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Equilibrium perturbations for stochastic interacting
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Abstract

We consider the equilibrium perturbations for two stochastic systems: the d-dimen-
sional generalized exclusion process and the one-dimensional chain of anharmonic
oscillators. We add a perturbation of order N~ to the equilibrium profile and speed
up the process by N'** for parameters 0 < x < . Under some additional constraints
on x and «, we show the perturbed quantities evolve according to the Burgers equation
in the exclusion process, and to two decoupled Burgers equations in the anharmonic
chain, both in the smooth regime.
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1 Introduction

One of the main aims in the theory of hydrodynamic limit is to derive partial differen-
tial equations from microscopic systems. For asymmetric systems with one or several
conservation laws, the conserved quantity/quantities usually evolve macroscopically
according to the hyperbolic system under the Euler scaling (time accelerated by N and
space divided by N), cf.[20, 18, 14, 1] for example. To refine the hydrodynamic limit,
when the system has only one conservation law, in the seminal paper [6], Esposito, Marra
and Yau perturb the asymmetric simple exclusion processes around the equilibrium point
with order N—! at the initial time in dimension d > 3, and show that the evolution of
the perturbed quantity, namely the equilibrium perturbation, is governed by the viscous
Burgers equation under the diffusive scaling (time accelerated by N2 and space divided
by N). This is closely related to the understanding of Navier-Stokes corrections and is
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Equilibrium perturbations

called the incompressible limit in the literature, cf.[14, Section 7.7] for details. Later,
such kind of result is extended by Seppéldinen [21] to dimension d = 1. He considers
the one-dimensional Hammersley’s model, adds a perturbation of order N~¢ to the
equilibrium, and shows that the perturbation macroscopically obeys the inviscid Burgers
equation in the time scale N7t if 0 < a < 1/2. The proof uses combinatorial properties
of the Hammersley’s model and coupling techniques, and the result holds even beyond
the appearance of shocks. Independently, Téth and Valké [22] obtain the same result for
a large class of one-dimensional interacting particle systems, which is called deposition
models in their paper, but only for 0 < « < 1/5. Téth and Valké employ Yau's relative
entropy method [27], thus the result holds only in the smooth regime of the solutions.
Very recently, Jara, Landim and Tsunoda [13] consider equilibrium perturbations in
weakly asymmetric exclusion processes and derive viscous Burgers equation under the
diffusive scaling. Equilibrium perturbations have also been considered for systems with
two conservation laws. In [23], Téth and Valké prove for a very rich class of systems that
the small perturbations are universally driven by a two-by-two system. In [24], Valkd
shows that small perturbations around a hyperbolic equilibrium point evolve according
to two decoupled Burgers equations. For system with three or more conservation laws,
the problem remains generally open.

1.1 Nonlinear geometric optics for conservation laws

We start from illustrating the idea of nonlinear geometric optics. For n > 1, consider
an n-system of conservation laws

O f(t,v) + (m- V) J(£(t,0)) =0, £(0,-) =" (1.1)

where v € RY, f*i € C1(R?; R™), m € R?, J : R® — R™ is a smooth, nice function and

(m- V)T (E(@)) = <m1;’1}1 - md;}d) J(£(v)) € R™.

To avoid the discussion on boundary terms, we adopt the periodic condition f(¢,v + ¢;) =
f(t,v) foreachi =1, ..., d. It is equivalent to say that the space variable v € T¢ := (R/Z).
The stationary solutions to (1.1) are given by constant functions. We are interested
in the behavior of the solution when the initial condition is slightly perturbed from the
stationary. More precisely, fix a vector w, € R" and consider the perturbed system

Ofe(t,0) + (m - V,)J (£ (t,v)) =0, £(0,") = w. +ew™,
where ¢ > 0 and w™ € C'(T?; R"). Suppose that f decomposes as
£o(t,v) = wi + ew(t,v) + w(t,v), |w°(t,v)|] = o(e).

By expanding J at w,, we obtain the linearized equation of the first order component:

ow ow -

—+ A i— =0, 0,-) =wm™, 1.2

8t+ ;mﬁvi w(0,)=w (1.2)
where A = DJ(w,) is the Jacobian matrix. Assume that (1.1) is strictly hyperbolic at
w,: A has n distinct, non-zero eigenvalues Ay, ..., A,, with the corresponding left (right)
eigenvectors denoted by 14, ..., 1, (rq, ..., rp):

12()\de — A) = ()\jld — A)I‘j = 07 lérk = 1{j:k}~
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From (1.2), (d/dt)l;w = 0 along each characteristic lines (¢,v + A;tm). Hence,

=D Lw™(g(t0))ry, ¢y =0 = Ajtm.

Jj=1

To observe non-trivial evolution along these lines, we investigate at longer time ¢~ '¢.
Assume that the solution decomposes further to the second order as

f°(t,x) =w, +¢ Z oi(et, ¢j)r; + € Z Gi(et, d)r; + o(e?),

Jj=1 Jj=1

where ¢ = (¢1,...,¢,) € R¥™*", 0; = 0;(s,u) and 6; = G;(s,u1,...,u,) are C! functions
for j =1, ..., n. Inserting the expansion into (1.1) and noting that Ar; = A;r;, we see
that the terms of order ¢ cancel autonomously, while the higher order terms read

82 Z 850"7‘ (Et, (ﬁj)I’j + 52 Z (()\] - /\j/)m : Vuj, )5']‘ (Et, ¢))I‘j

Jj=1 5.3

+&2 Z o;(et, d;)(m - Vy)oj(et, ;) H(rj,ry) = o(e?),

J:3’
where H refers to the Hessian matrix of J. Since Ijr; = 1{;,—;;, the above holds true if
and only if foreach k=1, ..., n

050k (8, ug +Z )\k—)\j)m~Vuj)6k(s,u1,...,un)
=1 (1.3)
+ Zl’ (rj,rj U,‘(S,Uj)(m . Vu)aj/(s, ujr) = 0.

We restrict our discussion to the non-resonant situation, in which the wave of each
frequency A performs self-consistent time evolution governed by the Burgers equation
Oso1 + L H(re,r)(m-Vy) (27 0}) =0, Vk=1,...,n. (1.4)

Comparing (1.3) and (1.4), 6 then has to solve the equation

= Z LH(rj,rj)oi(s,u;)(m-Vy)oj(s,u;).
(4,3")#(k,k)

By superposition, we only need to construct 7, as

. V.H(rj,r;)os(s,u;
Tk (8, Uty ..oy Un) ::Z (J)\ _/\ ) ZUkJJ (s,u5,u5),
ik 2 i

where the functions 6, ; j; = 6, (s, u, u’) satisfy that

Z (N = A)m - V) > e (s, w5, uy0)
J#3’ (1.5)
= Z LH(rj,rj)oi(s,u;)(m-Vy)oj(s,u;).

J#5’
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Hence, we formally obtain a sufficient condition for the non-resonant case:

(O = M) - Vo (g7 = M) V)G (5, s ')

/ (1.6)
=1L, H(rj,rj)o;(s,u) (m . Vu)oj/(s, u'),

must be solvable for all k, j, 7/ = 1, ..., n such that ;7 # j'. Notice that the formal
calculation above apparently relies on the smoothness of o, so we need to assume that
t < Tishock, Where Tyock is the time when the shock first appears in the entropy solution
to (1.4).

Observe that the non-resonant condition holds autonomously if n =1. If n =2, d =1,
without loss of generality we can set m = 1 and solve (1.6) explicitly as

01,12 = ClUl(S,U)U2(87U/)7 01,21 = 6122(57U)8u01(57u’)7

G212 = 221(8,u)0y02(s,u'), G221 = c202(s,u)o1(s,u'),

where ¢; = —(A\; — X\) M, H(ry,ra), 2 = (A1 — Xo) "1, H (ry,12) and ¥4, ¥, are primitives
of o1, 09, respectively, i.e., 1 = fo ordu, Yo = fo o2du. To make ¥; well-defined on T, we
shall assume in addition that ;. o;(0,u)du = 0 for both j = 1, 2, or equivalently

/ wi (u)du = / [01(0, u)r1 + 02(0, u)rs]du = 0. .7
T T

The non-resonant expansion is not in general valid for the system with n > 3. We refer
the readers to [15, 5] for rigorous justification and detailed discussion for the resonant
case.

1.2 Equilibrium perturbation

The goal of the present paper is to derive the non-resonant system (1.4) of Burgers
equations as a decent scaling limit for some stochastic interacting system. Formally
speaking, for a scaling parameter N € IN,, we study a particle system ((t) = {(.(¢)},
where the microscopic position = belongs to the periodic lattice T4, := Z?/(NZ%). Sup-
pose that the system has n conserved quantities g = (¢1,. .., g») such that, under the
Euler space-time rescaling (Nt,[Nv]) their empirical densities evolve with the macro-
scopic conservative system (hydrodynamic limit):

lim 1 g((w(Nt))éﬁ(dv) = f(t,v)dv, N — oo,

where f is the solution to (1.1). To do the perturbation, fix a > 0, w, € R?, w™ ¢
C'(T%;R"™) and start the dynamics from some initial distribution such that

Nd Z )0z (dv) = (w. + N*w™(v))dv, N — oo.
¢6Td
Let {ox;k =1,...,n} be the smooth solutions to (1.4). In the non-resonant situation, the

argument in the previous part suggests the formal asymptotic formula
n
Nd Z (Ce(Nt))d= (dv) =~ |w, —|—N70‘Zaj(N7°‘t,v—)\jtm)rj dv.
zeTY, j=

Choosing k < «a and using the variables s = N™"t, u = v — A\ptm, one obtains that

Nd Z 1’ CJ (N1Trs )) —w*]éﬁ_Nmksm(du) ~ N % (N %s,u)du.

z€TY,
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Multiplying both sides by N¢,

71 K
Nd-a Z I, [g(cx(NlJmS)) - W*](S%—N")\ksm(du) ~ Ul(g 7 )(S,U)dw (1.8)
z€TY,
as N — oo foreach k =1, ..., n, where
o ()= (M T
U}J“(u) = I;CWHH(U)7 lf K < Q.

Remark 1.1 (Fluctuation). The convergence in (1.8) is available only if a < d/2. To see
that, let us assume that the equilibrium states of the dynamics are given by the family of
canonical Gibbs measures ®, vy (d(,), where w is the corresponding equilibrium value
of the conserved vector g. Starting the dynamics from equilibrium initial state with
w = w*. If g possesses finite variance, then the central limit theorem for i.i.d. random
variables yields that for each time s > 0,

. 20 Wls(C(s)) — wi ()

d
zeTg,

converges weakly, as N — oo, to some Gaussian random field. The macroscopic time
evolutions of these fields are called the equilibrium fluctuations. For the equilibrium
fluctuations for the models studied in this paper, see, e.g., [4, 9, 19].

In this paper, we discuss two specific microscopic interacting systems: (i) the gen-
eralized exclusion in any dimension, where the total number of particles is the only
conservation law (n = 1) and (ii) the nonlinear Hamiltonian dynamics in one dimension,
disturbed by noises that preserve only the total momentum and volume stretch (n = 2).
We derive the equilibrium perturbation in (1.8) as the hydrodynamic limit under the
incompressible Euler scaling, see Theorem 2.2 and 4.2, respectively.

1.2.1 Generalized exclusion process

In Section 2 and 3, we study the d-dimensional generalized exclusion process with at
most K > 0 particles per site. By [20, 14], the density of the particles under the Euler
scaling evolves according to the hyperbolic equation

do+m-VJ(o)=0, 0(0,)=o™, (1.9)

where J(o) = o(K — p) is the macroscopic flux at density o, and m # 0 is the mean of the
underlying transition kernel. Fix g, € (0, K). We start the process from a perturbation of
the constant profile

ON (1) == 0w + N~p"™ (u), (1.10)

where p'"! € C>°(T9). We speed up the process by N'T%, k < a, and choose the reference
measure associated to the smooth profile

0« + N™%(N""“t,u — N"Xtm),
where A := J'(p.) = K — 20, and p is the classical solution to the Burgers equation
Dop(s,u) —m - V(p2(s,10) =0, p(0,u) = p™ (), (1.11)

up to the first shock appears. Then, in Theorem 2.1, we show that under some restrictions
on x and «, the relative entropy is of order o(N d_QO‘). In particular, we partially extend
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the results in [22]to 0 < a < 1/3ifd =1, and to 0 < o < 1 if d > 2. As a result, in
Theorem 2.2, we show the perturbed quantity evolves according to (1.11).

The proof relies on the refined relative entropy method recently introduced by Jara
and Menezes [12, 11], also used in many other contexts, e.g., [7, 10, 13]. Compared to
the technique in [22], our proof does not involve the spectral gap estimate or logarithmic
Sobolev inequality for the underlying microscopic dynamics, which is known as a hard
problem for general interacting particle systems. It also remains as an interesting
question to check whether the techniques extend to cover also the case d > 3 and
a =k =11in [6].

1.2.2 Anharmonic chain of oscillators

In Section 4 and 5, we study the one-dimensional chain of (unpinned) anharmonic
oscillators with conservative noise. The noise is modeled by Langevin thermostats
acting at each position and fixing the temperature to 7' = 8~!. The only two conserved
quantities of the dynamics are the momentum p and the length ¢, hence it corresponds
to the case n = 2, d = 1. The hydrodynamic equation is given by the following p-system

atp - avT(t)a att - avpv (]J,'C)(O, ) = (pvt)ini7

where 7 = 14(v) is the equilibrium tension. It is proved in [3] together with the energy

conservation law in the smooth regime and in [16] after the appearance of shocks.
Define J(p,t) := (—7(t), —p) and fix (p.,t.) € R? such that 7/(r,) # 0. Denote by A =

DJ(p., ) and note that Av_ = /7/(v.)v_, Avy = —/7/(v,)vy forvg = (£/7/(v), 1)

Similarly to the exclusion process, we start the dynamics from a perturbed profile
(pu,ts) + N %Mo + N*aaij}iv%

where o' € C(T). We also speed up the time to be N'**t for some x < a. Choose the
reference measure associated to the slowly varying parameters

(pa,ts) + N7 o (Nt v+ jN"\/7/(rs)t)v;,
j=+

where (o_, 0 ) is the smooth solution to

T//(t*>
4+/7'(vy)
7_// (t*)
4/ (vy)
We prove in Theorem 4.1 that in the smooth regime, the relative entropy grows with
the order o(N!72%). As a consequence, we prove in Theorem 4.2 that the macroscopic

perturbation is governed by the decoupled system (1.12).

The proof of the relative entropy estimate is based on the equivalence of ensembles
for inhomogeneous Gibbs states and the uniform gradient estimate for the Poisson
equation associated to the generator of the stochastic dynamics, cf. [26, Section 8 &
9]. It is worth pointing out that, unlike the exclusion, the equilibrium perturbation for
Hamiltonian dynamics has not been investigated before, mainly due to the technical
difficulties in obtaining fine estimate for the relative entropy.

Dso_(s,u) + Bu (02 (s,u)) =0, o_(0,u) = o™ (u),
(1.12)

850'4_(8,“) - au (0-3_(87 U)) = 07 U+(O,U) = a.ill(u)

2 Asymmetric generalized exclusion process

In this and the next sections, we consider the asymmetric generalized exclusion
process. Fix a positive integer K > 0, which denotes the maximum number of particles at

EJP 28 (2023), paper 6. https://www.imstat.org/ejp
Page 6/30


https://doi.org/10.1214/22-EJP900
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Equilibrium perturbations

each site. The state space of the generalized exclusion process is Qﬁl\, ={0,1,..., K }TdN.
For a configuration 1 € Q4,, 7, denotes the number of particles at site € T%. Denote
by {e;}1<i<a the canonical basis of T4 and let e; = —e;_4 fori = d + 1, ..., 2d. Given

the jump rates {p; > 0;1 < i < 2d}, consider the generator £y which is given for any
function f : Q% — R by

2d

Lafm) =" coilm) [f(n™"F) = f(n)],

i=1 peTd
=1 zeT¢,

where the jump rate is given by ¢, ;(1) := ping (K — ns4.,) and n™¥ is the configuration
obtained from 7 after a particle jumps from « to y,

Ne — 17 =1,
(TIm’y)z = 77y + 17 =Y,
1., otherwise.

Assume that p; + p;1q > 0 for each 1 < i < d. Denote m = (m;)i<i<a € R? where
m; = p; — Pi+d- Also assume that m is a nonzero vector, hence £y is asymmetric.

The generator £y has a family of product invariant measures indexed by the particle
density. For ¢ € [0, K], let v} be the binomial measure B(K, oK~ '):

vh(k) = (Ik{) (%)k (1 - %)K_k, Vk=0,... K.

Denote by 1Y the product measure on Q4% such that v} (n,) = v;(n,) for each z € T%. It
is not hard to check that the family {z/év ;0 < p < K} is invariant under £y. Observe that
the average number of particles per site under VéV is p = Eyé (7]

Let pun,o be associated to the profile gif\}i in (1.10) with some o > 0, i.e., for any
¢ € C(T%) and any ¢ > 0,

]\}gréouN,o{‘W Z (1 — 0:)p (%) 7/

Td
zeTg

pi“i(u)cp(u)du‘ > 6} =0.

For 0 < x < a, denote by {n = n(t);t > 0} the Markov process generated by N'**Ly
starting from py 0. Recall that A = K — 2p, and define

on(t,u) := g + N"p(N""%t,u — N"Atm), (2.1)

where p = p(t,u) is the smooth solution to (1.11). Note that for N sufficiently large,
on € (0, K). Denote by pv ;. the distribution of n(¢) and by vy, the slowly varying product
measure

vnaldn) = @) Vhy (dno), ovai=on (1) - 2.2)

d
zeTy,

Let fn.(n) := vn.i(n)"'un.(n) be the Radon-Nikodym derivative. For a probability

measure x on 2% and some p-density f, i.e. f > 0 and de fdu =1, define the relative
N

entropy as

H(fip) = /Qd flog fdu=">" f(n)log f(n)u(n).

neQs,
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To shorten the notations, denote
Hn(t) := H(fns;vne), YVtEe[0,T).

It is well known that the entropy solution to the Burgers equation (1.11) may develop
shocks in a finite time interval even if the initial density is smooth, cf. [17] for example.
Since our proof depends on the relative entropy method, which requires the reference
density profile to be smooth, throughout the article, we assume the initial density profile
p™ is smooth, and when k = «, fix a time horizon T > 0 such that the solution to the
Burgers equation (1.11) is smooth during the time interval [0, 7.

The followings are the main results of this part.
Theorem 2.1. Suppose that Hy (0) = o( N422),
(i) Ifd=1, a € (0,1/2), then for any t € [0,T], Hy(t) = o(N*~2%) for k € (0,a]N (0,1 —
200);
ii) Ifd > 2, a > 0, then for any t € [0,T], Hy(t) = o(N9~2%) for k € (0,a] N (0,1).
As a direct consequence of the above theorem, we have the following law of large
numbers for the perturbed quantities.

Theorem 2.2. Suppose the assumptions in Theorem 2.1 hold and further that o < d/2.
Then, for any ¢ € C(T¢) and any ¢ > 0,
> 5} =0,

. 1 K [N
lim /LN,t{‘]Vd—a > (1 —on)p (% -N Atm) —/Td Pl (t,u)p(u)du

N—o0 ’
zeTg,

with the function p(®*) defined as

LK pini(u)5 K < O[,
Pl (8, u) ={
p(tau)v R =a,

where p(t,u) is the smooth solution to (1.11).

Remark 2.3. It is believed that in dimension d = 1, the above result extends to s € (0, o
even beyond the appearance of shocks, cf. [22].

Remark 2.4. The results in the above theorem could be interpreted in terms of second
class particles. For simplicity, consider the case K = 1 and we refer the readers to [8]
for K > 1. The dynamic is defined as follows: there are two kinds of particles, called
first and second class particles, in the system. On top of the exclusion rule, the first class
particles have priorities to jump over the second class ones. Precisely speaking, if a first
class particle jumps to a site occupied by a second class one, then the jump is performed
and the two particles exchange their positions; while if a second class particle jumps
to a site occupied by a first class one, then the jump is suppressed. At the initial time,
independently at each site z, put one first class particle with probability 0., and one
second class particle with probability N ~“p"(z/N). Then, at the macroscopic time ¢,
the density profile of the second class particles, along the characteristic line of the PDE
(1.9), is described by the function p™*.

Indeed, denote by 1! (¢) (resp. n2(t)) the number of the first (resp. the second) class
particles at site x at time t, then 7, (t) = nl(t) + n2(t). Since the process of the first
class particle is in equilibrium, the distribution of n'(t) is given by VQN* for any time ¢t > 0.
Therefore, for any ¢ € C(T4),

Var (s 20 (4(0) — 02 (E224 7)) = (N ),

d
zeTE
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which converges to zero as N — oo since a < d/2. As a result, for any € > 0,

: 1 1 z—XN'Tom
N “N*t{‘m—a D (= e)p(FAE—2) | >0 =0,
zeTY,
Together with Theorem 2.2, we have

. 1 2, (z=XMN'1trm oK
ngnoouzv,t{‘]w > (Y — [ % (t u)p(u) du

Td
z€TY,

>6}=0.

3 Relative entropy for the generalized exclusion

In this section, we prove Theorems 2.1 and 2.2. Recall the profile o defined in (2.1).
To make notations simple, in the following calculations, we denote

x
0 = onz(t) = on (t, N) , VaeTd.

For a probability measure y on Q‘J{, and a p—density f, define the Dirichlet form

2d 9
Dy(fim) =3 3 3 sl (VI =VFW) w3

=1 zeT¢ neQd

We claim that there exists dy = dp(0«) such that for any vy —density f,

2d 2
Dn(fivna) 280 D0 3 melK = nove) (VIGETF) = VW) wnaln). (3.2)

=1 zeT¢ neQd

Indeed, the claim holds obviously if p, > 0 for all 1 < ¢ < 2d. Suppose that p; = 0 for
some 1 <14 < d, then p; 4 # 0 due to our assumption. Recalling that e¢; 4 = —e;,

S (B~ nece) (VIG5 ~ VT wa()

= (e + 1)K = e, +1) (\/f(n) _ \/f(nz,ei,x)f U (=),

for each z € rJl“ﬁl\,. Observe from the definition of vy ; in (2.2) that

VN,t(nm_ei’m) _ 2 Nz—e; (K — 1)
vN (1) Or—e; (K = N—e, +1)(Nz + 1)7
where
0, := Ou .
K — Oz

Since |o; — 0] < N7%||p|| and g, € (0, K), hence there exists some C' = C(p,) > 0,
such that C~! < @, < C for all x and sufficiently large N. Therefore,

D 0K —no-e,) (\/f(nmvw‘”) - \/f(n))2 N (1)

2
> "3 e (K = m2) (VFW) = VTOP=)) va o),
n
which is enough to conclude the claim.
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Recall that fn ¢ = pn,i/vn, and let Yy, = (Vﬁ)*lyNJ be the derivative of vy ; with
respect to the stationary measure ué\i . By Yau’s relative entropy inequality (see Lemma
All),

d
%HN( ) <= N""Dn(fnivne)
. d
£ X [V - o] meo

d
neNy,

where L}, is the adjoint of £y with respect to vy,. The main idea is to write the
right-hand side of the above inequality as C' Hy (t) + o(N?~2%) for some finite constant C
independent of N, and the result then follows from Gronwall’s inequality.

Since ¢, ;(n) is the jump rate from 7 € Q% to n™**¢, Lemma A.1 yields that

xT+e;,x
* I/Nt - ) TT€;,L
tram =Y ¥ {0 ) o)
1= IIGTd
Ox K OQz+e;
_Z Z {j;%m(K Nz) — %(K%m)}
i=1 zeT¢ QI+€‘

= Z Z piQa:(K— Qz+e7;) {nz+ei(K_nz) _ 771(K_77x+ei) }

i=1 IGT?\, Qa:-‘,—ei (K - Q:E) QQZ(K - Qw—&-ei)
For any configuration 1 € Q% and any site » € T%, denote
Wy = Wac(n) = M (3.3)

It could be checked directly that for = # y,

Nz (K —ny) . Ny (K — 1)
0o(K —0y)  0y(K — 04)

Recall that e, 4 = —e¢; for 1 < i < d, and (3.4) permits us to write /.Z*Nil(n) as

= K[wy — wy + (00 — 0y )wawy]. (3.4)

d
77) = Z Z bN('T’x + ei){(wm+ei - wl’) + (Qx+ei - Qz)wzwx+ei}7

i=1 zeTd,
where for 1 <3 <d,
by (z, 2+ €;) = K [pioe(K — 0ute;) — PitdOote, (K — 0z)].
Now we calculate % log ¥)n,.(n7). Since vy, and ué\i are both product measures,

0, 0z
log¥n.t(n) = Z [nmlog(g*) Klo g(iig*)}

d
zeTq,

The time derivative then reads

%long,t(W): Z {7796 ;1 _K1-T-0$}

:L’G’ﬂ’}i\,
dro dro
= > &{n Hea) R b= > Kwdro
eTd Oz Oz Oz weT,
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To sum up, we have shown that

d

SN < ~N"Dn(fni;vne) + R+ Enes (3.5)
where
d
Rae = 2,2 Y afwaayeina(n), (3.6)
neQd, i=1 zeTd
a’ﬁfw = N1+HbN(xa X + ei)(Qerei - Qw); (37)
and

d
Exve= 3 DD N bn(mat ) wrre, —wi) = > Kundros funa(n).

neQd, =1 zeTg zeTY,

3.1 Proofs of Theorems 2.1 and 2.2

In this subsection, we prove Theorems 2.1 and 2.2. We first deal with the error term
Ent.
Lemma 3.1. There exists a constant C' independent of N such that

Eny < Hy(t) + CNIF2r—20-2,

Proof. For a sequence {a,;z € T4} and 1 < i < d, let V;a, := az4e; — a, and Via, =
Gz—e; — G5. Using the summation by parts formula,

d
Enit = Z un.t(n) Z Wy [N1+NZVf(bN(x,x+ei)) K@tgxl .
i=1

ney, zeTY,

By the definition of by and Taylor’s expansion,
Vi (by (@, 2 + €5)) = N2 Km; 0, 2 (NH*%, % - N"”"/\tm)
— N7 KAm; 0y, p (N'Ht, % - N"Atm) +eni(a),
where ey ;(z) = O(N~27%). Meanwhile, by the definition of gy in (2.1),
D00 = [NF7299, — N*=*\(m - V)] p (N"”“’at, % — N”Atm) .

Since p solves the Burgers equation (1.11), we can rewrite the £y as

d
Ene =N 373" 3" weenil@) pve(n)-

nEQ;{] =1 a;e’]I‘}lv

It is easy to see |En | < CN?1+r=2 To get a better bound, by entropy inequality,

Enyt < Hn(t) +log [ Z exp {Nl—m i Z wzeN’i(ac)} VN,t(TI)]

neNY, =1 zeT¢,
d
= Hpy(t)+ Z log [ Z exp {N'"*"w, ZeNl(a:)} VN}t(n)} . (3.8)
zeTg neQy i=1
EJP 28 (2023), paper 6. https://www.imstat.org/ejp
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Note that w, is bounded and has zero mean with respect to the measure vy ;. Using the
basic inequality

e <1+a+(1/2)a%, log(l+a)<a,
we have
Eny < Hy(t) + O(N-2H2r=20) (3.9)
This concludes the proof of the lemma. O
The following result bounds the term Ry, whose proof is postponed to Subsection
3.2.
Proposition 3.2. For /¢ > 1, let

0, d=1,
ga(l) = qlogt, d=2, (3.10)
1, d>3,

as in (A.1). Then, there exists a constant C independent of N, ¢ such that
Nd
Ry < N D (fnpsvng) + C [NF7* + NE7201dg,(0)] |:HN(t) + gd}

+ C[Hn(t) + NOT2e—ta=2ydg, ()]
Now, we are ready to prove Theorem 2.1.

Proof of Theorem 2.1. In Proposition 3.2, take

N(l+20¢—.‘€)/2’ d= 1,
(=((N)={ NO+20=0)/2/ /oo N, d=2,
N(1+2a7;<a)/d’ d> 3.

Therefore, in dimension d =1, if Kk < 1 — 2a and k < «, then

d

T HN(®) < C(1+N~*Q)HN(t)+c(N(HW)/2+NH*2G+N2'**2°**1) < CHp(t)+o(N'~2).

In dimension d = 2, if Kk < 1 and k < «, then

d
ZHy(t) < C(L+N"")Hy(t) + C(N1‘2“+"‘ log N + N?Ha) < CHy(t) + o(N272).
In dimension d > 3, if Kk < 1 and k < «, then

d

SN () < COL+ N Hy(t) + C(Nd*’é’a“*l + Nd+2“’2“’2) < CHy(t) + o(N472%).

We conclude the proof by using Gronwall’s inequality. O

In view of Theorem 2.1, the proof of Theorem 2.2 is a direct application of the entropy
inequality, cf.[14, Corollary 6.1.3] for example. We sketch it below for completeness.

Proof of Theorem 2.2. It suffices to prove

: 1 R
Jm 3 [ S (e B I () () = 0

77597\; xE’]I"}V
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By the entropy inequality, for any v > 0, the integral above is bounded by

VI]{V]Z(?“ + 'yNi*?a log [ Z exp{‘VN_a Z (N2 — EVN,t[nx])tp(W)‘}uN,t(n)].

nend, zeTY,

By Theorem 2.1, the first term above converges to zero as N — co. Since
eldl <e¢+e7¢, log(a+b) < log2 + max{loga,logb}

for any ¢ and any positive reals a,b, and since o« < d/2, we could remove the absolute
value inside the exponential in the second term above, and rewrite it as

W%QQ Z log [ Z exp {VN_“(m - EUN,t[ﬁa;])@(W)}VN,t(U)]-

wET?\, ’I’]EQ]dV

Using the basic inequality e® < 1+ a + (1/2)a?el?l and log(1 + a) < a, there exists a finite
constant C independent of N such that the above formula is bounded by

c o
WXNdX(’}/N )220’}/
Since v could be taken arbitrarily small, the proof is completed. O

3.2 Proof of Proposition 3.2

It remains to prove Proposition 3.2. The first step is to properly decompose the
term Ry, defined in Eq. (3.6). For ¢ > 1, let p,(-) be the uniform measure on A‘Z =
{0,1,...,0—1}%, ie. po(z) = ~%if z € A} and = 0 otherwise. Let q, = p, * p; be the
convolution of p, with itself,

a(z) = > pe(y)pe(z —y), z€TY.

d
yeTs

For z € T4 and ¢ > 1, the spatial average of w, in the box AJ, , is defined as

wt = Z Wat2qe(2).

z€TY,
Define

d
Rfv,t = Z Z Z af\,[wwxwﬁ+e,iuN,t(77)- (3.11)

neNg =1 zeTq,

Using the definition of flows introduced in Subsection A.2 and summation by parts
formula,

d
Rt — Rf\f’t = Z Z Z aﬁ\’fwwmwijeiJrz(é‘O(z) - qz(z)):uN,t(n)

neQd, i=1 g zeTd,

d
= Z Z Z ) WaWate,+2(De(2,€5) — de(z — €5, €5)) e (n)

neQd ij=1 z T,

d
= Z Z Z az{\,[zwﬂc(ww+el-+z_Wa:+el+ej+Z)¢l(Zaej)UN7t(77)'

neQd, ij=1 z,zeT
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Make the change of variables x — = — z — ¢;, and put

d
hﬁm = Z Z aggjfzfeiww_z_ei(ﬁg(z,ej), (3.12)

i=1 2eT4,
then we have
d
Rne—Rie= D>, > > hl (e = wape,) pnva(n)-
neQd, =1 zeTq,
To further decompose the term on the right-hand side of the last line, we introduce
the following integration by parts formula.

Lemma 3.3 (Integration by parts formula). Let h : Q4 — R be such that h does not
depend on the values of n, orn, for some x, z € ’Jl“jlv. Then, for any vy —density f,

> h(n)[ws — we| M) a(n) = % > hm)sh () (Fr™7) = f(n) v (n)

neQY neENY,
— (02 — 02) Z h(n) f(Mw-wavn,i(n),
neQy
where
oz 0:(K — o)

Proof. For K =1, the result is proved in [12, Lemma E.1], and we extend it to general
K. Since h does not depend on the values of n, and 7., using the change of variables
n — n>%, we rewrite the first term on the right-hand side of the above equation as

SN XAy . z,xT
L3 () ) o ).

et vN,t(1)

Direct calculations show that

spz (W) _ (K =) _ w )
v, (1) 0:(K —0z) 77
We conclude the proof by Eq. (3.4). O

Since ¢ is supported in AZ, ,, the value of hﬁ; does not depend on those of 7, and
Nzte; for 1 < j < d. Recall un¢(n) = fn(n)vn,(n). By Lemma 3.3, we have

RN,t Z Z Z hjx iv+e],z fN,t(nz+€j’w)_fN,t(77)) ’/N,t(n)

J 1zeTd, ney
d
=D (0= Ortey) Y B awataie, fnavna(n). (3.13)
J=lzeTg nend,

By Young’s inequality, for any v > 0, the first term on the right-hand side of the last
equation is bounded by

1T X [l - ] st

J=1z€eT¢ neQy,

2K2 Z Z Z z+eJ [\/th wres +\/th }VNt n). (3.14)

J=1zeTg neQd
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Since g, € (0, K), for N large enough, there exists a constant C = C(g., K) > 0 such
that s), < C for any z,z € T%. Then, by (3.2), the first term in (3.14) is bounded by
C1yDN(fn.i;vn ) for some C = Oy (o4, K, dg). Since for any n € Q4 and any =, z € T4,

VN’t(nw,z) o nz(K — 772) QZ(K —_ Qx) -
ona) R F L= 7 1) en(K =) = ¢ = Clen B,

by Cauchy-Schwarz inequality and exchange of variables n — 7%**¢, the second term
in (3.14) is bounded from above by

*Z ST () v e().

J=12eT¢ neQy,

Take vy =N I+x /C4, together with (3.13), then we have shown that

C
Ryt < NYEDN(fnasvne) + Rive + 7 Nitr Z DY () v vwe(n)

J=1zeT¢ neQy,

+ Z Z Ozte; — Q;E) Z hﬁjmwzwwﬁ-ejfN,t(n)VN,t(n) (315)
z€TY, neQd
for some C = C(p., K, ).
Next, we shall deal with the last three terms on the right-hand side of the above

decomposition (3.15) respectively. We first deal with the term Rf\,’t defined in (3.11).
Observe that

d d
Z Z CL?,;UJILUi_i_ei = Z Z az{\,[xwﬁwﬂv-ﬁ-eﬁ-zpl(y)pf(z - y)

=1 J;E']I‘?V =1 a:,y,ze’]l“]jv
d
= § § ( § @zgg yWa— ypé )( § Wwﬂ-eﬁ-zp[ )
=1 J:ET% ye’]I‘d zETd

In the last identity, we reindex x by © — y and z by z + y. By entropy inequality, for any
v >0,

1
Ry < 5 (HN(t)

e[ 3 (13 3 (5 i) 3 sreents) vt )

neQd, €TY, yeTq, z€TY,
(3.16)
Note that for ¢ large enough, the two random variables
( Z az ! — w:c 7yp€ ) ( Z Wa'+e; +zp€ ))
yeTY, 2€TY,
( Z av x! — yw”ﬂ” ypf )( Z W'’ te; +zp€ ))
yeTq, 2€TY,
are independent with respect to vy, if |2’ — 2”|| > 3¢. Denote
r=2" (mod/)
EJP 28 (2023), paper 6. https://www.imstat.org/ejp
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if ; = a} 4+ (k; for some k; € Z and for all 1 < i < d. Note that for any = € T‘fv, there
exists a point z’ € A3£ 1 such that x = 2’ (mod 3¢), and for fixed z, if 2/, 2" = = (mod 3¢)
and 2’ # 2”, then ||z’ — 2"||o > 3¢. By Holder’s inequality and independence, the second
term in (3.16) is bounded by

WZ 2

i=1lg/eAd, |
log[ Z exp {’Yd(?)f)d Z ( Z aly wa—yPe(y )( Z Wate;+2Pe(2 )}VNt( )}
neQy, z:z=a' (mod 3¢) yeT, z€TY,
< TG0 Z >
i=1 zeT¢,
log[ Z exp {'yd (30) ( Z am yWr— oPe(y )( Z Wate;+2P0(z )}VMt(n)}. (3.17)
neQy yeTd, zeT¢,

We claim that for each x € T, the random variable

Z az!\,[m—ywrc—ypé(y)

yeTY,

is sub-Gaussian of order Cy N 25220~ with respect to the measure VN ; for some constant
Co = Cy(p4, K, Oy, p). Indeed, first note that by the definition of a » in (3.7), there exists
a constant C' = C(g«, K) such that

NrTe,

|a7,',:c —=

Since w, < C(p«, K) for N large enough, and has mean zero with respect to vy, by
Lemma A.5, the random variable aﬁ\frww is sub-Gaussian of order C N?~2% for some
constant C' = C(p., K, 0y, p) with respect to vy ;. Therefore, for any 6 € R,

log | - exp{0 Y al_ wnype(y) frne(n)]

neQy yeTd,

=y log[ > exp {Gaf\fw,ywkype(y)}VN,t(ﬁ)}
yeTY, neQd
Z C2N2m 2a ( )2 0292N2n 2o¢£—

yeTY

1\3\)—1

Similarly, one could prove that ), erd, Wote,+2Pe(2) is sub-Gaussian of order Cy¢~¢. By
Corollary A.4, taking v = (4C2d3%) "1 N“~*, we bound the term in (3.17) by N¢log 3/(3¢)4.

Therefore, there exists a constant C independent of NV such that

7?’Nt—

Nd). (3.18)

C
Na—r (HN(t) o

The third term in (3.15) is treated in the same way as above. Using Lemma A.2, there
exists a constant C' = C(p., K) such that the random variable hﬁt defined in (3.12) is
sub-Gaussian of order

CN2n72a Z ¢Z(Z,ej)2 < C3N2n72agd(£)

d
z€Tg,

EJP 28 (2023), paper 6. https://www.imstat.org/ejp
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with respect to the measure vy ; for some constant C5 = Cs(p., K, Cy) with Cj introduced
in Lemma A.2. Also note that the two random variables hﬁaj and hﬁm are independent

under the measure vy, if |2’ — 2|/ > 3¢. By entropy inequality and Hélder’s inequality,
for any v > 0,

d
T S S ) ) v a(a)

neQy =1 zeTy,

< 7N11+'§<HN(t) + log [ Z exp {72 }VN,t(U)])

neQd, j=1z¢ ?V
= wlm(H 34 230 Z > log[ S exp {vd(SZ)d(hf’rF}uN,t(n)}). (3.19)
J=lazery neag,

Take v = [4C5d3TN2+=2¢dg,(0)] ~' then the assumption of Lemma A.3 is satisfied, thus
there exists a finite constant C' independent of N such that the third term in (3.15) is
bounded by

d d
Clega(0) N ) (3.20)

N1lt2a—r ( N () + d

Now we deal with the last term in (3.15). First note that
|Qm+e_7 — 0z < NﬁliaHauijoo'

By entropy inequality and Holder’s inequality, for any v > 0, we may bound the last term
in (3.15) by

d
'yN;H“ <HN(t) + log { Z exp{ Z Nte( (Oure, — Qm)hgzwzwﬂej }VN,t(n):|>

neQy

1
< W (HN(t)

3( —— Z Z log [ Z exp {’Vd(3f)dN1+°‘(Qz+ej - Qx)h§7xwxwx+ej}VN,t(n)}>'

J=lzeTq, neQd
(3.21)

Since |wywyye;| < C := C(p«, K), and we have already shown that hfm is sub-Gaussian
of order C3N?:=22g,(¢), then, for any 6 € R,

log | Y exp{Ohf swsware, buna(n)| <log | Y exp{ClORE 4 [}vna(n)]

neQd, neQd
<log { Z (exp{C’@h;,z} + exp{—CHh?m}) VN,t(n)} <log2+ CO*N?""2%g,(0) (3.22)
neQd

for some constant C' = C(p«, K, C3). Therefore, there exists some constant C indepen-
dent of N, such that the term on the right-hand side of (3.21) is bounded by

C
ny1+a

Nd

Nt o 2 \72k—2
Hy(t) + -5 x % (5)7Nﬁia+£7

gd
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Take v = N~172, then the last line is bounded by

Nd). (3.23)

C(HN(t) + gdgd(g)Nd+2n—4a—2 + éT

We conclude the proof of Proposition 3.2 by using (3.15), (3.18), (3.20) and (3.23).

4 1-d chain of anharmonic oscillators

In this and the next sections, we consider a chain of NV coupled oscillators in one-
dimensional lattice space. The configuration space is Qy = (R?)T~, with its elements
denoted by n = {n, = (ps,7z);z € Ty}. Above, Ty = T},. All particles have identical
mass 1. The momentum and position of the particle x =1, ..., N are denoted by p, € R
and g, € R, respectively. The interaction between two particles z — 1 and z is determined
by an anharmonic spring with the potential energy V (g, — g.—1), where V is some nice
function. The total energy is given by the Hamiltonian

2
Hy(n) =Y %4“/((]30_(]:1:71)7 Ve Q.

zeT N

The corresponding Hamiltonian dynamics then reads
Py = —0g,HN, Go=20pHn, VzeTy.
Assume that V € C?(RR;R) and some constant ¢ > 0, such that
' <V'(r)<e, VYreR.

Define r, := g, — ¢_1 to be the inter-particle distance and require the periodic boundary
condition: (pn41,7N+1) = (P1,71).

Observe that the total momentum, the total volume, and the Hamiltonian are con-
served. Under a generic assumption of local equilibrium, Euler equations can be formally
obtained as the evolution of these quantities. However, to prove it for the purely deter-
ministic system turns out to be a difficult task. Proper stochastic noise helps us solve
this problem. Suppose that at each bond (z,z + 1), the deterministic system is in contact
with a thermal bath at fixed temperature. More precisely, fix some inverse temperature
B > 0 and define

) 9
=5 Yi=B(V (ras1) = V() = Ve

C Orgy Org’

Ve

For some deterministic parameter vy > 0 that regulates the strength of the heat bath,
consider the operator £y given by

1 *
Ly = Ay + SN, Syi=—5 D ViV, (4.1)
z€T N
where Ay is the Liouville operator given by
0 0
= e — Pe_1)=—— V(s —V'(ry))=—.
An GZT (pz —p 1)8rx + (V'(rata) (r2)) s
x N

The Markov process generated by Ly is equivalently expressed by the following system
of stochastic differential equations: for each x € Ty,

dps(t) = (V' (ras1) — V' (re))dt,
drm(t) = (pw+1 — pz)dt + MTN (V’(rerl) + V’(’rIfl) — QV/(TIDdt
+ AN (dBf ™ —dBy),
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where {B¥;x € Ty} is a system of independent, standard Brownian motions. Notice that
the total momentum ) p, and the total length ) _ r, are the only conserved quantities
of the microscopic dynamics. The conservation law of energy is no longer preserved by
Sn.

4.1 Stationary states

The stationary states of Ly are given by the family of canonical Gibbs measures
indexed by the global momentum p € R and tension 7 € R:

N (dpdr) = ®\/7€Xp{ p)Q}dpm®7rT(drm),

€T N
where the probability measure 7. is defined as

1
BV g Z(r) = / —BV(r)=Tr)
e T, T): e r.
Z(1) R
Observe that the dependence on 3 is omitted, since it is fixed hereafter. It is easy to see
that Ay, Sy are respectively anti-symmetric and symmetric with respect to the Gibbs
states. Moreover, for all smooth functions f, g on Qy,

/QNf(SNg :_/QNZ (Vo) (Veg)d

zeTn

- (dr) =

Define the Gibbs potential G = G(7) for 7 € R and the free energy F = F(r) forr € R
by the following Legendre transform

1 log Z(7), F(r):=sup{rr—G(1)}.

G(T> o 6 T€ER

The average length 7 = 7(7) and equilibrium tension 7 = 7(r) are then given by the
convex conjugate variables
(1) = E;_[r] =G (1), 7(r):=F'(r).

4.2 Equilibrium perturbation

As illustrated in Section 1, we fix (p.,t.) € R? and consider the distribution uy

associated to the profile (p'3, vi) given by

PR (b —a ini +/7(ts)
()= () Eeres v (7).

where a > 0 and o't € C°°(T). More precisely, for any ¢ € C(T) and € > 0,

bl (170 () - S o] ) o

z€T N

In addition, we require that (cf. (1.7))

/Ta,(u)du = /TUJr(u)du =0.

For 0 < k < a, denote by {n(t);t > 0} the Markov process generated by N'** £ and the
initial distribution px . As usual, we use the notation uy ¢ for the distribution of 7(¢) on
Qn.
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For (t,u) € [0,T] x T, define (p,t) = (p,t)(t,u) by

(ij\\;) = (i*) +N—® ZUJ N“ Yt,u+ jN* T’(t*)t)'uj,

where o_, o solve the decoupled system of Burgers equations (1.12). Denote by vy,
the slowly varying product measure

vn e (dn) = ® I/pN N (dns), (p,iv,TiY) = (pn, 7(tn)) (t, %) .

z€TE,

Let fn . be the Radon-Nikodym derivative duy ;/dvn , and recall the relative entropy

Hy(t) = H(fnvNe) = fnilog fnedun . (4.2)
QN

Recall that our argument relies on the smoothness of o, hence we require that ¢ € [0, T
for (i) any T < Tynhock, the first time when shock appears in the entropy solution to (1.12)
if k = aand (ii) any T > 0 if ¥ < «a. The first result is stated below, cf. the case d = 1 in
Theorem 2.1.

Theorem 4.1. Suppose that Hy(0) = o(N'72%) and « € (0,1/2). If k € (0,a] N (0, (1 —
20)/3) and N5*t4e~1 « vy < N17%, then Hy(t) = o(N172?) for any t € [0, 7).

Theorem 4.1 is proved in Section 5. With Theorem 4.1 and exactly the same argument
used in the proof of Theorem 2.2, we obtain the equilibrium perturbation.

Theorem 4.2. Under the assumption of Theorem 4.1,
1 Te — U
lim NNJ’{‘I—(X Z < ) (7 — NF T’(t*)t>
N—oc0 N veTy 2 2\/
—/ ) (¢ u)p(u)du| > s} =0,
T

s 5, (5 2o o

€T N
- [ Aot > <} ~o
T

for anyt € [0,T], ¢ € C(T) and £ > 0, where

(a,k) O':t(t u), 1f0<a< R =Q,
T+ (t’u) = ini 1 : 1—2a
ol (u), 1f0<a<270<n<m1n{a7 3 }

5 Relative entropy for the oscillator chain

We have seen in (1.6) that, for a system of 2 conservation laws, the non-resonant
system of perturbations (1.12) requires proper second order correction terms. Hence,
we choose the modified profile (py,ty)(t, u) given by

<pN> + N2 Z G (N, u — N*\/7/(v.)t, u + N/ 7/ (v,)t)vj,

T
N et
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where for (t,u_,u;) € [0,T] x R?,

g_(t,u_,ug) = 8T’(t*)) ot (t,uy)
C T o u ) S (tus) + o (t Yo ()]
47/ (ty) (5.1)
gye(t,u_,uy) = 87_/((11)) o2 (t,u_)

~ T"(v) [
47/ (ty)

o_ (t, U7)0'+ (t7 u+) + 27(t7 ’U,,)auaq,(t, U+)] .

Here ¥4 = fo o+ (t,u)du are the primitive functions of 0.

Let 7y, be the product measure on 2 associated to the profile (p,t)(¢, ). Recall that
pn ¢ is the distribution of the dynamics 7(¢). Denote by f ~,+ Radon-Nikodym derivative
of pn + with respect to vy + and by H ~(t) the corresponding relative entropy. Also recall
the relative entropy Hy () in (4.2). The following lemma is straightforward.

Lemma 5.1. Forany ¢ > 0, Hy(t) = o(N'=2%) if and only if Hx (t) = o(N12%).

Proof. Assume first that Hy (¢) = o(N'~2%). By the definition of relative entropy,

~ dv
Hy(t) — Hn(t) = / Nt duNg, gn = log (d N’t> .
Qn VNt

Direct calculations show that gy +(n) is equal to
83 [6Y = oM )we = 82) + (7Y = 2)(ra — )]
z€T N

SN Ny2
5y (B +G<%ﬁ>—G<T;V>—f5<%§—T§>}

€T N

for each ) = (p,, 72 )zeTy € . The second line is bounded from above by O(N!1~4%),
Meanwhile, by the entropy inequality, the integral of the first line is bounded from above

by
SN N C_§N
e 3w [ oo (B 20) - (i) o
€T N
= B SN 213N _ N
SHN(t)+2 Z(’pz p_,,:|+c|t th ])

xze€T N

where ci is the sub-Gaussian order of r, — Eiv under vy ; given by Lemma A.6. Observe
that the last term is bounded by O(N'~%%) and hence Hy(t) < 2Hy(t) + CN1~4® =
o(N'72%). The inverse assertion follows similarly. O

Let ¢n ¢ be the density function of 7y, with respect to some fixed reference measure
.. Without loss of generality, we can choose (p, 7) = (0,0). Define the Dirichlet form
(cf. (3.1))

(thvyNt = /Q j{: (J@ th) dvy -

zeT N
Standard manipulation gives

d ~

_ _ d 3
EHN( )= / I (NH”EN log fn,: — —; log ¢N,t> dvn .
¢ o dt
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Recalling the definition of £y in (4.1), we have

fN,tﬁN log fN,t = ﬁNfN,t - 77]\] Z fj:l,lt(yfo,ty

€T N
R . 2
=LnfNe— 2N Z <ym\/ fN,t) .
€T N
Integrate it with respect to vy + and notice that
- ~ . dUn ~ -
AN fndin g = — INtANYN =- IniANlog YN, dUn g,
Qn Y ¢N7t Qn
~ _ 1 ~ dv
Snfnding = —3 Z Vofnt Vatbn Mt
Qn ver o VNt
~ - 1 ~ 2
< Dy (fN,t; VN,t) + 1 fne Z (yx log ¢N,t) dvn ¢,
Qn zeTn

where the last estimate follows from Cauchy-Schwarz inequality. Hence,

d - _— ; _
%HN(t) < —ANN" D (fneiong) + fnedNedUN g
QN

Nl—i—n ~ 9
—I—WT g Z (yx log wN,t) dUn,t,
QN z€TN
where Jy ; := (N Ax — d/dt) log )y +.
With the choice (p,7) = (0,0), log ¢, = log(din ¢ /v'y) reads
(p2)?

logthne =8 Y [ﬁfpx— 5

z€T N

+ 7, — G(FY) —&—G(O)} :

Elementary computation then shows that

Z (Vs log wN,t)Q =p° Z (T — %5)2’

€T N zeT N
~N ~ N N
_ — Tatr1 — Ty . Pz — Py
Avlogtne =9 2 Gviars) (v )
N
d d ﬁi\f Pz — "']z\f
“gtsvn=8 2 5 (8) (v an)
€T N
Therefore, we finally obtain the following inequality, cf. (3.5):
d ~ 5 .
aHN(t) < —ANN" D (fne;One) + B(Rue +En)s (5.2)
where
r3 dEﬁ:V ! ~N 1 (xN <N ~
RNy = I Z 7 (V'(ry) — 72 — 7' (re — )] din e
Oy t
z€T N
; INN'EB N2 pe — Py -
En = /Q NfN,t > [4(%5 AR ) e )| @
z€T N
Here we use the abbreviation Vf, = f,+1 — f, and define
vy d (pY
N ._ 1+kK T T
=N - —— (T .
N (wi\) dt (N
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5.1 Proofs of Theorem 4.1 and 4.2
Theorem 4.1 follows from the inequality (5.2), Propositions 5.2 and 5.4 below.
Proposition 5.2. There exists a constant C' independent of N, such that

gN,t < ﬁN(t) + C(’}/NNH_QQ + N_1+2"€_20‘ + N1+2R—6a).
Proof. Recall that the profile (py,ty) is explicitly given by

(ii) (tu) = (lz*) iy {Ujgv&a“j) N 5;‘(8}\1;2: uy) v,

where 04 = 04 (s,u), 6+ = &(s,u1,us) are smooth functions given respectively by (1.12)
and (5.1), s = N*" %, v_ = (—/7'(vs), 1), vy = (/7/(ts),1) and

u_ =u— N7 (v )t, up =u+ N7/ (vt

For the first term in £y, since V72 < N~'sup, |0,7(¥(t,z))| < CN~1-¢,

N1+/€ 2 ~
ALE Fve S (VEN)diw, < CynN=—22,

4
QN z€TN

We focus on the second term in £y ;. By Taylor’s expansion,

(T ) = 22 (TE) (0 2) w0y

Expanding the function (p,t) — (7(t),p) at (p«, t«) up to the second order,

(V-T—N> AZ [8 W0 (S,u;) n (Ou, +8U2)5j(s7u,u+)} v,

N1+a N1+2a

Oul(0—(5,u—) + 04.(5,u4))’]
2N1+20¢

+ b+ O(N>* 4 N~173%),

where A = [(1) "'(Ot*)} and b = (7”(t,),0)’. Meanwhile,

d (pY _Z aajsuj T t*aa]suj o
dt »EN - NH+20¢ —k+a

T =+

V) Z —Ouy + 0uy)5(s,u_ up)vj + O(N"39).

—Kk+2a
Jj==*

Noticing that Avy = ++/7/(v,)vs for j = +,

G.IKV:_i_A'_Qa{I: 050 ) = 23/ 7 (t.) 0y 0 (s, u—, ug) o

N
+ [ = 0501 (s,uq) + 24/ 7/ (22) Dy 54 (s, u, ug ) oy (5.3)
4 8u[(0—(5, U—)Q"’ O’+(S, U+))2] b} + O(N*l‘i’lﬂ*a + NK*SOL).
We show that the terms in the first bracket vanishes. From (5.1),
"
Bus_ (5,1, uy) = ;T,((Z’j) Oul0? (1) +20_(s,u_)os (5, us)],
Oy, 0 = T”(t*)a 2 (¢t 2
iy 04 (S, u_juy) = “8r(0) [0 (tuy) + 20 (s,u)oq (s, uqg)].
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Therefore, with the identity 7 (v.)(v— — v1) = —2/7/(v,)b,

— 23/ 7 (t.) 0y 0 (S, u—, up )U— + 24/ 7/ (v4) O, G4 (5, u—, uq JU 4
4# L [oF (s, up)vs — o (s,u)vy ] — Oy [o—(s,u_)oy (s, uy)]b.

The bracket in (5.3) is then equal to

7" (¢s) 1 9
—0s0_(s,u_)v_ — [Wer — Qb] 0uo” (s,u_)

1
% 1
— 0504 (s, us )t + &0_ + =b| 0,07 (s, uy).
44/7"(ts) 2

Observe from (1.12) that it is identically zero, hence
ei\f S C«(N—1+l~e—o¢ + NH—30{)'
The conclusion then follows from the relative entropy inequality. O

Corollary 5.3 (Harmonic chain). When the oscillators perform harmonic interaction, i.e.,
V(r) < r?, R+ is identically zero. Hence, Theorems 4.1 and 4.2 hold autonomously.

Proposition 5.4. There exists a constant C' independent of N, such that

N1+n - ~ - 14 _6q
Ry < WTDN(fN,t§VN,t) +C (HN(t) +’YN°N§+H : ) .

Proof. We follow the proof of [26, Lemma 3.1]. To shorten the notation, let
all =0,y (t, %) o G =V () —T(E) = &) (r, — 7).
Observe that

)| < N7 iN*0,05]v;| + O(N"72*) < CN"~°,
j==*
|aiv - aflv| <Clz — y|N*1+"*a.

] |

First, one can replace ¢, in Ry by its block average. The error is bounded by

Fix a mesoscopic scale ¢ = ¢/(N) < N and define

(;35

14 1 — N4
¢x = z E ¢I+y’ d)r = VNf
y=0

N N

Ryt — fne Z all ¢t dVNt—/ Fn Z %deﬁN,t-

QN zeTy z€Ty  y=0

Note that |V’(rx) —7'(t})r.| < c|r|. By Lemma A.6, ¢, is sub-Gaussian with uniformly
bounded order 2. Applying relative entropy inequality, the left-hand side is bounded
from above by

eV —al
+ ) log/ exp {%Z - } diy 4

z€T N y=0
~ 2 -— ay _aiy—y ? 2 \y—1+2k—2a
SHy()+ Y 5| > Y <Hx(t) +CEN :
z€T N y=0
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Hence, we obtain the estimate

Ryt — / fre Y aYghdin, < Hy(t)+ CLNTIHem2e (5.4)
z€T N
Next, let 2 = ¢%(r,,...,r210_1) solve the Poisson equation
=
Zyt*,x+yyx+y1/}£ = ¢£ - iv
y=0

where for each z, y;jz is the adjoint operator of Y, with respect to vy ;:
Vig = ﬁ[V’(rIH) —V'(ry) — TiVH + Tiv] — V..
Then, for each z € Ty,
~ 572 ~
/ Fneall (85 — 8%)diny s = / ay Z (Varyfnt) (Vosythl)din .
QN Q1\1 y:O
Summing up for x € Ty and applying Cauchy-Schwarz inequality,

JEN,t Z aiv((b[ (ﬁe)dVNt <INV / yz+nyt) Wty NG g5
Q

z€T N - ﬁg_l N zeTn y= 0 4fN’t

£—2
NN1+;<;/ Z Zth yx+y¢ ) AUy .

N zeTyn y=0

Qn

The first term in the right-hand side gives ﬁflnyNH"DN(fN,t; Un.t). To estimate the
second term, note that since V" is bounded, we can apply the gradient estimate for
Poisson equation (see [26, Proposition 9.1], also cf. [25, Theorem 1.1]) to obtain a
constant C independent of x or ¢, such that

-2 -2
(Vosy ¥l ) <ot sup Z (Varyldh — Q_ﬁ])Q
y=0 (TasesTate—1) y—p

Since ¢! is a function of 7, + ...+ ryi0-1, Veiy@h = 0. Also,

~lQ

’yw+v¢é ‘ ‘ (rm+y+1> V/(Tmﬂ/) - T/(tiv+y+1) + T/(tiv+y)| <

Direct computation then shows that

-2
/ Z (az)? ZfN,t (Vory¥l) dVNt <C Z )263 < OB NIH2R 2
Qn

z€T N y=0 €T N
Therefore, we obtain the estimate

'YNNH_H _ €4N»@—2a

fe Z ay (¢f — ¢%)din, < 3 Dy (fneiOne) + CﬁT- (5.5)

QN zeTyn

For the space variance of d_)f: relative entropy inequality reads

~ - NK,—()L ~ 1 a—r_NpIl
NIt ;- 1 SN*~"aN gt ;-
/QN fN’t Z aw (bw dVN;t S 5 lHN(t) + Z ; IOg /{;N € dVN7t‘| 9

€T N
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for any § > 0. Observe that the extra factor / in the last term above is because that ¢’ is
independent of éf/ for any |x — y| > ¢, see, e.g., [11, Lemma F.12] and [26, Lemma D.3].
Recall that N®~*aY is bounded. To treat the exponential moment in above, we apply
the equivalence of inhomogeneous ensembles [26, Proposition 8.3] to obtain that for
¢ = o0(N3) and § sufficiently small but fixed,

log/ exp {§(N*""a )¢} }diy , < C.
QN
Since N*~* < O(1),

fna Y al el din, < C(Hy(t) + LN, (5.6)

QN €T N

1 a
Finally, the proof is concluded by choosing /(N) = A3 N % and adding up the
estimates (5.4), (5.5) and (5.6). O

Proof of Theorem 4.1. By (5.2), Proposition 5.2 and 5.4,
%ﬁN(t) < C(ﬁIN(t) + N NFT20 f NTIF2e20y N1H2R—6a %‘VéN%*“—%“).
Since k < a < 1/2, N™12r=2a 4 N1+2r=6a — o(N1=20) g0 that
%ﬁN(t) < CHx(t) +C [WNNH + (g NIy 0(1)} N2
The estimate then follows from the choice of vy and Gronwall’s inequality. O

Theorem 4.2 follows from the exactly same argument as we used in the proof of
Theorem 2.2, hence we omit the proof here.

A General tools

In this appendix, we state some model independent tools that is used through the
paper.

A.1 Relative entropy inequality

In this subsection, we introduce a version of Yau'’s relative entropy inequality. Let
{X:}+>0 be a continuous-time Markov chain on a finite state space S, whose infinitesimal
generator is defined as

Li(z) =) r(zy)[f) - f(2)]. z€8.

yeSs

Above, r(z,y) > 0 is the rate at which the chain jumps from = to y, and f : S — R is any
function. Define the carré du champ operator associated to L as

Tf() =Y r@y)[fly) - f(2)]°, zes.

yeS

Denote by y, the distribution of the process at time ¢ with initial measure . Let {v;};>0
and v be a family of measures in S such that v, is differentiable in time ¢, and v;(z) > 0,
v(z) > 0 for any = € S and any ¢ > 0. Denote by f; (respectively ;) the Radon-Nikodym
derivative of yu; (respectively v;) with respect to v; (respectively v),

fi(z) = Mt(m>7 Pi(x) = vi(@) xeSs.

vy () v(z)’
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Define the relative entropy H(t) as

H(t) = H(p|ve) = /ft log fidvy,

with the convention 0log0 = 0.

Lemma A.1 (Yau’'s relative entropy inequality). For any t > 0,

H'(t) < _/F\/ﬁdl/t +/ (Lfl - %log"/}t>dﬂta

where 1 is the constant function identical to one, and Lj is the adjoint of L with respect
to L?(v;), which acting on any function g : S — R is given by

* v\y)r\y,x
Ligl) = 3 {2 ) via gy}, e
vi(x)
yeS
We refer the readers to [12, Lemma A.1] for proof of the above lemma. Compared
to the classical Yau’s relative entropy inequality (cf.[14, Lemma 6.1.4]), an extra term
J T/ fidvy is subtracted in the above version.

A.2 Flow lemma

In this subsection, we state a flow lemma introduced by Jara and Menezes [12, 11].
For two measures p and q on Z?, we say a function ¢ : Z¢ x {ei}1<i<a = R is a flow
connecting p to q if for any z € Z¢,

d

p(z) —a(z) = Z(ﬁb(«%Gi) — (2 — €5, €4)).

i=1
The support of the flow ¢ is defined as the set of points {z, z+e¢;} such that ¢(z, z+¢;) # 0.
Using the summation by parts formula, for any function f : Z% — R and any flow ¢
connecting p to q,

d
Yo FEEE) A=) =) D dzea)f(2) — fz+e)

z€Z4 i=1 ze74

For ¢ > 1, let py(-) be the uniform measure on Ay = {0,1,...,¢—1}%, i.e. py(z) = ¢4
ifx e A;l and = 0 otherwise. Let q, = ps * p, be the convolution of p, with itself,

ay) = > pe(2)pe(y — 2), yeTY.
ZGT‘I{,

In the sequel, we shall use q; to define the spatial average of a random variable over a
large box instead of the usual p,. Note that the support of q, is contained in A, . Let
00(+) be the Dirac measure concentrated at the origin. For ¢ > 1, denote

L, d=1,
ga(€) = < log ¥, d=2, (A.1)
1, d>3.

The following lemma states that we could construct a flow, which connects J, to qy,
such that the cost is at most of order g,(¢). We refer the readers to [11, 12] for its proof.

Lemma A.2 (Flow lemma). There exists a finite constant Cy such that for any ¢ > 1,
there exists a flow ¢, connecting g to q, with support in Age—1 such that

d d
D> dulze)’ < Cogal), Y Y |z e)| < Cot.

i=1 zczd =1 ze74
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A.3 Concentration inequalities

In this subsection, we focus on properties of sub-Gaussian random variables. We say
a real-valued random variable X is sub-Gaussian of order o2 if

1
log E[e?X] < 50292, Vo € R.

The following lemma gives an equivalent condition for X to be sub-Gaussian by control-
ling the exponential moment of X2.

Lemma A.3. If the random variable X is sub-Gaussian of order o2, then

1

X2
E[e"* ] <3, V77402

Inversely, if E[X] = 0 and E[¢X"] < C for some v > 0, C > 1, then X is sub-Gaussian of
order 2C~~1.

Proof, First assume that X is sub-Gaussian of order ¢2. Let A/ be a standard normal
distribution independent of X. Denote by (-) the expectation with respect to /. Then,
for any 0 € R,

log(e 0N> 92

Therefore, .
EeX] = E[<emXN>] = <E[e‘/ﬂXN]>.

Since X is sub-Gaussian of order o2, if v < (402)7!, the last formula is bounded by

(17N = / Al T B

27 V1=2v02 —

This concludes the proof of the first assertion.
Now assume that E[X] = 0 and E[¢?X’] < C. For any s € R,

ElesX] = 1+ZM Z |s[* B |X\’€+2].

The summation in the right-hand side is bounded by

52 82 yXQ 82
ZE[X% N < Zp|x? + —
2 [ € ] 2 P 2 2y

for any ¢ > 0. With the elementary inequality ye? < e2¥,

2 X2 2 2 2
°E X2 exp il +s— < % e exp > E[eWXQ].
2 2 2y ¥ 2y

Hence, by the upper bound of E[e?X"],

2 2 2
Eles¥] <1+ C’Sexp{s} < exp{cs}.
Y 2y Y

As s is arbitrary, the proof is completed. O

The constant 3 in Lemma A.3 is not optimal and we only need it to be a constant. The
next corollary directly follows from Young’s inequality.

EJP 28 (2023), paper 6. https://www.imstat.org/ejp
Page 28/30


https://doi.org/10.1214/22-EJP900
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Equilibrium perturbations

Corollary A.4. Let X; be sub-Gaussian of order o? for i = 1,2. Then, for any v <
(40’10’2)_1,
E[eyX1%2] < 3,

When treating uniformly bounded state space (Section 2 and 3), the following lemma
is convenient.

Lemma A.5 (Hoeffding’s Lemma, [2, Lemma 2.2.2]). If the random variable X € [a,b]
for some a < b, the X — E[X] is sub-Gaussian of order (b — a)?.

The next lemma is necessary to estimate the upper bound of exponential moment of
volume in oscillator chain see Section 4 and 5.

Lemma A.6. Let V € C(R) be such that c_r* < 2V (r) < c,r? with constants c+ > 0. For
7 € R, recall the probability measure 7, on R given by

1
%67‘/(7’)4»77"70(7')dr’ Z(T) :/IReiV(T)JrT(T)dT.

T =

If|F(r)| < c|r| with constant ¢, then F' — E_[F] is sub-Gaussian of order C' = C(7,¢,c4)
under 7.

Proof. Notice that since V < c,r2/2, forall 7 € R,

2 2 2
Z(T)z/exp{c-’_r JrTT} 7rexp{T}.
R 2 Ct 2C+
Similarly, for ¢ such that 0 < ¢ < c_/(2¢?),
1 (c_ — 2tc?)r?
_— =T e d
Z00) /]Rexp { 3 +7rpdr

Cy 7'2 1 1
<y ——=expy— | ———=—— | ;.
c_ — 2tc? 2 \co =2t ey

Denote F, = F — E,_[F]. By convexity, for all ¢t > 0,

Ey, [exp(tF?)]

IN

Ex, [exp(tF7)] < exp (2tEZ [F|)Ex, [exp(2tF?)] < Er [exp(4tF?)].

Therefore, we obtain that

b fon (502)] < e o ()] < [ 2 e {5 (2- 1))

We can then conclude with Lemma A.3. O
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