |TL—_]‘
1=0 k2=0 =—(n-1)
n—1
< E E ef%v‘lemin < Cl
- - —+YAmin
[ " n(l — e 0m)
<

)

e

as we wanted.

A.8. Proof of Lemma 7

Proof. In order to estimate the probability of the complementary of the set Qpg,
as defined in (64), we first of all observe that

LUz ;)| = in<o Dz } Now we find an upper bound for

the probability of 2% focusing on what happens for j = 1 and k£ = 0. Recalling
the definition of U7, in (62) and using that, as t € By, ;v whose dimension is

QF CUjk {SuPteB

D, |t < ¢D?, we can write, for any e > 0 arbitrarily small,

teB

m,m/’

dn dn ~
1
< AL )HP’(q—Zi ;;|z§nfo> (94)
" k=1

)

N 1 dn
P( sup |<U51>|>EnEODE><P<—§ng+ + B | > anf )
’ dn
k=1
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From the definition of B it is

qn

—ZI Bil= -

Moreover, using Markov inequality and the boundedness of o,

G e (95)

1 1Z¢), | 1 1Z¢), |
IP’(|Ztk| > co1 A2 1ogn> = P(edlm 2n6> < —E {emm}
nC

1 [ 6%(X)ds
Apocs Yk
—ncE [e 1 <

IN

d
— 96
. o)
Therefore, as the constant ¢ in (95) can be moved in the other side of the
inequality in the first probability of (94) and so it turns out not being influential,
the first probability of (94) is upper bounded by %=, which is arbitrarily small.

Concerning the second term of (94), we use Markov mequahty and the fact that
C' has bounded moments. We get, Vr > 1,

dn dn |C>k c
* * t Adn
(3ol ) < 3 (2 o) < 3 IR < et
Regarding the third term of (94) we observe that, replacing the value of ¢, we
get
¢ ., logn
( Z\E|> “n° )—IP’(ZE > 2n Aﬂ). (97)
We now recall that7 from the definition of E, it is
dn ) dn 1 qn
* 2
Z |Etk| < A_n Z Ze Je, | + A_n Z th
k=1 k=1 k=1
= Il —|— IQ —|— 13.
The right hand side of (97) is upper bounded by

c o logn ¢ . logn ¢ . logn
Pl >-= P( Iy > =n® P13 > =-n .
( =9" An)+ <29” An>+ <39"

M

th )
+ Ai/o a(X,-) Y AV (s)ds

Jj=1

Concerning the first one, we observe it is

dn

Z(Zti +J2) =TI+
p

I <
'=A,

The probability that I ; is bigger than nSU loAg" is arbitrarily small as a con-
sequence of (96). I; 2 is instead equal to I2 and so it is enough to study such a

term. From Markov, Holder, BDG and Kunita inequalities we have

c T Afrtr
P (13 > Cpeo log”> g i (CE) 0 S i N
9 A, (neo lognA, M) ~ (neolognAy ) — neor
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where we underline that the order of ¢4, is cgn A, = clAOi Z An < clogn. It is ar-

bitrarily small. Concerning I, we want to estimate P(3_ i, Jtzk > §n°°logn).
We now consider two different possibilities, starting from the definition of the
following set

= {Effe {0,...,q, — 1} such that Jfl_c Zn%o}.
Then
an—1
(Z J2 > nEO logn>
gn—1 c qn—1 c
=P (Z Jfk > §n€° 1ogn,A> +P <Z th > §ns° logn,AC> .

k=0 k=0

We observe that Markov inequality and Kunita inequality yield

n—1 qn—1 2r
E[(J:.
P (Z J2 > TLEU logn, A) P(A) < Z ( fgr) ] < A?(?T" = Ckﬁn,

k=0 k=0 7 nz n-z

which is arbitrarily small by the arbitrariness of . We remark that on A€, for
every k € {0,...,q, — 1}, it is Jfk < n%. Therefore, to have the sum of them
bigger than §n°logn we should have at least g log nn? jumps. Hence, denoting
as AN, the number of jumps in [0, t,,], we have

(In_l
) c . . E[(AN,)"]
> _nto < 2 < c—17 -
IP’( E Ji = 9n logn, A ) < (AN > n logn) c—

P = (n7? logn)"
n

+ tqn) < ¢((logn)" + logn) < €
EQT )

78
1 logn)™ (nETO logn)” T nTz

c
(
where again we have used Markov inequality and we got a quantity arbitrarily

small choosing r > 1 large enough. We put all the pieces together and we observe
we can choose in particular r for which

1 & ¢ c
Pl — Ef|>-n®| < —.
(2 3immz S < 5
k=1
In the same way it is possible to choose r and ¢ such that

PO <Y P( sup |t<Uz,j>|zen€0D%>g%g—. O
»pn}

§=0,1;ke{1,...
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A.9. Proof of Lemma 8

Proof. We observe that for any t € By, ./, by (62) and Proposition 4, it is
Eft(Ug)?] = Var(Us o)

4 I * * *
< 5 D E[PX)RIB + B
no=1

In 1=

1 QH
+ 4Var <_ Zt(xg;)c;> =V + Va.

By the second and the third points of Proposition 4, we can upper bound V; as

dn 4 M
c . a i
Vi < ) E tz(th)(af+A—12A§{>)
@ = " j=1
qn 4 M Rk
1
< Sy mpEoqlE (e ) |
qn n % ‘
=1 j=1

where we have used Holder inequality with ¢ big and p next to 1. We can see
t*P(X}) as

t2+(2p72)(Xt*l) _ tQ(X;)t(2p72)(XZ) < ||t||§£_2 tQ(Xt*l)-

2p—2 2p—2
From Assumption 4, ||t||O:T < ¢eDy? < eD? ., for any § arbitrarily small, as p
has been chosen next to 1. Using also the boundedness of the moments of A it
follows that

DS ¢ cD?
qn An ann

Using the same arguments as in the proof of Lemma 4, remarking that the sum
over n is now replaced by the sum over ¢, and that ¢ now plays the same role
as ’(ZJ, being such that its L? norm is smaller than 1 and it is bounded by D,y,,
we can show

e <

V<

5
D%,
for any 6 > 0. It concludes the proof of the lemma. O
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